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. ’

Sliding Motion of Giaciers:
Theory and Observation

Barciay Kams

Division of Geological Scienc
. . . . es
California Institute of Technology, Pasadena, California 91109

Abstract. idi ; I
half the flow v'f:]l:)‘:‘iihd:;&t motion of gla?ler ice over bedrock, which contributes about
raphy of low rough z’(‘ Femh‘orate glaciers, is analyzed for arbitrary bedrock topo
spectral function ¢(k, ;s) d:&::;“:‘:“tlg:gg (::l:fl’lgmphy is represented by a rough;r)ne:
From an e : L e mean square topographi i
in approsimate st e iution of the siding problem for e o ot
that tho seeond i tlor. the ftctual nonlinear rheology is built on the nssumptsn.
contact. The tmnsmou—m e 1{xvarmnt depends only on distance from the ice-bedrock
the linear theory, is r V‘l’avcdel-]gth Y between regelation and plastic flow, constant in
dependent P&rﬂm;ter :P tﬂ:e in the n'on‘lmear theory by a velocity- an;l roughness-
special types of ¢(h I:) ' i?i)pl:visit: ilomu::}l:; role(.lD(letailed results are given for three
roughness b f ess (| {| constant}; (2) trunc i
wa vgelength('! {1 |n§01(1:t)a1;: for all wavelengths above a certain lower limit); (;;ﬂ: :;11}1l ‘i:
field observ;ti(ms g (;:!ss-con:ugated_ s.musoxdal waves. The results are tested agaitglst
ical parameters thes :hmg. Given sliding velocity v, basal shear stress 7, and theolog-
¢(h, k). When compared wif predicts roughness values ¢ for the different types of
dicted values for wl?'(t ed with ¢ values inferred from observed bedrock outcrops, pre
trumonted at 355 m cxt : rm;]ghness are somewhat too small, whereas for white rougyh:es;
range from 3 t;) 112 cnlf’ ht ?,y are of the expected size (f ~ 0.05). Predicted A valuyes
and Tow (<8 m oo ,3011;0 v (>20 m yr'.’) generally gives A\, in the range 1040 cm
mm) agrees with obser tT (.;)n. e predicted thickness of the regelation layer (l-l(;
small. Extonsive sormn \t/a ton, but _the predicted A. values appear to be some‘what too
“in sliding, is predicpt (;1 ion of the ice sole from bedrock, due to tensile stresses set u
dicted, uh’less meltwaeterm x:efalls, whereas for valley glaciers little separation is Pl'er-’
ness has access to the bu(;l ;‘:" o head of pressure comparable to half the glacier thick-
sliding velocities, provideed .tha’;tilx::l::us;:):;:: l:x::e:tsn? Ot'niedEd o ount for typical
of i Ty ) ; m is truncated.
o e vk b, ki, Y e o o oo e
than for the full white g;ee(:;ﬁ: -dir‘:fanencf of v on 7 is much more highly nonlinear
velc:»cit,y to changes in glacier thicl;neﬁ o;xzz:::c: s]l's::;tlvely high sensitivity of sliding

1. INTRODUCTION

" About half the observed motion of temperate jers i
ou - glaciers is ordinari

:)lyivd?nzllg:nsgﬁof [tg]: ice mass as a wholfa over the bedrock beneath iltnacl;;]);dc:)uase(}

sliding or s} p] _ aw"g, 1954]. .Bfasal sliding is probably responsible ,for the ti "
variation of g aclert' ow velocities over the year, for fluctuations in total l::n?e-
o o l?rear 0 year,'and also for the greatly increased motions th tg eur
surges [Meier and Post, 1969). For all these reasons. a q?x otc' :Ul‘

, antita-
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674 BARCLAY KAMB

tive understanding of the basal sliding phenomem_m is essential :o ar;l)ir cgzsvl:etg
theory of glacier flow, and to any detailed discussion of the relai 1(1)'1:;;, p petmeen
glacier fluctuations and climatic change [Nye, 1963].. The basaesc:a r:'a %nptect,onic
non is also of interest in the wider context of tectonics, becaus. i
:vents such as the implacement of nappes or t.hrust sheetg, lngdv:ubstratum_
elocit,y discontinuity between a moving, glaclex.'-hk-e mass and a fix ey
§ The physical requirements for basal sliding in gla(.:xe.rs wered pgeicd
W ertmarI: {1957}, who formulated a theory of glacier sliding basde cirommc]es
m:del of the glacier bed, consisting of CUbi([:a:)(;:‘] r;ct:ni\;l;r", el:iet;lzcactual eles
isi . Kamb and LaChapelle [1 rst observe
?lsmgrf::::; ?npz::; 8 :vay as to compare it with theoretlc;lﬂ {deas.dtl‘hezs efgugg
b itati he sliding mechanism discu .
ic qualitative features of the } 4
tll;’at;r::;nbﬁssm?could be confirmed, but that the th_eory dfd nolt co;xit})l!;m g:sael:lt
t'te tively to observation (this point is reconsidered. in section 7ho mg) osens
;:a;c:r) %t seemed possible that the quantitative failure of the t ';?:t},'ion %o i
. ' d is a poor approxi
fact that the bedrock model use . :
du: :(l’ :ll\l:peaof glaciated bedrock surfaces obser}/ed. in nature, anci) s:lsr;;tt;g:s
:l(: umodel has features that make an exact analysis difficult. These 123 S
mgtivated the theoretical development presented here, some resu
Kamb and LaChapelle [1964]. . )
wemA?:}?;sdhb}t'he l:)resentation given is self-contained, th?re are s:bstzx:jt::}
relationshipgs both with Weertman’s original treatment and with other theor
developments published subsequently:

1. The recently published treatment of Nye [1969] dis :gmi]a; t:; Z(:;t;:ll;,s
. F:Y .
i i ach, and, where results can be.compare » they :
ggstil:n: a;i; !::zxr)lrt(;in z,zn essentially exact analysis of the sliding ori‘ }a\a. lu;z:?;
visccous body over general bedrock topography of .low roughne}zlss.b0 t;epexcl“-
mpact treatment emphasizes the Fourier—analytxca'l approach, the exow-
:;)onpof other points of view considered by Nyg, and it is })ullt :.rom; A fzature
cept of the roughness spectral function {(k, k) introduced in section 4,
absent from Nye’s development.

2. The approximate theory of sliding for a nonlinearly viscous material, .

i i tions 5-9 as a start-
i i 10-13 from the linear theory in secti : .
flevelor;(: n;s B:fl?i(x)':?y new, but it bears some relationships with plrl?;:ou:ly
;:::gbli};;ed’treatments. Both the theories of Weertman [195t7, 1964] aéndthe; 3@;&1
i f ice into account;

68] take the nonlincar rheology of .
E1959’t11;265;‘ei2nt]treatment in being more intuitively constructed anclbn:i nol:
r:?lm' t;:) an essentially exact treatment for linear rhe})logy. The i roc
mo:llgxlxgsed in Weertman’s theory is quite unlike actual glacmfgad ;).edr:lck olp::(;

f the theory cannot be directly rela
hence the roughness parameters o 6 by i
::p:;:uaf field examples. In Lliboutry’s theory, a more realistic be.drock ;,ot);:il
raphy, consisting of sinusoidal waves, is considered, but the .Founexl',-an;lyd o
m:th}:;d is not introduced, and arbitrary bedrock toplogratl)):x).' 1sd r{ot thz;:xe :M.ner
i ts obtained mn
i ifferences mentioned, many of the resu '
:.pxiett;i:t};eh(::v: a general similarity to the results of the present approach in
re
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sections 10-13. In particular, the type of nonlinearity in the dependence of basal
shear stress on sliding velocity turns out to be the same in Weertman's theory
and in the present theory, if comparable assumptions as to the roughness spec-
trum are made. (Lliboutry’s theories give a quite different dependence.) The
numerical factors appearing in the results of the different theories are, however,
different, and the dependence on roughness is different in detail. None of the
previous theories consider the detailed differences in results to be expected for
different types of roughness spectra, and none consider the particular significance
of what is here termed the truncated white roughness spectrum.
3. In sections 14-19, the theoretical results of sections 10~13 are applied to

a group of well-studied field examples of glacier sliding, so as to test the theory
quantitatively. Many of the subjects considered have been discussed from vari-
ous points of view in the papers cited above; the present discussion is more
systematic and comprehensive, and more closely tied to a variety of pertinent
field observations. The size of the transition wavelength and thickness of the
regelation layer (sections 17 and 18) are considered by Nye [1969, 1970] on the
basis of the linear theory, and the results are generally similar though less de-

tailed. The separation of ice from bedrock (section 19) is a feature of the sliding

process strongly emphasized by Lliboutry [1959, 1965, 1968], and discussed

also, with considerable difference of opinion, by Weertman [1964, 1967]. The

approach in section 19 is intermediate between the points of view advocated
by Weertman and Lliboutry.

The nonlinear sliding theory in sections 10-13 is an approximation devel-
oped by using the linear theory in sections 5-9 as a guide to important features
of the nonlinear problem; it carries the nonlinear theory to about as good a
degree of approximation as can be reached in a simple way, while retaining the
basie advantages and attractiveness of a development based on Fourier analysis
of the bedrock topography. Although further refinements are possible, the results
even at this stage of approximation are sufficiently complex that one wishes to
know whether they provide a reasonable quantitative description of the sliding
process in nature. The tests in sections 14-21 indicate that in a general way they
do. The limitations on agreement between theory and observation are probably
as much a reflection of the insufficiency of pertinent and adequately detailed field
observations and measurements as they are of inadequacies in the theory. 1

hope that the discussion given will serve as a spur to acquisition of the needed
measurements and observations on glaciers.

2. SYNOPSIS OF SYMBOLS

Area of arbitrary part of bedrock topography for which the relation
between v and r is calculated (equation 3).
A’ = Lle.

Ambplitude of single topographie sinusoidal wave, or of cross-corrugated
sinusoid (93), (98).

Amplitude function in Fourier integral representation of bedrock
topography (3).

a.. Coefficients in Fourier-series representation of bedrock surface (1).

a(h, k)
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ar Amplitude of sliding adjustment to bed topography by plastic flow,
s for Fourier component A, k (34), (38).
ar Amplitude of sliding adjustment to bed topography by regelation, for
Fourier component h, k (34), (37). '
B(h, k) Amplitude function in Fourier integral representation of temperature
distribution (10).
C Constant in flow solution for velocity field for a single Fourier com-
ponent (24).
C(h, k) Same as C, with wavelength dependence indicated (27).
C, Coefficient in melting-point lowering of ice under pressure (18).
dx Estimate of mean thickness of the regelation layer (112)—(115).
é;; Strain-rate tensor components (23).
{ ‘Channel-shape factor’ for calculating r 7).
¢ Gravitational acceleration.
¢(s) TFunction giving dependence of 7 contribution on wavelength (108).
G(t; n) Function containing effect of nonconstant £() on 7 for white rough-
ness (77), Figure 4.
H Latent heat of ice per unit volume (8).
h, k Wave-vector components of the sinusoidal waves in the Fourier
integral representation of the glacier bed (3).
hy Thickness of glacier ice, measured vertically 97), (119).
hw Height of water level above bed, measured vertically (120).
K,, K. Thermal conductivity of ice, bedrock 9).
I = (B + k)Y? = 2x/\. Wave-vector amplitude (or wave number) (5).
l, Transition wave number for linear theory (36).
I, Wave-number limit for truncated white roughness spectrum (80).
I, Effective transition wave number in nonlinear theory (69), (80), (91).
Also, wave-number parameter for nondimensionalizing (65).
£(l) Wavelength-dependent quantity corresponding to l,, for nonlinear
flow (62).
L., Ly Dimensions of a rectangular part of the bedrock topographie sur-
face (1).
M(t;n) Function containing effect of nonconstant £ on 7 for truncated white
roughness (89), Figure 5.
N Constant in nonlinear viscosity formula (58).
n  Exponent in nonlinear dependence of strain rate on stress (59).
p(z, y, 2) Mean pressure in flowing fluid (19).
Pu(z, y) Pressure in water film at ice-rock interface, minus the constant
pressure o; normal pressure (minus ¢) at base of ice (18), (30).
(P,*) Mean square of the pressure fluctuations at base of ice, averaged over
area A (116).
Py Pressure of water in passageways having access to the bed (120).
_g(z, y) Heat flux arriving at the ice-bedrock interface (8).
Q(h, k) TFourier transform of ¢(z, ») (12).
R Numerical correction factor for relation between velocity and stress at
base of ice (60). .

g::
R
-
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s ‘Smoothness ratio’ in theor i
g. Ex, ¥, 2) Temperature distribution ir): i(;i Zegtzl;l’zl%)%‘i’ 1908 sestion 17.
2 ;,( i/, ;; g:::perature distribution in bedrock (z < 0). (11
A \ . - ~ )
(17).perature at the ice-bedrock Interface; approximated by 7, (z, y, 0)
u  Flow velocity vector (19).
U Uy, u, Components of u (22).
v gﬁ$ng velocity (32), Figure 1. -
ve Sl ing veloc?ty if only plastic flow operat
” zsi ; ls\IhdJ;F velqclty 'if only regelation opg":ate;(}s()z.l).
, ondimensionalized reciprocal viseosity function fi rhi
rouEhme o or truncated white
Xy, ) Nondimensionalized reci
ness (73).

y Y p
’ H y € l
X S ace coor d-lnates the T plaﬂ 1S a8 east'squales ﬁt to tlle bedl OCk

o nd z is in the direction of the sliding motion

z Space coordinate measured norm
( the ice (9).
%(z, y) Equation of bedrock to i '
bon ¢ pographic surf:
Zz(n(x, y) Contnb}ltlon of regelation to bedrock :,cc:o(x:l)lil
[T “:Z N o;'mahlz;;d r}t;ughness spectral function (65).
= 1 = 1/n. Exponent in nonlinear viscosity f
B Local slope of bed i irecti wod s Om_l‘ﬂa o
o In z direction, measured relative to the z, ¥ plane
Binax Ma.?umum upglacier value of 8 (102).
Bx Estimate of maximum u
(105).

Ba' Ba based on an avers imi
e oV
section 16. # er  limi

procal viscosity function for white rough-

al to the z, y plane, increasing into

Figure 1.
odation in sliding (110).

pglacier value of 8 for arbitrary topography

ted wavelength spectral range,

' = H/[2C,(K, + K,)). Cons i
' . . tant used in nonlinear th
L€ Secor_xd strain-rate tensor invariant (48) e hoory (62)
(€(2)) Average of ¢ over th iver
e area A, at a given height 2 (51), (57).

éme  Maximum value of (e2(z))!/? . e
sootim o of (€(2))"”*, for given sliding conditions, Table 6,

¢ Roughness value f i
o ue for white roughness (7), or for a single wavelength
g'(h; (Ig llzoughness spectral function (5).
oughness spectral function for isotropi
s tropic topograph

$o N ormt?.hzmg constant for roughness spectru:l %;5? s

( ;, V:iscosﬂ;y coefficient (19), (58). '
72) 2z-dependent viscosity coefficient, f i
, for
0 Slope of glacier surface (97). rovinens flow (60,

6(p) Function givin
£ z dependence of 4 for truncated whi
6(1) =814 X 107", Value of 6(p) at p ~ 1 (34). hito roughness (53
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i at
Pw/o. Ratio of water pressure to ice overburden pressure
Kk = w/o.
glacier bed (72). o of 0 (10)
al diffusivity of ice (10).
R o Wk of S Oy o
= ition wavelength for : . 69,
oo 221//1; T]:';aﬁ'I:tive transition wavelength in nonlinear theory (
e = 2xfl,.
o imi ed in calculating . (105).
avelength limits us ing od
e Loge;lan'gr:ggzi;l wavelength (lower wavelength limit for trunca
kl, = a¥/ty, 80)
ite roughness spectrum) (80).
v1;'Il(1>1:t1’3imegsiona.l wave number componentset(}%()l.oga),
mE ‘Controlling obstacle size’ of Weertman .[19 ] ) ertman [1064),
A’ Lo ” limit of effective obstacle sizes in theory o
A wer
i . . - . 52 .
;ectm:iloilz;;iving z dependence of ¢ for sliding in white roughness (52)
[ d : a
; (p)E =mllcz Nondimensionalized z coor)dmate (65).
i nsform of Po(z, ¥) (31). ' o 2 (3.
H(h’I;C) ﬁ(z;: ﬂ;)l‘ garequired for regelation, plastic-flow sliding (32), (
o T 5 ice (97), (120). .
e lgeﬂﬂty of:ov;::ll).:l:;:n( dl)xe (to weight of ice overburden, at base o
o Pressure
i . . a A
gac;airsﬁleg)‘stress (drag stress due to sliding), averaged over are
r Bas:
(40). .
tensor components (2 '). -
1(-2)’ ?\:;S:algzed reciprocal viscosity function (66).
‘p 2
= (3/2«)(E(P))" (71). ~
?l((g; = ééS % 1072, Value of 2(p) at p = 2 (72).
() Average over coordinates x, ¥y (4).

LYSIS
3. PHYSICAL MODEL AND OUTLINE OF ANA

i i rli drock surface z = zo(z, ¥), where 2o
o a't e m?]?lng sl::;lfr;tceo‘;z(l)f: : ngerence plane (the z, yf pl:::gst,m'l[(‘it
e v, (;l ﬁt]eto the bedrock topography over the area 0 t;ln e ‘.ﬁrec_
e s g wi h an over-all velocity v, the sliding velocity, mk e e ayer
i?e isSIlI;givri:gis“;:)ss?t:e because the ice is not frozen tq teh(; :;d;:z “,) :.k in leyer
of v i i i ing between ic _ . ¢
o Watel"(a f?W Iﬂ_;“::i:;‘;s;)y 1:l:l(cazfsntlregss free, and the re§1stance to sliding
e by ;cet: drock irregularities that obstruct the motion. seesscs. (1)
y cmslf'igngyo:‘ :he eice past the irregularities ta.keil pla:}iei)g' i:“i,ﬁc?:ased e (1)
l i larities, where ‘ !
O ups“eamlfaqise-(gegf:;;cil;tlg:f:e, the local melting temperatﬁ;:av il:glotv;e
e Teat is o t; lt d to these areas, and melting oceurs t.here,.ate wing the
e e form u((;'ethe meltwater migrates along the 1ce-rocl§ in dr“ced and
e recses on fOl'ng' , stream faces, where the normal pressure 1s .rethe 4 and
I'Efl‘eezes_ g ov:nre raised; the heat released on freezmg here' 1sd ho soutes
o Lnelgmi :Izgflf::eg to the u,pstream faces and is in turn require
of the hea

are calculated separately for t
can be carried out rigorously when the amplitudes of t
are small compared to their wavelen

enough that the heat and plastic-flow problems can be treated as problems in
a half-space. For the plastic-flow

_ case of linear rheology (Newtonian viscos

to nonlinearity can be developed from this as a starting point:’ The results can
then be appropriately combined to obtain r

the simultaneous operation of regelation an
bination, there emerges a characteristic le

SLIDING MOTION OF GLACIERS 679
melting. This process of melting and refreezing is here called ‘regelation,” and
its contribution to the sliding process is called ‘regelation sliding’ (the use of
the term ‘regelation’ in this context is discussed by Kamb and LaChapelle
[1964, p. 160]). (2) The ice responds plastically to the increased normal pres-
sure on the upstream faces, arching upward at these points and thereby permit-
ting the ice to move forward; correspondingly, it closes down behind the irreg-
ularities, in response to the reduced normal pressure on the downstream faces.
The sliding contribution of this process is called ‘plastic-flow sliding.” The plastic-
flow response of the ice is assumed to be that of a generalized Newtonian fluid,
rather than plasticity in the striet sense.
The sliding process defined by these s

pecifications is illustrated schematically
in Figure 1. We seck a relationship betw

een the sliding velocity v and the drag

Regelation
BEDROCK layer

Schematic representation of jce sliding with velocity v over an
bedrock topographic surface z — % (z, y). Coordinate system
is as shown, with the z axis in the sliding direction. A cross section of the
bed in the y direction (perpendicular to the direction of sliding) would

enerally similar to the z cross section shown. The regelation layer
consists of ice formed by the refreezing of water that has migrated along
the ice-rock contact from areas of high normal pressure. Warping of the
ice flow vectors near the bedrock surface is an indication of plastic de-
formation taking place in the ice.

Surface z=z,

Fig. la.
arbitrary

stress or basal shear stress 7, a8 a function of bed roughness, appropriately
defined. For this purpose the bedrock topography 2,(z, ¥) is.Fourier ana-
lyzed, and the regelation and plastic-flow contributions to the sliding motion’

he individual Fourier components. This analysis

he Fourier components
gths, that is, when the roughness is low

problem, a rigorous analysis is possible in the
ity), and a practical approximation

as a function of v for sliding under
d plastic flow. I making this com-
ngth Aq, here called the transition
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. . tic
that governs the relative contributions of regels;mt(;n :}111; lgla.:: nld
i tal parameter of the 4
idi rocess. It is the fundamen f ¥, and
e thets(lild;niigst field observations, as can othc.r theoxgtlcﬁla.;l); x‘di(; :owed
o l:et tess:ich ai the thickness of the regelation'layer, i.e., the ice lay
uantities ¢ e reg
?n the regelation process as shown in Figure 1.

wavelength,

{ TOPOGRAPHY
IPTION OF BEDRO(?I&
4 DR ND ROUGHNESS
en sliding velocity v and basal shear stress

a A ove wh ch V18 entlally constant.
are T 1 €88

To analyze the relation b;twfe

i rt of the bed o . ‘

W ?v;'w:lslli:e:.r!;apaassumed to be rectangular of dlmensmnsath fm
Ve my directiox;s, we Fourier analyze the bedrock topography:

o 1) = T L G XD [m(ﬂ,f + ’;Jﬂ)] W

i i the left
i involving a real quantity on
i ch equations to follow, invo : real qu o it
I'Isreaigd(il: ;:L::al) aqcomplex quantity on th; rnghlt 451](;‘(:&,3 1:}: rl;:\;ig:‘; oc that
the ity i t. To caleu
omplex quantity is mean ; een
e rgal pirr:ro:ht;hz:ea ﬁ', we can suppose the 'copoira;)hyf des::lx;llzdi:gni(te ) -
be contint i that the bed, of ass '
i entire z, y plane, so ’ ! fnite -
" fontm"wt(: (:f,e: Z}lllt;ckerboar:i of identical areas A’, across which the ice s
tent, consis . dent1
With’ e i mf ttlllle xr(::(izfl(o—n.LILg) is constrained by the assump;
iate size of the a = fhe assump
. Ttl:etapli):os;:entially constant over this area. The naturteh ofathlrs; ;:riat,e ount
t“'m e ined in a separate paper; it will be shown that the \pp opriate cle
e examlc;leL must be ~100 meters. Since real topography is nre 1:3 o dis-,
tames' - 8;,!llling.zin real topography to correspond to thfe a;bsltraryin ;()1). e
S lsLm:md L, or the discrete spectrum of ‘wave amplitude a;,,};. It
hetors ce :ually better to replace this discrete spectrumdwli 2 continuons
thel‘ifom ‘:10(‘; II:) in which the wave vector components h an ar
spectrum , k),

and are related to m and n by making the replacements

2x/Ly)m — h @r/L)n — k )
Qpn — alh, k) (

z and

This modification can be made if we write (1) in the form
mx

) = '—‘y) A An]
2o(x, y) = Z ; Qma €XP [‘Zm( I + I m

i tO
( h re Am 8nd An are Of COUlse, ]), and then use (2) to convert thls
where ?

2z, y) = EA—; EWZ a(h, k) exp i(hz + ky) Ak Ak
! £ S k

If we nNow let 14 beccn]e Vely laI gE, t:he Ilght Slde Of thlS eq“at‘on t/ends to an
mtegl'&l'.
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2@, ) = ﬁ,— / [ o, eors ap g 3

Strictly speaking, the Fourier integral in
vergence requirement (existence of Jf-
requires that we give up the continuatio:
with typical nonzero amplitude z,. For
in (3); we take 4 to be an area that is
any area of practical interest, and we s
2o shows normal characteristics within ar
ing the average drag stress r produced
velocity v across the area 4, we will s
force, and divide by the area A. Altho
owing to the termination of nonzero z,
come negligible when 4 is very large, be
to the drag goes as AY2, whereas the
In spite of the conceptual differenc

the results of sliding theories develope
be identical, in the sense that all the
correspond to integrals over the contin

(3) cannot be written unless the con-
“l2o(z, y)|dz dy) is satisfied, and this
n, over the full z, y plane, of topography
this reason A’ has been replaced by 4
finite but very large, much larger than
uppose that the topographic amplitude
ea A and is zero outside A. In calculat-
by sliding of the ice mass at constant
imply compute the total resisting drag
ugh there will be unwanted edge effects
at the boundary of 4, these effects be-
cause the contribution of the edge effects
main contribution goes as A.

e between the 4’ in (1) and the 4 in 3),
d on the basis of (1) and (3) turn out to
pertinent sums over the discrete spectrum
uous spectrum according to the relationship

;2 - ;A,r—z f] dh dk @

with L,L, — 4 in (2'). Because the con
we will use (3) as the starting point for
tion of the theory to an actual field ex
it will be necessary to Fourier analyze
the results of the theory given here ¢

tinuous spectrum is conceptually better,
developing the theory here. In applica-
ample of bedrock topography, however,
the topography over a finite area. Then

an be utilized by converting them to a
discrete speetrum by means of the correspondences in (2) and (2'). Because

L; and L, must be large compared to topographic wavelengths that have a sig-
nificant effect on the relation between = and v, the practical difference between
the two approaches, based on (1) and (3), is negligible.

The bed roughness, which enters as an important parameter into the relation
between r and v for sliding, can be defined in terms of (20", the mean-square
topographic amplitude averaged over the area 4. Since we choose the z, ¥ plane
to be a best fit to the topography in a least-squares sense, (2%) is a measure of
the ‘strength’ of the topographic fluctuations. From the previously stated restric-
tion of nonzero z,(z, ¥) to the interior of area 4, it follows that

(z07) = _,Ifff z.,z(x,‘iy) drdy = %]]‘ 2 dzr dy
A -

and hence, by standard Fourier theory,
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(&) = —4A 3 f f a(h, k) dh dk
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difficulty can be avoided by terminating the white spectrum at some very
long but finite wavelength A,. Strictly speaking, the suppression of 20(2, v)
outside the area A imposes a constraint on the form of the function ¢(h, k) that
cannot necessarily be satisfied simply by terminating the white roughness spec-
trum abruptly at any arbitrary A, but that does require suppression of wave
amplitudes for A 2 AY2. We shall not consider here the detailed nature of this
constraint, because the results of the sliding theory (section 8) turn out to be
insensitive to SChy k) for A > g ~ 1 meter, and because we know from the
standard theory of wave packets that the suppression of z, outside area 4 will
have very little effect on the spectrum {(k, k) for wavelengths A ~ A, < AV2.

5. REGELATION SLIDING

When sliding occurs by the regelation mechanism alone, the ice moves for-
ward as a rigid mass with velocity vy in the z direction. If the ice is everywhere
in contact with its bed, and if there is no net loss or addition of material as the
ice slides, then the movement requires ice to melt or refreeze at the ice-bedrock
interface at a rate Vnd20/dz, expressed in volume of ice per unit area of the z, y
plane per unit time, hence requiring heat to be delivered to this interface at a rate

9(z, y) = Hog d20/0x ®
per unit area in the zy plane. H is the latent heat per unit volume of ice. Where
q(z, y) in (8) is positive, the interface acts as a heat sink, and where negative,
a heat source. For sliding to take place by regelation, the temperature distribution
in the ice and bedrock must adjust itself so that the necessary heat flux (8) is
delivered to the interface.

We assume that the heat transport is accomplished purely by thermal con-
duction in the temperature field so established, since it can be shown that the
advective heat transport in the water layer is negligible. We also assume that
the water layer itself presents a negligible thermal barrier, since the layer is very
thin in comparison with the conduction distance scale of decimeters that is per-
_tinent to the sliding process in practice, as will be shown. Studies of regelation
of wires moving through ice [Nye, 1967] show that the thermal resistance of

the water layer is important only for very thin wires and hence for very short
conduction paths in the solids.

We therefore seek the temperature distribution T,
2 = 2o(z, y) such that the flux of heat q(z, y) given by (8) will be delivered to
the interface by thermal conduction through the ice above (conductivity K,)
and the bedrock below (assumed homogeneous, of conductivity K,). This prob-
lem is readily solved if the surface 20(x, y), as viewed at pertinent roughness
wavelengths, is nearly enough planar that the heat flows in the ice and the bed-
rock can be treated as flows in a half-space. This requires the roughness ¢(A, k)
to be small over the pertinent wavelengths (wavelengths less than several meters,
as shown in section 17). It also requires the ice thickness to be much greater
than the pertinent wavelengths. Although the quantitative limitations on the
accuracy of the analysis based on these assumptions will not be investigated
here, it is clear that the effects of nonplanarity of the interface will tend to

(z, ¥) on the interface
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be compensated to first order by the heat conduction on the two sides of the 685
interface, since the conduction paths on one side of the interface lengthen as B, k) = —Q(h, k)UK, + K}
’ ’ ! 2 (15)

those on the other side shorten, and since K; = K, for most rocks. - Qh, k) is determi
On this basis we solve the heat-flow problems in the half spaces above and determined from (8), (3), and (12) as
below the z, y plane, with the boundary condition for g(z, y) in (8)-given on
the z, y plane rather than on the actual surface zy(z, y). We suppose that a

steady state has been reached, so that in the lower half-space the temperature
Ta(z, y, 2) satisfies

Q(h, k) = Hvgiha(h, k)
‘ o ) (16
The temperature distribution at the ice-rock interface is then given by

A .
Tu(z,9) = = f f B(h, K)e'**** dh dk a7

withTB(h, k) from (15) and (16).
water }}iel r;ertr::::;zﬁu‘ﬁa distribution (17) is linked to the pressure P, (x, y) in the
melting moie ot }:1 ice and bedrock by the requirement that the ice be at its
oally Soime ot ¢ e mterface: Although the ice may in general be nonhydrostat-
o equmbrium,v"'itf;]rmodynamlc theory [Kamb, 1961, 1963] shows that, for ice
o cquiibrium Orderv:;ter at pressure P, the temperature at the water-iée inter-
orecsure o prer ¢ (}e] same as though' the ice were hydrostatically stressed at
pressure i nd t! igher-order correction terms are negligible for stresses that
glacier jce. Hence the pressure Py(z, y) across the ice-rock interface

which is also the pressure in the thi
e thin water | i
there by the simple linear relation e 1 related o the temperature

. VT, =0
and in the upper half space T1(z, ¥, 2) satisfies
V2T, = v 8T, /ox
where x; = Ki/cy is the thermal diffusivity of ice. These equations are to be

solved subject to the boundary conditions T; = T, and

o\ _ g OTs _
L k% = 4y ®

2 — oo and T; = 0 as z = —o. The
erms of Fourier components as follows:

K,

at z = 0, and the conditions T, —> 0 as
solutions are conveniently represented in t
/2
7, = 2 [[ Bt b e [—lz(l _wmhy) ]e dhdk  (10)
* t Tolz, y) = —CoPy(x, y) (18)
where Cy = 0.0074°C bar.

Ta= ﬁ‘ ff B(h, ¥) exp (2)-¢'>*"*" dh dk an
. 6. PLASTIC-FL ;

Letting Q(h, k) represent the Fourier components of g, so that If regelation di OW SLIDING FOR LINEAR RHEOLOGY
A ; the ice n?ass 1coo’:xldld not operate but the ice-rock interface remained lubricated
9@ Y) = 3 .U QGh, Kye' ™" dh dk (12) vertical motions of trl?:‘;iefgfi‘yard thth }?n overnll velocity v, provided that:

. ’ jacent to the bed allowed a i justi
then the function B(h, k) is determined in relation to Q(h, k) by (9) amcicnomm:datu_)n gf tbe ice to the bedrock irregularities. Th::;m;:i'fs :g’gstlng
oo b \V2 req:irzvd a‘t; ?;s tribution of pressure Po(z, y) on the interface will pmducee :l:;
- 1(,1(1 . z) + Kol B, B) = Q0 B) (13) straightforw ‘g“l motions In the ice above. We examine first the relatively
. ghtiorward case in which the rheological b i ice i
For vrh/xi[? sufficiently small, (13) is approximately be linear (Newtonian viscosity). & ehavior of the ice is assumed to
The problem is formulated

o K. vxh. ociti ated as follows. For a Newtonian fluid flowi
—BI(K, + K )(1 - ——z) =Q (14) ocities slow enough that inertial oing at ve-
PPN TR Kl T u(z, 9, 2) satisfies fal effects can be neglected, the velocity field

For vpg = 20 m yr! and A = 2r/l = 2 meters, the imaginary part of the last ,
factor on the left in (14) is approximately —0.1;. This contributes a phase shift ) "WVu-—-Vp=20 (19)
f flux and temperature, which where p(z, y, z) is the mean pressure (p = — 4ri, where the = are the st

, y are the stress-

of about 6° between the Fourier components o
would otherwise be exactly out of phase; it also affects the magnitude of B (in
relation to Q) by about 0.5%. These effects are too small to merit inclusion here,
and they become smaller for smaller wavelengths, so that they are negligible for
all wavelengths at which regelation contributes significantly to the sliding
mechanism in practice. Hence in (10) and (13) the imaginary term vrhi/x,
can be dropped, which corresponds to neglecting the advective transport of heat
by the moving ice. We thus get :

tensor components), and y is the viscosi .
<othat ) 7 18 the viscosity coefficient. The flow is incompressible,

Vau=
Equations 19 and 20 it o
Yauations arfl are to be solved subject to the condition u = vpe, as z — o
e surface z = z4(z, y), the conditions (a) that u be tange:xtial to the’

surface, and (b) that the shear stre
X i ss paralle] to the surfa i iti
(b) follows from the lubrication of the ice-rock interface b;etl‘::nv:rsa:;zrc 1(:;(11:?0;;
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can be shown that the shear stress supported by this layer, in spite of its small
thickness, is negligible.

Condition (a) can be specified to an adequate degree of approximation by
assuming that u, = ve and u; = 0 at the interface z = 2o(Z, ¥); this assumption
becomes strictly true as the roughness tends to zero. If the ice conforms to its bed
everywhere, the required motions in the z direction at the boundary z = zo(z, ¥)
are then

u, = vp 3%/3x )

We do not constrain u, on the interface boundary z = 2o, but instead show that
the condition for this boundary to be free of shear stress leads to the result
u, = vp, consistent with the assumption used in deriving (21).
A solution of (19) and (20) that satisfies the boundary conditions stated
can be readily given if the roughness is low enough that the viscous flow can be
assumed to take place effectively in a half-space, and the interface boundary
conditions are therefore applied at z = 0 rather than at z = z(, ). Under this
assumed to take place effectively in a half-space, and the interface boundary
conditions ss = e = 0, 8ll at 2 = 0. To first order in the slope 920/0z of the
interface, the normal stress 7., 8Cross the z, y plane will be the same as the nor-
mal stress 7, across the tilted plane parallel to the interface, so that we can
associate Po(x, y) directly with —rg(z, ¥, 0) from the flow solution. To first
torder there will, however, be a NONZEro Tay across the z, y plane, consistent with
the fact that (rm) = v %= 0. We omit this nonzero ro, from the flow solution
for the following reason. Consider the flow problem for a single Fourier com-
ponent axe of the bedrock topography. The nonzero, fluctuating 7y acting
paraliel to the z, ¥ plane is applied at a wavelength half that of the appropriate
Fourier component of w.(z, y) or Pulx, ¥). It leads to velocities wa(z, ¥, 0)
that are second order in an/A, relative to the driving velocity ve, and that
oscillate with -wavelength A/2. If we were to incorporate these velocities into the
solution, we would affect the boundary condition (21) and thereby introduce a
coupling between motions at wavelength X, M2, M4 destroying the sim-
plicity of the linear solution in which the Fourier components are uncoupled. The
second-order dependence of the resultant w.(z, ¥, 0) on an/A allows these
coupling effects to be neglected for low roughness, which is then equivalent to
returning to the stress boundary condition Te; = Tyz = 0. The stress and flow
distribution above the undulating boundary 2z, = @ sin hr has been investigated
in detail by W. D. Harrison (unpublished data, 1969), and his results confirm
the foregoing argument.
By standard methods, the following solution to (19) and (20) is readily
derived:

1

5 (RC + kD — hE + hiEz)e e * ™ + v

U:

wy =~k (C = BD — KE + B

u, = (C+ Ez)e et ™™ @
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where
the COn?i,itﬁg ledzE aie co;x}s;tants, and where | = =(h? + k2)1/2, Because of
os —» +0o0, the positive root i " :
diti = . L is taken. The stress -
ons at z = 0 are applied to (22) via the stress- strain rate equati::: ndary con

Tii = 2n€;; — 6;;p
For the iti = X o
conditions r,; = r,, = 0, the pressure p does not enter, and the resulting

e . : ] .
cOIldltlons on the constants n 22 = -
( ) are D 0 and E Cl. The Ve]OClty 80 utlo“

u, = —Chae e ¥+ 4 vp
u, = _Ckze—hie-‘(hz+kv)
u, = C 1 + lZ ~lz i (Az+ky)
( )e” e (29)

We see that Uy (.’F 0 - -
5 Y, ) vp, and u, (z, u, 0) 0, as was assumed m the dellva
Ihe boundaly no al St Tzz 9
y Y ) g
rm ress (.1: 3 0 iven b (23) and (24 18 Slmplv
Tey p(x; yy O), since aul/az -_ 0 at’ Zz = 0. The p!‘eSSUIe p, whl(:h )ls IEQUIIed

in a complete specification of th i
(19) songy et e solution of (19) and (20), is derivable from

p(x’ y, Z) = 2"Cle—lzei(lbz+kv)
so that at the boundary we have
(z,y,0)

Tas - _2 Cl s(hx+ky)
or simply " 0

Tes = —anu,(x Yy O)
Th ; e (26)
in the FO::’;S:;;W ﬁ) is to be‘evaluated from (21). For general bedrock topograph

, the velocity field and stress must be represented by Four:ie}:-

integrals over the results i .
B ults in (24) and (25), with C taken to be a function of

A
ulz, ¥, 0) = o f C(h, kye'™*** dh dk

(27)
.{z, 94,0) = S YA
«(Z) YU, e 29IC(h, k)e' ™" dh dk (28)
where from (21) and (3)
C(h, k) = vphia(h, k) (29)

Th - .
e drag stress r due to sliding will be caleulated in section 8 from the

stress distribution (28).

7. SLIDING BY SIMULT
ANEOUS REGEL
AND PLASTIC FLOW ATION

It is
necessary to take the two processes regelation and plastic flow in

combinati . .
ombination to get a physically possible mechanism of sliding, as was shown
2
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originally by Weertman [1957]. If the roughness spectrum ¢(, k) extends with
nonzero roughness to very long wavelengths As, then for fixed = the sliding
ve'ocity v would tend to zero as v{?/A. if regelation sliding alone operated;
similarly, if the spectrum extends to very short wavelengths A, then v would
tend to zero as v¢2A, if plastic-flow sliding alone operated.

The combination of the regelation and plastic-flow contributions to sliding
takes place with the constraint that both processes operate under the influence of
the same pressure distribution across the ice-bedrock interface

r,,(x, Y, 0) = _Po(xy .7/) (30)

(An additive constant o due to the weight of the ice overburden, whose import-
ance is considered in section 19, has been omitted from —r.(z, y, 0) as given by
equation 28, and hence from Py (x, y) as given by cquation 30.) The left-hand
and right-hand sides of (30) are determined by (28) and (18). If we represent
Po(z, ) in Fourier form,

P, 1) = oz [[ mh ke anak @)

then M(h, k) must be the same when calculated for regelation from (15)-(18)
and for plastic low from (28)-(30):

g
Iy = C-(E:L—Kj%mn(h. ) 32)
p = 2nihlvap(h, k) (33)

In (32) we have written vag in place of vra, and in (33) wvap in place of vea,
for the following reason. The combination sliding mechanism can be thought of
in two alternative ways: (a) the two sliding processes operate across topography
of fixed amplitude a, and the resultant velocities vg and ve add to produce the
actual sliding motion v = vy + ve; (b) both sliding processes operate at the
actual sliding velocity v, but the amplitudes of vertical adjustment ag and ap
produced by the two processes add to effect the complete accommodation of the
jce to the actual bedrock topographic amplitude @. Since only the product va
occurs in (16), (29), (32), and (33), the two views (a) and (b) are mathe-
matically equivalent, but (b) is physically clearer and is adopted here. For topog-
raphy consisting of a single Fourier component a, ar is half the maximum thick-
ness of the regelation layer and ap is the half-amplitude of the sine wave defined
by the top of the regelation layer (see Figure 1b).
For every Fourier component, we therefore have

ah, k) = ax(h, k) + az(h, k) (34)
Setting Iz = Hp in (32) and (33), we get
L2ar(h, k) = Uap(h, k) (35)
where
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re melting

loﬂ = 2—“.1.{\
ﬂCo(Kl + K. ) (36)
Th = i 2
e wavelength Ay =2x/l, that arises in (35) and is given by (36) is the fund
unda-
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ap = lz + loz a(h, k) (37)
ap = 'i_l'i— a(h, k
Pt iz ok ) (38)

These equations give the separate contributions

to the accommodation of the glacier to its bed at an of regelation and plastic flow

y wavelength.

and (37) or from (33) and (38) : in » k) either from (32)

U
l? + l02 a(hr k) (39)
The pressure distrib 8t . SHFAR y G
exerted b e be(;xr(x)(;;l( P’I.Z l(1.7:, ¥) given by (30) and (39) results in a dra
plane s tne buasy e - 1 he average drag force per unit area of the z .
stress r, vyhlch mus.t equal the driving stress for elidi’ny
ving stress is in practice the result of bodyxforcei

.} The average dra i
: g force per unit area is th
(z, y) applied to the surface zy(z, y). If dS i:
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an element of area of this surface, expressed as a vector along the upward-
directed normal, and if e, is a unit vector in the z direction, then

— LP.,e,dS - %ff Pue,v) 22 s dy

{P, 82,/9x) (40)
For bedrock topography of general form, (40) in combination with (30),
(39), and (3) gives

s +m .
p= L [t [[ 2mwint s ah, e+ dh di

.f}? ff hah, k)M Y dhy dk' (41)

-

By standard Fourier manipulations, (41) reduces to
2

= A [ ot
T = 4]_2 2171)hll2+

Introducing into (42) the roughness spectral function ¢(k, k) defined in (6),
we get

73 a'(h, k) dh dk “42)
0

[ -
T = 3 v la(lz + 102) ﬂg‘ (hv k) dh dk (43)
When the bedrock topography is isotropic, so that ¢(h, k) depends on [ only,
(43) becomes

8a® [ _ L’
r= 3 [ ppp o )

The integral in (44) does not diverge when ¢(l) is constant, independent of I,
that is, for a white roughness spectrum as defined in section 4. From (43) or (44)
it follows that r is insensitive to t(h, k) or z(l) for 1 K l, and for I > ly; trunca-
tion of the roughness spectrum below a wavelength A, < Ao or above a8 wave-
length Az > Ao, 88 discussed in section 4, has no effect on r. The integral in (44)
converges at the upper limit if the asymptotic form of (1), as 1 o0,is |¢(1)| ~
I* with s < %, and it converges at the lower limit if, as [ — 0, |¢(})| ~ I* with
8 > —3%. The condition |¢(D)] = constant (s = 0) thus lies at the middle of the
parameter range —} < § < 3 for convergence of (44). In this sense the white
roughness spectrum, introduced in section 4 on an entirely different basis, is &
natural one for the basal sliding phenomenon.

For the white spectrum, we obtain from (44) the simple result

r = (4r*/3)nlet %y ' (45)
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. 9. STRAIN-RATE DISTRIBUTION

'.I‘o provide a basis for considering the non!

we discuss here the strain-rate distribution im
tlons. 6 and 7. The strain-rate components ¢,

Fourier synthesis) can be summarized as follov;’s
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ipear flow problem in section 10,
phe@ by the linear theory in sec-
derived from equation 24 (after

A
€ = 33 ff biiClh, k)ze™"'e " dh dk (46)
wh = - — -;- .
ere by tity and &, = —ih, t; = —ik, t3 = L. The coefficients C(h, k) in

(46) are given, from (29) and (38), by

Clh B = 5 e’
( ] I") w l2 + loz a(hr k) (47)

A u»eful measur Of th =
S [+ e over all Xate Of deformatlon at &ny pOlnt 18 the Second

Sommat ¢ = (§¢,,6,)"" (48)
mation over repeated subseripts is underst
. ood.) F i i
ponent, the é; values from (46) give, when substituted)in (()28? sinele Fourier com-
’
é = |CllP2e" (49)

;Z::-:T ;:;da;) tfifrlxgle ;“ourger c(i)mponent, ¢ shows no dependence on z or y. For the
_ ow described by (46), a pertinent measure of .
: 4 th i
at distance z from the ice-bedrock interface is the mean square v:lﬂzfg?? P
i

over z and y. From (46), this is e
o _ 1 ff1 14 i
@ =4 f f gty dody = 1 4, f [ bubirsemecon an ak
P -
= 22 [[ recen anan (50)
Introducing (47) and (6),
s _ 8% aa [ KL
@@ =2z [ TR b, B dn dk (1)
For a white roughness spectrum, (51) reduces to
@@ = mglyz
o 5 mvtly E(2Lp2) (52)
72 = 2 © bt 4 )
2@ = ' [ o dn/( 4 ) (53)

The integral in (53) can be evaluated to give

wry _ pad
-@)—%p’@(smpmp+cospsip) (54)
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i the following functions, defined by Jahnke and Emde

where si p and ci p are
[1945,p. 3]

s1p=—£ E dt

® cos §
cip = f T dt

i i i tion E(2l,z), which is plotted
f (&)'/? is contained in tl?e fune : tted
"rhe 'zguredep;n(’islrx:im?s g.ra.in—rate invariant é rises from 0 at the ice t:mr;rlagward
™ Fl o = 0.419) at I,z = 0.883, and then decreases .asyn.npto ically :
B oom ison, Figure 2 also shows the function e(I:) obtained from
0 at large z. For comparison, e two

(49) for L = Ly, and normalized to the same maximum value as

strain-ra tv b Oons al t -
t te d.ls Tl uti re Sllnlla.l, (:OIlfOImlIlg to the farct that the gl‘eatest strain:

. ite
. The maximum of the composi
ibutions are from wavelengtl_ls near Ao . o composite
ﬂ?te 'el;mtt:mbuissl fatter and is shifted slightly toward the 1ce~bed1'ocl;l mdt;t ,-?tcmtion
;hsm ‘:hl:: I¢;orx1posi1;e distribution approaches zero more slol“/r}y than the
z 3 :
f?);g:he single wave number ! = I,. For large p, E(p) — acflid ({p tor completencss, 8
To the strain-rate distribution in (5hl) bmuslt, }ll)ea‘r Strzs; o o o
ibuti he shear flow under the basai shear .
contnbult‘lwn 'duz tﬂxfp:lflished data, 1969) that, for a single roughnes;s1 wa::;e;ﬁtg
Ew.d%)r I:l 1'118(())), the added term, to lowest order in the roughness, has
an = 0),

2 —4hz 55
+3n%ap [l + (1 — 2he)’e™] (55)

the basal shear stress being given by

r = ghlap’y (56)
0.5 T T T 1 T T T
/E (2 ,2) |
04 =
// \\\ |
€ 03I //\/oz expl-/pZ) '\
0.2
0.4
O0 1 > 4 6 8 10 42 14 46
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Fig. 2. Comparison of the strain-rate distrib
wav'elength at A = N For whit:e roughness,
terms of the dimensionless function Z(2hz2). For

i istri
! i so that the two strain-rate dis
from (49) i shown 52 scaledThe abscissa changes scale at lz = 2.

utions for white roughness and for ﬁi ;izr;g'le ";ua:;?:
i 3(2))" from is plotted.
the rms strain rate {((z))"* 0 Plotted.
the single wavelength, the strain-rate distribution
butions have the same peak value.
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Relative to the flow contributions in (51), the term (55) is of second order in the
roughness, so that for low roughness it is a small correction. If for simplicity,
therefore, the z- and h-dependent factor in brackets in (55) is ignored (it contributes
only near z = 0), the shear-flow contribution to (¢*) is simply (r/27)°. Since this
contribution is independent of the details of the roughness spectrum, it can be
included in the complete flow field simply by modifying (51) as follows:

by 27 4 .
(é’> = %—T vt f/ —-—-—(l, h_*_lo_—l 2)2 e"z;.g-’(h, k) dh dk + (i) (57

10. RHEOLOGICAL NONLINEARITY

The linear relation (43) between sliding velocity v and shear stress r reflects
the linear flow behavior assumed in (23). For ice, which behaves as a nonlinear,
generalized Newtonian fluid, the appropriate relation between stress and strain rate
is the same as (23), except that 7 is no longer a constant, but is instead a function
of the strain-rate invariant ¢ defined in (48). The commonly observed ‘power-law’
dependence of 5 on ¢ can be expressed

7= Né&* 58)

where « and N are constants, « being related to the exponent n in the nonlinear
relation strain rate ~ (stress)" by

a=1-—1/n (59)

An exact solution to the nonlinear flow problem, corresponding to (22) for
linear rheology, does not exist. We here develop an approximate treatment that
uses the linear theory in sections 6-9 as a starting point, and that is able to take
into account the nonlinearity to the fullest extent possible while retaining the basic
advantages of the Fourier-analytic approach used in sections 4-9.

The motivation for the approximate solution comes from (49), which suggests
that, since ¢ is independent of z and y for a single Fourier component in the linear
theory, it may also be approximately so for nonlinear flow. If this were true, then
7 as given by (58) would depend only on z. Now it can be shown that if a half-space
in which » varies only with z is subjected to a sinusoidal distribution of normal
stress r,, at the boundary z = 0, the response will be a sinusoidal distribution of
normal velocity u,. For Fourier components individually, there will exist a relation-
ship of the form (26), except that the 7 in (26) will be replaced by a function of I
that depends on the viscosity distribution 7(2). The existence of this relationship

. allows the Fourier-analytic technique to be applied in a straightforward way to

the sliding problem, because the separate Fourier components do not then couple
to one another via the boundary conditions at z = 0, and the relationship between
regelation and plastic flow is determined separately for the individual Fourier
components, as is shown in section 7. This state of affairs does not imply that the
flow solutions for the different Fourier components can be superposed, because

these are coupled to one another via their contributions to é(2z) and hence to 7(2)
from (58).
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A detailed development of the points in the foregoing paragraph is rather
lengthy, and is given in & separate paper [Kamb, 1970]. We develop here the simplest
possible treatment consistent with the basic assumption that the nonlinear flow is
dominated by an effective viscosity distribution 5(z) that is a function of z only.
To do this we must propose both a method for calculating n(2), and an appropriately
modified form of (26) that takes into account this 7(z).

It is intuitively reasonable to suppose that for a given Fourier component,
a relation like (26) between normal velocity and normal stress at the boundary
is determined primarily by the effective viscosity #(z) in that region of the half-
space where the deformation rates for this Fourier component are the greatest,
namely near z = 1", where, for the linear theory as given by (49), ¢ is a maximum.
Specifically we will assume that for each individual Fourier component

T"(:t, Y 0= —2ﬂ(l—l)lu-(x: Y, 0)
or, expressed in terms of the Fourier coefficients used in (27) and (31):
ek, k) = 29 HNC (R, k) (60)

In the more detailed treatment mentioned above [Kamb, 1970], it is shown that
this assumption is valid to a satisfactory approximation. Equation 60 can be
made exact by multiplying »(i!) by a correction factor R, whose value is de-
rived in the detailed treatment. The value of E depends in general on the form
of the roughness spectrum ¢(k, k) (which influences the form of the function
7(2)) and on n in (58), but it does not depend only on the sliding velocity v or
on the constant N in (58). For a roughness spectrum consisting of a single wave-
length A, R is independent of A, and it is insensitive to n and { over the prac-
tically pertinent range of these parameters; its value is approximately 1.2, de-
creasing to about 1.1 for high {(0.05). For a white roughness spectrum, B
depends also on A/A, but the range of variation is not large: R(0.1x) == 1.4,
R(ro) == 1.2, R(10x) == 13. In the simple treatment here we will omit the cor-
rection factor R, since its value is near 1, and since for the  white roughness
spectrum the resulting relation between v and r proves to be insensitive to the
value of R (Kamb, paper in preparation, 1970).

On the basis of (60), which replaces (26), the treatment in section 7 for linear
flow becomes applicable to nonlinear flow, the constant y of (33), (36), and
(39)—(44) being replaced by 5(I1).

To calculate 5(z) accurately, we need to solve for the complete flow field
due to a given velocity distribution on the boundary z = 0. This can be done for
the individual Fourier components separately if the »(2) is given in advance, but
of course 5(z) must be determined by (58) from the strain-rate field that results
from the complete calculation. In the detailed treatment (Kamb, paper in prepa-
ration, 1970), it is shown how this calculation can be performed by a somewhat
lengthy iterative procedure. In the present approximate treatment, we avoid this
caleulation by making the simple assumption that, for the purpose of calculating
the strain-rate distribution that determines 7(z), we can take the velocity dis-
tributions for the individual Fourier components to be the same as those given by
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N 2n/(n—1) T 22 A 2,4 2
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Equations (61), (62), and (63) can now be combined to give
( N )2-/(-—!) _ 8"”222[‘/. th_Z(h' ’C) 6‘2“ dh dk

7). -3 @ETH/T + 1)°

4o 2
o[- TR E) g, dk] 64)
+ [3 & I wanes i
The general form of the solutions to be derived f}*om (64) can be fountcrllbl;)l"
nondimensionalizing in the following way. Let us introduce a wave-nu

arameter I defined as
p Lo = (T/NYY™ (g) """ (65)
Nondimensional wave-number components are then defined as

w=1l, ue = h/l, we = k/la
and a nondimensional z coordinate as
£ =12

The quantity ¢ in (65) is to be a normalizing cqnstant for the roughness spec- v

trum, so that the normalized spectrum Z (., p,) is given by
Z(#x)"‘v)-E f(h,’k)/i'o

i for example, the maximum

the general magnitude of the roughness ( the max
t::ssrzielclt; k);; and Z(p,, p,) describes the relative spectral ('ilstl‘lb.utlolt.l o(;('
:oughness w,ithou’t regard to magnitude. Now we define a nondimensionalize

reciprocal viscosity function ¢ (¢) by

o()) = T/l *n(2) .(66)
When the above substitutions are made into (64), the following nondimensional
equation for ¢ (¢) results:

-1 8‘” 2 I z2e-2le7(uz' “""_).
e =S [ bl sy, d,

4 16 §02(¢(£))2<]} Tl kg a) @D

£+ ow™)

istributi tral

i riscosi tion ¢(¢) depends on the spec

67) shows that the viscosity distribu .
(Iii(sl:r?lt;fgofl o)f roughness Z (., py), and also to some extent on t!)e (;n:gm(:,zgs
of the roughness ¢,, via the second term on the right. On}tg ¢(&) 11s 'te ern;: od

from (67), the relationship between shear stress and sliding velocity ca

obtained from (63):

TT3A\Tr w0+ ™)

4r (N>"/("H)v2/rm1)§_ (n+3)/(n+1) ff “22Z2(uzv ”'n) du, d“'u (68)
T 0
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The form of the dependence of shear stress on sliding velocity given by (68)
appears at first sight to be the same as that obtained originally by Weertman (1957},
but in fact this dependence follows only if |Z(y,, u,)| is a constant,. Otherwise, the
variation with v of the scaling parameter [, in (65) causes a shift in the function
Z(p2, u,) 8s v changes, and thus introduces an additional v dependence into (68).

The integral equation (67) is probably sufficient in principal to define the
viscosity function ¢(8) or y(z) for arbitrary ¢(h, k). A direct solution of (67) does
not appear to be feasible, even for simple functions Z (#:» &), but numerical solution
could probably be achieved. However, in evaluating the theory here for particular
types of roughness spectrum $(h, k), as is done in sections 11-13, we will make one
additional symplifying approximation, which makes it possible to avoid the numeri-
cal solution of (67). This approach also has the advantage that it brings out the
physical significance of the nondimensionalizing parameters l. and I'/1,” introduced
in (65) and (66). '

The additional approximation is to simplify the calculation of {€(2)) on the
right-hand side of (61) by ignoring the variation of £ with ! under the integral
signs. Under the integral signs we replace £()) by the constant I,, whose value is
now to be determined not by (65), but by a suitable argument for each type of
roughness spectrum separately. The replacement £() — 1., in (61) has the effect
of simplifying the caleulation of (€(2)) to the same problem encountered in the
linear theory, which leads to the result given in (61), where now, however, I, must
be replaced by I,. The quantity I, must be chosen so that (51) gives the best
possible approximation to the strain-rate distribution for nonlinear flow. Since
in fact £(J) is governed by (62), I, should be chosen to give & close approximation
o £(1) over that part of the spectrum where the effect of £() on the integrals
in (61) and (63) is most important.

Although in the nonlinear theory, as is shown by (62), there is no single
transition wavelength Ao, as there is in the linear theory from (36), nevertheless
we can identify A, = 2x/l, as the effective transition wavelength in that part of
the wavelength spectrum that is most important to the sliding process.

11. WHITE ROUGHNESS

For [¢(h, k)| = ¢ = constant, all roughness wavelengths contribute on an
equal basis to (51), and from the occurrence of the ratio £/(* 4+ £7) in this equa-
tion it is clear that the value of £(!) is most important for I & g. We therefore
define I, self-consistently as the value of 1 such that £(0,) = 1. From (62), this
means that

laxﬂ(lu_l) =T (69)

For white roughness, (51) gives the results in (52)-(54), in which we must
replace l by I,. The use of these results in place of the integral in (61) neglects the
influence on (é(2)) of the variation of £ with [, but it assigns the correct value
to £ near I = I, where the effect of £ on (€'(2)) is the greatest.

Under the same approximation, the value of r in (61) is to be calculated
from (63) with £(2) replaced by 1,, and with Itk k)| = ¢:

T = (4="/3)T(ut*/l,) (70)
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Putting (52) and (70) into (61) in the way described, we obtain, in place

of (64),
N 2n/{n-1) 02 . la—l 2
(—1;(—5) = %w ) g'zl,.g[ﬂ(2l,,z) 4 ¢ ("(’7(2) )) ] (71)
where 2(p) = (3/2=*)E*(p). To determine lo, we put z = la* in (71) and then

substitute 5(l«?) from (69) into (71):
la - (P/N)n/(un)[%n}(n(z) + g.z)ll‘lg_v](n—l)/(n*I) (72)
where 0(2) = 2.68 x 103, Equation (72) shows how the quantity la, which for
linear rheology (a = 0) is a material constant I'/N, depends in the nonlinear
case (« > 0) on roughness ¢ and sliding velocity v (e is related to n by equation
59). As is expected, the effective transition wavelength Aa decreases with in-
creasing £ and v, which corresponds to increasing plastic flow rates in the ice.
By comparing (72) and (65), it is seen that lo a8 defined here is the same,
except for a numerical factor, as the L. defined in section 10 for purposes of non-
dimensionalization. From (69), the quantity I'/l.® that appears in (66) is just
7 (la™), except for a numerical factor.
Once lo is known from (72) (and then y(ls™) from equation 69), n(z) can
in principle be calculated from (71), but a simple solution of (71) in closed form
is not available for arbitrary values of n. To express (71) in the form best suited

to calculation, let

2O/ = /A =X T3)

Dividing (71) by the same equation evaluated at z = 11, we obtain for X the
following equation, which constitutes a simplified version of (67):

o@l/h + £X°

Q@) + ¢ 4
From the form of (74) it is clear that X as defined in (73) depends only on the
variables I/l and ¢, so we write X = X (I/la, £). Curves showing X as a function
of /L, for several values of ¢ over the range of practical importance, are given
in Figure 3, as calculated from (74). (The curves as labeled in Figure 3 give
7(2) /7(le™*) as a function of luz; because of the correspondence z = -3, the axes
in Figure 3 can be relabeled so that the curves give X as a function of l/l..) For
practical purposes X has the maximum value 1.0, which is attained over a range
of I/l values near 1. For small I/ls (long wavelengths), X approaches a constant

value given by

in/(n-l)

X o q(e) /a7 = @@/ + D7 - (75)

and the same limit is approached as [ = .
The basal shear stress can now be caleulated from (63):

e [l
The dependence of £ on I in the denominator of (76) is important for small I

where the viscosity ratio can show a large change from the value nearl, as indicated
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by (75). If we define the function

. 20 4
GG im) == | 52—k
N ‘l'fo w4 X, 0 @
en the shear stress given in (76) can be written l
_ 4t
r——3—I‘rG’(§‘;") (78)

The function G(¢; n) contains
; ; the effect on r of the variation of i
3 . - . . 8 th
with z. It is given in Figure 4, as calculated from (74) and (77) for sever::.l1 vallu:: t‘))ffnﬂ

Combining (72) and (78), we obtai
. » ! t i
sliding velogtts enpond she)ar s: o :am the final result for the relation between

2"3 2/(n+1)
r = 2(—3—) AL TR G(t;n)g e
(9(2) + r’)(n-l)/!(n—l)‘v (79)

e T

i e A RS 3 s



BARCLAY KAMB
700

2.5 T T T f

2.0

1.5

1
0 0.05 o4 0.2 03 04

¢

Fi 4. The function G(¢; n) that appears in (79), calculated fron}_ ((7)41)
all:i. ('.17) for several values of n. The abscissa changes scale at ¢ = 0.1

1.0

i hite
oted in section 10, the 7™V dependence of v on 7 In the w
roughness case, given by (79}, is the same as that foupd é)vy VrI:eerItlr,rszag‘ eglt?::it.,
The source of the nonlinearity is basically the same in ee mathat reatment
and in the present one. By comparing (79) at.u? (78), it 1s s;gn_ e g
linearity enters via the dependence of the transition wavelengt! M'ond'ﬁ'erent, 8
velocity, as given .by (72). The dependence of v on roughr:;s; is tlnamre i
Weertm;n’s treatment and the present one, l?ecause of the di e;e‘ri) ature of
the roughness parameters for the two very different models of bedroc POg

raphy.

_As was n

12. TRUNCATED WHITE ROUGHNESS SPECTRUM

In bedrock topography that has been subjected to extensive glacial abrasion,

ou i i avelengths comparable to the transition wave-
mughnessdmlfﬁ;??siea:;egzn?1?—-18)_. ’Igo represent this common state of aff mrsl;
Lo e 5 white roughness Spectrum that is truncated at a lower wavelengt
e 'Ch;\)os? :ve number limit I). The abrupt truncation is doutftles's a somewhat
gftuifti,ci;l f:ature but it is chosen here as the simplest 'repr&sentatlon in the absence
of any detailed ;quantitative knowledge of topographic roughnfess spectl.'::.on ave.
If the truncation wavelength A, is greater than the effective transiti

length 2x/£(l) for any ! that occurs in the spectrum (I < 1), then £(0) has the
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largest effect on (63) at { = I,. Hence the appropriate definition of I, in this case is
lo = &) (80)

In calculating the strain-rate invariant (X)), the integrals that appear via (61)
in (53) and (63) are modified by replacing the upper limit o by I,, because of the
truncation. From (61), simplified as explained in section 10, there then results the
following relationship, serving to determine 5(z).

(N/a@)™" ™" = 321 F (g, 10/1.) + (87°/3)¢(tan™ /L) (a(l.™ ") /9(2))?
(81)

where
Fp, 9 = p’ foq ™ ' dp/(1 + w7’ (82)

Equation 81 can be considerably simplified if Iy, is enough smaller than Iy to allow
tan~'l./la to be replaced by lp/le as an adequate approximation, and if in a sim-
ilar approximation the quantity 42 in the denominator of the integral in (82) can
be omitted. Representing the viscosity in terms of the ratio

2™/ = V/L, ©) (83)

the function V then satisfies
wmeen _ OQ/L) + £V
v e+ 64)

and is hence a function only of /1, and {2, as noted in (83). The function @(p)
in (84) is

) = __3_. 2 —_ ( 9 _Q 4_) —2/p:|
B@) = 161‘_2]7[3 3+p+p2+p33 (85)
and ©(1) = 8.14 x 10, The quantity (/) in (83) is given by

2l = Nix"lwi@©@) + )2 (86)

In (83)-(86), which follow from the simplification of (81) described, the quan-
tity lo has disappeared. Evidently this simplification corresponds to omitting the
contribution of regelation to the sliding process. The basal shear stress calculated
with this simplification will be larger than for combined plastic flow and regela-
tion, but the increase will be small when the bedrock topography has appreciable
roughness only at wavelengths substantially longer than typical transition wave-
lengths. Following (63), the shear stress is

8’ LPRPY
= fo gt dl (87)

Again, for I, enough smaller than typical £ values, we can omit the quantity  in
the denominator, and obtain
8 ) e -1
T=-3—;vfo n() dl
2 (88)
= M )
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where
uem = [ dw/ve, o )

With (86), (88) becomes
NU ™" (80)

(4'_2)1/n AI({ n);.l*l/u ]
—3— (@(1) + r’)(u—l)/ n
i i 0) is notably different from the
he +* dependence of v on = descnbed_m .(9 : .
1“"’3‘ deend(:x,lce in (79). The cause of this difference is 9bv1ously thg eﬁclac:to;
the regelation process, which is absent in (90). The function M ({; n) is plotte

in Fi 5 for several values of n. ‘ ]
" Fl’i“;lreeoretical results given by Weertman [1969, equations 2-4] for cube

shaped obstacles with a size range truncated at a fixed small obstacle size A

T =

35 T T T T T
d M(t;n) i
30k /
7
2.5
6
M
5 —d
20
4
15p 3
2
i ) : =
4.00 0.05 04 02 03 04 05

4

Fig. 5. The function M(g; n) in (90), calculated from (84) and (89) for
“ several values of n. The abscissa changes scale at { = 0.1.
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(Weertman's notation) contain the implicit conclusion that v varies as ™, in agree-
ment with (90) above. However, the agreement should really be expected only for
A’ significantly larger than the ‘controlling’ obstacle size A, rather than for A’ as
small as 0.1 4, the lower limit stated by Weertman (1964, p. 932]. The basis of

this expectation is given in section 17, where the relation between A and A. is
discussed.

13. SINGLE ROUGHNESS WAVELENGTH

An idealized form of bedrock topography consisting of a single sinusoid of
wavelength A and amplitude a serves as a useful comparison with the white rough-
ness case, and can represent actual topography more accurately than a white
roughness spectrum could in certain field examples where a well-defined roughness

‘wavelength is locally recognizable. We take the wave crests to be normal to the

sliding direction (hence k = 0). Since there is only one Fourier component, there
is only one value of £(1) in (61), and we therefore set

la = &) = (T/9(h7"))"" (91)

The shear stress for a single wavelength can be extracted from (63) by using
(2) and (6):

37 2
a

h “1y s ' h
r = }—l—z_‘"l:—? n(h 1)(1,11} = 47T zrm g"v (92)
In obtaining (92), we introduce a single-wavelength roughness parameter

£ =a/x (93)
analogous to the parameter ¢ introduced in (6) and (7) for a spectral distribution
of roughness. For & = Iy, (92) reduces to

= 22yl 94)
Comparison of (94) and (45) shows that, in the linear theory (« = 0), simple
sinusoidal topography at the transition wavelength offers about half as much
resistance to sliding as a white roughness topography of the same roughness, the
roughness being as defined in (7) and (93).
Since for the single-wavelength spectrum the integral signs in (64) drop
out, we can omit the type of simplification of (64) that is used in sections 11 and
12. Evaluating (64) at z = k™, we thus get

(€@ = (;7—(—‘,)-{5)"/”_” = 2:(,—!—1_;% hh})(e‘z + #'t%)'? (95)

lx is determined by combining (91) and (95). The result is

la 2n/{n—~1} la 2/(n=-1) T n/(n=1) 2 22 .
G+ G- @ R0 oo FET )

Once I is found from (96), r can be calculated by substitution into (92). Since
an explicit solution cannot in general be given for (96), the final shear stress
formula cannot be obtained in closed form r(v), but there are some limiting
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cases that indicate aspects of the dependence of r on v. The parameter &y is a
monotonically increasing function of v. For small enough v that l* < A%, the
dependence of r on v in (92) is linear. At these low shear stresses and sliding
velocities, regelation dominates the sliding. At a v such that lx = k, we find from
(92) and (96) that d In v/d In r = 4(n + 1), so that the apparent nonlinearity of
the sliding velocity versus shear-stress curve is here the same as for the white
roughness result in (79). At large v, where lo* > h?, plastic flow dominates the
sliding and 7 is proportional to v'/*, as in (90).

A slightly less idealized form of bedrock topography, but closely related to
the single wavelength, consists of an array of humps formed by cross-corrugated
sinusoidal waves of wavelength A. Theoretical results for this topographic form,
which is needed in the discussion of field observations, are given in equations
(98)-(101) and (109).

14. EVALUATION WITH FIELD DATA

Applicability of the foregoing theory to the actual sliding phenomenon in
nature is tested with the help of eight well-studied field examples (Table 1),
covering a substantial range of conditions as to ice thickness, surface slope, shear
strain rate in the basal ice, and sliding velocity. The sliding velocities for some
of the examples were determined indirectly, from surveys of motion at the ice
surface combined with internal deformation measured by borehole tilting (last
column, Table 1). This indirect method can involve a substantial uncertainty
owing to the required extrapolation from the deepest borehole measurement point
to the actual bed (whose position is itself not generally known with the necessary
accuracy). This source of uncertainty is serious only for example 8 in Table 1.
The uncertainty is avoided by direct measurement of sliding velocity in tunnels,
or by photography at the bottom of boreholes [Harrison and Kamb, 1970].

The shear stress = at the base of the ice has not been measured directly; the
available r value used here is the average over the perimeter of the ice across
each glacier cross section studied, which can be calculated from over-all mechan-
ical equilibrium, ignoring any effect of longitudinal stresses. The f values in
Table 1 are the ratios of hydraulic radius to depth for the channel cross sections,
on the basis of which the average = is calculated from the relation

7 = [pighs cos 6 sin 6 )

where 8 is the slope of the glacier surface, and h; is the ice depth measured
vertically. The f value for examples 6 and 7 is valid for calculating r at the bore-
hole sites themselves, rather than as an average over the glacier cross section,
because it is based on detailed knowledge of the distribution of flow velocity over
the cross section [Raymond, 1969].

Uncertainty in f has little effect on evaluation of the sliding theory for any
locality where the flow law was determined with the use of f, since both r and ¥
are then proportional to f; in (90), f then cancels out, and in (79), f enters only
to the power 1/n. The in situ ice flow-law parameters necessary in evaluating
the sliding theory have been determined in the borehole experiments of examples
1 and 6-8. In the tunnel experiments (examples 3-5), the available strain-rate
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TABLE 1. Summary of Field Examples
Basal '
Shear
Surface Strain
Slope Depth Rate
. 8, h, é:.(0), Souree of
No.* Locality deg meters  yr! s Flow Law Source of v
1 Blue Glacier
Hole K 13 116  0.60 0.75  Def. in holes Hole tilt +
, K, P;, N surf, vel.
Hole V 13 119 — 0.756  Def. in holes Borehole
‘ K, Py, N photography
3a Western icefall 28 26 0.05 (1.0) Assumed from Measmt. at
‘ K, P, N tunnel head
3b Western icefall 28 26 0.05 (1.6)t Assumed from Measmt. at
. K, Py, N tunnel head
4 Centr:l e‘;cefill, 40 64 0.8 0.61  Assumed from Measmt. at
ol
ri?i - roc K, Py, N tunnel head
5 Ce‘nt:;ld icefall, 40 74 3.5 0.61  Assumed from Measmt. at
:xrloughrock K, P, N tunnel head
Athabasca Glacier
6 ‘Hole 1B 3.9 316 0.045 0.5 Borehole def.  Hole tilt +
i surf. vel.
7 Hole 1A 3.9 311 0.054 0.5 Borehole def.  Hole tilt +
surf. vel.
8 Hole 209 6.3 209 0.39 0.62  Borehole def. Hole tilt 4
extrap. to
bed

* 1. Kamb and Shreve, 1966.
2. Harrison and Kamb, 1970. 6 and 7. Raymond, 1969.

3.' Kamb fmd LaChapelle, 1964, 8. Savage and Paterson, 1963.
t Gives maximum r consistent with &:4(0) and flow law.

4 and 5. Kamb and LaChapelle, 1968,

measurements do not allow as reliable a determination of the ice flow law but
they are found to be generally consistent with the flow law derived frou; the
b.orehole experiments. Example 3b considers & r value that is larger than that
given by (97), and is the largest + permissible, consistent with the detection limit
for shear strain rate near the base of the ice in the tunnel.

'.Fhe results of applying the sliding theory to the field examples in Table 1
are given in Tables 2-6. The quantities v, r, N, and n in Table 2 are based on the
field information noted above and in Table 1, and the remaining quantities are
calculated from the theory. The necessary quantity I, defined in (62) depends
oni the conductivities of ice and bedrock. K, for ice is 0.005 cal sec! °b“ em!
K for bedrock at the actual field sites has not been measured; values for most:
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of the pertinent rock types [Clark, 1966, p. 461 ff.] lie in the range 0.005-0.015
cal sec™ °C! cm™, the larger values being shown particularly by water-saturated
porous sandstones. The corresponding range of T values (for H = 73 cal em™,
Co = 0.0074 °C bar?) is T = 155 to 77.5 bar yr m=. In Tables 2, 4, and 6, the
theoretically derived quantities are calculated for both of these limiting values
of I, s0 as to include the range of results permissible within the uncertainty in T.

cm
20
29
32
45
49
69
39
55
12
17
7
38
38
54
20
28
28
40

A=5m

¢
0.098
0.098

0.154
0.15
05
0.051
0.080
0.080
0.029
0.029
0.054
0.054

0.167
0.167

Single Wavelength
cm
7
15
25
28
3
3
13
22
21
33
6
10
11
18

Aoy

15. BEDROCK ROUGHNESS

The borehole experiments provide no direct evidence as to the roughness of
the bed at the most pertinent wavelengths, of the order of a few meters or less.
Attempts to obtain roughness information from borehole measurements have
been made, but have not thus far been successful [Fletcher and Kamb, 1968;
Harrison and Kamb, 1970]. The tunnel experiments give a sampling of the bed-
rock topography at the tunnel head, but the region sampled is generally much
smaller than the area over which the bed roughness is effectively averaged in
the sliding process (section 4). For these reasons, the most direct way to apply
the sliding theory in the present state of knowledge is to calculate from the
theory the bed roughness appropriate to each of the field examples. Results are
given in Table 2 for four different assumptions as to the bedrock roughness
spectrum ¢ (h, k).

If we had no a priori information about details of the roughness spectrum,
the most appropriate assumption would be a white spectrum, |¢(h, k)| = constant
= ¢, which does not single out any particular roughness wavelength as more im-
portant than any other. (A general indication of validity for roughness spectral
functions of this type is provided by the power spectrum density data given by
Jaeger and Schuring [1966] for four different topographic surfaces; none of them,
however, are glacier beds.) The results of applying the theory for the white
spectrum are derived from equations 72-79 with the stated values of the
parameters. For comparison it is useful to consider an alternative extreme, in
which only a single roughness wavelength is present. The most suitable wave-
length for this purpose is Ay, because, as is shown in section 17, the largest con-
tribution to = from the white roughness spectrum occurs at this wavelength. In
Table 2 the results of evaluating { for a white roughness spectrum are compared
with those for a single-wavelength spectrum with A = Aa. The results for A = Aq

are calculated from (92)-(96), with A = L.

A more likely alternative to the white roughness spectrum can be formulated
by considering the features shown by glaciated bedrock exposures; we can
reasonably assume that bedrock surfaces under existing glaciers usually show
similar features. The following statements are based on my own observations of
glaciated bedrock outcrops, made over the period 1964-1970, with the express

purpose of assessing the wavelength dependence of roughness. Bedrock surfaces
that have been subjected to extensive glacial abrasion characteristically show
prominent roughness wavelengths that are of the order of several meters along
the direction of flow. In the direction of flow, there is typically an almost com-
plete absence of roughness at wavelengths of half a meter or less. Transverse to
the direction of flow, the roughness extends to shorter wavelengths, as repre-

A=,

0.053
0.080
0.088
0.031
0.034
0.09

0.102
0.015
0.017

0.029
0.031
0.090
0.099

S8
15
28

1
cm
2
45
7
7
79
37
53
50
70
33
7
39
84

112
62

Truncated
(AL =3.54m)

§
0.049
0.049
0.093
0.093
0.022
0.022
0.038
0.038
0.032
0.032
0.134
0.134
0.018
0.018
0.023
0.023
0.060

0.060

White Spectrum

xﬁ,
cm
13
22
28
45
46
76
34
56
6
10
24
38
31
49
12
21
28
15

¢
0.019
0.021
0.035
0.040
0.012
0.014
0.019
0.021
0.011
0.013
0.041
0.047
0.007

00:
0.010
0.011
0.031
0.035

5.25
5.25
2
5.25
5.25
5.25
3.0
5
5

"w

N,
bar yri/r
0.884
0.884
0.884
0.884
0.884
0.88
1.32
0.78
0.70

Field Data

L)

bar
1.7
7

TABLE 2. Roughness { and Transition Wavelength \, Calculated from Theory for the Field Examples
Full

3.6
5.8
5.8
3.6
41.
41.5
3

[2
m yr!
223

128,
The upper and lower values for each entry are for T' = 155 and 77.5 bar yr m™, respectively.

Example

1

2

3a

3b

4

5

6

7
8




708 BARCLAY KAMB

sented by the typical longitudinal grooving and striations. However, the trans-
verse roughness components have much less influence on the sliding process than
do the longitudinal components. This is shown by the form of (43), in which, for
fixed I, the contribution to + from {2(k, k) goes to zero as k goes to zero. Though
the topographic anisotropy of the bedrock surface is thus significant here, the
most important topographic feature is the absence of roughness at the shorter
wavelengths along the direction of flow. In the absence of detailed information
about the spectral function ¢(k, k), the most appropriate assumption is a trun-
cated white spectrum that extends from long wavelengths down to a limiting
wavelength Ap, that is of the order of several meters. Table 2 gives the results of
applying the theory with Ay, = 5/2'/2 meters, a cutoff wavelength that is chosen so
that at A = 5 meters the roughness appropriate to the parameter ¢{ is already fully
developed, as is shown by the defining relation for ¢ in (7). From the A, values in
Table 2, it follows that A, is substantially greater than A+, hence the simplified
theory in equations (83)-(90) is used in caleulating the results for the truncated
white spectrum in Table 2. Finally, the results for a single roughness wavelength
with A = 5 meters, calculated from (92)-(96) with » = 2/ 5 m™1, are given for
comparison.

We now consider the significance of the ¢ values in Table 2. With only a few
exceptions, the ¢ values are small (<0.1), so that the theoretical approach, based
on small { (low roughness), is probably valid as a reasonable approximation.
The range of derived ¢ values is such that the first term almost always dominates
the second on the right side of (61), so that the viscosity values are predomi-
nately determined by the stresses required for flow around the bedrock obstacles,
rather than by the over-all basal shear stress . (The conditions for this are as
follows: for white roughness, ¢ < 0.052; for truncated white roughness, { < 0.090;
for a single wavelength, ¢ < 0.117.)

A straightforward judgment as to whether the theory is quantitatively sat-
isfactory could be made if we had test cases in which the actual bedrock rough-
ness were known. Tunnel examples 3 and 5 come the closest to filling this need.
A quantitative measurement of the roughness was not made, but, from the photo-
graphic record of the bedrock surface exposed at the tunnel heads [Kamb and
LaChapelle, 1964, 1968], we can state the following facts: (1) effects of glacial
abrasion are modest in these examples, and roughness is present at wavelengths
down into the centimeter range and, locally, below; (2) in example 3, some bed-
rock roughness features in the form of cavities depressed below the general level
of the bedrock surface are bridged over by the moving ice and therefore do not
contribute to the roughness that is effective in offering resistance to sliding; (3)
in example 5, the ice is in almost complete contact with the bed, only a few small
cavities being bridged; (4) peak-to-trough amplitudes for individually recogniz-
able roughness wave forms (2a in equation 93) of about 0.1A are abundant, and
we can therefore expect that ¢(l) values of about 0.05 are appropriate for a rep-

resentation of the bed; (5) the presence of structural features in the basal ice
produced wholly by regelation in example 2 shows that, at least in this example,
the range of significant roughness wavelengths extends down well below A.. For
the conditions described, a white roughness spectrum is appropriate as a first ap-
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proximation to the actual statc of affairs. The white roughness ¢ values calculated
for example 5 (Table 2) are of the general magnitude expected (~0.05), whereas
those fox: exs.zmple 3 are definitely smaller (0.01-0.02), although not l;nreason-
ably so, in view of the greater extent of ice separation from bedrock. The single
wavelength A = Ao Toughness for example 3 is of the size expected, whereas that
for example 5 is rather larger. When we consider the relatively small areas of the
bed that could be sampled at the tunnel heads, and the consequent uncertainty as
to whether th.e observed sample is fully representative of the bed over the larger
area over which the roughness is effectively averaged in the sliding process (sec-
t1;,;lon 4}2! we can conclude that the bed roughness predicted by the theory for either
obze‘:-]v ;tierz(;ugghl:]r::? or the A = A, models is ggnerally reasonable in relation to the
A somewhat closer examination for example 3 is justi i
observations [Kamb and LaChapelle, 1964) : (;;) rougljn%sﬁ;iv2¥o:212 if;ll“i::,:%
length up to about 10 em showed features of regelation sliding, without any ef-
fects of concommitant plastic-flow sliding; (2) roughness wav’eforms of wave-
l?ngf,h ~10 meters showed the effects of plastic-flow sliding; (3) there were no
significant roughness waveforms of intermediate wavelength ’in which combined
eﬁ‘ects. of regelation and plastic-flow sliding could be observéd. In view of these
facts, it is more appropriate in comparing theory and observation for example 3
to calculate scparately the effects due to waveforms of A ~ 10 cm and of A ~
10 meters. Since the observed waveforms are in no case simple sine waves, it is
somewhat more realistic for this purpose to represent the topography as an ;n'ray

of humps
% = asin hz sin hy (98)
;I;Il]](; vx‘:su:;ls Zo;'elipzzc:ct;lg‘tit:n (5?120{),,,, ;)u,t for topography of the form (98), are as
7 = (x/2"*)Ta’y/A (99)
and for k <€ I, (plastic-flow sliding)

7 = 4.2 q%/\? (100)

in which 7 is given by (58) and ¢ is obtained from

2
(é2(l—l))l/2 = :4_81%”(1 + %62’_2;2)1/2 (101)

(Equation 99 was given by Kamb and LaChapelle | 1964].) For A = 2n/h =
19 em and 2a = 1 em, corresponding to the effects visible in Figure 3 (mislabe]e_(-i
Figure 6) of Kamb and LaChapelle [1964], equation 99 gives a contribution of
0.50 bar (for K, = 0.005 cal sec! °C1 em) or 0.25 bar (for K, = 0.015) t

the shear stress resisting sliding. For A = 10 meters and 2a = | m:ter a.nd w'tl(:
the flow-law parameters assumed in Table 2, equation 100 gives r =, 0.42 b;r
The combined resistance r = 0.92 or 0.67 bar is reasonable in relation‘ to tht;

range 0.7 to 1.1 bars estimated from the field information. It therefore appears
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that the somewhat low values of { obtained in Table 2 by the evaluation of ex-
ample 3 for a white roughness spectrum are a consequence of the fact that the
actual roughness spectrum is more restricted as to available frequencies.

Example 4 in Table 2 is also based on observations at the head of a tunnel
[Kamb and LaChapelle, 1968]. In this instance the ice was largely separated
from the bed, and was resting on bedrock only at isolated points. Under these
conditions it is not the bedrock roughness that is directly pertinent, but instead
the roughness of the ice sole. Where unsupported, the sole showed no longi-
tudinal roughness, whereas around the isolated points of support the local rough-
ness was sometimes so large as to invalidate the theoretical approach used here.
It is not possible to estimate quantitatively an effective average bed roughness
under these circumstances, or to characterize reliably the spectral distribution
of roughness. The over-all impression from the observations is of low sole rough-
ness, and of a wide distribution of roughness wavelengths, with short-wavelength
contributions necessary to account for the localized roughness around the iso-
lated points of support. Of the spectrum models considered in Table 2, only the
white roughness model could provide these features, but even this model is of
dubious applicability under the extreme conditions prevailing. The white-rough-
ness ¢ values for example 4 in Table 2 are probably low enough to be reasonable
as an over-all impression of the low average sole roughness.

For the examples in Table 2 based on borehole data, for which there is no
direct information about the bed roughness, only general consideration as to the
reasonableness of the results is possible. We first note some over-all features of
the derived ¢ values in Table 2. The ¢ values for each spectrum model individu-
ally are relatively insensitive to the range of conditions in the different field
examples, a wide range of sliding velocities and shear stresses being allowed by
a relatively modest range of roughnesses. A similarly weak sensitivity of the
calculated ¢ to the parameters T, N, and n is also evident in Table 2. This be-
havior is a reflection of the nonlinearity in the basic equations 79, 90, and
92 + 96, under the large n values found in the borehole experiments. There
is as much contrast among ¢ values evaluated for a single field example with dif-
ferent spectrum models as among ¢ values for the different field examples with
a single model. For each field example, the { value derived for a single roughness
wavelength at A = Aq is 2 to 3 times that for the white roughness spectrum. This
is a consequence of the definitions of { for the two cases (equations 7 and 93)
and the fact that, according to equation 108 below, significant contributions to
the resisting stress = are distributed over a wavelength range of several octaves
above and below the octave containing Ae. The truncated white roughness model,
with 2123, = 5 meters, requires { values comparable to those for the single
wavelength at A = s, and the single wavelength at A = 5 meters requires ¢ values
about twice as large.

The appropriateness of the ¢ values derived for the borehole examples in
Table 2 can at present be judged only in relation to samples of bedrock topogra-

phy visible around the periphery of the glaciers studied. On this basis, one ex-
pects that the truncated white roughness model should be appropriate. Rough-
ness amplitudes 2a at wavelengths of about 5 meters are commonly 1% meter,
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hence we expect ¢ to be about 0.05. This expectation is generally fulfilled by cal-
cul_abed { values for the borehole examples when interpreted with the truncated
white spectrum, or with a single roughness wavelength at A = 5 meters.

_ In the examples with relatively high sliding velocity (>20 m yr1), the theo-
'retlcal ‘t values required for a white roughness spectrum appear too s;nall. This
is pamcl‘xlarly striking for examples 6 and 7. Local instances of bedrock topog-
raphy with such a low roughness over a wide spectrum that includes 5- to
20-metfar wavelengths certainly do occur, but, in my experience, they are rare.
A possible explanation is that there is very extensive separation of the ice sole
.frc?m the bgdrock, perhaps like what was observed in field example 4. Although
it is show./n' in section 19 that ice-bedrock separation can be an important feature
of the. sliding process under some circumstances, there is no direct evidence for
the w.ldcspread presence of such extensive separation as is required to lower the
gﬁ'ectlve rqughness in examples 6 and 7 from the expected ¢ ~ 0.05 to the theoret-
1f:ally required { ~ 0.01 over the whole spectral range. If such extensive separa-
tion were typical, then on typical glaciated bedrock exposures the separation
sho-uld be recorded by marked abrasion only of the crests of the bedrock highs
This tends indeed to be the case for any bedrock i\oughness features at wave—‘
lengths of a few centimeters, but not for wavelengths of a few meters or many
meters. The fact that the ice has the greatest tendency to separate from the bed
at wavelengths near A, (see section 19) not only reduces the sole roughness at
these wavelengths but also reinforees the abrading away of the corresponding
bedrock roughness features (section 18), so that the sliding process naturally
tends to lead to lower effective roughness near Ao than at longer wavelengths
and thus to the state of affairs represented by the truncated white roughness,
spectru'm. It is therefore reasonable to find in Table 2 that, for high sliding
velocities, the theoretical ¢ values for the truncated spectrum, are more nearl
of the expected size than are those for the white spectrum. Y

16. SLOPE OF THE BEDROCK SURFACE

. The topography described by (3) is superimposed upon a reference plane
tilted at the mean slope of the glacier bed; hence, if the roughness is low enough
the bed will slope downstream at all points. The glacier will then be unstable (it‘
could simply slide downhill without any constraint), and the sliding theory
developed above would be inapplicable. The low roughness values obtained in
Table 2, particularly for the white roughness spectrum, give cause for concern
that an unstable state may be implied by the numerical evaluation of the slidin
theory. ’

To investigate this point, we calculate the contribution B of the roughness
!;opography to the over-all slope in the x direction. The local slope contribution
is B = tan"'(dz¢/0z), and for a sine wave z, = a sin hz, the maximum slope is

Bmax = tan™ ah (102)

If Bmax exceeds 6, Fhe mean slope of the bed, then upstream-sloping parts of the
bedrock surface will be present, and the glacier will be stable. For the general
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topography described by (3), it is convenient to calculate the mean square value
of tan g8
A i 4 R h, k) ]
(an’ B) = ;3 f Ra’(h, k) dh dk = ;” f f e dhdk (103)

For white roughness, (103) becomes

2 i [ 2 l
o’ B) = 22 ¢° f, % -y In g (104)
In (104) it is necessary to set finite limits on the integration over I, in Qrder
to obtain a nondiverging result. Wavelengths over the entire range contribute
equally, per logarithmic wavelength interval, to the mean square value of t‘he
local slope. Although this might appear to show theoretically that for a v'v}ute
roughness spectrum the glacier can always be stable for any value of {, with a
suitably wide frequency range I, to Iy, in practice the acceptable range of 1 is
limited by the thickness of the meltwater layer between ice and bedrock (a few
microns) and by the thickness of the glacier. _

Table 3 gives the results of evaluating (102) and (104) on the.basm of the
roughness results in Table 2. In angle 8 listed in Table 3 is an estimate of the
maximum slope angle contributed in the z direction by the bedrock topography
(3), and is calculated from

Ba = tan™' (2(tan’ B))'* = tan™' [2x{(3 In /M) (105)

on the assumption that the maximum slope is about 21/2 times the rms slope, which
is exactly true for the pure sine wave in (102). The wavelength limits A; = 2x/l

TABLE 3. Comparison of Mean Bed Slope 8 with Estimated Maximum
Slope Fluctuations fm O Bmax

White Spectrum Single
Wavelength
Mean Truncated Long-A _—
Slope Full (A, = 3.54m) Part A=Ay A=5m
a’ Bm] ﬁmy 5“1,1 ﬂmx) ﬁmu;
Example deg deg deg deg deg deg
13 18 16 9 18 32
; 13 32 29 17 29 44
3a 28 12 8 6 13 18
3b 28 18 13 9 18 27
4 40 11 11 6 12 23
5 40 36 39 20 32 51
6 3.9 7 6 4 6 10
7 3.9 10 8 5 11 19
8 6.3 29 20 15 32 46
ength limits:
w;.v,elmefers 0.002 5/212 2 0 0
Ay, meters 20 20/213 20 e @

SLIDING MOTION OF GLACIERS 713

and A, = 2x/l, for the white roughness and truncated white roughness spectra are
chosen so as to include a range that is reasonable in relation to typical glaciated
bedrock topography. The lower limit A; for the white roughness spectrum is
chosen as 2 mm, so as to include only the topography that would be readily
visible macroscopically. Because of the similarity of ¢ values calculated in Table
2 for the two limiting values of T, only the lower value of each pair (for T' = 77.5
bar yr m2) is used in calculating the angles in Table 3. The near equality of Sn
and Buax values for the white roughness, truncated white roughness, and single-
wavelength A = A, spectra in Table 3 is noteworthy.

The angles 8y and Bumax calculated from (102) and (105) are compared in
Table 3 with 6, the glacier surface slope in each example, which can be assumed
a reasonably close estimate of the mean slope of the bed. The examples from
valley glaciers (examples 1, 2, 6-8) indicate stability for any of the roughness
spectral models evaluated in Table 2. The stability is marginal in example 5,
and a definite indication of instability is given for examples 3 and 4; these
examples are in icefalls, where the mean slope is high. Because of the peculiar
state of affairs at the bed in example 4, as already discussed above, the theoreti-
cally derived ¢ values are not really appropriate for use in the comparison in
Table 3. However, it is little wonder that an indication of instability is obtained;
indeed, as an observer of example 4, I found it difficult to conceive that the visible
configuration of the sole could actually be stable, although there did exist local
upstream-facing slopes on bedrock obstacles that made contact with the sole.
The instability shown for example 3 in Table 3 is probably related to the indi-
cation, discussed in section 15, that the roughnesses calculated in Table 2 for
this example are somewhat too low. The special roughness model discussed in
section 15 for this example, consisting of two superposed waves of type (98), each
having a/A» = 0.05 (with wavelengths A = 10 cm and A = 10 meters), has a
maximum slope Bmax = 35°, sufficient to give stability.

The angles B and Bmax in Table 3 provide a somewhat independent means
of judging whether the bedrock topography defined by the ¢ values in Table 2
appears reasonable. On typical glaciated bedrock waveforms several meters in
wavelength, the maximum longitudinal slope of the abraded rock surface (dis-
regarding the steep lee sides of roches moutonneés, where the ice separated from
the bedrock) is often about 30°, relative to the mean longitudinal slope. With
this as a standard of reference, the range of roughnesses indicated for the trun-
cated white roughness spectrum in Table 3 appears reasonable, and that for the
single wavelength at A = 5 meters either reasonable or somewhat too large. Inso-
far as we judge the roughness on the basis of what is seen on a scale of several
meters, we must correspondingly limit the spectral range over which g, is cal-
culated from (105) in evaluating the results for the white roughness spectrum;
this is done in the column designated 8," in Table 3, and indicates that the
derived roughness is somewhat too low.

17. TRANSITION WAVELENGTH

The contributions of regelation and plastic flow to the sliding process, for a
roughness Fourier component of wavelength A and amplitude a, are given by (37)
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and (38), expressed in terms of the amplitudes an and ar by wh.ich the sliding ice
accommodates the roughness amplitude a through the mechanisms of regelation
and plastic flow, respectively. Equations 37 and 38 show th‘a(:., for short wavelengths
(A < o), the contribution of regelation dominates t:he sliding process (az > ae),
and, for long wavelengths (A\> Xo), plastic flow dominates (qp > ag)- The' wave-
length ), is at the transition between these wavelength regions of prefi?uunatmg
regelation versus plastic flow, and it is thercfore called here the ‘transition wave-

h.' .
lengtln the nonlinear sliding theory of sections 10-13, equations 37 and 38 remain
applicable, and the contributions of regelation and pl?,stic flow to the sliding
process continue to be determined for the individual Fourier roughness components
separately. Although the quantity I, in (387) and .(38) must be replaced by the
funetion £() given by (62), it is possible to recognize a wavelengt_h e that: plays
essentially the same role as \, in the linear theory. When the Qeﬁmtmn of A, in (69)
is appropriate, A, is exactly the transition wa.veler'\gth d'escnbed a.b.ove. For other
appropriate definitions, as in (80) and (91), l,.. is, st.nctly'spealung, _the val;xle
of £(I) at that roughness wave number for which the rel.atlve proportion of t e
regelation and plastic flow contributions has the mat%t mf.luence on the sliding
process. At this particular [, (37) and (38) are applicable with lo'replaced b).' l,.,.

To make a detailed evaluation of (37) or (38) for the nonlinear case, it 18
necessary to introduce the wavelength dependence of £(!) from (62)._ For t_h;e
particular spectrum models discussed in sections 11-13, the needed f_unctlon ngl )
is given by (71), (81), or (95). If, as in section 11, we let.u = /1., with [, as given
by (72), then for the white roughness spectrum we obtain

apw) _ _ X9 (106)
a(w) &+ X D

where X is the quantity that satisfies (74). Similarly for the truncated white
spectrum, with p = /I, we find

ap() _ _ V@ §) 107)
a(w) £+ V() (

where V satisfies (84). For a single-wavelength spef:trum, lo/h is‘(?btaixxable by
solving (96), and ar/a can then be found from (37), with I = h, and with o replaced
> la];‘igure 6 shows how the ratio ap/a varies with \ for the white roughness
gpectrum, according to (106). As ¢ becomes large, the- w'a,velength dependence
of £(!) becomes increasingly less pronounced, 9',nd in the limit for large ¢ the v‘ergve;
length variation of ap/a is the same as for the hne.ar theory (constant L,). Th? :{:
on ap/a of the wavelength dependence of £(0) is seen to be sma.l!, even for 8‘ke
limiting case ¢ = 0. The tendency in Figure 6 for the .nonlmear plastlf: flow to make
a reduced contribution to the bedrock accommodation, by_ comparison w1.th tl.xat
for the linear theory, can be understood in terx_ns °,f the distribution of viscosity
that corresponds to the strain-rate distribution in Figure 2. ‘ )

In the linear theory it follows from (44) thajt, for an 1s‘otro;')w roughness
spectrum, the contribution to r from the roughness in any logarithmic wavelength
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Fig. 6. Ratio of plastic-flow accommodation amplitude ar to bedrock

roughness amplitude @, as a function of roughness wavelength A relative

to the transition wavelength \e. The curve for { = oo is identical to that

for a sliding medium having linear rheology (Newtonian viscosity). The

effects of nonlinear rheology are largest for the other limiting case shown
(t - 0).

increment dA\/) is proportional to {*g(A/A;) dA/), where

gw) = (w+ w7’ (108)
Since g(A/Ao) rises to a maximum at A = Ao, the roughness ¢(I) at wavelengths
nearest to A, can be said to ‘control’ the sliding motion in the sense that (108)
tends to single out the contributions from these wavelengths in determining the
resisting stress r. In the nonlinear theory, from (68), the same conclusion follows,
A being replaced by A as defined in (69).

The quantity A« is related to the ‘controlling roughness ratio’ and ‘controlling
obstacle size’ of Weertman [1957, 1964). From the linear theory in (36)-(38),
it is seen that the roughness wavelength, rather than the amplitude (obstacle
size) or amplitude/wavelength ratio (roughness ratio), is the fundamentally
important parameter of the sliding process. In the nonlinear theory of sections
10-13, Ae is no longer a material constant, and it shows a dependence on the
roughness ¢, but the wavelength remains the basic parameter that determines the
resisting stress contribution from (108) or the accommodation contributions from
(37) and (38).

For a typical ice viscosity n = 1.3 bar yr, as measured at the bottom of
borehole K in example 1 (Table 1), the transition wavelength A, predicted by
equation 42 is 58 em or 83 cm (for Kz = 0.005 or 0.015 cal sec! °C1 em,
respectively). This prediction agrees with the one existing field observation of
features that serve to define Ay [Kamb and LaChapelle, 1964 ; example 3 in Table
1]: roughness waveforms at A = 10 ¢cm were accommodated entirely by regela-
tion, without any detectable plastic flow, whereas wavelengths A ~ 10 meters were
accommodated by plastic flow with little, if any, regelation.
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Transition wavelengths A« calculated from the nonlinear theory for the
several field examples are given in Table 2. They are obtained from equations
(72), (80) + (86), and (96) for the different roughness-spectrum models. In
general the calculated wavelengths are distinctly less than what is estimated
above from the linear theory, without including the effect of the plastic-flow
sliding on ». For field example 3, the A« values appear somewhat too small in
relation to the observed absence of any significant plastic flow at A = 10 em.
This is particularly true for the A, values of 17, 22, and 28 cm, which, according
to Figure 6, should have allowed a definitcly observable amount of plastic defor-
mation at A = 10 em. It was hoped that examples 4 and 5 would provide oppor-
tunities for field measurement of A, but the conditions encountered did not make
a clear determination possible. In example 4, massive amounts of regelation on a
scale of about 35 em were taking place around a bedrock obstacle making contact
with the sole over an area of about the same size, whereas around an obstacle
penetrating the ice over an area about 2 meters in diameter, extreme plastic
deformation took place on this scale, with local plastic crumpling at wavelengths
down to about 25 em. These observations are consistent with the A« values for the
truncated spectrum in Table 2, but the A« values for the white spectrum and for
A = Ao appear somewhat too small. As was explained previously, one cannot
place much weight on results derived from the theoretical ¢ values (Table 2) for
field example 4, because of the peculiar situation at the bed in this locality. In
example 5, regelation features were not observable, perhaps because of the high
dirt content and the lack of air in the ice; neither could any plastic flow around
the obstacles be observed.

For reasons given in section 15, a more detailed discussion of example 3 is
justified. If we evaluate A, for a single-wavelength roughness at A = 10 em, { =
0.05, by solving (96), we find Aa = 18.3 or 63.6 cm (for K, = 0.005 or 0.015 cal
sec? °C-1 em, respectively). The marked sensitivity of Az to the value of T
here is noteworthy. A value of 18.3 em for A« is clearly too short; it corresponds
to ap/a = 0.23, which would have been readily observed as a warping of the
regelation layer. The value A, = 18.3 em corresponds to a shear-stress contribu-
tion r = 1.41 bar, which is too large. We should use instead a cross-corrugated
topography of the type (98), as was done previously, which for the same A and ¢
gives + = 0.50 bar (for ©' = 155 (bar yr m2). In this case, equation 96 must
be replaced by

2n/n—1} 2/(n=1) F n/(n—1) 2 .
(B 2B - (B 2 (4 eyt s (109

Solution of (109) for the appropriate parameters gives A« = 48.2 or 278 em (for
K, = 0.005 or 0.0*5 cal sec”! °C-! em™, respectively). The quantity ap/a can be
calculated from (38) if we note that for topography of the form (98), I = 21/2h.
For Ae = 48.2 ¢cm, we find ap/a = 0.021, a plastic-flow contribution that, al-
though definite, is probably small enough to escape detection by observations of
the type available in field example 3. It thus appears that the theory is consistent
with the observations in example 3, in spite of the indications that A« as calcu-
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:g(t)es(in t:lt]" the white roughness spectrum, or for a single wavelength at A = Aa, 18
. Direct observations of regelation and plastic flow in the sliding processes, as
discussed here and in section 18, provide the most definite quantitative te’:sts
presently available for theories of glacier sliding. (The ability of such theories
to account for the observed sliding velocities with reasonable roughness values
prov1des.a less definite test, first because the high nonlinearity allows great
changes in sliding velocity for only modest changes in roughness, and second
pecause the roughness over areas of appropriate size at the bottor’n of glaciers
1s presently unknown.) Earlier it was pointed out {Kamb and LaChapelle, 1964
p. 170] that the theory of Weertman [1957] did not agree quantitativel;:' with'
observed features of the regelation layer in field example 3. Subsequently
Weertman‘ [1964] introduced some modifications into the theory, which aﬁ'ected'
the numerical results, and he concluded (1964, p. 204] that the theory then gave
reasonable agreement with observation. We reconsider this point here. The form
of Weertman’s [1964] theory is such that the controlling obstacle size, designated
A, does not. depend on the bedrock smoothness ratio s nor on the basal shear
stress r. It is given, from equations (8b) and (9) of Weertman [1964], by

A= (.ﬁi,)”‘“”(aCD)""”” 2 (r=1)/(n+1)
B Hp (;) (109a)

In (109a), Weertman’s notation is used except for the sliding velocity v. If we
fol'low Weertman in assuming 1 =2,y = 1, n = 3, B = 0.017 bar® yrl ‘a =1
C = 0.0074°C bar, D = 0.005 cal sec-! °C-1 em™ Hp = 73 cal em3 ar;d if we’
take v = 58 m yr! (example 3), we obtain A = 2.2 em. In the tl;cory, Ais

" supposed to be the obstacle size for which regelation and plastic flow make equal

contribl.ltions to the sliding process; hence, for obstacles of size A, the plastic-
flow adJ'ustment (corresponding to ap) should be comparable to the regelation
layer thickness {corresponding to ag). This prediction conflicts with the fact that
o.bstacl(.es of 2-cm size in example 3 showed complete accommodation by regela-
tion, without any observable effect of plastic flow. It thus appears again that
Wev?rtman’s theory exaggerates the relative contribution of plastic flow to the
sl‘ld{ng process for obstacle sizes of a few centimeters. In comparing the pre-
dictions of the present theory with Weertman’s, the transition wavelength A,
sl:ould be ‘compared with 24, rather than with the ‘controlling obstacle spacing’
L = As in Weertman’s theory, because the distance scale over which plastic
flow is assumed to occur in Weertman’s theory is A, not L’. As was noted earlier
there is a suggestion that Ao values given by the present theory are somewhatz
too short, representing some overemphasis on the contribution from plastic flow
but the .eﬂ'ect is here less severe than in the predictions of Weertman'’s theory. ’

. It is not yet possible to make a clear comparison with predictions of
Lliboutry’s theories. In a recent statement, Lliboutry [1269] presents two sep-
arate ‘controlling sizes’ as pertinent to sliding across a pure sinusoidal bedrof:’k
profile, but he does not explain the physical significance of these sizes, which
would allow a test against observations or a comparison with other theori,es. The
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two sizes stated, 1 meter and 1 cm, lie at the limits of the range of A« values
found in the present theory.

18. THE REGELATION LAYER

The ice layer involved in the regelation contribution to sliding is a feature
that can be observed in the field [Kamb and LaChapelle, 1964], and the thick-
ness of the layer can be compared with predictions of the sliding theory. The
variable zy defined by

oz, ) = 4‘—:, f f ax(h, K)e' ™ dh dk (110)

represents the local contribution of regelation to the accommodation of the ice
to the bedrock topography, and the mean square contribution is

(o) = 17';2- f f a’(h, k) dh dk a11)

If the bedrock topography were a sine wave, the average thickness dg of ice in
the regelation layer would be 21/2 times (2p?)¥/2 (see Figure 1). We assume that
the same factor applies to general roughness spectra. Hence we have from (6),
(37), and (111),

+ a0

2 Sm E(h, k) dh dk 112
dR - 3 (l2 + £2(l))2 ( )
In the case of white roughness, and with the simplifying assumption £(1) = [, =
constant, we find from (112)

de = (B0, (113)
For the truncated white roughness spectrum, the corresponding result is
- l 2 1/2
dp = (%)|/2§')\u(z7__,_‘:"l_7) (114)
and for a single roughness wavelength A it is
dp = O/ (R” + L.7) (115)

where ¢ in (115) is as defined in (93).

Regelation layer thicknesses, in millimeters, obtained from (113)-(115)
with the theoretically derived quantities in Table 2, are given in Table 4. The
predicted thicknesses are generally in the range from 1 to 10 mm. The relatively
slight decrease in predicted thickness from the white-spectrum model to the
truncated white-spectrum model is noteworthy, in view of the fact that the A,
assumed (3.54 meters) is much longer than the calculated A values.

The regelation layer has actually been observed in field examples 3 and 4,
and, possibly, in 2. In example 3 [Kamb and LaChapelle, 1964], the maximum
thickness was 29 mm. An average thickness was not determined by an averaging
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TABLE 4. Calculated Regelation-Layer Thickness for Field Examples

dn, mm
White Spectrum Single
Wavelength
v, Truncated ———ee
Example m yr! Full (A, = 3.54m) A=), A=5m

1 22.3 2.1 1.2 1.6 0.4
3.8 2.3 3.0 0.8

2 3.6 8.0 4.8 6.1 1.6
14.5 9.6 11.0 3.1

3a 5.8 4.7 3.2 3.7 1.2
8.6 6.5 6.8 2.4

3b 5.8 5.2 3.4 4.0 1.2
9.5 6.9 7.4 2.4

4 128. 0.6 0.3 0.4 0.1
1.0 0.6 0.8 0.2

5 3.6 8.1 4.3 6.1 1.4
14.6 8.6 11.0 2.9

6 41. 1.8 1.0 1.6 0.4
3.3 2.1 2.8 0.8

7 41.5 1.0 0.6 0.8 0.2
1.9 1.2 1.5 0.4

8 3 7.0 4.9 4.9 1.3
13.0 9.8 9.0 2.7

The upper and lower values for each entry are for I' = 155 and 77.5 bar yr m™3, respectively.

of individual measurements, but the average is judged to be about 5 mm. This is
in reasonable agreement with the predicted thicknesses in Table 4, except for
those from the single-wavelength model for A = 5 meters. The latter is clearly
inappropriate to the observed bedrock topography at the site.

In field example 4, a regelation layer 8 to 14 mm thick was observed at the
ice sole, but the source of this layer was inaccessible. The predicted thicknesses
(Table 4) are much smaller, but, for reasons noted previously, little weight can
be given to the predictions in this case. It appears that the observed regelation
layer must have been generated by bedrock obstacles similar in amplitude and
wavelength to those observed producing the regelation layer in example 3.

Borehole photography at the bottom of borehole V in example 2 [Harrison
and Kamb, 1970] reveals a distinct layer about 20 mm thick at the base of the
ice, which may be the regelation layer, although positive identification is difficult.
The thickness of this layer is somewhat larger than the average thickness pre-
dicted in Table 4, but at the point of observation the base of the ice was slightly
separated from the bed; hence a maximum thickness, rather than the average
thickness, was probably encountered.
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The existence of a zone of appreciable thickness over which regelation
operates at the base of a glacier must have an important influence on the process
of abrasion of the bedrock by rock fragments imbedded in the sole of the moving
jce mass. Any rock fragment which, owing to its previous history upstream,
extends down into the regelation zone will be forced into severe contact with the
crestal part of any bedrock obstacles that project up into this zone. Such
obstacles are those for which regelation contributes significantly to the adjust-
ment process in sliding: namely, those having wavelengths of order An and
smaller. We can therefore expect that such wavelengths will be removed promptly
by abrasion. (This was pointed out previously [Kamb, 1964, p. 358].) On gla-
cially abraded bedrock outcrops, this expectation is borne out by the conspicuous
scarcity of roughness features at wavelengths less than a few meters. The wave-
length A, indicated by this evidence is of the order of a meter or somewhat less,
consistent with the discussion in section 17.

19. ICE-BEDROCK SEPARATION

The boundary condition used in (21) will be satisfied if at the base of the
ice the necessary normal stress distribution Ps(z, y) in (31) is available to
keep the ice in contact with the bedrock everywhere. The P, in (31) represents
a fluctuating contribution that is to be added to the mean pressure o due to the
weight of the overlying ice. If at any point the normal pressure at the base of
the ice, equal to Py, + o, were to become negative and hence tensile, the ice
would not be able to maintain contact with the bedrock at that point and would
separate from it, so that (21) would no longer hold. If a water-carrying pas-
sageway in the glacier has access to the bed adjacent to a point where Py + o
at the ice-bedrock interface becomes less than the ambient water pressure in
the passageway, water will intrude along the ice-hedrock contact at this point
and ice-bedrock separation will occur. For a large enough water pressure in
the passageways, and for large enough fluctuations in P.(z, y), distributed
widely over the bed, it is possible for the areas of ice-hedrock separation to
spread out extensively over the bed and to have an influence on the sliding
process. This possibility (or something similar) was pointed out and discussed
theoretically by Lliboutry [1959, 1965, 1968], and has also been considered by
Weertman [19641. Since we know, hoth from ohservation under glaciers [Carol,
1947; Haefeli, 1951; Kamb and LaChapelle, 1964, 1968; Harrison and Kamb,
1970] and from the distribution of abrasion on glaciated outcrops, that the ice
does often separate from bedrock, it is important to consider the extent to which
this is expected on the basis of the sliding theory.

For a general roughness spectrum, a measure of the fluctuations in Po(z, y)
is, from (49) and (6),

2 _ 167 2ff :_ W2 .

<Pn> =73 v n lz(lz ¥ £2(l))2 ¢ (hv k) dh dk (116)

If for simplicity we put £(@) = I, in the denominator of (116), then for white
roughness (116) gives

(P02>l/2 — (%)”21")\.,1)( (117)
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The normal-stress fluctuations can be compared with the basal shear stress by
dividing by (78):

PHY? 1372 1 1 ;
PR G e
Equation 118 shows that, as the roughness decreases, for fixed basal shear stress,
the likelihood of ice separation from the bed increases.
The ice will separate from bedrock wherever —P, becomes greater than
o — Py, where Py is the ambient pressure of water in passageways having ac-
cess to the bed. The overburden pressure of ice is given by

o = pigh; cos’ § (119)
where & is the ice thickness measured vertically, and 4 is the surface slope. If

water in open vertical passageways (such as boreholes) having access to the
glacier bed stands at a height hw above the bed, then the water pressure is

Py = pwghw = «o (120)

where x = pwhw/pihi cos®0, pw being the density of water. Combining (97),
(118), (119), and (120) gives

(P02>l/2 _ 1§l/2 ftan 9 1

e~ Py~ 7@ GEmr T —x (120)
For the truncated white roughness spectrum, a similar derivation leads to

PaH)? _ 137 ftang 1 129
s~ Py 2@ MEnr1l—x 122
For a single roughness wavelength, the relation between (P,2) and = can

be derived immediately from (40) by noting that P, and 82,/8x are sinusoidal
and in phase:

(P! [r = 1/x2"% (123)
Combining (97), (119), (120), and (123) gives, for the single-wavelength case,

Pa)'"* 1 ftang 1

o — Py x2 ¢ 1 —« (124)

Since we wish to ascertain whether any ice separation from bedrock should
take place, we are interested in comparing the maximum value of |P,| with
¢ — Py. For the single roughness wavelength, the maximum value is (2P,)!/2,
and we will assume that the same quantity provides a reasonable estimate of
the maximum value of |P,| for the white roughness and truncated white rough-
ness spectra also. Thus in Table 5 we evaluate the quantity (2P,2)'/2/(¢c — Py),
from equations (121), (122), and (124), using the data in Tables 1 and 2. The
quantity « is taken to be 0 (no available water pressure) in caleulating the num-
bers in Table 5.

According to Table 5, the sliding theory predicts that ice separation should
occur strongly in field examples 3 and 4, to some extent in 5, and not at all in
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TABLE 5. f{;tio of Maximum Tensile Stress Fluctuation (2%*)"/? to Mean Pressure ¢

@P2V2/g
White Spectrum Single
Wavelength
Truncated e
Example ! tan 6 Fuil (AL = 3.54m) A=A, A=5m
1 0.75 0.23 0.95 0.58 1.0 0.56
2 0.75 0.23 0.58 0.39 0.6 0.36
3a (1.0) 0.53, 4.0 3.2 4.6 3.3
3b (1.57) 0.11 4.5 3.35 5.0 3.3
4 0.61 0.84 4.2 2.3 4.8 2.4
5 0.61 0.84 1.5 0.89 1.6 0.84
6 0.5 0.068 0.55 0.34 0.64 0.37
7 0.5 0.068 0.31 0.19 0.35 0.20
8 0.62 0.110 0.21 0.17 0.22 0.13

2 and 6-8, provided that there is no water pressure available at t.he bed. Ex-
ample 1 is marginal, in that a little separation may be pres‘ent if roughness
wavelengths near A, control the motion, but probably not if the truncated
spectrum is applicable. )

As a whole, the variations seen in the values in Table 5 are dominated by
variations in the surface slope ¢ from one example to another. As we would
expect, the variation is such that glaciers on steep slopes should'tend to have
extensive separation, whereas those on shallow slopes should not, if water pres-
sure is absent. The ambient water pressure should tend, however, to be greater
the gentler the slope, for equal sources of meltwater, and this tends to counter-
act the decrease in (2P,2)/2/o valucs for glaciers on gentle slopes. .

The predictions of Table 5 correlate with what is known from observation
in examples 3 and 4, where there was extensive separation. ?n example 5, there
was only very minor separation (a few cavities about 1 em high and 4 cm long),
which conflicts with the prediction in Table 5, since we know that, for (?xample
5, white roughness is reasonably applicable. This conflict can be explained by
the fact that the ice was largely unsupported (owing to separation) over a large
area of the bed only about 20 meters from the site of example 5, and hence f:he
normal stress ¢ at the site was probably higher than is indicated by eqsmtlo'n
119. (This explanation would imply some increase also in 7 at the sit,e'; if this
effect were taken into account, the value of ¢ calculated from the theory in Table
2 would be increased, and hence the quantity calculated from (121) would be
decreased on this account also.)

Borehole photography revealed a separation gap of about 4 em between
the sole and the bed in example 2. This is contrary to the expectations from
Table 5, unless one takes into consideration the fact that water‘in the borehole
was standing only 6 to 38 meters below the glacier surface, which 'corresponds,
by (120), to x = 0.79 to 1.10. Other evidence indicates tha_t the high stand of
water in the boreholes was not representative of the ambient water pressure
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at the bed, which was probably nearly zero. It therefore appears that the
pressurization of a local area of the bed, effected via the boreholes, was respon-
sible for allowing the observed separation gap to form.

An indication that Py may be significant in examples 6 and 7 comes from
the monitoring of water levels in boreholes at this locality [Raymond, 1969, p.
88]. The water levels initially stood at the surface, during drilling of the bore-
holes, but later dropped to depths below about 15 meters. In the best observed
instance, the water level in a borehole that reached the bottom dropped and
then stabilized at a depth of 40 meters. If the water pressure in a hydraulic
system that had access to the glacier bed was sampled, the indicated value of
x in (120) is 0.95. The occurrence of separation is to be judged by comparing
1 — x with the quantities in Table 5, and, although a value of x of 0.95 seems
improbably large, on this basis one would conclude that significant ice separa-
tion was present in examples 6 and 7.

When the ice had separated partially from bedrock, complications in the
heat-flow process at boundaries where the ice has separated will interfere with
the exact treatment of regelation sliding in section 5 (particularly equation 9).
However, these complications will not be serious for wavelengths at which regela-
tion does not dominate the sliding process. Ice-bedrock separation must cause
changes in the form of the roughness spectral function t(h, k), for two reasons:
(a) separation will tend to occur to the greatest extent at wavelengths near A,,
because, as can be shown from (116), for isotropic roughness the contribution
to the mean-square pressure fluctuation (Py2) is proportional to {2 (1) g2 (I/l)
dl/l (where g(u) is given by (108)), and hence for white roughness is a maxi-
mum, per logarithmic wavelength increment, at A = Xy; (b) when the ice sepa-
rates from bedrock over a distance L, any bedrock roughness features in the
interval L arc taken out of action, and this tends to reduce the roughness selec-
tively for shorter wavelengths (A < L). Both effects ¢ and b tend to alter the
roughness spectrum in the direction toward truncated white roughness. With
these limitations, the foregoing theory remains approximately valid for sliding
with ice-bedrock separation, provided that the actual bedrock surface is re-
placed by an imaginary bedrock surface conforming to the ice sole. Thus the
inferred { values in Table 2 represent effectively the roughness of the glacier sole
rather than the actual bedrock. The difference between the two can be significant
when there is extensive ice-bedrock separation, as in example 4.

Separation may explain why the ¢ values found for examples 6 and 7 (Table
2) appear to be somewhat low. If so, these examples illustrate the occurrence of
a significant reduction in effective bed roughness due to ice-bedrock separation
made possible by high water pressure. The existence of such extensive separation
as would be required to reduce ¢ for the sole by, say, a factor of 3 below a
bedrock ¢ of ~0.05 has not, however, been established by direct observation
(except in example 4, where the situation is not at all comparable to 6 and 7).
I, in field examples such as 6 and 7, the existence of separation extensive enough
to reduce ¢ significantly could be established by direct observation, and if the
suggested high water pressure at the bed could be confirmed by appropriate
measurements over a substantial part of a year, there would then be direct
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support for Lliboutry’s [1968] emphasis on ice-bedrock separation as an im-
portant feature of the sliding process. However, since the present theory is able
to account for the high sliding velocity in examples 6 and 7 with bed roughnesses
(Table 2) that are not clearly unreasonable, particularly for the single-wave-
length spectrum with A = 5 meters, the theory does not support Lliboutry’s
{1965, p. 647] claim that ice-bedrock separation is a necessary condition for the
occurrence of high sliding velocities such as the ones in these examples.

When (2P,®)/2/c in Table 5 exceeds 1 — «, the ice should have separated
from bedrock over some portion of the bed area, until the increased mean ice
pressure ¢’ over the part that remains in contact with bedrock is high enough
that (2Py2)1/2/ (¢’ — Piy) is less than 1. The calculated rms fluctuation of P, in this
situation is appropriate to the roughness of the sole in the separated condition.

Even when (2Po?)!/2 is less than ¢ — Py on the basis of the results in Table
5, one cannot conclude that no ice separation is present at the bed, because the
bed may have special roughness features that cause separation but are not re-
flected in the ¢ values inferred in Table 2 on the basis of a white roughness spec-
trum or the other roughness models. The obvious example is the steep lee side
of roches moutonneés, which clearly tends to promote separation, as has been
observed under glaciers [Carol, 1947] and as is seen from the distribution of
glacial abrasion on bedrock outerops. The ¢ values derived in Table 2 represent
effectively a roughness spectrum from which the contribution of special rough-
ness features of this type have been eliminated by the separation process itself.

A type of ice-bedrock separation quite different from that discussed above
has been proposed by Weertman [1962, 1964, 1967, 1869] in a theory of glacier
surges. An increase in thickness of the water layer at the ice-bedrock contact is
visualized as causing a more or less uniform separation of ice from bedrock
over wide areas of the bed. This type of separation is effectively a ‘floating’
of the whole glacier, which requires a water pressure equal to o in the basal
water layer. If it were to oceur, it would, according to Weertman, cause a type
of truncation of the bed roughness spectrum, in which obstacles smaller than
the thickness of the water layer would be taken out of action in the sliding
process. From the viewpoint of the present theory, we would expect that, if the
water pressure in the basal layer were caused to approach ¢ everywhere, there
would first oceur very extensive local separation in response to the varying

local normal stress ¢ + Po at the bed initially (before separation); only after
this extensive local separation had allowed a uniform normal stress ¢ to develop
at the base of the ice could the over-all separation visualized by Weertman begin.
For a bed of arbitrary, irregular topography, as visualized in the present theory,
existence of a uniform normal stress at the base of the ice would preclude the
cccurrence of regelation and plastic flow around bedrock irregularities and would
require = = 0; hence it would not be a possible state of affairs in a sliding glacier.

20. CONCLUSIONS

The comparisons in sections 15-19 between features of the basal sliding
phenomenon as observed in the field and as predicted theoretically show that the
theory in sections 11-13 is able to account reasonably well for the observations.
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The roughness values ¢ predicted under the assumption of a white roughness
Zi:;:-m? tend to be somewhat lower (by a factor of 2 to 4) than expected from
by ]vz:. ions o_f actga! bedrock. topography, particularly in the field examples
relatively high sliding velocity (v > 20 m yr). If all the roughness is as-
su'm_ed to be concentrated at the single wavelength Ao for which the resistance to
shdmg is the greatest, the ¢ values are found to be generally of the expected
$:§:1:;(:§ (b4 ~1 0.05). Hiwever, the resulting model of the glacier bed, a sine
oo v;asve e;)gtll; A = 15 cm, does not closely resemble glaciated bedrock
1;, phy actually observed. Generally reasonable ¢ values are obtained
alternatively by assuming a truncated white roughness spectrum with lower
(;l;toﬁ' wlavelength AL = 3.54 meters, corresponding to full roughness ¢ developed
wavelengths A = 5 meters a:nd lot}ger. Topography with features of the kind
reprgsented by this spectrum is typical of glacially abraded bedrock surfa
and is caused by increased effectiveness of the glacial abrasion process at waces,
lengths <Aa. Fox: the highest sliding velocities (>40 m yr1), the cutoff wa:e-
length Ay, for which the predicted { values become of the expe’cted size i o
to 10 meters or even larger. © tmereases
the 5‘:‘;1: tt},l}? abm.re rela!;xonships it.appears reasonable to conclude (1) that
o sidi n% : e?;)_' in sectl'm.ls 11-13 is quantitatively adequate to account for
o e1 sliding velocltlgs, and (2) that the typical high sliding velocities
m yr- ) in actual glaciers probably represent sliding over bedrock to
raphy in whlch. roughness at wavelengths up to about 5 meters has beenpc;g-
Lx;o(;;dicl;)f'aﬁlac}l)al al;rasion. The bedrock topography that has been observe(;
s shows less extensive effects of abrasion i ropri
represented by a white roughness spectrum; here Oth: r;?r(lysn;n :ﬁdti?opf‘:f t:lly
ice sole to separate locally from the bedrock (section 19) may have anyeﬂ'ect olr(:

- the sliding velocity generally similar to that of truneation of a white roughness

spectrum.

For the one field example in which the theoretically predicted transition
wayelength A« can be compared with direct observation, the A, predicted for a
vsrhxte roughness spectrum appears to be somewhat too small. and that for a
single roughness wavelength at A = A is definitely too small. ’Although a white
roughness spe(ftr}xm seems gppropriate for describing the bed roughness in this
field example, it is also possible to describe the bed reasonably in terms of hu
topography of the form (98), with wavelengths A = 10 em and A=10 mnt]py
supenmgosed. This alternative description leads to reasonable agreement, ; ?tr}?
observation; the predicted A« values are large enough (48-278 cm) that th e
pected amount of plastic-flow accommodation at A = 10 em is so small as :oel):-
unobservable. Because this alternative description is satisfactory, we ca :
conclude definitely that the transition wavelengths Aa predicted by" the thnmt
are somewhat too small, even though the predicted values (Aq generally ine(:l:y
range from 10 to 40 cm for v > 20 m yr) are somewhat smaller than the Aa ~ ;
meter guggested by the observations in field example 3 and by the typical
figuration of glacially abraded bedrock topography (section 18) ypiear con-

Where the .regelation layer has been observed in the ﬁeld. the thickness
found has been in the range 0 to 29 mm, averaging perhaps 5 mm’. Theoreticallsy
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predicted average thicknesses range from about 1 to 10 mm. From (113)-(115),
it would be expected that if predicted ¢ and Ae values are somewhat small, the
predicted regelation layer thicknesses should be somewhat small also, and there
is perhaps a suggestion of this in the comparison between predicted and observed
thicknesses. The general agreement, however, is suflicient to cstablish the con-
clusion that the effects of regelation extend over a vertical thickness of several
millimeters of ice at the base of a sliding glacicr.

For low bedrock roughness, the ice will tend to separate from the bedrock
in the sliding process; if the roughness is low enough, the ice mass will be un-
stable. These two effects are related, but they arc not mathematically equivalent
(sections 16 and 19). Bedrock roughnesses predicted from the theory are mostly
large enough to prevent actual instability; the few cxceptions are special cases,
and allow special explanations. Glaciers sliding on steep slopes tend to have
extensive ice-bedrock separation, both as predicted theoretically and as observed
in the field. The extent of separation for typical valley glaciers sliding on slopes
of less than 15° should be small, according to the theory, provided that water
under significant pressure does not have access to the bed. ‘Significant’ in this
connection represents a hydrostatic head amounting to the order of half the
thickness of the glacier. Although it is perhaps tempting to explain the somewhat
low ¢ values as a result of extensive ice-bedrock separation for high sliding veloci-
ties, there is no independent observational support for this explanation, and the
high velocities (>40 m yr*) can just as well be explained theoretically by a
lack of bedrock roughness at wavelengths Sha. The extent of separation over
special roughness features such as the steep lee sides of roches moutonnées can-
not be judged from the theoretically inferred ¢ values, beeause, when there is
separation, the ¢ values apply to the ice sole rather than to the bedrock itself.

A point of caution in application of the theory must be raised because the
predicted maximum strain rates éua implied by the inferred ¢ values (Table 6) are
considerably larger than the largest ¢ values observed in borehole measurements
from which the needed ice-flow law was derived. Little is known about the validity
of extrapolating the law flow to such high strain rates. The problem is less severe
for the truncated than for the full white roughness spectrum (Table 6).

A field determination of the dependence of sliding velocity v on shear stress
+ would be an important test of that feature of the sliding theory that is most
important for the over-all flow hehavior of glaciers and their response to chang-
ing climate. The considerations in sections 10-14 show that the extent of non-
linearity in the response is greatly different for different realistic models of the
roughness spectrum, and a field determination would therefore help to diserim-
inate among the alternative models. Not only does the truncated white rough-
ness spectrum give much higher sliding velocities for given roughness ¢, by
comparison with a complete white roughness speetrum, but it results also in a
more highly nonlinear response, so that the scnsitivity of v to changes in = is
greater. From the foregoing results, this greater sensitivity should be expected for

valley glaciers with high sliding velocities.
The foregoing conclusions follow from evaluation of the theory with the

rather generalized, nonspecifie spectrum models represented by white or trun-
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FABLIS b .Muximum Values émax of Strain-Rate Invariant Caleulated from
Sliding Theory, Compared with Maximum Observed Values

Calculated émax, yr™!

' White Spectrum Single
Maximum —_—— Wavelength
. ()?)served Truncated - e
xample é yr! Full (A, = 3.54m) A=A\, A=5m
1 0.60 22.6 2.6 127.1 8.3
15.5 84 .8
2 3.1 3.6 1.0 16.6 2.7
. 2.9 11.6
3 <0.05H 1.1 0.3 6.7 0.9
. ol R
0.7 4.4
3h <0.05 2.3 0.5 13.1 1.6
. . i)
1.6 8.8
4 0.8 169.8 9.0 >1000.0 2.5
112.6 684 .4
B 3.5 5.4 1.8 22.5 3.0
. 4.1 16.1
6 0.045 6.6 1.6 22.0 3.5
i 4.7 15.6
7 0.054 23.6 2.1 . 158.1 R!
. . i
. 15.5 . 102.3
8 >0.39 2.7 0.5 22.9 2.5
1.9 15.4

Upper values for I' = 155, lower for I' = 75.5 bar 2,

v | = 75. yr m~% The observed ¢ values represent
sh;mr str.mn rates at thfs base of the ice, and one should not expect to equate them witl:e&e cal-
:;u ated émax values, .whu‘:h occur at a height z ~ X\, /2x or 2 ~ A;,/2x above the bed, and which

0 not represent primarily a simple shear deformation. '

cated white roughness, or with the rather over-idealized model of a single rough-
ness wavelength. The theory can, however, be applied to specific examples of
bedro‘ck topography, when detailed roughness spectra ¢{(k, k) are measured‘ To
do this, observed roughness coefficients a,u., obtained by Fourier analysis of. the
topography over a rectangular area of dimensions L; by L,, could be inter-
polated to give the eontinuous roughness spectral function a(;z k), and hence
t(h, k) .from (?), or else the theoretical results in section 10 coulld b’e converted
to Fourier series form by use of (2) and (2’), and the observed coefficients
@ma could then be introduced directly. In either event, it would be necessar v
to solve (61) with use of the actual roughness spectral function or cocﬂic;;;lt's}:

or else to devise a suitable approximation to this soluti 1 i
lowed in scctions 11-13. tons along:the fines fol-
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Composition and Dynamics of the Solar Wind Plasma
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Abstract. Although the coronal origin of the interplanetary plasma implies some
general connection between solar and solar wind properties, strong evidence for specific
relationships has emerged only recently. Three such relationships will be reviewed here;
their observational and thcoretical foundations will be discussed, as will their use in
determining solar properties from solar wind observations. The first of these involves
solar and interplanetary chemical compositions; emphasis will be placed on the implied
concentration of helium (and other elements heavier than hydrogen) in the corona.
The second relationship to be explored involves the effects of coronal and inter-
planetary dynamical processes on the properties of the undisturbed solar wind. Argu-
ments for and against the extension of the basic coronal heating process well out into
interplanetary space will be developed. The final relationship involves solar activity
and properties of the disturbed solar wind. Attention will be focused on interplanetary
shock waves produced by solar flares and on implications for the coronal deposition
of energy released in flares.

I. INTRODUCTION

The solar wind plays an important role in many phenomena of current
interest in space physics. Formed by the continuous expansion of the solar atos-
phere into interplanctary space, the solar wind reflects the properties of its
source. In particular, solar activity produces characteristic disturbances that are
transported by the solar wind throughout the interplanetary region. The solar
wind determines the configuration of the interplanetary magnetic field, and
thereby controls the propagation of cosmic rays of both solar and galactic origin.
The interaction of planetary bodies with the solar wind shapes the magnetic
fields and forms the radiation environment surrounding these bodies. The result-
ing coupling between solar wind properties and many forms of geomagnetic
activity provides the final link in the field of solar-terrestrial relationships. The
solar wind ultimately interacts with the interstellar medium, maintaining a ‘solar
cavity’ within the galaxy and modifying any interstellar material that attempts
to penetrate this cavity.

Wide interest in the solar wind is indicated by the large number of review
papers that have discussed basic solar wind properties and phenomena, as well
as the interrelationships mentioned above. Recent and comprehensive reviews of
solar wind observations and theory have been given by Dessler [1967], Liist
[1967], Ness [1967], Parker [1967], Azford {1968], Hundhausen [1968], Wilcox
[1968], Parker [1969], and Holzer and Axford [1970]. The present review will
eschew attempted comprehensiveness in favor of a more thorough discussion of

729




