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Characterization of sequences of frame norms

By Marcin Bownik and John Jasper at Eugene

Abstract. We show that frames with frame bounds 4 and B are images of orthonor-
mal bases under positive operators with spectrum contained in {0} U [v/4, v/B]. Then, we
give an explicit characterization of the diagonals of such operators, which in turn gives a
characterization of the sequences which are the norms of a frame. Our result extends the
tight case result of Kadison [15], [16], which characterizes diagonals of orthogonal projec-
tions, to a non-tight case. We illustrate our main theorem by studying the set of possible
lower bounds of positive operators with prescribed diagonal.

1. Introduction

Definition 1.1. A sequence {f;},.; in a Hilbert space # is called a frame if there
exist 0 < A £ B < oo such that

(1.1) AlfI? S SIS 1P < BlfI)F forall fe .

The numbers 4 and B are called the frame bounds. The supremum over all A’s and infimum
over all B’s which satisfy (1.1) are called the optimal frame bounds. 1If A = B, then {f;} is
said to be a tight frame. In addition, if A = B =1, then {f;} is called a Parseval frame.

The goal of this paper is to characterize all possible sequences of norms of a frame
with prescribed optimal bounds 4 and B. This question can be reformulated to an equiva-
lent problem asking for a characterization of diagonals of self-adjoint operators E with
spectrum A4, B € o(E) < {0} U [4, B]. This reformulation is due to Antezana, Massey, Ruiz,
and Stojanoff [1] who established the relationship of the frame norm problem with the
Schur—Horn theorem. Consequently, a characterization of norms of finite frames follows
from the Schur—Horn theorem. The special tight case 4 = B is a celebrated Pythagorean
theorem of Kadison [15], [16], which gives a complete characterization of diagonals of
projections.

The problem of characterizing norms of frames with prescribed frame operator
attracted a significant number of researchers. Casazza and Leon [7], [8] gave explicit and
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algorithmic construction of finite tight frames with prescribed norms. Moreover, Casazza,
Fickus, Kovacevi¢, Leon, and Tremain [9] characterized norms of finite tight frames in
terms of their “‘fundamental frame inequality” using frame potential methods of Benedetto
and Fickus [6]. An alternative approach using projection decomposition was undertaken
by Kornelson and Larson [11], [19], which yields some necessary and some sufficient con-
ditions for infinite dimensional Hilbert spaces. Antezana, Massey, Ruiz, and Stojanoff [1]
established the connection of this problem with the infinite dimensional Schur—Horn prob-
lem and gave refined necessary conditions and sufficient conditions. Finally, Kadison [15],
[16] gave the complete answer for Parseval frames, which easily extends to tight frames by
scaling.

The equivalent problem of characterizing diagonals of self-adjoint operators remains
open in infinite dimensions despite remarkable recent progress. The finite Schur—Horn
theorem was extended to positive trace class operators by Gohberg and Markus [12] and
by Arveson and Kadison [5], and to compact positive operators by Kaftal and Weiss [18].
Moreover, its extensions to II; factors [2], [3] and normal operators [4] were also studied.
The infinite dimensional version of the Schur—Horn theorem due to Neumann [20], which
is phrased in terms of /*-completion of the convexity condition, is too crude for our
purposes. For detailed survey of recent progress on infinite Schur—Horn majorization the-
orem we refer to the paper of Kaftal and Weiss [17].

Our main result can be thought as the infinite Schur—Horn theorem for a class of self-
adjoint operators with prescribed lower and upper bounds and with the zero in the spec-
trum. Note that the assumption of {d;} being non-summable in Theorem 1.1 is not a true
limitation. Indeed, the summable case requires more restrictive conditions reflected in
Theorem 3.4.

Theorem 1.1. Let 0 < A < B < oo and {d;},.; be a non-summable sequence in [0, B].

iel
Define
di<A dizA
Then, there is a positive operator E on a Hilbert space # with {4, B} < o(E) = {0} U [4, B]
and diagonal {d;} if and only if one of the following holds: (i) C = co, (i) D = oo, (iii)
C,D < oo and
(1.3) meNuU{0} nA<C=<A4+Bn-1)+D.

As a corollary of Theorem 1.1 we obtain the characterization of sequences of frame
norms.

Corollary 1.2. Let 0 < A < B < oo and {d;} be a non-summable sequence in [0, B.

There exists a frame {f;} for some Hilbert space with optimal frame bounds A and B and
d; = ||| if and only if (i), (ii), or (iii) hold.

We would like to emphasize that the non-tight case is not a mere generalization of the
tight case 4 = B established by Kadison [15], [16], see Theorem 4.2. Indeed, the non-tight
case is qualitatively different from the tight case, since by setting 4 = B in Theorem 1.1
we do not get the correct necessary and sufficient condition (4.2) previously discovered by
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Kadison. Furthermore, the non-tight summable and non-summable cases require different
characterization conditions. This is again unlike the tight case when the same condition
(4.2) works in either case.

The proof of Theorem 1.1 breaks into 3 distinctive parts. The summable case does
not require much new techniques since it reduces to the study of trace class operators. It
can be deduced from the work of Arveson—Kadison [5] and Kaftal-Weiss [18]. However,
the non-summable case is much more involved. The sufficiency part of Theorem 1.1 re-
quires special techniques of “moving” diagonal entries to more favorable configurations,
where it is possible to construct required operators. This is done in Section 4 by considering
a variety of cases, some of which are tight in the sense that the required operator has a 3
point spectrum. It is worth adding that our construction is quite explicit and algorithmic
leading always to diagonalizable operators. Finally, Section 5 contains the necessity proof
of Theorem 1.1. This part is shown using arguments involving trace class operators and
Kadison’s Theorem 4.2.

Theorem 1.1 has an analogue for operators without the zero in the spectrum, see
Theorem 6.3. This result is much easier to show and it leads to a characterization of norms
of Riesz bases with prescribed bounds. Finally, in the last section we illustrate how our
main theorem can be applied to determine the set .7 of possible lower bounds of positive
operators with fixed diagonal {d;}. While we show that it is always closed, .o/ can take dis-
tinct configurations depending on the choice of a diagonal.

2. Reformulation of frames by positive operators
In this section we reformulate the problem of characterizing norms of frames to an
equivalent problem of characterizing diagonals of positive operators with prescribed lower
and upper bounds. We start with the following basic fact.
Proposition 2.1. Let 5 be a Hilbert space with an orthonormal basis {e;},., and
0 < A < B < w. If E is a positive operator with a(E) < {0} U [A4, B], then {Ee;} is a frame
for the Hilbert space E(H) with frame bounds A* and B>.
Proof. Let f € E(), then we have
SIS Eeny|* = S IKEf en|* = 1B
iel iel

This clearly implies that B> is an upper frame bound. Since f e E(#) we have
|Ef|| = A||f||, which shows that 42 is a lower frame bound. []

Our goal is to establish the converse statement. That is, any frame in 5 is an image
of an orthonormal basis of a larger Hilbert space 2#° > & under a positive operator. This
generalizes the standard result saying that Parseval frames are images of orthonormal bases

under orthogonal projections [13]. We will use the following standard terminology.

Definition 2.1. If {f;},_, is a frame we call the operator T : # — /*(I), given by

(2.1) Tf = {{f fd}ier



222 Bownik and Jasper, Characterization of sequences of frame norms

the analysis operator. The adjoint T* : /*(I) — A given by

(2.2) T*({ai}ier) = > aifi

iel
is called the synthesis operator. The operator S = T*T given by
(2.3) Sf=2Xf S fi
iel
is called the frame operator.
The following is a standard fact about frames [10]:

Proposition 2.2. If {fi},., is a frame for H# and S is the frame operator, then
{S™V2f}._, is a Parseval frame for # .

The following result is an extension of the classical dilation theorem for Parseval
frames due to Han and Larson [13], Proposition 1.1. Proposition 2.3 is essentially contained
in the work of Antezana, Massey, Ruiz, and Stojanoff [1], Proposition 4.5. In particular,
the authors of [1] established the relationship of our problem with the Schur—Horn theorem
of majorization theory which we state in a convenient form in Theorem 2.4.

Proposition 2.3.  Let {f;},.; be a frame for # with optimal frame bounds A* and B>.
Then, there exist an isometry ® : # — ¢*(I) and a positive operator E : /*(I) — ®(H)
such that {A,B} < o(E) < {0} U [4, B] and Ee; = ®f;, where {e;},_, is the coordinate basis
of /*(I). If S is the frame operator of {f;},.; and 0 is the zero operator on CD(JW)L, then
E? is unitarily equivalent to S @ 0,.

Proof. Let S be the frame operator of {f;}. By Proposition 2.2, {S~!/2f} is a
Parseval frame. Set p; = S~!/2f;, and let ® be the analysis operator of {p;}. Since {p;} is
a Parseval frame, @ is an isometry. Let P be the orthogonal projection onto ®(#). As a
consequence of the Han—Larson dilation theorem for Parseval frames [13], Proposition
1.1, we have Pe; = ®p; for all i € I. Hence, we also have ®*¢; = p;. Define the operator
E = ®S'2®*. Clearly, E is a self-adjoint operator on /(I). Observe that

Ee; = ®S'2®%e; = dS'?p; = ©S'/2S712f; = @f.
Thus,
IEF 11> = Y ICES en? = XIS Eed|* = Y2 IS, fid.
iel iel iel

Since @ is unitary, {®f;},.; is a frame for ®(#) with optimal frame bounds 42 and B>.
The frame property now implies AZ||]"||2 < ||Ef||2 < Bz||f||2, which in turn implies that
{4,B} c o(E) = {0} U [4, B].

Finally, define U : # @ ®(#)" — />(I) by

®f'7 f6%7
u= {f, fed(n) .
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It is clear that U is unitary, since @ : # — ®(#) is an isometric isomorphism. Note that
®*® is the identity on s, thus

E? = 05?0 0S5 *d* = OSSO
Finally, for f € #
E*Uf = E*®f = OSf = USf,
and for f € ®(#)"
E*Uf = E*f = ®SO*f =0 = U0, f.

This proves the last part of Proposition 2.3. [

One should remark that Han and Larson [13] gave a different extension of their frame
dilation result than Proposition 2.3. [13], Proposition 1.6, says that any frame is an image
of a Riesz basis under an orthogonal projection, and the frame and Riesz bounds are the

same.

Theorem 2.4. Suppose 0 < A < B < oo, A is a Hilbert space, and {e;},_; is the co-
ordinate basis of ¢*(I). The following sets are equal:

N = {{||f,-||2}l.€, | {fi}ic; is a frame for A with optimal bounds A and B},
G = {{{Ee;,e;Y};.; | E is self-adjoint on ¢*(I) with rank = dim #
and {A,B} < o(E) = {0} U [4, B]}.

Proof. First we show & < . Let {d;},., € Z be the diagonal of E. Since E = 0, it
has a positive square root E'/? with {v/4,v/B} < a(E'/?) < {0} U [V/4,V/B]. By Proposi-
tion 2.1 the sequence {E'/%¢;},.; is a frame for the Hilbert space E'/2(¢/*(I)) with frame
bounds 4 and B. Since {v/4,v/B} < o(E'/?) it is clear that the bounds 4 and B are opti-
mal. Since

|EV2e)||* = CEVe;, EV2e;y = (Eey, ey = d,
this shows that {d;} € /.

Next, we will show that 4" = 2. Let {f;},., be a frame for # with optimal frame
bounds 4 and B. By Proposition 2.3 there is an isometry ® : # — /*(I) and a positive op-
erator E : />(I) — ®(#) with {\/4,V/B} < ¢(E) < {0} U [V/4,V/B] such that Ee; = ®f;.
Since {4, B} < o(E?) < {0} U [4, B], and

(E%e;,e;y = (Eei, Ee;y = ||Eeil|* = |@fi|I* = || £,
this shows that {||f1~||2}l.e, €. I

A similar result holds for Riesz bases.
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Definition 2.2. A sequence { f;},.; in a Hilbert space . is called a Riesz basis if it is
complete and there exist 0 < 4 < B < oo such that

(2.4) AV il = | aifill® = BY |aif?

for all finitely supported sequences {a;},.,;. The numbers 4 and B are called the Riesz
bounds. The supremum over all 4’s and infimum over all B’s which satisfy (2.4) are called
the optimal Riesz bounds.

Equivalently, a Riesz basis is a frame such that its synthesis operator 7*, and thus
analysis operator 7', is an isomorphism. Moreover, optimal Riesz and frame bounds are
the same. Therefore, an analogue of Proposition 2.3 for Riesz bases involves operators E
without zero in the spectrum. Consequently, we have the following analogue of Theorem
2.4:

Theorem 2.5. Suppose 0 < A < B < oo, A is a Hilbert space, and {e;},_, is the co-
ordinate basis of /*(I). The following sets are equal:

N = {{fill*}ic; | {fi},<; is a Riesz basis for # with optimal bounds A and B},

9 = {{{Ee;,e;>};c; | E is self-adjoint on /*(I) and {A, B} < o(E) < [A, B]}.

3. The summable case

The goal of this section is to establish the summable case of our main Theorem 1.1.
This special case can be deduced from a finite rank version of the Schur—Horn theorem.

Theorem 3.1 (Schur—Horn theorem). Let {4}, and {d;}, be real sequences with
non-increasing order. If

Zdiézﬂ”l’ Vn = 1,...,N,
i=1 ;
(3.1)

M=
>
I
M=
&

then there is a self-adjoint operator E : RN — RN with eigenvalues {};} and diagonal {d;}.

Conversely, if E : CY — C" is a self-adjoint operator with eigenvalues {1;} and diago-
nal {d;}, then (3.1) holds.

The analogue of the Schur—Horn theorem for trace class operators was proved by
Arveson and Kadison in [5]. It was further generalized to compact operators by Kaftal
and Weiss in [18]. The following is a special case of Arveson—Kadison theorem [5], Theo-
rem 4.1, for finite rank operators. Theorem 3.2 can also be deduced from the Kaftal and
Weiss infinite dimensional extension of the Schur—Horn theorem [18], Theorem 6.1, which
also considers the real case.
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Theorem 3.2 (finite rank Horn’s theorem). Ler {4}, and {d;}}", be positive non-
increasing sequences. If

(3.2) .
Sdi=3

then there is a positive rank N operator E on a real Hilbert space A with eigenvalues {1;} l]i |

and diagonal {d;}" .
The necessity of majorization condition (3.2) is a classical result of Schur [21].
Theorem 3.3 (Schur). If E: # — A is a positive compact operator with eigenvalues

(with multiplicity) {2;};2, in non-increasing order, then for any orthonormal basis {e;}, of
H we have

(33) Z<E€,’,€i> é Z;”i Vn e N.
i=1 i=1

Using Theorems 3.2 and 3.3 we can prove the summable variant of Theorem 1.1.

Theorem 3.4. Suppose 0 < A < B < oo and M e N U {w}. Let {d}}", be a sum-
mable sequence in [0, B]. There is a positive, rank N + 1 operator E on a Hilbert space A
with diagonal {d;} and {A, B} < o(E) < {0} U [4, B] if and only if

Mk

I
=

(3.4) d; € [AN + B, A + BN],

(3.5) ZdigA(N—WZo—l-l), m0:|{i:digA}|.
d,'<A

Proof. Assume an operator E is as in Theorem 3.4. Because each of the
N + 1 non-zero eigenvalues of F is at most B, and 4 is an eigenvalue, we have
> d; =tr(E) £ A+ BN. Similarly, since each of the N + 1 non-zero eigenvalues of E is
at least 4, and B is an eigenvalue, we have > d; = tr(E) = AN + B. After rearranging
{d;} in non-increasing order Theorem 3.3 yields

0 0 N+1 .
Zdi: Z d,g Z }vl’: Z /u[gA(N—mO—l—l),
di<A i=mp+1 i=my+1 i=mo+1

where {/;} are eigenvalues of E in non-increasing order (with multiplicity). This shows that
(3.4) and (3.5) are necessary.

Conversely, assume we have a sequence {di}gl which satisfies (3.4) and (3.5). If
> d; < A+ BN then there exist unique ng € {1,2,..., N} and x € [4, B) such that

(3.6)

ing
=
I

A(N — ng) + x + Bny.
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We set

B, iE{l,...,no},
Ai=ex, i=mny+1,
A, ie{ny+2,....,N+1}.

If Y>di= A+ BN, simply let np = N — 1 and x = B. By Theorem 3.2, we only need to
check that the majorization property (3.2) holds for {d;} and {4;}.

Combining (3.5) and (3.6), we have

(3.7) S d; < Bg + x + A(mo — no — 1),
i=1

For m < mg, we have

i=m+1 i

m my my my
Zdi:Zdi— Z d,§2d,+A(m—mo)
i=1 i=1 =1

For my <m £ N + 1, we have

dj:ZOdi—l— i d,éZOdI—I—A(WI—WIQ)

1 i=1 i=my+1 i=1

Mz

In either case, combining these with (3.7), yields

m
di<Bny+x+Am—-ny—1)=<> A4 formp+1=<m=N+1.
i=1

s

I
_

Finally, for m > N + 1 and m < ny + 1 the majorization property is trivial. []
As a corollary of Theorems 2.4 and 3.4 we have

Corollary 3.5. Suppose 0 < A < B < oo and M e NuU{w}. Let {d}}”, be a sum-
mable sequence in [0, B]. There exists a frame {f;} for an (N + 1)-dimensional space with
optimal frame bounds A and B and d; = || ;|| if and only if (3.4) and (3.5) hold.

In the non-summable case the condition (3.4) makes no sense. However, we can give
an alternate set of conditions which will generalize.

Theorem 3.6. Suppose 0 < A < B < oo and M e N U {w}. Let {d}}", be a sum-
mable sequence in [0, B]. Define the numbers

C=>d and D= ) (B—d,).

di<A dizA
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There is a positive, rank N + 1 operator E on a Hilbert space # with diagonal {d;} and
{4, B} < o(E) < {0} U[4, B] if and only if

(3.8)  Ce[AN —mo+1),A+B(N —mo)+ D], my=|{i:d;= A4},

Mk

I
—_

(3.9) d; = AN + B.

1

Proof.  Assuming (3.4) and (3.5) we have

NS

C-D=Yd— Y (B—d)=Yd—mB=<A+ BN —mB

di<A dizA 1

Il
—_

which shows C < 4 + B(N — my) + D, and the other parts of (3.8) and (3.9) are obvious.
Similarly, assuming (3.8) and (3.9) we see

Mz

di=C—D+myB=A+ BN —my)+D—D+myB=A+ BN,

and the other parts of (3.4) and (3.5) are obvious. []
Note that if {d;} is not summable, then (3.9) is trivially satisfied. Thus it is a reason-
able and correct guess that a variant of (3.8) is the necessary and sufficient condition.
4. The non-summable case of Carpenter’s theorem

The goal of this section is to prove the sufficiency part of our main theorem. In the
terminology of Kadison [15], [16], this is a non-tight version of Carpenter’s theorem.

Theorem 4.1. Suppose 0 < A < B < oo. Let {d;};.; be a non-summable sequence in

[0, B] and !
C=Yd, D=3 (B—d)
di<A dizA
I
(4.1) Ce J[An A+ Bin—1) + D] {0},

n=0

then there is a positive diagonalizable operator E on a Hilbert space # with
{4,B} < o(E) < {0} U [4, B] and diagonal {d;},_,.

Remark 4.1. In Theorem 4.1, the index set / may or may not be countable and
A may or may not be separable. The case of # being non-separable can be reduced to
the separable case. We will use the convention that a “sequence” {d,},_, can have an index-
ing set of any cardinality. Note that, if D = oo, then the first interval in the union is [0, o0]
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so (4.1) is always satisfied. Similarly, if C = oo, then (4.1) is always satisfied. Moreover, if
A — B+ D <0, then we interpret the interval [0, 4 — B+ D] to be @, which means that if
D < B — A, then C = 0 does not satisfy (4.1). Finally, note that the set in (4.1) reduces to a
finite union of intervals since it always contains an infinite interval [(n 4+ 1)A4, co], where
n=[B/(B— 4)].

In the tight case 4 = B, the condition (4.1) is necessary but not sufficient. The correct
condition was discovered by Kadison [15], [16]. We state it in a form convenient for our
purposes, since it plays a prominent role in our arguments. The necessity part of Theorem
4.2 is referred in [15], [16] as the Pythagorean theorem, whereas the sufficiency part is the
Carpenter theorem.

Theorem 4.2 (Kadison). Let {d;},_; be a sequence in |0, B]. For o € (0, B) define

a = Edi; b= Z(B—d,)

di<a dizo

Then, there is an orthogonal projection P such that BP has a diagonal {d;},_, if and only if

iel
(4.2) a—beBZu{+w}
with the convention that co — oo = 0.

Remark 4.2. Note that the condition (4.2) is independent of the choice of o € (0, B).

That is, if (4.2) holds for some «, then it must hold for all « € (0, B). To see that conditions

(4.1) and (4.2) are different in the tight case, consider the sequence {d;} which contains the
2

and b =1,

terms {n=2},°, and {1 —27"}°,. For B=1 and o = 1/2 we have a = n

thus b — a ¢ Z. By Theorem 4.2 there is no projection with diagonal {d,}, although (4.1) is
satisfied since C = oo.

Secondly, note that the indexing set / is not assumed to be countable. In [15], [16] the
possibility that 7 is an uncountable set is addressed in all but the most difficult case where
{d;} and {B — d;} are non-summable [16], Theorem 15. However, the case where / is un-
countable is a simple extension of the countable case, as we will now explain.

Proof of the reduction of Theorem 4.2 to the countable case. By normalizing, we may
assume B = 1. First, we consider a projection P with diagonal {d;},_, with respect to some
orthonormal basis {e;}. If @ or b is infinite then there is nothing to show, so we may assume
a,b<oo.SetJ={iel|d=0}yu{iel|d; =1}, and let P’ be the operator P acting on
span{e;};. - Since e; is an eigenvector for each i e J, P’ is a projection with diagonal
{di};cps- The assumption that a, b < oo implies /\J is at most countable. Thus, the count-
able case of Theorem 4.2 applied to the operator P’ yields ¢ — b € Z. This shows that (4.2)
is necessary.

To show that (4.2) is sufficient, we claim that it is enough to assume that all of the
d;’s are in (0,1). If we can find a projection P with only these d;’s, then we take I to be
the identity and 0 the zero operator on Hilbert spaces with dimensions chosen so that
P ® I ® 0 has diagonal {d;}. Since ¢ and b do not change when we restrict to (0, 1), we
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may assume that {d;},., has uncountably many terms and is contained in (0, 1). There is
some n € N such that J = {ieI|1/n < d; <1 — 1/n} has the same cardinality as /. Thus,
we can partition / into a collection of countable infinite sets {/}, g such that Iy nJ is
infinite for each k € K. Each sequence {d;};.; contains infinitely many terms bounded
away from 0 and 1, thus (4.2) holds with @ or b infinite. Again, by the countable case of
Theorem 4.2 for each k € K there is a projection Py with diagonal {d;},., . Thus, @ Py
is a projection with diagonal {d,};,_;. O kek

The following elementary ‘“moving toward 0-1" lemma plays a key role in the proof
of Theorem 4.1.

Lemma 4.3. Let {a;}, and {b;}}| be sequences in [0, B] with max{a;} < min{h;}.

Let ny = 0 and

N M
Ny = min{z a, > (B— b,-)}.
=1 =l

Then, there exist sequences {a;} | and {b;}", in [0, B] satisfying

(43) diga[, izl,...,N, and bl‘

lIA

by, i=1,...,M,

N~ N M - M
(4.4) %+2%=2%‘W1%+2w—wzﬁw—m.

Proof. By scaling the sequences, we can reduce Lemma 4.3 to the case B = 1. Set
{af} Y, ={a}Y, and {5} ={b}Y,.
Define a series of new sequences by applying the following algorithm:
Step i. If#,_, =0 then we are done. Otherwise set
a,(lf_l) =max{a!"V} and bf,’;i_l) = min{p\~D}.
Then define
o = min{ay ", 1 = b5V}

Now define the sequences {a,(f)} and {b,(,f)} by

(i) _ algfil) - éia n=n, b(l) _ br('irl) +5i7 m = m;,
G =3 -1 : m T - :
ay otherwise, by otherwise.
Define
N =ni_y — 0

and proceed to step i + 1.
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We claim that the above algorithm will stop after K < N + M — 1 steps. Notice that
if 6; =#,_,, then #, = 0 and the algorithm stops. So, assume J; = a,, or 1 — b, for all i. If

0; = ay,, then the sequence {a,, } will have one more zero than {an } If6; = 1 — b, then
the sequence {bm } will have one more 1 than {b 1>} If {an } is a sequence of zeros then

the algorithm must have stopped, since 7; < E al. Similarly, if {bm } is a sequence of

n=1 M .
ones, then the algorithm must have stopped, since 7, < > (1 — bm) Thus, the algorithm
m=1

can continue for at most N + M — 1 steps. Finally, set a; = a *) and b = b ) for all i
and j. [

The operational version of the “moving toward 0-1” lemma takes the following form:

Lemma 4.4. Let {a;}, {b:}, {a;}, and {b;} be sequences in [0, B] as in Lemma 4.3. If
there is a self-adjoint operator E with diagonal

{ay,... an, b1, ..., by, c1, 0, . 3,
then there exists an operator E on A unitarily equivalent to E with diagonal
{ai,...,an,b1,...,by,c1,¢2,...}.
Here, {c;} is either a finite or an infinite bounded sequence of real numbers.
Proof. Let {e;} be the orthonormal basis, with respect to which E has diagonal
{l;l, L by.ay, ... an,cr,co, . .

We may assume {51,.. b, ... ,dy} is written in non-increasing order. Let P be
the orthogonal projection onto the finite dimensional Hilbert space #) = span{el}N M
and let Ey : #y — #, be the operator PE restricted to #j. In other words, E, is the
(N + M) x (N + M) corner of E with diagonal {by,...,by,ay,...,dx}.

Let {A,}N ™M be the eigenvalues of E,, written in non-increasing order. By Theorem
3.1 we have the majorization property (3.1) majorization for the diagonal of Eq and {4,}.

Using (4.3) and (4.4) yields

b fork=1,...,M,

NES
M=

b <

1 1

M k M k M k
Zbi"‘zaizzbi_ﬂo"'_zaiézbi'i_zdi fork=1,...,N
i=1 i=1 i=1 i=1 i=1

This shows that the majorization property also holds for {by,..., by, a1,...,ay} and {1;}.
By Theorem 3.1 there is an operator Ey : #y — H#p with diagonal {by,... by, a1, ..., ay}
and eigenvalues {4;}, and thus there is a unitary U : #, — #; such that Ey = U;jE,Uj.

Define the unitary U = Uy @ I, where [ is the identity operator on span{e;};. y. -
Hence, the operator E = U*EU has diagonal

{al,...,aN,bl,...,bM,cl,cz,...}. ]
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We are ready to give the proof of Theorem 4.1 which breaks into several cases.

Proof of Theorem 4.1. Throughout this proof let {a;} and {b;} be the subsequences
of di’s in [0, A) and [4, B], respectively.

Case 1. Assume C = oo.

Partition {g;} into a countable number of sequences {afk)} for each k € N, each with
P B—-4| . .
infinite sum. For each k& € N we apply Theorem 4.2 on [0, A+ T] with o = A4. Since

> ai(k) = 0,

a,,(k) <o

there is a projection P; +1 on a Hilbert space ) such that the diagonal of

k
Hilbert space ;. Then, the operator

B—-4 . : . .
(A +—> Py is {afk)}. Let S be the diagonal operator with the diagonal {b;} on a

0 B—-4
k=1

[e¢]
on the Hilbert space # = @ #; has diagonal {d;}. By construction ¢(E) is the closure of
k=0

{0} U{A +¥ ke N}u {bi}, thus {4, B} c o(E) = {0} U [4, B].

Case 2. Assume D = oo.

First, suppose that A4 is not an accumulation point of {b;}. Partition {b;} into two
sequences {bfl)} and {b,-(2>} such that

(4.5) SS(B—b*) =00 fori=1,2.
i=1

Let {¢;} be the sequence consisting of {«;} and {bi(l)}. By Theorem 4.2 on [0, B] with o = 4
and

Y (B—c¢) = 0,

ci=o
there is a projection P; on a Hilbert space #; such that BP; has diagonal {c;}.

Define
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The sequence {k;} is in [0,1] and O is not an accumulation point. Thus, there exists
o € (0, 1) such that

S (1 - ki) = oo.

k,';d

By Theorem 4.2 there is a projection P, on a Hilbert space /> with diagonal {k;}. The oper-

ator S = (B — A)P, + AI is diagonalizable with eigenvalues 4 and B, and diagonal {bfz)}.
Thus, the operator E = BP; @ S on #] @ #> has diagonal {d;} and ¢(E) = {0, 4, B}.

Finally, suppose that 4 1s an accumulation point of {b;}. Partition {b;} into two
infinite sequences {b } and {b } each with infimum A4. Then, (4.5) holds. Let P; be
a pI‘O_]eCtIOIl on ] as before. Let S be the diagonal operator on a Hilbert space
with {b } on the dlagonal The operator E = BP; @ S has diagonal {d;}. Clearly,
a(S) € [4, B], and since 1nf{b } A we have 4 € o(S). We also have {0, B} = o(BP)),
thus {4, B} < o(E) = a(BP;) v a(S) < {0} U [4, B], as desired.

Case 3. Assume C,D < oo and C € [An, A+ B(n — 1) + D] for some n € N.

We claim that it is enough to prove Case 3 when {d;} is countable. The fact that
C, D < oo implies that the sequence {d;} contains at most countably many terms in (0, B).
Assume that there exists an operator E with the desired spectrum and diagonal consisting
of only the terms of {d;} in (0, B). Let I be the identity operator on a Hilbert space of
dimension |{i : d; = B}|, and let 0 be the zero operator on a Hilbert space of dimension
|{i : d; = 0}|. The operator E @ BI @ 0 has the same spectrum as E and diagonal {d;}.
However, it may happen that the sequence of terms contained in (0, B) is summable. This
would imply that {d;} must contain infinitely many terms equal to B (since {d;} is assumed
to be non-summable). In this case we consider the sequence of terms in (0, B) together with
a countable infinite sequence of B’s. If we can find an operator E with this diagonal
sequence and the desired spectrum, then £ @ BI @ 0 is again the desired operator. This
proves our claim.

Let n € N be the largest such that C € [An, 4 + B(n — 1) + D). Since {d,} is not sum-
mable, {b;} is an infinite sequence. First, assume C = An. By Theorem 4.2 on [0, 4] there
is a projection P on a Hilbert space ] such that AP has diagonal {a;}. Let #5 be an infi-
nite dimensional Hilbert space, and S be a diagonal operator with {b;} on the diagonal.
Since {b;} is an infinite sequence in [4, B] and D < co we clearly have B € ¢(S) and thus
E = AP ® S is the desired operator.

Next, assume C € (An, A + B(n— 1)] and set C = An + x. Since sup{b;} = B, there
is some iy € N such that b;, + x = B. Define the sequence {a;} to be the sequence consisting

of {a;} and b;,. This sequence is summable and
>ai=C+bj,=An+x+b;, = An+ B,
>ai=C+b,<A+Bn—-1)+b, <A+ Bn.
Since

Zd,‘zcgl’lA,

ai<A
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and there is exactly one term in {a;} which is = A4, the sequence meets the conditions of
Theorem 3.4. Thus there is an operator S| with 4 and B as eigenvalues,

a($1) {0} v [4, B]

and diagonal {g;}. Define {b;} to be the sequence {b; }, +i,- Let S3 be the diagonal operator
with {b } on the diagonal. The operator E = S| @ S, is the desired operator.

Next, assume Ce (A+B(n—1),A+Bn—1)+ D) andset C=A4+B(n—1)+x
Since x < D and x < C, there are N, M € N such that

N M
Yaizx and > (B—b;) =x

i=1 i=1

Apply Lemma 4.3 to the sequences {a,} ~, and {b; } —; with 7, = x to get new sequences
{a;} Y, and {b;}}Y, satisfying (4.3) and (4.4). Let {b;};°, be the sequence consisting of
{b:}Y, and {b;}° 41 and similarly define {4;}. We purposely omit indexing for {a;} since
the original sequence {a;} might be either finite or infinite. Set

(4.6) C=%a and D=Y5(B-b).

We have C = A4 + B(n — 1) and we can apply the previous case to get an operator E with
{4, B} < o(E) < {0} U [4, B] with diagonal consisting of {@;} and {b,}. Then, Lemma 4.4
yields an operator E with the same spectrum as E and diagonal {a;} U {b;}.

Finally, assume C = 4 + B(n — 1) + D. First, we look at the case where C = A4. This
implies n = 1 and D = 0. Thus, {b;} is an infinite sequence of B’s. By Theorem 4.2 there is
a projection P, such that 4P has diagonal {a;}. Let F be the diagonal operator with {b;} on
the diagonal, then AP @ F has the desired spectrum and diagonal. Now, we may assume
C>A.

Arrange the sequence {«;} in non-increasing order and define

m Mo
Mozmax{m:ZaigA} and x:A—<Za,~>.
i=1 i=1

Observe that My = 1 and there is N = M, + 1 such that

N

> oa; = x.

i=Mp+1

It is also clear that

Y (d—a)zx
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Apply Lemma 4.3 to the sequences {a;} My +1 and {a;}M on the interval [0, 4] with 77y = x
to get new sequences {d,-}fiMOH and {a@;}"s satisfying (4.3) and (4.4). Let {a;} be the
sequence consisting of {4}, and {ai}i> ny1- By (4.4) observe that

My My
>ai=> a+x=A4, and > ai= > a—x=C-—A.
i=1 i=1 i=My+1 i=My+1

Thus, by Theorem 4.2 we can construct a rank one projection P such that the operator AP
has diagonal {a} . Define

a= Y a and b=3(B—bh),
=1

izMo+1 i

and note that a — b= C — A — D = (n — 1)B. Thus, by Theorem 4.2 there is a projection
O such that BQ has diagonal consisting of {a;},- ., and {;}. Now, E = AP ® BQ has
diagonal consisting of {@;} and {b;} and o(E) = {0, A, B}. Then, Lemma 4.4 yields an op-
erator E with the same spectrum as E and diagonal {a;} U {b;}.

Case 4. Assume C€[0,4 — B+ DJ.

Using the same argument as in Case 3, it suffices to consider only countable sequences
{d;}. Note that it is implicitly assumed that D = B — A4 > 0. First, assume D = B — A, this
implies C = 0 and all g;’s are 0. Since > (B — b;) = B — A, by Theorem 4.2, there exists a
projection P such that (B — 4)P has diagonal {B — b;}. Thus, E = BI — (B — A)P has the
desired spectrum and diagonal {b;}. For the rest of Case 4 we may assume D > B — A.

Now, assume C = 0. Let by = min{b;} and », = b; — A. We have
o0
Y>(B—-b)=D—-(B—b))>B—A— B+ b =n,.
i=2
So there is some N such that

N
2%(3 —b;) = ny.

Apply Lemma 4.3 to {b} and {b;}", on the interval [0, B] to obtain new sequences
{by = A} and {b;},. Let {b;}]°, be the sequence consisting of {b;}~, and {b;}/y.,.
Let E be the operator with {l;,-} on the diagonal (recall all @’s are 0). Clearly,
{4, B} < (E) < [A4, B]. Using Lemma 4.4 there exists an operator E with the desired diag-
onal and spectrum.

Finally, we assume C > 0. Again, let /| = min{b;}. Fix any 0 < ¢ < min(4, C). Since

8+B—A<C+B—A§D=Z(B—bf)+(3—b1),
i=2
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by subtracting (B — b;) from both sides we have

e+b—A< Z(B—bl)
i=2

Thus, there exists M = 2 such that

M
S(B—bj) > ¢+ by — A

i=2

Apply Lemma 4.3 to the sequences {b1} and {b:}M, on the interval [0,B], with
o = €+ b1 — A, to obtain sequences {b;} and {b;}",. By Lemma 4.3 we have

by=b —(e+b —A)=A—¢
and

SSB—B) = S°(B—by) — (4 by — A).

i=2 i=2
Let {d,} be the sequence consisting of {a;}, {b;} |, and {bi}Zpris- Set

C=Yd=C+A4—c¢

d~,'<A
and

D= X (B—d)=5B—b)+ > (B—h)
diz A

i=2 i=M+1

D—(B—b)—(¢e+b—A)=D—B+A4—c
Observe that C > A. We also have
C=A+e=D-D+B+C<D-D+B+A—B+D=D+A4,

so that Ce [A4, A+ D]. By the argument in Case 3, there is an operator E with diagonal
{d;} and the desired spectrum. By Lemma 4.4 there is an operator E unitarily equivalent
to E with diagonal {d;}. This completes the proof of Theorem 4.1. []

5. The non-summable case of the Pythagorean theorem

The goal of this section is to prove the necessity part of our main theorem. The sum-
mable case was already shown in Section 3. The non-summable case requires special argu-
ments involving trace-class operators and Kadison’s Theorem 4.2. In the terminology of
Kadison [15], [16], this is a non-tight version of the Pythagorean theorem.
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Theorem 5.1. Suppose 0 <A< B< . Let E be a positive operator with
{A4,B} = o(E) = {0} U [4, B]. Let {e;};.; be an orthonormal basis for # and d; = {Ee;, e; ).
If

iel

(5.1) C=>d<w and D= ) 6 (B—d;) < o,

di<A dizA
then

Ce U[nA,A+ B(n—1)+ D].
n=0

Furthermore, K := B(I — P) — E is a positive trace class operator on #, where P is the
orthogonal projection onto ker(E) < ker(K).

Observe that Theorem 5.1 does not require the assumption that {d;} is non-
summable. However, if {d;} is summable, Theorem 5.1 gives only necessary, but not suffi-
cient, condition, see Theorem 3.6.

Proof.  We claim that it is sufficient to consider the case where {d;} is at most count-
able. The condition (5.1) implies that the sequence {d;} contains at most countably many
terms in (0, B). Thus, we only need consider sequences {d;} which contain an uncountable
number of 0’s or B’s. Let {e;},.; be the orthonormal basis with respect to which E has
diagonal {d;},.,. Let J ={i:d; =0} u{i:d; = B}. Since E is a positive operator with
|E|l = B, for each i€ J, ¢; is an eigenvector of E. Let E' be E acting on span{e;};.p -
Note that £ acting on Span{e;},_; is B times some projection Q. Thus, we have the orthog-
onal decomposition £ = E’ @ BQ. The operator E’ has countable (possibly finite) diagonal
consisting of the terms of {d;} contained in (0, B). Thus, E’ has the same values of C and D
as E. If the conclusions of the theorem hold for E’, then by E = E’ @ BQ, they also hold
for E.

By the above, we can take an indexing set to be 7 = Z\{0}. For convenience, we re-
order the basis so that d; € [4, B] for i > 0 and d; € [0, 4) for i < 0. The case when there are
only finitely many d; € [4, B], or d; € [0, A), does not cause any extra difficulties, and it is
left to the reader.

Let k; = {Ke;, e;» and n; = {Pe;, ;> be the diagonal entries of K and P, respectively.
Observe that K is a positive operator and thus

(5.2) ki=B(1—n;)—d; =20 foralliez\{0}.
Since Bn; < B — d;, we have

0 0
ZBni§ Z(B—dl) =D< .
i=1 i=1

Hence,
o0

(B—di)—BZni§D<oo.
i=1 i=1

M
NgE

(5.3) ki =
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Since o(E) < {0} U [4, B], we have A(I — P) < E. Thus, B — Bn; < (B/A)d;, which imme-
diately shows

0 B = BC
_ )< — ,—_
;:1(8 Bn_;) < Ai:§ld_l y < 0.
Using (5.2),
(5.4) Ski=3B(1-ny)—d;) < %—C< 0.

Since K is a positive operator, (5.3) and (5.4) show that K is a trace class. Observe that the
diagonal entries of P satisfy

1

0 o0
a=%n<ow and b=>(l—-n) < co.
i=1 =1

Despite the fact that the above splitting of {#;} may not be the same as in Theorem 4.2, it
differs only by a finite number of terms from the standard splitting such that n; < o for
i <0andn; = afori>0, where 0 < « < 1. And this change does not affect the property
of a — b being an integer. Thus, by Theorem 4.2 applied to the projection P we have
ng:=b —ae Z. Using (5.3), and (5.4) again we have

(5.5) tr(K)= 3 k,-:D—c+BnogD+B§—c.

iez\{0}
This immediately yields the lower bound for C:

(5.6) Al’l() g C.

Since 4 € o(E) we know that B — A is an eigenvalue of K and thus (B — 4) < tr(K). Again
using (5.5) we see that

B—A<D-C+ Bn.
This yields the upper bound
(5.7) C<A+B(n—1)+D.

If np = 0 then (5.6) and (5.7) show that C € [ngA4, A + B(ng — 1) + D] as desired. If ny < —1

then B(ny — 1) < —B and thus (5.7) and the fact that C = 0 shows C € [0,4 — B+ D] as
desired. This completes the proof of Theorem 5.1. []

As a corollary of Theorems 2.4, 4.1, and 5.1 we obtain

Corollary 5.2. Let 0 < A < B < oo and {d;},;.,; be a non-summable sequence in |0, B].
The following are equivalent:
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(1) {di};c; satisfies (4.1).

(ii) There is a positive operator E on a Hilbert space ¢*(I) with

{4,B} co(E) = {0} v [4, B

and diagonal {d;},_,.
(iif) There exists a frame {f;},.; for some infinite dimensional Hilbert space A with
optimal frame bounds A and B and d; = || f;|*.

Proof.  The equivalence (i) <> (ii) follows directly from Theorems 4.1 and 5.1. As-
sume (ii). By Theorem 2.4, there exists a frame { f;},., with optimal frame bounds 4 and
Band d; = || f;||>. This frame lives on a Hilbert space # with dim # equal to the rank of E.
Since E is positive with infinite trace, # is infinite dimensional, which shows (iii). The
implication (iii) = (ii) similarly follows from Theorem 2.4. [

6. Without zero in the spectrum

The goal of this section is to establish an analogue of Theorem 1.1 for positive oper-
ators without zero in the spectrum. This result turns out to be less involved than our main
theorem. As a consequence, we obtain a characterization of norms of Riesz bases with
optimal bounds A4 and B. In the finite case, we obtain this result immediately from the
Schur—Horn theorem.

Theorem 6.1. Let 0 < A < B < oo. Let {d} 1" be a sequence in [A, B]. There is a
positive operator E : RN — R¥™ with {4, B} < o(E) < [A, B with diagonal {d;} if and
only if

N+1
(6.1) > d;€ [AN + B, A + BN].
i=1

Without zero in the spectrum the diagonal must be in [4, B], and thus there is no sum-
mable infinite dimensional case. We can reformulate the condition (6.1) to something that
generalizes to the infinite dimensional case.

Corollary 6.2. Let 0 < A < B < oo. Let {d;}1" be a sequence in [A, B|. Define the
numbers

(6.2) C= ]_szjll(d,» _4), D= (B-d).

i=1

There is a positive operator E : RN — RN with {4, B} < o(E) < [A4, B] with diagonal
{d;} if and only if

(6.3) C,D=B— A.



Bownik and Jasper, Characterization of sequences of frame norms 239

Proof. The condition (6.1) implies

N+1
C=>di—-(N+1)A2AN+B-NA—A=B— A,
i=1

N+l
D=(N+1)B— > d=2NB+B—A—NB=B—A.
i=1
Conversely, it is also clear that these inequalities imply (6.1). [

We can now state the infinite dimensional case.

Theorem 6.3. Let 0 < A < B < . Let {d;};.; be a sequence in [A, B]. Define

(6.4) C=Y(d—4), D=Y(B—d)

There is a positive operator E with {A, B} < o(E) < A, B] with diagonal {d;} if and only if
(6.5) C,D>=B- A.

Proof. We can assume that [ is countable, since the non-separable case follows from
simple modifications as in the proof of Theorem 4.1. Suppose that E is a positive operator
as in Theorem 6.3. First, we assume D < oo. The operator BI — E is a positive trace class
with trace D. This implies that D = (B — 1), where the sum runs over all eigenvalues 1 of
E, repeated according to multiplicity. We also see that each 1 € o(E)\{B} is an eigenvalue
of E. Thus, A is an eigenvalue of E and D = B — 4. Next, we assume C < oo. The operator
E — AI is a trace class with trace C. Since B is in the spectrum of E| it is an eigenvalue of
E, and thus C = B — A. Finally, if C = D = oo, then (6.5) trivially holds.

Conversely, suppose that {d;} is a sequence in [A4, B] satisfying (6.5). If we assume
C,D > B — A, then we can find some N € N such that both

N+1 N+1
Z(B*d,)gB*A and Z(d,*A)ZB*A
i=1 i=1

By Corollary 6.2, there is an operator E; on an N + 1-dimensional Hilbert space #y.
such that {4, B} < o(E)) < [A4, B] and diagonal {d;} 7', Let E, be the diagonal operator
on the infinite dimensional Hilbert space #,, with {d;},”y , on the diagonal. Now,
E=E @®E, on #y,. @ H, is the desired operator. Next, we assume D = B— A. By
Theorem 4.2 there is a rank 1 operator K with eigenvalue B — 4 and diagonal {B — d;}-,.
Then, E = BI — K is the desired operator. Finally, assume C = B — A. By Theorem 4.2
there is a rank 1 operator K with eigenvalue B— A4 and diagonal {d; — A}”,. Then,
E = K + Al is the desired operator. [

As a corollary of Theorem 2.5 we have

Corollary 6.4. Let 0 < A < B < oo and {d;} be a sequence in [A, B]. There exists a
Riesz basis { f;} with optimal bounds A and B and d; = || f;||* if and only if (6.5) holds.
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7. Examples

The goal of this section is to illustrate our main theorem. We start with the definition
of the set of possible lower bounds of positive operators with a fixed diagonal.

Definition 7.1. Let {d;},_, be a given non-summable sequence in [0, 1]. Define
o/ ={A € (0,1] : 3E positive with diagonal {d;},_ and 4 € ¢(E) < {0} U [4, 1]}.

Without loss of generality we can assume that supd; = 1. Indeed, if supd; < 1,
then by Theorem 1.1 there exists a positive operator E with diagonal {d;} and
{4,1} c o(E) = {0} U [4,1] for any 0 < A < 1. This fact can also be deduced from a
result of Kornelson and Larson [19], Theorem 6. Thus, we have always .o/ = (0, 1] and
this case is not interesting.

Example 1. Take any 0 < < 1 and define d; = 1 — 8’ for i € N. First, we deter-
mine the set .o/ near 0. We claim that

0,1=plcog forl/2<p<1,

7 A (0,1—p=[(1-28)/(1-B),1—p] for0<p<1/2.

Indeed, if 4 € (0,1 —p], we have C =0 and D = Z/)’ = f/(1 — p). The condition (4.1)

holds if and only if A —1+ D =0 and thus 4 > 1 —2p)/(1 — p). This shows the first
claim. Next, we claim

(7.2) W=0p)>0 (1-8,1)A.o/ =0.

Moreover, 1 € .o/ if and only if § is of the form f = N /(N + 1) for some N € N by a simple
application of Theorem 4.2.

Indeed, assume that 4 € (1 — i1 — ﬂ’“] for some i € N. Then,

gl p b pi+l

C=i+ =5 :1_[),.

Suppose that C € [n4, 4+ B(n — 1) 4+ D] for some n € N. Then,

ﬂi+2
1-p

(1—p <A< C<A+Bn—1)+D<n+

The upper bound on C yields i < n + p

my —p* and thusi < n+ LLJ On the other
hand, the lower bound (1 — £') (i - {%J) < C yields

(7.3) iz{ﬁfkﬂ“4x
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where {-} is the fractional part. Obviously, (7.3) must fail for sufficiently large i provided
that f+ N/(N + 1) for some N € N. In the special case of f= N/(N + 1), the upper

bound on C actually yields i < n + IL — 1. A similar argument as before shows that the

lower bound for C must fail for sufficiently large i (depending on f). Therefore, in either
case we have (7.2).

Finally, we claim that

(7.4) o =[1=26)/(1=p),1 =p] forO<f<1/2.

By (7.1), it suffices to consider 4 > 1 — f. Since (7.3) fails for 0 < f < 1/2 and i = 2,
we have that (1 —p%1)n./ =0. Moreover, 1¢.«#/ by Theorem 4.2. Finally, if
2

Aeu—ﬁl—ﬁmeczl—ﬁpzlfﬂ
Thus, .o/ N (1 — B,1 — p*] = 0, which shows (7.4).

.Itiseasytoseethat 4 — 1+ D < C < A.

Example 2. Let f~0.57 be the real root of * — (1 — ,[)’)2 =0, and take d; = 1 — f'
for i e N. We will show that

(7.5) Jf:(Q1—mL;1—ﬁ%%@+aﬁ—ﬁﬂ.

By previous consideration we have (0,1 — ] < .«/. Moreover, a simple numerical calcula-
tion shows that the inequality (7.3) fails for i > 5. Thus, (1 — °,1] .o = 0.

2
Assume that 4 e (1 —f,1—p*). We have C=1—p and D = lﬂ . Note that
C < A, but — b

ﬂ3
1-p

ﬂz

A—-1+D
+ <1—ﬁ

—p =

—1-p=C

and thus .« N (1 — 5,1 — %) = 0. But, if 4 = 1 — #? then we have 4 — 1 + D = C, so that
1-p*ed.

Next, assume that 4 € (1 — 2,1 — $°]. We have

C=2-p—p* and D= B —1-5
= ek .

Since f# < 3/5 we see that 28 < 2 — ff and
AS1-p =2—-p*<2-p-p*=C.
Now

A+D=1-pf+1-p=C
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so that Ce[d4,4+ D] and (1—p*1—p°<.o/. A similar calculation shows that
(1-p1-pc o

Now, assume that 4 € <l - 54,%(2 +2p —/)’2)], we have C =2+ 28 — %, so that

34 < C. We have D = 28 — 1, and using the fact that § > 1/2 we easily see that

A424D2 11— 42428 - 1=143+ 22426 - =C.

1
Thus C € 34,4+ 2B+ D] and (1 - /5’4,§ (242 — [32)} c /. Finally, assume

Ae <%(2+2ﬁ—ﬁ2),1—ﬁ5].

Again, we have C=2+2f—f% so that 34 > C. Using the numerical estimates
13 . .
pe (§,§> we easily obtain 24 < C. However,

A+14+4D<1-B+1428-1=2—-B+28><2+28-p*=C

1
which shows that C e (4 + 1+ D,34) and thus <§ (2+28—p%),1-p°| n.of = 0. This
shows (7.5).

In general, determining the set .o/ for sequences satisfying (5.1) is not an easy task
since it boils down to checking condition (4.1) for all possible values of 0 < 4 < 1. This
often leads to computing countably many infinite series (1.2) and verifying whether (4.1)
holds or not. In the above examples involving geometric series this task actually reduces
to checking a finite number of conditions using properties (7.1) and (7.2). Nevertheless,
we have the following general fact about .o7:

Theorem 7.1. Let {d;};_y < [0, 1] with supd; = 1. The set </ L {0,1} is closed.

Proof. For any A4 € (0, 1] define the numbers

C(4) = Sd, DA) = (1-d).

di<A dizA
By Theorem 1.1, 4 ¢ <7 if and only if C(A4),D(A4) < oo and
(7.6) ImeN A+n—2+D(A) < C(A) < An.
Let Ay € (0, 1)\.7. First, assume Ao + d; for all i € N. This implies there is some ¢ > 0 such
that for all 4 € (4 — ¢, Ay + ¢) we have C(4) = C(Ay) and D(A4) = D(Ay). By continuity,
there exists § > 0 such that (7.6) holds for |4 — 4y| < J. Thus, (4y — 3, 49 +J) N .o/ = 0.

Now, assume 4y = d; for some i € N, and let k € N be the number of terms in the
sequence {d;} equal to A4y. There is some ¢ > 0 such that (4o — ¢, 4p +¢) contains no
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d; £ Ay. Note that for 4 € (4 —¢, Ag] we have C(4) = C(A4p) and D(A) = D(Ay). The
same argument as above shows that there is some ¢ > 0 such that (4y — 3, Ag) N o/ = 0.
Finally, for each 4 € (A, Ag + ¢) we have

C(A) = C(Ao) +kAy and D(A) = D(A()) —k+ kAo,
and (7.6) is equivalent to
dneN A+I’l—k—2+D(A0) < C(A()) <A(I’l—k)+(A—Ao)k

Since (7.6) holds for A = A, with n=mny, the above holds with n=ny+k and
A € (Ao, Ao + 0) for some & > 0. This shows that (4g, 4o +J5) N/ =0. O

We end this section by comparing our results with the characterization of the closure
of the collection of diagonals of a self-adjoint operator due to A. Neumann [20]. While
Neumann’s results also apply to non-diagonalizable operators, see [20], Section 4, they
take the simplest form for diagonalizable operators.

Suppose that E is a diagonalizable operator with the eigenvalue list A(E) = {4}, -
Let © = S(N) be the group of bijections on N. Let Z(E) be the set of all possible diag-
onals of E. Then, Neumann’s result asserts that

(7.7) Y(E)” =conv S.A(E)”,

with the closure taken in /*-norm. For example, take an operator E, with 3 point spec-
trum {0, 4, B}, such that the eigenvalue A4 has finite multiplicity, and 0 and B have infinite
multiplicities. A simple calculation shows that the sequence d = (0, B, 0, B, ...) belongs to
the closure of the convex hull in (7.7). However, d can not be a diagonal of E; in light of
Theorem 1.1. In fact, any operator E with ¢(E) < [0, B] and diagonal d is actually a diag-
onal operator. Thus, 4 ¢ o(E) = {0, B}.
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