Canad. Math. Bull. 43 (2000), 496-507.

HARMONIC POLYNOMIALS ASSOCIATED WITH REFLECTION GROUPS

Yuan Xu

November 18, 1998, revised May 25, 1999

Abstract. We extend Maxwell’s representation of harmonic polynomials to h-harmonics associated to a reflection invariant weight function h_k. Let D_i, 1 ≤ i ≤ d, be Dunkl’s operators associated with a reflection group. For any homogeneous polynomial P of degree n, it is proved that the polynomial |x|^{2γ+d−2+2n}P (D){1/|x|^{2γ+d−2}} is a h-harmonic polynomial of degree n, where γ = ∑ k_i and D = (D_1, . . . , D_d). The construction yields a basis for h-harmonics. We also discuss self-adjoint operators acting on the space of h-harmonics.

1. Introduction

Among many properties satisfied by the harmonic polynomials, there is Maxwell’s theory of poles, which states that for any multiindex α ∈ N^d , |α|_1 = α_1 + . . . + α_d = n, the polynomials |x|^{2n+d−2}∂^α{|x|^{−d+2}} is a harmonic polynomial of degree n in R^d , where ∂^α = ∂^{α1}_1 · · · ∂^{αd}_d and |x| is the usual Euclidean norm of x ∈ R^d ([8, p. 251] and [9, Chapt. 4]). Moreover, it is also known that for any η ∈ S^{d−1}, the sphere shell in R^d , and d ≥ 3, (1.1) |x|^{2n+d−2}⟨η, ∂⟩^n{|x|^{−d+2}} = (−1)^n|x|^nC^{((d−2)/2)}_n (⟨x^′, η⟩), where x = rx^′ with r = |x|, ⟨x, y⟩ denote the usual inner product of R^d and C^{(λ)}_n is the Gegenbauer polynomial of degree n with index λ. This formula is called Maxwell’s representation in [10, p. 69], we note that the sign (−1)^n is missing in [10]. Since the right hand side of (1.1) is the zonal polynomial, the collection of Maxwell’s representation consists of a basis of harmonic polynomials.

The purpose of this paper is to extend Maxwell’s construction to h-harmonics developed by Dunkl [3-6] recently. The theory of h-harmonics is analogous to the theory of ordinary harmonics, it uses finite reflection groups in place of orthogonal group in the classical theory. The role of the partial differentials is replaced by a family of commutative differential-difference operators, called Dunkl’s operators, and the surface measure is replaced by measures invariant under the reflection groups. Let G be a finite reflection group on R^d with the set R_+ = {v_i : i = 1, 2, ..., m} of positive roots; assume

1991 Mathematics Subject Classification. 33C50, 33C45. Key words and phrases. h-harmonics, reflection group, Dunkl’s operators. Supported by the National Science Foundation under Grant DMS-9802265.

Typeset by AMS-TEX 1

that |v_i| = |v_j | whenever σ_i is conjugate to σ_j in G, where σ_i = σ_{vi} , 1 ≤ i ≤ m, are reflections with respect to v_i. For a nonzero vector v ∈ R^d the reflection σ_v is defined by xσ_v := x − 2(⟨x, v⟩/|v|^2)v, x ∈ R^d . Then G is a subgroup of the orthogonal group generated by the reflections {σ_i : 1 ≤ i ≤ m}. Let k be a multiplicity function defined on R_+, which is an m-tuple of real numbers k_i, 1 ≤ i ≤ m, such that k_i = k_j whenever σ_i is conjugate to σ_j in G. The differential-difference operators, D_i (Dunkl’s operators), associated to G and k are defined by ([4])

(1.2) D_if(x) := ∂_if(x) + m∑ j=1 k_j f(x) − f(xσ_j) ⟨x, v_j ⟩ ⟨v_j , e_i⟩, 1 ≤ i ≤ d,

where ∂_i is the ordinary partial derivative with respect to x_i and e_1, . . . , e_d are the standard unit vectors of R^d . It is proved in [4] that D_1, . . . , D_d commute, that is, D_iD_j = D_j D_i for all 1 ≤ i, j ≤ d. The h-Laplacian, which plays the role similar to that of the ordinary Laplacian, is defined by

(1.3) Δ_h = D^2_1 + . . . + D^2_d.

The fundamental relation between the h-Laplacian and the orthogonality is as follows. For k_i ≥ 0, 1 ≤ i ≤ m, we consider the inner product defined on polynomials

(1.4) (f, g)_{hk} = ∫ S^{d−1} f(x)g(x)h^2_k(x)dω, h_k(x) := m∏ i=1 |⟨x, v_i⟩|^{ki} .

The function h_k is a positively homogeneous G-invariant function of degree γ, where for abbreviation, we introduce the index γ = ∑_m i=1 k_i. Let P_n := P^d_n denote the space of homogeneous polynomials of degree n in x = (x_1, . . . , x_d). A polynomial P ∈ P^d_n is orthogonal to all polynomials of degree less than n with respect to (f, g)_{hk} if and only if Δ_hP = 0 ([3]). The elements of H^h_n := P^d_n ∩ ker Δ_h are called h-harmonics, and H^h_n is the space of h-harmonic polynomials of degree n. When h_α = 1 the h-harmonics become the ordinary harmonics, which satisfy the classical Laplacian equation ΔP = 0. The dimension of H^h_n is

dim H^h_n = dim P_n − dim P_{n−2} = ( n + d − 1 n ) − ( n + d − 3 n − 2 ) . For the general theory and many important properties of h-harmonics, we refer to [3-7] and the references there. There is also the connection to the multivariate orthogonal polynomials associated to the quantum Calogero models. We refer to [1, 2] and the references therein.

We are interested in finding a basis for h-harmonics. We extend Maxwell’s construction to h-harmonics in Section 2, and discuss the operators acting on the space of h-harmonics in Section 3, where we use h-harmonics associated with the symmetric group S_n as an example.

2. Construction of h-harmonics We start with the following two basic formulae about the action of Dunkl’s operators and h-Laplacian:

Lemma 2.1. Let λ be a real number and g ∈ P_n. Then (2.1) D_i(|x|^λg) = λx_i|x|^{λ−2}g + |x|^λD_ig, and (2.2) Δ_h(|x|^λg) = 2λ(d/2 + λ/2 − 1 + n + γ)|x|^{λ−2}g + |x|^λΔ_hg, where if λ < 0, then both of these identities hold at R^d \ {0}.

Proof. Since |x|^λ is invariant under the action of the reflection group, it follows from the definition of D_i in (1.2) that D_i(|x|^λg) = ∂(|x|^λ)g + |x|^λD_ig, from which (2.1) follows. The identity (2.2) can be proved using (2.1). For λ = 2m, m integer, (2.2) also appeared in [3, Lemma 1.9], the proof there holds for all λ real. □ Definition 2.2. For any α ∈ N^d , We define homogeneous polynomials H_α by

(2.3) H_α(x) := |x|^{2γ+d−2+2|α|1} D^α { |x|^{−2γ−d+2} } , where D = (D_1, . . . , D_d) and D^α = D^{α1}_1 . . . D^{αd}_d .

The fact that H_α is a homogeneous polynomial, in fact, an h-harmonic, is proved in the following theorem. Let us introduce the notation that e_i = (0, . . . , 1, . . . , 0), 1 ≤ i ≤ d, where 1 is at the i-th position.

Theorem 2.3. For each α ∈ N^d , H_α is an h-harmonic polynomial of degree |α|_1, that is, H_α ∈ H^h_{|α|1} . Moreover, H_α satisfy the recursive relation

(2.4) H_{α+ei} (x) = −(2γ + d − 2 + 2|α|_1)x_iH_α(x) + |x|^2D_iH_α.

Proof. First we prove that H_α is a homogeneous polynomial of degree |α|_1. We use induction on n = |α|_1. Clearly H_0(x) = 1. Assume that H_α has been proved to be a homogeneous polynomial of degree n for |α|_1 = n. Using the identity (2.1) it follows that

D_iH_α = (2γ + d − 2 + 2|α|_1)x_i|x|^{2γ+d−4+2|α|1} D^α { |x|^{−2γ−d+2} }

+|x|^{2γ+d−2+2|α|1} D_iD^α { |x|^{−2γ−d+2} } , from which the recursive formula (2.4) follows from the definition of H_α. Since D_i : P_n → P_{n−1}, it follows from the recursive formula that H_{α+ei} is a homogeneous polynomial of degree n + 1 = |α|_1 + 1.

Next we prove that H_α is an h-harmonic, that is, we show that Δ_hH_α = 0. Setting λ = −2n − 2γ − (d − 2) in the identity (2.2), we conclude that

Δ_h { |x|^{−2n−2γ−d+2}g } = |x|^{−2n−2γ−(d−2)}Δ_hg, for g ∈ P_n. In particular, for g = 1 and n = 0, we conclude that Δ_h(|x|^{−2γ−d+2}) = 0 for x ∈ R^d \ {0}. Hence, setting g = H_α, |α|_1 = n and using the fact that D_1, . . . , D_d are commuting, it follows that

Δ_hH_α =|x|^{2n+2γ+(d−2)}Δ_hD^α { |x|^{−2γ−d+2} }

=|x|^{2n+2γ+(d−2)}D^αΔ_h { |x|^{−2γ−d+2} } = 0,

which holds for all x ∈ R^d since H_α is a polynomial. □

If γ = 0, then the h-harmonics reduce to the ordinary harmonics. The definition of H_α is then reduced to Maxwell’s construction of harmonics.

It turns out that H_α is related to the projection operator proj_Hh_n : P_n → H^h_n. In [3] Dunkl proved that the projection operator is given by

(2.5) proj_Hh_n P = [n/2]∑

j=0 1 4^j j!(−γ − n + 2 − d/2)_j |x|^{2j} Δ^j_hP, where the normalization is determined by the fact that proj_Hh_n Q = Q for Q ∈ H^h_n. Theorem 2.4. For α ∈ N^d and |α|_1 = n, (2.6) H_α(x) = (−1)^n2^n(γ − 1 + d/2)_n proj_Hh_n {x^α}.

Proof. We use induction on n = |α|_1. The case n = 0 is evident. Suppose that the equation has been proved for all α such that |α|_1 = n. By the definition of H_α we have D^α { |x|^{−2γ−(d−2)} } = a_n|x|^{−2γ−2n−(d−2)} [n/2]∑

j=0 1 4^j j!(γ − n + 2 − d/2)_j

|x|^{2j} Δ^j_h{x^α},

where a_n = (−1)^n2^n(γ − 1 + d/2)_n. Applying D_i to this equation and using the identity (2.1) with g = Δ^j_h{x^α}, we conclude, after carefully computing the coefficients, that D_iD^α { |x|^{−2γ−(d−2)} } = a_n(−2γ − 2n − d + 2)|x|^{−2γ−2n−d} × [(n+1)/2] ∑ j=0 1 4^j j!(γ − n + 2 − d/2)_j |x|^{2j} [ x_iΔ^j_h{x^α} + 2jΔ^{j−1}_h D_i{x^α} ] , where we have also used the fact that D_i commutes with Δ_h. Now, using the identity Δ^j_h{x_if(x)} = x_iΔ^j_hf(x) + 2jD_iΔ^{j−1}_h f(x), j = 1, 2, 3, ..., (see, for example, [4, p. 173]) and the fact that a_{n+1} = a_n(−2γ −2n−d+2), we conclude that H_{α+ei} = a_{n+1} proj_Hh_{n+1} {x^{α+ei} }, which completes the induction procedure. □ An immediate consequence of this theorem is the following corollary.

Corollary 2.5. The projection operator proj : P_n → H^h_n is given by,

(2.7) proj_Hh_n P (x) = 1 (−1)^n2^n(γ − 1 + d/2)_n |x|^{2n+2γ+d−2}P (D) { |x|^{−2γ−d+2} } . The theorem shows that there is a one-to-one correspondence between x^α and H_α.

Since every h-harmonic in H^d_n can be written as a linear combination of x^α with |α| = n, we conclude that the set {H_α : |α|_1 = n} contains a basis of H^h_n. However, the hharmonics in this set are not linearly independent, since there are dim P_n of them which is more than dim H^h_n. Nevertheless, it is not hard to derive a basis from this set of H_α. In fact, the linearly dependent relations among the set {H_α : |α|_1 = n} are given by

H_{β+2e1} + · · · + H_{β+2ed} = |x|^{2n+2γ+d−2}D^βΔ_h { |x|^{−2γ−d+2} } = 0 for each β ∈ N^d such that |β|_1 = n − 2. There are exactly dim P_{n−2} = #{β ∈ N^d : |β|_1 = n − 2} linear dependent relations. For each of these relations, we can exclude one polynomial from the set {H_α : |α|_1 = n}. The remain dim H^h_n (= dim P_n − dim P_{n−2}) harmonics still span H^h_n; hence, they form a basis for H^h_n. We note that the basis is not unique, since we can exclude any one of the polynomials H_{β+2e1} , . . . , H_{β+2ed} for each dependent relation. For example, we may exclude H_β + 2e_d for all |β|_1 = n − 2 from {H_α : |α|_1 = n} to obtain a basis. We summarize the results in the following.

Corollary 2.6. The set {H_α : |α|_1 = n} contains a basis of H^h_n. Moreover, one particular basis can be taken as {H_α : |α|_1 = n, α_d = 0, 1}.

For example, if n = 2 and d = 3, then a basis of H^h_2 consists of polynomials {H_{1,1,0}, H_{1,0,1}, H_{0,1,1}, H_{2,0,0}, H_{0,2,0}}. Such a basis for H^h_n, however, is not an orthonormal one; that is, although H_α are orthogonal to polynomials of lower degree with respect to the inner product (1.4), they are not orthogonal to each other.

We consider the extension of Maxwell’s representation (1.1) of the ordinary harmonics in the following. We need the intertwining operator V between the commuting algebra of differential operators and the algebra of Dunkl’s operators. The intertwining operator V is the unique linear operator defined by V P_n ⊂ P_n, V 1 = 1, D_iV = V ∂_i, 1 ≤ i ≤ d. In [5], Dunkl introduced the kernel K_n(x, y) defined by

K_n(x, y) = V_x(⟨x, y⟩^n/n!),

where V_x means that V is acting on the variable x. There are many properties of K_n, for example, K_n(x, y) = K_n(y, x) and D_iK_n(x, y) = y_iK_{n−1}(x, y). In [5], it is shown that the reproducing kernel of the space H^h_n is given by

P^h_n (x, y) = 2^n(γ + d/2)_n [n/2]∑

j=0 1 4^j j!(−γ − n + 2 − d/2)_j |x|^{2j}K_{n−2j} (η, x). Since γ = 0 implies that V = id and that h-harmonics becomes the ordinary harmonics, the following theorem gives the analogy of Maxwell’s representation for h-harmonics.

Theorem 2.7. For η ∈ S^{d−1}, x = |x|x^′ ∈ R^d , |x|^{2n+2γ+(d−2)}K_n(η, D) { |x|^{−2γ−d+2} } = (−1)^n|x|^nV [ C^{(γ+(d−2)/2)} n (⟨·, η⟩) ] (x^′).

Proof. From the equation D_iK_n(x, y) = y_iK_{n−1}(x, y), it follows that Δ_hK_n(x, η) = K_{n−2}(x, η) since |η|^2 = 1. Together with Theorem 2.4 and the formula (2.5), we conclude that |x|^{2n+2γ+(d−2)}K_n(η, D) { |x|^{−2γ−d+2} } = (−1)^n2^n(γ − 1 + d/2)_n proj_Hh_n K_n(η, x)

=(−1)^n2^n(γ − 1 + d/2)_n [n/2]∑

j=0 1 4^jj!(−γ − n + 2 − d/2)_j |x|^{2j} K_{n−2j} (η, x)

=(−1)^n γ − 1 + d/2 n + γ − 1 + d/2 P^h_n (η, x)

On the other hand, we showed in [14] that for |x^′| = |η| = 1, we have

P^h_n (x^′, η) = n + γ − 1 + d/2 γ − 1 + d/2 V [ C^{(γ+(d−2)/2)} n (⟨·, η⟩) ] (x^′).

Since P^h_n (x, η) ∈ H^h_n, it is homogeneous in x; hence, we can factor |x|^n out and use the above equation to finish the proof. □

The importance of the intertwining operator is that it allows to transform certain properties of the ordinary harmonics to h-harmonics. The above theorem gives just one more example. At this moment, the explicit formula of V is known only in the case of G = Z^d_2 ([13], and [5] for d = 1) and S_3 ([6]). Recently, the operator has been proved to be positive by M. Rösler in [12], confirming a conjecture by Dunkl.

For ordinary harmonics, more can be said about the representation. For example, it is known ([8, p. 251] or [9, p. 134]) that for d = 3,

|x|^{n+1}(∂_1 + i∂_2)^{n−m}∂^m_3 {|x|^{−1}} = (−1)^{n−m}(n − m)!e^{±mϕ}P^m_n (cos θ), leads to an orthonormal basis for the spherical harmonics, where P^m_n are the the associated Legendre’s functions, ∂_i = ∂/∂x_i, and we use the standard spherical coordinates x_1 = r sin θ sin ϕ, x_2 = r sin θ cos ϕ, x_3 = r cos θ, where r^2 = x^2_1 + x^2 + x^2_3. However, we do not know what is a proper analogy of this formula for h-harmonics. In fact, we are not aware any construction of orthonormal basis for H^h_n at this point. In order to construct an orthonormal basis from H_α we need to be able to compute the inner product (H_α, H_β)_{hk} for |α|_1 = |β|_1, which turns out to be difficult. One immediate consequence of the recursive relation (2.4) is the following result. Lemma 2.8. If both p and q are elements of H^h_n, then

(2.8) ∫ S^{d−1} x_ipqh^2dω = 0, 1 ≤ i ≤ d. Proof. Consider H_α and H_β with |α|_1 = |β|_1 = n, it follows from (2.4) that

(2γ + d − 2 + 2n) ∫ S^{d−1} x_iH_αH_β h^2dω = ∫ S^{d−1} D_iH_αH_β h^2dω − ∫ S^{d−1} H_{α+ei} H_βh^2dω = 0,

which implies the desired result since {H_α : |α|_1 = n} contains a basis for H^h_n. □

3. Operators acting on the h-harmonics Next we recall that the adjoint D^∗_i of the operator D_i on H^h_n is defined by (p, D_iq)_{hk} = (D^∗_i p, q)_{hk} , p ∈ H^h_n q ∈ H^h_{n+1}. It follows that D^∗_i is a linear operator that maps H^h_n into H^h_{n+1}. The definition of H_α provides an easy access to D^∗_i .

Theorem 3.1. The action of the adjoint D^∗_i on H_α ∈ H^h_n is given by

(3.1) D^∗_i H_α = −

2n + 2γ + d 2n + 2γ + d − 2 H_{α+ei} . Proof. Let H_α ∈ H^h_n and H_β ∈ H^h_{n+1}. Using (2.8) and the recursive relation (2.4) twice, we conclude that

(H_α, D_iH_β )_{hk} = (2γ + 2n + d)(x_iH_α, H_β)_{hk} = −

2γ + 2n + d 2γ + 2n + d − 2

(H_{α+ei} , H_β)_{hk} ,

which leads to the desired result. □

Since {H_α : |α|_1 = n} contains a basis for H^h_n, upon using the recursive relation (2.4) we end up with an alternative proof to the following result in [4, Theorem 2.1]. Theorem 3.2. For P ∈ H^h_n, (3.2) D^∗_i P = (d + 2n + 2γ)(x_iP − (d + 2n + 2γ − 2)^{−1}|x|^2D_iP ).

The Theorem 3.1 makes it easier to derive properties of D^∗_i . Among the operators acting on P_n, the operators D_iD^∗_i and D^∗_i D_i are of particular interest, since they are self-adjoint with respect to the inner product (1.4) and they map H^h_n to H^h_n. Other interesting operators include D_iD^∗_j − D_j D^∗_i and D_jD^∗_i − D_iD^∗_j whose square are selfadjoint on H^h_n. It turns out that the latter two operators differ only by a constant, and they are also constant multiple of the operator x_iD_j − x_j D_i, which has been used in [7] to find orthogonal decompositions of H^h_n. Let A_{i,j} be operators defined by A_{i,j} P = D_j (x_iP ) − x_iD_j P, P ∈ ∪_nP_n, i = 1, 2, . . . , d. Lemma 3.3. The operators A_{i,j} are self-adjoint and they satisfy A_{i,j} = A_{j,i}. Moreover,

(3.3) A_{i,j} f(x) = δ_{i,j} f(x) + 2 m∑ s=1 k_sf(xσ_s)⟨v_s, e_i⟩⟨v_s, e_j⟩/⟨v_j, v_j ⟩.

where δ_{i,j} = 0 if i ≠ j and δ_{i,j} = 1 if i = j.

Proof. From the definition of D_i, we write D_i = ∂_i + D_i, where the operator D_i consists of the difference part. Then, using the equation that

D_j (x_i) = 2 m∑ s=1 k_s⟨v_s, e_i⟩⟨v_s, e_j⟩/⟨v_s, v_s⟩ = D_i(x_j ), a straightforward calculation yields that for any polynomial f, we have

D_j (x_if) =∂_j (x_if) + x_iD_j (f) + 2 m∑ s=1 k_sf(xσ_s)⟨v_s, e_i⟩⟨v_s, e_j⟩/⟨v_s, v_s⟩

=x_iD_j (f) + δ_{i,j} f + 2 m∑ s=1 k_sf(xσ_s)⟨v_s, e_i⟩⟨v_s, e_j⟩/⟨v_s, v_s⟩. This leads to the explicit formula of A_{i,j} and it implies that A_{i,j} is symmetric with respect to i, j. Since h^2 is G-invariant and for any reflection σ_s we have ∫ S^{d−1} f(xσ_j)g(x)h^2(x)dω = ∫ S^{d−1} f(x)g(xσ_j)h^2(x)dω, which shows, by (3.3), that A_{i,j} is self-adjoint. □ Lemma 3.4. For f ∈ P_n, the operator B_{i,j} defined by B_{i,j} f = (2γ + 2n + d − 2)^2D_j D^∗_i f − (2γ + 2n + d)^2D^∗_i D_j f is self-adjoint. Moreover,

(2γ + 2n + d)^2(D^∗_i D_j −D^∗_j D_i)f = (2γ + 2n + d − 2)^2(D_jD^∗_i − D_iD^∗_j f) = − (2γ + 2n + d − 2)(2γ + 2n + d)^2(x_j D_i − x_iD_j )f.

Proof. From the fact that A_{i,j} = A_{j,i} it follows that D_j (x_if) − D_i(x_j f) = x_iD_j f − x_j D_if.

By Theorem 3.1, D^∗_i H_α is a multiple of H_{α+ei} . Hence, apply D_j on the recursive relation (2.4), we conclude that − 2γ + 2n + d − 2 2γ + 2n + d

(D_jD^∗_i − D_iD^∗_j )H_α = −(2γ + 2n + d − 2)(D_j(x_iH_α) − D_i(x_j H_α)) +2(x_jD_iH_α − x_iD_j H_α) = (2γ + 2n + d)(x_jD_iH_α − x_iD_j H_α).

Moreover, using the fact that D_iH_α ∈ H^h_{n−1} and Theorem 3.2, we conclude that − 2γ + 2n + d − 2 2γ + 2n + d

D_j D^∗_i H_α = −(2γ + 2n + d − 2)D_j(x_iH_α) + 2x_j D_iH_α + |x|^2D_iD_j H_α = − 2γ + 2n + d − 4 2γ + 2n + d − 2

D^∗_i D_jH_α − (2γ + 2n + d − 2)A_{i,j}H_α + 2x_jD_iH_α − 2x_iD_jH_α. Put these two formulae together, we obtain after rearranging terms that − (2γ + 2n + d − 2)(2γ + 2n + d − 4)

(2γ + 2n + d)^2

D_j D^∗_i H_α = −

2γ + 2n + d − 4 2γ + 2n + d − 2 D^∗_i D_j H_α −(2γ + 2n + d − 2)A_{i,j}H_α + 2

2γ + 2n + d − 2 (2γ + 2n + d)^2

(D_iD^∗_j + D_j D^∗_i )H_α.

Since both A_{i,j} and D_iD^∗_j + D_j D^∗_i are self-adjoint, we conclude that B_{i,j} are self-adjoint. The desired identity follows from the fact that B_{i,j} = B^∗_{i,j} = B_{j,i}. □

In [7] Dunkl has used the operators R_{i,j} := (x_iD_j − x_j D_i)^2 to generate a sequence of commuting self-adjoint operators acting on the h-harmonics. For the group Z_2 × · · ·× Z_2, the operators he constructed take the form D^∗_i D_i + ∑_{i−1} j=1 R_{i,j} , and their eigenfunctions form an orthonormal basis for h-harmonics. We can construct a sequence of commuting operators using A_{i,j} for the symmetric group.

Symmetric Group. The group G = S_d is the symmetric group on d objects. In this case, the operator D_i takes the form

D_if(x) = ∂_if(x) + k_0 ∑ j≠i f(x) − f((i, j)x) x_i − x_j , where (i, j) is the transposition of x_i and x_j , (i, j)x = (. . . , x_j, . . . , x_i, . . . ). In this case, it can be easily verified that

A_{i,j} = k_0(i, j) and A_{i,i} = I + k_0 d∑ l=1,l≠i (i, l) where I stands for the identity operator.

Theorem 3.5. In the case of symmetric group the operators C_i defined by C_i = A_i − ∑_{i−1} j=1 A_{i,l} is a sequence of commuting self-adjoint operators.

Proof. Using the formulae of A_{i,j} it is easy to see that A_{i,j} are commuting amongst each other as long as the indices belong to disjoint sets, and we also have A_{i,i}A_{j,l} = A_{j,l}A_{i,i} for i ≠ j, i ≠ l. We claim that (3.4) [A_{i,i} − A_{i,j} , A_{j,j}] = 0, i > j, and [A_{i,l} + A_{j,l}, A_{i,j}] = 0, i ≠ l ≠ j, where [A, B] = AB − BA is the commutator. Indeed, we have [A_{i,i} − A_{i,j}, A_{j,j}] =k^2_0[ ∑ l≠i,l≠j (i, l), (i, j) + ∑ l≠i,l≠j (j, l)] =k^2_0 ∑ l≠i,l≠j ([(i, l), (i, j)] + [(i, l), (j, l)] = 0, since [(i, l), (i, j)] = (i, j, l)−(i, l, j) = −[(i, l), (j, l)]. The second claimed equation follows similarly. Now, for i > j, we have by (3.4) that [C_i, C_j] =[A_{i,i} − A_{i,j} , A_{j,j}] − [ i−1∑ l=1,l≠j A_{i,l}, A_{j,j}] − [A_{i,i} − i−1∑ l=1 A_{i,l}, j−1∑ l=1 A_{j,l}]

=[ j∑ l=1 A_{i,l} j−1∑ l=1 A_{j,l}] = j−1∑ l=1 [A_{i,j} + A_{i,l}, A_{j,l}] = 0, which proves the desired commuting result. □

The operators C_i are essentially the so-called Murphy elements, ∑ j>i(i, j) ([11]). The author thanks a referee for pointing out the connection.

For the symmetric group, the group elements (i, j) and Dunkl’s operators interact in simple rules, we have D_i(i, j) = (i, j)D_j and D_l(i, j) = (i, j)D_l, i ≠ l ≠ j. As a consequence, the action of (i, j) on the h-harmonics H_α is given by (i, j)H_α = H_{(i,j)α}. We can use these facts and the operators C_i to find an orthogonal decomposition of the space of h-harmonic functions.

Let us consider the case d = 3. In this case, we have

C_1 = I + k_0(1, 2) + k_0(1, 3).

Applying C_1 to H_α, |α|_1 = n, we see that C_1 maps span{H_{ασ} : σ ∈ S_3} to itself. As a linear operator, it follows that C_1 has a matrix representation of 6 × 6. With the help of Mathematica, we found that the matrix has 4 distinct eigenvalues, 1 − k_0, 1 + k_0, 1 − 2k_0 and 1 + 2k_0. The corresponding eigenspaces are given by

E_{1−k0} = span{(H_α − H_{(1,3)α}) + (2, 3)(H_α − H_{(1,3)α}),

(H_α − H_{(1,2)α}) + (2, 3)(H_α − H_{(1,2)α})} ∩ H^h_n;

E_{1+k0} = span{ − (H_α + H_{(1,3)α}) + (2, 3)(H_α + H_{(1,3)α}),

− (H_α + H_{(1,2)α}) + (2, 3)(H_α + H_{(1,2)α})} ∩ H^h_n;

E_{1−2k0} = span{ ∑ σ∈S_3 (−1)^{sign σ}H_{ασ}} ∩ H^h_n; E_{1+2k0} = span{ ∑ σ∈S_3 H_{ασ}} ∩ H^h_n. Since eigenfunctions belong to different eigenvalues are orthogonal, we have

Theorem 3.6. The space of h-harmonics for S_3 admits the orthogonal decomposition,

H^h_n = E_{1−k0} ⊕ E_{1+k0} ⊕ E_{1−2k0} ⊕ E_{1+2k0} .

Such a decomposition also works for d > 3, but the computation becomes messy. For d = 4, the matrix is of size 4! = 24, its corresponding eigenvalues are 1 (multiplicity 4), 1 ± k_0 (multiplicity 3), 1 ± 2k_0 (multiplicity 6), and 1 ± 3k_0 (simple), which decomposes H^h_n into 7 orthogonal subspaces.

The family C_i is not enough to yield a complete orthogonal decomposition of H^h_n. In order to obtain such an decomposition, it is often necessary to study the operators that are self-adjoint and map H^h_n to itself. For example, we can look into the action of the operators D_iD^∗_i . Using the basis {H_α}, we can write down the action of D_iD^∗_i on H_α for symmetric group. Indeed, from (2.5) and (2.6) we obtain using (2.1) that

D_iH_α(x) = (−1)^n2^n(γ − 1 + d/2)_n [ D_i{x^α} − (2γ + 2n + d − 4)^{−1}x_iΔ_h{x^α} ] + |x|^2p(x), where p ∈ P_{n−3}. From the correspondence between x^α and H_α, we also have

D_i{x^α}−(2γ + 2n + d − 4)^{−1}x_iΔ_h{x^α} = ∑ |β|_1=n−1 c_β x^β

(3.5)

=(−1)^{n−1}(2^{n−1}(γ − 1 + d/2)_{n−1})^{−1} ∑ |β|_1=n−1 c_β H_β + |x|^2q

where q ∈ P_{n−3}. However, since D_iH_α is a h-harmonic, it follows that p = q and

D_iH_α = −(2γ + 2n + d − 4) ∑ |β|_1=n−1 c_β H_β .

Thus, we only have to find the coefficients c_β , which can be carried out using (3.5). The computation of c_β is rather tedious, we have, for example,

Lemma 3.7. For α ∈ N^d , |α|_1 = n, and α_1 ≥ α_2 ≥ . . . ≥ α_d,

D_iH_α = − (d + 2γ + 2n − 4)α_iH_{α−ei} + d∑ j=1 α_j(α_j − 1)H_{α−2ej +ei}

−(d + 2γ + 2n − 4)k [^{i−1}∑ j=1 α_j −α_i−1 ∑ l=0 H_{α−(l+1)ej +lei} + d∑ j=i+1 α_i−α_j −1 ∑ l=0 H_{α−(l+1)ei+lej} ]

+2k ∑ 1≤p<q≤d [ − α_pH_{α−ep−eq +ei} + α_p−α_q −1 ∑ l=0 (α_p − α_q − l)H_{α−(l+1)ep+(l−1)eq +ei} ] .

Together with Theorem 3.1, we can then find the action of D_iD^∗_i on H^h_n. This allows us to study, for example, the eigenvalues and eigenfunctions of these operators. Further research will aim at constructing a complete orthogonal decomposition of the space H^h_n by studying the eigen structures of self-adjoint operators.

References

1. T. H. Baker and P. J. Forrester, The Calogero-Sutherland model and generalized classical polynomials, Comm. Math. Phys. 188 (1997), 175-216.

2. J. F. van Diejen, Confluent hypergeometric orthogonal polynomials related to the rational quantum Calogero system with harmonic confinement, Comm. Math. Phys. 188 (1997), 467–497.

3. C. Dunkl, Reflection groups and orthogonal polynomials on the sphere, Math. Z. 197 (1988), 33-60. 4. C. Dunkl, Differential-difference operators associated to reflection groups, Trans. Amer. Math. Soc.

311 (1989), 167-183.

5. C. Dunkl, Integral kernels with reflection group invariance, Can. J. Math. 43 (1991), 1213-1227. 6. C. Dunkl, Intertwining operators associated to the group S_3, Trans. Amer. Math. Soc. 347 (1995), 3347-3374.

7. C. Dunkl, Computing with differential-difference operators, J. Symbolic Computation (to appear). 8. A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher transcendental functions, vol. 2, McGraw-Hill, New York, 1953.

9. E. W. Hobson, The theory of spherical and ellipsoidal harmonics, Chelsea, New York, 1955.

10. C. Müller, Analysis of spherical symmetries in Euclidean spaces, Springer, New York, 1997. 11. G. E. Murphy, A new construction of Young’s seminormal representation of the symmetric groups, J. Algebra 62 (1981), 287-297.

12. M. Rösler, Positivity of Dunkl’s intertwining operator, q-alg /9710029, Duke Math. J. (to appear). 13. Y. Xu, Orthogonal polynomials for a family of product weight functions on the spheres, Canadian J. Math. 49 (1997), 175-192.

14. Y. Xu, Integration of the intertwining operator for h-harmonic polynomials associated to reflection groups, Proc. Amer. Math. Soc. 125 (1997), 2963–2973.

Yuan Xu, Department of Mathematics, University of Oregon, Eugene, Oregon 97403- 1222.

E-mail address: yuan@math.uoregon.edu