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1. Introduction

Recently, Alabern, Mateu and Verdera [1] characterized the fractional Sobolev space
WeP(R™) for a € (0,2) and p € (1,00) via a new square function
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where fp(s,+) denotes the mean value of f on the ball B(x, t) with the center x
and radius t. They showed that f € W®P?(R") if and only if f € Ll _(R") and
1Sa(f)||Lr(rn) < 00. The key point for this result, as first observed by Wheeden [29]
in the study of Lipschitz-type (Besov) spaces, and later independently by Alabern,
Mateu and Verdera in [1], is that the square function S, provides smoothness up
to order 2 in the following sense: for all f € C*(R"), t € (0,1) and z € R",
[B@,t — f(x) = O(t?), which follows from the second order Taylor expansion of
f. Indeed, Wheeden in [29] obtained a general result which contains the above
characterization for W ?(R") with o € (0,2) and p € (1,00) as special cases. Via
a similar observation, the corresponding characterization of higher order Sobolev
spaces WP(R") with a € [2,00) and p € (1,00) was also obtained in [1]. Later,
Yang, Yuan and Zhou [32] characterized the Triebel-Lizorkin space Fpo‘ JR"),p, g€
(1, o], via the square function

Sa,q(f)(x) = {szaq |fB(:c,2*k) - f(x)‘q} , T € Rnu

kEZ

when the smoothness parameter a € (0, 2). Similar results for F;j ,(R") with a €
(2, 00) \ 2N and p, g € (1, 00|, and for Besov spaces ng(R”) with a € (0, 00) \ 2N,
p € (1,00] and ¢ € (0, oo] were also obtained in [32] via some appropriately modified
square function.

The main purpose of this paper is to extend the above characterizations of Besov
and Triebel-Lizorkin spaces from the isotropic setting into the weighted anisotropic
setting. These spaces are associated with general expansive dilations on R" and
Muckenhoupt A, weights. The theory of function spaces in the weighted anisotropic
setting, including Hardy spaces, Besov spaces and Triebel-Lizorkin spaces, has been
proved to be a very general theory which includes the classical isotropic spaces, the
parabolic spaces, and the weighted spaces as special cases. For more details about
this theory, we refer to [2-14,23-26] and their references. On the other hand, there
has been a significant interest in providing alternative characterizations of function
spaces (see, for example, [18,20-22,25,27,28,30-33]). In particular, in this paper
we extend results from [32] to the weighted anisotropic setting.

In order to formulate our results we begin with some necessary definitions.

Definition 1.1. A real n x n matrix A is called an expansive dilation, shortly a
dilation, if maxyes(ay|A| > 1, where o(A) is the set of all eigenvalues of A. A
quasi-norm associated with expansive matrix A is a Borel measurable mapping
pa: R" — [0, 00), for simplicity, denoted as p, such that

(i) p(z) > 0 for all z € R\ {0};

(ii) p(Azx) = bp(z) for all x € R™, where b := | det Al;

(iii) p(z +y) < H [p(z) + p(y)] for all z, y € R™, where H € [1, 00) is a constant.
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It was pointed in [2, Lemma 2.2] that for any dilation A, there exist some constant
r € (1,00) and a ellipsoid A, i.e. A :={z € R": |Px| < 1} for some nonnegative
matrix P, such that

A CrAC AA. (1.1)

By a scaling we can additionally assume that the ellipsoid A in [2, Lemma 2.2]
satisfies |A| = 1. Let By, := A*A for all k € Z. By (1.1), we know that, for all
ke Z, B, C Bk+1 and ’Bk| = b

From [2, Lemma 2.4], we also deduce that any two homogeneous quasi-norms
associated with a dilation A are equivalent. For our purposes it is enough to restrict
to a quasi-norm p := py, as in [2, Definition 2.5], given by

VW, xeB By
p(l') = {O e O~k+1\ k

For any € R" and k € Z, we let B,(z, b¥) := {y € R": p(y—x) < b*™'}. These
balls are convex sets and satisfy that |B,(z, b*)| = b* and B,(x, b*) C B,(x, V)
with j > k.

We now recall the class of Muckenhoupt weights associated with A introduced in

[6].

Definition 1.2. Let p € [1, 00), A be a dilation and w a non-negative measurable
function on R™. A function w is said to belong to the class A,(A) := A,(R"; A)
of Muckenhoupt weights, if there exists a positive constant C' such that, when p €
(1,00)

p—1
sup sup {b‘k/ w(y) dy} {b‘k/ [w(y)] 7T dy} <C
2€R" keZ B, (z, b%) By (,b%)

and, when p = 1,

sup sup b_k/ w(y) dy esssup [w(y)] ™ p < C.
rER" k€7 B, (z,b%) YEB,(x,b%)

Define Ao (A) = U <peos Ap(A).
For any w € A, (A), define
qw :=1nf{g € [1, 00) : w € A,(A)}. (1.2)

Obviously, ¢, € [1,00). If ¢, € (1,00), by [7, p.3072], it is easy to know that
w ¢ A, (A). Moreover, even when A = 21,,y,,, where I,,.,, denotes the unit matriz
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of order n x n, there exists a w € ([, Ay(A)) \ Ai(A) such that g, = 1; see
Johnson and Neugebauer [19, p. 254, Remark].

Recall that (R, p,dzx) is a space of homogeneous type; see [6, Proposition 2.3].
For some basic properties of the above weights, we refer, for example, to [16, Chapter
IV] and [6].

For all p € (0, c0) and w € A, (A), the weighted Lebesgue space L2 (R") is
defined to be the space of all w(x) dz-measurable functions on R such that

Il ce mny := {/Rn |f(z)Pw(x) da;}p < 00.

Denote by S(R™) the set of all Schwartz functions on R” and S'(R™) its topological
dual space. Let Z; := {0} UN. Denote by S (R"™) the subspace of S(R™) given by

Soo(R"™) = {gb e S(R"): . o(x)x"dr =0 for all v € (Z+)”} :

and S’ (R™) its topological dual space. It is not hard to show that any ¢ € S(R")
satisfying supp @ away from origin belongs to S, (R™).
Denote by Li,. (R") (or resp. L}, ,(R")) the space of all locally integrable (or

resp. w(x)dz-integrable) functions. In what follows, for any g € L1 _(R") (or resp.
ge Ll ,R"), keZandzeR" let

loc,w

f o swdy= (v)d
gly)ay = gly)ay
Bp(x, b%) |Bp(957 bh)| By(x,b%)

(or resp.

1
pr(x, bk)g(y)w(y) dy = W /Bp(xybk) g(y) w(y)dy,

where w(B,(z, b*)) := pr(x ooy W(Yy) dy). We say f € Li..(R")NS. (R") means that

loc

f € Li,.(R") and the natural pairing (f, ¢) given by the integral [, f(z)p(z)dz
exists for all p € S (R™) and induces an element of S’_(R").

We denote by ng(A; w) the weighted anisotropic Triebel-Lizorkin space; see
Section 2 for its definition. Moreover, we introduce the following function spaces of

Triebel-Lizorkin type via a variant of the square function S, 4.

Definition 1.3. Let a € R, g € (0, co] and w € A (A).
(i) Let p € (0, 00). The space SF; (A; w) is defined as the collection of all
functions f € L} (R™) N S'(R") such that Hf“SFg’q(A;w) = [|Sa, ()l 22, ®n) < 00,

loc
Q}q

where, for all z € R",

Sa.q(f) (@) == {Z e

keZ

{, ., = sl
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with the usual modification made when ¢ = oo.
(ii) The space SF3,  (A; w) is defined as the collection of all functions f €

L. (R™) N S'(R™) such that

loc

||f||ngo J(Aw) = SUp Sup ][ Z o
: 2€R™ (€7, Bp(2,b7) 1>y

1., sl

1
q a
X w(z) dx} < 00

with the usual modification made when ¢ = oc.

Let A_ and Ay be two positive numbers such that
IL< A <min{|]A: A€ c(A)} <max{|\|: A e€a(A)} < A;.
In the case when A is diagonalizable over C, we can even take
A-r=min{|A|: A € 0(A)} and A; :=max{|A|: A € o(A4)}.

Otherwise, we need to choose them sufficiently close to these equalities according to
what we need in our arguments. Let (4 := log, \+.

We first show that, in the sense of distributions, the elements in the weighted
anisotropic Triebel-Lizorkin spaces Fg‘, ,(A4; w) are locally integrable.

Theorem 1.4. Let a € (0, o), w € Ax(A), p € (qu, 0] with g, as in (1.2), and
q € (0, o0]. Then FS (A; w) C Ly, (R™) in the sense of S, (R").

loc
Using Theorem 1.4, we obtain the following characterization of F‘; (A5 w).

Theorem 1.5. Let a € (0, 2¢-), w € A(R"), p € (qu, 0] with q, as in (1.2),
and q € (1, oo]. Then Fy (A; w) = SFy (A; w) with equivalent norms.

The corresponding conclusions for Besov spaces are also true. Indeed, let o € R
and p, ¢ € (0, oo]. The space SBy  (A; w) of Besov type is defined as the collection
of all functions f € L} _(R") N S'(R") such that

loc

1
q q

. - ko
”fHSBg’q(A;w) T Zb !

kEZ

f, ., = sed

L% (R™)
Then we have analogous results to Theorems 1.4 and 1.5 for Besov spaces.

Theorem 1.6. Let a € (0, 0), w € Ax(A), p € (qu, 0] with g, as in (1.2), and
q € (0, o0]. Then B (A; w) C Li (R™) in the sense of Si (R™).
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Theorem 1.7. Let o € (0, 2¢-), p € (qu, o] with q,, as in (1.2), and q € (0, oo].
Then By (A; w) = SBY (A; w) with equivalent norms.

Remark 1.8. (i) Theorems 1.5 and 1.7 generalize the S, ,-function characterization
of isotropic Triebel-Lizorkin and Besov spaces in [32, Theorems 1.2 and 4.1] and, in
particular, the Sobolev space W®P(R") in [1, Theorem 3|, both in the case a € (0, 2),
to the anisotropic weighted cases. Indeed, as in [1,32], let F;jq(R") and B;Q(R”)
denote, respectively, the classical Triebel-Lizorkin space and the classical Besov
space (see [25]). Observe that the parameter a in Fpofq(R”) and ng(R”) plays

a different role from the parameter a used in F;q(A; w) and BI‘;‘J(A; w) of the
present paper, which is caused by the difference existing in the definitions of these
function spaces in [1,32] and the present article. To be precise, if A = 21,,,,, then
(. =1/n and b = 2" and hence, when A = 21I,,,,, and w(z) := 1 for all x € R™, then
Fg,q(A; w) = F;g(R") and Bg“’q(A; w) = B;ﬁg‘(R”). Thus, in this case, a € (0, 2¢_)
if and only if na € (0,2) and, therefore, Theorems 1.5 and 1.7 of the present paper
coincide [32, Theorems 1.2 and 4.1] in the case a € (0, 2).

(ii) In [32, Theorems 1.2 and 4.1], the corresponding characterizations of isotropic
Triebel-Lizorkin and Besov spaces when a € (2N,2N + 2), N € N, were also ob-
tained. However, it is still unknown whether the corresponding results of Theorems
1.5 and 1.7 are also true when o > 2(_, due to the anisotropic structure of our
spaces.

Remark 1.9. We point out that the inhomogeneous counterparts of Theorems 1.5
and 1.7 are also true. Indeed, by referring to the definitions of weighted inhomo-
geneous anisotropic Besov and Triebel-Lizorkin spaces (see [3, Definition 3.3] and
[6, Definition 3.3]), we can also give the definitions of weighted inhomogeneous spaces
SB; ,(4; w) and SF}  (A; w). Then, using some arguments similar to those for the
homogeneous case, we can obtain the desired inhomogeneous results. We omit the
details.

In comparison with [32] this paper considers a very general setting of Muck-
enhoupt weights and anisotropic dilations. This necessitates a more complicated
approach which uses some additional techniques adopted for the anisotropic setting
in [2,4-6]. A key role in our arguments is played by a special variant of the Calderén
reproducing formula associated with anisotropic dilations; see Lemma 3.8 below.

The paper is organized as follows. In Section 2, we recall some basic notions and
notation. The proofs of Theorems 1.4, 1.5 and 1.7 are given in Section 3.

2. Preliminaries

We begin with some basic notions and notation.
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Denote by S(R™) the space of all Schwartz functions, whose topology is de-
termined by a family of seminorms, {|| - ||s, ,.(@®)}k,mez,, Where, for all k € Z,
m € (0, 00) and p € S(R"),

[ells, @ == sup  sup (1 + |z|)™|0%(z)|.

a€Zl, |a|<kzeR™

The above norm can be also equivalently modified with (1 + |z|)™ replaced by
[1 + p(x)]™. Here, for any o = (o,..., ) € Z, |a| :== a1 + -+ + o, and
0" = (aia;l)m - (%)an. It is known that S(R™) forms a locally convex topological
vector space. Denote by &'(R™) the topological dual space of S(R™) endowed with
the weak x-topology. Denote by P(R") the collection of all polynomials on R™. In
what follows, for every ¢ € S(R™), k € Z and z € R", let px(z) := b p(AFz).

Now we recall the notion of weighted anisotropic Triebel-Lizorkin and Besov
spaces; see [3,4,6]. In what follows, for any ¢ € L'(R"), ¢ denotes the Fourier

transform of , namely, for all ¢ € R”,

ple) = [ e .
Definition 2.1. Let w € A (A), « € R, p, ¢ € (0, 0] and ¢ € S(R") satisfy

supp @ C [—1/2, 1/2]"\ {0} and S.lelzp‘@(<‘4*)j£)‘ >0 forall £e€R"\{0}, (2.1)

where A* denotes the adjoint (transpose) of A. .
The weighted anisotropic homogeneous Triebel-Lizorkin space Fy  (A4; w) is de-
fined as the collection of all f € 8'(R") such that

Q=

||fHFg‘7q(A;w) = (Z b oy, f|q> < 00, p € (0,00),

keZ LB, (R

1
Hf”Fgfo’q(A;w) := sup sup { ][ Z "o % f(y)|"w(y) dy} < 00,

TER™ (EZ By(z,07%) 1=

with the usual modification made when ¢ = oc. .
The weighted anisotropic homogeneous Besov space By (A; w) is defined as the
collection of all f € §'(R™) such that HfHBg L(Asw) < 00, where

1
q
. ka
||f||Bg7q(A;w) = {Zb q||90]€ * f”%ﬁ,(Rn)}

kEZ

with the usual modifications made when p = 0o or g = co.
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Remark 2.2. The space F]C;, ,(A; w) was originally defined via dilated cubes in
[4, Definition 3.2]. However, the estimate (3.14) in [4] indicates that the space
Fo (A; w) can also be equivalently defined via dilated balls, as in the above defini-
tion.

Remark 2.3. (i) Notice that, if ||f||F?7q(A;w) = 0, then f is a polynomial. So
the quotient space Fg"q(A; w)/P(R™) is a quasi-Banach space. By abuse of the
notation, the space F; o (A; w)/P(R") is also denoted by Fz‘i ,(A; w) and its element
[f] := f+ P(R") for simplicity by f. Similar observation applies to homogeneous
Besov spaces.

(i) By referring to [25, Section 5.1] or [6, p. 1479], we know that S'(R")/P(R")
can be identified with the space of all continuous functionals on the closed subspace

Suo(R™) of S(R™).

Throughout the whole paper, we denote by C' a positive constant which is in-
dependent of the main parameters, but it may vary from line to line. The symbol
A < B means that A < CB. If A < B and B S A, we then write A ~ B. If E
is a subset of R™, we denote by g its characteristic function. For any a € R, |a|
denotes the largest integer not more than a.

3. Proofs of Main Results

In this section, we give the proofs of Theorems 1.4 and 1.5. The proofs of Theorems
1.6 and 1.7 are also sketched. To prove Theorem 1.4, we need the following three
lemmas. The first lemma comes from [6, Lemmas 2.6 and 2.8].

Lemma 3.1. Let ¢, p € S(R™) satisfy (2.1) and

S TE(AYOP((AYE) =1 forall £ € R™\ {0} (3.1)

jEL
Then, for any f € S'(R™)/P(R"),

FO =D ity f() =Y 07 Yy fATR);(- — A7E)

JEZ JEZL kezm
in S'(R")/P(R").

The next result follows from [4, (3.23)] and the fact that w(z) dx is a p4-doubling
measure; see [4, Definition 2.5].
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Lemma 3.2. Let « € R, w € A (A), p, ¢ € (0, o0] and ¢ € S(R™) satisfy (2.1).
Then there exist some positive constants C' and N € Z, such that, for all f €
Fo (A; w) and integers j <0,

|pj * [ ()] -

sup —————~ < Co™7%(| fllga (4:w-

2eRP [1 +p($’)]N ||f||Fp,q(A7 )

To emphasize the dependence on ¢ of the norm in Fg (A5 w), welet || f[| o (A w,p)
) p, g\ W

denote [|f|lpa (4.4)- The following lemma shows that the space Ffj’q(A; w) is inde-
pendent of the choice of ¢ € S(R") satisfying (2.1); see [4, Corollary 3.6].

Lemma 3.3. Let a € R, w € A (A), p, ¢ € (0, 00| and oV, 0 € S(R") satisfy

(2.1). Then, for any f € ng(A; w), Hf”}_';\%’q(A;w’(P(l)) ~ HfHFg,q(A;w,@@)) with the
implicit positive constants independent of f.

Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. Let f € ng(A; w) with a € (0,00), w € A (A), p €
(Gu, oo] with ¢, as in (1.2) and ¢ € (0, oo]. We only need to prove that there
exists a function g such that f = ¢g in S/_(R") and pr(o,bl) lg(x)| dz < oo for any
teZl,.

Let z € B,(0, bY), p, ¢ € S(R") satisfy (2.1) and (3.1), and L € Z be sufficiently
large. Let

(k) (Az)?
!

I(z) := _Z b Z p; * FAATRWY |p(Ax—k) — Z

j=—o0  keZnr ly|<L—1

and

() = 3y 5 5 ().
=0
Then, by Lemma 3.1 and Remark 2.3(ii), we know that, for all ¢ € S,.(R"™),

(f, 0) =1, ¢) + (1L, ¢).

We claim that g, which is defined pointwise by g(z) := I(z) + II(z), is the desired
function.

By the Taylor remainder theorem, Lemma 3.2 and the fact that |A7z| < V5 |z|
for any j < 0 and z € B,(0, b%) (see [6, (2.8)]), we conclude that there exists some
positive integer N such that

-1 L —j N
o |z[*[1 + p(A~7k)]
1) S ey 20 P57 D S0 g

j=—00 kezmn Iv|=L,0¢
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—1
’S' CZ,L”fHFg‘q(A;w)bZLC* Z b](LCf—oc—N)

j=—00

/NN 1
) 2 @EOTE DL s

p(k)<2Hb p(k)>2HbE

where H € [1, 00) is as in Definition 1.1(iii) and L is chosen such that L{_ > N +a.
Let Q := k + [0, 1)". Notice that, for any k € Z" with p(k) > 2Hb’, from the
estimate 1/p(k) S |Qlinfyeq, 1/p(y) and R™ = UyeznQy, it follows that

> b1 Y /Q[p(y)]QdyS/( )>be[p(y)]2dy§1.

p(k)>2Hbt p(k)>2Hbt

This, together with the previous arguments, implies that pr(Ovbg) |I(z)|dx < 0.

On the other hand, notice that, for any w € A, (A) and p € (g, o], we have
w € Ay(A) and w PP € Ay(A) with p’ satisfying 1/p + 1/p' = 1. By Hélder’s
inequality, a € (0, ), ¢ € (0,00] and Lemma 3.3 with ¢, 1» € S(R"™) satisfying
(2.1) and (3.1), we conclude that

[ M@l <Y [ e fo)]ds
BP(07 bé) j:O BP(Ova)

L bW/ (@)% do
Fp,lI(A7 px1)) ]z:; Bp(O,bé)
5 Cw,ﬁ”f”Fg’q(A;w)'

Combining the above estimates on I(x) and II(x), we see that g is locally inte-
grable, which completes the proof of Theorem 1.4. O]

Theorem 1.5 follows immediately as a consequence of the following Theorems 3.4
and 3.7. Thus, to finish the proof of Theorem 1.5, it suffices to prove the following
Theorems 3.4 and 3.7.

Theorem 3.4. Let o € (0,2(_), w € Ax(A), p € (qu, 0| and q € (1, o0]. If
fe Fg’q(A; w), then there exists a polynomial Py such that f + Py € SFg’q(A; w).
Moreover, ||f + Pf“SFg JAw) < C’Hf||F% J(Asw)» where C'is a positive constant inde-
pendent of f. ’ ’

To prove Theorem 3.4, we need the following lemma; see [6, Lemma 3.6] and
[4, Proposition 3.15].
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Lemma 3.5. For any ¢ € S(R") satisfying (2.1), there ewists vV € S(R")
satisfying (2.1) such that Y and v satisfy (3.1). Moreover, for any a € R, w €

A(A), p,q € (0, 0] and [ € F§7q(A; w), there exist polynomials {Pj(l)}jez and

P}l) with degrees not more than |a/(_ | such that

o=t {5t o
=i

in S'(R™). Let (o2, ) be another pair of Schwartz functions also satisfying (2.1)
and (3.1). Then, the corresponding polynomial P]@ satisfies

deg(P}" — P}) < /¢ .
By [5, Corollary 3.7], we have the following embedding result.

Lemma 3.6. Let w € A (A4), « €R, p € (0, 0o] and q1, q2 € (0, oo} with ¢ < go.
Then Fs  (A; w) — Fy (A5 w).

P, q2

We are now ready to prove Theorem 3.4.

Proof of Theorem 3.4. By Theorem 1.4, we know that Fg"q(A; w) C LY. (R™) in the

sense of distributions. So, for any f € FIO; ,(A; w), we only need to prove that there
exists a polynomial Py such that || f + Pf”ng JAiw) < CHfHF% J(Aiw)

Let ¢ and 1 be, respectively, as in 1) and ¢ of Lemma 3.5. In this case,
we denote the corresponding P;l) and {Pi(l)}iez in (3.2), respectively, by P; and
{P,}icz- Then (3.2) holds for f and the degrees of the polynomials {P;};cz in (3.2)
are not more than |a/(_]. Since a € (0, 2¢_), each P; has degree at most 1, and
thus Pj(x) := Z?:l a; jx; + by, x = (1, ..., x,), for some constants a; ; and b,.
Furthermore, notice that, for any k € Z, B,(0, b=*) = A7*A is symmetric at origin
due to (1.1) and pr( yzidz=0for all i € {1,...,n}. Then, for any k € Z and

r € R", we have

0,b=k

Pix) — f Pi(2)dz = P(x) — ][ Plr+2)dz=0.  (3.3)
By (x,b=F) Bp(0,bF)
Moreover, if ¢ and ¥, i € {1,2}, satisfy (2.1) and

N QO((A) GO (AT H) =1 for all € € R™\ {0},

kEZ

then, by Lemma 3.5, P}l) - PJEQ) is a polynomial of degree not more than [«/(_| <
3.

L,
where P;i) is as in (3.2) corresponding to ¢ and ¥ for i € {1,2}. Then, by (3.3),
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for all x € R™ and k € Z, we see that
P}%) — PJEQ)(;U) — ][ s k)[P}”(z) _ P}”(z)} dz = 0. (3.4)

Let f:: [+ P;. By (3.2), we have

F=Toory =D (05— xux@) * i f (3.5)
jEz
in §'(R™), where fB(_’b Ry 1= fB . y)dy, x = ;3,3(0011) and xp = by (A%).

From (3.4), it follows that f fB Lb-k) 18 1ndependent of the choices of ¢ and ¥
satisfying (2.1) and (3.1). Then, to prove Theorem 3.4, it suffices to show that,
when p € (g, 00) and ¢ € (1, o0,

D
q

/n [Z pleq <Z| — Xk * @j] * 1, f(:v)|) ] w(z)dz

keZ JEZ
5 ||f||F§‘1q(A;w)' (36)

When p = 0o and ¢ € (1, 00] we need to show that, for all z € R™ and ¢ € Z,

{][ > v (Z’ Xk*@j)*wj*f(y)l) w(y)dy}q

(2,674 k>¢ JET

AP (3.7)

Indeed, if (3.6) holds, then, for each k € Z, we have

/ [Z‘ Xk*%)*%*f(ﬁﬂ)l] w(z) dr < oo,

JEZ

which implies that (3.5) holds in L? (R™) and hence almost everywhere. Therefore,
for every k € Z,

f - fB(.,b—k)| < Z (05 — Xk * ©5) * ;[

jeL
almost everywhere, and hence || f]|gpa (A:w) 18 dominated by the left hand side of
P, q ’

(3.6), which implies that ||ﬂ|sFa (w) S I llge (a;0)- Similarly, if (3.7) holds, then
(3.5) holds in L}

loc. »(R™) and hence almost everywhere and, therefore, an argument

similar to the above leads to Hf||SFa J(Asw) S ||f||Fa ()
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To prove (3.6), we consider »_,, and } ., separately. Notice that, for any
smooth function ® on R,

(1) —@(0)+/1 '(s) ds—<I>(O)+q>’(0)+/l(1—s)<b”(s) ds.  (3.8)

Let ®(s) := p(Alz + s2) for s € [0,1] and x, z € R™. Then (3.8) can be written as
1
P+ 2) = (W) + (V) (Aln)at + [ (1= 5)a(V%) (W + 52)24 ds,
0

where 2! denotes the transpose of z.
Notice that, for any z € R", z € B,(0, ¥~*) with j < k and s € [0, 1],
1+ p(Alz +s2) > 1+ p(Alz)/H — p(s2) > p(Alx),

and hence ‘ A
1+ p(Ax —s2) 2 14 p(Alx).

Therefore, when j < k, by the fact that |z|] < C[p(x)]~ for all p(z) < 1 (see
[2, Section 2]), we see that, for all z € R",

Xk * () — pj(x)] = ][B o 1)bi [p(Alx + A1) — p(Alz)] dz

= ][ V [p(Ax + 2) — p(Ax)] dz
Bp(0,7—F)

1

= ][ bj/ (1 —5)2(V2p)(Alx + s2) 2' ds dz
By(0bi—F)  Jo

v

[1+ p(Alz)]*

where L € (1, c0). Hence,

|(xk * 05 — p5) % by f )| SOV /Rn ij * flor —y)|dy

SR M (0 f) (). (3.10)

Here M, is the Hardy-Littlewood maximal operator defined, for all locally integrable
functions f on R", by

M,f(z) = sup |f(2)|dz, = eR"™

r>0
yE€Bp(z, 1) By(y:m)
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Then, by choosing any § € (0,2¢_ — «), together with Holder’s inequality, we con-
clude that

qpr/q 1/p
I = /Rn [Z e (ZK%‘ — Xk * 05) * *f($)|> ] w(z) dx
" p/q 1/p
< / {Z preay PN (3 *f)(x)]q} w() d
R™  kez i<k
p/q 1/p
SRS [Mp(wj*f)(x)]"] w(e)dsy (3.11)

This, together with the Fefferman-Stein vector-valued maximal inequality (see [6,
Theorem 2.5]), implies that

e

On the other hand, notice that, when j > k, for all z € R", it holds that

1/p

p/q
mewj*ﬂan] w@)de ¢ S e a-

JEZ

(e * 5 — @05) %05 % ()] < xe* @0 % f(x)] + @) x5 x f(x)]
< X x [Mp(¥; % )l() + M,y(¢; = f)(2)
S M, o M,(; * f)(x),

where M, o M, denotes the composition of M, and M,. Then, by taking 6 € (0, )
and Holder’s inequality, we see that

_ g1 p/q 1/p
Iy = / Zb (gwj—ij)wj*f(x)O ] / w(z) dz
_ /4 1/p
< / ) Zb<“”q’“Zbﬁq[MpoMpwj*f)(a:)]q] w(z) dx
:kGZ >k = »
< / gw“q[MpoM,,(m*ﬂ)(x)v] w(z)dr . (3.12)

This, together with the Fefferman-Stein vector-valued maximal inequality, implies
that Io < [|fllpa  (4,4)- This proves (3.6).
P, g\‘h
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To prove (3.7), we split the sum over j € Z into three parts: j < ¢ < k, { < j <k,
and j > k > (. If 7 < ¢ < k, then, from (3.9) and Hélder’s inequality, we deduce
that, for all y € R,

, v
Yy , < p2U—k)¢- / I A—T —2\d
|<Xk*§0] %)*w]*f(yﬂm - [1+p(AJz)]L|wJ*f(y Z)| z
SEOPE S HO DL () e
i—0 By(y,bi=9)

Moreover, for any y € R", i > 0 and ry > max{q,, ¢} with ¢ € (1, o] and ¢, as in
(1.2), by Hoélder’s inequality with rg, the definition of A, (A) and Lemma 3.6 with
q1 = q and gy = 1o, we have

1

][ N [; * f(2)]dz S {][ N [0, % f(2)|"w(z) dz}
By(y,b*=7) By(y,b=7)

SO g,y S 71 g a0

)

From this and L € (1, 00), it follows that
|(Oxk * 05 — @5) =y * f(y)] S bQ(j_k)Cfb_ja||f||F&7q(A;w)-
This, together with o € (0, 2¢_), implies that

{][B( b@zbkaq [ZK%_Xk*‘Pj)*@Dj*f(y”] w(y)dy}

k>0 j<e

q 1/q
5 { ][ Z bkzaq [Z bQ(j_k)QL b_ja] w(y) dy} ||f||Fg‘O (Aw)

Bp(x,b%) >y j<t

1/q

5 ||f||F&7q(A;w)‘

If ¢ < j <k, then, for any x € R" and y € B,(x, b~*), using (3.10), we know that

i v w f o(z, —£
|k * 05— 3) % 4y % fy)] S HU7P / | j; f?ﬁ;i z;bL ) g,
bj’%’ * f(z)’XR"\Bp(x,sz%)(Z)
+/n [1+bp(y — 2)]* “|
Since L € (1, o0), we have
bj ok z -
[ o LB D o, o, (0 ) (319
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On the other hand, notice that, if y € B,(z,b7") and z € R" \ B,(x,2Hb™"), then
z € R\ B,(y, b=*). Therefore,

bjo * f(Z)|XR"\Bp(:c,2Hb*Z)(Z) L < bj|¢j f(2)] -
/n [1+bp(y — 2)|" s /Rn\B‘,yb bip(y — 2)|* !

< 30 p-n ][ gy f()]de

P>t By (y, bi=it1)

S b(j_g)(l_L)b_jaHfHFgo (A w)”

Thus, for all y € B,(z,b7"), we see that

(xk * 05 — @) % 0+ f(y)| S VUMM, (05 % fxp, @ 2m-0) (1)
HBPI e pli=O0 =0y Ja”fHFa Jaw (314)

Using (3.13), (3.14), Holder’s inequality, and the Fefferman-Stein vector-valued max-
imal inequality, by an estimate similar to (3.11), we conclude that

{][ . )Zb’mq[ZI xk*soj)*wj*f(yﬂl w(y)dy}q

<5<k
a ‘
= { ][ > [Z b=, (1 % fp QHb-e>><y>] w(y) dy}
Bo(,67) k>0 Le<j<k
: !
+{ foo [Z b“j"““b‘j—f’“—“b—ja] w(y) dy} Il
Bp(,b7%) k>¢ <<k ’

. { ][Bp(r b )Z [bjaMp(% . fXBP(WHb—f))(y)}qw(y) dy} + ||fHFgg,q(A;w)

¢ ‘
1<y
Sl asmy
Similarly, if j > k > ¢, then we see that, for all y € B,(z,b7"),
|(Xn * 05 — @) * b+ f(y)]
S M, (XB,J(x,2Hb4)Mp (Vj * FXB,@anz-t))) () + bi]ab(ﬁ@(kmHfHFgO,q(A; w)*

This, together with an estimate similar to (3.12), implies that

q 1/q
{][B( o 2 <Z!<w—ka]~>*¢j*f<y>r) dy} < lbeoain:

) k>0 >k

Combining the estimates in the above three cases, we then obtain (3.7) and hence
complete the proof of Theorem 3.4. O
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The following theorem shows another part of Theorem 1.5.

Theorem 3.7. Let a € (0,2( ), w € A(A), p € (qu, 0] and q € (1, oo]. If
f € SFy (A; w), then f € Fy (A; w) and there exists a positive constant C, inde-

pendent Of f7 such that Hf”FI‘iq(A;w) < CHfHSFg"q(A;w)‘

The proof of Theorem 3.7 relies on the following variant of the Calderén repro-
ducing formula.

Lemma 3.8. Let x := f;ip(go’ll))', L € Z, U{—1} and N € N. Then there exist

Jo = Jo(A; n) € Zy and ¢, p € S(R™) satisfying that supp ¢ C B,(0, 1),

(x)z"dz =0
Rn

for all |y| < L, and supp{[z\ C [-1/2, 1/2]" \ {0} such that, for all ¢ € R™\ {0},

> ()8R — Rj—io ()] = L. (3.15)

jET

Moreover, for every f € L} . (R") NS (R™), there exist polynomials { P;}jcz and Py
such that

f + Pf — leEnoo {Z gbj * %‘ * (pr(~,bJ') — pr(.7bj—]'0)) + Pz} (316)
j=t

in S'(R™).

Proof. 1t suffices to show (3.15). The proof of (3.16) follows from (3.15) and an
argument similar to that used in the proof of [6, Lemma 2.6].

We shall construct ¢ € S(R") such that supp@//; C{EeR": C; <[] <y} for
two positive constants C; < Cs to be chosen later. First we will show that there
exist jo € Z, and a positive constant Cyy such that

X&) = X5 @I = Co>0  forall C; <[¢] < Co. (3.17)
Notice that B,(0, 1) = A = {# € R" : |Px| < 1} for some nonnegative matrix

P. Moreover, by [17, p. 429], we know that \p(0 1)(§) = Ju/2(27/€])/1€"/? for all
¢ € R", where the Bessel function is given by

t\v 1 )
= —(2) ] / e (1 — 32)”_% ds, teR.
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Since x(x) = xB(o,1)(Px) for all x € R", it follows that, for all £ € R",

e et Py (g et PO a(2l (P
R(©) = det(P )T (P71)6) = el S

where (P~1)* denotes the transpose of P~'. By ¥_;,(£) = X((A*)0€), we then see
that, for all £ € R",

[det(PTH[Ja (27 |(P7H)(AF)€])
|(P=1)*(A*)ig]2
Therefore, for all ¢ € R™, we know that

IX(€) = x5 ()]

7.(.n/2

T T(n/2 +1/2)0(1/2)
1

{/ |:€27ri\(P’1)*§|s . 627ri|(P*1)*(A*)j0§\si| (1 . 82)%— dS}
—1

| TeosCrl(Pels) = cost2al (P (Ayeela)] (1= )2 s

o (§)

X—jo

=

X

z

(3.18)

Since the spectrum o(A*) = o(A), by [2, (2.1)], we conclude that there exists a
positive constant C3 := C3(A; n) such that, for any £ € R" and j € Z,

1/C5(A-) [ < [(A7)7¢] < Cs(AL)[€].

Thus, we can pick an integer jo := jo(A; n) € N large enough such that, for any
¢ € R*\ {0},

2[(P7H)el < (P (A7) (3.19)

Choose a positive constant Cy sufficiently close to zero and a positive constant
Cy := C3/(8||AJ|) such that, for any £ € R™ with C} < |{] < Oy,

(P71 (A)e] < 1/8, (3.20)

where ||A[| := {327 lai;[?}/? for A := (ai;)1<ij<n- By (3.19) and (3.20), we see
that there exists a positive constant Cy such that

0 < Cy<af|[(PT) (A £ (P el <m/4 for C1 <[] < Ca.

Consequently, using the fact that sint > ¢/2 for t € [0, 7), we conclude that, for
s €(0,1),

cos 2ms|(P~1)*¢| — cos 2ms|(P~1)*(A*)¢|
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= 2sin(rs(|(P~)"(A)°&] = (P71)¢])) sin(ms(|(P~)"(A7)¢] + |[(P1)"¢]))
o TSP (AT)PE] —| (P71 ms(|(P7H)"(A)E + [(PT)E]) o o
= 2 2 ~

Combining this inequality with (3.18), we obtain (3.17), namely, for all C} < |¢| <
027

1
R(6) = 59 2 / 21— 222 s 5 )

For any fixed L € Z U{ 1}, select a positive smooth function ¢ on R™ such that
supp ¢ C B,(0,1), [, ¢(x)2z7 dz = 0 for all |y| < L, particularly when L = —1, the
above vanishing condition is void, and |¢(¢)| > C > 0 for all Cy < |¢] < Cs, where
C'is a positive constant. For a construction of such ¢, see [15, Theorem 2.6]. Then
d* (X — X—jo) € C°(R™), has vanishing moments till order L and satisfies that

ORE) - ()] 21 (3.21)

for all ¢y < €] < Cs.

Choose g € S(R") such that g is nonnegative, suppg C {£ € R : C; < [¢] < Oy}
and ¢g(§) > C > 0if 2C, < [¢] < Cy/2, where C is a positive constant. We claim
that, for any £ € R™ \ {0}, there exists some j € Z such that |(A*)/¢] € [2C1, Cq/2).
Since 2C || A|| = Cy/2, the smallest j € Z such that |(A*)7¢| > 2C; does this job. Let
F = 3,c,9((A*)77:). Then, F is a bounded smooth function and F((A*)-) = F
for all j € Z and F (&) 2 1 for all £ € R\ {0}.

Define h := g/F. Then, h € S(R"), supph C {{ € R": C} < [¢] < Oy} and, for
all § £ 0, > .y h((A*)79¢) = 1. By (3.21), we can define a Schwartz function ¢ by

setting ¢ := h{B[X — X_j]}~*. Then
suppt C {€ € R™: Cy < [¢] < Gy}

and, for all £ € R™\ {0},

Z@DJ X;(&) = Xi—io ()] = Zﬁ((A*)_jg) =1
JEZ JEZ
This finishes the proof of Lemma 3.8. O]

Proof of Theorem 3.7. Let v € (0,2(_), f € SF;‘;Q(A; w) and jy be as in Lemma
3.8. By Lemma 3.8 and f € L} _(R™) N S’(R"), we conclude that

loc

F = 6% wix (Xg = Xjmio) * F =D b3 % i % (0000 — o001

= JEZ.
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which, modulo polynomials, holds in &'(R™). Here, ¢ and ¢ are as in Lemma 3.8.
Let ¢ be as in (2.1). For any k € Z, we have

opx [ = Z on * @5 % Vi % (fB,,6-3) = fB,(,pi0-3))-
JEZ
Notice that, for all k, 7 € Z, and = € R",
proin{j, k}
[+ eGP ()

|on * & % ()] = |on * (¢ % ¥); ()] S b FIIHIE (3.22)

where s, L can be chosen sufficiently large; see [8, Lemma 5.4]. Thus,

lon % @ % Ui % gl = |or * (P +0); x g] SO M1 (g).

Therefore, when p € (g, 00), from Definition 2.1, Hélder’s inequality and the
Fefferman-Stein vector-valued maximal inequality, we infer that

qN 1/q
1f g carw) S {Z 0R > 0TI N, (fo, -0 = Foy(000-5)) }
keZ jez .
1/q
5 {Zb]aq pr bJ fB bJOJ)]q}
Ier L5, (R
1/q
S {Zbﬂaq Hpr(nb*j) —f1- [pr(.,wm) - f]‘q}
IeE L1, (2)
1/q
N {Zbﬂaq | fB,0-9) — f\q} S Sa, o ()l 22, @y
Ier L3, (B

When p = oo, we need to show that

q 1/q
{ ][B - > e <Z |on * & % 05 % [fB,(,6-1) = B, 005 (y)\) w(y) dy}

k> JEZ

is controlled by [ f|lgga (4w uniformly in 2 € R™ and £ € Z. The proof of this is

similar to that of (3.7), Where we need to split >, into three parts. Using (3.22)
one can show that || f|lpa J(Aiw) S ||f||SFa J(Aiw) _We leave the details to the reader.
This finishes the proof of Theorem 3.7. O

Finally, we sketch the details needed to deal with Besov spaces.
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Proof of Theorem 1.7. The proof of this theorem is similar to that of Theorem 1.5.
Thus, we only prove an analogue of the estimate of I; in the proof of Theorem 3.4
for Besov spaces. The other estimates are left to the reader. For any p > ¢, and
q € (0, 00), by (3.10), Minkowski’s inequality with p € (gy,00) and the L? (R")-
boundedness of M,, we have

q

I =4y bhe [/Rn (ZI(%‘ —Xk*%')*%‘*f(xﬂ) w(z) dx]p

keZ j<k

S Z [/Rn (Z PRI )t () f)(x)) w(z) da;] P

kEZ j<k

ay i
< {Z [Zb“—’“(%—a”janwj*fnmn)] } .

kez Lj<k

When g = o0, it is easy to obtain I; < Hf”Bg (Aw): When g € (0, 1], we use the
g-triangle inequality to deduce the same conclusion. Finally, when ¢ € (1, co0), we
choose § € (0,2(_ — «). Then, by Holder’s inequality, we see that

q
" {Z [Z Oy f!|m;<w>b(jk)6] }

keZ Lj<k

q

q
= {Zqu”‘W‘“‘“*WH% - f||%5<Rn)} S 1 llsg 0

kez j<k

Combining the estimates above, we conclude that I < || fllga (4,4, for ¢ € (0, od]
P, q ’

and p € (g, 00). The same estimate also holds for p = oo with usual modifications,
which completes the proof of Theorem 1.7. m
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