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Motivation for the Rokhlin property

Let X be the Cantor set, let G be a finite group, and let G act freely
on X. (Freeness of the action means that every g € G \ {1} acts on X
with no fixed points.)

Fix xg € X. Then the points gxg, for g € G, are all distinct, so by
continuity and total disconnectedness of the space, there is a compact
open set K C X such that xp € K and the sets gK, for g € G, are all
disjoint.

By repeating this process, one can find a compact open set L C X such
that the sets L; = gL, for g € G, are all disjoint, and such that their union
is X.
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The Rokhlin property

Definition

Let A be a unital C*-algebra, and let ac: G — Aut(A) be an action of a
finite group G on A. We say that « has the Rokhlin property if for every

finite set F C A and every ¢ > 0, there are mutually orthogonal projections
ez € Afor g € G such that:

Q ||ag(en) —egn|| < eforall g,he G.

Q |lega—aeg|| <eforallge Gandallae F.
e deG eg = 1

v

For C*-algebras, this goes back to about 1980, and is adapted from earlier
work on von Neumann algebras (Ph.D. thesis of Vaughan Jones). The
Rokhlin property for actions of Z goes back further.

The original use of the Rokhlin property was for understanding the
structure of group actions. Application to the structure of crossed

products is much more recent.
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The Rokhlin property (continued)
The conditions in the definition:
Q ||ag(en) —egnl| < e forall g, heG.
Q |lega—aeg|| <eforallge Gandallae F.
(5] deG eg = 1.
The projections e, are the analogs of the characteristic functions of the

compact open sets gl from the Cantor set example.

Condition (1) is an approximate version of gl = Lgj. (Recall that
Lg =gl.)

Condition (3) is the requirement that X be the disjoint union of the
sets Lg.

Condition (2) is vacuous for a commutative C*-algebra. In the
noncommutative case, without it the inner action of Z; on M, generated
by Ad (9 3) would have the Rokhlin property. We don’t want this,
essentially because My is simple but the crossed product isn’t.
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Conjugacy

Definition

Let G be a group, let A and B be C*-algebras, and let a: G — Aut(A)
and 3: G — Aut(B) be actions of G on A and B. We say that « and
are conjugate if there exists an isomorphism ¢: A — B such that
poagop t=p, forall g€ G.

Recall the condition for equivariance: ¢ o ag = 35 0 . Thus, the condition
on ¢ is that it be equivariant and bijective, so that it is an isomorphism of
dynamical systems.

As a side note: We saw in Lecture 1 that an equivariant homomorphism
@: A — B induces a homomorphism

p: C*(G,A,a) —» C*(G, B, p),

just by applying ¢ to the coefficients. When ¢ is an isomorphism, then so
is ». So conjugate actions give isomorphic crossed products.
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An example

Are there any actions with the Rokhlin property?
From Lecture 1, recall the product type action of Z;, generated by

azéAd((é _01>) on A:él\/lg.

We show that this action has the Rokhlin property.
: . : . . 0 1\.
In fact, we will use an action conjugate to this one: we will use 1 o)
1 0
I f .
place o (O _1)
Conjugacy (next slide) is isomorphism of dynamical systems.

Reasons for using <(1J _01> will appear in Lecture 3.
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An example (continued)

We had
S . 1 0
o= @Ad(v) with v = (0 _1> .

One can check that there is a unitary ¢ € M, such that

aver = (91
vt =11 o)

Call the right hand side w. Then Ad(c) o Ad(v) o Ad(c)~! = Ad(w), that
is, Ad(v) is conjugate to Ad(w).

Taking infinite tensor products, one also finds that ¢ = @), ; Ad(c)
defines a conjugacy from

a=Q)Ad(v) to B=(X)Adw).
n=1 n=1

So we show that the action generated by (3 has the Rokhlin property.
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An example (continued)

We had
W 0 1
~\1 0/°

Define projections pg, p1 € M, by

_(roy o _ (00

wpow”™ = p1, wpiw" =po, and po+ pr =1

Then
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An example (continued)

The projections ¢y and e; actually commute with everything in F,
essentially because the nontrival parts are in different tensor factors.

Explicitly: Everything is in Ap+1 = Mbsi1, which we identify with
Mon @ Ms. In this tensor factorization, elements of F have the form

a®l,

and
eg = 1® pg.

Clearly these commute.
For 5(ey) = e1: we have §a,,, = Ad(w®" @ w), so

B(eo) = (W @ w)(1®@ po)(W*" @ w) =1 ® wpow* =1® p1 = ey.
The proof that §(e;) = g is the same.
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The action is generated by 3 = Q72 ; Ad(w) on A= ;- ; M>. Also,
wpow™ = p1, wprw™ = po, and po + p1 = 1.

Recall the conditions in the definition of the Rokhlin property. F C A is
finite, ¢ > 0, and we want projections e, such that:

o ||ﬂg(eh) - egh” <egforall g,heG.
Q |ega—agg|| <cforallge Gandall aeF.
9 deG eg =1.

Since the union of the subalgebras (M2)®” = A, is dense, we can assume
F C A, for some n.

For g =0,1 € Z,, take
eg = 1a, @ pg € An @ My = Apy1 CA

Clearly ep + e1 = 1. Check that 3(ey) = e1 and (3(e1) = ep, and that e
and e; actually commute with everything in F. (Proofs: See the next
slide.) This proves the Rokhlin property.
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Some other actions with the Rokhlin property

Let G be a finite group, and set n = card(G). Let g — v, be the left
regular representation of G on /?(G), identify L(/?>(G)) with M,, and let
A= @Q;>; M, be the n° UHF algebra. Then the action

g Qg = ®Ad(vg)
n=1

of G on A has the Rokhlin property.

The example we just did is the case G = Z, and the proof in the general
case is the same.
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Yet more actions with the Rokhlin property
Let G be a finite group, and set n = card(G).

Let O, be the Cuntz algebra, but call its generators sz for g € G. The
relations are thus

for all g € G, and

Z sgs; =1.

geG
There is an action v: G — Aut(Op) such that

Ve (Sh) = sgh
for g, h € G. This action turns out to have the Rokhlin property (Izumi).

The action of Zs on O, generated by s; — s; and sp — —sp is conjugate
to the one gotten using G = Z, above, so also has the Rokhlin property.
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Exactly permuting the projections (continued)

In the definition of the Rokhlin property, one can replace

“llag(en) — egn|| < e forall g, h € G" with “ag(en) = egp forall g, h € G".

The proof uses methods unrelated to those here. This result simplifies
some proofs by replacing some approximate equalities by equalities, so we
will assume it, but it makes no real difference.

(This simplification has not been made in the crossed product
notes—proving the theorem is more complicated than doing without it.)
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Exactly permuting the projections

Recall the conditions in the definition of the Rokhlin property. F C A is
finite, ¢ > 0, and we want projections e, such that:

Q |[ag(en) — egn|| < e forall g,h e G.
Q |ega—aeg|| <eforallge GandallacF.
Theorem (2011)

Let @: G — Aut(A) be an action of a finite group G on A. Then « has the
Rokhlin property if and only if for every finite set F C A and every ¢ > 0,
there are mutually orthogonal projections e; € A for g € G such that:

Q ag(en) = egp forall g, h € G.
Q |lega—aeg|| <eforallge Gandallac F.
o ZgGG €g = L

The difference is in (1).
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Crossed products by actions with the Rokhlin property

A structure theorem for products by actions with the Rokhlin property:

Theorem

Let A be a unital AF algebra. Let G be a finite group, and let
a: G — Aut(A) have the Rokhlin property. Then C*(G, A, «) is AF.

Crossed products by actions of finite groups with the Rokhlin property
preserve many other structural properties of C*-algebras. (See below.)

The basic idea: Let e, € A, for g € G, be Rokhlin projections, with
ag(en) = egp forall g, h € G. Let ug € C*(G, A, o) be the canonical
unitary implementing the automorphism ay,. Then v; = egugy,—1 defines
a system of matrix units in C*(G, A, a). Using the homomorphism

M, ® e;Ae; — C*(G, A, a) given by vy ® d — vg 1dvy p, One can
approximate C*(G, A, «) by matrix algebras over corners of A.
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A future modification of the argument

We want to approximate elements of C*(G, A, &) using unital
homomorphisms from M, ® ejAe; to C*(G, A, ).

In Lecture 3, we are going to need the same argument again, but under
slightly weaker conditions. We will still assume that the projections e, are
orthogonal, are exactly permuted by the group action, and can be chosen
to approximately commute with a given finite subset of A. However, the
sum e = deG eg will no longer necessarily be equal to 1.

We can nevertheless carry out the same argument; we get unital
homomorphisms from M, ® e;Ae; to eC*(G, A, a)e, and we just get the
weaker conclusion that we can approximate a finite set in eC*(G, A, a)e,
rather than one in C*(G, A, a), by a matrix algebra over a corner of A.
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Crossed products by actions with the Rokhlin property
(continued)

We had: S = FU{ug;: g € G}, with F a finite subset of A.

Apply the Rokhlin property to o with F as given and with § in place of ¢,
obtaining projections e; € A for g € G such that agz(ep) = egn for
g.he G, |lega—aggl| <dforge Gandac F,and >, ceg =1

Define vy h = eglgy—1 for g, h € G. In particular, vz o = €g, so the vg g are
orthogonal projections which add up to 1.

We claim that the v, , form a system of n x n matrix units in C*(G, A, o).
Recall for comparison: when proving that C*(G, C(G)) = M, we used

the matrix units vg p = X{g)Ugh-1. The computation here is exactly the
same as there, so we don't repeat it.
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Crossed products by actions with the Rokhlin property
(continued)

Recall the conclusion of the theorem: C*(G, A, «) is AF.

To prove the theorem, we prove that for every finite set S C C*(G, A, )
and every € > 0, there is an AF subalgebra D C C*(G, A, ) such that
every element of S is within € of an element of D. Let u, € C*(G, A, «)
be the canonical unitary implementing the automorphism ay. Thus, a
general element has the form deG Cglg, With ¢ € Afor g € G. It
suffices to consider a finite set of the form S = FU {uz: g € G}, where F
is a finite subset of A. So let F C A be a finite subset and let £ > 0.

Set
€

nzcard(G) and (5: m
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Crossed products by actions with the Rokhlin property
(continued)

We had: (Vg h)g,heG is an n x n system of matrix units in C*(G, A, o).

Let (wg.h)g,heG be a system of matrix units for M,. There is a unital
homomorphism ¢g: M, — C*(G, A, a) such that @g(wg,p) = vgp for all
g,h € G. In particular, po(wg g) = e, forall g € G.

Now define a unital homomorphism ¢: M, ® e;Ae; — C*(G, A, «) by
©(Wg,h @ d) = vg1dvy ) for g,h € G and d € e Ae;.

Corners of AF algebras are AF, and ¢ is injective, so D = p(M, ® ejAeq)
is an AF subalgebra of C*(G, A, ). We complete the proof by showing
that every element of S is within ¢ of an element of D. Recall that
S=FU{ug: g € G}, and F is a finite subset of A.
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Crossed products by actions with the Rokhlin property
(continued)

We have to approximate elements of S = F U {ug: g € G} by elements of
D = QO(M,, & elAel).

We first consider ug with g € G. In fact, for ug; no approximation is
necessary. Recall that v, 5 = egugy-1. We have

¥ (Z Wh,g1h> = %o <Z Wh,g1h> = Z Vhg—1h = Z €hlg = Ug.

heG heG heG heG
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Set

b= Z Wg g ® elozgl(a)el €M, ® e Ae;.
geG
For g # h, we have

legaen|| < |lega — aeg|| + [|[aegen|| = [lega — aeg|| < 0.
We then get
Ha - decegaegH < Zg#HegaehH < n(n—1)d.
We use this, and the relations
Vg161 = egliger = ey and era;'(a)er = a; ' (egaeg),
to get
-1
la=e(b)ll = ]a= Y _ veaeroz (2erers

— -1 —

o5 oo - 5]

<n(n—1)) =e.

This completes the proof of the theorem.
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Crossed products by actions with the Rokhlin property
(continued)

We have to approximate elements of S = F U {ug: g € G}, with F C A
finite, by elements of D = p(M, ® ejAe1). Recall that

0: M, ® etAe; — C*(G, A, ) is defined by ¢(wg h @ d) = vg,1dvy p for
g,h € G and d € ejAe;. We already took care of ug.

Let a € F. The obvious first step in approximating a is to use

E €gatg.

geiG

In fact, one needs to (implicitly) use this approximation in the form

Z ag(elagl(a)el).

geG

This happens because the definition of ¢ sends w, , ® d, for d € e;Aey, to
an element obtained by using the action of the group elements g and h.
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Other structural consequences of the Rokhlin property

Crossed products by actions of finite groups with the Rokhlin property
preserve various other classes of C*-algebras. In many cases, the proofs are
similar to what we did for AF algebras. Some examples of such classes:

Simple unital C*-algebras.

Various classes of unital but not necessarily simple countable direct
limit C*-algebras using semiprojective building blocks. (With Osaka.)
Simple unital AH algebras with slow dimension growth and real rank
zero. (With Osaka.)

D-absorbing separable unital C*-algebras for a strongly self-absorbing
C*-algebra D. (Hirshberg-Winter.)

Separable nuclear unital C*-algebras whose quotients all satisfy the
Universal Coefficient Theorem. (With Osaka.)

Separable unital approximately divisible C*-algebras.
(Hirshberg-Winter.)

Unital C*-algebras with the ideal property and unital C*-algebras with
the projection property. (With Pasnicu.)

© 6 06 © o0 o060
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Freeness and the Rokhlin property

A free action of a finite group on the Cantor set has the Rokhlin property.

Free actions on connected spaces don't, since there are no nontrivial
projections.

We consider mostly simple C*-algebras with many projections. Recall that
irrational rotation algebras, UHF algebras, and Cuntz algebras all have real
rank zero.

(If there are not enough projections, finite group actions are much less well
understood, although there has been some recent progress. In the
nonsimple case, rather little is known.)

N. C. Phillips (U of Oregon; RIMS, Kyoto U) Crossed Products and the Rokhlin Property 8 December 2011 25 /29

The Rokhlin property and Ay

Let € R\ Q, and recall that Ay is generated by unitaries u and v
satisfying vu = e®™uv. Further recall the action a: Z, — Aut(Ay)
generated by

ur /"y and v v

This is a noncommutative version of the free action of Z, on S x S!
given by rotation by e2™/" in the first coordinate. Moreover, Ay has many
projections, like C(X) when X is the Cantor set. So one would hope that
« has the Rokhlin property.
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Tracial states and the Rokhlin property

Suppose A has a unique tracial state. (This is true for both UHF algebras
and irrational rotation algebras.) Let G be finite, and let a: G — Aut(A)

have the Rokhlin property. In the definition take ¢ =1 and F = @. We get
projections ez such that, in particular:

® ag(er1) = e forall g € G.
° deG e = 1.

Since T is unique, we have T o a, =7 for all g € G. So 7(ez) = 7(ey). It

follows that 1

m(e) = card(G)’
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The Rokhlin property and Ay (continued)

In fact, no action of any nontrivial finite group on Ay has the Rokhlin
property! The reason is that there is no projection e € Ag with 7(e) = %,
for any n > 2. (Recall that the tracial state 7 defines an isomorphism

Te: Ko(Ag) — Z + 0Z.)

For similar reasons, no action of Zy on D = )~ ; M3 has the Rokhlin
property. (The tracial state T defines an isomorphism 7,: Ko(D) — Z[3].)

There are more subtle obstructions to the Rokhlin property. For example,
M, ® @52 1 M3 does have projections with trace 3, but there are still no
actions of Z, with the Rokhlin property. (One at least needs a copy of
Myn) for every n.)
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More examples with no Rokhlin actions

Consider the Cuntz algebras Oy, for n € {2,3,...,00}. The group Ko(O,)
is generated by [1]. Therefore every automorphism of O, is the identity on
Ko(On).

It follows that if card(G) = n and o: G — Aut(O,) has the Rokhlin
property, then the class of a Rokhlin projection e; satisfies n[e;] = [1].

This can never happen in O, so there is no action of any nontrivial finite
group on Oy with the Rokhlin property.

For card(G) = n, a Rokhlin action of G on O, was described earlier
(without proof). However, for example, there is no Rokhlin action of Z;
on O3, because [1] € Ko(O3) generates Ko(O3) = Zo, and so can't be
written in the form 2[e].

There are stronger cohomological obstructions to the Rokhlin property
(Izumi). In fact, the Rokhlin property is very rare.

In the next lecture, we will discuss the tracial Rokhlin property. There are
many actions which have this property.
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