
Math 650, Winter 2001, Homework # 2

solve at least 7 out of 12 problems

1. Let 1 � p � 2 and 1=p+1=q = 1. Show that if (an)n2Z2 lp(Z) then there exists

f 2 Lq(T) such that an = f̂(n). What is the estimate between jjf jjq and jj(an)jjp.
Hint: the Riesz-Thorin Theorem.

2. Show that F (z) =
P1

n=1 2
�n[(z + n)2 + n�1]�1 is analytic on R and F jR 2

L1 \ L1(R), but F is not holomorphic in any strip fz 2 C : j=zj < ag, a > 0.

3. Show that if f 2 L1, g 2 Lp, 1 � p � 2, then h = f �g 2 Lp and ĥ(�) = f̂(�)ĝ(�).
Hint: Minkowski's inequality and Lp � L1 + L2, 1 � p � 2.

4. Suppose � 2 L1(Rn) is such that
R
�(x)dx = 1, �(x) = O((1 + jxj)�n��),

�̂(�) = O((1 + j�j)�n��) for some � > 0. Show that

1

(2�)n

X
k2Zn

�̂(k=�)f̂(k)eihx;ki ! f(x) as �!1;

where the convergence is in Lp, 1 � p <1 for any f 2 Lp(Tn). If f 2 C(Tn) then
the convergence is uniform. Hint: the Poisson summation formula.

5. Suppose A is n � n non-singular real matrix and b 2 Rn . Show that for f 2
L1(Rn)

\f(Ax� b)(�) = j detAj�1f̂((A�1)��)e�ih�;A�1bi:

6. Suppose �; � are �nite Borel measure on Rn show that � � � given by

� � �(A) =
Z
Rn

�(A� x)d�(x); for Borel A � Rn ;

is also a �nite Borel measure. Show that \(� � �)(�) = �̂(�)�̂(�) for all � 2 Rn .
7. Show that for any p > 2 there exists f 2 Lp such that f̂ is not a regular distri-
bution, i.e., it is not given as an integration against a locally integrable function.

Hint: consider f(x) = (1 + i�)�1=2e�x2=(1+i�) and use the Closed Graph Theorem.

8. Show that the Fourier transform does not map L1(R) onto C0(R).

9. Show that the Hermite functions hk(x) = ex
2=2 dk

dxk
e�x2 , k = 0; 1; : : : , are the

eigenvectors of the Fourier transform. Hint: Using

h0k � xhk = hk+1 k = 0; 1; : : :

show that ĥk and (�i)khk obey the same recursion formula and ĥ0 =
p
2�h0.

10. Show that fhk=jjhkjj2gk=0;1;::: forms an orthonormal basis of L2(R). Hint:
consider a di�erential operator f 7! f 00 � x2f and use

h0k + xhk = �2khk�1 k = 0; 1; : : :
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11. For f 2 S(R) de�ne de�ne its Hilbert transform Hf(x) by

Hf(x) =
1

�
p: v:

Z 1

�1

f(x� u)

u
du =

1

�
lim
�!0+

Z
juj��

f(x� u)

u
du:

Show thatdHf(�) = �i �
j�j f̂(�). Moreover, show that H extends to a unitary oper-

ator on L2(R).

12. Show that the Schwartz class S(Rn) is separable. Hint: consider linear combi-

nations of e�jx�aj2=q, a 2 Qn , 0 < q 2 Q , with rational coe�cients.
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