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Abstract

For a general family of weight functions, a relation between orthogonal polynomials on
the unit sphere in R¥*™ and orthogonal polynomials on the unit ball in R? is discussed
and used to show that the summability of the Fourier orthogonal series on the unit ball
follows from the summability on the unit sphere. Convergence of the Cesaro summability
is established for a number of weight functions on the sphere and on the ball.

1. Introduction

There is a close relation between orthogonal structure on the unit sphere and on the
unit ball. Let B? = {x : |x| < 1}, where |x| is the usual Euclidean norm, and let
S§4-1 = Ix : |x| = 1} be the boundary of B?. It was proved in [27] that a basis of
homogeneous orthogonal polynomials with respect to a weight function H on S¢ can
be given in terms of orthogonal polynomials with respect to two weight functions on
B? (see below). The result allows us to describe the space of orthogonal polynomials
on S% without the benefit of differential or differential-difference operators as in the
theory of classical spherical harmonics or in the theory of Dunkl’s A-harmonics associated
with reflection groups. In the present paper, we study the relation between orthogonal
polynomials on S%™~! and those on B¢ and we show how to use the relation to study
the summability of the Fourier orthogonal expansion on B?.

Throughout this paper we adopt the following multi-index notation. Let Ny be the set
of nonnegative integers. For o € N¢ and x € R?, we let x* = z{* -+ - ¢, which are the
monomials. The number |a|; = a; + -+ + aq4 is the (total) degree of x*. We denote by
114 the set of polynomials in d variables on R? and by II¢ the subset of polynomials of
total degree at most n. We also denote by PZ the space of homogeneous polynomials

of degree n on R? and we let r¢ = dim PZ. It is well-known that dim [1¢ = (”Zd) and
d _ (n+d—1
Tn = ( n )

The structure of orthogonal polynomials on the unit ball B¢ is well understood. Let W
be a nonnegative weight function with finite moments on B?. The set of polynomials of
degree n that are orthogonal to all polynomials of lower degree forms a vector space, which
we denote by V¢(W). By the Gram-Schmidt process, dim V(W) = r¢. We denote an
orthonormal basis of V(W) by {PZ}|4|,=n, Where the superscript n means that P? € II¢

and the subscript a can be ordered according to the lexicographical order. We note that
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V4(W) can have a basis whose elements are not orthogonal amongst each other. A typical
example is the classical weight function (1 — |x[>)(™~1/2 on B¢, for which Hermite and
Didon introduced bi-orthogonal polynomial bases (cf. [1] and [9, Chapt. 13]), while an
orthonormal basis can be easily constructed (cf. [11, 28]).

For orthogonal polynomials on the unit sphere S?~!, the most well-known example
is the spherical harmonics (cf. [3, 15, 20, 23]), which are the restriction of harmonic
polynomials to S¢~!. Recently, Dunkl ([5, 6, 7]) has developed an important theory of
h-harmonics for weight functions invariant under finite reflection groups (see Section 2).
The structure of orthogonal polynomials on the sphere S?~! with respect to a family of
general weight functions has been studied in [27]. For a weight function H defined on R?,
we denote by HZ(H) the space of homogeneous polynomials that are orthogonal to lower
degree polynomials with respect to Hdwg on S?~!. The weight functions considered
in [27] include those that are even in each of their variables. If H is such a weight
function, then it is proved that one orthonormal basis of #Z(H) can be derived from the
orthonormal polynomials of degree n with respect to H(x, /1 — [x|?)/4/1 — |x[? and the
orthonormal polynomials of degree n — 1 with respect to H(x, /1 — [x[2)/1 — [x|> on
the unit ball B!,

The fact that the orthogonal polynomials with respect to (1 — |x|?)(™=2/2 on B¢
and the spherical harmonics on S%™~! are related was observed, based on the explicit
formulae of the bi-orthogonal bases, already in the work of Hermite, Didon, Appell and
Kampé de Fériet, (cf. [1, Part 2] and [9, Chapt. 11 and Chapt. 12]). This connection
was used in the work of Koschmieder ([12, 13]) to study the convergence of the Fourier
orthogonal expansion with respect to (1 — |x|?)(™=2)/2 on B¢, In the Section 2 of the
present paper, we show that the relation between orthogonal polynomials on S%+m—1
and orthogonal polynomials on B? holds for a large family of weight functions and that
a basis for HIt™(H) can be given in terms of orthogonal polynomials with respect to
a family of weight functions on B?. As a consequence, we will derive relations between
reproducing kernels on B% and on S%™~! In Section 3, we show that the summability

of the Fourier orthogonal series follows from the summability on the sphere. We then
derive a number of results on Cesaro summability for several classes of weight functions
on B?.

2. Orthogonal polynomials on spheres and on balls

We denote by dw, the surface measure on the unit sphere S¢~!, the surface area of
St is w(S4Y) = [4uoy dwg = 27%/2/T(d/2). The following formula connects integrals
on S4™=1 and on B? (cf. [3, p. 216]); it plays an important role in our investigation.

LEMMA 2-1. Let d and m be positive integers. Then

m—2

/Sd+m_1 f¥)dwirm = /Bd(l - [x]*) "2 [/Sm_1 f(x,/1— |x|2n)dwm(n)]dx,

We now define our weight functions. A function f defined on a set Q € R? is called
centrally symmetric if x € Q implies that —x € Q and f(x) = f(—x). A function f on
R™ is positive homogeneous of degree o if f(tx) = t7 f(x) for ¢t > 0.

DEFINITION 2-2. The weight function H defined on R¥T™ is called admissible if

H(x) = Hy(x1)Hz(x2), x = (x1,X2) € R™*™, x; e R?, x, € R,
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where we assume that Hy is a centrally symmetric function, Ho is homogeneous of order
27 and even in each of its variables; moreover, we assume that deer_l H(x)dwgim = 1.

Examples of admissible weight functions include H(x) = cHd+m |z;|® for k; > 0,
in which H; and H, are of the same form but with fewer variables, and H(x) =
cHy(x1) [T |23 — 23 Bii where d +1<i < j<d+m and 27 = > Big

For convenience we also assume that H; and Hs are normalized so that

/ Hy(y)dwm =1 and / Hy(x)(1 = |x[>)7+m=2/20x = 1. (2-1)
gm—1 Bd

It follows from the formula in Lemma 2.1 that these normalizations are consistent with
the assumption that H has unit integral over S9! We note that the normalization
of H; depends on the homogeneous degree of Hy. We shall denote by W the weight
function

WH(x) = Hy(x)(1 — |x[>)"H(m=2)/2) x € BY. (2-2)

Moreover, when m = 1, we write W = W, We note that WX has unit integral over
B, If H, H, and H, are all equal to constants, we denote the weight function W by
W(m—1)/2, which is the case of = (m — 1)/2 of the following weight function,

T(p+(d+1)/2)
720 (u+1/2)

W (%) = wu (L= [x)*2, w, = (2-3)
normalized to have unit integral over B?. The weight function W, on B? is the classical
weight function; most work about orthogonal polynomials on the ball in the literature
deals with W, _1y2 (cf. [1] and [9, Chapt. 12]).

For a function f defined on B?, we can extend it to a function g defined on S4+m—1;
that is, we define g(y) = f(y1), where y = (y1,y2) € S y, € B? and y, € B%
The formula in Lemma 2.1 then shows that, using the normalization of H and Wi

/ 99 H () dwoasm(y / Fy)WH (y1)dys.
Sd+m71

In the following we denote by {P*(W )} a sequence of orthonormal polynomials with
respect to W on B? where the superscript n means that P? (W) are of degree n as
in Section 1. Since Hj, thus WH  is centrally symmetric, it follows that P*(WH) is a
sum of monomials of even degree if n is even and a sum of monomials of odd degree if n
is odd. For a polynomial satisfying such a property, we say that it has the same parity
as n.

Our first result shows that P?(WH) is in fact a homogeneous orthogonal polynomial
with respect to H on S¢+m—1,

THEOREM 2-3. Let H and PJ be defined as above. Then the functions
Yoy) = y"Pe(Wahiyy),  y=r(yys) eRTT r=ly|, y; € B¢

are homogeneous polynomials in 'y and they are orthonormal with respect to H(y)dwdim
on §4tm—1,

Proof. We first prove that Y* is orthogonal to polynomials of lower degree. It is suffi-
cient to prove that Y is orthogonal to g,(y) = y” for v € N? and |y|; < n— 1. We have
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from Lemma 2.1 that

/Sder,l YO? (y)g’Y (Y)H(y)dwd+m

= | Pr(W.sv1) [/S Tyl n)Hz(n)dwd(n)} W (y1)dy?.

Bd
If g, is odd with respect to at least one of its variables yqi1,...,Y4+m, then we can
conclude, using the fact that H, is even in each of its variables, that the integral inside
the square bracket is zero. Hence, Y is orthogonal to g, in this case. If g, is even in
every variable of yg41,...,Yg+m, then the function inside the square bracket will be a
polynomial in y} of degree at most n — 1, from which we conclude that Y is orthogonal
to g, by the orthogonality of P? with respect to W, on B?. Moreover, we also have

Lo YOO HW s = [ PEOVEYOPIW YW )y = 5o

which shows that {Y?} is an orthonormal set.

Finally, since P? has the same parity as n, we can write P*(W;y!) as a linear
combination of monomials of the form y’f, 8] = n—2k, 0 < k < n. Hence, upon
using the fact that y; = |y|y} for 1 < i < d, it follows that Y is a sum of the terms
caly|2kylt - - ygd, |Bl1 = n— 2k. Hence, the polynomial Y. (y) is homogeneous of degree
niny. [O

In the case that H, Hy and H, are all constants, the theorem states that the polyno-
mials P} (Wn,_1)/2) of d variables correspond to ordinary spherical harmonics of d + m
variables. This fact was known for the bi-orthogonal polynomials defined by Hermite and
Didon for the space VZ(W(mq)/z) (cf. [9, Chapt. 12]). In the case m = 1, the above
result has been proved in [27, p. 784]. In that case, the integral over S™~! degenerates
to point evaluations at 1 and —1 with weights 1/2 for each point; we no longer need to
split H as a product of H; and Hs. In fact, the result in [27] is established for the weight
function H(y) which is centrally symmetric with respect to the first d variables and is
even in its last variable (called S-symmetric there). In that case, the weight function W#
in (2.2) becomes WH (x) = H(x, /1 — [x[2)/y/1 — |x[.

The set {Y*} in Theorem 2.3 forms a basis for a subspace of H™™(H). In the case m =
1, we have shown in [27, Theorem 3.3] that the orthogonal polynomials of degree n with
respect to H(x, /1 — [x]2)/1 — |x|? provide the basis for the orthogonal complement of
{Y2} in HIHL(H). We shall extend the result in the following. First we need

LEMMA 2-4. Let Hy satisfy the condition in Definition 2.2. Then there is an orthonor-
mal basis {S;} of Hy'(Ha) such that each Sj is homogeneous, and S} is even in each of
its variables if n is even and odd in each of its variables if n is odd.

This lemma follows from the fact that a basis of H!*(H2) is given in terms of the
orthogonal polynomials with respect to the weight functions Ha(x, /1 — [x[2)/1/1 — |x|2
and Hy(x, /1 — |x|2)/1 — |x|2, where x € B™ !, and these polynomials are even in each
of their variables if n is even and odd in each of their variables if n is odd, owing to the
fact that both weight functions are even in their variables. Let us recall that V(W) is
the space of orthogonal polynomials of degree exactly n with respect to W on B?.

THEOREM 2-5. Let {S’g} be an orthonormal basis of H}'(Hz) as in Lemma 2.4, and
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let {P2—F(WH_,.)} be an orthonormal basis for VE_ | (WH ) with respect to the weight
function Wrﬂ_% on B, where 0 < k < n. Then the polynomials

Y2 e(y) =" A n PRV E L yDSEGY), vy =r(yLyh), m=1yl,

where y} € B4, y, € B™ and [Ap ]2 = [ WH(x)(1 — |x]*)*dx, are homogeneous of
degree n in'y and they form an orthonormal basis for Hi+™(H).

Proof. Since the last property of Sg in Lemma 2.4 implies that it has the same parity
as n, and Pgik(Wrng) has the same parity as n —k, the fact that Y5 x is homogeneous
of degree n in y follows as in the proof of Theorem 2.3.

We prove that Y5, is orthogonal to all polynomials of lower degree. Again, it is
sufficient to show that Y5y is orthogonal to g,(y) = y”, |[yli < n — 1. Using the
notation y = r(y},y5), we write g, as

g (y) ="y Ty b+ el = lvh <n -1

Using the fact |y5|> = 1 — |y}|*> and the basic formula in Lemma 2.1 we conclude that

/ Y2 ) D EH () dwasm = Amp [ PP EWHE G v))
Sd+m—1 Bd

X [/Sm_1 SEm gy (1, /1 = ¥4 12n) Ha (n)dw (n)

=[Apm i)™ /Bd PR R WH sy )y T (L= |y ) el =R 2w (v dy,

(1= |y} 2w H (y))dy}

| [ s Hatidentn)|

where we have used the fact that W2, (x) = [Am ]2 W2 (x)(1 — [x[*)*. We show this
integral is zero by considering the following cases: If |y2|; < k, then the integral in the
square bracket is zero because of the orthogonality of SE. If |ys[1 > k and |y|y — K is
an odd integer, then |y2|; and k have different parity. Hence, since Sg is homogeneous, a
change of variable  — —n leads to the conclusion that the integral in the square bracket
is zero. If |2]1 > k and |y2|; — k is an even integer, then y']" (1 — |y}|?)(2=F)/2 i5 3
polynomial of degree |v1|1 + |v2]1 —k < n — 1 — k; hence, the integral is zero by the
orthogonality of Q=W ).
The same consideration also shows that the polynomial Y5 ; is normalized, that is,

[ YEsa Y s OV H )t = GG

using the normalization of P2~*(W}H ) and S§.

Finally, we show that {Y'; .} forms a basis of #};**(H). By orthogonality, the el-
ements of {Y';,} are linearly independent; since dim H"(H) = rit =t e their
number is equal to

n n—1

d m—1 d m—1
§ :Tn—k(rk +rk 1 § :rn krk § :rn 1—kTk ’
k=0 k=0

which is the same as the dimension of H+9~1(H), as seen by using the combinatorial
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. " n—k+d—1\[(k+m—2 _(n+d+m =2\ 4
St =3 () () ()

k=0
(cf. [16, p. 618, Formula 36]). This completes the proof. [

For m = 1, the integral on S™ ! becomes point evaluations and H is constant; the
space Hj(H2) reduces to the space of linear polynomials for any k and a basis {S’B”}
can be taken as {1,y4+1}- In this case, the theorem reduces to the result proved in [27,
Theorem 3.3].

As an application of the above results, we can derive a relation between reproducing
kernels on the sphere and on the ball. For orthonormal polynomials on the ball, we
denote the reproducing kernel of the space V(W) with respect to a weight function W
as P, (W;-,-), which is defined by the property that

. P,(Wix,y)f(y)W(y)dy = f(x), x€ B (2-4)

for any f € V4(W). In terms of an orthonormal basis {P?(W)} of VI(W), the kernel
can be written as

2(WV;5x,y) Z PX(W;x)P2(W;y), X,y € B (2-5)
lali=n
For orthogonal polynomials on the sphere, we denote the reproducing kernel of the space
HIH(H) by P,(H;-, ). It is defined by a reproducing property similar to (2.4), and
likewise it can be written in terms of an orthonormal basis of H7+¢(H). In particular,
in terms of the orthonormal basis in Theorem 2.5, we can write

Py(H;x,y) = ZZZYﬁk Yosr(y), — xyeRH™ (2-6)

k=0 «

For ordinary spherical harmonics, that is, H(x) = 1/w(S%t™~1), the reproducing kernel
P, is the so-called zonal polynomial.
In the following, for y € S¥™~! we write y = (y1,y2). One consequence of Theorem

2.5 is the following result on the relation between the reproducing kernels on B¢ and on
Sd—i—m—l.

THEOREM 2:6. Let H be an admissible weight function defined on R"t™ and WH be
the associated weight function on B defined in (2.2). Then

P,(WH:xi,y1) = / Po(H;x,(y1, V1= |y1|*n))Hz(n)dwm (1)
Smfl

where x = (x1,X3) € S¥™m1 with x; € B, y = (y1,y2) € S 1 with y;, € B,
= |ylan € B™, and n € S™ L. In particular, when m = 1, we have

Pn(Wll—I;XDYI) = [Pn(HaX) (Y17 V 1- |Y1|2)) +Pn(HaX7 (Y1>_ V 1- |YI|2))] /2

Proof. We use the formula (2.6) of P,(H). When we integrate P,(H;x,y) with respect
to Ha(y2) over S™1, we write |y2|* = 1—|y1|* and use the fact that S% is homogeneous
and orthogonal with respect to Ha(y2)dwy, to conclude that the integral of Y5, on
Sm=1 equals to zero for all k # 0, while for k& = 0 we have 3 = 0 and Y} o(y) =
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AmoP(WH:y). Since Ay, 0 = 1 by its definition, the desired result follows from the
formula of P, (W) in (2.5). When m = 1, the integral over S™ ! degenerates to the

point evaluation at n = 1 and —1, we then use yo = yayr1 = /1 — |y1|?. O

For one important family of weight functions, those invariant under the reflection
groups studied by Dunkl recently, it is possible to give a compact formula for the kernel
P,(H;-,-). First let us recall the basics of Dunkl’s theory of h-harmonics (see [5, 6, 7]
and the references therein). Let G' be a finite reflection group on R? with positive roots
Ry = {vi...,Vp}; assume that |v;| = |v;| whenever o; is conjugate to ¢; in G, where
0; = 0y,, 1 <i < m, are reflections with respect to v;. For a nonzero vector v € R?, the
reflection oy is defined by xoy := x — 2((x, v)/|v[*)v, x € R%. Let x be a nonnegative
multiplicity function defined on R, such that k; = k; whenever o; is conjugate to o;
in G. The key ingredient of the theory is a family of commuting operators, D; (Dunkl’s
operators), associated to G and &, which are defined by

f(x0;) .
D;f(x) == 0;f(x +an va> (vj,e)), 1<i<d,
where 0; is ordinary partial derivative with respect to z; and ey, ..., e4 are the standard

unit vectors of R?. The h-harmonics are homogeneous polynomials satisfying the equation
App =0, where A, = D? + ... + D?. The h-harmonic polynomials are orthogonal with
respect to the weight function h2(y)dw; on S? !, where h, is a reflection invariant
function defined by

Ki 2 07 Y€ ]Rda (27)

normalized to have unit integral on S?~!. When & = 0, the h-harmonics are just ordinary
harmonics. The intertwining operator V' between the algebra of differential operators
and the commuting algebra of Dunkl’s operators helps us to draw a parallel between the
theory of h-harmonics and that of ordinary harmonics. The intertwining operator V is
the unique linear operator defined by

VP, C Pn, V1=1, D,V =V, 1 <3 <d.

For h-harmonics, the reproducing kernel P, (h2) enjoys a compact formula ([7, 26])

Palliiny) = " AR o D (). xy e sm L (@9

where v, = Y| k; and e is the Gegenbauer polynomial of degree n (see [22, p. 80],
where the notation Pr(f‘)
have V = id and (2.8) is just the compact formula for ordinary zonal polynomials (cf.
[15, p. 19] or [20, p. 149]).

We are interested in those weight functions h2 that are even in their variables, so that
they satisfy the condition for H, in Definition 2.2. Examples of such weight functions

include

is used). If k = 0, h-harmonics become ordinary harmonics, we

hi  (¥) = Crplyn P -+ lya*™ |ya41[*, ®: >0, p>0, yeR™, (2-9)



8 Yuan XU

where C? , = T(|k[1 +d/2)/(20(k1 +1/2) - - -T'(ka + 1/2)T'( + 1/2)), which is invariant
under the group Zs X ... X Zo, as well as

d
2(¥) = b [[lwal™ TI  lvi —ui P, (210)
i=1 1<i<j<d

which is invariant under the octahedral group. The reason we choose the parameters of
hi,u as they are will become clear in Corollary 2.7 below, so is the reason that h, , is
defined on R*! instead of R?. The explicit formula of the intertwining operator V is not
known for the weight function in (2.10). For the weight function (2.9), however, such a
formula is given by [7, 25],

d+1
Vi) :/[ e Fltiwn, . tapazae) [ en (U +:)(1— )% dt, (2-11)
1.1]d+1

i=1

where ¢y = 1/ fil(l —t2)*~1dt for A > 0 and we let k4.1 = p. This compact formula
allows us to state the following identity:

COROLLARY 2-7. For the weight function Wy ,(x) = Cy, [0y |2i]" (1 — |x|2)#1/2,

where k; > 0 and p > 0, defined on B?, there is a compact formula

n+lklL +p+ (d—1)/2 |
Pn(Wn,M;X;Y) | |1 a / / /[ 11]d |1+”+ 2 )(t 1’1y1+

|kli +p+(d—1)/2

+tazayq + sv/1 — [x]2/1 — |y [?)es H Cri (L4 1) (1 — 12)%1dt(1 — s%) Lds.
i=1
Let m =1 and H(y) = h , in Theorem 2.6; then WX in Theorem 2.6 becomes Wy ..
Hence, the above formula follows from (2.8), (2.11) and Theorem 2.6. Recall that P, is a
multiple sums by its definition in (2.5), we see that the compact formula in the Corollary
2.7 is rather remarkable.
If some k; = 0, then the above formula holds under the limit relation

lim CA/ FO(L = 2PNt = [F(1) + f(=1)]/2. (2-12)

A—0

In particular, if we define W, = Wy ,,, which agrees with the definition at (2.3), then we
obtain the compact formula of P, (W,,),

nt o+ (d—1)/2
+(d-1)/2

1 —1
< [T (e 4 e T REVISP) (- ) (213)
-1

by using (2.12) d times. This formula is derived for the first time in [28], in which the
formula (2.5) is summed up over an explicit basis of orthonormal polynomials using the
product formula of the Gegenbauer polynomials. For y = (m — 1)/2 and m being an
integer, we can also derive this formula as follows. Let us set H, H; and H, as constants
in Theorem 2.5. Then by the definition of Y o5, and the reproducing kernels, as well as
(2.2), we have

Pr(Wusx,y) = ¢y

Pn(Ha X:Y) = ZAgn,kPnfk(WkH—(m—l)/%Xl)Y1)|X2|k|y2|kpk(H2;X,27yl2)>
k=0
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where x = (x1,%2) € ST Ly = (y1,y2) € ST ! and |x}| = |y4| = 1. Since Hs is
a constant, it follows that P,(H) and Py(Hs) are ordinary zonal harmonics on S2+m~1
and on S™~ !, respectively. They can be written in terms of the Gegenbauer polynomial
as in (2.8) with V' =id (see [15, 20]). Hence, we conclude that

(d+m—2)/2

- ok (m=2)/2 (m—
o N R Tt R R D)
k=0

If we set (xh,y5) = t, then by the fact that |x1]? + |x2|?> = 1, we can write (x,y) =
(x1,y1) + /1 — [x1[24/1 — |y1]? t. If we then integrate the above identity with respect to
(1 —2)(m=3)/2dt on [—1,1], we see that the formula (2.13) with g = (m — 1)/2 follows
from the orthogonality of the Gegenbauer polynomial C,E(m_2)/ 2) (t) on [—1,1].

3. Summability of Fourier orthogonal series

The results on the reproducing kernels provide us a way to study summability of the
Fourier orthogonal series. Let W be a weight function defined on B?. We denote by
LY, (B?) [resp. C(B%)] for 1 < p < oo [resp. p = o0] the space of Lebesgue measurable
functions f defined on B? for which the norm [, |f(x)[PW (x)dx [resp. supyepa | f(x)]]
is finite. With respect to a family of orthonormal polynomials { P?} with respect to W,
where P? € 11 as before, the Fourier orthogonal expansion of f € L}, (B?) is given by

eSS kP, where  al(f) = / PI)fOW (x)dx.  (31)

n=0 |a‘1:n

We denote the partial sum of such an expansion with respect to the subspace V(W) by
P,.(f,W), which is given in terms of the reproducing kernel as

Po(f,Wix)= Y ai(f)Pi(x) = o fPR(Wsx,y)W (y)dy. (3-2)

lali=n

We note that the usual n-th partial sum of the expansion is defined by
K, (f,W;x) = > Pi(f, W;x).
k=0

We remark that these sums are independent of the particular choice of orthogonal bases.
In fact, we can define P,,(f, W) as the orthogonal projection of f onto the space VI (W),
which is independent of the bases of V4(W) (see, for example, [24]).

The spaces L% (S%771), 1 < p < oo of functions defined on S?! with respect to
the weight function H are defined similarly. For an admissible weight function H on
Sdtm=1 and f € L% (S4* ™ 1), we can consider the Fourier expansion of f in terms of
an orthonormal basis, say Y5 , and the partial sum of such an expansion with respect
to HI+t™(H) is given by

Pl = [ )P ) )iy, (33)

Again, this kernel is independent of the choice of the particular bases. The relation
between the reproducing kernel with respect to H on S¢+™~! and the kernel with respect
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to WH on B in Theorem 2.6 also yields a connection between the summability of Fourier
orthogonal series, which we explore below.

The partial sums P, (f, H) or P,(f, W) do not converge to the function f that is
only continuous. We turn to summability methods in the form of

On(f,H) = cxnPe(f H) or u(f, W) =" cenPi(f, W),
k=0 k=0

where ¢y, are real numbers, often positive, and > ;_, cxn = 1. If ¢,,(f, H) converges
to f in L% (S9*™=1) norm, then we say that the Fourier expansion with respect to H
is ¢ summable to f in L} (S?¥™~1). Similar definition is given to P, (f, W) and the
expansion with respect to W . A typical example is the Cesaro (C, §) summability, which
we now describe (cf. [29, Chapt. 3]). For § > 0, the Cesaro (C, §) means, 5%, of a sequence
{sn} are defined by

I ~(n—-k+d-1 N
el e (e e
where the second equality holds if s, is the n-th partial sum of the series EE‘;O c,. We
say that {s,} is Cesaro (C,d) summable to s if s} converges to s as n — oo.

In the following, whenever the L? norm is used for 1 < p < oo, the norm ||p||e is
understood as uniform norm, since for p = oo we are working with the space of continuous
functions.

THEOREM 3:1. Let H be an admissible weight function and W be defined as in
(2.2). If the means ¢n(-,H) = > p_ocknPi(-, H) define a uniformly bounded opera-
tor on LB (S4T™m~1) [resp. C(STH™~1)] for 1 < p < oo [resp. p = o], then the means
@, (- WHY =30 crnPr(, W) define a uniformly bounded operator on Lgv,f{ (BY).
More precisely, if

- 1/p
(/sd+m—1 |kZOCk,nPk(F,H,x)|pH(X)dw) < C(/S

for F € LB (S4™=1) [resp. C(S? +m — 1)] with 1 < p < 0o [resp. p = 0o], where C is
a constant independent of F and n, then

PP H )

d+m—1

1/p

([ | wpatr it opwiioon) " <c( [ 1eapii)

for f € L? ., (B%) [resp. C(B?)] with 1 < p < oo [resp. p = oo]. In particular, if
w,

¢n(F,H) converges to F in the L5 (ST™=1) [resp. C(S*™=1)] norm for 1 < p < o0

[resp. p = o], then the means ®,,(f, W) converges to f in the Lﬁ,g (B%) norm.

Proof. For f € LY, (B?), we define a function F' on S~ by F(x) = f(x;), where
X = (X1,Xp) € S9! x; € B, By Lemma 2.1, it follows that
[ IFPHG = [ 170P Wi xdx
Gd+m—1 Bd

hence, F € L% (S%™m~1). Using Theorem 2.6 and the notation x = (x1,X2), y =
(y1,y2) € ST™=1 and ys = |yaln, n € S™71, we see that the partial sums P, (F, H)
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and P, (f, WH) are related as follows,

P (f, W,ilx1) :/Bd P (Wix1,y1) f(y )W (y1)dy
= [ 1 P v VTP o ()] £ W2 ()
Bd S”VYL71

= /SHWI Po(H;x),y)F(y)H (y)dy
= P,(F, H;x),

where we have used Lemma 2.1.It then follows from Lemma 2.1 that

/Bd |]§)0k,npk(f; WH ) [[WH (x,)dx, = /Sder_l |ch,nPk(fa H,x1)|"H(x)dwism

k=0

n
= /d | chm,P]g(F, H: X)|pH(X)dUJd+m.
Sd+m—1 k=0

Hence, the boundedness of the last integral can be used to conclude that
n
[ cunPulrs Wi )P Wi s <00 [ RGP H G
Bd =g Sd4+m—1

=C? x)|PWH (x).
—ov [ Ieapwe

This completes the proof for 1 < p < oo. In the case p = oo, the norm becomes
the uniform norm and the result follows readily from the fact that P,(f, Wi;x;) =
P,(F,H;x). O

This theorem shows that in order to study the summability of the Fourier orthogonal
expansion on the unit ball, we need only to study the summability on the unit sphere.
We will look at the application of this theorem for various specified weight functions.
First we state the following Lemma that follows from the proof of the theorem.

LEMMA 3-2. Let H be an admissible weight function and W1 be defined as in (2.2).
Let f be defined on BY and F(x) = f(x1), where x = (x1,%3) € S™™~1 x, € BY. Then

P, (f,Wl:x1) = P,(F, H;x).

To state our results on orthogonal series on the ball, we first state a result on the
summability of the Fourier orthogonal series with respect to a reflection invariant weight
function on the sphere. Let us recall that if G is a reflection group and « is an associated
multiplicity function, then h-harmonics are orthogonal with respect to h2(x)dw on S?~1,
where h,; is defined in (2.7).

THEOREM 3-3. Let h, be the reflection invariant weight function (2.7) on R? asso-
ciated to a reflection group G and a multiplicity function k. Let f € L}, (S9=1) [resp.

C(8% 1] for 1 < p < ¢ [resp. p = 0o]. Then the expansion of f as the Fourier series
with respect to h2 is (C,d) summable in L22(Sd_1) [resp. C(ST~1)] with 1 < p < o0
k
[resp. p = 0o, provided § > v, + (d — 2)/2.
Proof. The case p = oo is proved in [26] under the condition that the intertwining
operator V is positive, which was conjectured by Dunkl and proved since then by Rosler
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in [17]. The Cesaro (C,8) means of the Fourier orthogonal series with respect to h2 are
given by

A = [ SRRy (),
where the kernel K2 (h?2) is the (C,d) means of the kernel P, (h2) in (2.8). The proof in

[26] works by showing that the uniform norm of s (f, h2) is bounded, which is the same
as showing that

56k e = sup [ KR I () < oc
x€S§d-1Jgd-1

Since 9 (f,h?) is a linear operator, we can show that ||s? (-, h2)|l1 = [|s2(-, h2)||0, Where

| - || stands for the L,lzi norm. First we recall that if f is continuous, then s%(f,h2)

converges uniformly to f on S?! for ¢ = 2|k|; +d — 1 and s%,(-, h2) defines a positive

operator ([26, p. 2972]). Now, it is straightforward to see that

/ |0, (f, iz ¥) |1 (y)dw < IISfL(',hi)Iloo/ |f ()1 (y)dw (3-5)

gd—1 gd—1
for every f € L; .. We show that the equality is obtained by setting f(x) = K§ (h2;x*,x),

where x* € S?~! is a point for which the supremum in the definition of ||s% (-, h2)||s is
attained, and letting N — oo. Indeed, for such an f, using the fact that

sn(BR (b, ), i) = | KR (b, y) Ky (i e, y i () oo
=5 (K (hig; %, ), hig ),

we see that the left hand side of (3.5) with f = K2(h2;x*,-) becomes ||s% (-, h2)||s as
N — 00, so is the right hand side since K (hZ;x*,x) is nonnegative and its integral is 1.
Hence, |55 (-, h2)[]1 = [|52 (-, h2)||co- Consequently, we have that ||s% (-, h2)||; is bounded
if § > |k|1 + (d—2)/2. The case 1 < p < oo follows from the standard Riesz interpolation
theorem. [

From the last two theorems, we can derive a number of corollaries for orthogonal
expansion on the ball.

COROLLARY 3-4. Let h2 be as in (2.10), invariant under the octahedral group, and
let W (x) = h2(x)(1 — |x|?)#=1/2. Let f € L%, (B?) [resp. C(B%)] for 1 < p < oo [resp.
p = oo]. Then the expansion of f as the Fourier orthogonal series with respect to W
is (C,6) summable in L%, (BY) [resp. C(BY)] for 1 < p < oo [resp. p = o], provided
6> dro + (3)k1 + 7+ (d—1)/2.

Proof. In Theorem 3.1 we take the special case that m = 2, H; = h% and Hz(x) =
clzar1]®*, x = (z1,...,2441). Then the weight function is invariant under a reducible

reflection group Gy X Zs, where (G is the octahedral group. Hence, the desired result
follows from Theorem 3.1 and Theorem 3.3. [

It is remarkable that we can state such a theorem on the Fourier orthogonal expansion,
since little is known on the orthogonal polynomials with respect to the weight function W
in the corollary; in particular, no closed formulae are known for orthogonal polynomials.
We may also state a corollary for the weight function W = W defined in (2.2), with
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H being the weight function h? defined in (2.10). In this case, m = 1 and we do not need
to factor H into H; Hs. For d = 2, the corresponding weight function W# takes the form

WH(x) = |z122]"0|1 — 22; — 25]" |1 — 21 — 225" /y/1 — 27 — 23.

Again, there is little knowledge about orthogonal polynomials associated with this weight
function. From Theorem 2.5, we see that the lack of information on orthogonal polyno-
mials on B? can be viewed as a consequence of lack of information on the h-harmonics
associated to h2. Although there have been many recent studies on h-harmonics or or-
thogonal polynomials associated with reflection invariant weight functions, closed formu-
lae for orthonormal bases are not known for weight functions other than those in (2.9).
For the weight function in (2.9), an orthonormal basis can be given in terms of the Jacobi
polynomials (see [8, 25]) and the intertwining operator is given by (2.11). The explicit
formula allows us to prove:

THEOREM 3-5. Let W u(x) = Cp [1iy 2?5 (1 — [x[)*~V2. Let f € L}, (BY)
[resp. C(B®)] for 1 < p < oo [resp. p = oco]. Then the expansion of f as the Fourier
orthogonal series with respect to W, is (C,0) summable in LY, H(Bd) [resp. C(B%)]
for 1 < p < oo [resp. p = o00], provided 6 > Y, k; +p+ (d — 1)/2.'M0reover, if at least
one k; =0, then the expansion is not (C,d) summable in L%,K‘M (BY) forp=1o0rp=o0

provided 0 <y . Kk +p+ (d—1)/2.

Proof. Tn Theorem 3.1 we take m = 1, H(x) = ¢ [0, |:|*" |zar1|*, where kgi1 = p.
Then the corresponding weight function W} in (2.2) becomes W, ,,. The weight function
H is invariant under the reflection group Zs X --- X Zso; hence, the sufficient direction
follows from Theorem 3.3.

We now prove that the order of the index is also necessary for p = oo and p = 1,
provided that at least one component of k is zero. Let us assume that k3 = 0. We
denote w*(t) = ¢(1 — t2)*~'/2, X\ > —1/2, normalized to have integral 1 on [~1,1]; the
orthogonal polynomials associated with w* are Gegenbauer polynomials CT(LA). In the
formula of Corollary 2.7, we take y = e; = (1,0,...,0). Since x; = 0, the formula holds
under the limit (2.12), we conclude that

n+ |kl +p+(d—1)/2 -
P,(Wy . X, = CUrli+pt(d-1)/2)
( oy X el) |I€|1+/L+(d—1)/2 n (1‘1)
=C sl trt(d=1)/2) (1) CUshtatd=1)/2) (5 )

S~

where C',(LA) denotes the orthonormal polynomials with respect to w?*, the second equal
sign follows from [22, p. 80]. We denote by K (w*) the (C, §) means of the Fourier orthog-
onal expansion in Gegenbauer polynomials 0'79). Then, it follows that KfL(W,WL;x,el),
which is the (C,d) means of P!, . X, €1), is given by the formula

K’ (Wi X,€1) = Kfl(w"ilﬁ’”(d*l)/z; 1,z7).

n

Hence, upon integrating over B? and using the easily verified formula

1
[ otade= [ g 1- et vay(a - ) 2,
B —1JB2-1
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a straightforward computation shows that
[ KW x0TV, (0

_, /1 |Kg(w\n|1+p+(d—1)/2; 1, C61)|,w\f¢|1-i-pH-(d—1)/2(wl)dwl
-1
where ¢ is a constant independent of n, its value can be determined by setting n = 0.
Therefore, the (C, 0) summability of the orthogonal expansion with respect to W, ,, at the
point e; is equivalent to the (C,d) summability of the Fourier expansion in Gegenbauer
polynomials of index |k|; +p+ (d—1)/2 at the point = 1. As a consequence, the desired
result follows from [22, p. 246, Theorem 9.1.3]. This completes the proof of p = co. The
proof of the case p = 1 follows as in the proof of Theorem 3.3. [

For k = 0, the above theorem was proved in [28] with a direct but rather involved
proof. The relation between the (C, §) means of the orthogonal expansion on B? and the
(C,6) means of expansion in the Gegenbauer polynomials goes much deeper than what
has appeared in the above proof. In fact, the formulae (2.8) implies that

K (hZ;x,y) = VK] (wsh He =212 (x y)](y),

which also implies analogous formulae for orthogonal expansions in terms of the weight
functions given in Corollary 3.4 and Theorem 3.5. This connection is used to prove the
uniform convergence in Theorem 3.3 in [26]. It also allows us to show that (C,d) means
of the orthogonal expansion define a positive operator for a appropriate §. For example,
we have

THEOREM 3-6. The (C,d) means of the Fourier orthogonal series with respect to W,
on B define a positive linear operator, provided § > 2|k|, + 2u + d.

Proof. This follows easily from (3.6) and an inequality due to Kogbetliantz (cf, [2, p.
71]), which states that K2 1 (w*;1,¢) > 0. O

We can also state a similar theorem for the weight function W in Corollary 3.4. The
inequality for the Gegenbauer series is a special case of the Askey-Gasper inequality [2,
10]. The latter inequality also leads to other positive summation method for orthogonal
series on the sphere or on the ball. We refer to [28] for some examples.

For kK = 0 and p being a half integer, the conclusion of the above two theorems
can also be derived from an observation by Kogbetliantz in [12, 13], which states that
the summability of orthogonal series with respect to W, (x) = w, (1 — |x|?)*~1/2, u =
(m — 1)/2, on B? is related to the classical spherical harmonics on S4+™~1. Such a
relation is given precisely in Lemma 3.2, upon taking H, H; and H» as constant weight
functions (see (2.3) and the discussion there). In this case, Theorem 3.5 states that (C,J)
means of the Fourier orthogonal series with respect to W(,,_1)/» converges uniformly if
and only if § > (d + m — 2)/2, which is the same as the critical index of the Fourier
expansion in the spherical harmonics on S*tm—1,

For 1 < p < oo, the condition on the summability index in Theorem 3.5 is not sharp
even when one k; is zero, since the partial sums of the Fourier orthogonal series (§ = 0)
converges in L%,VW(Bd). There are many results in the literature for summability under
the critical index for multiple Fourier series (cf. [19, 20] and the references therein) as
well as for series in spherical harmonics (cf. [4, 14, 18, 21] and the references therein).
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The relation between orthogonal polynomials with respect to Wy, _1)/2 on B? and the
spherical harmonics allows us to state results on the Fourier orthogonal series with respect
to W(;n—1)/2- For example, using the result in [18], we have

THEOREM 3-7. Let m be a positive integer such that d +m — 1 > 3. Suppose that p
and § satisfy the inequality

11/2—1/p| > 1/(d+m), & >36,:=max{(d+m —1)[1/p—1/2]—1/2,0}. (36

Then, for f € L’;V(m (B?), there is a constant Ay s such that

—1)/2

1/p 1/p

([ 150 Wm0 Wi 20dx) " < ([ 17602 Wiy a()i)

In particular, the Cesdro (C,d) means of the Fourier orthogonal series converges in

€V(m_1)/2(3d) provided § > dp.

Proof. Let x = (x1,%s) € S¥™~! with x; € B¢, and let F(x) = f(x;) be as in the
statement of Lemma 3.2. We denote by S2(F) the (C,§) means of the Fourier series of F
in spherical harmonics on S+~ From Lemma 3.2 we have that s5(f, Wn,—1)/2;%1) =
S¢(F;x). Using Lemma 2.1, we have

/ |80 (f, Wim—1) /23 X0) [P Wim—1) /2 (x1)dx1 2/ 1S3 (F5 %) |Pdwi-sm-
Bd

Gd+m—1

We then apply Theorem 3.2 in [18] to bound the right hand side of the above equation
by a constant multiple of the integral of |F'|P, which can be written as the integral of | f|P
over B¢ with another use of Lemma 2.1. This gives the desired inequality. The condition
(3.6) comes from applying Theorem 3.2 in [18] for S¥+m~1. ]

In the above theorem we assume that d +m — 1 > 3, since we apply the result in [18]
for S4=1 with d > 3. In the case d = 2, Theorem 3.1 in [18] gives an even stronger result.
To apply the result in our case, we need to take d + m — 1 = 2, which yields m = 1 and
d = 2. Hence, for the weight function Wy(x) = wo(1 — |x|>)~'/2 on B?, we can state a
stronger result using Theorem 3.1 in [18].

One particular interesting case is perhaps the Lebesgue measure on B?, which corre-
sponds to m = 2 in Theorem 3.7. We state this case as a corollary.

COROLLARY 3-8. Let p satisfies |1/2—1/p| > 1/(d+2), d > 2. Then, the Cesdro (C,0)
means of the Fourier orthogonal series with respect to the Lebesgue measure converges in
LP(BY) provided § > max{(d+ 1)|1/p—1/2| —1/2,0}.

Likewise, many other results on the Fourier series in spherical harmonics can be ex-
tended to the Fourier orthogonal series with respect to W(,,_1)/2. For example, various
multiplier theorems (cf. [4, 14, 21]). We will not state these results for W,,_1)/, on B,
since such extensions will mostly be straightforward; for example, the multiplier theorems
will follow as a consequence of Theorem 3.1.

A far more interesting question is to extend these results to W,,, u # (m —1)/2. More
generally, we can ask the question of how to extend these and other results to other weight
functions, such as Wy, ;, in Theorem 3.5 or W in Corollary 3.4. In view of Theorem 3.1, we
may work with the Fourier orthogonal series on the unit sphere. Although the compact
formula for the reproducing kernel of the h-harmonics is given in (2.8), we may need an
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explicit formula for the intertwining operator V' to proceed further. At the moment, the
formula of V' is known in the case of the product weight function (2.9). We note, however,
that even in the case of the weight function (2.9), the extensions such as Theorem 3.7
and the multiplier theorems will not be trivial. The results on expansions in spherical
harmonics are often proved using the method developed for classical Fourier analysis in
the Euclidean space, in which the fact that both S?~! and R? are homogeneous space
under the orthogonal group plays an important role. For the weight function (2.9), the
underlying group is no longer the orthogonal group, but a subgroup Zs x ... X Z, which
no longer acts transitively on S¢=!.
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