SCIENCE CHINA
Mathematics

« ARTICLES - December 2010 Vol.53 No.12: 3163-3178
doi: 10.1007/s11425-010-4108-2

Anisotropic singular integrals in product spaces

LI BaoDe!, BOWNIK Marcin?, YANG DaChun®* & ZHOU Yuan?

LSchool of Mathematics and System Sciences, Xinjiang University, Urumqi 830046, China;
2Department of Mathematics, University of Oregon, Fugene, OR 97403-1222, USA;
3School of Mathematical Sciences, Beijing Normal University, Laboratory of Mathematics
and Complex Systems, Ministry of Education, Beijing 100875, China
Email: baodeli 1981 @sina.com, mbownik@Quoregon.edu, dcyang@bnu.edu.cn, yuanzhou@mail.bnu.edu.cn

Received January 28, 2010; accepted May 11, 2010

Abstract In this paper, the authors introduce a class of product anisotropic singular integral operators, whose
kernels are adapted to the action of a pair A= (A1, A2) of expansive dilations on R™ and R™, respectively.
This class is a generalization of product singular integrals with convolution kernels introduced in the isotropic
setting by Fefferman and Stein. The authors establish the boundedness of these operators in weighted Lebesgue
and Hardy spaces with weights in product Aoc Muckenhoupt weights on R™ x R™. These results are new even
in the unweighted setting for product anisotropic Hardy spaces.

Keywords  expansive dilation, Muckenhoupt weight, product space, Hardy space, bump function, singular
integral

MSC(2000): 42B30, 42B20, 42B25, 42B35

Citation: Li B D, Bownik M, Yang D C, et al. Anisotropic singular integrals in product spaces. Sci China Math,
2010, 53(12): 3163-3178, doi: 10.1007/s11425-010-4108-2

1 Introduction

The theory of Hardy spaces and singular integrals plays an important role in harmonic analysis and partial
differential equations; see, for example, [13,17,18,30]. There have been several directions of extending
Hardy and other function space theory from Euclidean spaces to other domains and non-isotropic settings;
see, for example, [1,5-7,10,15,24,29,31-33]. A significant effort has been devoted to developing a theory
of Hardy spaces and singular integrals on product domains. This direction was initiated by Gundy and
Stein [19] with Fefferman, Nagel and Stein among its main contributors [11,14,15,26]. In particular,
Fefferman and Stein [14] introduced a class of product singular integrals with convolution kernels and
established their boundedness in Lebesgue spaces. Fefferman further proved the boundedness of some
singular integrals from product Hardy spaces to Lebesgue spaces in [11] and also established some weighted
boundedness in [12].

The goal of this paper is to extend some of the existing isotropic product Hardy space theory to the
non-isotropic setting associated with expansive dilations. Let A; and A, be expansive dilations, on R"
and R™ respectively. Let w be a product A,, Muckenhoupt weight associated with a pair of dilations,
A= (A1, A2). Recently, the authors [4] developed the theory of weighted anisotropic product Hardy
spaces HP(R™ x R™; A) with p € (0, 1]. In this paper, motivated by Bownik [1] and Nagel-Stein [26],

s

we introduce a class of anisotropic singular integrals on R™ x R™, whose kernels are adapted to A in
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the sense of Bownik and have vanishing moments, defined via bump functions in the sense of Stein.
Then we establish the boundedness of these anisotropic singular integrals on weighted Lebesgue spaces
LI (R™ x R™) with ¢ € (1, 00) and weighted Hardy spaces H? (R™ x R™; A) with p € (0, 1]. These results
are new even in the unweighted setting w = 1.

We point out that the vanishing moments of singular integrals defined via bump functions were orig-
inally introduced by Stein [30]. To obtain the estimates for solutions of the Kohn-Laplacian on some
classes of model domains in CV, Nagel and Stein [26,27] introduced a class of singular integrals includ-
ing their product versions, whose vanishing moments are defined via bump functions. Such a theory of
product singular integrals is also used in the analysis on Heisenberg-type groups; see [25].

To state our main results, we carefully define the class of product anisotropic singular integral operators
adapted to the action of a pair A of expansive dilations.

Definition 1.1. A real n x n matriz A is an expansive dilation, shortly a dilation, if all its eigenvalues
A satisfy |A| > 1. Throughout the whole paper, for convenience, we sometimes use R™ and R™ to denote,
R™ and R™, respectively. For expansive dilation A; on R™ i =1, 2, we always let b; := | det(A;)| and
A= (A1, A2). We also let B,(:), k € Z, be dilated balls and p; the step homogeneous-norm associated
with A; as in Definition 2.1.

Definition 1.2. Let N € N. A function b on R™ is called an N-normalized bump function associated
with the ball By, if suppvy C By, and [|0%)||peemny < 1 for all a € ZT} with o] < N. A function ¢ on
R™ is called an N-normalized bump function associated with the ball By with k € Z if and only if 1 (A*)
is an N-normalized bump function associated with the ball By.

Let D(R™ x R™) be the space of all infinitely differentiable functions with compact supports endowed
with the inductive limit topology and D’(R™ x R™) its topological dual space. Also, let Q,um =
(R™ x R™) \ {(z1,22) : 21 =0o0r 22 =0}, N:={1,2,...} and Z; := NU{0}.

Definition 1.3. Let sy, s € Z1. Let T : D(R™ x R™) — D'(R™ x R™) be a continuous linear mapping.
Then, T is called a product anisotropic singular integral operator (PASIO) of order (s1, s2), if the following
conditions are met:

(KO) T has a distribution kernel K, which is a continuous function on Qy,xm, such that for all ¢ =
M @2 € DR™ x R™) and x; & supp oM, x5 & supp ¢?,

T(p)(x1,72) = /]R . K(z1 — y1, 22 — y2)e™ (y1) 0@ (y2) dy dys;
"'L>< m

(K1) there exists a positive constant Cy such that for all (z1, x2) € Qyxm with p;(z;) = bfi, and for
all a; € 21 with |og| < s, 1 =1, 2,

071052 [K (A, AZ)|(AT 1, Ay % a)| < Cafpr(2)] o2 (2)] ™

(K2) there exist N1, No € N such that for each Ny-normalized bump function V) associated with B(()l)
and Ny-normalized bump function ¥?) associated with B(()2), and all ki, ko € Z,

(I, (A} ) @ 9@ (452))] < s

(K3) for each Na-normalized bump function ¢¥?) associated with Béz) and ko € Z, there exists a
continuous linear operator Tv® ke D([R"™) — D'(R™) with a distribution kernel Kw(2)>k2, which is a
continuous function on R™\ {0}, such that for all /Y € D(R™) and z; ¢ supp o),

@ @
TV k2 (0M) = T (M @ [ (Af2)]) = A KR () — 1) o™ (1) dys

Furthermore, for all x1 # 0 with p1(x1) = bil and for all ay € Z' with |o| = s1,
o (2 _ _
O [V R (AR)) (A} )| < Calpa ()]

(K3) also holds with the roles of x1 and x2 interchanged.
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In the case when less regularity is desired, one can weaken conditions (K1) and (K3) on the derivatives
to more familiar conditions on differences, as in the work of Han and Yang [22] (see also [23]).
Definition 1.4. In what follows, let o; fori =1, 2 be as in (2.1) associated with A;. We say that T is
a product anisotropic singular integral operator of order 0, if it satisfies Definition 1.3 with s1 = so = 0.
Moreover, there exist €1,e2 > 0 such that for all (x1, x2) € Quxm with p;(x;) = bfi and h; € R™ with
pi(h;) < b;zg'ipi(ari), we have

[p1(h)] 1
[p1(z1)]1Fer pa(z2)

WA K (0 o [p1(h)]t [p2(h2)]
|Ah1 Ah2 K( 1, 2)| < Cl [,01(331)]1_‘—61 [,02(332)]1"'62 )

2 hy)]e
A(l)Kw( ) ko )| <C [Pl( 1 )
| h1 ( 1)| 1 [pl(xl)]1+61

)

AV K (21, 29)] < Cy

Here, we used difference operators Agll)K(xl, x9) = K(x1 4+ h1,22) — K(x1, x2) and Ai)K(xl, T) 1=
K(x1, o+ he) — K (21, o). The above estimates must also hold with the roles of x1 and zo interchanged.

Finally, we are ready to formulate the two main results of this paper. Theorem 1.5 is a generalization
of a result of Fefferman and Stein [14] from the classical isotropic setting to the non-isotropic setting.
Likewise, Theorem 1.6 is a generalization of a result of Han and Yang [22] to the setting of weighted
anisotropic product Hardy spaces.

Theorem 1.5.  Let w € A,(R™ x R™; /T) with p € (1, 00). Then, a PASIO T of order 0 uniquely
extends to a bounded operator on LE (R™ x R™).

Theorem 1.6.  Let w € Ay (R” x R™; A) and gy, be its critical index as in (2.4). Let s1,s9 € Zy and
e (0,1]. If

si > (quw/p — 1) log)y, | bs fori=1,2, (1.1)
where A; 1 is the smallest eigenvalue of A; in absolute value, then a PASIO T of order (s1 +1,s2 + 1)
extends uniquely to a bounded operator on HP (R™ x R™; ff) Moreover, T admits another unique bounded
extension to an operator HP(R™ x R™; A) — LE (R" x R™).
Remark 1.7.  Consider the classical case corresponding to the choice of dyadic dilations A; = 21,,,
As = 21, and weight w = 1. Then, ¢, = 1, p;(z) = |z|™, and IOg\Ai,llbi =mn; for i = 1, 2. In this
case, if p € (1, o0) and ¢; € (0, 1/n,], the boundedness on LP(R™ x R™) of product singular integrals,
as in Definition 1.4, follows from results of Nagel and Stein [26]. On the other hand, if max{ni/(n1 +
€1), na/(n2+e€2)} < p < 1, then the boundedness in H?(R™ x R™) of such product singular integrals was
established by Han and Yang [22, Theorem 2].

This paper is organized as follows. In Section 2, we recall some notation and known notions. The
proofs of Theorems 1.5 and 1.6 are presented in Sections 3 and 4, respectively. The methods used in
these proofs borrow some ideas from [22] and [26]; see also [23] and [20]. However, unlike [22], [23]
and [20], the discrete Calderén reproduction formula with kernel having compact support and the g-
function characterization of the product anisotropic Hardy spaces are not available. Instead, we use the
Lusin-area characterization with the kernels having no compact support. To overcome these additional
difficulties, we invoke a decomposition of kernels technique used by Nagel and Stein; see [26, Lemma 3.5.1]
and Lemma 3.1 below. Moreover, to prove Theorem 1.6, we use a variant of a key boundedness criterion
established in [4, Corollary 6.1], which reduces the boundedness of the considered singular integrals to their
behaviors on rectangular atoms; see Lemma 4.3 below and also [8, Corollary 1.1] for the corresponding
result on HP(R™ x R™).

Finally we make some conventions. Throughout this paper, we use C' to denote a positive constant that
is independent of the main parameters involved but whose value may differ from line to line. Constants
with subscripts do not change through the whole paper. We use the symbol f < g to denote f < Cg, and
if f <g < f, wewrite f ~ g. For all x € R, we denote by |z| the mazimal integer no greater than x.
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2 Preliminaries

In this section, we recall basic facts about product Hardy spaces associated with expansive dilations.

By [1, Lemma 2.2], for a given expansive dilation A, there exist an open ellipsoid A and r € (1, c0)
such that A C rA C AA. Moreover, |A| = 1, where |A| denotes the n-dimensional Lebesgue measure of
the set A. Throughout the whole paper, we

set By := A¥A for k € Z and let o be the minimum integer such that 2By C A° By. (2.1)

Then By, is open, By, C 7B C Biy1 and |Bg| = b*. Obviously, ¢ > 1. For any subset E of R", let
EC .= R" \ E. Then it is easy to prove (see [1, p.8]) that for all &k, ¢ € Z,

Bi+ By C Bmax{k,€}+av (22)
By + (Biso)® € (B, (2.3)

where E + F denotes the algebraic sums {z+y: z € E, y € F} of sets E, F C R".
Recall that the homogeneous quasi-norm associated with A was introduced in [1, Definition 2.3] as
follows. For a fixed dilation A, we let b := | det A|.

Definition 2.1. A homogeneous quasi-norm associated with an expansive dilation A is a measurable
mapping p : R™ — [0, 00) such that

(i) p(z) =0 if and only if v = 0;

(ii) p(Az) = bp(z) for all x € R™;

(iii) p(z +y) < Hlp(x) + p(y)] for all x, y € R™, where H is a constant no less than 1.

Define the step homogeneous quasi-norm p associated with A and A by setting, for all v € R, p(x) = bF
if © € Brg1 \ B, or else 0 if ¢ = 0.

It has been proved that all homogeneous quasi-norms associated with a given dilation A are equivalent
(see [1, Lemma 2.4]). Therefore, in what follows, for a given expansive dilation A, for convenience, we
always use the step homogeneous quasi-norm p. Moreover, from (2.2) and (2.3), it follows that for all
z,y € R,

p(r +y) < b7 max {p(z), p(y)} < b7[p(x) + p(y)].

The class of Muckenhoupt weights associated with A was introduced in [2]. For more details about
weights, see [3,16-18,31].
Definition 2.2. Let p € [1, 00), A be a dilation and w a nonnegative measurable function on R™.
The function w is said to belong to the weight class of Muckenhoupt A,(R™; A), if there exists a positive
constant C' such that when p > 1,

o { wanf { [w(yﬂl/wdy}p_lsc,

zern, kez 1Bkl JotB, |Bk| Jort B,

1

sup {— w(y) dy} { ess sup [w(y)]_l} <O, when p = 1.
rcR™, kEZ |Bk| x+ By, yEx+By,

Moreover, the minimal constant C' as above is denoted by Ca(w).

Define Ao (R™; A) 1= U ¢peoo Ap(R"; A).

Product Muckenhoupt weights were first studied by Fefferman [11]; see also [28]. Among several
equivalent ways of introducing product weights [16, Theorem VI1.6.2], we adopt the following definition
as in [4].

Definition 2.3. Let A = (A1, A2) be a pair of expansive dilations, on R™ and R™ respectively.

Let p € (1, 00) and w be a nonnegative measurable function on R™ X R™. The function w is said to
be in the weight class of Muckenhoupt A,(R™ x R™; A), if w(x1, -) € Ap(R™; Aa) for almost every
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x1 € R" and ess sup , cgn Ca, (w(z1, -)) < 00, and w(-, x2) € Ap(R"; A1) for almost every xo € R™ and
ess sup ,,cpm Ca, (W(+, 22)) < 0o. In what follows, let

Ci(w) = max{ ess sup Ca,(w(z1, -)), esssup Ca, (w(, xg))}
1 ER™ zp€R™
Define As(R" x R™; A) := ;. Ap(R" x R™; A).

-

For any w € A (R™ x R™; A), define the critical index of w by
qu = inf{g € (1, 00) : w € A (R" x R™; A)}. (2.4)

Let S(R™) be the space of Schwartz functions on R™. For a € Z7} and m € Z, define seminorms
lolla, m = supgepn[p(x)]™|0%p(z)| < oco. It is well known that S(R™) forms a locally convex complete
a,m}aeli,mel+- The space S(R™) coincides with the
classical space of Schwartz functions; see [1, p. 11]. The dual space of S(R™), namely, the space of tempered
distributions on R" is denoted by &’(R™). Moreover, let So(R") := {1 € S(R") : [5, ¢(z)dz =0} .

For functions ¢ on R", ¢ on R" x R™, k, ki, ko € Z, let pi(x) := b~ Fp(A % 2) and i, ,(2) =
by by R (AT g, AR ).

Next, we introduce the product Lusin-area function and product Littlewood-Paley g-function follow-
ing [4].

Definition 2.4.  Let oV € Sy(R") and ¢ € So(R™). Let ¢ := oM @ @), where, for all x =
(z1, 22) € R* x R™, p(x) := oW (x1)pP? (22). For all f € S'(R" x R™) and x € R™ x R™, define the
anisotropic product Lusin-area function of f by

- 1/2
S ={ X otk [ e fe-nPa)

(1)
ki, ko €7 Bk1 ><B,c2

metric space endowed with the seminorms {| - |

Define the anisotropic product Littlewood-Paley g-function of f by

1/2
(@) :={ >y |sak1,k2*f<x>|2} .

k1, ko €Z

A distribution f € S'(R™ x R™) is said to vanish weakly at infinity if for any o) € S(R"™) and
0@ € S(R™), f+*@h, &, — 01in S'(R™ x R™) as ki, ks — co. We denote by S (R x R™) the set of all
f € 8'(R™ x R™) vanishing weakly at infinity.

We shall need the following existence result for functions appearing in the Calderén formula; see [4,
Propositions 2.14 and 2.16].

Proposition 2.5. Fori=1,2, let s; € Zy, A; be a dilation on R™, and A} its transpose. Then,
there exist 0 () € S(R™) such that:

(i) suppf® c B(()i), Jgni J;;“H(i) (z;)dx; =0 for all v; € (Z)™ with |v;| < si, 5(1\)(51) >C >0 for &
in some annﬁlgs;

(ii) supp ¢ﬁ)\is compacignd bounded away from the origin;

(i) ez (A7) €)OD (A7) &) =1 for all & € R™ \ {0} ;

(iv) v = ¢ « ¢ for some ¢ € S(R™).

Parts (i)—(iii) of Proposition 2.5 were proved in the course of the proof of [2, Theorem 5.8|. Part (iv)
can be shown by a minor refinement of this argument leading to the existence of ¢(*) € S(R™) such that
(602 = (0.

The following result says that the space LP (R™ x R™) can be characterized by the Lusin-area S-
function and the Littlewood-Paley g-function. Proposition 2.6 is just [4, Theorem 3.2], which also holds
for the g-function by a similar proof.

Proposition 2.6.  Let ¢ := () @3 be as in Proposition 2.5. Then, the following are equivalent for
pE (1, 00):
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(i) f e LL,R™ x R™);

(i) f € SL (R™ x R™) and Sy(f) € L (R™ x R™);
(iii) f € SL(R™ x R™) and gy (f) € LE (R™ x R™).
Moreover, for all f € LE (R™ x R™),

/]

Finally, we recall the definition of weighted anisotropic product Hardy spaces in [4].

Definition 2.7.  Let w € A (R™ x R™; /f) andp € (0, 1]. Let ¢ = M @) be as in Proposition 2.5.
The weighted anisotropic product Hardy space is defined by

HE(B" < BR™; A) i= (£ € SL(B" X B™)  [|f]] p g5y 2= 50 1t o wimy < 00}

L@y ~ 19 ()l o, @ncmy ~ 130 (F))]

Lﬁ, (Rn XR"") .

3 Proof of Theorem 1.5

To prove Theorem 1.5, we need the following decomposition of kernels technique, which adapts the
methods established by Nagel and Stein [26, Lemma 3.5.1] to our setting. For the convenience of the
reader, we present a detailed proof.
Lemma 3.1. Let N € N and ¢ € So(R™). For any M > 0, there exist a constant ¢ > 0 and a
decomposition ¥ = Y 7~ b= FMap(R) such that each cp® € So(R™) is an N-normalized bump function
assoctated with By,.
Proof. Let 6 € C>°(R™) be a non-negative function such that supp C By, 6(z) =1 for all z € B_;,
and [|0“0]| Lo (rny < 1 for |a| < N. Obviously, 6 is an N-normalized bump function associated with By.
For all z € R and k € N, set Dy(z) := ¢(z)0(x) and Dy(z) = ¢(2)[0(A Fz) — 0(A~k=Dg)]. Tt is
easy to check that v(x) = > ;~ Di(z) pointwise. For any k € Zy, let dy := [, Dy(x) dx, so := 0 and
Sp = Z?;& d; for k> 1.

Notice that for any k& € N, we have supp Dy C By \ Br—2. Fix M > 0. Since Dy (x) # 0 implies that
p(z) ~ b, we have

|Di()] S [p(a)] =M1 S o= (DR, (3.1)

because ¢ € Sy(R™) and ||0]| oo rny < 1. From this and supp Dy, C By, it follows that >~ [o. [Dk(x)|dz
< 1. Using that ¢ = Y7 Dy and ¢ € So(R™), we obtain > ° (dp = [p. ¥(x)dz = 0. Thus, we also
have sy = — 7,5, d;. Moreover, from (3.1) and supp Dy C By, it follows that [dx| < b~*", and hence
|sp] < b=FM,

For any k € Z4 and x € R"™, we define

Dy(z) := Dp(z) — dpb 0(A %2) + s, b~ F DA~ * D) — b= kg(A 2],

where 6(z) := 0(x)/||0]| L1 rny. We claim that P *) = pMF D,y e So(R™) is the desired constant multiple of
an N-normalized bump function associated with Bj. Indeed, it is easy to check that Dy € C>(R™) with
supp Dy, C By, and [g, Di(z)dx = 0. Using ;7 (dp = 0 and s = — > >k i, by Abel’s summation,
we have - -

> kb EDHA BN ) — b hO(A D)) =Y dibFO(AF ).

k=0 k=0
This together with ¢ = >~ ; Dy, implies that ¢ = >~ Dy = Son g b Mbqpk),

Finally, it remains to show that [|0%Dy(A*)||e(®n) S b~ for any k € Z; and |a| < N. Since

00| ooy, [[0%0(A)]| Lo (rny S 1, and sy, |di| < b~MF, it suffices to prove

10° D (A oo any S 5.

Recall that supp Dy C By, \ Bix_» for k € N. Thus, we only need to check that |0%Dy(A*-)(z)| < b= MF
for all x € By \ B for all |a| < N. Since ¢ € S(R™), for all x € By \ B_2 and for all |a| < N, we have

0% Di(A")(2)] = [9%[w(A*)(0() — O(A™"))](2))]
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S D 1A @) S 1AM Y 10%p(A )]

1B1<lol 1B1<lal
S AT *p(AR )] M S AN S bR (3-2)

This finishes the proof of the claim and hence of Lemma 3.1.
Fori =1,2, let A; be a dilation on R™ as in Definition 1.1. Let \; — and A;, 4 be two positive numbers
such that
1< - <min{|A: A€ o(4;)} <max{|A|: A€ a(4;)} <A +.

In the case when A; is diagonalizable over C, we can even take )\; - = min and )A; ; = max above.
Otherwise, we need to choose them sufficiently close to these equalities according to what we need in our
arguments. Let ¢; + = log, A; +. It is useful to make some remarks about Definitions 1.3 and 1.4.

Remark 3.2. (i) One can show that if T" is a PASIO of order (1, 1), then it is also a PASIO of order 0.
This is a consequence of Lemma 3.3 below.

(ii) In Definition 1.4, the range of ¢; is effectively restricted to the interval (0, logy, |As, 4[], where A; ¢
denotes the largest eigenvalue of A; in absolute value. Let us explain this in the one parameter setting.
Assume that € > log, |[\y| and |K(z)] < Ci[p(x)]~! and |K(z + h) — K(x)| < Ci][p(h)]¢[p(x)]~17¢ for
p(h) < b729p(z) and = # 0. Choose A such that [A;| < A < b¢ and let ¢ := logy A\. For any = # 0, when
p(h) < min{1, b=27p(z)}, by [p(h)]¢ < C1|h| (see [1, (3.3)]), we have

K (@ + h) — K ()] < Culp(a)] ' ~[h]¢ < Culp(a)] |l

which implies that K is locally Lipschitz continuous away from 0. Moreover, for all x #£ 0,

limsup K (¢ + h) — K(2)] < Calp(2)]~1~ lim sup[p(R)]*~< = 0,
h—0 |h| h—0

1

which implies that K is a constant function away from 0 and thus, by |K(z)| < Ci[p(z)]~!, we further

have K (x) =0 for all z # 0.

Lemma 3.3.  Let K be the kernel of a PASIO of order (s1+ 1,82+ 1), where s1, 82 € Zy. Then, there
exist positive constants C' and €; such that K has the following three additional properties:

(K1) for all (z1, x2) € Qpxm with p1(z1) = bil for some {1 € Z, hy € R™ with p1(h1) < b1_2”1p1(x1)
and oy € 2} with |o| = s1,

[pr(hy)] 1
[p1(z1)] e pa(a2)

AL, O K (AL m)](AT )| < Gy

—¢
1 Yhy

This also holds with the roles of x1 and xo interchanged;
(K1) for all (x1, 22) € Qpyxm with p;(x;) = bfi for some £; € Z, h; € R™ with p;(h;) < b;%ipi(a:i)
and o; € 2 with og] = 4, 1 =1, 2,
_ - h)lt [p2(he)]®
A(l) A(Q) 91922 [K (A%, AL (AT ATl <C [p1 (1 .
| AT Ay 2, T 2 [K (A} A )J(A7 o, Ay )| 1 [p1(z1)] et [po(mg)]Hee

(K3)' the kernel K¥? k2 g5 in (K3) satisfies that for all x; € R™\ {0}, hy € R™ with p1(h1) <
bf%lpl(xl), and oy € Z7 with |a1| = s1,

(1) aq w(2),k2 £y, —0 [pl(hl)]q
|AA;[1h181 (K (A )](A1 z1)] < Ch [p1(331)]1+€1.

This also holds with the roles of x1 and x2 interchanged.

Proof.  'We will only prove (K3)’. The other properties are shown in the same fashion. Let K := K v ks
be the kernel as in (K3). Assume that p(z;) = b{* and p(h1) < b7 27T, Take any €, € (0, log,, A1,—).
By (K3) and the Taylor’s formula, for |a;| = s1 we have

K (A (AT ) < AT | sup (VIR [K (AP )](AT ™ (21 + 21))]

—2 ¢
p(z1)<b, i

1A,

—¢
1 Yhy



3170 LI BaoDe et al. Scit China Math  December 2010 Vol. 53 No.12

SIAT ha oy < [p(ha)] ()]0,

which completes the proof.
The following lemma plays a key role in the proofs of Theorems 1.5 and 1.6 by generalizing [22,
Lemma 1] to the anisotropic setting and to the higher order partial derivatives of corresponding kernels.

Lemma 3.4. Let K be the kernel of a PASIO of order (sy + 1,82 + 1), where s1,s2 € Z,. For
i=1,2, let o) € Sy(R™) be an (N; + s; + 1)-normalized bump function associated with some dilated
ball B( ), where j; € Zy and N; € N is as in (K2) and (K3) of Definition 1.3. For all ki, ko € Z, define
Kkhkz = K * g, by, where ¢ := cp(l) ®g0(2), Then, there exist positive constants C and €; such that: for
all hy, x;, y; € R™ with p;(x;) = bfi for some £; € Z and p;(x; —y;) < bhi and a; € 74 with |og| < s,
i=1,2,

7 7

2 ki€,
bi A

91922 | Azl.’ Al (ATh 7A*b <C ‘ )
|07 057 [ Ky, 1k (Ay 2 )(AT 1, Ay ) E[bfi-l-b?ipi(xi)]l*“

Proof.  To prove this lemma, we first present two basic facts. Let i = 1, 2. For any «o; € Z'}, by (3.13)
in [2] when ¢; — k; < 0, or a similar proof when ¢; — k; > 0, for all a;, z; € R™, we have

(2

O (AR - — AT R )] (A7 i) = 0% @ (AT TN (yi — 22)
(

= Y afot e AIAT - ), (83)
[Bi]=levil
where
ja) S bR g g~ ks <0, (3.4)
and
|a(ﬁ?| < bgéi—ji—ki)\ﬁilCi,+ if ¢, —ji—k; > 0. (3.5)

Moreover, for any fixed x; € R™ with p;(z;) = bf'i, if £; < k; + j; + 40;, we claim that
&) (2i) 1= O [ (AL )(A; 7 iy — ATz (3.6)

is an V;-normalized bump function associated with Boi). Indeed, if fg)(zl) # 0, then by supp (9% ()
Bj(f)v x; € BZL? Yi € Ti + B;ii:_l? l; < ki + j; + 40; and (2.2), we obtain

ze Aty L g@ < BY +BY B

Moreover, since go(i) is an (s; + N; + 1)- normahzed bump function associated with B() then for all
zi € R™ and v; € Z}" with |y;| < N;, we have |8’71( 5, )(z1)| < 1. Thus, the above claim holds.

We now show Lemma 3.4 by considering the following four cases. In Case (i) through Case (iv), we
assume that p;(z;) = bf'i for some ¢; € Z and «o; € Z}" with |a;| < 55,1 =1, 2.

Case (i). 41 < k1 + j1 + 401 and ly < kg + j2 + 402. In this case, by (3.3)-(3.6), (K2), |a;| < s,
Gi,+ = logy, Ay, + <1 and j; > 0, we have

|07 052 [Kky 1oy (A7, Az )](AT " 1, A‘“@n)l

_ b;klb;kz Z aﬁll)a(ﬁi < ®€ l) A Ji—ki—60;—1 )>' ,S b;klb;kz,

[BrI< ]
[B2]<|az]

which is as desired. Here

®§ﬁl‘4]l k;—60;— 1)_(1(A31 k1—601—1 ®§(2A32 ko —602— 1)
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Case (ii) 1 < k1+j1+401 and lo > ko + jo +40o. In this case, if 25 € Bkg)ﬂ27 p2(z2 —y2) < b;” and
Tq € Bz 4\ By 2) with ¢35 > ko + jo 440, then by Definition 2.1, it is easy to obtain that py(ys) > b2~ 72

and pa(22) < b3 pa(ya). Thus, by o € Sy(R™), (33)-(36) with i = 1, supp®(43%) C B,
and (K3)’, we have

|07 052 [Kky ey (A7, A )](AT " g1, Ay 2y2)]

(1) ;
:’bfkl Sl [ e A, o5 T A (4 )
[B1]< a1 ]

. [p2(22)]
~h ~/B;§)+k2 [palas)[i¥er 76

which is desired.

(2)( o) dze S by k1b12+(12+k2)62 52(1+£2)

Case (iii). €1 > k1 +71+401 and lo < ko + j2 +409. In this case, by symmetry, similar to the estimate
of Case (ii), we also have

07 05 [y 1y (AT, AG)](A7 g, Ay P2)] S b TR0y e,

Case (iv). £1 > k1 + j1 + 401 and lo > ko + jo + 409. In this case, for i = 1, 2, 2z; € B§l+k ,

pi(zi—y;) < b¥ and p;(z;) = b', we have p;(y;) = b5~ and pi(z;) < b; 7 pi(y;). By this, o) € So(R™),
supp o (A;7%) ¢ B(l &, and (K1)”, we obtain
0705 [Kry o (AT, AZ)](AT g, A )]

/ o) el ()80 L, AP omag K (AL, AR (AT g, A7) d2
R xR™ 1?1 2 TR2

</B<1) - ol (1)) (22))] [p1(z)]t [p2(22)]°

1+€ 1+e€
0 B, [ (z0)] e [pa(ag)) e

jitei(Jitki)—0; (14+€;)
it

i=1

)

which is desired.
Combining the above estimates then completes the proof of Lemma 3.4.

Remark 3.5. Notice that in the proof of Lemma 3.4, we have not used explicitly the bounds on the
highest order derivatives of K. Instead, we used the difference properties (K1), (K1)”, and (K3)" from
Lemma 3.3. Thus, if K is merely a kernel of a PASIO of order 0, then the conclusions of Lemma 3.4
apply. In particular, there exists a positive constant C' such that for all h;, z;, y; € R™ with p;(z;) = bf"
for some ¢; € Z and p;(z; — y;) < bfi,

2 kie;
b
K 5 < C o .
| k1,k2(yl y2)| J I1 [bfl bi_jl l( 1)]1 e

(3.7)

Proof of Theorem 1.5. Let p € (1, 00) and w € A,(R™ x R™; A). Let T be a PASIO of order 0
with kernel K as in Definition 1.4. Let Ny and Ny be as in (K2) and (K3). Let 1 := ™) @ ¢®) and
¢ = ¢ ® ¢ be as in Proposition 2.5. By part (iv) of this proposition, we have ) = ¢ * ¢. From
Proposition 2.6, it follows that for all f € D(R™ x R™),

S (f)]

Since ¢ € Sp(R™) for i = 1,2, then by Lemma 3.1, we have ¢() = Y22 b ¢(7) where

Ji
(31 € So(R™) is a constant multiple of an (N; + 1)-normalized bump function associated with B(l)

For ji, jo € Zy and ki, ky € Z, let ¢ti72} .= ¢(1i) @ ¢(2:72) and K,ﬁﬁ = K x qblgl,’kjj}. For any

£r,®nxrm) ~ || fll Lz ®n xrm).- (3.8)
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z,z € R"XR™, ki, ky € Z, j1, jo € Zy, y € R* x R™ with py(y1) < b* and pa(yz) < b5?, and
locally integrable function f on R™ x R™, by the estimate (3.7) in Remark 3.2 and bf + b, 7 pi(z) ~
bf +0b; 7 pi(zi —yi), i =1, 2, we obtain

. . bk: 67
>kK’Jh]z T — S// r—1Yy — dz
FreRiiE-nls [ 1@y 'H L E b7 (e
bk,e,
< dz
/Ranm |H [bF + b7 py(2;)] e
< b{l“*f“b;“””)/\/ts(f)(x), (3.9)

where and in what follows, M(f) denotes the strong mazimal function which is defined by setting, for
all z € R™ x R™,

1
MA@ = s oo [ I

B k2 €2 ey 4 B x B b bk

Thus, by (3.8), (3.9), the weighted vector-valued maximal inequality for M (see [4, Proposition 2.2]),
and the L2 (R™ x R™)-boundedness of 7y, which was proved in the proof of [4, Theorem 3.2], we have
that for f € D(R™ x R™),

z : z : 45 45
Liﬁ)(Rn XR"") ~ b jlb 72

J1=0j2=0

ITf]

1/2
_1 2
A8 s [ S = ) dy}
{k17k2€Zb11b22 Bl(cll)XBl(cz) b LE (Rm xR™)
0o 00 1/2
o
SDIPI o 1D SIS
j1=03j2=0 k1, ko €Z LY, (RnxRm™)
oo o0
—2711.—27 —
SO G ()l
71=072=0
S I LT, (R™ xR™)-

This combined with the density of D(R™ x R™) in LE (R™ x R™) completes the proof of Theorem 1.5.

4 Proof of Theorem 1.6

To prove Theorem 1.6, we need to use a vector-valued variant of the boundedness criterion established
in [4, Corollary 6.5]. We shall use an analogue of the grid of Euclidean dyadic cubes which is mainly due
to Christ [9] and formulated as in [4, Lemma 2.2].

Lemma 4.1. Let A be a dilation. There exists a collection Q := {Q% CR": k € Z, a € I} of open
subsets, where Iy, is some index set, such that

(i) |R™ \ UaQE| = 0 for each fized k and Q% N Qg =0if a# B;

(ii) for any o, B, k, £ with £ >k, either Q% N Q% =0 orQf cC Qg;

(iii) for each (£, B) and each k < £, there exists a unique o such that Qé C QF;

(iv) there exist some negative integer v and positive integer u such that for all Q¥ with k € Z and
o € I, there exists zgr € QF satisfying that for all x € QF, zQr + Buk—u C QF C x+ Bopyu.

In what follows, for convenience, we call {Q¥ }recz aer, dyadic cubes. Also for any dyadic cube Q¥
with k € Z and « € I, we set its level as £(QF) := k.

Let A; be a dilation on R™, and Q@ ¢(Q;), vs, u; the same as in Lemma 4.1 corresponding to A; for
i=1,2 Let R:= QW x Q@) For R € R, we always write R := R; x Ry with R; € Q¥ and call R a
dyadic rectangle. We need the notion of rectangular atoms for anisotropic product Hardy spaces.
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Definition 4.2.  Let w € Ao (R x R™; A) and q,, be as in (2.4). The triplet (p, q, )y is called
admissible if p € (0, 1], q € [2, 00) N (qu, 00) and §:= (s1, s2) with s; € Zy and s; > [(L* — 1){;_”,
1 =1, 2. For any R € R, a function ag is called a rectangular (p, q, §)w-atom if

(i) ar is supported on R" := R{ x Ry, where R/ := xp, + BY

vi (£(Ri)—1)+u;+305° i=1
(i)

25

/ ar(x1, x2)xf dry =0 for all |o| < s1 and almost all xo € R™,

and
/ ag(x1, 22)h duy =0 for all |8] < sy and almost all 2, € R™;

(i) [lafl g,z xrm) < [w(R)] VP
We also need to consider the vector-valued space H := {{fr, ko }ki kocz @ fii, ko 1S & measurable
function on B,(i) X B,(i) for any ki, ko € Z and |[{fk,, ks thy, keez|n < 00}, where

1/2
|{fk1,k2}k1,k2€Z|H ::{ Z bl_klb;l€2 /B(l) (2) |fk1 ke (Y )|2 dy} .

ki, k2€Z k1
In what follows, for all x € R™ x R™, we always write

1/2
> byt / |fk1,k2(x—y>|2dy} :
B x B

k1, ko€Z

|{fk1:k2 (x)}khkzezh-[ = {

Finally, let p € (0, 00) and w € Aq (R™ x R™; A). Define the vector-valued space L7, 3 (R" X R™) as
the collection of all sequences { fx,, k, } &1, koez Of measurable functions on R” x R™ with the norm

H{fkl k72}k71 k2€Z|

w,

1/p
LP (R xRm) = {/}Ranm |{fk1,k2(x)}k1,k2€Z|€—{ w(x) dx} < 00.

The following conclusion is the vector-valued variant of [4, Corollary 6.5], whose proof is similar to
that of [4, Corollary 6.1]; see also [8, Corollary 1.1] for the corresponding result on HP(R™ x R™). We
omit the details.

Lemma 4.3. Let (p, q1, §)w be an admissible triplet as in Definition 4.2, qo € [q1, 00) and

{Thy, k2 v, ko

be an H-valued linear operator bounded from LI (R™ x R™) to LZ?J_((]R" x R™). Let q € [p, 2) be such

that 1/q—1/p=1/q0 — 1/ 1.
Suppose that there exist positive constants C, € such that for all v € Z+ and all rectangular (p, g1, §)w-
atoms ar,

L T @) calfgnte) do < Coma(s 7,07,
l'yx 2,y

(@
where R; 4 := TR, +Bv (U(Ri)—1)us+505 47
linear operator from HP(R™ x R™; A) to LY 3 (R™ x R™).
We also need the boundedness result for the anisotropic Littlewood-Paley g-function. The proof is
similar to that of the anisotropic Lusin-area function; see [4, Theorem 3.2]. We omit the details.

Lemma 4.4. Let p € So(R™), p € (1, 00), and w € A,(R™; A). Then the Littlewood-Paley g-function,
which is given by g, (f)(x) = {X ez |f * @k(x)|2}1/2, is bounded on LP (R™).
Finally, the isotropic and unweighted versions of the following lemma have appeared in several product

settings; see, for example, [21, Theorem 4.3] and the proof of [20, Proposition 4]. In particular, Lemma
4.5 can be deduced from the proof of [4, Theorem 5.2] as indicated below.

i=1,2. Then {Tk, &, tk,, kocz uniquely extends to a bounded
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Lemma 4.5. Let w € Ao(R" x R™; A) and p € (0, 1]. If f € L2(R"™ x R™) N HE(R™ x R™; A),
then f € LP(R™ x R™). Moreover, there exists a positive constant Cp,, independent of f, such that
1z e xrmy < Coll fll gm g s, 4y

Proof.  Let w € Ax(R™ x R™; A), p € (0,1] and f € HE(R" x R™) N L2(R" x R™). By an argu-
ment similar to the proof of [21, Theorem 4.3] or [20, Proposition 4], we shall prove that the atomic

decomposition of f converges in L2(R™ x R™) and thus is pointwise almost everywhere.
Let ¢ := (U @4 be as in Proposition 2.5. For any k € Z, let Q := {z € R” x R™ : Sy (f)(z) > 2},

e = 2F[w ()], and
a = )\gl Z Z eR.
Pem(Qy) RERY, R*=P

Here, our notation is the same as in [4, Lemma 4.6]. Since f € L?(R™ x R™), by [4, Lemma 2.15 and
(4.8)], we have that f = Y, _; Away holds in L?*(R™ x R™), and hence also almost everywhere. From
this, suppag C Q;C” with w(ﬁg’) S w() (see [4, (6.5)]), ¢ € [2, 00) N (quw, 00), Holder’s inequality, and
the size condition of ay, it follows that

11 ey S 0N [ (o) wla)de
keZ Qy
Sf Z )\zHakHigﬂ(Rn XRm)[w(Q;c”)]lip/q
kezZ
S D 2w ) SISy (NTe gnsemmy ~ 15 irp n sz 4):
keZ

which completes the proof of Lemma 4.5.

Proof of Theorem 1.6.  Let T be a PASIO of order (s1 +1, so+ 1) with kernel K as in Definition 1.3. By
the assumption (1.1) which says that s; > (q.,/p—1)log)y, ,| bi fori =1, 2, we can choose 1 < X; — <[\ 1]
close to |\, 1], € (qu, 00) close to ¢, such that

N =p[siG, - +1]—r>0, i=1,2. (4.1)

Let ¢ > max{2, r}. Then, (p, ¢, 5), is an admissible triplet, where §:= (s1 — 1, so — 1).

Let ¢ := M @ ¢ and ¢ := ¢ @ ¢ be as in Proposition 2.5. By part (iv) of this proposition
we have ¥ = ¢ * ¢. Hence, by Theorem 1.5 and Definition 2.7, T'(f) is well defined for any f €
L2 (R" x R™) 0 H2(R" x R™) and

T 1|z, (mm ey = [[Sgwes (T f) L2, (R xR
= ”{¢k1,k2 * Qky, kg ¥ [T(f)]}kl,szZ”LfLYH(R“XR"")'

To obtain the boundedness of T on H? (R™ x R™), by Lemma 4.3 and the density of L2 (R™ x R™)
NHP (R™ x R™) in H? (R™ x R™) given by [4, Theorem 5.1(i)], it suffices to prove that for all rectangular
(p, q, 8)w-atoms a associated with some R € R and all v € Z,

/ o |{¢k517 ko * ¢k1,k2 * [T(a)](x)}kh k2€Z|’I)7-(w(x) dx S; max{bl_nyy) b2—7]2’y}7 (42)
(R1,v X Ra, ~)

where n; is as in (4.1) and R, :=zg, + Bf}i)(Z(Ri)—l)+ui+50i+’y fori=1, 2.
The left-hand side of (4.2) is less than

R} xRS RS xRz o Ry oxR§ RS (xRS

X H Pk ks * Pk ko * [T(a)](2) } iy, knezlfpw(z) do =: Ty + Iz + 13 4 1. (4.3)

We only derive the estimate for Is, since the estimates for the other three items are similar.
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Let Ni, Ny be as in Definition 1.3. Since ¢ & So(R™) for ¢ = 1, 2, then by Lemma 3.1, we
obtain that ¢() = ZOO_O b, 2 ¢l 31) where ¢(t71) € Sy(R™) is a constant multiple of an (s; + N; + 1)-

normalized bump function associated with Bj(.i). For j1, jo € Zy, let ptin72} .= ¢p(171) @ (2:72) Thus,
by ¢ = o) ® ¢, we have

b= Z b;3(j1+€1)b2—3j2¢{j1,j2} % (¢(1,€1) ® ¢(2))' (4.4)
J1, j2, L1E€Zy

Moreover, by Theorem 1.5 and a density argument, we obtain
Pl 92} 4 (1) @ D)) % [T(a)] = K  [(¢1 7)) 51 (1)) @ ¢(372)] % (@ %5 ¢), (4.5)

where x; denotes the convolution on R™ i = 1, 2. In fact, if a € D(R™ x R™), then the above equality
holds. For the rectangular (p, ¢, §)-atom a, let {ag}tren C D(R™ x R™) be a sequence of functions
approximating to a in L% (R™ x R™). Noticing that T'(ay) — Ta in LI (R™ x R™), we have (4.5).

For ki, ko € Z and ji, jo, {1 € Z4, let K,{;{;fl = K % [(¢07) 5 ¢ ) ® ng,‘f;m]. By w €

A.(R™ x R™; A), [4, Proposition 2.2(i)] and Lemma 4.1(iv), we have W(R1, 4y 4+4+1 %X R2,0) S b§(7+t1)w(R).
From this, (4.4), (4.5), Minkowski’s inequality and Ho6lder’s inequality, it follows that

I, 5 b;3p(j1 +€1)b2—3p22 { /
Z Z (Rl.w+t1+1\R1,'y+t1)XR2,0

Ji,J2, 01€24 t1€Z4
o p/r
K92 5 (a %2 00)) (@) by, ez lpw(@) da:} by PO [y (R)PT (4.6)

Let Zl = vl[é(Rl) — 1] +u; + v+t + Hoy. Write
i1, J2, 4 2
HET 32 % (a2 00)) (@) Yoo ka2l

-+ =

k1<f1— 31 41 4oy k1281 —j1—%1—401
ko €L

x by Fpy e /Bm/m K (a 012) (@ — y) dy
= [Vi(@)* + [Va(2))*.

We only estimate V7, since the estimate for Vs is similar.
For x € (R177+t1+1 \Rl,fy+t1) X RQ,O, Yy € Bl(ci) X B](Cz) and z € R™ x Rm, let

70015 g2, 01 J1,J2, 41 A
Kkl,kg (21» Z2) Kkl ko (951 — Y1 — A1 21, 22)~

For any y, § € R™ x R™, by Taylor’s formula with integral remainder, we have

S1— 1
~J1,J27£1 o a o1 77d1, 92, 61
K (s 92) § E (Y1 —90)M O K (0, 92)
J1=0 o |=51
1~ ~ (1—7‘1)51_1

+ ) / (@ — G 0P K2+ 1 (T — 1), B2)

] d’f‘l.
0 S1-

|1 |=s1

Let 91 = Alele and y; = A;elzl. By suppa C R” and the vanishing condition of a up to order
s1 — 1, we then have

. ,
K20 s (axe 60)) (@ — y)

= / Kji’,fz’el (AT9 21, g — yo — 22)(a %2 gbg))(z) dz
R™ XR™
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s1!
la1[=s1 !

" /o . (72 0D ) () (AT (21 — gy )y EFTT

X 8?1?(21:222’@1(14;41 xR, + (1 = r1)(zr, — 21)], 2 — y2 — z2) dzdry. (4.7)

Moreover, for 1 € Ry ~y4,41 \ R1, 21, 21 € RY, r1 € (0, 1) and 0>k + 71+ 41 +401, by (2.2), (2.3
;YT YTl !

and Lemma 4.1(iv), we have pi(z1 — zg,) = b and py(z1 — zgr,) < by 27 "7 pi (21 — xp,), which

together with k1 < 1 — j1 — {1 — 407 further means that
pr(z1 =z, — (1= r1) (xR, — 21)) ~ b,

and that for y; € B,(C?,
pr(zy — g, — (1= r1)(zr, — 21) —y1) <bY
From this and Lemma 3.4, it follows that
|09 KJ0 2 (AT [, + (1= ) (@R, — 21)), 22 — 2 — 22))
=[O K92 (AT 20 — g2 — 22))(A] o — 2R, — (L= 1) (2R, — 21) — 1))

. ~ bk‘2€2
< b(]l+el)(1+€1)+k1€1—21(1—}-61) 2
~Y 1

[b/2€2 + b;j2p2(x2 - 22)] 14ez”
where we used the fact that b2 + by 72 py (g — yo — 22) ~ bj;z + by % pa (29 — 22).

Furthermore, for z; € RY, by [4, (2.6)], we have |AT" (z —zRr)| S bl_(ﬂy'ktl)gl’ ~. Thus, for z €
(R177+t1+1 \Rl,fy+t1) X RQ,O, by the above two estimates, (47), {1 =wv [E(Rl) — 1] +uy +v+t1+501,a
similar proof to that of (3.9), and Minkowski’s inequality, we obtain

Vi(z) < {bf(jﬁzl)(ua)221(1+61) Z b%klelbéz(1+62)

kq<f1—3j1—01—4o7
ko €7

25 1/2
v |: b;(7+t1)51C1, —M(Z)(a(zl, ) g ¢§c22))(332) d21:| }
R}

< b§j1+41)*(t1+7)81C1.7b;’2(1+62)

1/2
1
X Ule(Rl)+t1+’)’/ { Z |M(2)(CL(21, ) *2 ¢1(€22))({L'2)|2} dz
b, Ri, ytt141

kQEZ
i +e —(t + Y)< — ) 1+€
S le 1 ( 1 )9141, bJ2( 2)

w0 ({ £ maey ¢;i>><x2>12}1/2) (@),

ko €7

where, and in what follows, M denotes the Hardy-Littlewood maximal function on R™ i =1, 2.
Then, by the above estimate of Vi (z), the L:’U(.’M)(R")—boundedness of MW for all z, € R™, the

weighted vector-valued inequality for the Hardy-Littlewood maximal operator M) with w(zy, -) €

A (R™; Ag) for all z; € R™ (see [2, Theorem 2.5]), Lemma 4.4 with g,e), suppa C R", r > ¢ > 1,

Holder’s inequality, and the size condition of a, we have

{ /(R\R o W0 dx}w

j1+41—(t _572(1
< le1+ 1—(t1+7)s1¢a, béz( +ez

)Hg¢(2) (a)|
j +£ —(t1+7v)s L — j2(14€2
5 b]l 1 ( 1 'Y) lcl bJ ( )H

Lr (Rn XR"")
1/r—1/q

al L?U(Ranm)[w(R”)]

< bJ1'1+€1—(t1+’Y)81€1, - bé2(1+€2) [w(R)]l/rfl/p.
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From this and m = p[(s1 + 1)¢1,— + 1] — r > 0, it follows that

p/r
Z {/ [Vl(ﬂf)]rw(x) dx} bgr—P)(WJrh)[w(R)]l—p/r
(Rlv’v+t1+1\R1,'y+t1)><R2,o

ti€Zy
< Z bllﬂ(j1+21)b:§j2(1+€2) [w(R)]p/rflbl—P(t1+’>’)SlC1, - b§t1+’v)(7’—P) [w(R)]lfp/r
t1€Zy
< bﬁ’(j1+£1)*7771b127j2(1+52)7
which together with (4.6) yields that Io < b7 ™.
By an estimate similar to that of I, we also have Iy + I3 + Iy < max{b; """, b;wz}, where 71 and 79
are as in (4.1). By this and (4.3), we obtain (4.2) and hence the boundedness of T on HP,(R™ x R™; A).
Finally, let us prove that T is bounded from HP (R" x R™; A) to L?,(R™ x R™) with p € (0, 1] satisfy-
ing (1.1) by borrowing some ideas from the proof of [21, Theorem 1.11]. Assume that f € L*(R™ x R™)N
HP(R™ x R™; A). By Theorem 1.5, Lemma 4.5 and the boundedness of T on HZ(R™ x R™; A), we
obtain that

AL

Tf e L2 (R™ x R™) N HE(R™ x R™; A) N L*(R™ x R™)
and

||TfHLfL(R”><Rm) SJ ||TfHHfZ,(R"><]Rm;A‘) ,S ||f||Hp (R”XR’”;A)'

w

This together with the density of L2(R™ x R™) N HE(R"™ x R™; A) in HP(R" x R™; A) given by [4,
Theorem 5.1(1)] implies that T" extends to a linear bounded operator from HE (R™ x R™) to LE (R™ x R™).
This finishes the proof of Theorem 1.6.
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