MONOMIAL ORTHOGONAL POLYNOMIALS OF SEVERAL
VARIABLES

YUAN XU

ABSTRACT. A monomial orthogonal polynomial of several variables is of the
form 2* —Qq/(x) for a multiindex a € Ng+1 and it has the least L? norm among
all polynomials of the form % — P(z), where P and Q are polynomials of
degree less than the total degree of %. We study monomial orthogonal poly-

nomials with respect to the weight function Hfill |z;]?# on the unit sphere

S% as well as for the related weight functions on the unit ball and on the
standard simplex. The results include explicit formula, L? norm, and explicit
expansion in terms of known orthonormal basis. Furthermore, in the case of
K1 = ... = K441, an explicit basis for symmetric orthogonal polynomials is
also given.

1. INTRODUCTION

The purpose of this paper is to study monomial orthogonal polynomials of several
variables. Let W be a weight function defined on a set  in R, Let a € N¢.
The monomial orthogonal polynomials are of the form R, (z) = 2% — Qu(z) with
Q. being a polynomial of degree less than n = |a| := a3 + ... + a4, and it is
orthogonal to all polynomials of degree less than n in L?(W,); in other words,
they are orthogonal projections of x® onto the subspace of orthogonal polynomials
of degree n. In the case of one variable, such a polynomial is just an orthogonal
polynomial normalized with a unit leading coefficient and its explicit formula is
known for many classical weight functions. For several variables, there are many
linearly independent orthogonal polynomials of the same degree and the explicit
formula of R, is not immediately known.

Let TI¢ denote the space of polynomials of degree at most n in d variables. The
polynomial R, can be considered as the error of the best approximation of z% by
polynomials from II¢_,, n = |a|, in L2(W,Q). Indeed, a standard Hilbert space
argument shows that

1Rall2 = 170 — Qallz = nf{[lz* = Pll2, P eI, n=lal},

where || |2 is the L?(W, ) norm. In other words, R, has the least L? norm among
all polynomials of the form = — P, where P € I1¢_,.
Let dw be the surface measure on the unit sphere S¢ = {x : ||z|| = 1}, where ||z||

is the Euclidean norm of € R4!. In the present paper we consider the monomial
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orthogonal polynomials in L?(h2dw, S¢), where

d+1
(1.1) he(z) = H )™, ki >0, xR

The homogeneous orthogonal polynomials with respect to this weight function are
called h-harmonics; they are the simplest examples of the h-harmonics associated
with the reflection groups (see, for example, [4, 5, 7] and the references therein).
The weight function in (1.1) is invariant under the group Zg“. Let P4+! denote
the space of homogeneous polynomials of degree n in d+ 1 variables. The monomial
homogeneous polynomials are of the form R, (z) = 2% — ||z|?Qa(z), where Q, €
Pd+2 and n = |a|. In this case, we define R, through a generating function and
derive their various properties. Using a correspondence between the h-harmonics
and orthogonal polynomials on the unit ball B¢ = {z : ||z|| < 1} of R%, this also
gives the monomial orthogonal polynomials with respect to the weight function

d
(1.2) WP (@) = [[l=:* Q= z|?)s"12, weB?, K >0.

In the case k; = 0 for 1 < i < d and kg1 = p, the weight function WE is the
classical weight function (1 — ||z||?)*~'/2 for which the monomial polynomials are
known already to Hermite (in special cases); see [8, Vol. 2, Chapt 12]. There is
also a correspondence between the h-harmonics and orthogonal polynomials on the
simplex T = {x : 7; > 0,1— |x| > 0} of R, where |z| = 21 +. ..+ 4, which allows
us to derive properties of the monomial orthogonal polynomlals with respect to the
weight function

(1.3) V2 —|g|)ren 2 peTd k>0,

For these families of the weight functions, we will define the monomial orthogo-
nal polynomials using generating functions, and give explicit formulae for these
polynomials in the next section.

If k1 = ... = K441, then the weight function is invariant under the action of the
symmetric group. We can consider the subspace of h-harmonics invariant under
the symmetric group. Recently, in [6], Dunkl gave an explicit basis in terms of
monomial symmetric polynomials. Another explicit basis can be derived from the
explicit formulae of R, which we give in Section 3.

Various explicit bases of orthogonal polynomials for the above weight functions
have appeared in [7, 11, 16], some can be traced back to [2, 8] in special cases.
Our emphasis is on the monomial bases and explicit computation of the L? norm.
The L? norms or the monomial orthogonal polynomials give the error of the best
approximation to monomials by polynomials of lower degrees. We compute the
norms in Section 4. They are expressed as integrals of the product of the Jacobi or
Gegenbauer polynomials. We mention two special cases of our general results, in
which P, (t) denotes the Legendre polynomial of degree n:

Theorem 1.1. For a € N&, let n = |a|. Then

1 2
mi o Q(z)|2dx = | |Pav i a
Qenl;i{l_l vol Bd /Bd @ (@)["dw = 2n( d/2 / e} () ’
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where vol B¢ = 7%/2 /T'(d/2 + 1) is the volume of B, and

) 1 da'2 ntd—
min a/ lz* — Q(z)? dsc— / HP%:(Q?"—l)r +d—1 g,
1 =1

Qelnd _

As the best approximation to z%, the monomial orthogonal polynomials with
respect to the unit weight function (Lebesgue measure) on B? have been studied
recently in [3]. Let us also mention [1], in which certain invariant polynomials with
the least LP norm on S? are studied.

For h-harmonics, the set {R, : |a] = n} contains an orthogonal basis of h-
harmonics of degree n but the set itself is not a basis. In general, two monomial
orthogonal polynomials of the same degree are not orthogonal to each other. On the
other hand, for each of the three families of the weight functions, an orthonormal
basis can be given in terms of the Jacobi polynomials or the Gegenbauer polynomi-
als. We will derive an explicit expansion of R, in terms of this orthonormal basis in
Section 5, the coefficients of the expansion are given in terms of Hahn polynomials
of several variables.

Finally in Section 6, we discuss another property of the polynomials defined
by the generating function. It leads to an expansion of monomials in terms of
monomial orthogonal polynomials.

2. MONOMIAL ORTHOGONAL POLYNOMIALS

Throughout this paper we use the standard multiindex notation. For a € NJ* we
write |a| = a1 +. ..+ . For o, 8 € N§* we also write ! = ay!--- v, ! and (o)) g =
(a1)g, - - (@m)g,,, where (a), = a(a+1)...(a+n—1) is the Pochhammer symbol.
Furthermore, for « € N™ and a,b € R, we write ac + b1 = (ac; + b, . .., ac,, + b)
and denote 1 := (1,1,...,1). For o, € N, the inequality a < [ means that
a; < G for 1 <i<m.

2.1. Monomial h-harmonics. First we recall relevant part of the theory of h-
harmonics; see [4, 5, 7] and the reference therein. We shall restrict ourself to the
case of h, defined in (1.1); see also [16].

Let H+1(h2) denote the space of homogeneous orthogonal polynomials of degree
n with respect to h2dw on S?. If all k; = 0, then H9T1(h2) is just the space of the
ordinary harmonics. It is known that

st ()~ (47

The elements of H+1(h2) are called h-harmonics since they can be defined through
an analog of Laplacian operator. The essential ingredient is Dunkl’s operators,
which are a family of first order differential-difference operators defined by

21) Difle) = dufw) + LT Croa T )

These operators commute; that is, D;D; = D;D;. The h-Laplacian is defined by
Ap=Di+...+D3, ;. Then AP =0, P € P& if and only if P € HI**(h2). The

structure of the h-harmonics and that of ordinary harmonic polynomials are paral-
lel. Some of the properties of A-harmonics can be expressed using the intertwining

1<i<d+1.
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operator, V,;, which is a linear operator that acts between ordinary harmonics and
h-harmonics. It is uniquely determined by the properties

DV = Ve, Vil=1, VPt Pt
For the weight function h, in (1.1), V,; is an integral operator defined by
d+1

(2.2) Vif(x) = / flxity, .. xgr1tast) H Cr,(T+1:)(1 — t?)mfldt7

[—1,1]4+1 i=1

where ¢, = I'(n+ 1/2)/(y/nl'()). If any one of k; = 0, the formula holds under
the limit

(23 i [ 700~ 2P = £(1) + F(-D)/2

pn—0
The Poisson kernel, or reproducing kernel, P(h2;x,y) of the h-harmonics is defined
by the property
(5| + 4)

d )
21T Tk + 3)
for f € H(h2) and ||ly|| < 1, where ¢}, is the normalization constant of the weight
function A2 on the unit sphere S¢, ¢}, |, gd h2dw = 1 and dw is the surface measure.

Using the intertwining operator, the Poisson kernel of the h-harmonics can be
written as

(24) f(z)=d, Sdf(y)P(hi;:v,y)f(y)hi(y)dw(y)» ch =

d—1

1—[ly[?
)p+1 (.’17), p:|l€|+T7

(1 =2y, ) + llyl?
for |ly|| < 1 = ||lz||. If all k; = 0, then V,; = id is the identity operator and
P(h3;z,y) is the classical Poisson kernel, which is related to the Poisson kernel of
the Gegenbauer polynomials

.

1— 72 n+ A N n
e - S a0

The above function can be viewed as a generating function for the Gegenbauer
polynomials C(t). The usual generating function of C7, however, takes the fol-
lowing form: (1 — 2rt +r?)=* = 3°°7  CA(t)r". Our definition of the monomial
orthogonal polynomials is the analog of the generating function of C. in several
variables.

Definition 2.1. Let p = || + %51 > 0. Define polynomials Ru(z) by

1 ) — ap 2 - d+1
VK[(1_2<b7'>+b||2|x||2)9:|( )= VRal), € R4

aeNgT?

Let Fg be the Lauricella hypergeometric series of type B, which generalizes the
hypergeometric function 3 Fy to several variables (cf. [10]),
(@)y(B)y _~

FB(O(,/B;C;'J:):ZWZ' s Oé,ﬂeNngl, ceR 1<I%l<a;(+1|$i|<1,
v e T

where the summation is taken over v € Ng“. We derive properties of Ea in the
following.
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Proposition 2.2. The polynomials R, satisfy the following properties:
(1) Ry € PHY and
- 2' “l(p

P)lal —a/2),(=(a+1)/2), oy a—2
Ra T x||7 Vfi Y K ’
@ =20 > S S PV )

where the series terminates as the summation is over all v such that 2y < «;

~ ~ 2lel (o),
(2) Ry € HATY(R2) and Ry (x) = %VN[S’Q(-)KJC) for ||z|| = 1, where
a —a+1 1 1
Saly) =y*Fp | —=, ——; —|a| — +1;,...,>.
<y>y3(2 ol
Furthermore,

where P, (hz,y, ) is the reproducing kernel of HAT(h2) in L?(h2,S8971).
Proof. Using the multinomial and binomial formula, we write

(1- 2<a y> +all)™ =1~ a2y — 1) =+ — aa(2yas1 — aar1))”"

= Z IB\ a’(2y1 — a1)™ ... (2yas1 — @agr)

= (P)um (=B1)y - - (rﬂd—kl)’mﬂ QIBI=11,y 8= 15,
5 g! !

Changing summation indices §; + v; = «; and using the formulae
D)%) m - k —1)k(—
D CmE R (CDECm)a

~

(p)m—k =

(I—p—m)g (m —k)! m!
as well as 272K (—m)gp = (—m/2)s (( —m)/2), we can rewrite the formula as
_ 2le —a/2),((—a+1)/2)y ,_
1—2a,y -+ (1,2 P = a® ‘al 'Yyoc 27
(1= 2(00) + ol =3 v §: ‘al_pﬂ)‘ -
2191 () o a l-—ao 1 1
:E “ “F (_77 ;T - ]-7 PRI )a
“ ol UTE 27 2 ol =p+ y? 0

Using the first equal sign of the expansion with the function
_ 2, _
(1 =2(b,y) + ll2[IP[[6lI*) ™ = (1 = 2([|z[|b, y/llz[l) + [[ll][b]|)
and applying V with respect to y gives the expression of R, in the part (1). It

||| = 1, then the second equal sign gives the expression of R, in the part (2). We

still need to show that R, € HI1(h2). Let ||z]| = 1. For ||y|| < 1 the generating
function of the Gegenbauer polynomials gives

(1= 2(b,9) + [1I*) 77 = (1 = 2016l {b/11b]l, ) + I[6]*) =7 = D oI CL({b/ 1], ))-

n=0
Consequently, applying Vi on y in the above equation gives

> 0" Ra(z) = [b"VilCR(O/ 1Bl - D)), Il = 1.

la|=n
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On the other hand, it is known that the reproducing kernel P, (h2; x,y) of HI+1(h2)
is given by [7, p. 190]

ntp, in
Py (s, y) = o WP ValCrw/lwll-Di), gl < el =1,
so that >, bR, () is a constant multiple of P, (h%;x,b). Consequently, for
any b, " bR, (z) is an element in HIT1(h2); therefore, so is Ry. O

In the following let [x] denote the integer part of x. We also use [a/2] to denote
(Jar /2], - - -, [ovay1/2]) for a € N+,

Proposition 2.3. Let p = ||+ (d —1)/2. Then

7 2 () (1/2)a—p a+1
Bol®) = = Gt 1/2), o) where == { 2 }
and
1 2 2
Ro(x) =a%Fp | —B,—a+B—r+ i—lal—p+1; Hx|2| - ”‘;H .
2 T Ty
Proof. By considering m being even or odd, it is easy to verify that
1 (l) m+1 —mAly el
cn/ k(1 1 - 2ypig = 2 ClE TR g
-1 (k+ )mery (=[P + 2

2

for k > 0. Hence, using the explicit formula of V,, the formula of R, in (1) of
Proposition 2.2 becomes,

Bo(e) = 200et (/2=
a ol (I{+1/2)[a;1]

3 (=a/2),((za+1)/2), (=[(a+1)/2] - £ +1/2), ]2 g2y
(“lal=p+ Dt (“lla+1)/2]+1/2), '

Using the fact that

(-5),557), = (e 552D, (- 5]+ 3),

the above expression of Ea can be written in terms of Fg as stated. O

Note that the F function in the proposition is a finite series, since (—n),, = 0 if
m > n. In particular, this shows that R, (z) is the monomial orthogonal polynomial
of the form R, (x) = 2% — ||z/|?Qu(z), where Q, € PI_,.
Another generalization of the hypergeometric series o F; to several variables is
the Lauricella function of type A, defined by (cf. [10])
() ()y

FA(CyOGﬂ;«T):ZWI’ , a,BENgH, c€eR,
8! vV

where the summation is taken over v € Ng‘“. If all components of « are even, then
we can write R, using F'4.
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Proposition 2.4. Let § € NdH. Then

1/2)5 Lo# | T
Rl st 1/2)s 1281 p <,6’,ﬂ+ R S T s )
2a(@) = ()T P PEt G al TP

Proof. For a = 23 the formula in terms of Fz becomes

_57 0—k+1 2)y - v
Rate) = 30 e

where v < 3 means v1 < B1,...,%i+1 < Bat1; note that (—=B), = 0if v > .
Changing the summation index by ~; — B; — ~v; and using the formula (a),—, =
(=1)™(a)n/(1 —n — a),, to rewrite the Pochhammer symbols, for example,

(=1)"(k+1/2)5 (=phis!
(k+1/2)p-y = ;o (B=MN=1Q)p— = ;
T Bk +1/2), T (-0,
we can rewrite the summation into the stated formula in F4. ([l

Let proj, : Pt s HIt1(A2) denote the projection operator of polynomials
in P4+ onto HATL(h2). Tt follows that R, is the orthogonal projection of the
monomial . Recall that D; is the Dunkl operator defined in (2.1). We define D¢ =
D - 2‘:_? for a € N¢™. Let e; = (0,...,0,1,0,...,0) denote the standard basis
of Rd'H
Proposition 2.5. The polynomials R, satisfy the following properties:

(1) Ru(z) = proj, z*, n = |a|, and
(_1)71 2p+2n o -2 d—1
Rolz) = ol D" (). p= el + .
(2) R, satisfies the relation

[2]I°Di Ra(x) = —2(n + p) [Rave, () — wiRa(z)]-
(3) The set {Ry : |a| =n, 441 = 0,1} is a basis of HAT(h2).
Proof. Since R, € H'(h2) and R,(z) = 2® — ||z||>Q(x), where Q € P it

n

follows that R,(xz) = proj, 2. On the other hand, it is shown in [19] that the
polynomials H,, defined by

Ho(x) = [l D] 2,
satisfy the relation Hq (z) = (—1)"2"(p), projjo ©*, from which the explicit formula
in the part (1) follows. The polynomials H, satisfy the recursive relation
Hoqe, () = = (2la] + 2p)ziHa (@) + ||2]|*Di Ha (),

which gives the relation in part (2). Finally, it is proved in [19] that {H, : |a| =
n,aqr1 = 0,1} is a basis of HAt1(h2).

In the case of o = ne;, R, takes a simple form. Indeed, let ot “)( t) denote the
generalized Gegenbauer polynomials defined by

1
COH (1) = C,L/ CMxt)(1+1)(1 — t3)Lat.
-1

These polynomials are orthogonal with respect to the weight function wjy ,(t) =
|t|2#(1 — t2)A~1/2 on [~1,1] and they become Gegenbauer polynomials when p = 0
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(use (2.3)); that is, e (t) = C(t). In terms of the Jacobi polynomials P,Sa’b)(t),
the generalized Gegenbauer polynomials can be written as

" (A+n)y
02(2/)( ) = ( ) P(’\ 1/2,p— 1/2)( _1)7
(2.5)
A+ ),
Confi(@) = gy e PO D e 1),
2

Recall that the Jacobi polynomial PT(La’b)(t) can be written as a o F} function

Do (- 1
(2.6) Plab) (1) Mzm( mntatorlloty

n! a+1 T2

For oo = ne;, the Fg formula of R, becomes a single sum since (—m); = 0if m < j,
which can be written in terms of o F;. For example, if n = 2m + 1, then

i (_m)j(_m — K1 — 1/2)3' Hl‘||2jx2m_2j+1
(=2m —1—p+1),3! !

R(2m+1)61 (l‘) =
§=0

m —m,—m — Ky —1/2 x||?

=22 +12F1< 1—1/2 ||z )

—2m—-1-p+1 " 22

This can be written in terms of Jacobi polynomials (2.6), upon changing the sum-
mation index by j +— m — j, and further in the generalized Gegenbauer polynomials
using (2.5). The result is

Corollary 2.6. Let n € Ng. Then Ry.,(x) = proj,, x? satisfies
-1
R, (@) = [lz|™ [0 | Clomesd o),

where kM denote the leading coefficient of ci) (t) given by

A n A n
O ( +1/~L)2 and KO = ( +1u)2 1
(/’L+§)nn' (M+§)n+1n

In the case of ordinary harmonics, that is, x; = 0, the polynomials R,., are
given in terms of the Gegenbauer polynomials.

(2.7)

2.2. Monomial orthogonal polynomials on the unit ball. The h-spherical
harmonics associated to (1.1) are closely related to orthogonal polynomials asso-
ciated to the weight functions W2 in (1.2). In fact, if Y € H4T'(h2) is an h-
harmonic associated with h,(y) = Hd+1 ly;|"* that is even in its (d+ 1)-th variable,
Y (', yar1) =Y (Y, —ya+1), then the polynomial P, defined by

(2.8) Y(y)=r"P(x), y=r(wzar), r=yl, (z.2a0) €8

is an orthogonal polynomials with respect to W 2. Moreover, this defines an one-
to-one correspondence between the two sets of polynomials ([17]).

Working with polynomials on B¢, the monomials are z® with o € Ng, instead
of Nd*1. Since 23, =1—|z|? for (z,x441) € S?, we only consider R, in Defini-
tion 2.1 with & = (aq,...,aq,0). The correspondence (2.8) leads to the following
definition:
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Definition 2.7. Let p = || + %51, Define polynomials RB(x), a € Ng, by
1 d

Cre L+6)(1 =)~ tat

/[LHL{ (1 —=2(b1x1ty + ... + bazata) + ||b||?)? 21;[( ) )

= > *RE(x), xeB’

aENg

The polynomials E(Jf form a basis of the subspace of orthogonal polynomials of
degree n with respect to W5, It is given by the explicit formula

Proposition 2.8. Let p = |k|+ (d —1)/2. For a € N¢ and x € R?,

~ 2led 1/2 a+1
RE(z) = ((j)\al ( (+/1;2) 5 _RB(x), where [ =a— { ;_ } ,
and
R.(z) =2“Fp (5,a+,6’n+1;|a|p+1;12,...,12).
2 7 Ty
In particular, RE(z) = 2% — Qu(7), Qo € TI¢_,, is the monomial orthogonal

polynomial with respect to WE on B?.

Proof. Setting bg11 = 0 and ||z|| = 1 in the generating function (2.1) shows that
the generatlng function of RB is the same as the one for R(g 0)(z). Consequently,
Rf( ) = R(%O) (2, 2441) for (z,2441) € S Since R(%O)(x, Zg41) 1S even in its d+1
variable, the correspondence (2.8) shows that Ef is orthogonal and its properties
can be derived from those of Ea. O

In particular, if k; = 0 for i = 1,...,d and k441 = p so that W2 becomes the
classical weight function (1 — ||z||?)*~1/2, then the limit relation (2.3) shows that
the generating function becomes simply

(1= 2(b,z) + [[b]|*) =72 = " b RE (2 z € RY,
QGNd

This is the generating function of one family of Appell’s biorthogonal polynomials
and RZ(z) is usually denoted by V,(z) in the literature (see, for example, [8, Vol.
II, Chapt 12] or [7, Chapt 2]).

The definition of RZ comes from that of h-harmonics R(4,0) by the correspon-
dence. If we consider Rz with 8 = (o, ag4+1) and assume that o441 is an even inte-
ger, then R leads to the orthogonal projection of the polynomial z®(1— ||z ||?)®a+1/2
with respect to W2 on BY. Furthermore, the correspondence also gives a generating
function of these projections.

2.3. Monomial orthogonal polynomials on the simplex. The h-spherical har-
monics associated to (1.1) are also related to orthogonal polynomials associated to
the weight functions W7 in (1.3). If Y € HZ(h2) is an h-harmonic that is even
in each of its variables, then Y can be written as

(29) Y(y) :Tnp(l‘%w"?zz)a y:r(zla"'vxd7$d+l)a r= Hy”

The polynomial P(z), x = (1,...,24) € R? is an orthogonal polynomial of degree
n in d variables with respect to W1 on T¢. Moreover, this defines an one-to-one
correspondence between the two sets of polynomials ([18]).
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Since the simplex T has a natural symmetry in terms of (x1,...,%q, Ta+1),
Zg+1 = 1 — |z, we use the homogeneous coordinates X := (x1,...,24,244+1). For
the monomial h-harmonics defined in Definition 2.1, the polynomial R, is even
in each of its variables, which corresponds to, under (2.9), monomial orthogonal
polynomials RZ in V4(WT) in the homogeneous coordinates X. This leads to the
following definition

Definition 2.9. Let p = |k| + 452. Define polynomials RZ(z), a € N¢, by
d+1

1
Ch 1 —t2)~i1dt
/[1,1]0’+1 (I =2(bizits + ... + bat1Zat1ta+1) + [[b][?)? 21211( )
= Z b RE(z), reT x4 =1—|z
aGNg'H

The main properties of R1 are summarized in the following proposition.
Proposition 2.10. For each o € Ng”'l with || = n, the polynomials

_ 22 (p)aja) (1/2)a

T T
= R
where
1 1 1
RY(z)=X“Fg( —a,—a—r+=;-2/a| —p+1;,—,...
a(m) B( @, —« K+ 9’ |a‘ p+ 71:17 ’xd-}-l)
(k+1)q
=(-1)" F d, —a; 1; X

( ) (n+|n\+d)n A(|a|+"‘£|+ ok + 1 )

are orthogonal polynomials with respect to WI on the simplex T®. Moreover,
RI(z) = X% — Qu(z), where Q4 is a polynomial of degree at most n — 1, and
{RT o = (d/,0),|a] = n} is a basis for the subspace of orthogonal polynomials of
degree n.

Proof. We go back to the generating function of h-harmonics in Definition 2.1.

The explicit formula of R, shows that R, (z) is even in each of its variables only
if each «; is even for i = 1,...,d + 1. Let ¢ € {—1,1}¢"1. Then R,(ze) =

Ru(e1z1, ..., €441Td+1) = € Ro(z). It follows that
1 (o3
S e - X0 Y R
BeNg*! aeNIl  ee{—L1}a

On the other hand, using the explicit formula of V;, the generating function gives

% Z Z bR (xe) =

ce{~1 1)+ gend+l

d+1 e
o [ T (L 1) (L= ) »
" [—1,1]d+1 (1 — Q(blfL‘ltlEl + ...+ bd+1xd+1td+15d+1) + ||bH2)p

e€{—1,1}d+1

for ||z|| = 1. Changing variables t; — t;e;, the fact that }__ Hf:ll(l + git;) = 2441

shows that the generating function of Rag(x) agrees with the generating function of
Rg(x%, ...,x5,) in Definition 2.9. Consequently, the formulae of RY follow from

the corresponding ones for Ra,. The polynomial RL is homogeneous in X. Using
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the correspondence (2.9) between orthogonal polynomials on S and on 7%, we see
that R are orthogonal with respect to WI. If agy1 = 0, then RI(z) = 2% — Q,,
which proves the last statement of the proposition. O

In the case of agy1 = 0, the explicit formula of RL shows that R(Ta’o) (x) =
x® — Qu(x); setting bgr1 = 0 in Definition 2.9 gives the generating function of
R%;70). The explicit formula of R’(TO‘7O) can be found in [7], which appeared earlier
in the literature in some special cases. The generating function of RL appears to
be new in all cases. We note that if all k; = 0, then the integrals in the Definition
2.9 disappear, so that the generating function in the case of the Chebyshev weight
function W7'(z) = (21 ... z4(1 — |2|))71/2 is simply (1 — 2(b, ) + ||b]|?)~*.

3. SYMMETRIC MONOMIAL ORTHOGONAL POLYNOMIALS

Let S;g11 denote the symmetric group of d + 1 objects. For a permutation
w € Sgq1 we write zw = (Zyy(1), - -+ Tw(a41)) and define T(w)f(z) = f(azw). If
T(w)f = f for all w € S441, we say that f is invariant under Sy41.

For o € N§ and w € Sy41, we define the action of w on o by (qw); = 13-
Using this definition we have (zw)* = x*%*.

3.1. Symmetric monomial h-harmonics. In this section, we assume that x; =
... = Kgy+1 = k. Then the weight function h, in (1.1) is invariant under Syy1. Let
HI+1(h2,S) denote the subspace of h-harmonics in H+! (h2) invariant under the
group Sgy1. Our goal is to give an explicit basis for HIt1 (A2, S).

A partition X of d+1 parts is an element in Ng‘“ such that Ay > Ao > ... > Agy1.
Let Q%! denote the set of partitions of d + 1 parts. Let

QI = A e NI A > A0 > L2 Agg, A = ),

the set of d + 1 parts partitions of size n, and let ATl = {\ € Q, : \; = A\p}. For
a partition A the monomial symmetric polynomial my is defined by ([14])

my(x) = Z {z% : a being distinct permutations of A} .

Let B441 denote the hyperoctadedral group, which is a semi-direct product of Zg“

and Sgi1. A function f is invariant under By if f(x) = g(«f,...,23,,) and g

o . . . d+1 o .
is invariant under Sy, ;. Since the weight function h,(z) = [[=, |2|” is invariant

under By, 1, the monomials z® and x? are automatically orthogonal whenever o
and 3 are of different parity. Hence, closely related to H4T!(h2,S) is the space
HI+L (K2, B), the subspace of h-harmonics in HI+!(h2) invariant under By, ;. Re-
cently Dunkl [6] gave an explicit basis for HZt1(h2, B) in the form of

(3.1) pa(z) = ma(@®)+ Y {eumu(a®) :p € QM < N2 <i<d+1,u# AN},

where 2? = (21,...,23,,) and the coefficients ¢, were determined explicitly, and
proved that the set {py : A € A%*1} is a basis of HI1(h2, B).

Using the explicit formula of R, we give a basis for HZ*1(h2,S) in this section.
Let Sy+1(A\) denote the stabilizer of A, Sy+1(A) = {w € Sgy1 : Aw = A}. Then
we can write my = Y 2™ with the summation over all coset representatives of
the subgroup Sg41(A) of Sgt1, which we denote by Sg+1/Sa+1(A), it contains all w
such that A; = A; and ¢ < j implies w(i) < w(j).
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Definition 3.1. Let A € Q%1 Define
Si(z) = > Ry ().
wESq41/Sat+1(N)

Proposition 3.2. For A € Q&+, the polynomial Sy = proj, my is an element of
HIHL(h2;S). Moreover, the set {SA A € ALY s a basis of HITL(K2,S).

Proof. The definition of S and the fact that R, (x) = 2® + ||2?Qq(z) shows
Sx(x) = Yo @ elPQaw(@) = male) + 2lPQx),
WESg+41/Sa+1(N)

where Q € TI1. Also S\ € Ha+1(h2) since each R, does. Hence, Sy = proj,, m..
It follows from the part (2) of Proposition 2.5 that ,

Sa() = D g e 2nn, (D) (2],

27 (A)n
which shows that Sy is symmetric. Since dim HIT1(h2,S) = #A9T! we see that
{Sx : A € A1} is a basis of HIT(R2;S). O

The fact that S is a symmetric polynomial also follows from a general statement
about the best approximation by polynomials, proved in [1] for L?(S%) and the proof
carries over to the case LP(S% h2). Since the proof is short, we repeat it here. Let

111, = (4 [ 1P mdem) "

for 1 < p < oo and let ||f|| be the uniform norm on S¢.

Proposition 3.3. If f is invariant under Syy1 then the best approximation of f in
the space LP(S?, h2) by polynomials of degree less than n is attained by symmetric
polynomials.

Proof. Let P € H"lJrl Since k1 = ... = Kqy1, hy is invariant under the symmetric
group, and so is the norms of the space LP(S% h2). Hence the triangle inequality
and the fact that f is symmetric gives

1
If—Pl,= Mw;&il | f(zw) — P(zw)]|,
d—l—l H Z flaw) Z P(mw)Hp: 1f =PI,
weS, d+1 w68d+1

where P* is the symmetrization of P. Since P* € TI9F! this shows that the
best approximation of f can be attained by symmetric polynomials of the same
degree. O

The best approximation in L2(S%; h2) by polynomials is unique, so that a best ap-
proximation polynomial to a symmetric function must be a symmetric polynomial.
Thus, the above proposition applies to Sy, as Sy — my is the best approximation
to my in L?(S% h2) by polynomials of lower degrees.

From the definition of S}, it is not immediately clear that S is symmetric. Next
we give an explicit formula of Sy in terms of monomial symmetric functions and
powers of ||z]|.

We start with the following simple observation:
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Lemma 3.4. Let w € Sgi1. Then Ry(xw) = Raw(x).

Proof. This follows from the generating function of R, (z). Indeed, let ®.(t) =
T (1 4 £:)(1 — £2)F=1; then ®,(t) is invariant under Szy;1. Hence, using the
explicit formula of V,; in (2.2), it follows from the Definition 2.1 that

- 1
b* R, (zw :/ D,.(t)dt
D e N e S N T P EITARA
1

B /[ L1+t (1 - 2Z(bw*1)mt‘ + (ol [l=]2)?
= Z bw)> Zb‘“" Ro(z) = Zbo‘ﬁaw(x)

since the sum is over all o € Ng“. O

. (t)dt

We need one more definition. For any « € Ng“, let o™ be the unique partition
such that o = aw for some w € Sgy1.

Proposition 3.5. Let A € Q4! and let p= (d+ 1)k + (d — 1)/2. Then

T
Sa(@) = ma(D) 3 an 2! B ) e,
29<A A=z (1)

where
A+ [A+1)/2),(=[(A+1)/2] £ +1/2),

(=l =p+ D!
Proof. Let dy = |Sqr1(\)|. We can write my(z) = dy ! D weSa 2™ and, using

Lemma 3.4,
Z Rw(z) = di* Z Ry (zw).
WESq+1 WESq+1
The coeflicients ay , appear in the explicit formula of Ry. Indeed, from the formula
in Proposition 2.3, Ry(x) = > ax[|z)?"2*=27. For w € Sy41 and A,y € N+,
we have (M), = (\)yu-1. Therefore, as [aw| = |a| for a € Ng™, it follows from
the formula of ay  that ay,,y = ay y,-1. Consequently,

S Rew) = 3 S faPla

Ary =

wESd+1 wESzH»l o
_ Z Za/\ﬂw_lHm||2|'y|w/\w—27w’lw
wESqy1 Y
—Za,\7||x||2|7| Z gA=2w

weES g1

since the summation is over all v € NZ. Note that the coefficients ay. = 0 if
vi > A — [(Ai +1)/2], so that A; — 2; > 0. Therefore, we can write

_ w — tw
D A=y aTE = yemaay - (2).
’LUGSd,+1 wesd+1
Put these formulae together, we get

Sa(@) = d "> " ax 4 l|zlPMd a0y ma—2q)+ (2),
Y

which gives the stated formula upon using the fact that my(1) = (d+ 1)!/dx. O
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In the simplest case of A = (n,0,...,0) = ne;, we conclude that
(cnt (s[5 — w4 3
3.2 She, () = 2 2 - QJmQJmn_-eac
( ) 1( ) Ej: (—n_p+1)j]! H ” (n—2j) 1( )
d+1 .
= Jlall Y [k T @iz,
i=1

where p = (d+ 1)k + (d — 1) /2, and the second equality follows from the definition
of CM or from Corollary 2.6.

Since the sum in the formula of Sy is over all v € Ng“, some m,, may appear
several times in the sum. With a little more effort one may write Sy in a more
compact form. Evidently this depends on how many parts of A are repeated. We
shall consider only a simple case of A = (q,...,q), in which all parts are equal.

Corollary 3.6. For A= (q,...,q), q € Np,
Sa@)= > axullzlPMmagu(@).

pedt+i
Proof. In this case, it is easy to see that ay . = ay,, for each w € Sg41. Moreover,
dy = (d+1)!. Consequently, using the fact that 3 ¢y =3° cqant d,! D weSass Crws
it follows that
1

Sx(z) = CE]] Z axq ]2 A anys M2+ (2)
ol

1
d+1)!

o4t Y anule Ao s Moz ()

peQIt+1 WESg41

1
= Z CL)\,“||13H2‘M(d+1)' Z m()fo,uw)*(x)a

MEQd+1 WESq+1

since A = (g,...,q) implies that d(x_s,u)+ = duw = d,. Also, the special form of
A implies M\ _2pw)+ = Mr_2(uw)+ = Ma—2;, Which completes the proof. O

Since max(z) = ma(23,...,23,,), the theorem shows that the set {Sa\ : X €
Ad+1Y s a basis for the space H9T!(h2; B). These results are intersting even in the
case of the ordinary harmonics (k = 0). The only other symmetric orthogonal basis
known is given by Dunkl [6] recently for H4*1(h2;B). It should be pointed out,
however, that Sy are not mutually orthogonal for A € Q4+1. We do not know how
to construct an orthonormal basis for H4+1(h2;S) or if there is a compact formula
for the L? norm of S,.

Since ||z||? is symmetric, one can write ||z||*m,, in terms of symmetric monomial
polynomials m, so that Soy can be written in terms of m,,(2?) as in Dunkl’s basis
(3.1). Tt turns out, however, that the two bases {Sax : A € A1} and {p) : A €
A4+1Y are quite different and they are in fact biorthogonal ([6]).

3.2. Symmetric monomial orthogonal polynomials on the unit ball. On
the unit ball B¢ we consider the weight function W2 (z) with k; = ... = kg = 0.
Writing k441 = p, we write W,fu instead of W 2. That is,

d
wr (@) = [ |zl = 2?2, 2B
=1
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This weight function is evidently invariant under the symmetric group Sg. Let
Vd(W,f#;S) denote the space of symmetric orthogonal polynomials of degree n
with respect to W,ffu The dimension of this space is dim V4(W/. H; S) = #0¢ the
cardinality of d-parts partitions of size n, since a basis can be obtained by applying
Gram-Schmidt process on a basis of symmetric polynomials of degree at most n in
d variables.

For symmetric orthogonal polynomials we cannot use the correspondence (2.8)
between h-harmonics and orthogonal polynomials on the unit ball, since RZ(x) =
R(,0)(, Ta+1). On the other hand, the polynomial RE in Definition 2.7 is similar
to RE specified in Definition 2.1. The similarity allows us to carry out the study in
the previous subsection with little additional effort. We define S£ as in Definition
3.1:

Definition 3.7. Let A € Q?. Define
V@)= Y RE().
w65d+1/sd(k)

Proposition 3.8. For A € Q% the polynomial Sy is the orthogonal projection
of the symmetric monomial polynomial my onto Vd(WEM;S), Moreover, the set
{Sx: X € Q4} is a basis of VI(WSE ;S).

Ky

We again have RZ () = RZ(zw) for any w € Sg and we can derive an explicit
formula of Sf as in Proposition 3.5:

Proposition 3.9. Let A € Q4 and let p = dr + p+ (d — 1)/2. Then

SP(x Z ax m(A 2+ (@ >, z e RY,
2v<A m— 2’y)+(1)
where 1 = (1,...,1) € Nd and
ar = CAH[A+1)/2),(=[(A+1)/2] ~ K +1/2),
Ay — — ]
(=IAl=p+ 1)y
In the simplest case of A = (n,0,...,0) = ne; € R?, we conclude that

n 4+ ntl — K1 j
Sh (x )ZZ( 5 (2 i [ ] +3)i M(n—2j)e, (T)

n-— )JJ'

J
zd: [k-(/’ 51751)}7 C(P K17K1)(x1)

=
where p = dk + p + (d — 1)/2, since RS, (z) = Rye (v, 2441) for (z,7411) € S,
where €} = (1,0,...,0) = (e1,0) € R¥", and Corollary 2.6 shows that RE, (z) =
[kép—m,m)]*1CT(LD—M,M)(%).

H

3.3. Symmetric monomial orthogonal polynomials on the simplex. We
can also give explicit formulae for the symmetric monomial orthogonal polynomials
with respect to W on the simplex.

On the simplex 79, it is natural to consider the symmetric group Sgy; of the
vertices of T9. A function f(x) on T¢ is symmetric if in the homogeneous coordi-
nates X = (v,2441), Tar1 = 1 — |z|, f(x) = ¢g(X) is invariant under Szy1; that
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is, if g(Xw) = g(X) for every w € Sgy1. Let VITHWT;S) denote the space of
orthogonal polynomials of degree n that are symmetric.
Proposition 3.10. For each A € Q4+ the polynomial
Sx (@) = > R, (z)
wESqy1/Sat1(N)

is a symmetric orthogonal polynomial and S¥ (x) = my(X) + Q(z), Q € M.

Moreover,

(=AM (A=K +1/2)y mp_y+ (X)
(2 =p+ Dt ma—y+(1)

)

ST(x) =ma(1) Y

where 1 = (1,...,1) € NI*L. Furthermore, the set {ST : X\ € A%t} is a basis of
Vit Wl S).

This follows from the correspondence (2.9) and the properties of Soy. Notice
that mox(z) = ma(23,..., 23, ).

4. NORM OF THE MONOMIAL POLYNOMIALS

4.1. Norm of monomial h-harmonics. Since R, is orthogonal to polynomials
in Hfltll with respect to h2dw on S¢ and R, (z)—z® is a polynomial of lower degree
when restricted to S¢, the standard Hilbert space theory shows that the polynomial
R, is the best approximation of 2 in the L? norm defined by

151 = (4 [ 1P o)

where ¢}, is the normalization constant of h2. In other words, the polynomial
1% — R, has the smallest L? norm among all polynomials of the form 2% — P(x),
P c ! on §¢. That is,

[Rallz = min 2% = Pl2,  [af =n.
+1

n—1
In the following we compute the L? norm of R,.

Theorem 4.1. Let p = || + %51, Let a € NG and denote B = a — [(a +1)/2].
Then

[ IRl =
Sd

p(/{+1/2)az (=B)y (—a+B—r+1/2),
(

(P)lal —a—r+1/2) V(e = 7]+ p)
ﬁ! (/@+1/2) 5 /1 d+1 (L)
=2p——— 27 Co2™ ()t +20=1 g,
PN 0 E ©

Proof. Using the explicit formula of R, (z) and the Beta type integral,

d+1

D(lx| + (d+1)/2)
711

DT e (ot rt1/2) (5 +1/2),
o [ e = ot

C(ri+1/2) (p+ 1),

i=1
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it follows from the explicit formula of R, in Proposition 2.3 that

cﬁl/ |Ra(x)|2hz(3:)dw:c%/ Ry (2)x%h? (x)dw
54 5d

I S HEEY RV Vi NURS Vo
(=lal =2+ Dy (o + Djag—py)

~

Rewriting the sum using (a)n—m = (=1)"(a)n/(l—n—a), and (—a),/(—a+1), =
a/(a — n) gives the first stated equation. To derive the second equation, we show
that the sum in the first equation can be written as an integral. We define a function

Fr) =3 (O (zatB-k+1/2)y jaj-jyitp,
(—a=r+1/2)7!(|a] = 7l +p)

v<B

Evidently, F(1) is the sum in the first equation. Moreover, the sum is a finite sum

over v < 3 as (—f), =0 for v > g, it follows that F'(0) = 0. Hence, the sum F(1)

is given by F'(1) fo F'(r)dr. The derivative of F' can be written as

! _ ( B)( O‘+ﬁ_“+1/2>7 al—|y 1
Fl(ir)=Y" EE Yo plal=lvl+o—

Y

d+1

_ lal+p—1 az+ﬂz kit 1/2)5,

- HZ — 0 — Ry 4 1/2)5 7] "
=1 v T Yi lt°
d+1

— plal+po-1 —Bi, =i + i — ki +1/2. 1

- HQFl( —a; — ki +1/2 e

The Jacobi polynomial P,S"’b) can be written as o Fy in a different form [15, (4.22.1)],

2n+a+0b\ st —1\" -n,-n—a 2
(a:b) (¢ - ) 2
Pt (t) = ( n >( 2 >2F1(—2n—a—b’1—t)'
Use this formula with n = 3;, a = a; —206; + k; —1/2, b=0and r = (1 —t)/2, and
then use P*"(t) = (—1)"P"* (—¢), we conclude
d+1

Fir) = B 2asB o ipi4p-1 T] P20t/ (g 1),

(k+1/2). U

Consequently, it follows that

1/2)0_pB [* d+1 PP
(41) F(l) — (K + +/1/2 ﬁﬁ / O ,a—2Bi+kK; 1/2)(27,. _ 1)r‘a|—‘ﬁ|+p—1dr.
KZ

From the relation (2.5) it follows that P(?’O‘l_m"'er_l/Q) (22-1) = C{*" ) (1) if o,
is even, and tP(O 4 =2futr— 1/2)(2152 1) = Cél/z’m)(t) if a; is odd. Hence, changing
variables r — t2 in the above integral leads to the second stated equation. (I

The constant in the second equal sign can be written in terms of k(1/2 i) , the

leading coefficient of ci/z '“), by using (2.7) and considering «; being even and

odd separately. As an equivalent statement, the theorem gives
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Corollary 4.2. Let a € N& and n = |a|. Then

1d+1 C(zv'ﬁ) )
inf o — Q)3 = 25 F 2o / Wyartzpotgy
Qemd_, P)al 1 k2T

In the case of d = 1, the integral contains the product of two Jacobi polynomials.
Moreover, the parameters satisfy a condition for which the integral can be written
as a terminating 3 F» and simplified by the known formula (see [9, Vol. 2, p. 286])

1
0,01 0,02 o
/0 Pél )(2r - 1)Pﬁ(2 )(2r —1)rlfllel gy

_ (IBD' (o] + 1)) (01 + 1) 15 (02 + 1) 5
(lo] +2)g (o1 + D, (02 + 1), (|| + 26 + 1)

Using this formula with an obvious choice of the parameters, the norm of R, for
d =1 can be written in a compact form. Equivalently, this gives

Corollary 4.3. Let a = (a1, as) and write 0 = [(a+1)/2]. Then

(|50 (I = |o])! 1 1
inf a* — Q)5 = i Ko+ = .
Qerm; _, 2 (|K| + 1)\a|(|ﬁ|)|a\ 2 o1tas—os 2 ootoq—o1

For d > 1 and o = ne;, the sum in Theorem 4.1 is a balanced 3F5, which can be
summed using the Saalschiitz summation formula. Alternatively, we can evaluate
the norm of R,., by using the explicit formula of R,., in Corollary 2.6 and the
formula

(4.2) f(x)dwg = /ﬂ/ f(cos 8, sin 0 )dwy_1 (") (sin §) 1 dh.
sd 0 Jga-1

This way, the norm of R,., can be derived from the leading coefficient k‘é)"“),

given in (2.7), of C™" and the norm of Cy(l)"#)(t). We denote by A the L2
norm of C{**) with respect to the normalized weight function ¢y ,wy ,(t), where
wau(t) = [t =222 and ¢ ), = T(p+ 1/2)D(A+ 1/2)/T(A + p+ 1). Tt is
given by ([7, p. 27])

po_ O DO+ 03t )
m'(u—i—%) A+ p+2m)’
3)m

N (A + A+ m1(A+p)
2m+1 m,(u+§)m+1()\+,u+2m+1)

(4.3)

We will follow the second approach to evaluate the norm of R, since an interme-
diate result will be used later in the section.

Corollary 4.4. Forn € N&, let m = [(n+1)/2]. Then

n—m

(n—m)! (ki +3),, (Il = #i +5)

inf ||z — Q(z)||2 =
QGHLl” ()2 (|H‘+%)n (m+|[{|+T)n_m (m+l€i+§

)om

Proof. We only need to prove the case i = 1. For z € S¢, write = (cos 6’,sin ),
' € S4 Let Ay = p— k1 = |k| — k1 + (d — 1)/2. Using the explicit formula of



MONOMIAL ORTHOGONAL POLYNOMIALS 19

R, in Corollary 2.6, the equation (4.2) with a change of variable ¢ = cos ) shows
that

2 d+1

W,k (t)dt/ H |$2|2midwd71(.’li,)
St 2o

7(L>\1,I€1) ¢

1
G [ RustPae =, [ 1€
Sd —1

kﬁf\l"ﬂ)

— h%)\l,kal)/ [kgl)\l,nl)] 2.

Hence, the stated formula follows from the explicit formulae of k™™ in (2.7) and
A in (4.3). O

We note that Corollary 4.2 and the above proof implies the formula

9 1 1 ~(F.%1) 1
p(r1 + 2)"/ Cn” () lal+20-145 — ¢, i /
(P)n (AR T

which does not seem to follow from a simple transformation. This suggests the
possibility that the norm of R, may be expressed in some other, perhaps more
illuminating, ways.

In general, however, the norm of R, may not have a compact formula in the form
of aratio of products of Pochhammer symbols. For example, if &« = (aq, a2,0,...,0),
then the integral in Theorem 4.1 becomes (see (4.1))

2
o)

k'gl/\l;ﬁl)

Wi,k (t)dt,

1
(44)  I(0,8):= / P (2r — 1) PV (20 — 1)rortoathitbatagy
0

with o; = a; —20;+k;—1/2, 5; = a; — [(a; +1)/2] and a = |k| — k1 — K2+ (d—1)/2.
Using the o F; formula of the Jacobi polynomials, this integral can be written as a
single sum of a balanced 4F3 series evaluated at 1,

B (=1)P (01 + 1), (01 + a+ 1)
U5) 1B =G ia F ol +a+ 2B + lo] + a + Do (01 F aF Dy

% 4 F. _ﬂl,ﬁl+01+17‘ﬁ|+|0|+a+17|ﬁ|+01+a‘+]‘.1
B ol + 18l + B+ a+2,00+ 1,00+ B +a+1

This 4F3 is a finite sum, but it does not seem to have a compact form.

As a consequence of Theorem (4.1), the integral of the product generalized
Gegenbauer polynomials in the theorem is positive, which does not seem to be obvi-
ous. It shows, in particular, that the expression I(o, () is positive if o; > 0,; > 0
and a > 0.

For the symmetric orthogonal polynomials, there is one simple case for which
we can compute the norm explicitly, the norm of the symmetric polynomials Sy,
n (3.2). Recall that by Corollary 2.6 and (3.2), Spe, = Rpe, + ... + Rpe,,, when
ki = Kk for 1 < i < d+1, and Rye, is given in terms of C,(Lpfﬁ"’m)(t). The key
ingredient is the lemma below.

Lemma 4.5. Let \; = || — k; + %5L. Then for n = 2m,

(52 + 1)
1

hi(a:)dw =" A1+ 35)m [kg\l’m)]z.

y 07(1)\1,K1)(1_1)07(LA2,;%2)(1:2)
h gd kﬁf\um)kﬁeﬁz)
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Proof. For x € S¢, write x = (cos,sinfz’), 2’ € S9! and 0 < § < 7. Using the
integration formula (4.2) and changing variable ¢ = cos, we see that the left hand
side of the stated integral is equal to

1 (A1,k1) (A2,k2) 7 d+1
Cy t Cy V1 —t22) .
c;L/ ()Vd ( |||z|21dwd1 )]
71 S —1

kr(l)\lﬂﬁ) k7(1>\2,f€2)

X [t (1 — )M

Since n = 2m, the integral inside the square bracket is a polynomial of degree
n in t whose leading term is (1 — t2)™ = (—1)™t?>™ + .... Consequently, by the

orthogonality of C,(L'\l’nl)(t), it follows that the above integral is equal to

! CT(L)\IM)(t) 2 2 2\ —1 2m i 2
el [ S e e [ ] @)
- n =2

(Hz + %)m 1 c
Ot 5 [

1
— (- / COTR) (1) Puy, e (1)
—1

using (2.4), which gives the stated formula. O

Together with the proof of Corollary 4.4, this lemma allows us to compute the
norm of any linear combination by Rpe, + ... + bgy1Rpe,,,, without the need of
assuming x; = K for all .. We shall, however, use it only in the case of k1 = ... =
Kdq+1 to compute the norm of S,.,. The proof shows clearly how the norm of the

general case can be computed.
Proposition 4.6. Let k1 = ... = Kkqy1 = k. Let \=dr + % Then for n = 2m,

n n m (
inf |z} + ...+ 25, — Q)3 =(d+1) (1+d(—1) — 2
Qemith (

= NI={Nof—
— |~
3
3 |3
N—

~—
S
S

A+ DA+ K)m(k+
A+ K)oamA+r+1

— o
N
3

and forn=2m+1,

. A+ DA+ B) g1 (5 + ) myrm!
inf 2" +...+2%, - Q)2 =([d+1 2 2
oot 1~ QI = (d 4 ) B e s

In particular, the case k =0 and A = (d—1)/2 > 0 gives the best approzimation of
Spe, in the L? norm with respect to the surface measure dw.

Proof. Since || = (d+ 1)k, A; in the lemma becomes A = dk + (d—1)/2. By (3.2),
for ||z|| = 1, we have

2

d+1
/ [Sne ()] B2 (w)dew = / [Z (K] O (20) | h2 () dw
5 59 [i=1
d+1 (A\,K) (A, m) (A\,K)
Cn () 2 / Oy O (x ) 2
= ———| hi(r)dw + hi(z)dw.
; /Sd kT(L)‘ K) ] ; k(/\ ’@)k(k K)
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If n = 2m + 1, then the integrals in the second sum is zero since C’é;’i)l(t) is an
odd polynomial. Hence, since h, is invariant under the symmetric group, it follows

2
09’%1)] )

(A\,K)
1
pows h2 (z)dw = M

[k
as in the proof of Corollary 4.4. If n = 2m, then the integrals in the second sum
can be evaluate as in Lemma 4.5, so that we get

" /S [Sne @) B2 @) = (A + )¢ /3 d

)

2
C’ELA’H) (xl)

o [, [Sues @) Hi @t =+ 1), [ ]hi(@dw

2

O () O (22)
d(d+1)¢ - = h2(z)d
+ ( + )Ch /Sd k%’\’”)k,({\’“) H(JZ) w
(A,K) (KJ + l)

=(d+1)—— ( +d(— 1)’”2"”).

(K] A+ 3)m
Using the formulae B n (2.7) and A in (4.3) completes the proof. O

In [1] some invariant polynomials of lower degrees with the least L?(S%; dw) norm
on the sphere are studied. In particular, for the L2 norm, it is computed there that

24(m —1)
1nf T .+ xi% - Q)%= .
Qell ot + Q@ (m + 2)2(m + 4)(m + 6)
This is our general result with k =0, n=4and m=d+ 1.
The Proposition 4.6 gives the norm of the symmetric monomial polynomial S, .
We do not have a compact formula for the norm of the symmetric monomial or-
thogonal polynomials in general.

4.2. Norm of monomial polynomials on the ball. For a € N¢, the polynomial
RB(z) is related to the best approximation to 2. Let w? denote the normalization
constant of the weight function W2 in (1.2). Define

1£ll2.5 = (w{f /Bd |f(x)‘2WE(IC)dx>1/2, wy = l_}ﬁl?((: 111)//;)

As it is shown in the previous section, for a € N¢, the monomial orthogonal
polynomials RZ is related to the h-harmonic polynomial R(a,0) by the formula
RE(z) = Ria0) (%, Zd41), (#,2441) € S Using the formula

[t = [ [f@VT=TT) + o~ T=TP)

dx
1—Jzf?’

the norm of R, follows from that of R, ) right away.

Theorem 4.7. The polynomial RZ has the smallest | f||2,5 norm among all poly-
nomials of the form % — P(x), P € TI¢_|. Furthermore, for o € Ng,

Sl gy,

pl'L (ki + / Cég ) (1)

2 7K/L)
kos

IRS1I3 5 = [ Ria0)ll2 =

P)lal
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For the classical weight function W, (z) = (1 — ||z[|?)*~1/2, the norm of R,, can

be expressed as the integral of the product Legendre polynomials P, (t) = C}L/ 2(15).
Equivalently, as the best approximation in the L? norm, it gives the following:

Corollary 4.8. Let p = p+(d—1)/2 > 0 and n = |a| for o € Nd. For the classical
weight function W, (x) = (1 — ||z|?)*~'/2 on B,

1 d
. po! 2p—1
min ||z% — Q(x)||2 :7/ P, (t)t" T2~ 14t.

Qeni_l || ( )H27B 2"71(,0% 0 g ( )
Proof. Set k; =0 for 1 <i <d and g = kgy1 in the formula of Theorem 4.7. The
stated formula follows from (1), = 227(1/2),(1),, n! = (1),, and the fact that

CH?0) = CMA(t) = Pu(t). O

In particular, for d = 2, the product involves only two Legendre polynomials.
Since P, (t) = Rgo"o)(t)7 the integral for d = 2 can be written as a terminating 4 F%
series using the formula in (4.4) and (4.5). For the unit weight function on B? (that
is, W52(1') = 1), another formula of R, is given in [3], writing it in terms of the
basis {Up(cos(kn/(n + 1))y + sin(kw/(n + 1))x2) : 0 < k < n}, where U,, denotes
the Chebyshev polynomial of the second kind, and the norm of R,, |a| = n, is
given as follows in [3],

min / |z® — P(2)|*dx
PeIié B2

n—1

1 27 1 2
= ;271% /0 ([1(Sin0 —iscos0)* (cos 6 + issin 0)0‘2ds) do,
in which a = (a1, a9) and @ = v/—1. This formula is quite different from the one
contained in Corollary 4.8. In fact, it is not all clear how to derive one from the
other.
Setting a = ne; in Theorem 4.7 and using Corollary 4.4, it follows that | RS, |I3 5

= thAl’m)/[k;gL)‘l’M)]Q. Following the proof of Proposition 4.6 we can also compute
the norm of SZ , with respect to W,f#. The result is essentially the same as in

Proposition 4.6 with d + 1 replaced by d, k1 = ... = kg = K, 4 = Kq+1 and
A=p+(d-1)r+(d-1)/2.

4.3. Norm of monomial polynomials on the simplex. In the case of simplex,
the polynomials R’ is the orthogonal projection of X = z{* - 2G4 (1 — |z[)@a+1.
Let wl denote the normalization constant of WI. Define

I Fllar = (w,{/ |f(x)|2W,:jF(:r)dx>l/2’ wy = ?}Lﬁ'ﬁ;((d J:Lll)g))
Td i=1 L \Fi

Let F(z) = f(2%,...,23,,). Then the norm is related to the norm on S¢ via

ch, » f@1,. . x hi(z)dw = w] /Td flzy,...,xq, 1 — |2 )W (z)d.

Since R (2%,...,23,,) = Raa(21,...,%a41), the norm of RZ can be derived from
the norm of Ra,. We use (2.5) to write 05%2"”)(1%) = Pﬂ(?"{"’_l/Q)(th — 1) and
change variable t2 — r in the integral in Theorem 4.1 to get the following:
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Theorem 4.9. Let 3 € NI and p = |k| + (d — 1)/2. The polynomial ng has the
smallest || - ||2.7 norm among all polynomials of the form X# — P, P € Hldﬂl—l’ and
the norm is given by

p( By (B~ K+ 3)
T R 2wT d — 2B 2 v
A Z 2B—F»+) @B =T+ 7)
1d+1

0,k;—1/2 _
= / H Pﬁ(i / )(27“ - 1)r‘ﬁ‘+p Lar.
P)2is) el

In particular, if 3441 = 0, then the norm of Rz ¢)(z) is the smallest norm among
all polynomials of the form % — P, P € T1¢_,.

Corollary 4.10. Let « € Ng and n = |a| Then
inf ||£L'OC7Q(J?)||§T = Hl 1 / HP (0,10 — 1/2)(27’ 1)r lel+p=1gp.

Qemd_, (P)2]al
The case k; = 1/2 for 1 < i < d 4 1 corresponds to the unit weight function
WZT(z) = 1, for which the norm is computed by an integral of the product of

Legendre polynomials P, (t) = pie0 (t). Indeed, setting x; = 1/2 in the above
theorem gives p = d and the following;:

Corollary 4.11. For a € N¢, n = |a,

min l/ 2% = Q()[*dw = 4ol /1ﬁP (2r — 1)r" = ldr
Td (d)gn 0 iy @i ’

Qend_ d!

For d = 2, the product involves only two Jacobi polynomials, and its integral
can be written using the formula in (4.4) and (4.5) in terms of a terminating 4F5
series (setting o; =0 and a = 1).

5. EXPANSION OF R, IN TERMS OF AN ORTHONORMAL BASIS

The elements of the set {R, : |a| = n,a € N¢™'} are not linearly independent,
since the number of elements in the set is greater than the dimension of H4T1(h2).
It contains a basis as shown in Proposition 2.5. The basis is not orthonormal,
however, since its elements are orthogonal to lower degree polynomials but not
among themselves. On the other hand, an orthonormal basis for H4t!(h2) can be
given explicitly in terms of the generalized Gegenbauer polynomials C'T(L)"” ). We
first state this basis then derive the expansion of R, in terms of it.

For d > 1, k € R¥*! and a € N¢, we introduce the notation:

(5.1) o = (aj,...,aq) and K = (Kj,...,Kas1), 1<j<d+1.

d+1 consists of only the last element of x, write k%' = k4,1. These we

Since K
treat as elements in Ng_j 1 and RI=7+2 respectively, so that the quantities |a|
and |k7| are defined as before. Note |a?*1| = 0. We also introduce the notation

, , d— i
(5.2) aj = aslonm) = o+ e+ L 1<j<a
Note that for a € N¢ and & € RT™, ag = [k97| = kqy1. Finally, for z € R, let
r = ||z|| and define r; = (x +. +x§+1)1/2 for 1 <j <d+1. Notice that ry = r.
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Proposition 5.1. An orthonormal basis of HAT(h2) is given by
Yo(@) = [Aaw] WYalasn),  Yi(e) = [40, )7 Yo(xi ),

where o € N¢ and |a| = n,
H IO (@), Y5 R) = Ba Yace, (235 + ear1),

in which Ay, . = (ka1 +1/2) /(|6 + (d +1)/2))* Aa—cy nreas, and

d
1 e
(Is] + <£L) L1 +5j)a, €L (1),
2

n j=1

[Aa,rﬁf =

The formulae given above are a reformulation of the basis given in [16] (also
[7, p. 198]), where they are given in spherical coordinates which corresponds to
xj/r; = cosbgyi—j, 1 < j < d. The formulae there are given in terms of the
normalized generalized Gegenbauer polynomials cm )(t) = (1/ hn)CZ(f"” ) (t). The
normalization constant h, is given by h2 = CSM(1)(A + p)/(n + A + p) (cf. [7,
p. 27]), which is used to rewrite the formulae in [16] to the above form. The fact
a;(k+eqri,a—eq) = a;(k,a), 1 <j<d-—1,and ag(k+eqp1, a—eq) = aq(k, o) +1
is useful for writing down Ay,

Since R, € HaT1(h2), it can be expanded in terms of the orthonormal basis of
Y, and Y. Below we give this expansion explicitly. To do so, we need the following
formula:

Proposition 5.2. Let r7 = b + ...+ b3, and let p = |s| 4 (d —1)/2. Then

Z baﬁa(x) = Z @#Yy(x;/{) - r”.jw
|

d J aj,Kj
la]=n v|=n Hj:l (Hj + a'j)”j j=1 Cl(’] )(1)
d C(a K‘])(b/
Kd+ K i 0 r5)

Kas1 + 3 2 = Hj:1(“j +a5)y,

where UV =v —eq, a; = a;(v,k) and a; = a;(v — eq, K + ed+1).

(a7'€)
]J ]()

Proof. By the definition of the reproducing kernel, we can write
Po(h2;x,y) = Z (}71,(:3; K)Y, (y; k) + Y, (; /ﬁ)?lf(y,m))
|lv|=n

Hence, the second part of Proposition 2.2 shows that

> b Ralo) ——Z( 1)+ V(@)Y ()

|a]=n lv|=n
Hence, the stated results follows from the explicit formula of Y, (z; k) and Y} (z; ),
(p+1)n = (p)n(n+ p)/p, and checking the constants. O

This proposition shows that to expand R,, in terms of Y, (z; k) we essentially have

VJC’(a]’KJ (bj/r;) in power of b. Furthermore,

to work out the expansion of H] 17

the relation in (2.5) shows that
A, A1 A p+1 A\, u+1
Cili @)/ Ot (1) = 2O (@) /O 0 (1),
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Hence, introducing the notation e(a) = a — 2[a/2], or equivalently,

(@) = (&1(a), .- 2a1() wmawz{Oﬁmmww

1 if; isodd ’
we can write for v € N¢ and b € R+,

d (aj;k;j) d (ajki+e; (W) g /0
(53) oS Oalr) e T 2002 Cop,yz " (0/13)
j=1

J aj,Kj aj,k;j+e;(v
j=1 Ci (1) Cé[uj/z] “V)

d (a5= e () =4) (gp2 112
— ps®") H P2i/2 [uj/2]2 (265 /r5 = 1)
el p(%‘_%ﬂﬁ‘%(l’)—%)(l)

=t [v;/2)

)

where v* = (1,0) € Ng“ and ’I“JQ- = b? + ...+ biﬂ. Consequently, the problem
reduces to find the power expansion of the product of the Jacobi polynomials.

The expansion can be derived using the Hahn polynomials of several variables
studied by Karlin and McGregor in [13]. For one variable, the Hahn polynomial
Q(z;a,b,N) is defined using the 3F» series by

(54) Qn($7a7b7N) ::3}?‘2 <_n7n;_f;_3;17_x51>? n207177N7

where 3ﬁ2 is defined as the usual 3F5 with the summation terminating at V. These
polynomials are the discrete orthogonal polynomials defined on the set {0,1,..., N},
which are orthogonal with respect to the binomial distribution, i.e.,

N

Z (a —I—xl')(?\(fb_-i-xl))'Nx Qn(x;a,b, N)Qp(z;a,b,N)
=0 - .

()Rl Du(n o+ b D
 N'@2n+a+b+1)(=N),(a+1), ™"

n,m < N.

A generating function for the Hahn polynomials of one variable is ([12])

Pty XN
(5.5) (l—l-t)NM:Z(n)Qj(n;a,b,N)t .

n=0

For several variables we denote the Hahn polynomials by ¢, (a;0, N). These are
discrete orthogonal polynomials indexed by v € N&, |v| < N which are defined on
the set {a € NI : |a| = N} and are orthogonal with respect to the binomial
distribution given by the parameter o = (01,...,0441). They are defined by the
following generating function,

Definition 5.3. Suppose 0 € R¥! witho; > —1, and N € N. Forv € Ng, [v| < N
define the Hahn polynomials ¢, (c;o,N) at a € Ng“, || = N by

d (bj,o;) .
P (2, /1y — 1 N

VT 1y =2 Gyl 1) _ > (a0, Ny, ye R,
(6%

(bj’o'j)
=1 P (1) =N

where |y = y; + ...+ yay1 and bj = a;(2v,0 + 1/2) — 1/2 with a; as in (5.2).
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Setting d =1, y; = t, y2 = 1 in the above, the left hand side becomes

B @t/(t+1) — 1) (~1)" P> (150)

I+ 2L 1+ N AT
P’£127 1)(1) PV(127 1)(1)
and the right hand side becomes
N
N! a1, N—«
2 ey en N - asonon Njaftaf
N
N
= Z ( )¢V(a17N_a1;0—170-2;N)ta1-
041:0 al

Hence7 ¢y1 (041, N — 1,011,092, N) = (—1)V1QV1 (Ckl; 09,01, N)
Let us indicate how our definition agrees with that given in [13]. There the

generating function is denoted by G, v (2‘17), which is defined by an inductive

formula (see [13, (5.7), p. 278] and the first equation on page 279). We make the
following substitutions: r = d+ 1, @ = (0441,0ds---,01), W = (Ydt1,Yds - - - Y1)s
v = (V4,Vd—1,-..,v1), and work out the generating function explicitly to obtain the
form presented in Definition 5.3. Although we will not use the explicit formulae
or the orthogonal relation of ¢,(«;0, N), we state them below for completeness
and for future reference. Both are stated in [13] by inductive formulae, from which
the explicit formulae can be worked out using the aforementioned substitutions.
Further simplification leads to the formula for ¢, («; o, N) presented below.

Proposition 5.4. For a € NI |a| = N and v € Ng, |v| < N,

_pll 2 4+ 1), ) ) . .
dolos o, N) = (<a)|) | 11 EZ +1§; (=le? [+ 174, Qu, (a3 05, @z, o | = [ HH).

J

The proof that the ¢, (c; 0, N) are orthogonal with respect to the binomial dis-
tribution is given in [13] and the constant B, below is given by inductive formulae
(5.13), (5.14), (5.18) in [13]. The verification (using the substitution that we men-
tioned earlier) is straightforward.

Proposition 5.5. For v, u € N¢ with |v|, |u| < N,
(04 1)a
Z Tqbl,(a;a, N)¢pu(a;0,N) = B,dy s
la]=N

where B, is given by

D)Mol +d+ Dnsp 1 (05 b5 + Do, (05 + 1), 1!
(—N)M N! (‘U| +d+ 1)2‘,4 ot (Uj + bj + l)l,j (bj + l)l,j

B, =

For other properties of these polynomials, such as recurrence relations, see [13].
Using Proposition (5.4) and (5.3), we can now derive the expansion of R, in
terms of the orthonormal basis Y,,. Recall that (o) = a — 2[a/2].
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Proposition 5.6. For v € N¢ let p = || + (d — 1)/2 and let v* = (v,0) € N&™.
Let a € Ng“. If agy1 is an even integer, then

1 (I»/2]])!
Ry(z)=|k+ = _
D= e T,

e(v*)=¢e(a)

o 1 N
X Qﬁ[%] ({2:| R — 5 +€(l/ ),
and if agy1 is an odd integer, then

1 Kd + Kd+1 (I[7/2]])!
Ry = (s4 1), e g (2D
[937] Kd+1 + 3 ol=al [[im: (Ki + @),

e(v*)=¢e(a)

<ogy (5] 5 407 |[3] ) otaim,

where V=v —eq, K=K+ e4+1 and & = o+ €44+1.

Proof. Using (5.3) and the Definition 5.3 we can expand the right hand side of
the formula in Proposition 5.2 in powers of b. There are two terms, the first one
contains only even powers of bgy; and the second contains only odd powers. Hence,
we need to consider the two cases separately. For example, setting o; = k; — 1/2
and y; = b? so that |y/| = 7“]2-, the Definition 5.3 and (5.3) gives
v 2p+e(v*)
31[) oo

d (aj,kj)
v; Oo 7 (b /1)) (Ilv/2]])! 1 "
HT]- (aj.r7) = Z R4t 5’“_§+5(V );

P O P e

which gives the expansion of the first term in the right hand side of the formula in
Proposition 5.2. That is, for ag41 being even,

Z bo‘éa(x) _ Z Z (P)\VI (I[v/2]))!

d |
lv|=n|6]=I[v/2]| [Tizi (ki + ai), Al

1 N v c(v*
<oty (.= 3+ <0 | [5]]) Yolws o0,

To derive the formula of R,, we set 25 + e(v*) = o = 2[a/2] + e(«). This gives
B8 = |a/2] and e(v*) = ¢(a), so that

. (P (/2!
B = D g s (o))

<o (5] n 3 e 2] e

Then we use the relation in Proposition 2.3 to replace Ea by R.. The constant is
simplified by the fact that a! = 21°(1/2)5(a/2)!, B = [2FL]. The case of a1 is
odd is proved similarly. ([l

la]=n
agi1=even

lv|=lal
e(v*)=¢e(e)

The expansion of RZ or RL in terms of an explicit orthonormal basis can be
derived from the above proposition. We give the result for RZ below. First we
state an orthonormal basis with respect to W7
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Definition 5.7. For v € N and x € R,
d 2z
P — 1= |x: |V plai—1/2k5=1/2) [ __ =20 4
V(x) ]:[1( |X] ID vj 1— |Xj—1| ’
]_

where x| =x1+ ...+ x; for 1 <j<d andxo:=0.

The set {P, : |v| = n} is a basis for orthogonal polynomials of degree n with
respect to W I and the elements in the set are mutually orthogonal; see, for example,

[7, p. 47). The L? norm of P, is given by
d

1 H (Kj + aj)guj (Clj + 1/2)Vj (K,j + 1/2)Vj
(|H‘ + %)2|u| j=1 (I‘f_j + a]'),/jl/j!

w” / Py () W (2)der =
Td

Under the correspondence (2.9), the polynomial P, is related to Ya,(x, x) in Propo-

sition 5.1. In fact, for & = (x1,...,74,z4r1) € S¢, the relation (2.5) gives
’fz + az v; 2
Yo, (x, k) - P, LX),
21/ E /fz ¥ 1/2 ’, ( d)
where we have used the fact that 7§ =1— a7 — ... —a3_, if ||z]| = 1. Hence,

Corollary 5.8. Let p = |k| + (df 1)/2. For a € Ng“, n=lal,

RT(z) = n'( ) Z H (Ki + ai)w, - b, (a,n ;,n) P,(z).

Hz + a; 2UL(H1 + 2

Proof. Using the fact Raq (z) = RI(«%,...,23, ), the formula comes from Ry, in
the Proposition 5.6. Note that e(v*) = £(2«) implies that v; is even for every i. O

Since polynomials Y,, are mutually orthogonal, the expansion in Proposition 5.6
can be used to compute the inner product of Y, and R,. Similarly, the Corollary
5.8 can be used to compute the inner product of RL and P,.

6. FURTHER RESULTS

The definition of R, in Definition 2.1 makes sense for h-harmonics associated
with other reflection groups. For background on the theory of hA-harmonics in gen-
eral, see [4, 5, 7] and the references therein. Although a formula of the intertwining
operator V,; is unknown in general, it is known that Vj is a bounded operator in
the following sense ([5]). Let ||pllcc := supga+1 |p(x)| for any polynomial p. For
formal sums f(z) = Y oo fo(z) with f, € P let ||flla == Yoep Ifnlleo and
let A:={f:||flla < co}. Then for f € A, |V f(x)| < |f|la for # € B¥*. This
fact can be used to justify the definition of R, in Definition 2.1 for other reflection
groups.

We will not discuss R,, associated with general reflection groups any further, but
merely point out that Proposition 2.2 holds in the general setting and prove one
more such result which gives the expansion of V2 in terms of Rg. Recall that
Proposition 2.2 shows

—a/2),((—a+1)/2), ~ a—2v
Ra(z) :Z( (_/|a)| £<p—|— I)IW)I/V!) ]2V, 22

The following proposition states that the above expansion can be reversed.

Y
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Proposition 6.1. Let o € Ng“. Then

(=)l (=a/2)s((~a +1)/2)5
Qﬂz;a (—lal = p+1)g58!

x (2(=lal = p+ D)5 — (=l = p)ig1) l2]*P Re—op ().

Proof. We show that there exist ag such that ap =1 and

Vez® = agllz|?? Ra-sp (),
26<a

V.x® =

the values of ag will be uniquely determined as the stated value. Using the formula
Ro(z) =3, Can |72V, 2727 it follows that

Z CLBH.THQW‘RQ,Q,@(I) _ Z ag Z Ca72ﬁﬁ||$H2\5\+2\’Y\Vnma—2[3—2’)’

26<a 26<a 2y<a-28
a—2 2
= D Ve 2lPM Y apeaspy—p-
2y<a B<y

Since (a 4+ m)p—m = (a)n/(a)m, we have
e (—/2)p((=a+1)/2)s(=|a] = p+ 1)}y 1415 (v = B)!
so that we need to show that there exist ag such that ap = 1 and

ag (—laf = p+1)g 06!

o ::Lé; Clal = Do (=B~ % = Ca/2pl(—a + 1)/2)5 "

for v # 0. For each ¥,, a} has the dominating subindex among all ag in Y.
Consequently, one can solve for a, recursively from the equations X, = 0. The fact
that aj = ap = 1 shows then that the solution is unique. Hence, to complete the
proof, we only have to show that aj; = (=DP2(—|a| = p+ 1)1 — (—|a| = p)g)) is a
solution. To do so, we need to recall the definition of another Lauricella function,
the function of type D, defined by

(a)|5|(oz)g
F rex) = E ~ PP B R d+1 ; 1.
p(a, ;¢ x) - (©)5,0" ", a,ceR, acNj, 1512£1 x| <

Then, with a; so chosen, using the fact that (y — 3)! = (—1)IBIN1 /(=) and
(@)n+m = (a+ n)m(a),, we obtain

_ - (Dl = p+ Vg = (<ol = p)is)
w _ﬂzé;y (=l = p+1)y418/ (v — 6)18!

_ 1 > (=)p@(=lal = p+1)ip — (=la] = i)
Y(=laf —p+1) (—lal —p+1+[7])50!
1
= 2Fp(—la|—p+1,—y;—la| —p+1+|y;1
7!(—|a\—0+1)|v|[ (=le |ov| 1)
—Fp(—|a| = p,—vi—la| —p+ 1+ [y1)].

Ml <y
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Using Lauricella’s identity [2, p. 116] and the Chu-Vandermonde identity
Fp(a,o;¢;1) = 9Fy(a, |af;e;1)  and o F (—n,bye;1) = ——2
we can then conclude that ¥, = 0. O

For the case of h2 in (1.1), the explicit formula of the intertwining operator Vi
gives that

1
2

2

which gives the following corollary:

Corollary 6.2. Let o € NIt'. For h2 in (1.1) and p = |k| + (d — 1)/2,

GRS
€T =
a+

a1 ()Pl (—a/2)p((—a+1)/2)4
(%)[Tl] 252;04 (=la] = p+1)g58
x 2(—al = p+1)15 — (=la| = p)5)) |21*"P| Ro—2p(x).

For orthogonal polynomials with respect to W2 on BY and WI on T¢ we
can also derive the explicit formula of the expansion of z¢ in terms of monomial
orthogonal basis. For example, we have

Corollary 6.3. Let a € Nd. For WT in (1.3) and p = |r| + (d — 1)/2,

o (4 Do o~ ()P (—a)(—a +1/2)
T & @alte+Daad

x (22l + p+ 115 = (2lal + p)ig) Ro_s(2).

Let us point out that the Proposition 6.1 holds for other reflection groups, since
it is a formal inverse of the definition of R,. Note that for other reflection groups,
Vi.x® is not a constant multiple of z in general and neither is R, an orthogonal
projection of x®. One interesting aspect of Proposition 6.1 lies in the fact that R,
can be computed explicitly if an orthonormal basis is known, since such a basis will
give a formula for the reproducing kernel of H4*+!(h2) so that Proposition 2.2 can
be used to produce a formula of R,. Once the formula of R, is known, the formula
in Proposition 6.1 gives an explicit formula of Vi,x®, which is of interest since an
explicit formula of V,; is not known for general reflection groups. For example, in
the case of dihedral group Is; for which

hy(x) = | cosmb|™| sinmb|"?, x = (cos,sinb),

an orthonormal basis of HZ(h?2) is known [4]. Hence, the above outline can be
carried out to give an explicit formula of V,x®. However, the formula is complicated
and it does not seem to give any indication of the explicit formula of V,,. We shall
not present them.

Acknowledgments. The author thanks a referee for his careful review.
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