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ABSTRACT

When n is even, orthogonal spreads in an orthogonal vector space of type
0 (2n — 2,2) are used to construct line-sets of size (277! + 1)2"2 in M2 all of
whose angles are 90° or cos "1 (27("~2/2) These line-sets are then used to obtain
quaternionic Kerdock codes. These constructions are based on ideas used by Calder-
bank, Cameron, Kantor, and Seidel in real and complex spaces.

1. INTRODUCTION

In [1], Calderbank, Cameron, Kantor, and Seidel studied real and com-
plex two-angle line-sets and associated codes over Z, or Z,, obtained from
binary vector spaces by using extraspecial 2-groups. In particular, for each
even integer n > 4 they constructed line-sets of size (2" ! + 1)2" in R?" all
of whose angles are 90° or cos™'(27"/2), and line-sets of size (2" ! + 1)2" !
in C2""" all of whose angles are 90° or cos ™' (27" ~1/2), One of the results of
this paper is the quaternionic analogue of these:
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THEOREM 1.1. For each even n >4 there are line-sets of size
@'+ 12" 2 in H* " all of whose angles are 90° or cos™1(27(»~2/2),

In the real, complex, and quaternionic cases, the size of the line-set is
maximal subject to having just the stated two angles in the stated dimensions.
This is discussed at length in [1] for real and complex spaces. For quater-
nionic spaces the fact that (27! + 1)2"~? is the maximal possible number of
lines is in [3] (based on results in [7]), and also in [6].

This paper is a sequel to [1]. In particular, the construction of the line-sets
in the theorem parallels analogous ones there for real and complex spaces. As
in [1], we will construct many inequivalent line-sets. Continuing our emula-
tion of that paper, we will use the line-sets to construct quaternionic Kerdock
codes, which are certain subsets of Q§”‘2, and then to obtain their distance
distribution relative to a suitable metric (Theorem 8.1). We will also describe
the transition from these codes to the associated binary Kerdock codes
(Section 7). In view of [1], none of the results are surprising, nor is the fact
that all calculations here are more complicated than those in that reference.

This paper, as well as [1], wouldn’t exist if it weren’t for Jaap Seidel. He
posed the question of relating binary and real orthogonal geometries, which
was discussed at length in [1]. He prodded, implored, and coaxed in his
well-known friendly, energetic, forceful, and inquisitive manner. He felt
strongly that quaternionic versions of results in [1] absolutely had to be found
and studied. This paper is intended as experimentation in the direction he

hoped for.

2. ISOMETRIES OF AN O (2k + 2,2)-SPACE

The next two sections present elementary calculations concerning finite
orthogonal geometries.

Consider a 2k + 2-dimensional binary vector space with basis
Xpyeoos Xpo bty Y- oo, 4y, equipped with the quadratic form Q7 (X, a;x,
+X,bt, + X cy)=2Lac +b, +b,+bb, Thus, we are dealing
with an O7(2k + 2,2)-space: its maximal totally singular subspaces have
dimension k (an example of such a subspace is {x,,..., x;)).

In this section we will determine the group R of all isometries that induce
the identity on both {x,...,x;) and {(x,..., x> /%), ..., x), using
matrices with respect to the basis x,,..., x;, ¢, to, y,..., y;. If P is any
square matrix, let d(P) denote the row vector whose entries are those on the
diagonal of P in their natural order.
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QUATERNIONIC LINE-SETS AND CODES
R consists of all transformations whose matrices have the

LEMMA 2.1
form
I df d' ¢
O 1 0 d
O 0 1 d,f
O O 0O 1

where d,,dy, € Z% and C + d¥d, is a symmetric matrix such that d(C +

did,) =d, + d,.
Proof. The matrix of any element r of R has the form
I B C
O I DJ,
O O 1
), and D = (duj) are binary k X 2, k X k, and
f . In other words, we have

where B = (bm)’ C =(c
2 X k matrices, respective

x;r=x,+ met# + Zcijyj
M J
t#r=tu + Zdujyj
J

yir =vy,.
These equations determine an isometry if and only if the following hold (for
all appropriate i, j, u):
0=0Q(x;) =cy,+b,+by+b,b,
iby + b,

0=(x;,x;) =c; +c; +byby

0= (x,»,t#) = bw_u + dw"

Then ¢,;, = d,; + d,; + d,,d,; and cij te = d“d2j + dz,'du forall i, j. m
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Alternatively, start with a skew-symmetric k X k matrix S, and with
d,, dy € Z%; let A(d,) be the diagonal matrix whose entries are those of d, in
their natural order. Write

1 df df s+ A(d)) + A(d,) + dld,
[d,,d,,S] = O 1 0 d,
O 0 1 d,
O O O I
By Lemma 2.1,

LEmMa 2.2. R ={[d,,d,, S]| S is a k X k skew-symmetric matrix and
d,, d, € Z%).

Multiplication in R is given by

[dy.d,, S1[dy, a1, 8'] = [dy +dy, dy + i, S+ § + did; + d'd,].

(2.3)

Then Z(R) = {[0,0, S]| S is skew-symmetric}, and this is isomorphic to the
space of k X k skew-symmetric binary matrices. Moreover, |R| =
22k +kk-1/2 gnd R/Z(R) = Z2*.

Lemma 24. If [d,, d,, S], [d}, d}, Sl €R, then {(x,,..., X0
[d,,dy, SIN {x xldy, d), 8’1 =0 if and only if the k X (k + 2)
matrix (dy —dy d} —d}' C—C') has rank k, where C = S + A(d)) +
A(d,) + did, and C' = §' + A(d) + A(d}) + d}'d,.

Proof. A vector in {(x,..., x ldy, dy, SN (xy, oo, x)ldy, dy, S']
must have the form (v, vd}, vd!, vC) = (v, vdy, vd}", vC") withv € Z5. =

Later we will be interested in maximal-sized sets of subspaces behaving as
in the preceding lemma (cf. Section 6).
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3. FROM n X n SKEW-SYMMETRIC MATRICES TO THE
MATRICES IN SECTION 2

Now consider a 2n-dimensional binary vector space with basis
Xpseoos KoY psen o, Yy, equipped with the quadratic form QX a;x; +
¥, cy) =L, a;c, Thus, we are dealing with an O*(2n,2)-space. The
n-dimensional subspaces X = (x,...,x,) and Y = (y,,..., y,) are to-
tally singular. Let

=%, 1t Y, T Y,

ty =x, ty,

Uy =X, t Y,y

Uy =x,+ty, , ty,
Note that

X, 1=ty tu tu,

n
x, =t +t, +u
Y1 =ty T uy

ynztl+u’l'

Both {¢t,,t,) and {u,, u,) are anisotropic: they have no nonzero singular
vectors. Using the basis x,,..., X,_5, t1, ty, Y1,---» 4o Of (up,uy)*, we
see that space is an O~ (2n — 2, 2)-space. Hence, we are back in the situation
of Section 2, with 2k + 2 = 2n — 2.

Any totally singular n-space U such that U N'Y = 0 has the form

X(V)(é 1;4)

for an n X n skew-symmetric matrix M. On the other hand, U N {u,, ug)”
is a totally singular subspace of (u,,u,)" having dimension at least n — 2,
so that it must have dimension n — 2 and have the same appearance as in
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Lemma 2.1. Let C, d,, and d, be as in that lemma. In order to determine
them from M, write

M" MM,
M=(my)=|M_, 0 ! (3.1)
M ! 0

n

for an (n — 2) X (n — 2) matrix M”, where M,_ |, M, € Z; % and | € Z,.

n—1»

PropPosITION 32. C=M"+ MT

M, +M'M, +Q+DM M
+IM'M,,_,

d=01+DHM,_,+M,
dy=M,_, +IM,,

and S = C + dld, + A(d, + d,) is a skew-symmetric matrix.

Proof. The subspace U consists of all vectors of the following form
(where (a,) ranges through Z3):

n n n
Zaaxa+ Zzaamaﬁyﬁ
1 1 1

n n—2
= Zaaxa+anflxrl—l +anxn+ Z Zaa'maByﬂ
a=1 B=1

n n

+ Zaaman—lyn—l + Zaa'manyn

1 1

n—2

Z a,x, +a, [ty +u, +uy] +a,lt, +t,+u]

Il

n—2

+ Z Z a maByB+ Za My n— l[t2+u2] + Za mnn[t +ul]
a=1 B=1

=Zax +Z Zamaﬁyﬁ

a=1p=1

n
+la, + Zaaman

1

t, +

n
a,-1 + a, + Zaaman—l)t2
1

n

+la,_, +a, + Zaam‘M u, +
1

n
a, -y + Zaamanl)uQ'
1
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Then U N {u,;,u,)* consists of those vectors such that the coordinates of u,
and u, vanish:

Q
3

|

+

(]
=

il

™1

Q
R

3
R
3

Since m,_,,_,=m,, =0 and m,, ,=m

n =1 by skew-symmetry,
this yields

n-~1ln

L+ Da,_, ta,=

|
™
8
e

a,-1 +lan = Z AyMy -1

and hence

n—2

n-1 " Z aa[man—l + lmﬂn]
1

S
I

n—2

n Zaa[(1+l)ma71—l+marll‘
1

Q
it

Now our t,- and ¢,~coordinates can be rewritten as follows:

n n-—-2

a, + Zanman =a, + lan—\ + 2 A My
1

n—2
Z aa{[(l + l)ma n—1 + mun] + l[ma n—1 + lman] + Tllﬂ"}
1

n—2

Z aa{ma n—1 + lman}
1
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and

n
a,_, + a, + Zaaman—l
1

n—2
=a,. + (1 + l)an + Z AeyMy -1
1

n—2

= L a{lme, ) +Imy,] + (L+ D[+ )mg, -,

1

+man] + ma n—l}

n—2

? aa{(l + l)ma,,,l + man)'

Finally, if 1 < B < n — 2, then our yg-coordinate is

n—2

n
Z aamaB = Z aamaﬁ + an~lmn—1B + anmnB
a=1 a=1

n—2 n—2
= Z aamaB + Z aa[man—l + lman]mn~lﬁ
a=1 a=1

n—2
Z aa[(l + l)man—l + man]mnﬁ

a=1

n—2

- Z aa{fnaﬁ + mn—lamn—lﬁ + lmnamn—lB
a=1

H(L+D)m,_ am,p + m,am,g}
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Consequently, a typical vector in U N {u,, u,)" can be written

n—2 n-—2 n
Zaaxa+ Z ( Zaamaﬂ)yﬂ+
1

B=1\a=1

n
a, + Zaaman)ll
1

+

n
an- + a, + Zaaman—l)tZ
1

n—2 n—2
= Z aaxa + Z aa{munAl + lman}tl
1 1
n—2
+ Z aa{(l + l)ma n—1 + man}tZ
1
-2

n n—2
+ Z Zaa{maﬁ+mnAlamn—lB+lmnamn—16
B=1 =1

+(1 + l)mn_lam"B + mnam"B} Yg-

In other words, if C and d|, d, are the matrix and vectors stated in the
proposition, then the coordinate vectors of the members of U N {uy, u,)*

with respect to the basis x;,..., %, _5,t),ts, Y1,..., y,_p of (uy,u,)™ all
have the form (g XI d; df C), where (a,) ranges through Z3~*>. Now
Lemma 2.1 completes the proof of the proposition. [

Of course, it is easy to check the last part of Proposition 3.2 directly:
C+dldy, + A(d, +dy) = M" + (1 + )[MI_ M, + MM, _|]
F(1+ D[ MIM, + A(M,)]
+IM M, + A(M,_ )]

REMARK 1. The mapping M ~ (C, d,, d,) is 2 to 1: [ can be chosen to
be 0 or 1. Namely, assume that the triple (C, d,, d,) behaves as in Section 2.
Pick either possible value of I. Then d, and d, determine M, _, and M,
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and hence together with C also determine the matrix M”, which is skew-
symmetric (reverse the reasoning at the end of the above proof).
This observation will come back to haunt us in Section 7.

REMARK 2. The proposition should be compared with the version in an
O(2n — 1,2)-space (or an Sp(2n — 2, 2)-space) appearing in [1, Section 7].
There we also started with M, and obtained a symmetric matrix P such that

v |PHAP)d(P) d(P)
d(P) o |

Thus, with reasonably self-evident notation, P = M’ + MM,.

REMARK 3. The proposition has an analogue over any field.

4. QUATERNIONIC SPACES AND EXTRASPECIAL 2-GROUPS

We briefly introduce some of the notation in [1]. Let n be even. Start with
R?’, equipped with the usual scalar product. The standard basis {¢, | v € V'}
is indexed by V= Zj. The extraspecial group E is the subgroup
{(X(b),Y(B) | b € V) of the usual real orthogonal group O(R?"), where
X(b):e, — e,,, and Y(b) = diag[(—1)**°], .. Here |E[ = 2!*2"; the cen-
ter Z = Z(E) = {+1I} has order 2, and will be identified with Z,. Let tilde
denote the natural map E — E/Z. (N.B. An overbar was used in [1]. Here
we wish to avoid an awkwardness this caused in that paper: the inability to
apply this map to the complex number i without suggesting complex conjuga-
tion.) The associated quadratic form on E/Z is defined (for all ¢ € E) by
Q(é) = e* € Z = Z,. The normalizer of E in O(R*") induces the full
orthogonal group O*(2n,2) on E. 3 ) )

Fix a basis v},...,v, of V. Then X(v)),..., X(v,) and Y(v,),...,Y(v,)
are dual bases of X(V) and Y(V). Write

izx(vn)y(vn-I +Dn)’ j——*X(Un_l)Y(Un_l),

(4.1)
ty = X(v, )Y(v, 1 +v,), t=X(v,)Y(v,).
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Then Qg := (i, j) and {¢,,t,) are commuting quaternion groups of order 8.
We match this notation with that of Section 3 by writing x, = X(v,) and
y, = Y(v,) for 1 < a < n; the present t, and ¢, project modulo Z onto
those in Section 3, whlle i and j project onto u, and u,, respectively.

Let V" denote the subspace of V spanned by v,,...,v,_,, and write

s Yn—2»
E7={t,,ty, X(V"),Y(V")).

(N.B. The notation “V"” is intended to parallel notation used in [1]; cf. (6.6)
below. It has nothing to do with commutator subgroups.) E is the central
product of the extraspecial group E~ of order 9An=DH1 ith Qg, and E is
the central product of the extraspecial group (X(V"),Y(V")) of order
22 =D+ with (¢, t,).

Let H denote the quaternion algebra RQ, = R{i, j). This acts on R*":
real scalars originally acted on the left, but we can also view them as acting on
the right; elements of (i, j) act on the right. (Care is needed here, since we
are dealing with a noncommutative division algebra.) Then {e, | v € V"} is an
H-basis of R2". We will view R%" as H2" " by writing (a,), c y» = L, c v €,8,
for a, € H.

Since ¢, and ¢, commute with i and j, they are H-linear. Their action is
as follows (for all v € V", so that v-v,_, =0 =v-v,):

eotl = evX(vn—l)Y(vn—l)Y(vn) = evY(vn)j = ev.j’ (42)
evt2 = euX(Un)Y(Un—l + Un)Y(Dn—l) = evY(Un—l)i = eui'

Thus, (a,), cvrt, = E,cyr €,a.0t, = L, cyr (e t)a, = (ja,),cy» for any
a, € H, whereas the scalar j acts via (a,), ¢ yj (aL )y e v The actions of
t1 and t, are those of diagonal matrices. In general, if 8, € H for each
v € V", then the diagonal matrix D = diag[8,], . y» acts via (a,), ey D =
(6L au)u ev”.

We equip H2"* with the usual hermitian inner product, so that our
H-basis becomes an orthonormal basis. Then E lies in the resulting unitary
group UM *):if v € V" and b € V, then ¢,Y(b) = +e, and ¢, X(b) €

e, Qg for some w e V" (eg, e X(v,) =e, Y(un Lt )X(vn) ~e,i).
Similarly, each element A of GL(V”) can be v1ewed as lying in U(H*’ _2)
1nducmg a permutation e, — e, of our basis of H*" * and normalizing both

~ and Y(V") (cf. [1, Sectlon 2D. Yet another unitary transformation is
mduced by the matrix H € O(R*"*) < U(H2" ") whose rows are the vec-
tors ef =2 ""/2¢ _.(—1)"%, for b € V". This normalizes E and
1nterchanges Xwn and Y(V”) (cf. [l Section 2]). In the next section we will
obtain unitary transformations normalizing E~ and inducing on E~ the
group R appearing in Lemmas 2.1 and 2.2. Assuming this, we see that we
have produced enough unitary transformations normalizing E~ to generate a
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group inducing Q~(2n — 2,2) on E~ (the group Q™ (2n — 2,2) is the
derived subgroup of 07 (2n — 2,2) if n > 6).

PROPOSITION 4.3.  Let U, and U, be any subgroups of E~ such that U,
and U, are totally singular (n — 2)-spaces and U, N U, = 0. Then

(@) the set FU,) of U-irreducible subspaces of H*"™" is an orthonormal
frame; and

(ii) the angle between any member of F(U,) and any member of F(U,) is
05~ 1(2-(n-2)72),

Proof. We may assume that Z < U,, U,. Using the normalizer of E~, we
can move our pair U, U, to the pair Y(V")Z, X(V")Z. Thus, it suffices to
check (i) and (i) in this concrete case.

Since ¢,Y(b) = (—~1)*"*e, forall b,v € V", the 1-space spanned by e, is
invariant under Y(V"), and we obtain [V”| pairwise inequivalent Y(V")-mod-
ules. This proves (i), and (ii) follows from the fact that (e*,, e,) = 27"~ ?72
forb,v € V". [ ]

5. QUATERNIONIC DIAGONAL MATRICES

In this sectlon we will show that there are enough diagonal transforma-
tions of H*" normahzmg E~ in order to induce on E"=E~/{ — I all
the elements of R, the group of isometries discussed in Lemmas 2.1 and 2.2.
Let x,, Yo, t1, and ¢, be as in Section 4. As in Section 2, we will use the basis
Xppenes Xyog, £, ts, Y1.---» Yoo in order to write linear transformations of
E~.

Fixan (n — 2) X (n — 2) symmetric binary matrix P, and view its entries
as elements of Z,. For each v € V" let ¢ denote a member of Z} 2
projecting onto v mod 2 (cf. [1, Section 4]). Define f(v) == 6Pt for v € V”
and D = dlag[zf(”)]vev, so that (a,),cy.D = (ifa,),cyr for any
(a, )UEV" e H¥

LEMMA 5.1.

(i) D normalizes E~. 3
(ii) The matrix induced by D on E™ is

I o d(p)' P
o 1 0 d(P)
o 0 1 o
o o o I
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Proof. First note that, for each v € V", f(v) = oP8" is a well-defined

element of Z,, independent of the choice of © (cf. [1, Section 4]). Next,
calculate that, for all v,w € V*,

f(v +w) =f(v) + f(w) + 26PD7,
f(w) = dd(I')" (mod?2).

(5.2)

Let v,w € V". Then D centralizes Y(w), and by (4.2)
e, D' X(w)D = e,i X (w)D = e, X(w) Di /)
—e,, DiTf® = iftere)=f®)
_ eﬁwif(w)”“"“ _ eDX(w)th('”)( _ 1)o(wP)T
= ¢, Y(wP) X(w)t{™.

Thus, D™'X(w)D = Y(wP)X(w)t{* = +Y(wP)X(w)t&4®" by (5.2).
Also by (4.2) (together with the remark following it), we have

e t7' D7 D = e, ifji TS = ¢ 20 = o (—1) P = ¢ Y (d(P)).
Similarly, e ¢t;'D"'t,D = e . Thus,
X(w)® = £Y(wP) X(w)tLd®’

ty = t,Y(d(P)),

tP =t,,
Y(w)” = Y(w),
which proves both (i) and (ii). =

In the notation of Lemma 2.2, the matrix in (i) is [0, d(P), P + A(d(P))].
Now interchange the roles of i and j, as well as those of ¢, and ¢,: starting
with another (n ~ 2) X (n — 2) symmetric matrix P’ in place of P, obtain
another diagonal matrix D' := diag] j*? Rl normalizing E~ such that
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the transformation induced by D' on E~ has the matrix [d(P'),0, P’ +
A(d(P"))]. Then the transformation induced by DD’ has the matrix

[0,d(P), P + A(d(P))][d(P"),0, P + A(d(P"))]
= [d(P"),d(P),P + P' + A(d(P)) + A(d(P"))]
by (2.3). We can now prove

PROPOSITION 5.3. Each isometry [dz,dl, S] of E inducing the iden-
tity on {i,jy, Y(V"), and Y(V")l /Y(V") is induced by con]ugatzon

an isometry of H2""* normalizing E and E~, namely
diag[ia”(wA(dl))ﬁ"T 5" A(dy )v"T]

eV

Proof. Let P =S + A(d,) and P’ = A(d,) in the above discussion in
order to see that the indicated diagonal matrix behaves as desired. |

For a more explicit and symmetrical version of the above diagonal matrix,
see Lemma 7.2 (or Theorem 7.4).

COROLLARY 5.4. If U" is any subgroup of E” such that U" is a totally
singular n — 2-space and U" 0 Y(V") = 0, then each member of F(U") is
spanned by a vector 20"~ 22} D all of whose coordinates are in Qg, where D
is a diagonal matrix as in the preceding proposition.

Proof. F(X(V")) consists of the 1- -spaces spanned by the vectors ejf.
Any other choice of U” is the image of X(V") under one of the transforma-
tions in Proposition 5.3, in view of Lemma 2.2. u

6. QUATERNIONIC LINE-SETS AND KERDOCK CODES

An orthogonal spread of E=E /< = 1) is a family of 2"~ + 1 totally
singular n-spaces such that every nonzero singular vector is in exactly one of
its members. There are large numbers of orthogonal spreads not equivalent
under the group O™ (2n, 2) of isometries of E [4, 5]. An orthogonal spread of
E™ is a family of 2"7! + 1 totally singular n — 2-spaces such that every
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nonzero s1ngular vector is in exactly one of its members Every orthogonal
spread 3 of E determines an orthogonal spread 3~ of E-

S"={UNE|Ue3).

Namely, dim U N E'>n—2and UNE is totally singular, so that dim
U N E™=n — 2; moreover, every nonzero vector in E~ is in exactly one
such U and hence in U N E~. Of course, 2" heavily depends on the
anisotropic 2-space (i, j>/{ — I) chosen in E.

We can now prove a more precise version of Theorem 1.1.

THEOREM 6.1. F(E7) = UFW") 1 U" €27} is a set of 2" ' +
12" 2 lines in H2" " all of whose angles are 90° or cos ™' (27("~2/2),

Proof. This is an immediate consequence of Proposition 4.3. [ |

Note that (2"~ ! + 1)2" 2 is the maximal number of lines in H2" having
the stated angles ([3], [7], and [6]). Also note that the preceding proof did not
require any of the calculations in Sections 2 and 3. Those are needed to see
that the lines all may be assumed to be spanned by vectors whose coordinates
are all in Qg U {0}.

From now on we will assume that X(V"), Y(V") € 3. Then 3~ consists
of Y(V") and certain subspaces X(V")[dz, d,, §], in the notation of Lemma
2.2, and F(3.7) is the union of frames F(U"), U" € 3,7; each line in F(37)
is spanned either by a standard basis vector or by a vector all of whose
coordinates are in Qg (by Corollary 5.4). This leads us to the quaternionic
Kerdock code

FA(E7) = {(q0) e € QF T 1{(qu) v €F(ET)). (62)

As in [1], this code depends heavily on choices other than 37: the members
X(V") and Y(V") of 2", and the basis v,,...,v,_, of V".
In order to be more explicit, recall that each U € 3\ {Y(V)} has the

form
X(V)((I) 1‘14)

for a unique n X n skew-symmetric matrix M; let M(Z) be the Kerdock set
of all such matrices M. (N.B. Once again this notation is misleading: this set
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of matrices depends on 3 together with the choice of members X(V), Y(V)
of 3., as well as on the basis chosen for V.) Each M € M(Z) determines an
element [dy,,, d, )y, Sy] € O7(2n — 2,2) as in Proposition 3.2, and hence
also an isometry Di; 4. s, E‘_U(ﬂ-ﬂznﬁ) by Proposition 5.3, where
Dy, d.,. 5,1 S€nds X(V') to U N E™ by conjugation. Since

(n—2)/2 %
2 €5 Dldyy. diyy, 5]

7N [ oS+ A g DET 5y )8
__(( 1) )U,,EV,,dlag[l )" Ay ey’

it follows from Corollary 5.4 that
(37 = {((_1)b-u G 87 (Sut Ayt ja"AZMa"q)D”EV” I
bev' MeM(3), qe Qg}. (6.3)

We will need to compare this quaternionic code with the related binary
and Z ,-codes. For this purpose we recall additional notation from [1].
Let V=75 and V' = Z;~'. Associated with each M € M(Z) there are

o skew-symmetric matrices M’ and M", and vectors d € V' and M, _,,
M, € V", such that

. M" MI, MT
M=(Z‘§ ‘é)= M, , o 1| (6.4)
M I 0

n

a quadratic form Q,, : V — Z, whose corresponding bilinear form is vMo”
(one form suffices here for each M);

a symmetric (n — 1) X (n — 1) matrix P,, = M’ + d"d; and

a set 3’ consisting of the following subspaces of V' & V': x’ = 0, and
y' = x'Py for M € M(Z) (where (z', y') € V' ® V').

Then the binary and Z,-Kerdock codes are as follows:
#(E) = {£((-D""(-D%"),oy | bev. M eME))
c(-1"=z¥ (6.5)
%(2/) — {le(( _l)b,.vlialpMG,T)U,E‘,' I = V,, Me M(E), ce 24}

c? =2 (6.6)
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(These are not quite the definitions in [1}: here we have opted to use
codewords whose entries are in mutiplicative versions of Z, or Z,.) The
corresponding real or complex line-sets consist of the standard orthonormal
frame of R2" or C2" ' together with the 1-spaces spanned by the members of
F3) or Z(3), respectively.

7. IN SEARCH OF A GRAY MAP

In this section we will follow the methodology in [1] a bit further, taking
into account the remarks at the end of [1]: the transition between Z,- and
binary Kerdock codes “could” have led to the Gray map studied in [2]. That
is, we will describe transitions from our quaternionic Kerdock code Z(27)
to the binary and Z -Kerdock codes exhibited in (6.5) and (6.6). A summary
of the results of this section might be: simplifications occur and the transition
is pretty, but the transition does not appear to arise from an actual map. This
negative result is presented both for completeness and on the offchance that
some reader will see a pattern overlooked here.

7.1, Another View of Z(27)
Fix M € M(2), and let M", M,, M, _,, | be as in (3.1). Also, let Uy,
denote any (n ~ 2) X (n — 2) matrix such that

M"=Uy+ ULt (7.1)

(the simplest example being the “upper triangular portion” of the skew-sym-
metric matrix M"), so that Lemma 2.2 associates with M an isometry of E-
with matrix {d,, d,, S] = [d, . d, . Sy ). Here, S is given in Proposition
3.2, while M,_, =1ld, +d, and M, =d, + (1 + D)d,.

Write A, = A(d,) for pw =12 We need to simplify the matrix
diagli®"S* A‘)G"T]"”"A?ﬁ”]vu <v» appearing in Proposition 5.3.

an O L
LEMMa 7.2, 7AD" — yxiy(— 1) with

x=d; -0, y=d, v
and

2=0"Upo"" + (L+Dx+1ly + (M, *M,) 0",

where in each case the indicated dot product is the binary one, and
M, _, * M, denotes the pointwise product of the indicated vectors.
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Proof. Asin[1, Section 7], if v” = (a,) € V", then the 2-adic expansion
of 8"(S + A" is

di-v" +2 ) [Sap+ A1 Aglagag=d, 0" +2 3 [Sap + dindig]aaa,

a<f a<pf

(7.3)

(where d,, is viewed as an element of Z,). Similarly, $"A,0"" = d, - " +
2L 4 < p dyqdypa,ag. Thus,

ié"(S+A1)ﬁ"}rﬁ"A2€"T 1d 0" +2 , plSagtdiadiglagag j(]z-c"+2 Lacpdradagasag

=1

-(Il-u”'dz-v”( _ 1)2u< plSeptdiadig+dyadiglagag

Here, S, + d,,d 5 + d,,dyg is the a, B entry of
S +djd, +did,

=M”+MT Mnfl+M:Mrl+(1+Z)MHT*1M"+IM”'FM"‘I

n—1
+did, + A, + A, + did, +d}d,
=M"+A +A,+M'_ M, + MM,

+(1+DML M, +IMM,_,

n—1
+[(1 + Z)Mn~l + Mn]T[an—l + (1 + Z)Mn]

+[M,_ +IM ] [M,_, +IM,]

n—1

=M +IM]_ M, +IM'M, | +A +A,.

Let N denote the upper triangular portion of the skew-symmgtric matrix
MT_ M, + MM, _,, sothat IM! M, +IM'M,_ | = I(N + N7). Then

n—1>

§OUS T ADETAET ey ()W IN)O"T +(d) +dy)o”

=1 ]
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Here, N,z is 0 if a> B and is d,,d,g+dpdy, =M
M, M, _, , otherwise. Thus,

n—la

ng

U"NU”T — Z aa[Mn'] CIM"B + MnaM'n—lﬁ]aB

a<fB

It

Z aa[Mn»la MnB]aB

arf
= (M,_ ") (M, -0") + (M, _;*M,) 0"

= ([ld, + dy]-o")([dy + (1 +1)dy] ") + (M, * M,) 0"
=Ud, 0"+ (1 +1)dy o + (dy ") (dy o) + (M, x M,) 0",

so that o"(Uj, + IN)"" + (d, + dy)-v" is the quantity z stated in the
lemma. |

THEOREM 7.4.

ey

K(37) = {[ifmjien (= 1) g
beV' MeM(3), g€ 0y,

where the indicated dot products are the binary ones.
Proof. For any given b € V" and M € M(2),

nT

(-1 (-pe

A +Dx+ly+ (M, M )o" ( _ l)v”UK,L‘"T%“zPL?”

where ¢ =b 4+ (1 +1Dd, +1d, + M,_,* M,. The theorem now follows
from (6.3) and the preceding lemma. [ ]

REMARK 7.5. [ disappeared in the above calculation, and hence in the
simplified view of Z(2) given in Theorem 7.4
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7.2. From Quaternions to Z}

In order to relate Theorem 7.4 to the codeword ((—1)°
(= DP?(=1)P%) _, appearing in (6.5), where 8 € Z,, again fix M, let
v=(v",y_, v) €V with v € V", and write a = v"Upj¢v"". Then

Up M, M,
( > Vn—1s n) 0 0 { ( > Va1 n)
0 0 0

Qu(v)

_ aymn.nT N, L
=0"Uyo" + v, M,_, 0"+ yM, 0" +vy_pl

a+ v,_[ld, v +d, v"]

vl

Vi1 ¥

+yfd 0"+ (1 +1)d,-0"] +

Il

a+v_[k+yl+vlx+Q+Dy] +y_ 1l

Also, if b=@",B8,.,,B,) with B,_,,B, €Z,, then b-v=5b"-v" +
B, 1v,_1 + B,v,, so that the exponent of —1 of the vth entry in our
codeword is

Qu(v) +b-v+8

vl

V1%

=a+vy_[k+yl+rylx+(Q+Dy] +v

+ b” '1)” + Bn—anAl + BnVn + 6.

On the other hand, by Theorem 7.4 a typical codeword of Z(%7) has the
form

cd Mo dy M-o" t)"UA"tJ”T‘f‘h”'U” — (it f _ a+b’v"
(iiewade (= 1) q) ey = (F74(=1) q) ey

There are various choices we could make in order to proceed. We choose
not to introduce additional terms in the exponents here, which would appear
if we collected together all powers of i (and j). Instead, we will consider the
entire codeword instead of just one coordinate at a time. Thus, we write each
word in Z (3 7) first as (¢}),» v, and then as

BT (o4 b
(@) revr = (5= g0 ) L
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with x(v"), y(v"), a(v") € Z,, thereby making the vector 0 in V" somehow
“special.” This leads to the following transition, where g, = i #»jf»-1(—1)°,
a(v") = a(v") + b" - v" + 8, and (as above) we abbreviate x = x(v"), y =
y(v"), a = a(v"):

(qu”)u”ev” = (ixjy(—l)(; .iﬁnjﬁnvl)u”eV"
(G a+hk+y+B,_a+x+(1+Dy+B,. (76)

g+ (L+Dx+ly+1+B, ,+B)yeyr
(using (v, _,, »,) = (0,0), (1,0), (0,1), (1,1) for the four coordinates on the
right side). However, (7.6) is not an actual map, since [ is not visible on the
left side. Note that this was already foreshadowed in Remark 7.5 (and at the
end of Section 3).

When this non-map is restricted to x = 0, 8, _, = B, = 0, we obtain

(P (=D ) ey = (@ a+y. a+ L+ 1Dy, a+1ly+1) .y,

which is just the Gray map on the first two coordinates. Restricting (7.6) to
y =0, B,_, =B, =0, we obtain

(- ey = (@ d+,a+y.a+ (L+1D)x+1)

evt

which is just the Gray map on the first and third coordinates.

7.3.  From Quaternions to Z3

The Z ,-version of (7.6) also is unsatisfactory, but again is included for
completeness. As in (7.3), in view of (6.4) we have the following 2-adic
expansion:

A N U MT ;
o"P UIT=d P o+ 90 M n=1 |y
W7 = d(Py) i M )
" T
S () w2 By

=[M, v + lv] + 2[0”Ul&v"T + vM, _, 'v"]

= [x +(L+ 1)y + lv] +2[a + v(Ix + y)],
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where +, denotes binary addition and v’ = (¢", v) and b’ = (b", B) with
v,BEZ, Let e=p,+ 28 in (6.6) (this involves a possibly arbitary
decision on matching up the quaternionic and Z, situations.) Then

P +2b -8 + (B, +26)

= {[x +H(1+1)y + lv] + 2[&+ v{lx + y}

+b" 8" + By + [..L]} +
Hence, letting v = 0, 1, we obtain
(qe)pevs = (F9(=1) - iPrjbrr) L
S ([ (A +D)y] +2a[x+H (1 +1D)y+ ] (7.7)
P2+ Ity D)o+ (B e
where the right side of (7.7) is viewed as the codeword

,'B,.(( — 1)51'“2(1 Dy (— 1)’7+l’c+‘ji.r+2(l+l)y+2l)

ey

in %Z,(2'). However, (7.7) seems even more opaque than (7.6).

8. ADDITIONAL REMARKS

8.1. Distance Distribution .
By analogy with the binary and Z,-cases, a natural metric on Q2' is
the Hamiltonian metric induced from that of H2" ~ as follows:

dH(w]’wz) = ”wl - w2||2/2.

When restricted to (i)? = Zin_z, this is just the Lee metric.
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THEOREM 8.1. Given wy, € Z(Z ™), the Hamiltonian distances and the
number of codewords at each distance from w, are as follows:

Distance Number of codewords at that distance from w,,
0 1

271—2 _ 2(n—2)/2 (2n—1 _ 1)271—2

2n~2 3.2271*2*_211—1_2

2n—2 + 2(11—2)/2 (2n—l _ 1)2n—2

PA 1

The total number of codewords is 2*".

Proof. We are considering 2"~ ' frames, each having 2"~ ? lines, where
each line (w) has eight members wg of Z(Z7) for ¢ € Q4. Note that
llw,ll = 20n=272,

If {w) = (wy), then w = wyq, so that |lqw, — w0||2/2 =2""2|g —
1|2/2 is0if g=1,2"""if g = -1, and 2"~ 2 for the remaining six scalars

q.

If {w) is perpendicular to {w,), then |lqw, — w0||2/2 =2-2""2/9
There are 2"~ 2 — 1 such lines {w), and each has eight codewords.

In the remaining cases the angle between {(w) and <{w,) is
cos 1 27" =/2 There are (2" ' — 1)2"~2 such lines, and for each of them
we may assume that w is chosen with (w,w,) = (2"~ 2/2)29~(n=2/2 =
2"=D/2 Then |lqw — woll?/2 =[2-2"72 — 209/2(g + )] /2 is

271—2 _ 2(n—2)/2 lf q= 1’
on=2 4 9n=2/2  §f g=—1and
gn-2 if ¢g# 1.

In particular, the number of codewords at distance 2"~ * from w, is
(2 = 1)2" 26+ (2 = 1) -8+ 6=3:22"2 42" —2  m

Thus, Z(2 ") is distance-invariant. The corresponding table of distances
for a binary Kerdock code of length 2" is as follows:

Distance Number of codewords at that distance from w,,
0 1

2n71 _2(11-2)/2 (211*1 . 1)2n

gn- i on +1 _ 2

2n—1 + z(nAZ)/:Z (271—1 _ 1)2n

ar 1
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The total number of codewords is 2*". Of course, this implies that there is no
isometry from the binary to the quaternionic code (not even up to a constant
multiple of distances), thereby “explaining” the failures occurring in the
precedmg section. However, only at this stage have we discussed a metric on
QZ", because it is conceivable that there is a “natural” metric, other than
dy, VVlth respect to which the binary and quaternionic Kerdock codes are
isometric.

Theorem 7.4 contains a somewhat explicit version of the codewords in
Zs(27). 1t is not straightforward to use those formulas in order to prove the
above theorem. Namely, there are too many cases to consider; for example,
we might have d, =d, =0 and M # O, or, alternatively, U might be
singular but nonzero. On the other hand, it would be interesting to see if the
theorem gave additional information concerning the various vectors d,, d,,
and matrices U corresponding to the various members M of the Kerdock set.

8.2.  Relationships among Line-Sets

There is a simple analogue of [1, Proposition 7.2], relating $(27) to a
suitable set of real lines. P:ecall from [1, Section 3] that, whenever A is a
subgroup of E such that Ae 2, there is a set FUA) of exactly 2" pairwise
perpendicular lines of R2" left invariant by A; F(3) is defined to be the
union of all of these sets F(A) as A runs through 3. Note that E normalizes
AZ and hence leaves #( A) invariant.

PropPosITION 8.2. F(27) = {uH | uR € F(3)}.

Proof. Let A € 3. Let A~ denote the preimage in E~ of the member
A N U™ of the orthogonal spread 3~ of E . If uR € $(A), then A~ leaves
invariant uR and hence also uH. Since Qg permutes the lines in 9(A) in
orbits of size 4, this produces 2"~ % lines of H>" ~ left invariant by A
However, by Proposition 4.3, that is exactly the number of quaternionic hnes
left invariant by A™. [ |

8.3. Equivalences among Line-Sets

Exactly as in [1, Corollaries 3.7 and 5.6], two line-sets of the form F(Z7)
(obtained using the same group E~) are equivalent under UH2"") if and
only if the corresponding orthogonal spreads 2~ are equivalent under the
orthogonal group O~ (2n — 2,2) of E™. There are undoubtedly large num-
bers of inequivalent orthogonal spreads in E- , in fact many more than there
are in E, but this has yet to be proved. The methods used in [4] and [5] do
not appear to apply in this situation.
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8.4. Equivalences among Quaternionic Codes

Our results on the equivalence of Qg-Kerdock codes are incomplete. We
will sketch the straightforward computations used thus far.

One “natural” definition of equivalence between codes in Q2" ° is as
follows: a map induced by a permutation of Q2" of the form

(@) rev = ((900) ™) s (8.3)

where 6 is a permutation of coordinate positions and o (v") is an automor-
phism or antiautomorphism of Qj, one for each coordinate position. If, for
example, all coordinates are powers of i, then this produces the monomial
definition used in [1]. However, this definition also allows for the fact that
one should be able to freely interchange i and j. 3

Suppose that 2 and P are orthogonal spreads of E, producing orthogo-
nal spreads %~ and St of E” as in Section 6. We assume that the latter
spreads contain X(V") and Y(V"). Let M(X) and M(H be the correspond-
ing Kerdock sets of matrices (again as in Section 6), and let Z(Z™) and
Z,(3#7) be the corresponding Qg-Kerdock codes (cf. Theorem 7.4). For each
M e M(2) let U" = Uy, d, =d,y, and d, = d,, be as before (cf. (7.1)
and Lemma 7.2). Since M(3)) is a Kerdock set, d,,d,, and d, + d, = IM, _,
+ M, can be any vectors in V" (for example, just choose I = 0 in the latter
case). For notational convenience we will now let v (rather than ¢") denote
an arbitrary vector in V”; similarly, we will write U instead of U”".

EXAMPLE 8.4 Some automorphisms of F,(%7).

@) If we V" then v v+ w induces an automorphism (q,) —
).
o+ w
(i) (g,) = (q7) is an automorphism if o is any automorphism or
antiautomorphism of Q.

(q

Assume that the equivalence (8.3) sends Z4(3 ") to FZ(ZF 7). Then it
sends words all of whose coordinates are + 1 to words of the same sort (these
are just first-order Reed-Muller codes corresponding to the zero matrix of
both M(3) and M(ZH). Using Theorem 7.4, it follows that g induces a
coordinate permutation 6 that is an affine transformation of V", namely,
v = vR + w for some R & GI(V") and some (constant) vector w. By
Example 8.4, we may assume that w = 0 and ¢ (0) = 1.
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Our equivalence now has the form

(9.)ver = ((9.8)7) (8.5)

cev”

for automorphisms or antiautomorphisms o(v) of Qg. For each v € V”
there are a(v), B(v), XMv), y(v), 8(v), u(v) € Z, such that

izr(o) — ia(u)]-ﬂ(v)( _ 1) Ale)
jO’(U) — i‘y(v?]'ﬁ(u)( _1);1-(1;) (86)
a(v)8(v) — B(v)y(v) = 1.

Since (0) = 1, we have a(0) = y(0) =1 and B(0) = 8§(0) = M0) = w(0)
= 0.

Each M € M(3) produces U = Uy; and d, d, as before, and together
with g€ Qg and b € V" yields a codeword in Z(3 7). Under (8.5) this
corresponds to a codeword in #,(3# ") arising from some ¢* € Q;, b € V7,
and M' € M(3}) with associated U* = Upy, dt, d¥:

. ) dyoR i BYKERZE JRU RToT +bev )
[ia(u)jﬁ(b)(__l))\(v)] 1 [i},(v)jﬁ(b)(_l)u(u)] (_1)LRLR vl +b ng-(b)

— ia?-cjdg'u( _ l)vU“vT+b“~v q#

a(0) _

for all v € V". Here, q# =gq q. so that

[ia(u)jﬁm( ~1) A(v>] d"”R[]—y(v)iﬁ(w( _ 1),@)] TRy RURTT b o)

— ill["!}j(lgy'ﬁ( _ l)ﬁL’*uT+h“-U (87)

for all v € V". Write ¢ = i*j*UN(=1)* " for some (i), e(j), e(-1) €
Z,.
Our first consequence of (8.7) is that a + a(0), B + B(0), y + v(0), and
8 + 8(0) are linear functionals on V". For, choose b = 0, M = O, and g = i
in order to see that there exist d?, dg, b such that §0BO) = jolv) =
id?'”jdg'”i (mod{ — 1)) for all v € V”, which makes the stated linearity

obvious.
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Consequently, a(v) + 1 =u, v, B(v) = ug - v, y(v)+ 1= u, v, and
8(v) = us- v for some u,, ug, u,, us € V" and all v € V". Then
if u,#0and u,#0 then u,=u,;
(8.8)
if ug#0and u;#0 then uy=us.

For example, by (8.6), if u, # 0 and u, # 0 then a”'(0) € y }(1), where
both of these sets have to be affine hyperplanes of V”.

Now we can show that u, =uy =u, = uE = 0. For, choose ¢ = 1 and
b = 0 in (8.7): for each M there exist M“, b such that (8.7) holds, so (by
comparing exponents of i) a(v)d, - vR + y(v)d, vR = dt-v for all v e
V", Then [a(v)d,R" + y(v)d,R" + d§] v = 0 for all v. More precisely, in
view of (8.8), one of the following holds:

4y =0, [dR"+y(v)d,R +dt] v =0 Voev,
u, =0, a(v)dIRT+d§] ‘6=0 YoeV”' or
U, =u,, a(v)(d1+d2)RT+d§]-v=O Ve eV,

Let perpendicularity refer to the dot product on V". If u, = 0 # u,, we see
that y~'(0) € [d,R” + d%]* and y (1) c [d,R" + d,R" + d!]*, where
y~1(0) and y~'(1) are the affine hyperplanes of V" determined by u* . We
may assume that d, R # 0. It follows that one of the vectors leJy + dt,
d,R" + d,R" + d? is 0 while the other is u,, so that u, = d,R". Since d,
can be any nonzero vector in V", this is ridiculous. Similarly, v, = 0 # u, is
impossible, as is u, = u, # 0. Thus, u, = u, = 0; similarly, ug = u; = 0.
Consequently, a(v) = 8(v) =1 and B(v) = y(v) = 0 for all v € V",
We note that this may seem slightly surprising: all of our automorphisms or
antiautomorphisms o (v) have turned out to act in the same (trivial) manner

on Qg/Z(Qy).
Now (8.7) simplifies to

[i( _ 1)/\(1;)] "I'UR[].( _ l)u(v)] "2'“‘“( _ l).:ﬂvn"'[ TrbeoR

v [1( _ 1))\(1;)] ‘“”[j.( _ 1)“(")] g‘f’( )

— idﬁ'mjdﬁm( — 1)L’U”l}T+h“'Di£(i?/-g(j)( _ l)s( = 1)
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for all v € V", Comparing the exponents of ¢, j, and —1, we find that

dt =d,R", df=d,R" (8.9)

and

oU'T + b -v = vRUR™0” + b - vR + Mv)(d,-vR) + p(v)(d,-vR)
+ e(i)Mv) + e(j)u(v) + e(i)(d,  vR) (8.10)

for all v € V", (The term &(iXd, - vR) arose when rearranging the product
jdz'”Rie(“.) Now we are ready to prove the following

PROPOSITION 8.11. Z4(37) and (3} ) are equivalent if, and only if,
there exist R € GL(V") and s,, s, € V" so that, for each M € M(Z) (with
associated U = Uy, d,, d, as in Proposition 3.2 and (7.1)), there is some
M* e M(SH (with associated U* = Ulp, df, d%) such that (8.9) holds and
such that

U* + RUR” + s'd,R” + sld,R" (8.12)
is a symmetric matrix. In particular, if this condition holds, then
MY = RM"R" + s"d,R" + (sd,R")" + sId, R" + (s1d,R")". (8.13)

Proof. At this point we have A, w:V" — Z, such that, for any M €
M(2), b € V", €(i), &(j) € Z,, there are M e MCSH and B € V" for
which (8.10) holds for all v € V”. Here, Mv) and u(v) are linear functions.
For, we saw earlier that the codewords in Z,(2 ™) arising from the matrix
M = O are sent to the codewords of %(3*") arising from M*! = O. By
(8.10) with M = O, we have ¥ -0 =b-v + e(D)A(v) + e(jHulv) for all
v € V", Linearity follows if we choose {£(i), £(j)} = {0, 1}.

Write A(v) = s, - v and u(v) = s, - v for some s, s, € V”. Then (8.10)
simplifies to

U[U“ + RUR" + s7d,R” + sld,R"|v”

= [ + BRT + £(i)s, + £(j)s, + £(1)dyRT| -0
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for all v € V”. This is equivalent to the assertion that (8.12) is a symmetric
matrix whose diagonal is

A(B + BRT + £(i)s, + &(j)s, + £(i)dyRT). (8.14)

By (7.1), adding (8.12) to its transpose produces (8.13).

Conversely, given any s(z) e(j) € Z,, the requirement that (8.14) be the
diagonal of (8.12) allows ¥ to be determined from the other data. Conse-
quently, we can reverse our entire argument in order to deduce the proposi-
tion. ]

Of course, we have also dealt with the automorphism group of FZ(27): it
is generated by the automorphisms in Example 8.4 together with those arising
as in the preceding proposition.

By analogy with [1, Theorem 10.4], it is natural to hope that any code
equlvalence will correspond to an equivalence between the orthogonal spreads
S and 3*. The obstacle appears to be the same as in Section 7: I does not
appear at all in the proposition. In order to clarify this, we will indicate a
“geometric” version of equivalence between some codes of the form Z(3 7).

Consider any matrix

R st 5]
o 1 0 O
o 0 1
R" o0 o
O 5 1 0
s 0 1

with R € GL(n — 2,2) and s,, s, € V". This represents an orthogonal trans-
formation of E fixing X(V), Y(V), X(v,_,), and X(v,). If M € M(Z) is as
in (6.4), then the above matrix conjugates
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where
R s s R" 0 O
Mﬁz 0O 1 0 M{ $ 1 0
o 0 1 s 0 1
MY RMT | +1IsT RMT +1s]
=|M,_,R" +1Is, 0
M, RT + s, l 0
with

M" = RM"R” + s"™M, ,R" + RM"_|s, + sTM,R" + RM[s, + IsTs, + Isls,

Moreover, df =d,R" +1Is,, d} = d,R" + s, by Proposition 3.2, and we can
let U = RURT + s"™M,_,R” + sIM,R" + Is7s,. Now

cdlvsdbog oUFoT+bF o #
(- 1) q

(8.15)

— ileT-+-zls2'u 'dQRT+ilSI‘D( . I)UHURTUT‘f'DS{;’u",1RTDT'FUSgl\l"RTDT+le{SZUT+b”‘U qﬁ
IS .

J

This suggests that there should be a map H2" " - H2 sending each
vector listed in Theorem 7.4 to the right side of (8.15). This runs up against
the same type of problem encountered in Section 7. In particular, we do not
have the situation occurring in Proposition 8.11. Nevertheless, (8.15) is
tantalizingly close to the conditions in Proposition 8.11, especially when

l=0.

REMARK.  We have defined code-equivalence using a family of automor-
phisms and antiautomorphisms. Another definition would involve only a
single one of these: one could define two quaternionic codes to be equivalent
if there is an isometry of the underlying complex space sending one to the
other. This definition fits well with the metric used in Section 8.1. Of course,
we have seen that, for the codes we are considering, these two definitions of
equivalence are equivalent.
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8.5.  Open Questions

There should be interesting quaternionic codes other than those studied
here. Is there any way to use (7.6) to get new coding-theoretic results in
situations other than that of Kerdock codes? Is there any way to use (7.6) to
convert nonlinear to linear codes, as was done in [2]? Here, “linearity” means
“a subgroup of Qg.” Since Z(X ") appears to be nonlinear, this seems
dubious.

Questions of equivalence that were raised in Section 8.4 need to be
examined more carefully. Does there exist a broad generalization of all of
this, replacing Z,, Z,, and Qg by extraspecial groups or central products of
extraspecial groups with Z,? Admittedly, this is far-fetched. Note that the
exponent of the group is kept at 4 (or 2 in the “degenerate” binary case), as
suggested at the end of [1].

As in [1], there are natural but difficult questions concerning the existence
of other types of extremal line-sets behaving as in Theorem 1.1. Of course,
such questions are even harder in the present context.
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