ON A HERMITE INTERPOLATION BY POLYNOMIALS OF TWO VARIABLES^∗

BORISLAV BOJANOV^† AND YUAN XU^‡

Abstract. A problem of Hermite interpolation by polynomials of two variables is studied. The interpolation matches preassigned data of function values and consecutive normal derivatives on a set of points on several circles centered at the origin. It includes Lagrange interpolation as a special case. The uniqueness of the interpolation is established when the points are equidistant on the circles, while the points on different circles may differ by arbitrary rotations. This leads to a cubature formula on the unit disc, which can be given explicitly without knowing the explicit formula of the interpolation polynomial.

Key words. Hermite interpolation, polynomials, two variables

AMS subject classifications. 41A05, 65D05

1. Introduction and Main Result. We consider a problem of Hermite interpolation by polynomials of two variables. The interpolation points are located on several circles centered at the origin and the interpolation matches preassigned data of function values and certain consecutive normal derivatives. When no derivative values are interpolated, it becomes a problem of Lagrange interpolation.

Let Π^2_n denote the space of polynomials P of two variables of total degree n, P (x, y) = n∑ k=0 k∑ j=0 c_{j,k}x^j y^{k−j} . It is known that dim Π^2_n = (n + 1)(n + 2)/2. We consider the case that the number of interpolation conditions matches the dimension of Π^2_n. If there is a unique solution to an interpolation problem, we say that the problem is poised. Unlike polynomial interpolation in one variable, Hermite or Lagrange interpolation in several variables is not always poised. A typical example is the Lagrange interpolation of 6 points on the unit circle by polynomials of degree 2 in two variables, since the points lie on the curve x^2 + y^2 − 1. Similar examples hold for the Hermite interpolation; for example, let {(x_j , y_j ) : 1 ≤ j ≤ 18} be distinct points on the unit circle; then the problem of interpolating P (x_i, y_i) and the normal derivatives (∂P/∂r)(x_i, y_i) by polynomial of degree 7 does not have a unique solution, since the polynomial (x^2+y^2−1)^2 vanishes on all conditions. In both cases, the interpolation points (multiple points for the Hermite interpolation) lie on an algebraic curve. Both, however, are examples of almost poised interpolation problems, meaning that the problem is poised for almost all choice of points (except points from a set of measure zero). There are general results available for almost poisedness (see, for example, [2, 7, 10] and the references therein). However, even when an interpolation problem is almost poised, how to choose a particular set of points so that the interpolation problem is poised remains difficult. The purpose of this paper is to provide an example of poised Hermite interpolation in two variables.

∗The first author is supported by the Bulgarian Ministry of Science under Contract No. MM802/98, and the second author is supported by the National Science Foundation under Grant DMS-9802265

†Department of Mathematics, University of Sofia, Blvd. James Boucher 5, 1164 Sofia, Bulgaria (boris@fmi.uni-sofia.bg).

‡Department of Mathematics, University of Oregon, Eugene, Oregon 97403-1222 (yuan@math.uoregon.edu). 1

Throughout this paper, let ∂/∂r denote the normal derivative ∂P ∂r = ∂P ∂x cos θ + ∂P ∂y sin θ, (x, y) = (r cos θ, r sin θ).

For a positive number r > 0, denote the circle of radius r centered at the origin by S(r) = {(x, y) : x^2 + y^2 = r^2}. Let [t] denote the integer part of t. Our interpolation problem is as follows:

Problem: Let n be a positive integer. Let 0 < r_1 < r_2 < . . . < r_λ ≤ 1 and let μ_1, μ_2, . . . , μ_λ be positive integers such that

μ_1 + μ_2 + . . . + μ_λ = [ n 2 ] + 1.

Denote by {(x_{l,j} , y_{l,j} ) : 0 ≤ j ≤ 2m} distinct points on the circle S(r_l), where m = [(n + 1)/2] and 1 ≤ l ≤ λ. Characterize the points for which the interpolation problem (∂kP ∂r^k ) (x_{l,j} , y_{l,j} ) = f_{j,l,k}, 0 ≤ k ≤ μ_l − 1, 1 ≤ l ≤ λ, 0 ≤ j ≤ 2m, (1.1) has a unique solution in Π^2_n for any given preassigned data {f_{j,l,k}}.

In other words, the problem requires interpolating up to (μ_l − 1)-th order normal derivatives at 2m + 1 distinct points on the l-th circle, l = 1, 2, . . . , λ. We note that the number of interpolation conditions (1.1) equals the dim Π^2_n, as ( 2 [ n + 1 2 ] + 1 ) ([ n 2 ] + 1 ) = (n + 1)(n + 2) 2 . If μ_l = 1 for all l, then λ = [n/2] + 1. In this case, the interpolation problem becomes the Lagrange interpolation on [n/2] + 1 circles. If λ = 1, then there is only one circle, which we choose to have radius 1, and the problem becomes Hermite interpolation on the unit circle.

The most natural choice of the interpolation points on the circle S(r_l) is the equidistant points, (x_{l,j} , y_{l,j} ) = (r_l cos θ_{l,j} , r_l sin θ_{l,j} ), θ_{l,j} = (2j + α_l)π 2m + 1

, 0 ≤ j ≤ 2m, (1.2)

where α_l is a number independent of j. Here we include the number α_l to indicate the fact that equidistant points on different circles can differ by a rotation. The main result of the paper is as following:

Theorem 1.1. The Hermite interpolation problem (1.1) based on the equidistant points (1.2) is poised.

This result is proved in Section 2, where we also discuss some of its consequences and various properties of the unique interpolation polynomial. Let us mention that the result is new even for Lagrange interpolation (see Corollary 2.6). Lately another solution of Theorem 1.1 in the particular case of λ = 1 was given independently by Hakopian and Ismaeil [6].

Integrating the interpolation polynomial P in the theorem gives a cubature formula on the unit disc B^2 = {(x, y) : x^2 + y^2 ≤ 1}. Although the explicit formula of P is hard to find, the integral mean of P over a circle of radius r can be derived as a solution of an interpolation problem of one variable. This allows us to give explicit formulae for the cubature formula. These results are discussed in Section 3, where several cubature formulae are given explicitly.

In Section 4, we consider the interpolation problem (1.1) for arbitrary set of points on the circle. For the special case of λ = 1 (interpolating on the unit circle), we show that the problem is poised for arbitrary points only when n = 2. Necessary and sufficient conditions on the points for the poisedness are given for n = 3, 4.

2. The equidistant points. We start with the following observation. Let P_n denote the homogeneous polynomials of degree n in two variables; that is, P_n = span{x^ky^j : k + j = n, k ≥ 0, j ≥ 0}. Because the interpolation points are on the unit circle, it is often more convenient to use the polar coordinates

x = r cos θ and y = r sin θ, r ≥ 0, 0 ≤ θ ≤ 2π.

Using the elementary trigonometric identities, it follows that in polar coordinates,

P_{2n} = span{r^{2n}, r^{2n} cos 2kθ, r^{2n} sin 2kθ, 1 ≤ k ≤ n}, and P_{2n+1} = span{r^{2n+1} cos(2k + 1)θ, r^{2n+1} sin(2k + 1)θ, 0 ≤ k ≤ n}.

For a polynomial P ∈ Π^2_n, we shall write ~P (r, θ) = P (r cos θ, r sin θ). Then every polynomial P ∈ Π^2_n can be expressed as

~P (r, θ) = P (r cos θ, r sin θ) =^n ∑ k=0 q_k(θ)r^k (2.1)

where r^k q_k(θ) ∈ P_k and q_k(θ) are trigonometric polynomials of degree k given by

q_{2j} (θ) = a_{0,2j} + j∑ l=1 (a_{l,2j} cos 2lθ + b_{l,2j} sin 2lθ), (2.2)

q_{2j−1}(θ) = j∑ l=1 (a_{l,2j−1} cos(2l − 1)θ + b_{l,2j−1} sin(2l − 1)θ). (2.3)

This expression is useful for interpolation problem of arbitrary points on the circle. For the proof of Theorem 1.1, we use a different expression.

Lemma 2.1. For n ≥ 0, in polar coordinates, every polynomial P_n ∈ Π^2_n can be written as

~P_n(r, θ) = A_0(r^2) +^n ∑ j=1 [ r^j A_j (r^2) cos jθ + r^j B_j (r^2) sin jθ ] ,

where A_j (t) and B_j (t) are polynomials of degree [(n − j)/2].

This comes from rewriting (2.1) as a sum of cos jθ and sin jθ. Note that the coefficients r^j A_j (r^2) and r^j B_j (r^2) are lacunary polynomials in r. Furthermore, the fact that the interpolation points are equidistant can be used to simplify the expression at these points. Let

Θ_α = {θ^α_j : θ^α_j = (2j + α)π/(2m + 1), j = 0, 1, . . . , 2m, 0 ≤ α < 2}. (2.4)

Lemma 2.2. For θ ∈ Θ_α and P_n ∈ Π^2_n with n = 2m or n = 2m − 1,

~P_n(r, θ) = A_0(r^2) +^m ∑ j=1 [( r^j A_j (r^2) + r^{2m−j+1}C_{2m−j+1}(r^2) ) cos jθ + ( r^j B_j (r^2) − r^{2m−j+1}D_{2m−j+1}(r^2) ) sin jθ ] , where

C_{2m−j+1}(r^2) = A_{2m−j+1}(r^2) cos απ + B_{2m−j+1}(r^2) sin απ, D_{2m−j+1}(r^2) = A_{2m−j+1}(r^2) sin απ − B_{2m−j+1}(r^2) cos απ,

and we assume that A_{2m} = B_{2m} = 0 if n = 2m − 1.

Proof. Using the expression in the previous lemma, the proof follows from the fact that

cos(2m − j + 1)θ = cos(απ − jθ) = cos απ cos jθ + sin απ sin jθ, sin(2m − j + 1)θ = sin(απ − jθ) = sin απ cos jθ − cos απ sin jθ

for θ ∈ Θ_α.

In order to prove that the Hermite interpolation problem (1.1) is regular, we need to show that if P ∈ Π^2_n and d^k ~P dr^k (r_l, θ) = 0, 0 ≤ k ≤ μ_l − 1, 1 ≤ l ≤ λ, θ ∈ Θ_{αl} , (2.5)

then P is a zero polynomial. Using the expression in Lemma 2.2 for ~P , the interpolation conditions imply the following.

Lemma 2.3. Let P_n be as in Lemma 2.2, n = 2m or n = 2m − 1. If ~P_n satisfies (2.5), then for 0 ≤ j ≤ m, d^k dr^k [ r^j A_j (r^2) + r^{2m−j+1}C_{2m−j+1}(r^2) ] r=r_l = 0, 0 ≤ k ≤ μ_l − 1, 1 ≤ l ≤ λ,

d^k dr^k [ r^j B_j (r^2) − r^{2m−j+1}D_{2m−j+1}(r^2) ] r=r_l = 0, 0 ≤ k ≤ μ_l − 1, 1 ≤ l ≤ λ, where we assume A_j = B_j = 0 for j > n and B_0 = 0.

Proof. Let n = 2m. Using the expression of P in Lemma 2.2, the interpolation conditions (2.5) can be written as d^k dr^k A_0(r^2) | | |_{r=rl} + m∑ j=1 [ d^k dr^k ( r^j A_j (r^2) + r^{2m−j+1}C_{2m−j+1}(r^2) )| |_{r=rl} cos jθ

+ d^k dr^k ( r^j B_j (r^2) − r^{2m−j+1}D_{2m−j+1}(r^2) )| |_{r=r)l} sin jθ ] = 0 for θ ∈ Θ_{αl} and 0 ≤ k ≤ m. The above expression is a trigonometric polynomial of degree m, which takes the value zero at 2m + 1 distinct points in [0, 2π). It then follows from the uniqueness of the trigonometric interpolation ([12, vol. 2, p. 1]) that the coefficients of cos jθ and sin jθ are zero, which gives the stated equations. The case n = 2m − 1 is similar.

The proof of the uniqueness of the Hermite interpolation depends on the following result of polynomials of one variable.

Lemma 2.4. Fix integer j, 0 ≤ j ≤ s ≤ 2m + 1. Let μ_1, . . . , μ_λ satisfy μ_1 + . . . + μ_λ = s + 1. Let p(t) be a polynomial of degree s − j, q(t) be a polynomial of degree j − 1 and q(t) = 0 if j = 0. If d^k dr^k [ r^j p(r^2) + r^{2m−j+1}q(r^2) ] r=r_l = 0, 0 ≤ k ≤ μ_l − 1, 1 ≤ l ≤ λ, (2.6)

then p = 0 and q = 0.

Proof. We assume that the polynomials p and q take the following form: p(t) = s−j∑ i=0 a_it^i and q(t) = j−1∑ i=0 b_it^i. Set φ(r) := r^j p(r^2) + r^{2m−j+1}q(r^2).

Clearly φ is a polynomial of degree M := max{2s − j, 2m + j − 1}. Note that a_i is the coefficient of r^{2i+j} , while b_i is the coefficient of r^{2m−j+1+2i} of φ. Since 2i + j and 2m − j + 1 + 2i are integers of different parity, {a_i} and {b_i} are coefficients (up to a non-zero factor) in the Taylor expansion of φ at zero. The rest of the Taylor coefficients are zero by the definition of φ. Thus, we have φ^{(k)}(0) = 0, k /∈ {2i + j : 0 ≤ i ≤ s − j} ∪ {2m + 1 − j + 2i : 0 ≤ i ≤ j − 1} and k ≤ M. This gives M + 1 − (s − j + 1) − j = M − s equations. Together with (2.6) which consists of s + 1 interpolation conditions for φ, we see that φ satisfies a set of Hermite-Birkhoff interpolation conditions at λ + 1 points. There are total M + 1 interpolation conditions and φ is a polynomial of degree at most M. Since j ≤ s, the incidence matrix of this problem satisfies the Pólya condition and has no supported sequence, therefore it is non-singular (see [1]). Thus φ ≡ 0. Consequently, a_i = b_i = 0, which implies that p ≡ 0 and q ≡ 0. The proof is complete.

We are now in position to prove our main result Theorem 1.1, which we restated below.

Theorem 2.5. For any α_1, . . . , α_l, the interpolation problem (1.1) based on the equidistant points

(x_{l,j} , y_{l,j} ) = (r_l cos θ_j , r_l sin θ_j ), θ_j ∈ Θ_{αl} ,

on the circles S(r_l), 1 ≤ l ≤ λ, is poised.

Proof. If n = 2m, then A_l in Lemma 2.3 is of degree m − [(l + 1)/2] and C_{2m−l+1} is of degree [(l − 1)/2]. Hence, Lemma 2.4 can be used with l = 2j or l = 2j − 1 and s = m to prove that the equations in Lemma 2.3 imply A_j = 0 and C_{2m−j+1} = 0 for 0 ≤ j ≤ m, and similarly B_j = 0 and D_{2m−j+1=0} for 0 ≤ j ≤ m. By definition of C_j and D_j , this gives

A_{2m−j+1}(r^2) cos απ + B_{2m−j+1}(r^2) sin απ = 0

A_{2m−j+1}(r^2) sin απ − B_{2m−j+1}(r^2) cos απ = 0,

which implies that A_{2m−j+1} = 0 and B_{2m−j+1} = 0 since the determinant of the coefficients is −1. Consequently, we conclude that P ≡ 0 and the theorem is proved. If n = 2m − 1, then A_l in Lemma 2.3 is of degree m − [(l + 2)/2] and C_{2m−l+1} is of degree [(l − 3)/2]. Hence, Lemma 2.4 can be used with l = 2j or l = 2j + 1 and s = m − 1 to prove that the equations in Lemma 2.3 imply A_j = 0 and C_{2m−j+1} = 0 for 0 ≤ j ≤ m − 1, and similarly B_j = 0 and D_{2m−j+1} = 0 for 0 ≤ j ≤ m − 1. Again, it follows that A_{2m−j+1} = B_{2m−j+1} = 0 and the proof is complete.

We emphasize that α_l can be different for different circles. Two cases may be of particular interesting. The first one is all α_l = 0, in which case the interpolation points are also located on rays starting from the origin. The second case is when points on neighboring circle differ by a rotation of π/(2m + 1) (for example, α_{2l} = 0 and α_{2l+1} = 1).

When all μ_l = 1, the Hermite interpolation becomes the Lagrange interpolation. We state this case as the following corollary.

Corollary 2.6. Let 0 < r_0 < r_1 < · · · < r_{[n/2]} = 1 be the radii of the circles S(r_l), 0 ≤ l ≤ [n/2]. Let Θ_{αl} be the point set on S(r_l) defined in (2.4). Then the Lagrange interpolation problem

P (r_l cos θ_j , r_l sin θ_j ) = f_{j,l}, 0 ≤ l ≤ [n/2], θ_j ∈ Θ_{αl} ,

is poised in Π^2_n.

As a special case of this corollary, when the points on the neighboring circles differ by a rotation of π/(2m + 1) and the radii of the circles take special values r_l = cos^{mπ}_{2m+1} / cos^{lπ}_{2m+1} , l = 1, 2, . . . , m and n = 2m − 1, the interpolation points form a special geometric formation. The cases of m = 2, 3 (that is, n = 3, 5) are depicted in Fig. 1.

Figure 1 These special points were discovered in [4] (see also [11]). They serve as a nice example of the natural lattices of Chung and Yao [3]. Let H_1, . . . , H_{n+d} be a collection of hyperplanes in R^d such that any distinct d hyperplanes chosen among them intersect at one point and different choices give different points; the set of all intersection points is called the n-th order natural lattice in R^d generated by H_1, . . . , H_{n+d}. As it was shown in [3], the interpolation at natural lattices by polynomials of degree n is poised. For d = 2, the hyperplanes become lines. As indicated in Fig. 1, each point is the intersection of exactly two lines.

For 0 ≤ k ≤ μ_l − 1, 1 ≤ l ≤ λ and 0 ≤ j ≤ 2m, let L_{j,l,k} denote the fundamental interpolation polynomial at point (x_{l,j} , y_{l,j} ) defined by ( ∂vL_{j,l,k} ∂r^v ) (r_u cos θ_{u,i}, r_u sin θ_{u,i}) = δ_{j,i}δ_{l,u}δ_{k,v} , (2.7) 0 ≤ v ≤ μ_l − 1, 1 ≤ u ≤ λ, 0 ≤ i ≤ 2m. Let P be the unique interpolation polynomial that satisfies (1.1). Then P can be written as P (x, y) = λ∑ l=1 μ_l−1∑

k=0 2m∑ j=0 f_{j,l,k}L_{j,l,k}(x, y).

It turns out that all L_{j,l,k} can be obtained from L_{0,l,k} by a rotation.

Theorem 2.7. For 0 ≤ k ≤ μ_l − 1, 1 ≤ l ≤ λ and 0 ≤ j ≤ 2m,

L_{j,l,k}(r cos θ, r sin θ) = L_{0,l,k}(r cos(θ − θ^0_j ), r sin(θ − θ^0_j )), if α_l = 0

and with β = π/(2m + 1),

L_{j,l,k}(r cos θ, r sin θ) = L_{0,l,k}(r cos(θ − θ^1_j + β), r sin(θ − θ^1_j + β)), if α_l = 1.

Furthermore, the polynomials L_{0,l,k}(x, y) are even in y when α_l = 0.

Proof. The stated formulae follow directly from the rotational invariance of the interpolation points.

To prove that L_{0,l,k} is even in y for α = 0, we consider the polynomial [L_{0,l,k}(x, y) + L_{0,l,k}(x, −y)]/2, which is clearly even in y. It is easy to see that this polynomial satisfy the defining interpolation conditions of (2.7) for L_{0,l,k}, since the only nonzero interpolation condition appears at θ = 0, for which y = r sin θ takes value zero. By the uniqueness of the interpolation, it must equal to L_{0,l,k}.

This theorem allows us to reduce the problem of finding explicit formulae for L_{j,l,k} to the case of j = 0. But finding explicit formula for L_{0,l,k} is not easy. Even in the case of λ = 1, that is, interpolation on the unit circle, we do not know the general form of the formulae. Below we give the formulae for the first two cases for λ = 1. Since there is only one circle, we choose α = 0 and write L_k(x, y) := L_{0,1,k}(x, y). The formulae are given in polar coordinates.

The case n = 2 with λ = 1:

L_0(x, y) = (1 + 4r cos θ − 2r^2 cos 2θ)/3, L_1(x, y) = (−1 + r^2 − 4r cos θ + 4r^2 cos 2θ)/6.

The case n = 3 with λ = 1:

L_0(x, y) = ( 1 + (3r − r^3) cos θ + 6r^2 cos 2θ − 4r^3 cos 3θ ) /5, L_1(x, y) = −(1 − r^2 + 2r(1 − r^2) cos θ + 4r^2 cos 2θ − 4r^3 cos 3θ)/10.

Notice that there is no sin jθ terms in the above formulae. In fact, that L_k(x, y) is even in y means that there is no sin jθ terms in the polar coordinates.

3. Integral Mean and Cubature formula. Although we do not know the explicit formula of the interpolation polynomial in general, the fact that the equidistant points on the circle have a rotational invariance property allows us to compute the integral of the interpolation polynomial. In fact, the mean of the polynomial over any circle of radius r can be computed from an interpolation polynomial of one variable.

Let 0 < r_1 < . . . < r_λ ≤ 1 and μ_1 + . . . μ_λ = [n/2] + 1 as in (1.1). We consider the following interpolation problem of one variable: finding a polynomial q of degree 2[n/2] + 1 such that

q^{(k)}(r_l) = g_{l,k}, 0 ≤ k ≤ μ_l − 1, 1 ≤ l ≤ 2λ, (3.1)

where r_{2λ−j+1} = −r_j , 1 ≤ l ≤ λ, we also assume that μ_{2λ−j+1} = μ_j for 1 ≤ j ≤ λ. This is a Hermite interpolation problem that has 2([n/2]+1) interpolation conditions. It has a unique solution. The unique polynomial that satisfies (3.1) can be written as q(r) = 2λ∑ l=1 μ_l−1∑

k=0 g_{l,k}ℓ_{l,k}(r), (3.2)

where ℓ_{l,k} are the fundamental interpolation polynomials defined by ℓ^{(v)}_{l,k} (r_u) = δ_{k,v} δ_{l,u}, 0 ≤ v ≤ μ_u −1, 1 ≤ u ≤ 2λ. Let Ω(x) = (x−r_1)^{μ1} . . . (x−r_λ)^{μλ} . Then the polynomials ℓ_{l,k} are given by

ℓ_{l,k}(r) = Ω(−r)Ω(r) k!(r − r_l)^{μl −1} μ_l−k−1 ∑ j=0 1 j! d^j dr^j [ (r − r_l)^{μl} Ω(r)Ω(−r) ] | | |_{r=rl} (r − rl)^j for 1 ≤ l ≤ λ (see, for example, [2]). Since the interpolation points are symmetric, it is easy to see that ℓ_{2λ−l+1,k}(r) = (−1)^kℓ_{l,k}(−r).

Let P (x, y) denote the unique solution in Theorem 2.5. Let p(r) = 1 2π ∫_{2π} 0 P (r cos θ, r sin θ)dθ, r ≥ 0. (3.3) Since p(r) is a polynomial of r, its definition can be extended to r ∈ R. It turns out that p can be written in terms of fundamental polynomials of (3.1).

Theorem 3.1. Let ℓ_{l,k} be defined as in (3.2). Then the mean of the unique interpolation of Theorem 2.5 is given by p(r) = λ∑ l=1 μ_l−1∑

k=0 F_{l,k} [ℓ_{l,k}(r) + ℓ_{l,k}(−r)] where, for n = 2m or n = 2m − 1, the coefficients F_{l,k} are defined by F_{l,k} = 1 2m + 1 2m∑ j=0 f_{j,l,k}, 0 ≤ k ≤ μ_l − 1, 1 ≤ l ≤ λ.

Proof. Assume that the polynomial ~P (r, θ) is of the form (2.1); that is, ~P (r, θ) =^n ∑ k=0 r^kq_k(θ), where q_k(θ) are trigonometric polynomials of degree k given in (2.2) and (2.3). Since q_{2j−1}(θ) contains only trigonometric polynomials of odd degree, see (2.3), its integral over [0, 2π] is zero. Consequently, as a polynomial of r, p(r) is an even function. For a fixed r, ~P (r, θ) is a trigonometric polynomial of degree at most 2m. Thus, in order to evaluate the univariate integral of P , we can use the quadrature formula 1 2π ∫_{2π} 0 τ(t)dt = 1 2m + 1 2m∑ j=0 τ(θ^α_j ), θ^α_j = (2j + α)π 2m + 1

. (3.4)

which is known to hold for every trigonometric polynomial of degree 2m. For α = 0 this is the classical result in [12, Vol.2, p. 8], and for α ≠ 0 it follows from ∫_{2π} 0 τ(θ + t)dt = ∫_{2π} 0 τ(t)dt, which holds for every θ and for every trigonometric polynomial τ. Since q_k(θ) in (2.1) are of degree k ≤ 2m, this gives p(r) = 1 2m + 1 2m∑ j=0 ~P (r, θ^α_j ).

Taking derivatives with respect to r and using the interpolation conditions of P (x, y) it follows that

p^{(k)}(r_l) = 1 2m + 1 2m∑ j=0 d^k ~P dr^k (r_l, θ_j ) = F_{l,k}, 0 ≤ k ≤ μ_l − 1, 1 ≤ l ≤ λ.

Since p is an even polynomial, it follows that p^{(k)}(−r_l) = (−1)^kF_{l,k}, and these conditions determine p uniquely. Evidently, the polynomial p satisfies the interpolation conditions (3.1) with g_{l,k} = F_{l,k} and g_{2λ−l+1,k} = (−1)^kF_{l,k} for 0 ≤ k ≤ μ_l − 1 and 1 ≤ l ≤ λ. Consequently, we have p(r) = λ∑ l=1 μ_l −1∑

k=0 F_{l,k} [ℓ_{l,k}(r) + ℓ_{l,k}(−r)] , using the fact that ℓ_{2λ−l+1,k}(r) = (−1)^kℓ_l(−r).

The polynomials ℓ_{l,k}(r) are interpolation polynomials of one variable, they can often be written down explicitly. We give two cases below. The first one is when μ_l = 1 for all l, that is, the case of Lagrange interpolation.

Corollary 3.2. Let P (x, y) denote the unique Lagrange interpolation polynomial in Corollary 2.6. Then the mean p(r) of (3.3) is given by

p(r) = [n/2]∑

l=0 F_l [ℓ_l(r) + ℓ_l(−r)] , ℓ_l(r) = [n/2]∏

j=0 ( r + r_j r_l + r_j ) [n/2]∏ j=0,j≠l ( r − r_j r_l − r_j ) , where, for n = 2m or n = 2m − 1, F_l are defined by

F_l = 1 2m + 1 2m∑ j=0 f_{j,l}, 0 ≤ l ≤ [n/2].

Proof. This follows from the fact that μ_l = 1, so that the fundamental polynomials for (3.1) are given by ℓ_l given in the statement.

The second case is when λ = 1, that is, interpolation on one circle which we choose to be the the unit circle. We choose α = 0.

Corollary 3.3. Let P (x, y) be the unique Hermite interpolation polynomials satisfying ∂^kP ∂r^k ( cos θ^0_j , sin θ^0_j ) = f_{j,k}, 0 ≤ k ≤ [ n 2 ] , 0 ≤ j ≤ 2m. Then the mean p(r) of (3.3) is given by

p(r) = [n/2]∑

k=0 (−1)^kF_k k! [n/2]−k ∑ j=0 ( [n/2] + j j )

× [( 1 − r 2 )_{[n/2]}( 1 + r 2 )_{k+j} + ( 1 + r 2 )_{[n/2]}( 1 − r 2 )_{k+j} ] . where F_k are given formally by the same formula as in the previous corollary.

Proof. It follows from the theorem that p(r) is an even polynomial, uniquely determined by p^{(k)}(1) = F_k and p^{(k)}(−1) = (−1)^kF_k. By the formula for the Hermite interpolation of two points (cf. [5]), we have with s = [n/2] p(r) = s∑ k=0 h_{k,0}(r)p^{(k)}(−1) + s∑ k=0 h_{k,1}(r)p^{(k)}(1),

where h_{k,0} is given by the formula

h_{k,0}(r) = ( 1 − r 2 )_s 1 k! s−k∑ j=0 ( s + j j )( 1 + r 2 )_{k+j} ,

and h_{k,1}(r) = (−1)^kh_{k,0}(−r). This gives the stated formula of p(r).

The explicit formula for the mean of the interpolation polynomial can be used to derive cubature formulae. This comes from the following formula, ∫ B^2 f(x, y)dxdy = ∫_1 0 r ∫_{2π} 0 f(r cos θ, r sin θ)dθdr, (3.5) which shows, in particular, that the integral of the interpolation polynomial P (x, y) over B^2 is reduced to the integral of the mean p(r).

Theorem 3.4. Let W (r) be an even nonnegative weight function defined on [−1, 1]. Let ℓ_{l,k}(r) be the fundamental interpolation polynomial in (3.1). Then ∫ B^2 f(x, y)W ( √ x^2 + y^2)dxdy = λ∑ l=0 μ_l −1∑

k=0 Λ_{l,k} 2m∑ j=0 d^kf dr^k ( r_l cos θ^α_j , r_l sin θ^α_j )

for f ∈ Π^2_n, where the weights are given by

Λ_{l,k} = 2π 2m + 1

∫_1 −1 ℓ_{l,k}(r)|r|W (r)dr.

Proof. As a projection operator, the interpolation polynomial preserves polynomials in Π^2_n. The cubature formula follows from integrating the unique interpolation polynomial P (x, y) in Theorem 2.5. Using the formula (3.5), we have ∫ B^2 P (x, y)W ( √ x^2 + y^2)dxdy = 2π

∫_1 0 p(r)rW (r)dr. (3.6) Hence, by Theorem 3.1, the cubature formula has the stated form with cubature weights given by

Λ_{l,k} = 2π 2m + 1

∫_1 0 [ℓ_{l,k}(r) + ℓ_{l,k}(−r)] rW (r)dr. Changing integration from [0, 1] to [−1, 1] gives the stated result.

One interesting special case is when μ_l = 1 for all l, for which no derivative values appear in the formula. This corresponds to the Lagrange interpolation discussed in Corollary 3.2.

Theorem 3.5. The following cubature formula holds for f ∈ Π^2_n, ∫ B^2 f(x, y)W ( √ x^2 + y^2)dxdy = [n/2]∑

l=0 Λ_l 2m∑ j=0 f ( cos θ^{αl}_j , sin θ^{αl}_j ) , where the cubature weights λ_k are given by

Λ_l = 2π 2m + 1

∫_1 −1 g(r) (r − r_l)g^′(r) |r|W (r)dr, g(r) = [n/2]∏

j=0 (r^2 + r^2_j ).

Proof. Since ℓ_l(r) in Corollary 3.2 is equal to g(r)/((r − r_l)g^′(r)), this is a special case of Theorem 3.4.

This is like the classical cubature formula on B^2, which can be derived from the formula (3.5) by using the quadrature (3.4) for the trigonometric polynomials, then use the quadrature formula on [−1, 1],

∫_1 −1 f(r)|r|W (r)dr = [n/2]∑

l=0 Λ_lf(r_l) + [n/2]∑

l=0 Λ_lf(−r_l), Λ_l =

∫_1 −1 g(r) (r − r_l)g^′(r) |r|W (r)dr, which holds for all polynomials of degree n. Let us point out, however, that the usual product formula on the ball uses even number of points on the circles and the radii of the circles are chosen according to certain Gaussian quadrature formula (see, for example, [8] and [9]). The above theorem shows that it is not necessary to choose radii in the case that the number of nodes on the circle is odd. This left open the question of choosing the radii to obtain cubature formulae of higher order.

Another special case that may be of interesting comes from the Hermite interpolation on the unit circle, for which the explicit formula of the mean p(r) is given in Corollary 3.3.

Theorem 3.6. The following cubature formula holds for f ∈ Π^2_n: ∫ B^2 f(x, y)dxdy = [n/2]∑

k=0 Λ_k 2m∑ j=0 d^kf dr^k ( cos θ^0_j , sin θ^0_j ) , where the coefficients Λ_k are given by

Λ_k =

(−1)^k k! s−k∑ j=0 ( s + j j ) [(s−k−j)/2] ∑ i=0 ( s − k − j 2i ) Γ(k + j + 1)Γ(i + 1) Γ(k + j + i + 2) .

Proof. As in Theorem 3.4, using the formula (3.6) with W (r) = 1, the cubature formula comes from integrating the interpolation polynomial in Corollary 3.3. The cubature weights are given by

Λ_{l,k} = (−1)^k

∫_1 0 [h_{k,1}(r) + h_{k,1}(−r)]rdr. Let s = [n/2]. The main computation is as follows: ∫_1 0 [( 1 − r 2 )_s( 1 + r 2 )_{k+j} + (1 + r 2 )_s( 1 − r 2 )_{k+j} ] rdr

= ∫_1 0 r(1 − r^2)^{k+j} s−k−j∑

i=0 ( s − k − j i ) r^i(1 + (−1)^i)dr

= [^{s−k−j}_2 ] ∑ i=0 ( s − k − j 2i ) Γ(k + j + 1)Γ(i + 1) Γ(k + j + i + 2) , where the last step follows from changing variable t → r^2 and using the standard Beta integral.

4. Arbitrary distinct points on the circle. In this section we consider the interpolation problem (4.1) for arbitrary set of points on the unit circle. The discussion is limited to the case of λ = 1, so that we are considering the interpolation problem on the unit circle: show that there is a unique polynomial P ∈ Π^2_n satisfying ∂^kP ∂r^k (cos θ_j , sin θ_j ) = f_{j,k}, 0 ≤ k ≤ [ n 2 ] , 0 ≤ j ≤ 2m = 2 [ n + 1 2 ] , (4.1)

for any preassigned data {f_{j,k}}, where {(x_j , y_j ) = (cos θ_j , sin θ_j ) : 0 ≤ j ≤ 2m} is a set of distinct points on the unit circle.

The interpolation problem (4.1) uses the same number of points for n = 2m or n = 2m − 1. It follows that for the poisedness of the interpolation, we only need to consider the case of n = 2m − 1.

Proposition 4.1. Let (x_j , y_j ), 0 ≤ j ≤ 2m, be a set of distinct points on the unit circle. If the interpolation problem (4.1) has a unique solution for n = 2m − 1, then it has a unique solution for n = 2m.

Proof. Assume that the interpolation problem (4.1) does not have a unique solution for n = 2m. Let P be a nonzero polynomial such that ( ∂kP ∂r^k ) (x_j , y_j ) = 0, 0 ≤ k ≤ m, 0 ≤ j ≤ 2m. We may assume that P is of the form (2.1). Then it is easy to verify that the polynomial Q = nP − r∂P/∂r is a polynomial of degree n − 1 = 2m − 1, and Q is not zero since otherwise P = r^nq_n(θ), which cannot satisfy the above interpolation condition. Evidently, Q and its consecutive normal derivatives up to m − 1 vanish at (x_j , y_j ) for 0 ≤ j ≤ 2m, which shows that the interpolation problem (4.1) is not poised for n = 2m − 1.

Thus, in the following we only need to consider n = 2m−1. For arbitrary distinct points, we use an expression for the polynomials P , similar to that in (2.1), P (r, θ) = 2m−1∑

l=0 q_l(θ)r^l/l!. Let Θ = {θ_j : 0 ≤ j ≤ 2m}. In order to show that the problem (4.1) is poised, we need to show that P ∈ Π^2_{m−1} satisfying d^kP dr^k (1, θ_j ) = 2m−1∑

l=k q_l(θ)/(l − k)! = 0, 0 ≤ k ≤ m − 1, θ ∈ Θ, (4.2) implies P ≡ 0. In the case of m = 1, this system of equations corresponds to the Lagrange interpolation by a trigonometric polynomial of degree 1 at three distinct points, hence it has unique solution.

Proposition 4.2. Let {(cos θ_j , sin θ_j ), 0 ≤ j ≤ 2}, be a set of three distinct points on the unit circle. Then the interpolation problem (4.1) has a unique solution for n = 1 and 2.

For n ≥ 3, additional conditions on the points are needed for the poisedness of the interpolation. In the case of n = 3 and 4, we have

Proposition 4.3. Let {(cos θ_j , sin θ_j ), 0 ≤ j ≤ 4} be a set of distinct points on the unit circle. The interpolation problem (4.1) has a unique solution for n = 3 and 4 if and only if Θ = {θ_j : 0 ≤ j ≤ 4} admits a unique trigonometric interpolation in the space span{1, cos t, sin t, cos 3t, sin 3t}.

The proof amounts to solve the system of equations (4.2) in the case of m = 2. If we assume that the polynomial P is of the form (2.1) with n = 3, then an easy computation shows that (4.2) is uniquely solvable if and only if

2c_0 + c_1 cos θ + c_2 sin θ + c_3 cos 3θ + c_4 sin 3θ = 0, θ ∈ Θ,

has a unique solution, where Θ contains 5 distinct points.

The trigonometric interpolation by a_0 + a_1 cos θ + a_2 sin θ + a_3 cos 3θ + a_4 sin 3θ at 5 distinct points is poised if and only if the interpolation matrix M, formed by rows {1, cos θ_j , sin θ_j , cos 3θ_j , sin 3θ_j }, is invertible . Using cos θ = (e^{iθ} + e^{−iθ})/2 and sin θ = (e^{iθ} − e^{−iθ})/(2i), it follows that the determinant of M is equal to the determinant of the matrix whose rows are {1, e^{−iθj} , e^{iθj} , e^{−3iθj} , e^{3iθj} }. Multiplying each column by e^{3iθj} and write t_j = e^{iθj} , we conclude that the determinant of M is equal to a multiple of the determinant of ~M, where the rows of ~M are {1, t^2_j , t^3_j , t^4_j , t^6_j }. It follows that

det ~M = ∏ 1≤l<j≤5 (t_l − t_j )(σ_1σ_4 + t_1σ_1σ_3 + t^2_1σ_3),

where σ_1 = t_2 + t_3 + t_4 + t_5, σ_3 = t_2t_3t_4 + t_3t_4t_5 + t_2t_3t_5 + t_2t_4t_5, σ_4 = t_2t_3t_4t_5. In particular, it follows that if t_1 = 1, t_2 = −t_4, t_3 = −t_5, then the trigonometric interpolation is not unique; that is, the interpolation is not unique if θ_4 = π + θ_1 and θ_3 = π + θ_2.

14 B. BOJANOV AND Y. YUAN

Similar results also hold for n = 5. We state the result for the next case. Proposition 4.4. Let (cos θ_j , sin θ_j ), 0 ≤ j ≤ 6}, be a set of distinct points on the unit circle. The interpolation problem (4.1) has a unique solution for n = 5 and 6 if the trigonometric interpolation on Θ = {θ_j : 0 ≤ j ≤ 6} admits unique solution in the spaces span{1, cos θ, sin θ, cos 2θ, sin 2θ, cos 4θ, sin 4θ} and span{1, cos θ, sin θ, cos 3θ, sin 3θ, cos 5θ, sin 5θ}.

One naturally expects that similar results should hold for n ≠ 7; that is, the uniqueness of the interpolation problem (4.1) requires that the interpolation points on the unit circle admit unique lacunary trigonometric interpolation of several types. It may be of interest to determine the types of the lacunary trigonometric interpolation for all n. More interesting is perhaps to characterize the points that lead to unique interpolation.

Acknowledgment. The authors thank two referees for their helpful comments.

REFERENCES

[1] K. Atkinson and A. Sharma, A partial characterization of poised Hermite-Birkhoff interpolation problems, SIAM J. Numer. Anal. 6 (1969), 230–235.

[2] B. Bojanov, H. Hakopian and S. Sahakian, Multivariate Interpolation and Spline Functions, Kluwer, Dordrecht, 1993.

[3] K. C Chung and T. H. Yao, On lattices admitting unique Lagrange interpolation. SIAM J.

Num. Anal., 14 (1977), 735–743.

[4] H. Hakopian, Multivariate interpolation II of Lagrange and Hermite type, Studia Math. 80 (1984), 77-88.

[5] Ch. Hermite, Sur la formule d’interpolation de Lagrange, J. für reine und angew. Math., Bd.

84, (1878), 70–79.

[6] H. Hakopian and S. Ismaeil, On a bivariate interpolation problem, preprint, March 2001. [7] R. A. Lorentz, Multivariate Birkhoff interpolation, Lecture Notes in Mathematics, vol. 1516, Springer, 1992.

[8] I. P. Mysovskih, Interpolatory Cubature Formulae, Nauka, Moscow, 1981 (in Russian). [9] A. Stroud, Approximate calculation of multiple integrals, Prentice-Hall, Englewood Cliffs, NJ, 1971.

[10] T. Sauer and Yuan Xu, On multivariate Hermite interpolation, Adv. Comp. Math., 4 (1995), 207-259.

[11] T. Sauer and Yuan Xu, Regular points for Lagrange interpolation on the unit disk, Numer.

Algorithms, 12 (1996), 287-296.

[12] A. Zygmund, Trigonometric series, Cambridge University Press, Cambridge, 1959.