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Abstract. Inthis work we develop the theory of weighted anisotropic Besov spaces
associated with general expansive matrix dilations and doubling measures with the
use of discrete wavelet transforms. This study extends the isotropic Littlewood-
Paley methods of dyadic ¢-transforms of Frazier and Jawerth [19,21] to non-iso-
tropic settings.

Several results of isotropic theory of Besov spaces are recovered for weighted
anisotropic Besov spaces. We show that these spaces are characterized by the mag-
nitude of the ¢-transforms in appropriate sequence spaces. We also prove bound-
edness of an anisotropic analogue of the class of almost diagonal operators and
we obtain atomic and molecular decompositions of weighted anisotropic Besov
spaces, thus extending isotropic results of Frazier and Jawerth [21].

Mathematics Subject Classification (2000): Primary 42B25, 42B35, 42C40;
Secondary 46E35, 47B37, 47B38

1. Introduction and statements of main results

Many classical function or distribution spaces occurring in analysis have been
shown to admit decompositions into simpler elementary building blocks, often
called atoms or molecules. Decomposition techniques have become a very useful
tool in the study of a large class of function spaces and operators acting on them,
starting with now-classical atomic decomposition of the Hardy spaces H?” (R"),
0 < p < 1 of Coifman [13] and including atomic and molecular decomposition
results for Triebel-Lizorkin and Besov spaces of Frazier and Jawerth [19-22].
There are several directions of extending classical function spaces arising in
harmonic analysis of Euclidean spaces to other domains and non-isotropic settings.

The author was partially supported by the NSF grant DMS-0441817.
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For example, the usual isotropic dyadic dilations can be replaced by more com-
plicated non-isotropic dilation structures as in the study of parabolic Hardy spaces
of Calderén and Torchinsky [11,12] or Hardy spaces on homogeneous groups of
Folland and Stein [18]. The non-isotropic variants of Triebel-Lizorkin and Besov
spaces for diagonal dilations have been studied by Besov, II’in, and Nikol’skii
[1], Schmeisser and Triebel [32,34,36], Dintelmann [15, 16], and Farkas [17]. The
other direction is the study of weighted function spaces associated with general
Muckenhoupt Ao, weights. This direction of research for Besov and Triebel-Li-
zorkin spaces was carried over by Bui, Paluszyiiski, and Taibleson [6,7,9,10] and
by Rychkov [30,31]. Recently, Roudenko [29] has studied matrix-weighted Besov
spaces defined using matrix analogues of Muckenhoupt A, weights introduced by
Nazarov, Treil, and Volberg [26,33].

The goal of this work is to show that several aspects of the above mentioned
developments can be extended to a larger class (than previously considered diago-
nal setting) of non-isotropic dilation structures associated with expansive dilations.
In the context of Hardy spaces this goal was achieved by the author in [3], where
it was demonstrated that significant portion of a real-variable isotropic H? theory
extends to such anisotropic setting. In the context of Triebel-Lizorkin spaces, anal-
ogous extension to weighted anisotropic setting was performed by the author and
Ho [4]. The goal of this work is to show that one can also build a coherent theory of
weighted anisotropic Besov spaces associated with expansive dilations with the use
of the discrete ¢-transforms of Frazier and Jawerth. Our formulation includes the
previously studied classes of Besov spaces that corresponded to diagonal dilations.
In what follows we summarize the results obtained in this work.

In this work we introduce and study Besov spaces on R” associated with an
expansive dilation A, that is an n x n real matrix all of whose eigenvalues A sat-
isfy |A| > 1. The starting point is a basic representation formula for tempered
distributions

f=> (feo)o  where Q={A/([0.11"+k): j € Z k e Z"},
0eQ

where Q is the collection of all dilated cubes adapted to the action of a dilation A,
and ¢ and Yo are translates and dilates of appropriate functions ¢ and ¥ local-
ized to Q. More precisely, functions ¢ and ¥ must satisfy support and Calderén
conditions (2.6) and (2.7). In particular, ¢ and 1/A/ have to be smooth and compactly
supported. In the case of dyadic dilation A = 21d, this is a well-known reproducing
formula for discrete ¢-transforms of Frazier and Jawerth.

Following Frazier and Jawerth, we then define the ¢-transform, which maps the
distribution f to the sequence of its wavelet coefficients S, f = {{f, ¢0)}peco. For
any sequence s = {sg}peg of complex numbers, we define formally the inverse
¢-transform, which maps s to a distribution Tys = ) 00 So¥o. To guaran-
tee meaningfulness and boundedness of these transforms, we need to introduce
quantitative assumptions on distributions f and sequences s. We will assume that
f belongs to anisotropic Besov space B‘;’q (or its inhomogeneous counterpart B;’q)

and s belongs to its discrete variant b, 7 (or b, ?).
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Given o € R, 0 < p,q < oo, and a dilation A, we introduce the anisotropic
Besov space B‘,x,’q as the collection of all tempered distributions f (modulo poly-
nomials) such that,

) 1/q
1 lhges = (Z(IdetAIJ“IIf*wjlle)q> < 00,

JEZL

where ¢ € S(R") satisfies certain support conditions (3.2) and (3.3), and ¢; (x) =
| det Al ¢ (A’ x). We show that this definition is independent of the choice of ¢ in
a more general weighted setting, where L? (R") is replaced by L?(R”", ) with
a doubling measure on R" corresponding to the action of a dilation A. The dis-
crete Besov sequence space, l.)‘,x,’q is defined as the collection of all complex-valued
sequences s = {sg}pecg such that

q/p\ /4
||s||.~,;=q=(2< > <|Q|—“—‘/2|sg|>") ) < o0.

J€Z "~ QeQ, |Q|=|det A~/

Then we have the following generalization of the fundamental result of Frazier and
Jawerth [21,22] for ¢-transforms on Besov spaces; see Theorem 3.5 for a rigorous
statement. A similar result to Theorem 1.1 in the case of (unweighted) anisotropic
spaces was obtained by Dintelmann, see [15].

Theorem 1.1. The ¢-transform S, : B‘;’q — l.)‘;,’q and the inverse @-transform
Ty : b‘;’q — B(;,’q are bounded, and Ty, o S, is the identity on B‘;,’q.

This result will enable us to study operators on B‘;’q by considering correspond-
ing operators on b%?, as it was done in the classical dyadic case by Frazier and
Jawerth. This is because the b(;,’q norm is generally easier to work with, since it
is discrete and depends only on the magnitude of the sequence elements. A very
useful sufficient condition for the boundedness of operators on bg’q is the almost
diagonal condition studied in great detail in [21,22]. We extend this class of opera-
tors to anisotropic setting associated with expansive dilations A and we show that
the expected boundedness result, Theorem 4.2, holds for anisotropic Besov spaces.
The corresponding result for Triebel-Lizorkin spaces was obtained by the author
and Ho [4].

Next, we introduce notions of smooth atoms and molecules for anisotropic Be-
sov spaces extending familiar isotropic atoms and molecules introduced in [19,21].
A smooth atom supported near the dilated cube Q € Q must satisfy appropriate
smoothness, compact support, and vanishing moments properties. Smooth mole-
cules satisfy similar properties with the exception that support condition is relaxed
by appropriate decay estimate. Theorems 5.5 and 5.7 establish fundamental synthe-
sis || g s0Wollgss < Clis|ljes, and analysis [[{(f, @)} olljzs < CIIf|lges
estimates for smooth synthesis {Wp}o and analysis molecules {®}p. Both of
these results generalize the boundedness of the ¢-transform and the inverse ¢-trans-
form in Theorem 1.1 to situations when neither {® o} o nor {Wp} o are necessarily
obtained by translates and dilates of a particular function in S.
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Finally, the above results are used to extend the fundamental smooth atomic
decomposition results of Frazier and Jawerth [19] to a general setting of weighted
anisotropic BZ’q spaces. Analogous results for inhomogeneous anisotropic Besov
spaces B%’q are also outlined.

2. Some background tools

We start by recalling basic definitions and properties of non-isotropic Euclidean
spaces associated with general expansive dilations.

2.1. Basic properties of quasi-norms p

Areal n x n matrix A is an expansive matrix, often called a dilation, if min; ¢, ()
[X|>1, where o (A) is the set of all eigenvalues (the spectrum) of A. A fundamental
notion in our study is a quasi-norm py4 associated with A, which induces a quasi-
distance making R" a space of homogeneous type. For rudimentary facts about
spaces of homogeneous type we refer the reader to [14,23].

Definition 2.1. A quasi-norm associated with an expansive matrix A is a measur-
able mapping ps : R" — [0, 00) satisfying
palx) >0, for x #£ 0,
pa(Ax) = |det Alpa(x) for x € R, 2.1
pa(x +y) < H(pa(x) + pa(y)) forx,y eR",
where H > 1 is a constant.

Here, we will only list a few basic properties of quasi-norms p4, which will
be used subsequently. For more details we refer to [3,24]. We recall that all quasi-
norms associated to a fixed dilation A are equivalent, see [3, Lemma 2.4]. Moreover,
there always exist a quasi-norm p4, which is C* on R” except the origin, see [24].

Proposition 2.1. For any expansive matrix A and € > 0,
/ pa(x) 'dx <00 and f pa(x)" 1 "€dx < oo.
B(0,1) R\ B(0,1)

Lemma 2.2. Suppose A is expansive matrix, and ,h— and A4 are any positive real
numbers such that 1 < A_ < minyeq(a) |A| and Ay > maxyeq(a) |A|. Let

InAy . InA_

T e T njdecar
Then for any quasi-norm p4 there exists a constant C such that,
Clpa()% < x| < Cpa)™ if palx) =1 (2.2)
and
Clpa()™ < Ix| < Cpa(0)* if palx) < 1. (2.3)
Furthermore, if A is diagonalizable over C, then we may take »_ = minycs(a) |A|

and A4 = MaxX,eq(A) Al
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We will also need the following easy estimates

(1/e)a! x| < |Alx| < el x| for j >0, 2.4)
(/)M Ix] < |AJx| < erl |x| forj <0, (2.5)

for some constant ¢ > 0, where A_ and A are the same as in Lemma 2.2.

Proposition 2.3. (R", p4, | - |) is a space of homogeneous type, where p4 is a
quasi-norm associated with an expansive dilation A, and | - | is Lebesgue measure
on R

Next, we introduce the class of measures on R”, which are doubling with respect
to an expansive matrix A.

Definition 2.2. We say that a non-negative Borel measure . on R" is p 4-doubling,
if there exists B > 0 such that

w(By, (x,|det Alr)) < |detA|5/L(BpA(x, r)) forallx e R",r >0,
where,
Boy(x,r) ={y €R": palx —y) <r}.
The smallest such B = B(u) as above is called a pa-doubling constant of .

Remark 2.1. We remark that p 4-doubling measure p does not have to be absolutely
continuous with respect to the Lebesgue measure on R". An example of a measure
@ on R, which is doubling and singular with respect to Lebesgue measure can be
found in the work of Buckley and MacManus [5]. Moreover, it is not hard to show
that the doubling constant $ is always > 1.

We also remark that any weight w in Ay, (with respect to a quasi-distance
p4) defines a p4-doubling measure p by diu(x) = w(x)dx, see [4, Definition 2.2].
Unlike the case of Triebel-Lizorkin spaces [4], in this work we relax the assumption
that a weight w € Ao, since in the study of Besov spaces we do not have to use the
Hardy-Littlewood maximal function nor weighted vector-valued Fefferman-Stein
inequality.

2.2. Discrete wavelet transforms

Suppose that ¢, v € S(R") be such that

supp ¢, supp ¥ C [—m, 71"\ {0} (2.6)
STHAVOT(AYE =1 forallg eR"\ {0},  (27)
JEZ

where A* is the adjoint (transpose) of A. Here,

supp@ = {£ e R" : ¢(&) # 0},
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and the Fourier transform of f is
f@& = / f@e 8 dx.
Rﬂ

For any j G_Z andk € Z",let Qj = A’j([O, 11" + k) be the dilated cube, and
x0;, = A7k be its “lower-left corner”. Let

Q=04={Qjk:jel kel
be the collection of all dilated cubes. For ¢ € S(R"), define
@j(x) = |det Al p(A/x)  forj € Z,
0o (x) = |det Al ?p(A/x —k) = 1019 (x —xg)  for Q= Qjx € Q.
It can be shown that the conditions (2.6), (2.7) imply that the wavelet systems
{po : O € Q}and {Yp : Q € Q} form a pair of dual frames in L?(R"); for more

details, see [2,4]. This means that {9 : O € Q} and {yg : Q € Q} are Bessel
sequences and we have a reconstruction formula

f=) (feQibo,  forall f e L*R"), 2.8)
0eQ

where the above series converges unconditionally in L.

The above formula has a counterpart in the form of basic reproducing identity
(2.13) valid for the large class of tempered distributions modulo polynomials S’ /P.
For the basic properties of S’ /P, we refer to [25, Section 3.3] or [34, Section 5.1].
Here, we only recall that S’/P can be identified with the space of all continuous
functionals on the closed subspace Sp(R") of the Schwartz class S(R") given by

So(RYH) ={peS: /(p(x)x“dx =0 for all multi-indices «o}.

The counterpart of (2.8) for S’/P follows from Lemmas 2.4 and 2.5, which show
that any distribution f admits a kind of Littlewood-Paley decomposition and wave-
let transform adapted to an expansive dilation A. Both of these results are anisotropic
modifications of their well-known dyadic analogues, see [19,21,22]. The proofs of
these lemmas can be found in [4].

Lemma 2.4. Suppose that A is an expansive matrix and ¢ € S(R") is such that

Y oA &) =1 forallg e R"\ {0}, 2.9)

JEZ
and supp ¢ is compact and bounded away from the origin. Then forany f € S'(R"),
f=Y 9ixf (2.10)

JEZ

where @;j(x) = |det A/ @ (A7 x), and the convergence is in S’ /P, where P C S’
is the class of all polynomials in R".
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More precisely, there exist a constant d depending only on the order of the dis-
tribution f, a sequence of polynomials { P};° | C P withdeg Py < d, and P € P,
such that

o0
— i < P )+ P 211
f kgg()(j_;k%*ﬂ k>+ , Q2.11)

where the convergence is in S'.
Lemma 2.5. Suppose that A is an expansive matrix. If g € S "(R"), h € S(R") and

supp g, h C (A [—m, x]"  for some j € Z,

then,
(g *xh)(x) = Z |det A| ™/ g(A™ M k)h(x — A™/k), (2.12)
kezZ"
with convergence in S'. Consequently, if ¢, ¥ € S'(R") satisfy (2.6), (2.7), then
=Y (f.0o)Wo. forany feS/P. (2.13)
0eQ

where the convergence of the above series, as well as the equality, is in S’ /P. More
precisely, there exists a sequence of polynomials {Pi}7>, C P and P € P such
that

f = Jim ( > (f 0000 + Pk) + P,

0€Q, |det A|~*<|Q|<|det A[¥

with convergence in S'.

3. Besov spaces

In this section we investigate weighted anisotropic Besov spaces B%’q(R”, A, 1)
associated with general expansive dilation matrices using the Littlewood-Paley
decomposition. Hence, in this work we will not be concerned with an alternative
way of defining Besov spaces using L?” modulus of smoothness.

3.1. Homogeneous Besov spaces

Motivated by the classical definition of Besov spaces by Peetre [27], Triebel [34,
35], Frazier and Jawerth [21,22], and their weighted counterparts by Bui [6,8], we
define anisotropic Besov spaces as follows.

Definition 3.1. For « € R, 0 < p,q < 00, and W a pa-doubling measure, we
define the weighted anisotropic Besov space B([x,’q = B‘;,’q (R", A, ) as the collec-

tionof all f € S//’P such that,
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i 1/q
IS llges = (Z(|detA|f°‘||f *fpjllm(u))q> < 00, (3.1
JEL
where ¢ € S(R") satisfies (3.2) and (3.3),
supp @ = {§ e R" : 9(§) # 0} C [—7, w]" \ {0}, (3.2)
sup [((A*) )| >0 forall & € R*\ {0}. (3.3)
JEZ

To emphasize the dependence on ¢ we will use the notation B;’q (R*, A, w)(p) for
(3.1). Later we will show that this definition is independent of ¢.
The sequence space, b‘;,’q = b‘;,’q (A, ) is the collection of all complex-valued

sequences s = {sp}gecg such that
q 1/q
) < o,

Islggs = (Z e
w

JEZL

> 101 %Isol %o
Q0€Q, |Q|=|det A|~J

where Xo = Q| 172 Xo is the L?-normalized characteristic function of the dilated
cube Q.

Remark 3.1. The assumption (3.2) is made mostly for convenience and it can be
relaxed by merely requiring that supp ¢ is bounded and bounded away from the
origin. It is clear that this leads to an equivalent definition of B‘;,’q spaces. We also
remark that if p = oo then the Besov space B‘;’q does not depend on the choice
of the measure . However, it still depends on the choice of an expansive dilation
A. Since the case of p = 0o is also easier to deal with, in most arguments we will
concentrate on the case p < 0o, leaving generally obvious verification of the case
p = oo to the reader.

3.2. Completeness ofB‘Ix,’q(R", A, 1) spaces

We will use the following extension of a classical result of Plancherel and Pélya
[19,28] to non-isotropic weighted Euclidean spaces.

Lemma 3.1. Suppose K is a compact subset of R", 0 < p < 00, and p is a pa-
doubling measure on R". Suppose f € S'(R") and supp f C (A*)/ K for some
j € Z. Then

1/p
(Z sup If(Z)I”M(Qj,k)> < ClI e (3.4)

kezr “€Qjk

where Q= A0, 11" + k), and the constant C = C(K, p, 1) depends on K,
p, and the doubling constant of |L.

Proof. Assume firstthat K = [—1, 1]". Lety € S be such that suppI/Af C [-m, ]
and ¥(&) = 1 for & € [—1,1]". Let g(x) = f(x + y), where y € R”", and
h(x) = ¥j(x) = |det A/ (A/x). Since suppg = supp f and h(£) = 1 for
& € supp f, we have g x h = g. Hence, by Lemma 2.5 we have
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fOr+y) = g@) = (gx () = [det A| Y~ g(A~ Dh(x — A7])
lezn

=Y fATTI+ )y (Alx = D).

leZ"

Therefore, if we fix momentarily k € Z" and y € Q x, then

sup | f(2)] = sup [f(x+y)l

€0k xeA=i([—1,11")
<Y IfATI+nl sup [Y(ATx = D).
leZn xeA—J([—1,11")

Since ¢ € S(R"), for any M > 0 we have

sup  |[Yy(Alx =Dl = sup [Yx—D<Cud+[INM.
xeA=i([-1,1]") xe[—1,1]"

Hence, if p > 1, then by Holder’s inequality, 1/p + 1/p’ = 1,

, \P/P
sup |f(z)|”§<z If(Ajl+y)|p(1+|l|)”])(Z(l_H”)("HM)p)

€0k leZn leZnr

< CYIFATI+ P A+
leZr

!

if we choose M > 2n + 2. Likewise, if 0 < p < 1, then by p-triangle inequality

sup [f()IP < Y IfAT L+ )PA+|I)~™MP
2€Q)k leZn
< Y AT+ PA+IpT
leZ"

if we choose M > (n + 1)/p. Therefore, integrating the above estimate over
y € Qj« with respect to u, yields

sup | £ ()P (Qj) < C Z<1+|z|)—"—1/ |fO0)IPdp.
Jok+l

2€Qjik leZn

Summing over k € Z",

D sup [F@IPr(Qix) < CUFNY b 2 A+ DT < CUANL 0

keZr ZEQj'k leZn

3.5)

which proves (3.4) under the constraint of K = [—1, 1]”. We remark that the con-
stant C in (3.5) is independent of x and that the hypothesis of  being a p4-doubling
measure was not used, yet.

Finally, to show (3.4) for a general compact K, let jo < 0 be such that
K C (A*)~0([—1, 11"). Define fio(x) = f(AfOx) and the measure u j, satisfying
wip(E) = (AN E) for Borel sets E C R”. Since supp fjo = (A*)/0(supp f) C
[—1, 1]*, we have by (3.5)
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548
Yosup I f@IP(Qi—jpi) = Y sup | fip (1P (Q)k)
kezn 2€Qj-jo.k kezn €2k

Cllfiall Ly = CULAN by (B:6)

A

Since u is pa-doubling, it is not hard to show that there exists ¢ = c¢(8) > 0,
depending only on p4-doubling constant 8, such that for any j € Z and k, [ € Z",
3.7

Qj—jok N Q1 # D = 1(Q)1) < cldet AP (@ jy 1)
For any | € Z",let z; € Qj,; be a point where SUPzeq;, | f(2)| is achieved. Let
k = k() € Z" be such that z; € Q;_j, . Then by (3.7),
sup | f(@IPu(Q;.0)

2€Qj—jo.k

c|det A|~/0B sup

2€Qj—jo.k

sup |f@IPu(Qj0) =

ZEQJ'_[

Lf @1 (Qj—jo.k)-

IA

Summing the above over / € Z" and using the observation that each dilated cube

O jo.k can be chosen at most 2" times, by (3.6) we have
> sup |F@1Pu(Q)0) < 2"cldet AP Y sup
kezr “€Qi-jok

1ezn “€9i1

| f @17 11(Q j— jo.k)

< ClAN e
[m}

which shows (3.4).
As a consequence of Lemma 3.1 we have the following corollary, which is a

refinement of [4, Lemma 3.1].
Corollary 3.2. Suppose K is a compact subset of R", 0 < p < o0, and  is a
pa-doubling measure on R". Then there exist c, N > 0 such that for all j > 0,

forall f € S with supp f C (A*)/K.

fLr
(3.8)

p [f ()] < il
veRe (L+[xDN 7~

Proof. Initially, suppose that j = 0. Take any f € S’ with supp f C K.ByLemma

3.1, there exists a constant C > 0 such that
sup sup | £ ()P u(Qox) < ClIFNT (-

keZ" z€ Qo k
Since p is pa-doubling, we have u(B,,(k,1)) < Cu(Qox) for some C > 0
depending on the doubling constant of w. Hence,
(3.9)

sup sup | f ()P (B, (k, 1)) < CIIfllLru,
keZ ze Qo k

Again, by p4-doubling of u, there exist constants C, M > 0 such that
forallk € Z". (3.10)

1(Bpy (0,1)) < C(1+ patk)M u(By, (k, 1))
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Moreover, by Lemma 2.2, we have

1+ patk) <C inf (14 pa(z)) < C inf (1+ |z, (3.11)
z€Qok 2€Q0.k

Combining (3.9)—(3.11),

sup | f(x)|? <Csup sup | f ()P
veRr (14 XM= = = o ze@oy (1+ patk)M
B, (k, 1 17
<Csup sup |fp B D) o Mg
keZ z€ Qo k M(BpA 0, 1)) U«(BpA 0, 1))
(3.12)

where the constant C depends only on p, K, and the p4-doubling constant of .
Hence, (3.8) holds for j = 0 with N = M /({_p).

To show (3.8) for arbitrary j > 0 we apply a scaling argument. Suppose f € S’
with suppf C (A*)/K. Define f-ix) = f(A_jx) and the measure u_; by
n—j(E) = w(A™JE) for Borel sets E C R". We remark that p4-doubling con-
stants of u and p_; are the same. Using (2.4) and (3.12),

up DLy VO i gy WL
rerr (1 +|x]) cern (1 +1A7Tx]) rerr (1 +1x])
< oy My €Ol

1= (Bpy (0, IDYVP " p(B,, (0, | det A|=/))1/P
_ C(Gp)| det APIP)]

(B, (0, 1)1/P
where in the penultimate step we again used p4-doubling of . Here, ¢ > 0O is a

constant independent of f and j > 0. This completes the proof of Corollary 3.2.
O

Wfllergoy < T llrg,  (3.13)

As one of the consequences of Corollary 3.2 we can conclude the completeness
of B(;,’q(R”, A, |u) spaces.

Proposition 3.3. The inclusion map i : B?[,’q = B‘;’q(R", A, ) — S'/P is con-
tinuous. Moreover, B%’q equipped with || - ||B‘7,‘q is a quasi-Banach space, i.e., B‘;’q
is a complete quasi-normed space.

Proof. We recall that So(IR"™) can be defined as a collection of ¢ € S such that
semi-norms

llglly = sup sup [97h@)(1EIM +16]™) <00 forany M e N.
[BI<M &R

(3.14)

Moreover, semi-norms || - ||37 generate a topology of a locally convex space on
So(R™).
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As aconsequence of Lemma 3.2 applied for f*¢; and K= Ung(A*)j (supp @),
there exists ¢, N > 0 such that forany j € Z and ¢ € S,

1(f * @i ¢ < ™ O £ il Lol + XDV ¢ (0)]loo
< 1 det A7/ flIgea 11+ 12D @ (0] loo
. . )
< M det AN fllgea  sup  [IBllp.y
|Bl<n+L,|y|<N
where ||@]lg,, = SuUp,cgn |xﬁ||87’qb(x)| denotes the usual semi-norm in S(R")
Let h € S(R") and r > 0 be such that h(é) = 1forall £ supp<p and supph C

{§ : 1/r < |&| < r} by (3.2). Hence, using suppgoj C supph] = (A*)/(supph)
where hj(x) = |det Al h(A7x), we have

I(f x @, Q) = [(f * @), hj* )l

< e Al fllgea  sup  [IR(AT) T )llp.y
|Bl=n+1|ly|<N

Using growth estimates (2.4) and (2.5) and simple but tedious support techniques,
one can control the above by semi-norms || - || 37 as in (3.14). That is, for any s; > 0
there exists M > 0 such that

sup  A((A") ) O)llp.,

|Bl<n+1,ly|<N
< Cldet A|7VI" sup sup (97 (©)| (€1 + &™)
|BI<M £cRn
= C|det A7V |p||yy  forany j € Z. (3.15)

Indeed, (3.15) follows from the simple observation that fz((A*)’jo)é(J is sup-
ported in the dilated annulus (A*)/ ({& : 1/r < |€| < r}), and therefore the decay
of qAb at the origin and at infinity can be used to control any kind of growth pro-
duced by taking derivatives of #((A*)™/.) in the computation of the semi-norms
||fz((A*)’j -)q3(~)|| g,y - For more details of these kinds of estimates, see the proof
of [4, Lemma 2.6]. Combining the last two estimates we deduce the existence of
M > 0 and s > 0 such that

(f % @j. @) < ClIS ol det A7V 1]

Hence, by Lemma 2.4
(D < DI 9 @) < C Y11 fllsal det A7V 1]y

JEZ jeZ
= Cllfllgeallglla,

which shows that i : By? < S'/P is continuous.

Once the continuity of the inclusion map i is established, the completeness of
B%’q (R"*, A, n) is immediate by Fatou’s Lemma and Lemma 2.4, if ¢ satisfies (2.9)
in addition to (3.2). In the case of general ¢ satisfying only (3.2) and (3.3) one must
use a variant of Lemma 2.4, where (2.10) is replaced by
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f= Z f*oi*V;, convergence in S’/ P,
JEZL

where v is as in Lemma 3.6 and &(x) = 1 (—x). This completes the proof of
Proposition 3.3. o

3.3. Wavelet transforms for B‘Ix,’q R™, A, )

Suppose that ¢, ¥ € S(R") are such that supp ¢, supp Vr are compact and bounded
away from the origin.

Definition 3.2. The ¢-transform S, often called the analysis transform, is the map
taking each f € S (R™)/P to the sequence Syf = {(Sypf)oloeco defined by
(Sef)o = (f @o). This is well-defined, since [ x¥¢g(x)dx = 0 for any multi-
index y. Here, we follow the pairing convention which is consistent with the usual
scalar product in L*(R™), i.e., (f, ¢) = f(@)for f € S’ and ¢ € S. The inverse -
transform, Ty, often called the synthesis transform, is the map taking the sequence
s ={sglgeq to Tys = Y pcq So¥o- We will show later that Ty s is well-defined
fors € b‘;’q.

Lemma 3.4. Suppose o € R, 0 < p,q < 00, and | is a ps-doubling measure.
Then there exist constants C, ) > 0 such that

I3l 4y < Clisllggaca,y  foralls ={solo, (3.16)

where the sequence s; = {(s7)g}peg is given by

lspl
Ho= Y, - .
PeQ. [PI=I0| 141017 pa(xg — xp)*

Proof. We start by showing that for any L > 8, where B is p4-doubling constant
of u, there exists C > 0 such that

n(Q)
Z - = Cu(P) forany P € Q. (3.17)
QeQ, |P|=|0] 1+10| IPA(XQ—xp))L

First, we will show that (3.17) holds for | P| = 1 with a constant C depending only
on B. Then by p4-doubling of

Z u(Qo.k) <c dp(x)

5 T patk=)E =7 Jan (4 palr —D)F

- C/ o dn)
By, (1) (1 4+ palx — )k

+CZ/ dp(x)
B

=3By 1de Al NB, , @ detal) (1+ pale =D
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o
< Cu(Bp, (1, 1)+ C Y ju(Bpy (I, | det AT  det A|~/E
j=0

< Cu(By,(, 1))(1 + Z|detA|<f'+”ﬂ—fL) < Cu(B,, (L, 1)) < Cu(Qoy).
j=0

To show (3.17) for a general P € Q with P = |det A|~/, it suffices to consider
a measure p_; given by u_;(E) = w(A=JE) for Borel sets E C R" and use a
scaling argument.

If p > 1 then by Holder’s inequality, 1/p+1/p" = 1, |(s}) o|” can be bounded
by

Z Ispl?
1 —1 _ A
peo pzig L T1QI7 palxg — xp))

( Z 1 )P/P/
X
peo pimio (L H 1€ Palxo —xp))?

lspl”
<C , (3.18)
) -1 o)
pea oo L T2 Palxg — xp))

since the sum in parenthesis is finite by a discrete version of Proposition 2.1. More
precisely, > ;7. (1 + pa(k))™ < oo for A > 1. If p < 1 then by p-triangle
inequality

Ispl?
Dol = > . (3.19)
1 -1 _ PA
P 1PI=0| (I+1017 palxg — xp))
Hence, if we choose A > Bmax(1, 1/p), then combining (3.17) with (3.18) or
(3.19) yields (3.16) by a straightforward calculation. O

The next result is a generalization of the fundamental result of Frazier and
Jawerth [19,22] on the boundedness of ¢-transforms on Besov spaces.

Theorem 3.5. Suppose « € R, 0 < p,q < 0o, i is pa-doubling, and ¢, €
S(R") are such that supp @, supp w are compact and bounded away from the origin.
Then the operators S, : B a TR, A, ) (@) — b (A, n)and Ty :b q (A, n) —

B q(R” A, w) (@) are bounded where ¢(x) = (p( x). In addition, lfga W satisfy
(2 6), (2.7) then Ty 0 S,y is the identity on By (R", A, w)(9) = By (R", A, 10)(§).

Proof. We will only prove the case of p, g < oo and leave details of the easier case
of p = oo or g = o0 to the reader. .

First, we will prove the boundedness of T, Take any s = {sp}o € b, ¢ with
finite support. Since the supports of ¢ and ¥ are bounded and bounded away from
the origin, there is an integer M such that supp ¢; Nsupp ; = @ for i — j| > M.
Therefore,

i=j+M
@ixH@= > Y splej*¥p)X).

i=j—M |P|=|det A|~i
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By direct calculations, see [4, Theorem 3.5], one can show that for any A > 1, there
is a constant C = C(A) > 0 such that

i=j+M
lpjx fOI<C Y > (DKo

i=j—M|Q|=|det A|~

Hence, by choosing A as in Lemma 3.4, we have

M , q 1/q
Tyslgs < c<z Y Y et AP 6D ko )
jez l:—M\Q\:|detA|—./+1 LP ()
. q 1/q
co(2r| ¥ el )
JELI=—M " |Q|=| det A|~J L2 (w)
< Cllsxllbg;q = Clisliyza- (3.20)

To show that the same estimate holds for arbitrary s € b%?, we apply the above
argument for some special ¢ satisfying additionally (2.9) and (3.2). Then by Prop-
osition 3.3 and (3.20), Tys = Y, SoV¥ ¢ is a well-defined element of /P, since
sequences with finite support are dense in b ! for p, q < oc. Hence, by a limiting
argument, the above estimate must also hold for arbitrary s € b%?, which shows
the boundedness of Ty, .

Next, we will prove the boundedness of S,,. Suppose that f eBZ’q @®R", A, w)(@)
and sg = (f, ¢g). Since, forany Q € Q,

I(f, 00)l = 101213 * HHxg)l < 10I'? sup 1@ * @I,

hence, by Lemma 3.1 applied for ¢; * f,

H > 10 selio

|0|=| det A|~J Lraw

< Cldet A¥YG; * fllLr-

Summing the above raised to the power of g over j € Z yields ||S, f ”b‘f,“’ =
||S|||',”‘7 = C”f”]';”"(]gn A, ) (@)
Fmally, if we assume additionally that ¢ and  satisfy (2 6) and (2.7), then by
Lemma 2.5, Ty oSy is the identity on B "4 More precisely, B a TR, A, ) (@) —
a 1R", A, ) (@) is a bounded 1nclu510n Hence, by reversmg the roles of ¢ and
7 we have

B[R, A, w)(@) =By (R", A, 1) (p),

which completes the proof of Theorem 3.5. O
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3.4. Basic properties ofB‘;,’q @®R", A, 1)

Next, we will show that the definition of Besov spaces B‘;’q(R”, A, ) does not
depend on the choice of ¢ satisfying (3.2) and (3.3). We will use the following
elementary lemma, see [4].

Lemma 3.6. Suppose ¢ € S satisfies (3.2) and (3.3). Then there exists € S such
that (2.6) and (2.7) are satisfied.

Corollary 3.7. Suppose thato € R, 0 < p, g < 00, and p is pa-doubling measure.
Then the space B?,’q is well-defined in the sense {hgt, for any ¢! and @2 satisfying
(3.2) and (3.3), their associated quasi-norms in Bp’q(R”, A, W(hH, i = 1,2, are
equivalent, i.e., there exist constants C1, Co > 0 such that

Cull gt e a ety = 1 lBg1 @e a0 = C2lF g @, anen-
3.21)

Proof. Suppose that ¢! and ¢? each satisfy (3.2) and (3.3), then by Lemma 3.6, it
is possible to find wl and 1/;2 so that (2.6) and (2.7) are satisfied for each pair ¢,
Y',i =1,2. Then by Lemma 2.5,

||f||B‘;vq(Rn,A,M)(¢l) = ||(T¢2 © S¢2)f||B‘[’§'q(Rn,A,ﬂ)(wl) = C||S¢2f|||',‘1";q(A,#)

= Cllfllpes @ a.uy@2):

by the boundedness of S¢2 and Tx/}Z’ since the pair ¢2, 1/}2 satisfies (2.6) and (2.7).
Reversing the roles of ¢! and ¢, yields (3.21). O

Remark 3.2. Tt follows from the above argument and Theorem 3.5 that we have a
more general estimate

111 @ gy < Cllfllggs forall £ € By,

where ¢ € S is such that supp ¢ is compact and bounded away from the origin.
Hence, ¢ may not necessarily satisfy (3.3) and consequently Bg’q(R”, A, w)(p)
may not be a complete quasi-normed space.

We will also need the following very useful fact, which resolves all sorts of
issues caused by the fact the elements of BZ’q are equivalence classes of tem-
pered distributions &’ modulo polynomials P. This result guarantees the existence
of canonical representatives of elements in B‘;,’q modulo polynomials of degree
< L = |a/¢_]. Proposition 3.8 is a generalization of [21, Remark B.4] and [27,
pp. 52-56] in the unweighted case and [8, Proposition 1.1] in the weighted case.
The analogous result for weighted anisotropic Triebel-Lizorkin spaces was shown
by the author and Ho [4].

Proposition 3.8. Suppose that « € R, 0 < p,q < oo, p is pa-doubling mea-
sure, and f € Bg’q(R”, A, ). For any ¢' € S(R") such that supp ¢! is compact
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and bounded away from the origin, and (2.9) holds, there exists a sequence of
polynomials {Pkl},‘?il with deg Pkl < L = |a/¢_] such that

gl = kli>rrc:o< ‘Zk(wl)j * f + P,§> (3.22)
=

exists in §’. Moreover, ifngis the corresponding limit in (3.22) for some other
@? € S(R™) such that supp @2 is compact and bounded away from the origin, and
(2.9) holds, then

¢'—g>eP and deg(g' —g® <L. (3.23)

In particular, Proposition 3.8 asserts that if « < 0 then the polynomials {Pkl}
are simply not needed in (3.22) and the limit g = limy_, Zj‘;_k (<p1)j * f exists
in &’ and is independent of the choice of ¢! as above.

For the sake of completeness we include the proof of Proposition 3.8, which is
a minor modification of the corresponding Fi’q result [4, Proposition 3.8].

Proof. Note that Lemma 2.4 already guarantees the existence of polynomials
{Pk1 oo, with deg Pk1 < d for some d > 0 such that (3.22) holds. However, it is not
clear why d could be chosen to be < L = |«/¢_] and why (3.23) holds. Never-
theless, by Lemma 2.4 we know that Z?io (ga1 )j * f converges in S’, see also [4].

Let ¢, N > 0 be the constants guaranteed by Corollary 3.2 for a compact set
K = Uj<O(A*)j(supp @1). Then, for any j < 0 and a multi-index 8, by Remark
3.2 and Lemma 3.2,

up 108 (1) x H(0)]
cern L+ [xDV

< cll? (") * Hllrgy = cll@ @) * fllLr

<C Y lay @7 @Y fllew)

ly =18l
< C()Li)jlﬂ||detA|_J'°l Z ||f||B‘}‘,’°O(R”,A,M)(BV<p1)
ly =18l
< C| detA|](“3|§*_°‘) Z ||f||B‘;’q(R",A,u)(8V¢J1)
ly =18l
<C| detA|f('ﬂ'f—*“>||f||3g.q. (3.24)

Here, we used that for any ¢ € S and a multi-index S, there exists a constant C > 0
such that for all j > 0, we have

Pojx)= > ayj(@¢);x),  wherela, ;| <CO_)". (325
ly1=18]

This follows from the chain rule and the estimate ||A/||V] < C(A_)/! for j <0,
see also [3, the proof of Lemma 5.2].

Therefore, by (3.24), Zj<0 85((<p1)]~ x f) converges in S’ for any |8| > L,
since |8]|¢{— —a > 0.Consequently, [4, Proposition 2.7] yields polynomials {Pkl},fil
with deg P! < L and g' € &' such that (3.22) holds.
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To show (3.23), let ¢? be another function satisfying hypotheses of Proposi-
tion 3.8, and let g2 € S’ be the corresponding limit of (3.22) for some sequence
of polynomials {P,f},fil with deg sz = L. Since g' and g? represent the same
equivalence class in 8’/P of f € B%’q, g' — g2 is a polynomial. Let K =
U j<0(A*)/ (supp ¢! U supp ¢2). Then, by a simple support argument and (2.9),

supp( D Wphyx f = (@) * f)) C(A"7* K foranyk € Z.
j=—k
(3.26)

Let ¢ be given by

$(6) =D ¢l (A TE) — 2 (AN VE), (3.27)

J=0

Then it is not hard to verify that ¢ is C*° and that the support of ¢ is bounded and
bounded away from the origin. Moreover,

DU f— @ jxfH=puxf foranykeZ,  (3.28)
j=—k

where the series converges in S’, see [4]. Hence, by (3.24) and (3.28), forany ¢ € S
and |B| > L,

0P (g" — g%). )1 = ‘kll“;o< D @D f+P— @)= f = P, ¢>‘
j=—k

o0

zkli‘EoK 2 aﬂ((w‘)j*f—<¢2)j*f>,¢>’ = lim [(37(pi % 1), )]
J

=—k

. 108 (@i * £) ()]
< lim sup —
k—00 ;. cRr (1 +|x])

< C lim |det A|7KIBE==0)|| £}|2ay = 0.
k—00 P

/ (1 + 1DV |6 (0)ldx
Rn

This shows (3.23) and completes the proof of Theorem 3.8. O
As an immediate corollary of Lemma 2.5 and Proposition 3.8, we have

Corollary 3.9. Suppose that « € R, 0 < p,q < 00, p is pa-doubling measure,
and f € B‘;f’q(]R", A, ). Given o', ! € S satisfying (2.6) and (2.7), there exists
a sequence of polynomials {Pkl},fil with deg Pk1 < L = |a/¢—] such that

k— 00
0€Q, |det A|*F<|Q|<|det AJ¥

g':= lim ( > (f, (¢1)Q>(w1)Q+P,3> (3:29)

exists in S'. Moreover, if g* is the corresponding limit in (3.29) for some other
@2, v? € S satisfying (2.6) and (2.7), then (3.23) holds.
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3.5. Inhomogeneous Besov spaces

In this subsection we briefly describe basic properties of inhomogeneous Besov
spaces BZ’q. Most of them are straightforward modifications of the corresponding
homogeneous results and therefore we will only outline required changes.

Definition 3.3. Fora € R,0 < p, g < oo, and ju a ps-doubling measure, we define
the weighted inhomogeneous anisotropic Besov space B%’q = B%’q(Rn, A, ) as

the collection of all f € S’ such that,

* ] l/q
1 lgza = 11 f % @llLrgo + (ZG det A £ ¢,/||Lp<m>q> <,
j=1

where ® € S(R") and ¢ € S(R") satisfy (3.2), (3.30), and (3.31),

suppci> C [-m, 7], (3.30)
S'ulil’{@((A*)*jé)L 1DE)} >0  foralls e R, (3.31)
j=

As in the homogeneous case, this definition is independent of ® and ¢ as above.
Let Qo = {Q € Q : |Q| < 1}. The sequence space, b‘;’q = b‘;,’q(A, W) is the
collection of all complex-valued sequences s = {sg}pcg, such that

o q 1/q
S|pees = < 00,
Is e (Z )

=0 LP ()

> 101 %50l %0
0€Q,|0|=|det A|~J

where g = | Q|12 X0 isthe L?-normalized characteristic function of the dilated
cube Q.

Since b';f’q is trivially isometrically imbedded in l')‘;,’q, virtually all results for
Bz’q have immediate analogues for b%’q. In particular, it is immediate that Lemma
3.4 holds for b;’q.

We can also define -transform S, and the inverse ¢-transform T, correspond-
ing to the inhomogeneous setting.

Definition 3.4. Suppose that ®, ¥ € S(R"), ¢, ¥ € SR") satisfy (3.2), (3.3), and
(3.31). Define the inhomogeneous @-transform S, = So to be the map taking each

fe S’ (R") to the sequence S, f = {(Syp )0} pe0, defined by
(S o =(f.Po) if 1QI=1, SpfHo=(fivo) i 10l <L

The inhomogeneous inverse p-transtorm Ty, = Ty v is the map taking the sequence
s ={sp}gey 10 Tys =391 50¥0 + 2 g<1 S0V 0-

Given a pair &, ¢ € § satisfying (3.2), (3.30), and (3.31) one can show that
there exists another pair W, ¢ € S satisfying the same properties such that

bE)wiE) + D (A TET((AN gy =1 forall§ eR". (3.32)

j=1
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Moreover, we have the following representation formula,

f= Y (£ P)Wo+ Y (f00)Vo, (333)
[Q|=1 10l<1

for any f € S’'(R") with convergence in S’.

One can then show that Theorem 3.5 adapts directly to inhomogeneous setting.
That is, S, is a bounded operator from B%? to b, and Ty is a bounded operator
from b%’q to Bg’q. Moreover, if &, ¥ € S(R") and ¢, ¥ € S(R") satisty (3.2),
(3.30), and (3.31), then Ty, o S, is the identity operator on BZ’q. Consequently,
an analogue of Corollary 3.7 also holds for B‘;’q. Note that technical convergence
issues in &’ /P covered by Proposition 3.8 and Corollary 3.9 are non-existent in
inhomogeneous case thanks to (3.33).

4. Almost diagonal operators

In this section we study the class of almost diagonal operators on b%’q (A, u), which
was introduced in the dyadic case by Frazier and Jawerth [21]. Almost diagonal
operators on f "1 spaces for expansive dilations were introduced by the author
and Ho [4]. The interest of these operators on b ! spaces arises from their close
connection to operators on Besov B 4 spaces.

Definition 4.1. Suppose « € R, 0 < p,q < oo, and i a pa-doubling measure.
Let J = B/p + max(0, 1 — 1/p), where B is ps-doubling constant of u. We say
that a matrix {agp} o, peg is almost diagonal, if there exists an € > 0 such that,

sup lagpl/kgp(€) < o0 “.1)
Q,PeQ

where

101\ (., pateo—xp) \ 77 L T(10] PP e
= = 14 PAto—p) . '
rort® <|Pl) <+max<|P|,|Q|>) mm[(m) (IQI) }

Consequently, we say that A is an almost diagonal operator on Ba’q (A, w), if
it is associated with an almost dlagonal matrix {agp}o peg. That is, (As)g =

Y 0coaopsp foreverys = {sp}p € b,

Remark 4.1. We remark that almost diagonal condition for bg’q and fg’q are identi-
cal, with the exception of the method of determining the decay parameter J, see [4,
Definition 4.1]. In the unweighted case the corresponding J = max(1, 1/p, 1/q)
for f,,'¢ versus J = max(1, 1/p) for b;?. Moreover, since the doubling constant
always satisfies 8 > 1, we have J > 1.

Lemma 4.1. Suppose | is a pp—doubling measure, and L > S, the doubling
constant of . Then forany i < j € Z and Q € Q with |Q| = |det A|™/, we have

u(P) .y
2 < Cldet AV u(Q),  (42)
peo. pmaea LT PaGo —xp)/IPDE

where the constant C depends only on L and B.
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Proof. Let P’ € Qbesuchthatxp € P’ and |P’| = |det A|™". Since u is pa-dou-
bling, it is not hard to show thay there exists C > 0 (independent of i, j, and Q)
such that u(P’) < C|det A|Y=DB 1 (Q), see (3.7). Therefore, by (3.17),

Z w(P)
(14 palxg —xp)/IPDE

PeQ, |P|=|det A|~!

P
=C ) 1+ (M() )/IPDE
PeQ, |P\=|detA|_i pAXP! *p /
< Cu(P') < Cldet A|V=7P1(Q),

which shows (4.2). |

Theorem 4.2. Suppose o € R, 0 < p, g < 00, and ju a pa-doubling measure. An
almost diagonal operator A is bounded as a linear operator on b?[,’q (A, ).

Proof. We will first show that the proof of Theorem 4.2 can be reduced to the case
of o = 0. This is not surprising, since analogous reducing technique works also for
f,'?, see [21, Theorem 3.3].

Suppose that Theorem 4.2 is true in the case @ = 0. Let .A be an almost diagonal
operator on l')g‘q with matrix {agp}o, p. Let B be a linear operator on B(I),’q with
matrix {bgp}o, p defined by

bopr = (IP|/IQ)*agp.

It is easy to see that 3 satisfies the almost diagonal condition (4.1) with @ = 0.
Given {sp}p € by?, define {tp}p € Bf,),’q by tp = |P| %sp. By Theorem 4.2 for
a =0,

| Seorse

= o = b t
oo 1 ereers] | = |{Zrere]
)4 P Q )4 P Q

= C”{tP}P”b%q = C||{SP}P||BZ,¢1,

-0,q
b,

which shows the reduction to the case o = 0.

Next, it remains to show Theorem 4.2 for « = 0. Again, we consider only the
case of p, g < oo leaving details of the special case of p = 0o or ¢ = 00 to the
reader.

Let A be an almost diagonal operator on B(,),’q with matrix {agp}g, p satisfying
condition (4.1). We write A = Ay + Ay, with

(AoS)Q = Z agpsp and (Als)Q = Z agpsp
PeQ, |P=|Q] PeQ, |PI<|O|

fors = {sp}p € by?. For 0 € Q, |Q| = | det A|~/, we have

[(Aos)ol < C Y kor(elsp|
[P1=|Q|

<c Y (Q)““’” jsp|
T AT \IP (1+ [P~ palxp — xp)) 't
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<C > > |detAlimDHOn Isp|

1+(Pl-1 _ Jte”
i€Z, i<j |P|=|det A|~i (A+IPI™ palxp xQ))

Hence, if p > 1 then by Holder’s inequality, 1/p + 1/p’ =1,

| det A|(—D)pe/4 p/r
|(Aos)ol” < C(Z > I I
— +p'e/2
i=7 |Pl=dot Al L+ [P|7 palxp — x0))
O L e —

1 Pl _ B+pe/2”
i< |P|=|det A|~ (L+IPI™ palxr = x0))

By Proposition 2.1 and by a simple geometric series estimate, the double sum in
the above parenthesis is finite, and hence

|detAl(i—j)p(1/2+6/4)|sP|p
des)alP < C ) 43
[(Aos)gl” = E T+ P Tpalxp — xg))ftrei2’ 43)

i<j |P|=|det A|~i

Analogously, if p < 1 then by p-triangle inequality we also obtain (4.3). Since,

palxp —x) < H(pa(xp —xp) + palxg —x)) < H(palxp —xg) +10|c)
forany x € Q,

hence, by (4.3),

det A|G—DHp1/2te/4) p q/p
||A05||q0q < C (/ Z Z | de |1 lspl . )(Q(xzd (x))
" (I+|PI pa(xp — x))BFPe/2 | Q|P/

JEZ i<] |P|=|det A|~F
|Q|=|det |~/

¢ (Z 2. / | det A|IPARTD )P dpa(x) )q/p
TN it g (LHIPIT patxp —x)PEPe2 | det A=/

CZ Z|detA|(i_j)p€/4 Z Isp|? u(P) q/p
- e
je

i<j |P|=|det A~

Here, we used that forany L > S and P € Q,

dp(x)
re (14 palxp —x)/IPDE ~

< Cu(P),

which is a continuous analogue of (3.17). Thus, if ¢/p > 1 then by Holder’s
inequality, p/q + 1/r = 1, the last expression in parenthesis is bounded by

1/r q/p\ /e
E |detA|(i—j)pre/8 E |detA|(i_j)q€/8 |sp|p&
2 P72

i<j i<j |P|=|det A|~F

o q rlq
5C(Z|dem|(’—1>46/8 > seie )

. . . 2
i<j |P|=| det A|~ LP(u)
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Likewise, if ¢/p < 1, then by g/ p-triangle inequality we arrive at the same esti-
mate. Therefore,

I Aoslifo, < €YD Idet AITIB %7 spip
P jezZi<j |P|=]|det A~ LP(u)
q
scy | X sexe|  =Clslliy,
i - —i LP () P
i€Z " |P|=|det A|

To complete the proof of Theorem 4.2, it remains to show similar bounds for
Ayis.For Q € Q, |Q| = |det A|7/, we have

[(A1s)pl < C Z Z | det A|U—D(€/2+1-1/2)
i€Z, i>j|P|=|det A|~
% Isp|
(1+ 1017 pa(xp — xg))/Fe’

Thus, by similar calculations as for 4¢s and by Holder’s inequality or by p-triangle
inequality,

|det A|U=DPB/p=1/24€/) |5, |P
Ais)ol? < C . ‘s
[(A1s)ol” < Z Z (1+|Q|—1PA(XP_XQ))/3+I,€/2 4.4

i>j |P|=|det A|~

Hence, by Lemma 4.1 and by summing first over Q,

| det A|U=DPB/P=1/24¢/Dgp P p(Q) \V/P
I A, <C Z (Z Z 1 B+pe/2 /2
b . (L +1Q17 palxp — x0))PFPe/= | QP

JEL “i>] |Pl=|det A~
1Q|=|det A|~J
q/p
<CZ<Z|detA|(ji)p(ﬂ/p+e/4)+(ij)ﬂ ) |SP|pLP/)2>
< Py
jez Ni>j |P|=|det A|~i Pl
q/p
(—i)pe/4 p H(P)
ch(Zmam > sl )
JEZ “i>] |P|=|det A|~*

Again, by Holder’s inequality (if ¢/p > 1) or by ¢/p-triangle inequality
(ifg/p =<1,

I Aislfo, < CY 0D Idet AIYTE] YT spgp
! JELi>j |P|=| et A|~i LP ()
q
<C Z Z SpXP = C”S”;I‘)O,q'
i€Z " |P|=|det A|~ LP () P

This completes the proof of Theorem 4.2. O
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5. Atomic and molecular decompositions

5.1. Smooth molecules

Our goal is to define smooth molecules on Besov spaces adapted to anisotropic
setting of expansive dilation matrices considered in this work. To achieve this we
will adapt the usual notion of smooth molecules associated with dyadic dilations
by Frazier and Jawerth [19,21,22] to a non-isotropic situation. For the motivation
behind Definition 5.1 we refer to [4, Section 5.1].

Definition 5.1. Supposea € R,0 < p, g < 0o, and B is a p4 -doubling constant of

measure (. Let J = B/p+max(0, 1 —1/p) and N = max(|[(J —a—1)/¢_], —1).
We say that W o (x) is a smooth synthesis molecule for B‘;‘,’q (R"*, A, ) supported

near Q € Q with |Q| = | det A|_-/ and j € 7, if there exist M > J such that

y . | det A|//2
|07 [Wo(A™/)]1(x)| < (0 + pax — Alrgh¥ Jorly|l < la/e—1+1, (5.1)
W)l < [det A (5.2)
O = 0¥ pa(Ad (x — xg)))max(ML. (M=)t /2) '
/x"lI/Q(x)dx =0 for|y| <N. (5.3)

We say that a collection {W g} gcg is a family of smooth synthesis molecules, if
each W g is a smooth synthesis molecule supported near Q.

We say that ® o (x) is a smooth analysis molecule for B%’q (R™, A, ) supported
near Q € Qwith |Q| = |det A|™/ and j € Z, if there exists M > J such that

A | det A2
1PN = G S forl SN L G
© - | det A|//2 ss

[Pol = 5 + pa(AT (x — xg)))max(M.Itaty /L +M=1)" )

[ 37 @oiar =0 joriyi < laje-. 5.6)

We say that {® g} pco is a family of smooth analysis molecules, if each ® ¢ is
a smooth analysis molecule supported near Q.

The following remark is needed to clarify the above definition.

Remark 5.1. In Definition 5.1, ®p and Wg should be understood as a function
indexed by Q € Q, which is not necessarily equal to the usual convention W (x) =
| det A|/ 2@ (AJx —k) used throughout Section 3. Conditions (5.1) and (5.4) should
be understood as follows. Let D4 be the dilation operator given by Dy f(x) =
f(Ax). Then the left hand side of (5.1) is simply |97 (D 4-; W) (x)| and similarly
for (5.4). Moreover, to avoid any ambiguity, (5.1) and (5.4) require that W and ® o
have continuous partial derivatives of order |«/{_ | + 1 and N + 1, respectively.
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Remark 5.2. If a« < 0 then the smoothness condition (5.1) is void. Likewise, if
o > J — 1then N = —1 and the vanishing moment condition (5.3) is void.
Furthermore, if « = 0,0 < p < 1 and u is the Lebesgue measure, then N =
L(J —D/¢—] =1(1/p—1)/¢_], and (5.3) coincides with the vanishing moment
condition for atoms in the anisotropic Hardy space H f; (R™), see [3, Section 4].
Similar comments are applicable for smooth analysis molecules.

Remark 5.3. Analogous definition of smooth molecules for Triebel-Lizorkin spaces
was introduced by the author and Ho [4]. The definitions of smooth molecules for
both B}'? and ¥;¥ spaces are virtually identical with the only exception being
the method of calculating the decay parameter J. Hence, all properties of smooth
molecules derived in [4] can be readily applied to the case of Besov spaces.

The main motivation behind somewhat non-obvious orders of decay and smooth-
ness imposed on smooth molecules is revealed in the following lemma, which is a
non-isotropic variant of [21, Corollary B.3].

Lemma S.1. Suppose {<I>Q}Q and {V g} o are families of smooth analysis and syn-
thesis molecules for Bp 4 respectlvely Then the matrix {agp}, given by agp =
(Wp, @), isalmost diagonal onb 1. More precisely, there exist C > Oande > 0,
such that

[(Wp, Pp)| < Ckgple)  forall Q, P e Q.

The proof of Lemma 5.1 for F ! spaces can be found in [4]. Since the notion
of almost diagonal matrices is 1dentlcal for both b% » 7 and f 4 (with the exception
of the way the decay parameter J is computed) then by Remark 5.3, exactly the
same proof as in [4] yields the corresponding result for B .

We also have two immediate consequences of Lemma 5 1 and the following
approximation result, the proof of which can be found in [4].

Corollary 5.2. Suppose {V o} ¢ is a family of smooth synthesis molecules for B‘;,’q
and ¢ € S(R") withO & supp ¢. Then the matrix{agp}, givenbyagp = (¥Yp, ¢g),
is almost diagonal.

Corollary 5.3. Suppose {® g} is a family of smooth analysis molecules for B‘;,’q
and ¢ € S(R™) with 0 ¢ supp 1& Then the matrix {agp}, given by agp =
(Yp, ®g), is almost diagonal.

Lemma 5.4. Suppose that ® is a smooth analysis (or synthesis) molecule of sup-
ported near Q € Q. Then there exists a sequence {¢r}7>, C S and ¢ > 0 such
that ¢y is a smooth analysis (or synthesis) molecule supported near Q for every
k, and ¢ (x) — ®(x) uniformly on R" as k — oo.

5.2. Smooth molecular decompositions

We are now ready to show generalizations of Theorem 3.5 in the situation when the
usual wavelet families of translates and dilates {¢po} pc g and {¥r g} pc 0 are replaced
by families of smooth analysis {® o} pecg and synthesis molecules {Vp}pcg.
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Theorem 5.5 (Smooth Molecular Synthesis). Suppose A is an expansive matrix
and | is a ps-doubling measure. Then, there exists a constant C > 0, such that
for f = ZQEQ soWo and (Wl a family of smooth synthesis molecules for
B‘;,’q (R™, A, ), we have

I£llgze < Cliisolollyze  forall {sg}o € by,

Proof. ByLemma2.5, we can write Wp = ZQ (Wp, o) Yo with the convergence
in §’/P. By Theorem 4.2 and Corollary 5.2, A given by the matrix {agp}g.r =
{{(Wp, 9o)}o,p is a bounded operator on b,/ (A, 11). Since,

TyAs =YY agpspo =Y pspr Y o(Wp.0o)bo =Y pspWp = f
o P
then by Theorem 3.5,

1 F g gen a oy = Ty Al an 4y < ClASlIgzacq < Clisllzaca -
O

If 0 < p < 1 then the conclusion of Theorem 5.7 still holds when smooth mol-
ecules {Wp} ¢ are not necessarily indexed by the usual family of dilated cubes Q,
but instead they can be indexed by less structured families of cubes. More precisely,
one can allow families of cubes of the form

Q ={Q =A7(0,1]"+x1): j €Z, xj1 € R"}

where for each j € Z, {x;x}x is an arbitrary sequence of points in R". Then we
have the following result.

Theorem 5.6. Suppose that 0 < p < 1 and {Vy'}geg is a family of smooth

synthesis molecules supported near cubes Q' € Q', where Q' is as above. Then,
for f = ZQ’GQ’ soWor, we have

1/q

q/p
1 llgzs < c(Z( > (IQ’I_“_l/zlsQfl)pM(Q/)> ) - (57)

JEZ " Q'eQ, |Q'|=|det A|~/
Proof. Since we cannot use almost diagonality argument as in Theorem 5.5, we
must resort to elementary, but tedious calculations yielding
| det A|//2=U=DEHHD (14 pp (AT (x— A7 i 0))) ™™ for j =1,
loj* Vo ()| =C /2~ (i— ) (J—at+e—1/2) j —i -M .
| det A}/ J (I4+pa(AT(x—AT"xi 1)) for j <i,

where ¢ satisfies (3.2) and (3.3), Q' € Q@ with |Q'| = |detA|™", M > J = B/p
and ¢ > 0. Alternatively, one can show the above by applying [4, Lemmas 6.3 and
6.4]. Hence, if we write

pj* f= (Z+Z) Y soeixVo,

i<j i>j7 |Q/|=|det A|~F
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and use a continuous version of estimate (4.2) and p-triangle inequality, we obtain

_ o q/p
”f“;g(;,q < C Z <Z | detA|lp(Ol+1/2)_(]—l)P8 Z |SQ/|PM(Q/)>

JeZ “isj |Q’|=]det A|~
+C Z (Z | det A|P@+1/D=(=Dp(J+e)
JEZ “i>j
a/p
x ) |sQf|P|detA|ﬂ<"—f>u(Q/)> :
|Q'|=|det A~

Thus, by Holder’s inequality if ¢ > p and by g/ p-triangle inequality if ¢ < p, we
have (5.7). O

Next, we will show the converse of Theorem 5.5.

Theorem 5.7 (Smooth Molecular Analysis). Suppose A is an expansive matrix and
W a pa-doubling measure. There exists a constant C > 0, such that, if {®p}o isa
Sfamily of smooth analysis molecules, then

I(F. ool < Cllfllgge  forall f € BYI@®", A, ).

The main technical difficulty in the proof Theorem 5.7 is to justify the mean-
ingfulness of the pairing (f, ®¢), since f € B;’q is an equivalence class in S’/ P,
and & may not even belong to S. Therefore, we need to show a precise pairing
procedure, which is a consequence of Proposition 3.8.

Lemma 5.8. Suppose f € B‘;f’q (R*, A, 1) and ® ¢ is a smooth analysis molecule
for Bg’q(R”, A, ) supported near Q € Q. Then for any ¢, ¥ € S(R") satisfying
(2.6) and (2.7), the series

(f, @o) =Y (@ * ¥ * £, Do) = Y (f.op)(¥p, Dp) (5.8)

JEZ PeQ

converges absolutely and its value is independent of the choice of ¢ and \ satisfying
(2.6) and (2.7).

The proof of Lemma 5.8 is virtually the same as the proof of the analogous
result for Triebel-Lizorkin spaces, see [4, Lemma 5.7].

Proof. First, note that for any f € B}'?, there exists a matrix {bgp}g pcg such
that bgpp > 0 and

[(f.op)I(Wp. @) <bgp and > bgp < oo, (5.9)
P

whenever ¢ is a smooth analysis molecule supported near Q. Indeed, (5.9) follows
by Corollary 5.3 and Theorems 3.5 and 4.2. This shows the absolute convergence
of the series in (5.8).
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To show independence of the choice of ¢ and ¥, let {¢};°, C S be the sequence
of (constant multiples of) smooth analysis molecules supported near Q and converg-
ing uniformly to ®y guaranteed by Lemma 5.4. By Proposition 3.8 and Corollary
3.9, there exists a sequence of polynomials { P2, withdeg Py < L = |a/¢—]
such that Z?O:_k @j*¥j* f+ Px converges in S” as k — oo. Therefore, for each
[, we can define

(fsr) = <k11)11;0 _Zkfﬁj *Yj* f+ P, ¢z> = Hm ‘Zk@j *Yj* fo i)
J== J==

= lim Yo (feer)ur.di) =) (foer)r. ).

PeQ,|P|>|det A|* PeQ

since the above series converges absolutely by (5.9). Moreover, by (3.23) in Prop-
osition 3.8 and (5.6), this definition does not depend on the choice of ¢ and .
Since (Yp, ¢1) — (Yp, Pg) as | — o0, by (5.8) and the Lebesgue Dominated
Convergence Theorem,

S (foep)Up.dr) > Y (foop)(Wp. Pg)  asl— oo.
PeQ PcQ

By the above reasoning, this limit is independent of ¢ and ¥ satisfying (2.6) and
(2.7). This shows that { f, ® ) is well-defined by (5.8) and completes the proof of
Lemma 5.8. O

Proof of Theorem 5.7. Once Lemma 5.8 is shown, the proof of Theorem 5.7 is
trivial. Recall that by Lemma 5.8,

(f, ®o) =Y (f.0p) VP, Do).

P

By Theorem 4.2 and Corollary 5.2, the operator A given by the matrix {agp}o p =

{(¥p, Do)}, is bounded on by (A, w). Since (f, o) = Y- p(f, pp)age, by
Theorem 3.5, we have

”{(fa d’Q)}”[’,‘;-‘f(A,M) = ”AS(pf”[,‘;-‘i(A#) < C”f”B‘;,"I(R",A,u)' O

5.3. Smooth atomic decompositions

In this subsection we introduce smooth atoms for anisotropic Besov spaces and
show their atomic decomposition. This extends the classical smooth atoms for
dyadic dilations introduced by Frazier and Jawerth [19].

Definition 5.2. A function ag(x) is said to be a smooth atom supported near a
dilated cube Q = Q = A7/ ([0, 11" + k) € Q if it satisfies
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suppag C A~/ ([=80, 1 + 81" + k), (5.10)
where 8y > 0 is some fixed constant, and
87 lag(A™)]W) <1072 forly| < K, (5.11)
/Rn xYag(x)dx =0  for|y| <N, (5.12)
where N > N is the same as in Definition 5.1 and K > max(la/¢—] + 1,0).
Recall that
N =max(|[(J —a—1)/¢_],—1), where J = B/p + max(0,1 —1/p).

We say that {ag}ocg is a family of smooth atoms, if each function ag is a
smooth atom supported near Q.

Remark 5.4. 1t is clear that every smooth atom ag is always some fixed constant
multiple of a smooth synthesis molecule supported near Q. Moreover, this constant
multiple depends only on §o > 0, which controls the relative size of the support
of ag. Indeed, the support condition (5.10) together with (5.11) imply the decay
conditions (5.1) and (5.2) for any value of M > J.

Theorem 5.9 (Smooth Atomic Decomposition). Suppose A is an expansive matrix,
a €R 0 < p, g <oo,and L a ps-doubling measure. Forany f € B%’q there exists
a family of smooth atoms {ag} and a sequence of coefficients s = {sg} € b;’q,
such that,

f=7 seag, and lsllyzs < Clflgzo, (5.13)
0eQ

where the above series converges unconditionally in B‘,x,’q. Conversely, for any
Samily of smooth atoms {ag},

H > :SQaQH, < Clisllyea. (5.14)
Ba.q J;
(@) p

Proof. The converse direction (5.14) follows immediately from Theorem 5.5 and
Remark 5.4. Let 6 € S be such that suppd C B(0, §p), and

/xye(x)dx =0 forall|y| <N, (5.15)
0E)=c>0 forall [|AIND~" < |&] < L. (5.16)

The construction of such 6 can be found in [19, Theorem 2.6]. Then, one can show,
see [4, Theorem 5.8], that there exists ¢ € S satisfying (3.2), (3.3), and

D AN E((AME) =1 forall & € R"\ {0}.

JEL
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Therefore, by Lemma 2.4 we can expand f € B5? as

f=) 60i%ej*f.

JEZ

where the equality and convergence is in S’/P. Consequently,

=¥ fQ 6;(x = Nigj * Ny, (5.17)

JEZ QeQ, |Q|=|det A|~J

We will show the above series converges in B;’q, and consequently, by Lemma
2.5 and Proposition 3.3, it must converge to f in S’/ P. Indeed, for Q € Q with
|Q| = | det A|~/, we define

so = 101" sup |(; * £V,
yeQ

ag(x) = {sél Jo 0iCx =) * H(dy, if s #0,
0 lfSQ =0.

Hence, we can rewrite (5.17) as f = ZQEQ spag.
Therefore, by Lemma 3.1 (sg:e also the proof of the boundedness of S, in Theo-
rem3.5) wehaves = {sp}o € b},? and ||s|lyze < C||f||gzs. Hence, to guarantee,

that the series (5.17) converges in B%’q, by Theorem 5.5 and Remark 5.4, it suffices
to verify that each a is a smooth atom. It is immediate that a ¢ satisfies (5.10) and
(5.12). Finally, to verify (5.11) it may be necessary to re-normalize {ag} and {sp}
by some fixed multiplicative factor depending only 6. The verification of this is a
routine and can be found in [4]. This completes the proof of Theorem 5.9. O

5.4. Atomic and molecular decompositions of B;’q

The above smooth atomic and molecular decompositions results for B‘;’q spaces
can be easily adapted to inhomogeneous anisotropic Besov spaces B%’q introduced
in Section 3.5. Here, we only outline modifications that need to be done to achieve
this.

Definition 5.3. Suppose o € R, 0 < p, g < 00, and i a ps-doubling measure on
R™. Let Qo ={Q € Q: [0 <1}.

We say that Vg (x) is an inhomogeneous smooth synthesis (or analysis) mol-
ecule for B‘;‘,’q supported near Q € Qy, if it satisfies (5.1)—(5.3) (or (5.4)—(5.6))
if 19| < 1, and (5.1) (or (5.4)) only if |Q| = 1. Hence, we do not assume that
W has any vanishing moments if |Q| = 1. A collection {¥¢}pcg, is a family of
inhomogeneous smooth synthesis (or analysis) molecules, if each V¢ is a smooth
synthesis (or analysis) molecule supported near Q.

We say that an operator A with a matrix {apg}p pcg, is almost diagonal for
b}, ¥ if there exists an € > 0 such that
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sup |an|/lch(e) < Q. (5.18)
P,0€Q

As a consequence of Theorem 4.2 and the observation that b;? < b} is an
isometric embedding, any almost diagonal operator .A on b‘;‘,’q is bounded.

Suppose that {¥p} and {® o} are families of inhomogeneous smooth synthesis
and analysis molecules, respectively. Then the inhomogeneous analogue of Lemma
5.1 holds, i.e., the matrix {app}p o = {(Vp, Pg)}p,¢ is almost diagonal on bg’q.
The proof of this fact is a slight modification of the homogeneous case. As a conse-
quence, we have inhomogeneous analogues of smooth molecular decompositions
of Theorems 5.5 and 5.7.

For the inhomogeneous analogue of smooth atomic decomposition of Theorem
5.9 we need the following definition.

Definition 5.4. A function ag(x) is said to be a inhomogeneous smooth atom sup-
ported near a dilated cube Q € Qg if it satisfies (5.10), (5.11), and (5.12) if
Q| < 1 and (5.10) and (5.11) only if | Q| = 1. We say that {ag}oco, is a family
of inhomogeneous smooth atoms, if each function ag is a smooth atom supported
near Q.

Theorem 5.10. Suppose A is an expansive matrix and (. a ps-doubling measure.

Forany f € B%’q there exists a family of inhomogeneous smooth atoms {ag} and
a sequence of coefficients s = {sg} € b‘;,’q, such that,

f=3 soag. and lslyzs < Clflgso,
0eQp

where the above series converges unconditionally in B‘;,’q. Conversely, for any
Sfamily of inhomogeneous smooth atoms {ag},

| ¥ soa

0€Qo
The proof of Theorem 5.10 is a direct modification of the proof of Theorem 5.9
with the help of reproducing formula,

< C|Is|l}ea-
= Clislygo

BY

f=0x0xf+) 0xp;xf.

j=1

where 6, ®; @, ® € Ssatisty (3.2), (3.30), (3.31), (5.15), (5.16), supp 0, supp ® C
B(0, 80), |©(§)| > ¢ > Ofor [§] < 1 and

DEOE) + ) (AN TTHH(AHTIE =1 forall eR". (5.19)
j=1
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