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We show an extrapolation formula for discrete Triebel-Lizorkin spaces which extends a formula of Cwikel and
Nilsson [14] to quasi-Banach lattices. This is done in the general setting of anisotropic Triebel-Lizorkin spaces
associated with expansive dilations and doubling measures on R" introduced by the author [4], [5]. Our main
result is new even in the standard dyadic setting.

© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

In this paper we prove an extrapolation formula for discrete Triebel-Lizorkin spaces f}‘}'q . These spaces were
introduced and studied in the influential papers by Frazier and Jawerth [16]—[18]. Their importance stems from
the fact that they describe wavelet coefficients of functions/distributions in Triebel-Lizorkin spaces F;)“J In turn,
Triebel-Lizorkin spaces form a unifying class of function spaces encompassing many well-studied classical func-
tion spaces such as Lebesgue spaces, Hardy spaces, the Lipschitz spaces, and the space BMO.

Suppose that 0 < p,q < oo and a € R. Let Q denote the collection of all dyadic cubes @ = 27 ([0, 1]* + k),
where j € Z, k € Z". The discrete Triebel-Lizorkin sequence space f.';}*q is defined as the collection of all
complex-valued sequences w = {wg}geo such that

1/q
leollzes = (Z(@r“mm@)ﬂ < o0, (L1)

QeQ Ly

where Yo = |Q|7'/?x¢ is the L?-normalized characteristic function of the dilated cube (). However, in the
special case p = oo, the above formula needs to be replaced by the following localized definition introduced by
Frazier and Jawerth [18],

1/q
1
foo = (Sup ﬁ/ Z (|Q|“|wQ|>ZQ)qu> < 00. (1.2)

PeQ P Qeog, qgcr

[[w

Moreover, the case ¢ = oo requires an obvious modification due to the presence of /°° norm. The main result of
this paper is the following extrapolation theorem for f‘;‘ 4 spaces.

Theorem 1.1 Suppose that oy, 1 € R, 0 < py,p1 < 00,0 < qo,q1 < 00, and 0 < 0 < 1. Then, for any
w e f;l"h we have

o+ ollggo < 1}, (13)

where (1/p,1/q,a) = (1 —0)(1/po,1/q0, ) + 0(1/p1,1/q1, ax).

ewlle v =< st {[[lol” ol = [0+ 1o
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The formula (1.3) is a lesser known cousin of the well-known interpolation formula for the Calderén product
of £;+9 spaces, see [18, Theorem 8.2],

1-6
f;.oﬂ .

0
f

P
P

lellggo < Newll gooaoyso gorons g :inf{Hvo o llorlle o ol = |v0|1_9|vl|9}. (1.4)

The interpolation formula (1.4) enables the recovery of the norms of intermediate f.';**q spaces once the norms
at endpoints are known. The remarkable feature of the extrapolation formula (1.3) is that it makes possible the
recovery of the norm of f";}"q spaces for the range of parameters beyond the two known endpoint norms. The
extrapolation formula is not only a curiosity, but it has found applications in the study of rearrangement operators
of the Haar system on dyadic Hardy spaces in the work of Geiss, Miiller, and Pillwein [20].

An abstract interpolation space version of extrapolation formula (1.3) was established by Cwikel and Nilsson
[14]. Their result [14, Theorem 3.5] can be restated as follows; the precise definitions are given in Definitions 3.1
and 3.2.

Theorem 1.2 (Cwikel, Nilsson) Let (X, X1) be a couple of saturated Banach lattices, and let XéfeXf be
their Calderdn product for some 0 < 60 < 1. If X1 has the Fatou property, then for any x € X,

Jelfe, = sup {1l 2l” || ys-0 yo  lullx, <1} (1.5)

Note that (1.5) has the equality of norms rather than equivalence of norms as in (1.3) and (1.4). In the Banach
setting, when 1 < pg,p1,q0,q1 < 0o, Theorem 1.2 can be shown to imply Theorem 1.1. However, Theorem
1.2 does not apply in the quasi-Banach setting where a more concrete approach is needed. In fact, the proof of
Theorem 1.2 in [14] relies on [14, Theorem 1.5] saying that a saturated Banach lattice X has the Fatou property
if and only if X = X", where X’ is the Kothe dual of X. Since X = X" is known to fail for X = fl‘}*q when
p < lorgq < 1, see Theorem 2.4, this illustrates the difficulty of quasi-Banach setting where duality techniques
generally do not work.

We shall prove that Theorem 1.1 holds in a much more general setting than the classical dyadic case described
above. Our favorite setting involves general expansive dilations and doubling measures on R”. A systematic study
of Besov and Triebel-Lizorkin spaces in this setting has been undertaken in [3]-[6]. In Section 2 we survey the
highlights of this setting which are especially relevant to this paper. In the final section we give the proof of our
main result. We use the convention that the symbol = < y means that there exists a constant C' > 0 such that
x < Cy, and the symbol x =< y means that z < y and x 2 y.

2 Anisotropic Triebel-Lizorkin spaces

Triebel-Lizorkin spaces in the isotropic setting are well-studied unifying class of function spaces. The usual
isotropic structure can be replaced by more general non-isotropic dilations which produces as a result anisotropic
variants of the classical function spaces. Among many others we mention here parabolic Hardy spaces [11], [12],
Besov and Triebel-Lizorkin spaces for diagonal dilations [1], [15], [27]-[31]. The other possible direction is the
study of weighted Besov and Triebel-Lizorkin spaces associated with general Muckenhoupt A, weights, see
[71-19], [26]. One should also add that a significant portion of the theory of function spaces can also be done on
very general domains such as spaces of homogeneous type introduced by Coifman and Weiss [13]; for example,
see [21]-[25]. However, this high level of generality imposes restrictions on possible values of the integrability
exponent p, i.e., p > 1 — § for some possibly small 6 > 0.

To strike a balance between a high level generality and often diminishing range of possible results, we con-
sider the class of non-isotropic dilation structures associated with expansive dilations, which includes previously
considered diagonal setting. In the context of Hardy H” spaces this goal was achieved by the author in [2], where
it was demonstrated that significant portion of a real-variable isotropic H” theory extends to such anisotropic
setting. Analogous extensions to anisotropic Besov and Triebel-Lizorkin spaces with doubling measures were
studied in [3]-[6]. These studies show that the isotropic methods of dyadic ¢-transforms of Frazier and Jawerth
[16], [18], [19] extend to non-isotropic setting associated with general expansive dilations. In particular, weighted
anisotropic Triebel-Lizorkin and Besov spaces were characterized by their wavelet transform coefficients and
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494 M. Bownik: Extrapolation of discrete Triebel-Lizorkin spaces

smooth atomic and molecular decompositions of these spaces were established. In addition, the localized ver-
sion of Triebel-Lizorkin spaces in the endpoint case of p = oo was developed in [4]. Finally, the duality and
interpolation results about anisotropic Triebel-Lizorkin spaces were obtained in [5].

We start by recalling basic definitions and properties of the Euclidean spaces associated with general expansive
dilations.

2.1 Anisotropic setting

We say that a real n x n matrix is expansive if all of its eigenvalues A satisfy |A| > 1. A quasi-norm associated
with an expansive matrix A is a Borel measurable mapping p4 : R" — [0, c0) satisfying

pa(z) >0, for x #0,
pa(Az) =|det Alpa(z) for zeR", 2.1
pa(z+y) < H(pa(z) +paly)) for z,y€R",

where H > 1 is a constant. The corresponding p 4 -balls are defined as

B, (z,r)={yeR":pa(z —y)<r}, ze€R", r>0.
We say that a non-negative Borel measure ;2 on R” is p4-doubling if there exists C' > 0 such that

w(B,, (z,|det Alr)) < Cu(B,, (x,r)) forall zeR", r>0. (2.2)
Let Q be the collection of all dilated cubes

0={Q=4(0,1]"+k):jEZ, kel"}

adapted to the action of a dilation A. Obviously, if A = 2Id we obtain the usual collection of dyadic cubes.
The scale of a dilated cube Q@ = A’([0,1]" + k) € Q is defined as scale(Q) = j. Alternatively, scale(Q) =
10| et 4| |Q|- The tent T (P) over P € Q is defined as

T(P)={Q € Q:|QNP|>0and scale(Q) < scale(P)}.

2.2 Anisotropic function spaces

We start by recalling the definition of anisotropic Fz‘*q spaces in the range 0 < p < oo. Let S = S(R") be the
Schwartz class, S’ the space of tempered distributions, and P the subspace of polynomials.

Definition 2.1 For ae€ R, 0 <p <o, 0 < g < 00, and a p4-doubling measure u, we define the anisotropic
Triebel-Lizorkin space Fy»? = Fy-4(R", A, 1) as the collection of all f € §’/P such that

1/q
[fllpse = <Z (Idet AP |f @j)q> < o0, (23)

jer L? ()
where ¢;(x) = |det A[Y p(A7z) and p € S(R") satisfies (2.4), (2.5)

supp @ :={ € R" : 9(§) # 0} C [—m,7|" \ {0}, 24
sup |@((A*)7€)| >0 forall ¢ cR"\ {0}. (2.5)
JEZL

The discrete Triebel-Lizorkin sequence space f;}"l = f'l?'fq (A, ) is defined as the collection of all complex-valued
sequences s = {s¢ }geo such that

1/q
l[sllge.0 = ( > (IQI‘“ISQIX@)(I) < 00, (2.6)
QeQ )

where Yo = |Q|~'/?xq is the L?-normalized characteristic function of the dilated cube Q.
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In the special case p = oo the above definition is unsatisfactory. Frazier and Jawerth [18] had proposed a
localized definition of the norm when p = co by considering averages only over small scales.

Definition 2..2 For a € R, 0 < ¢ < o0, and a py4-doubling measure u, we define the anisotropic Triebel-
Lizorkin space F%:1 = F49(R", A, 1) as the collection of all f € S’/P such that,

[ g0 (mo a0 = ( / Z

—scale(P

1/q
(IdetAlj‘”lfwj(x)l)qdu(x)> <oo, (27)

where » € S(R") satisfies (2.4) and (2.5). The sequence space, f%¢ = f%%(A, ) is the collection of all
complex-valued sequences s = {s¢ }gco such that

1/q
Fo (A ) = < / Z (1017 [sq %o () du(x )) < oo. (28)

QeT(P

s

One of the main results about these spaces is due to Frazier and Jawerth [18], who proved in the dyadic setting
that sequence spaces f;"l describe the coefficients of wavelet expansions of elements in F;’q . This result also
yields the equivalence of quasi-norms (2.3) and (2.7) regardless of the choice of . The author [4] proved that the
same holds in the non-isotropic setting for general expansive dilations.

Theorem 2.3 Suppose that p € S(R™) is a Parseval wavelet such that the support of ¢ is bounded and
bounded away from 0. That is,

IFIP = D" Kf. Q) forall e L*(R"),

QeQ

where g (z) = |det AJ/2p(Alx — k) for @ = A77([0,1]" + k). Let S, be the wavelet analysis transform
mapping f € S'/P to the sequence S, f = {(f,¢q)}oco. Let T, be the wavelet synthesis transform mapping
s = {sqlqeo to Tys = D ncoSQpq- Then, the operators S, : Fg"l — f"z‘f’q and T, : fg*q — Fg‘f are
bounded and T,, S, = Id.

The following duality result is a manifestation of the fact that the endpoint space Fgéq is a natural extension of
Fg*q spaces for p < oo. Theorem 2.4 is an extension of the well-known isotropic results of Triebel [28], Frazier
and Jawerth [18], and Verbitsky [32] who has filled a gap in the case of (p, ¢) € (1,00) x (0, 1). For convenience,
we state it in the unweighted case where the duality pairing takes more natural form than in the weighted case,
see [5, Corollary 4.7 and Theorem 4.8].

Theorem 2.4 Suppose that o € R, 0 < p,q < oo. Then, the dual space of discrete Triebel-Lizorkin space is

. . [T, A) 1<p<oo
foq Rn,A _ P ’ ’ = )
(5 ) {fm“+<1/p1>=°°(Rﬂ,A), 0<p<l.

A similar duality also holds for F;"q (R™, A) spaces.

Many other results about ng spaces in the anisotropic setting can be found [4], [5]. Here, we shall only
state two additional facts which are employed in Section 3. These are [5, Lemma 3.1] and [5, Corollary 3.4 and
Theorem 3.6], resp.

Lemma 2.5 Suppose that o € R, 0 < p,q < oo, and p is a py-doubling measure. Fix € > 0. Suppose that
foreach Q € Q, Eg C Q is a Borel set with 1(Eq)/p(Q) > €. Then, for any s = {sg}

1/q
||S f";"q(A,u) = < Z (|Q|Q|SQ|>~<EQ)(]> ) 0 <p<oo, (29)
QeQ L7 (1)
1/q
sz (a0 < Peg( / Z (1R |sq Xy ()" du(x >> , p=o0, (2.10)
QeT(P

where X, = |Q _1/2XEQ is the normalized characteristic function of Eq, .
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Theorem 2.6 Suppose that « € R, 0 < p,q < 0o, and i is a py-doubling measure. Fix 0 < e< 1. Then, for
any s = {sq}

Is

1/q
oo = inf H ( 3 (QI“ISQIS(EQ)Q> B © Q. 1(Eq)/m(@) > ¢ p. @.11)

Qe L7 ()

Moreover, for any 0 < r < oo we have the equivalence of norms when p = oo,
1/r

r/q
1
g = SUD M(P)/P< > (IQl“SQxQ(x))’I) du(z) | . (2.12)

QET(P)

s

3 Interpolation and extrapolation of f;"q spaces

In this section we shall prove Theorem 1.1 in the general setting of expansive dilations A and p4-doubling
measures . A reader more familiar with the isotropic setting might choose for the simplicity that A = 2/d and p
is the Lebesgue measure on R”. We start by defining relevant properties of quasi-Banach lattices and the Calderén
product [10].

Definition 3.1 Suppose that v is a positive measure on {2, and X is a quasi-Banach space of v-measurable
functions on 2, which are identified if equal v-a.e.

(i) We say that X is a quasi-Banach lattice on 2 if for any v-measurable functions f, g
feX and [g(z)| <[ f(z)|v-ae. = g€ X and [g|x <|f[x.

(ii) X is saturated if for every measurable set £ C € with u(E) > 0, there exists a measurable subset
F C E suchthat yp € X.

(ili) X has the Fatou property if for a.e. pointwise increasing sequence { fi };° ; of non-negative functions
in X with supy, || fx|lx < oo, the function f defined by f(w) = limy o0 fr(w) isin X and || f||x =

Definition 3.2 Suppose that X, and X are quasi-Banach lattices on (2. Given 0 < 6 < 1, define the Calderdn
product X é 'x ¥ as the collection of all v-measurable functions u satisfying

HUHX[}*”X{? =inf {M > 0 :ju(z)| < M|vo(2)|'?|vi (2)|” v-ae.
for some [lvgllx, <1 and [u]lx, <1} < oo.
Equivalently, the Calderén product quasi-norm can be defined as

0

. — 9 -0
lull 10 o = inf {[Jvo[l3;" lo1ll%, « Ju(@)] = oo (@)~ v ()| v-ace.}.

Theorem 3.3, which was shovyn in [5, Theorem 6.1], generalizes the result of Frazier and Jawerth [18, Theorem
8.2] on Calderén products of ¢ spaces.

Theorem 3.3 Suppose that oy, 01 € R, 0 < po,p1 < 00,0 < qo,q1 < 00, and v is a p4-doubling measure.
Then, for any 0 < 0 < 1, we can identify the Calderon product as

(o090 (A, )" (Foro (A, ) = £9(4, ), G.1)

with equivalent quasi-norms, where

(1/p,1/q,0) = (1 =0)(1/po,1/q0, o) +0(1/p1,1/q1, ax). (3.2)
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It is worth emphasizing that Theorem 3.3 also covers the endpoint cases py = oo or p; = oo. The same
remarkable feature is true for our main result, Theorem 3.4, which establishes the extrapolation formula for
discrete Triebel-Lizorkin spaces. In particular, Theorem 3.4 implies that the Triebel-Lizorkin norm in the case
p1 = oo can be recovered from the corresponding norms with finite integrability parameters p, py < oo. This is
yet another manifestation of the fact that the definition of the Triebel-Lizorkin spaces when p = oo, which was
historically troublesome until a satisfactory definition Frazier and Jawerth [18], is a natural continuation of the
better understood scale 0 < p < 0.

Theorem 3.4 Suppose that o, 1 € R,0 < po,p1 < 00,0 <qp,q1 <00,0<0<1,andpisapa-doubling
measure. Then, for any w € £ we have

ol o0 < sup {f'Jol ]« < folpoo < 1, (3.3)

where the relevant parameters are constrained by (3.2).
Proof. For simplicity, let X, = fﬁ)ﬂv’lu (A, ), Xg = f;*q(A, i), and X; = fﬁll ‘1 (A, ). The inequality >
in (3.3) follows immediately from Theorem 3.3.

Indeed, suppose that w = {wg} € X1, and v = {vg} € Xy with ||v||x, < 1. Then, by Theorem 3.3 and
Definition 3.2

[l ol =, = [l ol =0 |0 g < 0l Nl < lwllf, -

The proof of the opposite inequality of (3.3) requires more work and uses a stopping time argument. Moreover,
it must be split into several cases since -9 spaces have a different definition when p = co.

Case 1: pg, p1 < oo. Suppose that w € X;. We claim that there exists v € X, and a universal constant
C > 0 such that

lv]lx, < cnwnp L/ (3.4)
el o'y, = Sl (3.5)
Assuming (3.4) and (3.5) for the moment, yields
0+(1— 9 D _
ol lwl%, S Tl PP = )/ < fllwl” o =7, -

Hence, after renormalizing ||v]|x, = 1, we obtain < in (3.3).
First, consider the subcase of gy, q1 < co. We shall temporarily assume that py /gy < p1/q1; the opposite case
follows by an easy adaptation. For k € Z, define

1/@1
Q. =<z eR": (Z (1Q1~ " |we [Xq (x))q1> > oF

Q

P =1{Q € Q: u(Q@NY) > pu(Q)/2and p(Q N Q1) < u(Q)/2}.
Note that the families Qy, k € Z, are pairwise disjoint, and if Q ¢ Uk ez Qy, then wg = 0. In this case set
vg = 0. Otherwise, if ) € Q). for some k € Z, then we set

vg = 2k5\Q|“|wQ\q1/q°, where 6 =pi1/po—q1/90 >0, u=cap+1/2— (a1 +1/2)q1/q0- (3.6)
To prove (3.4), we use Lemma 2.5 with sets Eg = Q Ny, Q € O,

po/q0
||U‘|gé>[) S/R (Z Z Q|—(au+l/2)QU|Ququ2krr)f10|wQ|!I1XEQ> du

kEZQEQ)
Po/q0
L (S 5 o)
" \kez QE
(1+dq0/q1)po/q0
< (Zml-MwmQ)“) e = %,
"\ deo
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498 M. Bownik: Extrapolation of discrete Triebel-Lizorkin spaces

Here, in the penultimate step we used the fact that § > 0 and

dqo /@1
28000y, < (Z (|Q|‘(“|wcg|>zQ)“> :

QeQ

To prove (3.5), we use a similar argument as above after redefining Eg = QN (Q41)°, @ € Qx. By the identities
(4 1/2)q = (1 = O)ug = (a1 + 1/2)qy and (6 + (1 — 0)q1 /q0)q = q1, we have

r/q
|||w|‘9|v|1_‘9||’;(9 :/R” (Z Z |Q—(a+1/2)qwQ|9q2(1—9)k5q|Q(1—9)uq|wQ(1—0)f1q1/quQ> du

k€ZQEQy

r/q
A (Zg(lwmw > <|Q|M|wQ|>zQ)“> ”

kEZ QEQy

(14+(1—0)dq/q1)p/q
2/ (Z (|Q|M|wQ|>zEQ>ql> ”
n Qeg
pi/a1
_ —aq ~ q1 d > P1
- / (Z (IQI™ lwelXe, ) ) w2 ol
" \Qeo

The last step follows by Lemma 2.5 and the third step by the fact that

1/¢11
2" X () 2 ( > (QI‘“IIwQIXEQ)“'> , (3.7)

Qe

In the complementary case py/qo > p1/q1 we have § < 0 and it suffices to switch the definitions of sets Eq
in the proofs of (3.4) and (3.5). The details are left to the reader.

To prove (3.4) and (3.5) in the subcase of gy = oo requires only a minor adaptation of the above arguments.
For Q € Qy, k € Z we set

v = 2"°|Q[*, where §=p/py, u=ay+1/2. (3.8)
For Q & U,z Qk» We set vg = 0. Then, by Lemma 2.5 with Ep = Q N we have

VI, 5/ sup sup (2170 xq, (z)xq (x))" dp(x)
Re keZ Qe

Spo /a1
s/ ( > (e |w@>~<@)m> dp = Jlwl%, -
" \Qeo

Likewise, we also obtain (3.5) with obvious modifications.
On the other hand, the subcase q; = oo requires a truly separate treatment. For simplicity we shall assume that
qo < oo since the case ¢y = q; = oo is dealt as above. For k& € Z define

9 ={QeQ:2" < QT Mg < 2"}, o= ] Q.
QEQ;

We equip Q with stacked below partial order as in [4, Definition 6.3]. That is, for Q, P € Q, we define @ < P,
if there is a chain of cubes Q) = Qy, Q1,...,Qs = P € Q such that

scale(®;) < scale(Q;+1) and |Q; NQ;41| >0 forall i=0,...,s—1.

Note that in the dyadic case A = 2Id, < is simply an inclusion C relation. Let Q; be the collection of maximal
dilated cubes in Q. We need to use two facts about Qj.. By [4, Proposition 2.10] and the fact that ||w||x, < oo,
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for every () € Q, there exists (not necessarily unique) P € Qj such that Q < P. Moreover, by [4, Lemma 6.5]
and the the doubling property of 1 we have

w() S (), where Q) = U Q.
QeQ;

Define the sequence w’ = {w’Q} by w’Q = wq if Q@ € Qj, for some k € Z, and w’Q = 0 otherwise. Therefore,
we have

ol = [ sup sup Q1 o) xoe)d(o)
R kEZ QEQ;

= [ 32 o du

keZ

S / > 2y, (2)dp
R

" ez

< / sup 27" X1 (2)dpt < [’
R k€Z

For Q € Q.. k € Z we set
vQ:2k5|Q|“, where ¢ = p1/po, u =y +1/2.

For Q) ¢ Ukez Q;C, we set vg = 0. Since the cubes in Q;c are disjoint we have

Po/q0
||U\§(OO :/ (Z Z (Q|(a0+1/2)+u2k5)Q0xQ> dy
Rn

k€Z QeQy,

Po/qo
= / (ZQ’C&ZO)“%) du

kEZ

Po/qo
<[ ()
n kEZ

- / sup 271 oy dpu < || 5 < [lw]f .
" kez

Likewise,

p/q
ool I, = / (Z > (|Q|-<“+1/2>|wQ|92<1-9)“|Q“-”“)‘IXQ) dn

k€EZQeQ;,

r/q
Z/ <Z2k((10)6+6)qxﬂé> dp

kEZ

2/ sup 27 xq/ dp = Jw' |}, =< [wl[%, -
R k€EZ " I I

This completes the proof of case pg, p; < 0.

Case 2: pg = oo and p; < oo. For brevity, we shall only consider the subcase of ¢y, q; < oo. Suppose
that w € X;. By homogeneity of the formula (3.3), we can assume that |w||x, = 1. We claim that there exists
v € X and a universal constant C' > 0 such that

HU”X(J < C’ (3.9
[lw|”[o[* ]|, = 1/C. (3.10)
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500 M. Bownik: Extrapolation of discrete Triebel-Lizorkin spaces

Assuming (3.9) and (3.10) for the moment, yields

ol wlk, S 1S ([l ol =, -

~

Hence, after renormalizing ||v||x, = 1, we obtain < in (3.3).
Define the sequence v = {vg } by (3.6) as in Case 1 with the understanding that p, /p; = 0. To prove (3.9),
we use Theorem 2.6 with the sets Eg = Q N (Q;41)°, where Q € Qy,

1/40
lollx, S (Z (|Q|QOUQ>~CEQ)%>

QeQ oo

1/(10
(Z 2" X0 > (1017 wg |>2@)q1>

kEZ QEQy

A

Loe

=1

>(1+5f10/(11)/q0

< ( > (1R [we o)™

QeQ s

Here, in the penultimate step we used (3.7) and the fact that § = —q1 /qo < 0. The proof of (3.10) is done in
the same way as in Case 1 because fgoq norms are not involved in (3.10). The only needed change is a switch in
a definition of sets Eg = Q N Qy, where ) € 9y, due to the fact that § < 0. Finally, the special subcases of
qo = o0 or q; = oo are dealt in a similar fashion as in Case 1; the details are left to the reader.

Case 3: py < oo and p; = oo. For brevity, we shall only consider the subcase of ¢y, q; < oo. Suppose that
w € X;. By homogeneity of the formula (3.3) we can assume that |w||x, = 1. As in Case 2 it suffices to show
that there exists v € X, such that (3.9) and (3.10) hold.

By (2.12) for any 0 < r < o0, there exists P € Q such that

r/q
1 q1
1= ||w||3(1 = M/P ( Z (|Q‘_(}l |U)Q‘)ZQ)1 ) d,u

QET(P)

r/q
(5 s

QET(P)

@3.11)

The last step is trivial if the collection of dilated cubes Q is nested as in the dyadic case. Otherwise, it can be
deduced as a consequence of the following two facts. By [4, Lemma 6.5] there exists 7 > 0 such that

U @c U A"(0,1"+k), where P =A"([0,1]" + k).
QET(P) |k—ko|<n
On the other hand, by [4, Proposition 2.10] we have
(AT ([0,1]" + k) = u(P) for |k —ko| <.

Thus, the integral over R in (3.11) can be split over a finite union of “neighboring” cubes of P with the same
scale. As a consequence, the integral over R" is controlled by the corresponding integral over P.
Define the sequence v = {vg } by

v = p(P) VP Q[ lwo |1/ for Q€ T(P), where u=ag+1/2— (a1 +1/2)q1/q0, (3.12)

and vg = 0 otherwise.
To prove (3.9), we use (3.11) with r = poq1 /qo

P0/q0
, 1
ol = / Q—(au+1/2)qU Q|“9 Jwe | x du
Iol%, =~ 55 Rn(}ju Q1™ ol xg

QeET(P)

1 Po/qo
- M/,, ( 2 (|Q|m|wQ|>~(Q)ql> dp = 1.

QET(P)
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To prove (3.10) we also use (3.11) with r = pq1 /¢

el o7,

p/q
1 o e ) (
- ’u(P)(le)P/PU‘/R ( Z (|Q| (a+1/2)+(1-0) |wQ|0+(l 9)(11/10XQ)11> dy

p/q
=ﬁ / ( > (|Q|—(“wQ|>~<Q)‘h> di= 1.

QET(P)

This shows Case 3 in the subcase gy, q; < oo. The special case gy = oo or ¢ = oo is again left to the reader.

Case 4: py = p; = oo. This case is actually much simpler than the previous ones since it can be shown by
direct calculations. Again, we shall only consider the subcase ¢y, ¢1 < oo. Suppose that w € X; with ||w]||x, = 1.
It suffices to show that there exists v € X, such that (3.9) and (3.10) hold. Define the sequence v = {vg } by

UQ:|Q|“|wQ\q‘/’IO, for Q€ Q, where u=ay+1/2— (a1 +1/2)q1/q. (3.13)

Then, by the definition of fgo*q norm

PeQ

1/q0
1 —(« q ug
e =5 <u<p>/P 2l amq) f[>|wQ“><ced’“‘>

QeQ
1 1/q0
= sup 7/ Q™ wo|xo)™ du =1
PeQ(M(P).PQ;Q( | | e‘ Q)

A similar calculation shows that |||w|’ |[v]' =7 ||1;(€ = 1. This completes Case 4 and the proof of Theorem 3.4.

Acknowledgements The author is thankful to Paul Miiller for bringing the extrapolation formula to author’s attention.
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