Can. J. Math. Vol. 49 (1), 1997 pp. 175–192

ORTHOGONAL POLYNOMIALS FOR A FAMILY OF PRODUCT WEIGHT FUNCTIONS ON THE SPHERES

YUAN XU

ABSTRACT. Based on the theory of spherical harmonics for measures invariant under a finite reflection group developed by Dunkl recently, we study orthogonal polynomials with respect to the weight functions jx_1j^{Ń1} � � � jx_dj^{Ńd} on the unit sphere S^{d`1} in R^d. The results include explicit formulae for orthonormal polynomials, reproducing and Poisson kernel, as well as intertwining operator.

1. Introduction and Preliminaries. Among their many distinct properties, the spherical harmonics can be viewed as orthogonal polynomials with respect to the Lebesgue measure on the unit sphere S^{d`1} of R^d. For years they remained to be the only orthogonal polynomials on spheres that had been studied in detail (see, however, [8] and the references there). Recently Dunkl [3–5] developed a theory of spherical harmonics for measures invariant under the finite reflection groups. The theory has remarkable similarities to the theory of spherical harmonics. Among other things, it opens a way to study orthogonal polynomials on the sphere with respect to a large class of measures. In this paper we consider the case of h^2_Ń(x) dx, where h_Ń(x) ş jx_1j^{Ń1} ´ ´ ´ jx_dj^{Ńd} , Ń_i – 0; note that this measure reduces to the Lebesgue measure when all Ń_i ş 0. Our purpose is to study the system of orthogonal polynomials for this class of weight functions in detail, deriving explicit formulae for orthonormal polynomials and reproducing kernels, as well as to provide a case study for Dunkl’s general theory.

It turns out that explicit formulae for the orthogonal polynomials can be given in terms of orthogonal polynomials with respect to the weight function (1 ` x^2)^{Ţ`1ó2}jxj^{2Ű} on [`1, 1]. These polynomials of one variable can be written explicitly in terms of Jacobi polynomials, but they seem to possess properties that make them closer to the Gegenbauer polynomials; we shall call them generalized Gegenbauer polynomials. A large part of the paper is devoted to study these polynomials. Using a product formula for the Jacobi polynomials due to Dijksma and Koornwinder [2] (different from the one that follows from the addition formula of Koornwinder), we are able to derive product and addition formulae for the generalized Gegenbauer polynomials, from which the explicit formulae for the n-th reproducing kernel and the Poisson kernel for h^2_Ń dx will follow.

The paper is organized as follows. In the remainder of this section we state the background and results from Dunkl’s theory, together with other preliminaries. The study of

Supported by the National Science Foundation under Grant DMS-9500532. Received by the editors February 6, 1995. AMS subject classification: 33C50, 33C45, 42C10.

Key words and phrases: Orthogonal polynomials in several variables, sphere, h-harmonics cfl Canadian Mathematical Society 1997. 175 the generalized Gegenbauer polynomials is contained in Section 2. The explicit formulae for orthonormal polynomials and n-th reproducing kernel are given in Section 3. The Poisson kernel and the intertwining operator are discussed in Section 4.

For x, y 2 R^d we let x ´ y denote the usual inner product of R^d and jxj ş (x ´ x)^{1ó2} the Euclidean norm. Let S^{d`1} ş fx : jxj ş 1g be the unit sphere in R^d. We denote by e_1, . . . , e_d the standard basis of R^d.

We restrict the statement from Dunkl’s theory to the special case considered in this paper. The reflection group G is generated by the reflections along e_1, . . . , e_d, which we denote by xŻ_j; i.e.,

xŻ_j ş x ` 2(x ´ e_j)e_j ş (x_1, . . . , x_{j`1}, `x_j, x_{j+1}, . . . , x_d).

For Ń ş (Ń_1, . . . , Ń_d), where Ń_i – 0, we define

(1. 1) h_Ń(x) ş H_Ńjx_1j^{Ń1} ´ ´ ´ jx_dj^{Ńd} , Ń_i – 0, x 2 S^{d`1}

where H_Ń is chosen so that the integral of h^2_Ń on S^{d`1} is 1; we have

H^2_Ń ş ą_{d`1} 2 Γ(jŃj_1 +^d_2 ) Γ(Ń_1 +^1_2 ) ´ ´ ´ Γ(Ń_d +^1_2 ) , which can be verified easily using the spherical coordinates.

The key ingredient of the theory is a family of commuting first-order differentialdifference operators, D_i (Dunkl’s operators), which act very much like the partial derivatives ∂_i. In the present much restricted case, the operators take the form

(1. 2) D_jf (x) ş ∂_jf (x) + Ń_j f (x) ` f (xŻ_j) x_j

, 1 » j » d.

The h-Laplacian, which plays the role similar to that of the usual Laplacian, is defined by (1. 3) Δ_h ş D^2_1 + ´ ´ ´ + D^2_d .

Indeed, let P^d_n denote the space of homogeneous polynomials of degree n in x_1, . . . , x_d. Then D_iP^d_n ȷ P^d_{n`1}, Δ_hP^d_n ȷ P^d_{n`2}; moreover, if P 2 P^d_n , then Z S^{d`1}

PQh^2_Ń dą ş 0, 8Q 2^{n`1} [ kş0 P^d_k

if and only if Δ_hP ş 0. The space H^h_n ş H^{h,d}_n :ş P^d_n \ ker Δ_h is called the space of h-harmonic polynomials of degree n. The dimension of H^h_n is the same as that of the usual spherical harmonics.

The theory of h-harmonics is established for measures invariant under a general reflection group, the reader should consult Dunkl’s papers (cf. [3–6]).

2. Generalized Gegenbauer Polynomials. Throughout this paper we use the standard notation P^{(Ń,Ň)}_n for the Jacobi polynomials and C^{(Ţ)}_n for the Gegenbauer polynomials. For the properties of them we refer to [7, Ch. X] and [13, Ch. 4].

In this section we study the orthogonal polynomials with respect to the weight function

w^{(Ţ,Ű)}(x) ş w_{Ţ,Ű}(1 ` x^2)^{Ţ` 12} jxj^{2Ű}, `1 » x » 1, Ţ, Ű ô `1ó2,

where w_{Ţ,Ű} ş

Γ(Ţ + Ű + 1) Γ(Ű +^1_2 )Γ(Ţ +^1_2 ) is chosen so that the integral of w^{(Ţ,Ű)} over the integral [`1, 1] is 1. We denote the orthonormal polynomials with respect to the weight function w^{(Ţ,Ű)} by D^{(Ţ,Ű)}_n ; that is, Z 1 `1 D^{(Ţ,Ű)}_n (x)D^{(Ţ,Ű)}_m (x)w^{(Ţ,Ű)}(x) dx ş Ő_{n,m}, D^{(Ţ,Ű)}_n 2 Π_n,

where Π_n denotes the space of polynomials of degree at most n in one variable. When Ű ş 0, the polynomials D^{(Ţ,0)}_n are the normalized Gegenbauer polynomials C̃^{(Ţ)}_n , which differs from C^{(Ţ)}_n by a normalization constant. We call D^{(Ţ,Ű)}_n the generalized Gegenbauer polynomials.

PROPOSITION 2.1. The generalized Gegenbauer polynomials can be expressed in terms of Jacobi polynomials as follows:

(2. 1a) D^{(Ţ,Ű)}_{2n} (x) ş c_n(Ţ, Ű)P^{(Ţ` 12 ,Ű` 12 )}_n (2x^2 ` 1),

(2. 1b) D^{(Ţ,Ű)}_{2n+1} (x) ş c_n(Ţ, Ű + 1) vu utŢ + Ű + 1

Ű + 1ó2 xP^{(Ţ` 12 ,Ű+ 12 )} n (2x^2 ` 1),

where

c_n(Ţ, Ű) ş vu utΓ(Ű +^1_2 )Γ(Ţ +^1_2 )

Γ(Ţ + Ű + 1) vu ut (2n + Ţ + Ű)Γ(n + Ţ + Ű)Γ(n + 1) Γ(n + Ű +^1_2 )Γ(n + Ţ +^1_2 ) .

PROOF. In order to establish the relation for the case 2n, it suffices to prove that Z 1 `1 P^{(Ţ` 12 ,Ű` 12 )} n (2x^2 ` 1)p(x)(1 ` x^2)^{Ţ` 12} jxj^{2Ű} dx ş 0, p 2 Π_{2n`1},

and then determine the normalization constant. This is trivial if p is an odd polynomial. Let p be even and write it as p(x) ş q(x^2), where q 2 Π_{n`1}. Then, by the orthogonality of P^{(Ń,Ň)}_n , Z 1 `1 P^{(Ţ` 12 ,Ű` 12 )} n (2x^2 ` 1)q(x^2)(1 ` x^2)^{Ţ` 12} jxj^{2Ű} dx ş 2 Z 1 0 P^{(Ţ` 12 ,Ű` 12 )} n (2x^2 ` 1)q(x^2)(1 ` x^2)^{Ţ` 12} x^{2Ű} dx ş Z 1 0 P^{(Ţ` 12 ,Ű` 12 )} n (2t ` 1)q(t)(1 ` t)^{Ţ` 12} t^{Ű` 12} dt

ş 0.

To determine the constant, we use the fact that Z 1 `1[P^{(Ţ` 12 ,Ű` 12 )} n (2x^2 ` 1)]^2(1 ` x^2)^{Ţ` 12} jxj^{2Ű} dx

ş 2^{`Ţ`Ű} Z 1 `1 [P^{(Ţ` 12 ,Ű` 12 )} n (t)]^2(1 ` t)^{Ţ` 12} (1 + t)^{Ű` 12} dt ş 1 2n + Ţ + Ű ´ Γ(n + Ű +^1_2 )Γ(n + Ţ +^1_2 )

Γ(n + Ţ + Ű)Γ(n + 1)

and take into account the constant w_{Ţ,Ű}. A similar argument is used to prove the relation for the case 2n + 1.

We note that for Ű ş 0, the relations in the proposition are the well-known formulae that connect the Gegenbauer polynomials and the Jacobi polynomials (cf. [13, p. 59, (4.1.5)]). From this basic relation, a number of properties of D^{(Ţ,Ű)}_n will follow easily. We record one below.

COROLLARY 2.2. For Ţ, Ű – 0,

(2. 2) D^{(Ţ,Ű)}_{2n+1} (x) ş vu utŢ + Ű + 1

Ű +^1_2 xD^{(Ţ,Ű+1)}

2n (x).

Our starting point is the following important relation first proved in [2, p. 192, (2.5)] by group theoretic method, an analytic proof appeared in [10, p. 133].

For Ń ô `1ó2, Ň ô `1ó2, (2. 3) P^{(Ń,Ň)}_n (cos 2Š)P^{(Ń,Ň)}_n (cos 2đ) ş

Γ(Ń + Ň + 1)Γ(n + Ń + 1)Γ(n + Ň + 1) ŹΓ(n + 1)Γ(n + Ń + Ň)Γ(Ń +^1_2 )Γ(Ň +^1_2 ) ^ Z 1 `1 Z 1 `1 C^{(Ń+Ň+1)}

2n (t cos Š cos đ + s sin Š sin đ)(1 ` t^2)^{Ń` 12} (1 ` s^2)^{Ň` 12} ds dt.

Since cos 2Š ş 2 cos^2 Š ` 1, we can use the basic relation (2.1) with Ń ş Ţ ` 1ó2 and Ň ş Ű ` 1ó2 to write the above formula as

For Ţ ô 0, Ű ô 0, (2. 4)

D^{(Ţ,Ű)}_{2n} (cos Š)D^{(Ţ,Ű)}_{2n} (cos đ) ş

2n + Ţ + Ű

Ţ + Ű c_ŢcŰ ^ Z 1 `1 Z 1 `1 C^{(Ţ+Ű)}_{2n} (t cos Š cos đ + s sin Š sin đ)(1 ` t^2)^{Ţ`1}(1 ` s^2)^{Ű`1} ds dt,

where c^{`1}_Ţ ş Z 1 `1 (1 ` t^2)^{Ţ`1} dt ş

Ź^{12} Γ(Ţ) Γ(Ţ +^1_2 ) . This product formula allows us to derive an additional formula for the Gegenbauer polynomial that involves generalized Gegenbauer polynomials.

THEOREM 2.3. For Ţ ô 0 and Ű ô 0,

(2. 5)

C^{(Ţ+Ű)}_n (cos Š cos đt + sin Š sin đs) ş

[^n_2 ]X mş0 X k+jşn`2m

b^n_{k,j}(cos Š cos đ)^k

^ (sin Š sin đ)^jD^{(Ţ+j,Ű+k)}_{n`k`j} (cos Š)D^{(Ţ+j,Ű+k)}_{n`k`j} (cos đ)C^{(Ű` 12 )}_k (t)C^{(Ţ` 12 )}_j (s) where

(2. 6) b^n_{k,j} ş

Γ(Ű `^1_2 )Γ(Ţ `^1_2 )

Γ(Ţ + Ű)

Γ(Ţ + Ű + k + j + 1) (n + Ţ + Ű)Γ(k + Ű `^1_2 )Γ(j + Ţ `^1_2 ) .

This formula has appeared in [9, p. 242, (4.7)], where a proof was given using group theoretic method, but the constants were not given explicitly. We give an analytic proof in the following.

PROOF OF THEOREM 2.3. Since the left hand side of (2.5) is a polynomial of degree n in variables t and s, it can be written in terms of the product orthogonal polynomials fC^{(Ű` 12 )}_k (t)C^{(Ţ` 12 )}_j (s)g_{k,j} as

C^{(Ţ+Ű)}_n (cos Š cos đt + sin Š sin đs) ş X 0»k+j»n

F^n_{k,j}(cos Š, cos đ)C^{(Ű` 12 )}_k (t)C^{(Ţ` 12 )}_j (s),

where, by orthogonality of the product polynomials,

F^n_{k,j}(cos Š, cos đ) ş 1 h^{(Ű)}_k h^{(Ţ)}_j Z 1 `1 Z 1 `1 C^{(Ţ+Ű)}_n (cos Š cos đt + sin Š sin đs)

^ C^{(Ű` 12 )}_k (t)C^{(Ţ` 12 )}_j (s)(1 ` t^2)^{Ţ` 12} (1 ` s^2)^{Ű` 12} ds dt, in which we write (cf. [13, p. 80, (4.7.14)])

h^{(Ű)}_k ş Z 1 `1 [C^{(Ű` 12 )}_k (t)]^2 (1 ` t^2)^{Ű`1} dt ş 2^{2`3Ű}Ź

Γ(k + 2Ű ` 1) (k + Ű `^1_2 )k![Γ(Ű `^1_2 )]^2 . We first make the observation that changing variables s 7! `s and t 7! `t and using the fact that C^{(Ŋ)}_m (`t) ş (`1)^mC^{(Ŋ)}_m (t) leads to F^n_{k,j}(cos Š, cos đ) ş 0, if n ` k ` j is an odd integer .

Therefore, we may assume that n ` k ` j is even in the following. We use Rodrigues’ formula for the Gegenbauer polynomial which states [13, p. 81, (4.7.12)], (1 ` t^2)^{Ű`1}C^{(Ű` 12 )}_k (t) ş B^{(Ű)}_k ` d dt ´_k (1 ` t^2)^{k+Ű`1}, where B^{(Ű)}_k ş

(`2)^k k! Γ(k + Ű `^1_2 )Γ(k + 2Ű ` 1) Γ(Ű `^1_2 )Γ(2k + 2Ű ` 1) .

For n ` k ` j even, we use this formula and integration by parts to conclude that F^n_{k,j}(cos Š, cos đ) ş B^{(Ű)}_k B^{(Ţ)}_j h^{(Ű)}_k h^{(Ţ)}_j Z 1 `1 Z 1 `1 C^{(Ţ+Ű)}_n (cos Š cos đt + sin Š sin đs) ^ ` d dt ´_k

(1 ` t^2)^{k+Ű`1} ` d ds ´_j

(1 ` s^2)^{j+Ţ`1} dt ds

ş (`1)^{k+j}

B^{(Ű)}_k B^{(Ţ)}_j h^{(Ű)}_k h^{(Ţ)}_j Z 1 `1 Z 1 `1 ` d dt ´_k` d ds ´_j

C^{(Ţ+Ű)}_n (cos Š cos đt + sin Š sin đs)

^ (1 ` t^2)^{k+Ű`1}(1 ` s^2)^{j+Ţ`1} dt ds.

Using the derivative formula of the Gegenbauer polynomials ([13, p. 81, (4.7.14)]) repeatedly leads to ` d dt ´_m

C^{(Ŋ)}_n (t) ş 2^m

Γ(Ŋ + m)

Γ(Ŋ)

C^{(Ŋ+m)}_{n`m} (t),

from which it follows readily that F^n_{k,j}(cos Š, cos đ)

ş (`1)^{k+j}

B^{(Ű)}_k B^{(Ţ)}_j h^{(Ű)}_k h^{(Ţ)}_j

2^{k+j}

Γ(Ţ + Ű + k + j) Γ(Ţ + Ű)

(cos Š cos đ)^k(sin Š sin đ)^j ^ Z 1 `1 Z 1 `1 C^{(Ţ+Ű+k+j)}

n`k`j (cos Š cos đt + sin Š sin đs)(1 ` t

2)^{k+Ű`1}(1 ` s^2)^{j+Ţ`1} dt ds ş b^n_{k,j}(cos Š cos đ)^k(sin Š sin đ)^jD^{(Ţ+j,Ű+k)}_{n`k`j} (cos Š)D^{(Ţ+j,Ű+k)}_{n`k`j} (cos đ), where we have used (2.4) since n ` k ` j is even and the constant b^n_{k,j} is given by

b^n_{k,j} ş (`1)^{k+j}

B^{(Ű)}_k B^{(Ţ)}_j h^{(Ű)}_k h^{(Ţ)}_j

2^{k+j}

Γ(Ţ + Ű + k + j)

Γ(Ţ + Ű)

Ţ + Ű + k + j n + Ţ + Ű 1 c_{Ţ+j}c_{Ű+k} . Using the formulae for various constants in b^n_{k,j} and making use of the formula Γ ` Ŋ` 1 2 ´ Γ(Ŋ) ş p Ź2^{2`2Ŋ}Γ(2Ŋ ` 1),

we can simplify the formula for b^n_{k,j} to the desired form. This completes the proof.

For our purpose, the following corollaries of the theorem are of most interest. THEOREM 2.4. For Ţ ô 0,

(2. 7) c_Ű Z 1 `1 C^{(Ţ+Ű)}_n (cos Š cos đt + sin Š sin đs)(1 + t)(1 ` t^2)^{Ű`1} dt ş^n X kş0 a^{(Ţ,Ű)}_{k,n} sin^k ŠD^{(Ţ+k,Ű)}_{n`k} (cos Š) sin^k đD^{(Ţ+k,Ű)}_{n`k} (cos đ)C^{(Ţ` 12 )}_k (s) where (2. 8) a^{(Ţ,Ű)}_{k,j} ş

Γ(Ţ `^1_2 ) Γ(Ţ + Ű)

Γ(Ţ + Ű + k + 1) (n + Ţ + Ű)Γ(k + Ţ `^1_2 ) .

PROOF. Taking integral of (2.5) in the previous theorem with respect to (1 ` t^2)^{Ű`1ó2} dt and C^{(Ű`1ó2)}_1 (t)(1 ` t^2)^{Ű`1ó2} dt, respectively, leads to

c_Ű Z 1 `1C^{(Ţ+Ű)}_n (cos Š cos đt + sin Š sin đs)(1 ` t^2)^{Ű`1} dt ş [^n_2 ]X mş0 b^n_{0,n`2m}(sin Š sin đ)^{n`2m}D^{(Ţ+n`2m,Ű)}_{2m} (cos Š)D^{(Ţ+n`2m,Ű)}_{2m} (cos đ)C^{(Ţ` 12 )}_{n`2m} (s) and c_Ű Z 1 `1 C^{(Ţ+Ű)}_n (cos Š cos đt + sin Š sin đs)(1 ` t^2)^{Ű`1} dt ş [^n_2 ]X mş0 b^n_{1,n`2m`1}

Ű `^1_2 n ` 2m + Ţ + Ű ^ (sin Š sin đ)^{n`2m`1}D^{(Ţ+n`2m`1,Ű)}

2m+1 (cos Š)D

(Ţ+n`2m`1,Ű) 2m+1 (cos đ)C

(Ţ`^1_2 ) n`2m`1 (s)

where in deriving the second equation we have used (2.2) and the fact that

C^{( Ű`12 )}_1 (t) ş (2Ű ` 1)t and Z 1 `1 [C^{(Ű` 12 )}_1 (t)]^2 (1 ` t^2)^{Ű`1} dt ş c^{`1}_Ű

Ű `^1_2 Ű +^1_2 . From (2.5) it is readily verified that Ű `^1_2 n ` 2m + Ţ + Ű b^n_{1,n`2m`1} ş

Γ(n ` 2m + Ţ + Ű + 1) (n + Ţ + Ű)Γ(n ` 2m + Ţ `^3_2 )

Γ(Ţ `^1_2 ) Γ(Ţ + Ű) ş b^n_{0,n`2m`1}.

Therefore, adding the two formulae together and changing the summation index, we have the desired equation.

We can take the limit Ű ! 0 in the formula by using the relation (2. 9) lim_{Ű!0} c_Ű Z 1 `1 f (t)(1 ` t^2)^{Ű`1} dt ş f (1) + f (`1) 2 , then the formula (2.6) becomes

C^{(Ţ)}_n (cos Š cos đ + sin Š sin đs) ş^n X kş0 Γ(Ţ + k + 1)Γ(Ţ `^1_2 ) 2(n + Ţ)Γ(k + Ţ `^1_2 )Γ(Ţ) ^ (sin Š sin đ)^kC̃^{(Ţ+k)}_{n`k} (cos Š)C̃^{(Ţ+k)}_{n`k} (cos đ)C^{(Ţ` 12 )}_k (s), which is the addition formula for the Gegenbauer polynomials (cf. [7, Vol. I, Sec. 3.15.1, (19)] and taking into account the normalization constant of C̃^{(Ű)}_n ).

THEOREM 2.5. For Ţ, Ű ô 0, (2. 10) D^{(Ţ,Ű)}_n (cos Š)D^{(Ţ,Ű)}_n (cos đ) ş n + Ţ + Ű Ţ + Ű c_Ţc_Ű ^ Z 1 `1 Z 1 `1 C^{(Ţ+Ű)}_n (t cos Š cos đ + s sin Š sin đ)(1 + t)(1 ` t^2)^{Ű`1}(1 ` s^2)^{Ţ`1} dt ds.

PROOF. Because of (2.1) and the fact that t(1`t^2)^{Ű`1ó2} is odd, it follows from change of variables t 7! `t and s 7! `s that the factor (1 + t)(1 ` t^2)^{Ű`1ó2} in the integral can be replaced by (1`t^2)^{Ű`1ó2} when n is even and by t(1`t^2)^{Ű`1ó2} when n is odd. Thus, for 2n, the formula (2.10) is the same as the formula (2.4). For 2n + 1 we multiply the formula (2.5) by C^{(Ű`1ó2)}_1 (t) ş (2Ű ` 1)t and integrate with respect to (1 ` t^2)^{Ű`1}(1 ` s^2)^{Ţ`1} ds dt to conclude that c_Ţ Z 1 `1 Z 1 `1 C^{(Ţ+Ű)}_{2n+1} (cos Š cos đt + sin Š sin đs)t(1 ` t^2)^{Ű`1}(1 ` s^2)^{Ţ`1} dt ds ş b^{2n+1}_{1,0} 2Ű ` 1 Z 1 `1 [C^{Ű` 12}_1 (t)]^2 (1 ` t^2)^{Ű`1} dt cos Š cos đD^{(Ţ,Ű+1)}_{2n} (cos Š)D^{(Ţ,Ű+1)}_{2n} (cos đ),

from which the desired result follows from (2.2), while the constant can be easily verified.

As Ű ! 0, the above formula reduces to the product formula of the Gegenbauer polynomials (cf. [7, Vol. I. Sec. 3.15.1, (20)]). One immediate consequence of the above theorem is the following interesting representation of the generalized Gegenbauer polynomial.

COROLLARY 2.6. For Ţ, Ű ô 0, n – 0,

(2. 11) D^{(Ţ,Ű)}_n (x)D^{(Ţ,Ű)}_n (1) ş n + Ţ + Ű Ţ + Ű c_Ű Z 1 `1 C^{(Ţ+Ű)}_n (xt)(1 + t)(1 ` t^2)^{Ű`1} dt.

We will not use this particular representation. However, the following remark seems to be worthwhile. The normalization of the usual Gegenbauer polynomials C^{(Ţ)}_n comes more or less from the simple generating function 1X nş0 C^{(Ţ)}_n (x)r^n ş 1 (1 ` 2rx + r^2)^Ţ . In our definition of D^{(Ţ,Ű)}_n we have chosen the constant so that the polynomial is orthonormal since there is no obvious reason to choose any other one at the time. In this respect, the formula (2.11) suggests that a reasonable choice would be

C^{(Ţ,Ű)}_n (x) ş

Ţ + Ű n + Ţ + Ű

D^{(Ţ,Ű)}_n (1)D^{(Ţ,Ű)}_n (x),

since these polynomials will have a generating function

(2. 12)^1 X nş0 C^{(Ţ,Ű)}_n (x)r^n ş c_Ű Z 1 `1 1 (1 ` 2rtx + r^2)^{Ţ+Ű}

(1 + t)(1 ` t^2)^{Ű`1} dt,

which can be taken as the definition of C^{(Ţ,Ű)}_n . In particular, if Ű ! 0, then (2.12) reduces to the generating function of C^{(Ţ)}_n .

THEOREM 2.7. For Ţ, Ű ô 0, (2. 13) Ţ + Ű + 1

Ţ +^1_2 sin Š sin đD^{(Ţ+1,Ű)}_{n`1} (cos Š)D^{(Ţ+1,Ű)}_{n`1} (cos đ) ş n + Ţ + Ű Ţ + Ű c_Ţc_Ű ^ Z 1 `1 Z 1 `1 C^{(Ţ+Ű)}_n (cos Š cos đt + sin Š sin đs)(1 + t)(1 ` t^2)^{Ű`1} s(1 ` s^2)^{Ţ`1} dt ds.

PROOF. The proof is very similar to that of Theorem 2.5. For the case of odd integer 2n + 1, we multiply (2.7) by C^{(Ţ`1ó2)}_1 (s) and then integrate against (1 ` t^2)^{Ű`1}(1` s^2)^{Ţ`1} dt ds. For the case of even integer 2n, we multiply (2.7) by C^{(Ţ`1ó2)}_1 (s)C^{(Ű`1ó2)}_1 (t) and then integrate against the same measure; here we need to use the formula (2.2). We omit the details.

3. Orthogonal polynomials on spheres. We study orthogonal polynomials on S^{d`1} with respect to the weight function h^2_Ń dą, where the function h_Ń is defined in (1.1). For d ş 2, one family of h-spherical harmonics is explicitly given in terms of Jacobi polynomials in [4]. We state it below using the notation of the generalized Gegenbauer polynomials.

THEOREM 3.1. Let d ş 2 and h_Ń ş H_Ńjx_1j^{Ń1} jx_2j^{Ń2} . An orthonormal basis for H^h_n is given by

(3. 1) Y^n_1 (x) ş r^nD^{(Ń1,Ń2)}_n (cos Š), Y^n_2 (x) ş r^n vu utŃ1 + Ń2 + 1 Ń_1 +^1_2 sin ŠD^{(Ń1+1,Ń2)} n`1 (cos Š),

where we use the polar coordinates x ş (r sin Š, r cos Š) and we take Y^0_2 (x) ş 0.

In particular, the restriction of Y^n_i on S^1 are orthonormal polynomials of degree n with respect to the weight function h^2_Ń on S^1. The theorem can be easily proved by verifying the orthonormal relation directly.

To describe the result for d – 3, we need the definition of the spherical coordinates. For x 2 R^d, these coordinates are defined by x_1 ş r sin Š_{d`1} ´ ´ ´ sin Š_2 sin Š_1 x_2 ş r sin Š_{d`1} ´ ´ ´ sin Š_2 cos Š_1 . . x_{d`1} ş r sin Š_{d`1} cos Š_{d`2} x_d ş r cos Š_{d`1}, where r – 0, 0 » Š_1 » 2Ź, 0 » Š_k » Ź, k åş 2. We also introduce the following notations. For each n 2 N_0, let n ş k_0 – k_1 – ´ ´ ´ – k_{d`2} – 0, k ş (k_1, . . . , k_{d`2}).

For Ń ş (Ń_1, . . . , Ń_d), we define Ń^j ş (Ń_1, . . . , Ń_j), 1 » j » d.

Since Ń^1 consists of only the first element of Ń, we write Ń^1 ş Ń_1.

THEOREM 3.2. Let d – 2 and n ş k_0 – k_1 – ´ ´ ´ – k_{d`2} – 0. In spherical coordinates an orthonormal basis of H^h_n is given by

(3. 2)

Y^{n,i}_k (x) ş A^n_kr^{n d`2} Y jş1 D^{(kj+jŃd`jj1+ d`j`12 ,Ńd`j+1)}

k_{j`1}`k_j (cos Šd`j)

^ (sin Š_{d`j})^{kj} Y^{kd`2}_i (sin Š_1, cos Š_1),

where Y^{kd`2}_i , i ş 1, 2, are the h-harmonics in (3.1), and

(3. 3) [A^n_k]^2 ş

Γ(Ń_1 + Ń_2 + 1) Γ(jŃj_1 +^d_2 ) d`2Y jş1 Γ(k_j + jŃ^{d`j+1}j_1 +^{d`j+1}_2 ) Γ(k_j + jŃ^{d`j}j_1 +^{d`j}_2 ) .

We note that if k_{d`2} ş 0 then Y^{n,2}_k ş 0 by the convention we adopted in Theorem 3.1. These explicit formulae are known to Dunkl (personal communication) in terms of Jacobi polynomials. The orthonormal relation as stated can be verified by computing the relevant integrals. However, to stress the analog of h-harmonics and the usual spherical harmonics, we shall derive the h-harmonics from Δ_hp ş 0. Since the development is similar to that of usual spherical harmonics (cf. [14, Ch. IX]), we shall give only an outline of the proof.

PROOF OF THEOREM 3.2. We start with the following decomposition of P^d_n

(3. 4) P^d_n ş^n X kş0 x^{n`k}_d H^{d`1,h}_k + r^2P^d_{n`2}.

It follows from the fact that f 2 P^d_n can be written as

f (x) ş r^2F(x) + x_dđ_1(x^0) + đ_2(x^0), x ş (x^0, x_d),

where F 2 P^d_{n`2}, đ_1 2 P^d_{n`1} and đ_2 2 P^d_n , then use the canonical decomposition of [3, Theorem 1.7]

P^d_n ş^[ n 2 ]X jş0 ˘jxj^{2j}H^{d,h}_{n`2j}

to expand đ_i and collect terms according to the power of x_d after replacing jx^0j^2 by jxj^2` x^2_d. For any P 2 H^{d,h}_n , the decomposition (3.4) allows us to write

P(x) ş^n X kş0 x^{n`k}_d P_k(x^0) + r^2Q(x), Q 2 P^d_{n`2}.

Therefore, using the harmonic projection operator projH_n given in [3, Theorem 1.11] it follows that P(x) ş^n X kş0 projH_n ı x^{n`k}_d P_k(x^0) ȷ

ş^n X kş0 [^n_2 ]X jş0 (`1)^jjxj^{2j}Δ^j_h ı x^{n`k}_d P_k(x^0) ȷ 4^jj!(`^d_2 ` jŃj_1 ` n + 2)_j .

We write Δ_{h,d} for Δ_h to indicate the dependence on d. Since our h_Ń is separable in variables, it follows from the definition of Δ_h and Dunkl’s operators (1.3) that

Δ_{h,d} ş Δ_{h,d`1} + D^2_d ,

where Δ_{h,d`1} is with respect to x^0 ş (x_1, . . . , x_d). Therefore, since P_k 2 H^{d`1,h}_k , it follows that Δ_{h,d} ı x^{n`k}_d P_k(x^0) ȷ ş D^2_d (x^{n`k}_d )P_k(x^0).

By the definition of T_d, it follows easily that

D^2_d (x^{n`k}_d ) ş ı n ` k + [1 ` (`1)^{n`k} ]Ń_d ȷı n ` k ` 1 + [1 ` (`1)^{n`k`1}]Ń_d ȷ x^{n`k`2} d . Using the formula repeatedly, we end up with that for n ` k being an even integer,

Δ^j_{h,d} ı x^{n`k}_d P_k(x^0) ȷ ş 2^{2j} ` ` n ` k 2 ´ j ` ` n ` k ` 1 2 ` Ń_d ´ j x^{n`k`2j} d P_k(x^0),

where (a)_j ş a(a + 1) ´ ´ ´ (a + j ` 1). Therefore, for n ` k even, we get

projH_n ı x^{n`k}_d P_k(x^0) ȷ

ş [^{n`k}_2 ]X jş0 (`1)^j(`^{n`k}_2 )_j(`^{n`k`1}_2 ` Ń_d)_j (`n ` jŃj_1 `^d_2 + 2)_jj!

r^{2j}x^{n`k`2j} d P_k(x^0)

ş P_k(x^0)x^{n`k}_{d 2}F_1 ` ` n ` k 2 ,` n ` k ` 1 2 ` Ń_d; `n ` jŃj_1` d 2 + 2;

r^2 x^2_d ´

ş const P_k(x^0)r^{n`k}P^{(k+jŃj1`Ńd+ d`32 ,Ńd` 12 )} n`k 2 ` 2 x^2_d r^2 ` 1 ´ , where in the last step we have used the formula on [13, p. 64, (4.22.)]. A similar equation holds for n ` k odd. By the definition of the generalized Gengenbauer polynomials, we then have

projH_n ı x^{n`k}_d P_k(x^0) ȷ ş const P_k(x^0)r^{n`k}C^{(k+jŃj1`Ńd+ d`22 ,Ńd)} n`k (cos Š_d ).

Since P_k 2 H^{h,d`1}_k they admit a similar decomposition. We can continue this process until we get to the case of h-harmonic polynomials of two variables x_1 and x_2, which can be written as linear combinations of the spherical h-harmonics in Theorem 3.1. Therefore, taking into account that in spherical coordinates x_jór_j ş cos Š_{j`1} and r_{j`1}ór_j ş sin Š_{j`1}, where r_j ş x^2_1 + ´ ´ ´ + x^2_j , we conclude that any polynomials in H^{h,d}_n can be uniquely presented as a linear combination of functions of the form r^nY^{n,i}_k . The value of A^n_k is determined by Z

S^{d`1}

[Y^{n,i}_k ]^2h^2_Ń(x) dą ş 1,

where the integral can be evaluated by using the spherical coordinates. We omit the details.

For each n 2 N_0, the reproducing kernel function, P^h_n, for H^h_n is defined by the property that Z S^{d`1}

Q(y)P^h_n(x, y)h^2_Ń dą(y) ş Q(x), Q 2 H^h_n .

Let Y^{n,i}_k be the basis of H^h_n in Theorem 3.2. It follows readily that

P^h_n(x, y) ş^n X k_1ş0 k_1X

k_2ş0 ´ ´´ k_{d`3}X

k_{d`2}ş0

[Y^{n,1}_k (x)Y^{n,1}_k (y) + Y^{n,2}_k (x)Y^{n,2}_k (y)];

in other words, P^h_n is equal to the sum of the product spherical h-harmonics of degree n, where the sum is over all h-harmonics. In fact, since any two orthonormal basis of

H^h_n differ only by an orthonormal transform, it’s easy to see that P^h_n is independent of

the choice of the orthonormal bases—a fact that is of interest in the study of orthogonal polynomials in several variables in general (cf. [15]).

THEOREM 3.3. For h^2_Ń dą on S^{d`1},

(3. 5)

P^h_n(x, y) ş n + jŃj_1 +^{d`2}_2 jŃj_1 +^{d`2}_2 Z [`1,1]^d

C^{(jŃj1+ d`22 )} n (x_1y_1t_1 + ´ ´ ´ + x_dy_dt_d )

^^d Y iş1 (1 + t_i)^d Y iş1 c_{Ńi} (1 ` t^2_i )^{Ńi`1} dt.

PROOF. First we derive the compact formula for the case d ş 2, which will be used in deriving the formula for d ô 2. Let x ş (sin Š, cos Š) and y ş (sin đ, cos đ). From Theorem 3.1 we need to derive a formula for

P^{(Ţ,Ű)}_{n,2} (x, y) ş P^h_{n,2}(x, y) ş D^{(Ţ,Ű)}_n (cos Š)D^{(Ţ,Ű)}_n (cos đ) + Ţ + Ű + 1 Ţ +^1_2 sin Š sin đD^{(Ţ+1,Ű)}_{n`1} (cos Š)D^{(Ţ+1,Ű)}_{n`1} (cos đ).

From Theorem 2.5 and Theorem 2.7 we have

P^{(Ţ,Ű)}_{n,2} (x, y) ş n + Ţ + Ű

Ţ + Ű c_Ţc_Ű Z 1 `1 Z 1 `1 C^{(Ţ+Ű)}_n (cos Š cos đt + sin Š sin đs) ^ (1 + t)(1 ` t^2)^{Ű`1}(1 + s)(1 ` s^2)^{Ţ`1} dt ds.

For the general case d – 3, we use the spherical coordinates. Let x be associated with (Š_1, . . . , Š_{d`1}) and y be associated with (đ_1, . . . , đ_{d`1}). For x 2 S^{d`1} we write x ş (sin Š_{d`1}x_{d`1}, cos Š_{d`1}) where x_{d`1} 2 S^{d`2}. Since

x_1y_1t_1 + ´ ´ ´ + x_dy_dt_d ş cos Š_{d`1} cos đ_{d`1}t_d + (x_1y_1t_1 + ´ ´ ´ + x_{d`1}y_{d`1}t_{d`1}), we can apply the formula (2.7) to conclude that Z [`1,1]^d

C^{(jŃj1+ d`22 )} n (x_1y_1t_1 + ´ ´ ´ + x_dy_dt_d )^d Y iş1 (1 + t_i)^d Y iş1 c_{Ńi} (1 ` t^2_i )^{Ńi`1} dt

ş^n X k_1ş0

a^{(jŃd`1j1+ d`22 ,Ńd)}

k_1,n (sin Šd`1 sin đd`1) k_1 D(jŃ^{d`1}j1+^{d`2}_2 +k1,Ńd) n`k_1 (cos Šd`1)

^ D^{(jŃd`1j1+ d`22 +k1,Ńd)}

n`k_1 (cos đd`1) ^ Z [`1,1]^{d`1}

C^{(jŃd`1j1+ d`32 )}

k_1 (x1y1t1 + ´ ´ ´ + xd`1yd`1td`1)

d`1Y iş1 (1 + t_i)^{d`1} Y iş1 c_{Ńi} (1 ` t^2_i )^{Ńi`1} dt.

Clearly, we can repeat the above process and reduce the integral in the right hand side one at a time until we are down to the integral Z [`1,1]^2

C^{(jŃ2j1)}_{kd`2} (x_1y_1t_1 + x_2y_2t_2)(1 + t_1)(1 + t_2)c_{Ń1} c_{Ń2} (1 ` t^2_1)^{Ń1`1}(1 ` t^2)^{Ń2`1} dt_1 dt_2, which we use the formula we derived for d ş 2. This way, we conclude that Z [`1,1]^d

C^{(jŃj1+ d`22 )} n (x_1y_1t_1 + ´ ´ ´ + x_dy_dt_d)^d Y iş1 (1 + t_i)^d Y iş1 c_{Ńi} (1 ` t^2_i )^{Ńi`1} dt

ş^n X k_1ş0 k_1X

k_2ş0 ´ ´´ k_{d`3}X

k_{d`2}ş0

`_{d`2}Y jş1 a^{(jŃd`jj1+ d`j`12 ,Ńd`j+1)}

k_j,k_{j`1}

´ Ń_1 + Ń_2 k_{d`2} + Ń_1 + Ń_2 d`2Y jş1 (sin Š_{d`j} sin đ_{d`j})^{kj}

^ D^{(jŃd`jj1+ d`j`12 +kj,Ńd`j+1)}

k_{j`1}`k_j (cos Šd`j)D

(jŃ^{d`j}j_1+^{d`j`1}_2 +k_j,Ń_{d`j+1}) k_{j`1}`k_j (cos đd`j)

^ P^{(Ń1,Ń2)}_{kd`2,2} ı (sin Š_1, cos Š_1), (sin đ_1, cos đ_1) ȷ . From the definition of a^{(Ţ,Ű)}_{k,n} and A_k, it’s not hard to see that d`2Y jş1 a^{(jŃd`jj1+ d`j`12 ,Ńd`j+1)}

k_j,k_{j`1}

Ń_1 + Ń_2 k_{d`2} + Ń_1 + Ń_2 ş jŃj_1 +^{d`2}_2 n + jŃj_1 +^{d`2}_2

A^2_k,

from which the desired result follows from the definition of Y^{n,i}_k in Theorem 3.2.

REMARK. It’s worthwhile to mention that the formula in the theorem reduces to the classical addition formula for the spherical harmonics (cf. [11])

P_n(x, y) ş n +^{d`2}_2 d`2 2 C^{( d`22 )}_n (x ´ y)

when Ń ş 0. This follows easily from the limit relation (2.9).

Since jC^{(Ţ)}_n (t)j » jC^{(Ţ)}_n (1)j for all jtj » 1, it follows readily that

jP^h_n(x, y)j » n + jŃj_1 +^{d`2}_2 jŃj_1 +^{d`2}_2

C^{(jŃj1+ d`22 )} n (1).

uniformly in x and y.

4. The Poisson kernel and the intertwining operator. The Poisson kernel P^h(x, y) is a function that satisfies the following properties: for each f 2 P_n, Z S^{d`1}

P^h(x, y)f (y)h^2(y) dą(y) ş f (x),

where jxj ò jyj ş 1 and n – 0. The following theorem gives an explicit formula of this kernel.

THEOREM 4.1. Let h_Ń be defined as in (1.1). For jxj ò jyj ş 1,

(4. 1)

P^h(x, y) ş Z [`1,1]^d

1 ` jxj^2 ı 1 ` 2(x_1y_1t_1 + ´ ´ ´ + x_dy_dt_d) + jxj^2)^{jŃj1+ d}2

^^d Y iş1 (1 + t_i)^d Y iş1 c_{Ńi} (1 ` t^2_i )^{Ńi`1}dt.

PROOF. It is easy to see that the Poisson kernel is given by

P^h(x, y) ş^1 X nş0 P^h_n(x, y).

Therefore, by the compact formula of P^h_n, we only need to sum up a series of Gegenbauer polynomials. From the generating function of the Gegenbauer polynomials, we conclude that_1 X nş0 n + Ţ Ţ C^{(Ţ)}_n (t)r^n ş

1 ` r^2 (1 ` 2tr + r^2)^{Ţ+1} , from which the desired result follows readily from that of Theorem 3.3.

REMARK. Again let us mention that as Ń ! 0, we end up with the classical Poisson kernel for the ball (cf. [12]),

P(x, y) ş 1 ą_{d`1}

1 ` jxj^2 (1 ` 2x ´ y + jxj^2)^d2 . For d ş 2, this formula has appeared in [5].

From the formula (4.1), we obtain the following properties of the Poisson kernel,

(i) 0 » P^h(x, y) » 1, jxj ò jyj ş 1,

(ii) Z S^{d`1}

P^h(x, y)h^2(y) dą(y) ş 1, jxj ò 1.

Moreover, for each integrable function f on S^{d`1}, we define the Abel means S_r(f ) by

S_r(f , x) ş Z S^{d`1}

f (y)P^h(rx^0, y)h^2_Ń(y) dą(y), x ş rx^0, x^0 2 S^{d`1}, r ò 1.

We have the following theorem.

THEOREM 4.2. If f is continuous on S^{d`1}, then lim_{r!0} S_r(f , x) ş f (x^0), x^0 2 S^{d`1}.

PROOF. Let A_Ő ş fy 2 S^{d`1} : jx^0 ` yj ò Őg. Then, by the properties (i) and (ii) of P^h, we have

jS_r(f , x) ` f (x^0)j » `Z A_Ő + Z S^{d`1}nA_Ő ´ f (y)P^h(rx^0, y)h^2_Ń(y) dą(y) » sup_{jx0`yj»Ő} +2kf k_1 Z S^{d`1}nA_Ő

P^h(rx^0, y)h^2_Ń(y) dą(y),

where kf k_1 is the maximum of f over S^{d`1}. Since f is continuous over S^{d`1}, we only need to prove that the last integral converges to zero when r ! 1. By the definition of P^h, it suffices to show that

(4. 2) lim sup r!1 Z S^{d`1} Z [0,1]^d 1 ı 1 ` 2r(x^0_1y_1t_1 + ´ ´ ´ + x^0_dy_dt_d) + r^2 ȷ_{jŃj1+} d_2

^^d Y iş1 c_{Ńi} (1 ` t^2_i )^{Ńi`1} dth^2_Ń(y) dy

is finite for every x^0 2 S^{d`1}. Let B_Ż ş ft ş (t_1, . . . , t_d ) : t_i ô 1 ` Ż, 1 » i » dg with Ż ş Ő^2ó4. For y 2 S^{d`1} n A_Ő and t 2 B_Ż we have that

jx^0_1y_1t_1 + ´ ´ ´ x^0_dy_dt_dj ş jx^0 ´ y ` x^0_1y_1(1 ` t_1) + ´ ´ ´ + x^0_dy_d(1 ` t_d )j » 1 ` Ő^2ó2 + max_i (1 ` t_i) » 1 ` Ő^2ó4 from which it follows readily that

1 ` 2r(x^0_1y_1t_1 + ´ ´ ´ x^0_dy_dt_d) + r^2 – 1 + r^2 ` 2r(1 ` Ő^2ó4) ş (1 ` r)^2 + rŐ^2ó2 – Ő^2ó4. For t 2 [0, 1]^d nB_Ż, we have that t_i » 1`Ż for at least one i. Let us assume that t_1 » 1`Ż. We can assume that x^0_1 åş 0, since otherwise, t_1 does not appear in the integral (4.2), and we can repeat the above argument for (t_2, . . . , t_d) 2 [0, 1]^{d`1}. It follows then that 1 ` 2r(x^0_1y_1t_1 + ´ ´ ´ + x^0_dy_dt_d) + r^2 ş r^2x^{02}_1(1 ` t^2_1) +^d X iş1 (y_i ` rx^0_it_i)^2 + r^2(1 ` x^{02}_1 `^d X iş2 x^{02}_i t^2_i ) – r^2x^{02}_1(1 ` t^2_1) – r^2Żx^{02}_1 ô 0.

Therefore, for each x ş rx^0, the denominator of the integrand in (4.2) is never zero and the expression is finite as r ! 1.

In [6], it is proved that the Poisson kernel for measures invariant under a reflection group can be given by the intertwining operator, V, uniquely determined by

VPn ȷ Pn, V1 ş 1, DiV ş V∂i, 1 » i » d;

for the h_Ń defined in (1.1), the formula in [6, Theorem 4.2] states that (4. 3) P^h(x, y) ş V_y ı (1 ` jxj^2)(1 ` 2x ´ y + jxj^2)^{`jŃj1` d2} ȷ where V_y means that the operator acts on the variable y. For the special weight function that we are interested in, the Theorem 4.1 suggests the following explicit formula of the intertwining operator.

THEOREM 4.3. For the h_Ń defined in (1.1),

(4. 4) Vf (x) ş Z [`1,1]^d

f (x_1t_1, . . . , x_dt_d)^d Y iş1 (1 + t_i)^d Y iş1 c_{Ńi} (1 ` t^2_i )^{Ńi`1} dt.

PROOF. The fact that V1 ş 1 and VP_n ȷ P_n are obvious from the definition. Thus, we only need to verify that D_iV ş V∂_i. From the definition of D_i, we write

Dif ş ∂if + D̃if , D̃if (x) ş Ńi f (x) ` f (x ` 2x^ie^i)x_i .

Take, for example, i ş 1, we consider

D̃1Vf (x) ş Ń1 Z [`1,1]^d

f (x_1t_1, . . . , x_dt_d ) ` f (`x_1t_1, x_2t_2, . . . , x_dt_d) x_1 ^^d Y iş1 (1 + t_i)^d Y iş1 c_{Ńi} (1 ` t^2_i )^{Ńi`1} dt.

Since the difference in the integral is an odd function of t_1, it follows that

D̃1Vf (x) ş 2Ń^1x_1 Z [`1,1]^d

f (x_1t_1, . . . , x_dt_d )t_1^d Y iş2 (1 + t_i)^d Y iş1 c_{Ńi} (1 ` t^2_i )^{Ńi`1} dt ş Z [`1,1]^d

∂_1f (x_1t_1, . . . , x_dt_d )(1 ` t_1)^d Y iş1 (1 + t_i)^d Y iş1 c_{Ńi} (1 ` t^2_i )^{Ńi`1} dt

where the second integral follows from integral by parts. Since

∂_1Vf (x) ş Z [`1,1]^d

∂_1f (x_1t_1, . . . , x_dt_d)t_1^d Y iş1 (1 + t_i)^d Y iş1 c_{Ńi} (1 ` t^2_i )^{Ńi`1} dt,

the desired result follows easily from the last two equations.

For d ş 1 and h(x) ş jxj^Ń the formula (4.4) has been obtained in [6]. Although the form of Vf is suggested by the formula of Poisson kernel in Theorem 4.2, its proof is only a simple verification. Thus, one can start with Theorem 4.3 and use (4.3) to derive the formula (4.2) for the Poisson kernel.

The intertwining operator for the general reflection group has been discussed in [6]. It may allow one to transform the results from the ordinary spherical harmonics to the hharmonics. In particular, in the case of d ş 2, we know that the spherical harmonics are given by cos nŠ and sin nŠ. Thus, the intertwining operator shows that the h-harmonics can be written as integrals against trigonometric functions. In fact, the analytic proof of the formula (2.3) is based on the following formula in [1],

P^{(Ţ` 12 ,Ű` 12 )} n (cos 2Š) ş

Γ(n + Ţ +^1_2 )Γ(n + Ű +^1_2 )

Γ(Ţ +^1_2 )Γ(Ű +^1_2 ) ^ Z 1 `1 Z 1 `1(t cos Š + is sin Š)^{2n} (1 ` t^2)^{Ű`1}(1 ` s^2)^{Ţ`1} dt ds.

Integrating by parts and using the definition of D^{(Ţ,Ň)}_n , it is not hard to see that the following formula holds

D^{(Ţ,Ű)}_n (cos Š) ş B^{(Ţ,Ű)}_n c_Ţc_Ű Z 1 `1 Z 1 `1 (t cos Š + is sin Š)^n(1 + t)(1 ` t^2)^{Ű`1}(1 ` s^2)^{Ţ`1} dt ds,

where B^{(Ţ,Ű)}_n is a constant, from which we can perform integration by parts again to derive the formula

i sin ŠD^{(Ţ+1,Ű)}_{n`1} (cos Š) ş B^{(Ţ+1,Ű)}_{n`1} 2Ţ n c_Ţc_Ű Z 1 `1 Z 1 `1 (t cos Š + is sin Š)^n

^ (1 + t)s(1 ` t^2)^{Ű`1}(1 ` s^2)^{Ţ`1} dt ds.

Therefore, we have the following formula which gives explicitly the action of intertwining operator,

A^{(Ţ,Ű)}_n D^{(Ţ,Ű)}_n (cos Š) + i n 2Ţ A^{(Ţ+1,Ű)} n`1 sin ŠD^{(Ţ+1,Ű)}_{n`1} (cos Š)

ş c_Ţc_Ű Z 1 `1 Z 1 `1 (t cos Š + is sin Š)^n(1 + t)(1 + s)(1 ` t^2)^{Ű`1}(1 ` s^2)^{Ţ`1} dt ds,

the constant A^{(Ţ,Ű)}_n can be written as an integral by setting Š ş 0 in the above formula. This integral generalizes the Dirichlet type integral for the Gegenbauer polynomials (see [6, p. 1226]).

ACKNOWLEDGEMENT. The author thanks the referee for his careful review.

REFERENCES

1. B. L. J. Braaksma and B. Meulenbeld, Jacobi polynomials as spherical harmonics, Indag. Math. 30(1968), 384–389.

2. A. Dijksma and T. Koornwinder, Spherical harmonics and the product of two Jacobi polynomials, Indag.

Math. 33(1971), 191–196.

3. C. Dunkl, Reflection groups and orthogonal polynomials on the sphere, Math. Z. 197(1988), 33–60. 4. , Differential-difference operators associated to reflection groups, Trans. Amer. Math. Soc. 311 (1989), 167–183.

5. , Poisson and Cauchy kernels for orthogonal polynomials with dihedral symmetry, J. Math. Anal.

Appl. 143(1989), 459–470.

192 YUAN XU

6. , Integral kernels with reflection group invariance, Can. J. Math. 43(1991), 1213–1227. 7. A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher transcendental functions, vol. 2, McGraw-Hill, New York, 1953.

8. E. G. Kalnins, W. Miller, Jr., and M. V. Tratnik, Families of orthogonal and biorthogonal polynomials on the n-sphere, SIAM J. Math. Anal. 22(1991), 272–294.

9. T. Koornwinder, The addition formula for Jacobi polynomials and spherical harmonics, SIAM J. Appl.

Math. 25(1973), 236–246.

10. , Jacobi polynomials, II. An analytic proof of the product formula, SIAM J. Math. Anal. 5(1974), 125–137.

11. C. Müller, Spherical harmonics, Lecture Notes in Math. 17, Springer-Verlag, Berlin. 12. E. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton Univ. Press, Princeton, New Jersey, 1971.

13. H. Szegő, Orthogonal polynomials, 4th ed., Amer. Math. Soc. Colloq. Publ., vol. 23, Providence, RI, 1975. 14. N. J. Vilenkin, Special functions and the theory of group representations, Amer. Math. Soc. Transl. of Math.

Monographs, vol. 22, Providence, RI.

15. Y. Xu, On multivariate orthogonal polynomials, SIAM J. Math. Anal. 24 (1993), 783–794.

Department of Mathematics University of Oregon, Eugene, Oregon USA 97403-1222 e-mail: yuan@math.uoregon.edu