Inverse Volume Inequalities for Matrix Weights

MARCIN BOWNIK

ABSTRACT. For weights in the matricial Muckenhoupt classes
we investigate a number of properties analogous to properties
which hold in the scalar Muckenhoupt classes. In contrast to
the scalar case we exhibit for each p, 1 < p < 0, a matrix weight
We Apg\Up<p Apq. Wealso give a necessary and sufficient
condition on W in A, 4, a “reverse inverse volume inequality”,
to ensure that W is in A, 4 for some p’ < p.

1. INTRODUCTION

Let H be the Hilbert transform and M be the Hardy-Littlewood maximal function;
H is initially defined for smooth compactly supported functions on R. The clas-
sical theory of singular integral operators shows that these (and related) operators
extend to bounded operators from L (R) to itself, for 1 < p < co. In the ’70’s the
theory was expanded to include systematic consideration of weighted L? spaces. In
particular, it was shown by Richard Hunt, Benjamin Muckenhoupt, and Richard
Wheeden [M], [HMW] that the necessary and sufficient condition for either H or
M to be bounded on L? (w (t) dt) (1 < p < ), i.e., that there is a constant C so
that

JR [Hf (t)[Pw (t)dt < CJR If1Pw(t)dt forall f,

(and similarily for M) is that w be in the Muckenhoupt class A,,. We say that a
positive scalar function w on R is in the Muckenhoupt A, class (1 < p < ) if
and only if there is a constant C > 0 so that

(1.1) (w_l/p)l,q < C(wl/p)f’;, for all intervals I C R,

where (Q)1,p is an abbreviation for (1/[1] [;(@(t))? dt)'/?, and (@) = (P)11 =
1/1] f; @(t) dt. These classes are known to play a major role in singular integral
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theory. We merely mention [CF] and [C] as two milestones, and [GR] as a general,
if slightly dated, reference.

There is little difficulty in extending the basic L? (R) boundedness results from
scalar functions to functions valued in C"* (however, there are interesting obstacles
for Banach space valued functions). However, the extension of the weighted norm
inequalities to vector valued functions has proven difficult. Informally, the diffi-
culty is this. If the matrix weight, which is a matrix valued function on R (full
definitions will be given later), is diagonal, then the directions decouple, the ques-
tions reduce to n independent questions for scalar valued functions, and there are
no new difficulties. However, even when n = 2, there is a fundamentally new
issue which can arise; the frames which diagonalize the weight may, as a function
of t € R, vary wildly. We will see in simple explicit examples that this can pro-
duce fundamentally new phenomena. Beyond the simple examples those issues
are tightly intertwined, and the full story is complicated.

In spite of the difliculties, substantial progress has been made on these prob-
lems in recent years and the correct analog of A, condition has been given in [NT]
and [V].

To introduce matricial weighted norm inequalities consider the Hilbert trans-
form H acting on a finite dimensional complex space, which we identify with C",
given by

B 1 ( ft-s)
Hf(t) = p.v. - JR Y ds,

when f : R — C" is smooth and compactly supported. Clearly H extends to a
bounded operator acting on L? for 1 < p < o and even an isometry on L2, where

v — {f : R — C" measurable, || fll» = (LR LF ()P dt)l/p < oo}.

A weight is defined as a measurable mapping p : R — {all norms on C"}, i.e., for
all x € C", t — p;(x) is measurable. For 1 < p < o define the weighted space
by

LP(p) = {f : R — C" measurable, || fllrr(p) = (JR pt(f(t))”dt>1/p < 00}.

If the dimension n = 1, we are in the realm of the usual scalar weights. The
Hilbert transform H is bounded on L¥ (p) precisely when w (t) = p;(1)? belongs
to the Muckenhoupt A, class.

For simplicity we will consider matrix weights, that is measurable maps W :
R — {positive (self-adjoint) matrices on C"}, for which we define L? (W) to be
L?(p), where ps (+) = [[WYP(t)-||. The choice of exponent 1/p is not accidental,
we want our definition to overlap with the usual scalar weights in the dimension
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n = 1. Moreover, the restriction of attention to matrix weights doesn’t actually
limit our problem, because John’s theorem asserts that every norm p on C" is at
most /7 in the Banach-Mazur distance from the standard Euclidean norm || - |
(see [P] or [T]]). Hence there is a positive matrix A s.t. 1/ /n||Ax|| < p(x) <
|Ax|| for all x € C". This reduction significantly simplifies the analysis.

The first result giving a characterization of matrix weights for which the
Hilbert transform is bounded on L?(W) was obtained by Sergei Treil and Alexan-
der Volberg in [TV1]. They proved that H is bounded on L*(W) iff there exists
C > 0 so that

(W hy <C(w);! forallintervals I C R,

or equivalently that sup, g II{W 1) 2 (W)} < .
For a general 1 < p < oo, the following condition was introduced by Fedor
Nazarov and Sergei Treil in [NT].

Definition 1.1. We say that a matrix weight W satisfies the A, ; condition
(where 1 < p < o0, 1/p + 1/q = 1) if there is a constant C > 0 so that

(1.2) (P Vg < C(p)l*‘p for all intervals I C R,

where p;(+) = |[WYP(t) - ||, and p* denotes the dual of the norm p.

Naturally, in the dimension n = 1 (1.2) is equivalent to (1.1), where w(t) =
pt(1)?. Note that if p = 1, then (p)1, (if not infinite for some x € C") is a
norm by Minkowski’s inequality.

Fedor Nazarov, Sergei Treil in [NT] and Alexander Volberg in [V], using dif-
ferent approaches, have given the complete characterization of matrix weights for
which the Hilbert transform is bounded.

Theorem 1.2 (Nazarov, Treil, Volberg). The Hilbert transform is bounded on
LP(W) for 1 < p < oo if and only if W satisfies the Ap 4 condition.

In the scalar case it is known that the A, classes have substantial structure.
However, the situation for the matrix A, 4 classes is much more complicated and
that is the subject of the present paper. We will see that some of the scalar results
extend, some do not, and some do but only under additional hypotheses. In
particular we will consider matricial analogs of the following properties of scalar
weights:

(1) weA, = Vs,s>p 3Fc;>0st. VICR (Jwls|8) < es(lwl/P|P)y,
RQ)weA, = 3Is,s<p Feg>0st. VICR (Jwls5) < cs(lwl/P|P)y,
B)weAd, = Ve, 0<a<1l wXeA,

(4) weA, > Vs,s>p weA,,

(5) weA, = logw € BMO,

6) weA, > Je>0s.t.we Ay (open ended property),

(7) we A, = Ir>1lstw’ €A,
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B weA, = Ir>1stw’ €Ay,
9 weAd, = Ir>1,c>0st. VICR (w)r, <c{w); (reverse Holder
inequality),
(10) 3cp, b € BMOss.t. [Ibll <¢cp = el € Ay,
(11) be VMO = Vp>1 el eA,.

In the scalar case properties (1) and (2) are trivial equalities (i.e., ¢s = 1 and
one does not even need w € A,) but we will see that their matricial analogs
are not. Properties (3), (4), and (5) are elementary; they follow from the defini-
tions and convexity inequalities (Hélder, Jensen). To prove any of the next three
properties is more delicate, although now quite well understood. All these three
properties follow from the reverse Holder inequality (9). The last pair also requires
more than just convexity considerations.

We will be interested in the analogs of these statements for A, 4 classes. Here
we give a very informal summary of our conclusions, we will give the precise
definitions later. Versions of (3), (4), and (5) are again true. This is shown using
convexity, John’s theorem which allows reduction of the case of general norms
to that of matricial norms, and some basic matrix inequalities. On the other
hand (6), (7), (10), and (11) all fail. We present explicit counterexamples in two
dimensions. (The failure of (10) had been known earlier by an indirect argument.)

Interestingly, matrix analogs of (8) and (9) still hold and their proofs do re-
quire some of the depth of the scalar theory, the reverse Holder inequality for A,
weights.

The analogs of (1) and (2) in the matricial case involve integrals of the form
(IW'Pv||P);, where v is a constant vector and W is a positive matrix valued
function. In contrast to the scalar case, these integrals depend effectively on p
and the statements are no longer trivial. We will show that an analog of (1) con-
tinues to hold for convexity reasons. (2) however, can fail; again, we will see a
counterexample.

Although (2), (6), and (7) do not hold forall W € A, 4 their conclusions can
certainly hold for individual W. Interestingly, these conclusions are not indepen-
dent of each other. We will show that conclusions (6) or (7) hold for W if and
only if W and its dual W~4/? satisfy statement (2).

We would like to call particular attention to the conclusion to (2), called a
reverse inverse volume estimate in Section 3. It may be that that statement can be
helpful in understanding how the matricial theory differs from the scalar theory.
It is a truly matricial statement which has no analog in one dimension. In fact it
is also true for elementary reasons if the function W takes only values which are
diagonal matrices. Also the statement does not imply any non-trivial improvement
in the size estimates for the entries of W.

We recall some further definitions and properties of matrix weights, see [NT]
and [V]. For a homogenous o : C"* — [0, ), i.e., 0(cx) = |c|o(x), c € C (in
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particular a norm) define the inverse volume v=' (o) by

vol({x € C": |Ix|| < 1})
vol({x e C":0(x) <1})°

v (o) =

Note that v =1 (||A-]|) = (det A)? for a positive matrix A, the exponent is 2 because
we work in the complex space. v ™! automatically satisfies the following convexity
estimate.

Lemma 1.3. Let p be a weight such that t — logv’1 (pt) is locally integrable.
Then foranyp = 0 and I C R

(1.3) v {(p)p) = exp({logv = (po))r).

Proof. Note that for p < 1, (p)1,p in general is not a norm but still satisfies the
homogeneity property (p)r,p(cx) = [c|{p)1p(x), c € C. We define {p)r,, for
p = 0 by (p)ro(x) = exp({logp(x))r). By monotonicity of (p);, with respect
to p, it suffices to show (1.3) for p = 0. For any homogenous o : C" — [0, o),
Le., o(cx) =|clo(x),ceC,

(1.4) vol({x e C": 0 (x) <1}) = ﬁ Jsa(e)*zn ds(e),

where § = {e € C" : [le|| = 1} and ds is (2n — 1) dimensional Lebesgue measure
onsS.

Therefore
exp({logvol{p:(-) < 1});) = exp<| i J 1og(%[ pe(e)n ds(e)) dt)
> ﬁ <|I| J log(pr(e)™ 2")dt) ds(e)

=5 J; (o (177 ogprcera)) aste

= vol{{p)ro(-) =<1},

by the exp-log Minkowski inequality [DS, Ex. 36, p. 535], see also (7.3). For
the convenience we include the proof in the Appendix. This immediately yields

(1.3). -

Definition 1.4. A matrix weight W satisfies the A, condition if t ~—
logv’1 (py) is locally integrable and there is C > 0 so that

vil((p)l,p) < Cexp((logvil(p))l) forall I c R,

where pi(-) = |[WVP(t) - ||, or equivalently

(1.5) vl wlip . Nr,p) < Cexp (%(logdetW)I) forall I c R.
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Now the A, ; condition can be rewritten in the following very useful way,

see [NT].

Theorem 1.5. A weight p belongs ro the class Ay 4 iff p and p* satisfy the Ap o
and A g, conditions respectively. That is, W € Ap g iff W satisfies both (1.5) and

(1.6) v WP L) g) < Cexp (—%(logdetWh) forall T c R.

The paper is organized as follows. In Section 2 we prove basic facts about
the class A, 4, among them A, ,; C Ay 4 for1 < p < p’ < co. In the next
section we answer a question posed by Alexander Volberg by giving a necessary
and sufficient condition, for a matrix weight W € A, 4 to be in a smaller class
Ay g for some p’ < p. In Section 4 we give an example of a matrix weight in
C? for p = 2 which fails the open ended property satisfied by scalar weights, and
in the following section we describe a family of such weights for any 1 < p < co.
In Section 6 we discuss the relation between logarithms of weights and the space
BMO. Finally, in the last section we present the proof of the exp-log Minkowski
inequality.

2. BASIC PROPERTIES

Lemma 2.1. Suppose W is a (self-adjoint) positive matrix on C". Then for 0 <
o < 1 we have

2.1) IWex||V* < |Wx]| for x|l = 1.
Proof. Let {v1,...,Un} be an orthonormal basis of eigenvectors of W with
eigenvalues Aq, ..., Ay > 0. Take any x € C" with [[x|| = 1 and write it as

x = Yy xivi. Then Wx = Y7L Aixjvi and Wox = 371 A%x;v;. Inequality
(2.1) reads now

() < (S wk)
i=1

i=1

which can be rewritten as
n n &
(S Axi?) < (X A2ixil?)
i=1 i=1
which follows by Jensen inequality. O

Lemma 2.2. There is a universal constant C > 0, depending only on the dimen-
sion M, such that if p is a norm on C", then

(2.2) %v”(p) <inf(p(vy) - - - p(vn))? < Cv 1 (p),
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where the infimum is taken over all orthonormal bases {v1, ..., vn} of C".

Proof. By John’s Theorem, there exists a positive matrix A, so that

(2.3) THAXH <p(x) < ||Ax]| forallx € C™.

Fix any orthonormal basis {v1,...,v,} of C".

24) []lAvill = [ [{Avi,vi) = [ [(a (v} + - - - + an(])?)
i=1 i=1 i=1

(v")?

(v))? n 2, n
> na ce = naivl) )’ 1_[ =detA,

i=1

where {ai,...,an} are eigenvalues of A with eigenvectors {wy,...w,}, and v; =
vilwl +- - - +v/"wy. We have equality in (2.4) if {v,..., Uy} are the eigenvectors
of A. Therefore by (2.3)

n n n
n [ [lAvill> < [T p(w)? < [ IlAvil?,
i=1 i=1 i=1
and by taking the infimum over all orthonormal basis of C"*
n " p) < n ™ (detA)? < inf(p(v1) - - - p(vn))? < (detA)? < n™v ' (p),

where the extreme inequalities follow from (2.3). Hence C = n"™ works in
(2.2). O

Lemma 2.3 (inverse volume inequality). There exists a universal constant Cy, >
0 so that if W is a matrix weight and 0 < p < p’ < oo, then

(2.5) v WP D) < Ca(uT WP )PP

Proof. Take any x € C" with ||x]| = 1; then

v

(), i ar) (7 J, 1w @ ar)

by applying (2.1) with exponent &« = p/p’. Applying this inequality for unit
vectors {V1,...,Un} gives us

UWYPvillp - - - AW Py

> (WY vy - - - WY o)) PP
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If we square this and take the infimum over all orthonormal bases {vy,...,vn},
we obtain by Lemma 2.2

1 1/p 1o 1p' Py
cv (1w -||>I,p)z(5v W -||>1,pr>) ,

which gives us (2.5) with C,, = n?". O

The intuitive meaning of Lemma 2.3 is that p — (vlwire . r,p))? is
a decreasing function of 0 < p < oo. This would be the case if we knew that the
constant C, = 1in (2.5). It is an open question whether inverse volume inequality
holds with the constant Cy, = 1.

Theorem 2.4. If W € Ay, then for any 0 < & < 1, WX € Ay 4, where
p=cp-1)+1landl/p’ +1/q = 1.

Proof. Since W € A, reads

vHIWYP D) < Cexp (%(logdetWh) :
we have
-1 1/ o/p’ P 2x
v (IIWHP D p)PXIP < C¥exp ?(logdetW)I .

By Jensen’s inequality we have

vIIUIWP D) < v HUIWAP D a)
< Cov L(IWVP - ||)g )PP

where the last inequality is a consequence of Lemma 2.3 applied for exponents
p<p'/a=p—1+1/x. Combining the last inequalities, we have

VWP ) < CaCexp (i—‘,xaogdetwh) ,

which means precisely that W € A, .
Similarly, since W=/ € A, reads

v WP D) < Cexp (—%(logdetWh) :
we have

VLW VP L)) 19 < U exp (—i—o,((logdetWh) :
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(because q/(pq’) = &/p’). By Lemma 2.3 applied for exponents g < q

Cov LW IP 1y )T > v (W Pa) )y )
= v (WP ).

The last two inequalities yield
-1 —a/p’ ala’ 2a
v (W “Nrg) < ChCYT exp | — Py (logdetW); |,

which precisely means that W=4'/¢" € A, .
This finishes the proof because W® € Ay o, and W47 € Ay iff WX €
Apa- -

Theorem 2.5. Supposel <p <p' < oco. IfW € Ap gy, thenW € Ay 4.
Proof. As before, W € A, reads

vlwiir . r,p) < Cexp (%(logdetWh) )

Using Lemma 2.3, we have
vIHIWYP ) < Cov LW Ly )PP

and by combining it with the previous inequality, we obtain
, 2 pip
v lwltir . Dr,p) < Cn <Cexp <E(logdetW)1>>
/ ! 2
= CnCP'P exp ?(logdetW)I ,

which says that W € A, .
Similarly, W~4/P € A, reads

v lw-lr. rq) < Cexp (—%(logdetWh) .

Using Lemma 2.3 for the matrix weight W~4/P and exponents 1 < g < qp’/p <
o0, we have

Cov LW IP I )PP = v WY D L i)
> v WP D),
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where in the last step we could use Jensen’s inequality, because gp’/p > q (since

p'/q =p —1>p—1=p/q). By combining the two previous inequalities, we
obtain

VWY g < CaCPIP exp <—§<1ogdetw>,> ,

which says W=4'/7" € A4 . O
Corollary 2.6. Suppose W € Ay 45 then W € Ap g forany 0 < x < 1.
Proof. Immediate from Theorems 2.4 and 2.5. )

Remark 2.7. The proofs of Theorems 2.4 and 2.5 give the following quan-
titative statements. Suppose 0 < & < 1 and W € A, with constant C; then
W& € Axp-1)+1,0 with constant at most C,,C. Also, if W € A, (or W47 €
Ag,0) with constant C, then W € A, o (or W™4/P" € A, ) with constant at
most CpC forany p’ > p, 1/p’ + 1/q" = 1. We will use these observations later.

Corollary 2.8. Suppose v > 1 and W € Ap 45 then W € Ay g, where
p'=p-)/r+1landl/p +1/q =1.

Proof. Immediate from Theorem 2.4. O
3. REVERSE INVERSE VOLUME INEQUALITY

Definition 3.1. We say that a matrix weight W satisfies the reverse inverse
volume inequality for exponent 1 < p < oo, if there is some 1 < p’ < p and a
constant C > 0 such that

G CoT WY D) = v IWYPT D )PP forall I C R,
Note. Lemma 2.3 says that we always have
v WP D) < Cuu T (WP )PP

for1 < p’ < p < oo. If W is a scalar weight, then we simply have equality (without
the constant Cy,). More generally, if a matrix weight W is simultaneously diagonal-
izable, i.e., there exists a universal orthonormal basis {v,...,v,} of eigenvectors
of W(t) forall t € R, then both sides are comparable.

We start with a lemma about the equivalence of A, ¢ and strong A, ¢ condi-
tions, which has appeared in a similar form both in [NT] and [V]. We say that a
matrix weight W satisfies a strong A, ¢ condition if there is a constant C so that

(W=7 o < CUWYP - )f, forall I C R,

The author has decided to include a proof of this lemma to emphasize the inter-
dependence of constants which will be used later.
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Lemma 3.2. Ler 1 < p < oo. Suppose V is a matrix weight and for some
interval I C R

(3.2) vV - D) < Crexp(2(logdetV)).
Then
(3.3) IV e = GV - 7 s

with C; = JCin3"2. Conversely, (3.3) implies (3.2) with constant C; = n"(C;)*".

Proof. By John’s Theorem, we can select a positive matrix Vi which is a reduc-
ing norm for ([|V - [I)1p, i.e.,

1
(3.4) ﬁ”vl A=AV - 1Dp < V- .
Then (3.4) implies
(3.5) %(detVI)2 < Ci exp(2(logdet V);).

Define a matrix valued function C by C(t) = V(t)~'V;. Note that
RS
N

Fix x € C" with [|x|| = 1. Forany t in I let y(t) € C", [ly(t)]l = 1, be an
eigenvector of a positive symmetric matrix C(t)*C(t) corresponding to the least
eigenvalue, that is y (t) minimizes ||C(t)y(t)|l. Then

(3.6) Ixll < IC'@®) *xIDrp = AVO VT xID1p < lIxl.

(3.7)  detC(t) = (detC(H)*C(t)'* = (H(C(t)*C(t)vi,vl'>)l/2

i=1
> ((C(H)*C()x,xN'2(C(H)*C(t)y (1), y (1)) D2
= IcxIc®y o™,

where V1, ..., Uy are eigenvectors of C(t)* C(t). An integration of the logarithm
of both sides of (3.7) yields

(logllC(t)xl); < logdet Vi — (logdet V(t)); — (n — 1){log IC(t) ¥ (£) II)1.
Since

1=(CTHOCH)y (1), ¥ (1)) = (C(H)y(t),CT () ¥ (1))
< ICOyOIICT®)* y ),
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we can substitute |C™1(£)*»(t)]|7! in place of |C(£)y(t)]| to obtain (after ex-
ponentiation of both sides)

(IC(®)x1) 10 < det Vyexp(—(logdet V(£)) ) ((IC™H (&) * () 1) 1,0)™ !
< Jan™ 2 O Yy O 1)t < JCn P!

< \JCi32 | x|l

By (3.5) and a crude estimate from (3.6)
WO y O ep = (> ||C*1(t>*ei||>lp < AlcTH® el iy < n.
i=1 ' i=1

Therefore
VLX) 10 < 32V x| < O3 2V ) x D,
where the last inequality follows by taking duals of (3.4).

Conversely, assume (3.3) holds. By applying v ! to both (3.4) and the dual
of (3.4) and multiplying the two resulting inequalities, we obtain

(3.8) n < v IV - D)WV - D) <
Condition (3.3) implies v='([[V - [1)1,0) = (C2)*"v =" ({[IV - ],), hence

[V IV - D 1p) exp(—(logdec VI ] [v (V™! - 1) 10) exp(—(logdet V1) )]

< n"(G)™",

since the exponential terms give 1 when multiplied. By Lemma 1.3 the second
factor in the brackets (and the first as well) is at least 1, therefore we have (3.2)
with constant C; = n"(Cy)". O

Lemma 3.3. Suppose a matrix weight V satisfies (3.3) for some interval I C R.
Then for any 0 = x € C",

3.9) (VxIip < Crexp({logIVxIl)1).
Proof. Fix x # 0 and choose 0 # " € C" such that

[(x, )] )
o _ .
VL = B v 107, 00~ V- 10, 07)




Inverse Volume Inequalities for Matrix Weights 395
Using the above and (3.3) we obtain

VxIDrp exp(=(log IVxINr) < Calx,¥") exp(—(logllV="y"[1)1 = (log IVxI)r)
= Co{x, »") exp(=(log(IV' "Il - IVxID)1)
< G(x, ¥") exp(—=(log(x, ¥ ))1) = Ca.

This proves inequality (3.9). O

The next lemma states that matrix weights satisfy a kind of self-improvement,
which is an analog of the reverse Holder inequality for scalar weights.

Lemma 3.4. Suppose 1 < po < o and C > 0. Then there exist v > 1 and
C’ > 0, depending only on po and C, having the property that if a matrix weight V
satisfies for some 1 < p < po
(3.10) vV - D) < Cexp(2(logdet V)  forall I C R,
then

(3.11) vV - D 1pr) < Cexp(2(logdetV))  forall I C R.

Proof. Assume (3.10) holds; then by Lemmas 3.2 and 3.3 we have for any
x#+0

(IVxIDrpy < V2 exp((log IVx|);) forall I C R,
hence
(IVxIIP)r < CP2n3P" 2 exp((log ||Vx|IP);) forall I C R,
which means that a scalar weight w(t) = [[V(t)x||? satisfies
(w)rexp(—(logw)y) < C forall I C R,

where C = CPo/2p3Pon/2. By [H, Theorem 1] (see also [GR, Theorem 2.15,
p. 405]) w € A, i.e., for all intervals I C R and all measurable subsets E C Q,

El < 11| > J w(t)dtséJ w(t) dt,
2 E I

with 8 = max(5,4C?/(1 +4C?)). Hence by [S, Proposition 4, p. 202], weight w
satisfies the reverse Holder inequality, i.e., there exist ¥ > 1 and ¢ > 0 so that

(WVxWirp < c{llVxIry forallI CR.
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Hence
vV - D rp) < VNIV - D 1p) < Cexp(2(logdet V) ),

with C' = ¢?"C. O

Corollary 3.5. Suppose W € Ay 4. Then there exists v > 1 such that W' €
Apy.q> where1/(pr) +1/q" = 1.

Proof. Lemma 3.4 says that W € A, implies W" € A, . Since q' < q we
have

vIUWTYP D) < vTTIIWTYP D) < Cexp (—%(logdetWh) ,

which shows that W=4'/P = (W")~4'/(p7) ¢ Ag o O

Theorem 3.6. Suppose W € Ay, q,. Then the following are equivalent:

(i) W e Ap,q forsomel <pi <po, 1/p1+1/q1 =1,
(i) W € Ay, q, for somer > 1,
(iii) W and W=D/Po satisfy reverse inverse volume inequalities for exponents po and
Qo, respectively.

Proof of (i) = (iii). W € Ay, o says that

VL IWYP ) < Cexp <%(logdetW)I> .

Raising this to the power pi/po and combining with Lemma 1.3 applied to
[W1/Po . || with exponent po, i.e.,

v IWYPO ) py) = exp (;()dogdetW)I)

gives
PP (WP () 2 (0 (CIWYPL - g )PP,

Hence W satisfies the reverse inverse volume inequality with exponent py.
Similarly, W-41/Pr € A, o says that

vl(w-lre. Nr,q) < Cexp (—%(logdetWh) )
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Taking this to the power pi/po, and combining with Lemma 1.3 applied to
|[W=1/Po . || with exponent qq

vi((wpo . 1 1.q0) = exp (—;(logdetWh)
0

gives us
CPUPoy= (WP - 1)) = (U LW P ) )PP
Since (IW=YPr )0 = AW =YPE D) aomrpe (By d1 > dopi1/po) we have
CPPu L (WP ) 1g,) = (0 WP 1oy )™

hence W~/Po satisfies the reverse inverse volume inequality with exponent
qo- O

Proof of (iii) = (ii). By our hypothesis, there exists 1 < p; < po such that

Co (WP D) = (VT IW P ||>1,p1))pl/p°.
This can be rewritten as
Co (WP ) ) = (T (([WTo/Po ||>I‘p0/ro))1/ro’

where 9 = po/p1 > 1. Combining it with W € A, o yields

W WP D)) T < Cexp (pi(logdetWh) :
0
hence
-1 Yo/ ¥ 2r
vH(IIWTIPO Y o) < CT0exp %(logdetW)I .

By the inverse volume inequality (Lemma 2.3)
v WP - gy gs) < G (W GNP - 1) 1))

< C"Cypexp (i—s(logdetWh) ,
0

forall 1 < s < 7.
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By Lemma 3.4 applied for exponent pg, constant C"*Cy, and weights V' =
WS/Po there exists 77 > 1 and C’ > 0 so that

(3.12) VLW ) poss) < Cexp (f)z(logdetWh) ,

forall 1 < s < ry. We can also assume that 1 < 7y (otherwise use Hélder
inequality to decrease 71). Take s = 7 in (3.12) to obtain W™ € A, .

Thus we have shown that W € A, o and W satisfying the reverse inverse
volume inequality with exponent pg implies that there exists ¥ > 1 so that W" €
Ap,0- Applying the above for the weight W—%/P0 € A,  satisfying the reverse
inverse volume inequality with exponent qo, we have ¥, > 1 so that W="2d0/Po €
Ag,0- Finally take ¥ = min(71,72) > 1 and use Corollary 2.6 to conclude that
both W' € A, o and W T/Po € Ay 0,50 W' € Ap, q0- O

Proof of (ii) = (i). Follows from Corollary 2.8. O

4. AN EXAMPLE OF A MATRIX WEIGHT IN A,

In this section we exhibit a matrix weight in A, that violates the open ended
property enjoyed by scalar weights. This is the first example of such a weight,
and it suggested to the author a wider class of matrix weights breaking the open
ended property for any 1 < p < oo. Although Proposition 5.3 gives an alternative
proof to the one below, the author decided to present this example to display the
argument used in the simpler case p = 2.

Lemma 4.1. Suppose —c0 < a < b < 00 and 0 < c < 1; then

1 b —C 2 —C
—J [t|7¢dt < —— max(lal, |b]|) "¢,
b-ala 1-c

1

b
p || sten@iear] < 1 max(ial, b)),

a 1-

Proof. It is enough to show

1 b 1
— | |tIcdt < b
b—aL" 1-¢

forany 0 < a < b < oo, which in turn follows easily by differentiation of left hand
side as a function of a for fixed b. o

Theorem 4.2. There is a 2 X2 matrix weight W € A, 5 such that for anyv > 1,
W' & Aj,.
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Proof. Let

W) = UD* 10 Ut —— cosx(t) —sin x(t)
(0=u (0 b(t)> ), (t) = (sintx(t) cos x(t) )’

where

[t]1/2 —1<t<l,
b(t) =

1 otherwise,
sign(t)[t]V4 1<t <1,
x(t) =

sign t otherwise.

By direct computations we have

cos? @  —sin X cos - sin ®  sin & cos

— sin X cos X sin? & sin@cos  cos* &

and

2

cos” X —sin X cos X sinf @ sin & cos &
w-l = + [t|71/2 .

— sin X cos X sin” « sinxcosX  cos? &

Let A = {(a,b) :a < b, a,b € R} \ {(0,0)} ¢ RZ. Define a function
N:A—Rby

N(a,b) = (W ")1"2(W)1'?|l,  whereI = [a,b],

and (W) for I = [a,a] means W(a). We claim that N is continuous on A and,
moreover, N(a,b) tendsto 1l asa — o oras b — .

To show W € A,,, we need N(a,b) be bounded as A > (a,b) — (0,0).
First notice that

W) - 1+0(t|V?) —sign(t)[t[1/4 + O(|t]3/%)
~ \=sign(®) [E174 + O (|34 2[t112 + 0(|t]) ’
and
. 2+ 0t —sign(O)[t]7V* + O (|t
wlw) = . :
—sign(t)|t]714 + O([t|'%) lt1=12 + 0(1)

for t close to 0.
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Suppose that I = [a,b] for b > 0, b > |a| and take any x = (x1,x7) € C2.
(W)x,x) < (1+0(BY2)|x112 + 2014 + 0(b3%) |x1] |x2]
+ 2bY%2 + O(b))|x;|?

< 2(x11% + 204 x| x| + 212 |x2|%)
<22|x11? + 3b"%|x;,|?).

Hence

2
(W) <2 (o 3101/2) .

Analogously, using Lemma 4.1 we have

(W) 1x, x) < (24 0(BV2)) |x1 2 + 2 (gb-”4 N 0<b3/4>) %1 1]
+ (4b Y2+ 0(1)|x,y)?
<22lx112 + 2674 x1 | |x2] + 3b7 12| x5 %)
< 2(3|x11% + 4b7 1% |x5]?).

Hence

w2l )
~\o4p112)°

Analogously, if I = [a, b] for a < 0, |al = |b| we obtain the estimates

W 5 2 0
<
(W) < <03|a|1/2)’

(why<2 >0
04lal~1?)’

which show that N is bounded if 4, b are close to 0. Therefore N must be bounded
on all of A, which means W € A, ;.

On the other hand, by computing averages over symmetric intervals I =

[-a,al, a > 0, we see that W" for ¥ > 1 can not belong to Aj,. Indeed,
since

2

cos” X —sin X cos X sin? @ sin & cos &
Wir _ + |t|i1’/2
. . . b
—sinxcosx  sin” & sinXcos X cos? &
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we have for small a > 0

1+ 0(al?) 0
(W) =
! 0 %a”z +0(a"?)
2 (1-1)/2
—a +0(1) 0
—r 3-7)
(W)= ( N
—-r/2 1-7r)/2
0 2-7 a +0(a )
because the off-diagonal entries vanish.
Now it is clear that N(—a,a) = [{(W ")} (W")}"?|| - o as a — 0. O

Corollary 4.3 (counterexample to the open ended property). 7here exists a 2%
2 matrix weight W € Aj > which is not in class Ap g foranyp <2, 1/p+1/q = 1.

Proof. Immediate from Theorems 4.2 and 3.6. O

5. EXAMPLES OF WEIGHTS IN A4, 4

Lemma 5.1. There is a universal constant C > 0, depending on dimension n,
such that for any 1 < p < oo and any unitary matrix U

%HXH < Uxllp = Clix|l forx e C™.

Here for x = (x1,...,Xn) € C" we denote

n
(Sixit?)” 12p <,
Ixllp =4 i=1

sup [ x| p = oo.
Proof. Since
IXllw = lIxllp < lIxlli foranyl <p < o,

and ||[U x| = ||x||, it suffices to show that there exists C > 0 such that
1
E||X|| <lIxllo and Ilxli =<Clx].

It is easy to see that C = /i works in both inequalities. o

Lemma 5.2. Let 1 < p < o and A be any non singular n X n matrix. If
p(x) = |Ax|lp, then p* (x) = (A™1)*x|lq, where 1/p + 1/q = 1.
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Proof. Let B, = {x € C" : ||x|l, < 1} denote the unit ball of || - ||,. Then
the unit ball B, of the norm p is A™1(By).

p*(¥) = sup (¥,x) = sup (¥, A 'x) = sup (A1) *y,x) = (A1) * .

XEBy XEBy XEBy
We used here that || - Iy =1 - llg where the duality is realized by the standard
inner product (-, -). O

Proposition 5.3. Suppose a 2 X 2 matrix weight W is given by

W) = Ut)* 1 0 _ here (1) = cos (t) —sin &x(t)
(t) = U(t) (M(t)) (t), where ()_< )

sin x(t) cosx(t)

sign(t)ltl‘S for |t| < 1, [t]E for |t] <1,
t) = b(

sign(t) otherwise, otherwise,

and -1 < e <p/q, 6 >0, and 1/p+1/q=1. Then W € A, 4 if and only if
—-pd <& =<pl.

Proof. Assume first that 0 < € < p/q. Let pi(x) = IWP (t)x||, where
x = (x1,x,) € C2. Since

Uutywlr () = (

cos(ax(t)) —sin(x(t))
[E1€7P sin(ex(t)) |t|€/P cos(ot(t))) ’

Lemma 5.1 implies that

%pt(x) < (21 cos(ex(t)) — xasin( ()P + |£]]x1 sin(x(t)) + x2 cos(x())[P) /P

< Cpt(x),

and similarly

%P?(X) < (Ix1 cos(ex(t)) — xasin(ex(t)) |9 + [t|754/P | x sin(x())
+ x5 cos(ax(t)) 1)1/
< CpJ (x).
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Suppose that € < p6. Then for t close to 0

é(m(xw < [x1(1 + O(|t]*)) — x2sign(t) (1t|° + O(|t[**))|”
+ [t1¥]xy sign(8) (1] + O(1E12) + x2(1 + O(Jt*) |7
< 2P|x11PL1+ O(t1*)P + [tIE(1t1° + O(|t[*?))*]
+ 2P 32 PL(IE1° + O(E1PO)P + [E1E(1 + O(|t]*))*]
< 277 |x1 |7 + [t]E x| 7).

Therefore, if I = [a, b] is some interval with a, b close to 0 and d = max(|al, |b|),
then

(P)1p < 4C(Ix11P + dE|xa|P)VP = 4C(Ix1|P + [dE/P x| PP,

After taking the dual norm, by Lemma 5.2 we have
* 1 —&q/ 1/
Py = ZC(|X1|q +d 5P x| 1) 14,
Analogously,

é(pt*(x))q <2901 |90(1 + O(It129)4 + [t| €47 (|t]° + O (|t[*))4]

+29|x, 90 ([t1% + O(1t1%°) + [t|754/P (1 + O (]t]*°))9]

<2TH[[x1 9 + [t] 757 | x,]],
therefore by €q/p < 1 and Lemma 4.1

2

1/q
L gl |y, |a _
1 —ealp [x2] )

(p*)1q < 4C <|X1|q +

To finish the argument, define A = {(a,b) : a < b, a, b € R}\{(0,0)} c R?
and a function N : A — R by

(P )1,a(x)

N 1b = * ’
(@b)= sup o3

where I = [a, b],

and (p)1p(x) for I = [a,a] means simply p,(x). We claim that N is continuous
on A and, moreover, N(a, b) tends to 1 as @ — o or as b — . By collecting the
two previous inequalities together we obtain

1/q
2
(P )1g = (4C)? (m) (P ps
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which means that N is bounded as a, b are close to 0. Therefore N must be
bounded on all of A, which means W € A, 4.
On the other hand, assume € > dp; then for t close to 0 we have

CPpr(x)P = |x1(1 + O(|t]*°)) — xsign(t) (1t]° + O(|t]3®))|P
+ [E1€ ] sign(8) (1£]1° + O (1E13%)) + x2(1 + O(]t]*%))|P.

1-1
V= .
11
Then the matrix U = 1/+/2V is unitary, and by Lemma 5.1 [Uy |, = 1/C?|| ¥ |l,
for any v € C?, hence [V yll, = vV2/C?||ylp. Hence, if t is close to 0 we have

Consider a matrix V' given by

CP(pt(x)P + p_t(x)F)
> 2P12C2P [ |7 (1 + O(It1*°)P + [x2|P (I1° + O(|t]?))P
+ 1EIE(x1 1P (0 + OE1P9))P + [x21P (1 + O(1t]129))P)]
> C2P[|x1 1P + |x2|P|t1°F].

An integration of the above inequality on the interval I = [0,a], where a > 0 is
close to 0, yields

1 a
= p p -3p p
aJo (pr(X)P + p_t(x)P)dt = C <|x1| + 155

1
a5p|X2|p>.
p

hence

1/p
aé’”lml”) ,

where I = [—a, a]. After taking the dual norm, by Lemma 5.2 we have

(p)rp=27YPC3 (lelp Y TTop

(P)],(x) < 2P C3(Ix119 + (1 + 6p)VPa=0|x,|1)1/4,

Using the above technique we could also estimate the norm (p*);4. However,
to obtain the desired conclusion it is enough to find values of these norms on the
standard unit vector e;.

For t close to 0 we have

Capf (en)® = (1+0(tPP2)% + [t| P (1t]° + O(|t1**))4 = %|t|<5"*f>q/”.
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An integration of the above inequalities over an interval I = [-a, a], where a > 0
is close to 0, yields

~1/q
(P")qler) = % (1 + W) alor=alv,
Now we see that N(—-a,a) = (p*)l,q(el)/(p)ip(el) — o0 as a — 0. Therefore,
the assumption € > dp excludes W from being in class A, 4. This ends the proof
of the proposition in the case 0 < € < p/q.

If € = 0, then W(t) = Id belongs to A, 4 class. Finally assume -1 < € < 0.
By the duality, i.e, W € A, < WP € A,;, we deduce that W € A, ,4
(where W is defined as in Proposition 5.3) iff —eq/p < g9, i.e., € = —pd. This
ends the proof of Proposition 5.3. 0

Remark 5.4. For any 1 < p < o, by taking € = dp, Proposition 5.3 gives
a weight W in A, 4, which is not in A, 4 for any p’ < p. It is not hard to
see that W satisfies the reverse inverse volume inequality for exponent p, but by
Theorem 3.6, W~4/P cannot satisfy this inequality for exponent q. By the duality
(take € = —po in Proposition 5.3) we can find a matrix weight W which does
not satisfy the reverse inverse volume inequality for exponent p, but W~4/7 does
satisfy it.

6. LOGARITHM OF A WEIGHT AND BMO

The following theorem is an immediate consequence of the result by Steven Bloom

in [B].

Theorem 6.1. Suppose W € Ay 4 for some 1 < p < co. Then the self-adjoint
matrix valued function logW belongs to BMO, i.e., each entry of logW is in BMO.

Proof. Suppose W € Ay 4. Then by Theorem 2.4, there exists 0 < o < 1
such that W® € A, (if p < 2, it suffices to take & = 1, by Theorem 2.5).
Therefore by [B, Theorem 2.5], logW® = atlogW is in BMO, and so is logW. O

In the scalar case it is known that the converse statement is true, that is, if b €
BMO, then exp(eb) is in A, for € sufficiently close to 0. However, in the
matrix case there is a self-adjoint matrix valued function B(t) in BMO, such
that exp(eB(t)) ¢ A,, for any € # 0, see [B]. Therefore, by Theorem 2.4,
exp(eB(t)) & Apy forany € #+ 0 and 1 < p < oo. Also, in the scalar case, if
b € VMO, then exp(b) is in Ap. This again turns out to be false in the matrix
case. The construction of our example is based on the counterexample to Peller’s
conjecture, found in [TV3].

Theorem 6.2. There is a self-adjoint matrix valued B belonging to VMO such
that exp(€B) is notin Ap g (1 < p < ) forany € = 0.
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Proof. Let

B(t) =U()* 0 0 Ut UE) = cos xX(t) —sin x(t)
0 =Uw (ob(t)) (o), ()_<sino<(t) Cosa(t)),

where

(~loglth'?2 -1 <t<?,
b(t) = g1 2 2
(—log3)!/?  otherwise,

signt

_l < t < l
log || 2= 2
(t) = signt
: otherwise.
log 5

By a simple calculation

Bt - sin? x(t)b(t)  sin(t) cosx(t)b(t)
a sin x(t) cos x(t)b(t) cos2 x(t)b(t) )

It is clear that all entries of the matrix B, except (B),, are continuous. But
(B)22 ~ b(t) = (—log|t])!/? has vanishing mean oscillation for intervals I as
|I| — 0, because (—log|t|)1/2 is in VMO. Since B(t) is constant for |t] > %, the
mean oscillation will also vanish for I as |I| — . Therefore the matrix function
B is in VMO.

Consider the matrix weight W given by

10
W (t) = exp(eB(t)) = U(t) (0 exp(gb(t)) U(t).

By direct computations we have

cos? x  —sin X cos sin” ®  sin & cos &
W= . . 9 +exp(eb(t)) | . ) ,
— SIn X cos X sSin” X SIn X Ccos X COS”™ X

and

B cos’x  —sin X cos X sin® ®  sin X cos X
w— . +exp(—eb(t) | o
— SIn X Ccos X sSin” X S1In X cos X COos” X

If we consider only symmetric intervals I = [—a,al, a > 0, then the off-
diagonal entries of the averaged matrices (W); and (W=1); vanish because the
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functions sin x(t) and cos x(t) are, respectively, odd and even. It’s not hard to see
that, for small @ > 0, we can find a constant C > 0 independent of a such that

sin & (%) > Csinx(a),

and consequently we have

1 . 2 c? .,
mLsm «(t)dt = 751n x(a).

Therefore we can deduce that

c? .,
(W) = exp(eb(a)) ) Sn x(a) 0 ) ,
0 cos? x(a)
. cos? xx(a) 0
- 2
e ( 0 % sin? a(a)) ’

and

B <2C‘zsin2(x(a) 0 )
(W); " < exp(—¢eb(a)) .

0 cos 2 x(a)

The A, condition requires that there exists a constant A > 0 such that for all
intervals I ¢ R

W=h < AW,

which in our case would imply that exp(eb(a)) sin” «(a) cos? o(a) must be bounded
for small a > 0. But

exp(e(~loglal)!’?)

exp(e(—log la])?) sin® x(a) cos® x(a) ~ o asa— 0,

log2 la|

by Lemma 6.3. Therefore the matrix weight W = exp(eB) does not belong to
A, forany € # 0, and consequently exp(eB) ¢ A, 4 forany 1 < p < co. O

Lemma 6.3. Forany e, 5, N > 0

5
m eXp(S(l;)]gIXI) ) _ o
X—o0 log™ | x|

Proof. UHopital rule. O
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7. APPENDIX: MINKOWSKI’S INEQUALITY

Suppose (S, 1), (T, V) are two measure spaces (U, v are positive and o -finite).
Suppose that a function K : § X T — [0, %) is measurable. The Minkowski
inequality for 1 < q < oo asserts that

(7.1) (JT (LK(S’t) du(s))qdv(t)>1/q < L (LK(S,t)qdv(t)>l/q au(s).

By a simple change of exponents, p = 1/q, we obtain Minkowski’s inequality for
O<p<l,

(7.2) (JT (LK(S,t) du(s))pdv(t)>l/p > L (LK(S,t)”dV(t))l/p au(s).

Assume additionally that K(s,t) > 0 for a.e. (s,t) € S X T, and v(T) = 1. The
limiting case of Minkowski’s inequality as p approaches 0 asserts that

(7.3) exp <JT log(LK(s, t) du(S)) dv(t))
> L exp (JT logK(s, t) dv(t)) au(s).

We refer to (7.3) as the exp-log Minkowski inequality. This inequality can be ap-
plied only if the function

(7.4) t — log, <L K(s,t) du(s)) is integrable on T,

where log, x = max(0,logx). Then fora.e. s € S the function t — log, K(s,t)
is integrable, and under the convention exp(—c) = 0 both sides of (7.3) are
always meaningful. To show (7.3) we use the following well known fact, see [Bo,

Ch. IV Section 6, Ex. 7c] or [DS, Ex. 32, p. 535].

Fact 7.1. Suppose (T,Vv) is a measure space with v(T) = 1. If f : T ~—
[0, o) is a measurable function such that [; f(t)? dv(t) < o for some p > 0,
then we have

(7.5) (JTf(t)P dv(t))l/p — exp (JTlogf(t)dv(t)> asp — 0%,

Proof of (7.3). We claim that it suffices to show (7.3) under the hypothesis
p(S) < oo. Indeed, if pu(S) = oo, we express S = Up—; Sm, where S;m C S+,
and p(Sy,) < oo for all m. Since (7.4) holds with S replaced by Sy, we have
(7.3) with S replaced by S;,. We obtain (7.3) by letting m — o and using the
Monotone Convergence Theorem.
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Suppose now p(S) < co. First we show (7.3) under the assumption that K is
bounded. By Fatou’s Lemma, (7.2), and (7.5)

L exp <LlogK(s,t)dv(t)> dp(s)

- lim(LK(s,t)”dv(t))l/p

s p—0*

. . p l/p
511}7111(1)r+1f S(LK(S,t) dv(t)) au(s)

< liminf( JT (LK(S, t) du(s))p dv(t))l/p

p—0*

= exp (JT log ( JSK(S, t) du(s)) dv(t)).

This shows (7.3) for K bounded. Suppose now that K is an arbitrary non-negative
function on § X T such that (7.4) holds. For every € > 0 define K¢ by K¢(s,t) =
max(&,K(s,t)). By (7.3) and the Monotone Convergence Theorem applied to
the sequence of functions (min (1, K¢))y,—; we have

(7.6) exp (L log ( L K:(s,t) du(s)) dv(t))
> L exp (JT logK(s,t) dv(t)) du(s).

By (7.4) and

(7.7) eu(s) = L Ke(s,t) du(s) < eu(S) + Lms, £ du(s),

the left side of (7.6) is finite. In particular, by (7.6) with € = 1 we have t ~
logK;(s,t) = log, K(s,t) is integrable for a.e. s € S. By (7.4), (7.7), and the
Monotone Convergence Theorem the left side of (7.6) converges to the left side
of (7.3) as € — 0. Since the right side of (7.6) is greater than the right side of (7.3),
this shows (7.3). O

REFERENCES

(B] S. BLOOM, Pointwise multipliers of weighted BMO spaces, Proc. Amer. Math. Soc. 105
(1989), 950-960.

[Bo] N. BOURBAKI, Eléments de mathématique. Fasc. XIII. Livre VI: Intégration, Deuxiéme
édition revue et augmentée, Actualités Scientifiques et Industrielles No. 1175, Hermann,
Paris, 1965.

[C] A.-P. CALDERON, Cauchy integrals on Lipschitz curves and related operators, Proc. Nat. Acad.
Sci. U.S.A. 74 (1977), 1324-1327.



410

[CF]
(DS]

[GR]

(H]

MARCIN BOWNIK

R.R. COIFEMAN & C. FEFFERMAN, Weighted norm inequalities for maximal functions and
singular integrals, Studia Math. 51 (1974), 241-250.

N. DUNFORD & J.T. SCHWARTZ, Linear Operators. I. General Theory, Pure and Applied
Mathematics Volume 7, Interscience, New York, 1958.

J. GARCIA-CUERVA ¢ J.L. RUBIO DE FRANCIA, Weighted Norm Inequalities and Re-
lated Topics, North-Holland Mathematics Studies Volume 116, North-Holland, Amsterdam,
1985.

S.V. HRUSCEV, A description of weights satisfying the Ac condition of Muckenhoupt, Proc.
Amer. Math. Soc. 90 (1984), 253-257.

[HMW] R. HUNT, B. MUCKENHOUPT ¢ R. WHEEDEN, Weighted norm inequalities for the

(M]

(NT]

(P]
[17]

(s]

[TV1]
[TV2]
[TV3]

(V]

conjugate function and Hilbert transform, Trans. Amer. Math. Soc. 176 (1973), 227-251.
B. MUCKENHOUPT, Weighted norm inequalities for the Hardy maximal function, Trans.
Amer. Math. Soc. 165 (1972), 207-226.
E. NAZAROV & S. TREIL, The hunt for a Bellman function: applications to estimates for
singular integral operators and to other classical problems of harmonic analysis, Algebra i Analiz
8 (1996), 32-162.
G. PISIER, The Volume of Convex Bodies and Banach Space Geometry, Cambridge Tracts in
Mathematics Volume 94, Cambridge University Press, Cambridge, 1989.
N. TOMCZAK-JAEGERMANN, Banach-Mazur Distances and Finite-dimensional Operator
Ideals, Pitman Monographs and Surveys in Pure and Applied Mathematics Volume 38, Long-
man Scientific & Technical, Harlow, 1989.
E.M. STEIN, Harmonic Analysis: Real-variable Methods, Orthogonality, and Oscillarory Inte-
grals, Priceton Mathematical Series Volume 43, Princeton University Press, Princeton, NJ,
1993.
S. TREIL & A. VOLBERG, Wavelets and the angle between past and future, ]. Funct. Anal.
143 (1997), 269-308.

Continuous frame decomposition and a vector Hunt-Muckenhoupt-Wheeden theorem,
Ark. Mat. 35 (1997), 363-386.
Completely regular multivariate stationary process and the Muckenhoupt condition,
MSRI Preprint, 109 (1997).
A. VOLBERG, Matrix Ap weights via S-functions, J. Amer. Math. Soc. 10 (1997), 445-466.

Department of Mathematics
Washington University

Campus Box 1146

St. Louis, MO 63130

E-MAIL: marbow@math.wustl.edu

ACKNOWLEDGMENT: The author is thankful to his advisor, Prof. Richard Rochberg, for guidance
and many discussions on the subject of matrix weights.

KEY WORDS AND PHRASES:

Hilbert transform, weighted norm inequalities, matrix weights, inverse volume
1991 MATHEMATICS SUBJECT CLASSIFICATION: 42B20

Received: Seprember 9th, 1998.



	Introduction
	Basic properties
	Reverse inverse volume inequality
	An example of a matrix weight in A_{2,2}
	Examples of weights in A_{p,q}
	Logarithm of a weight and BMO
	Appendix: Minkowski's inequality

