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In [KL] it is provcd that the probability of two randomly chosen elements of a finite 
dassical simple group G actually generating G tends to 1 as lei increases. If gEe, 
let Pu(g) be the probability that, if h is chosen randomly in G, then (g, h) I- G. Let 
PG : = ma..x{Pu(g) I 9 E e#}. In [KL, Conjecture 2] it is suggested that a stronger result 
might hold: Pc ---4 0 as IGI ---4 00 for simple classical groups G. In this paper we investigate 
this question. It turns out that there is an interesting dichotomy here: while the answer 
is positiw~ whcn the defining dimension is fixed and the field size increases, this is not so 
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'i, .i,JiI.:!,'· '~":']l" fix(',] \\"" Ill\,(·,tigat,(' t!l(' 1\\'0 ("as('~ "(,]!~I],dtdy: ,11()Ilg :11,' \\',1) "".{. 

;,!I. ~l::r :Llillir)ll ()l! I,h' PIOt'I)!!,)())] of flx-poillt fj"('(' clCllwIlt,~ iIllil[(';tl" ~\I()l1P:-: ,tIld ()ll th(' 

';::'1.1" I ,,f ,',,:, Ilg,\CY ..];1.":-:('" of lli:,xilllill c,llb!!;r()1iJl~ III clas:-:I<;!l p,rouiJ" 
()'il 1'.1" l\,:-,ult,; ,\1(' ;1., foil"\\,,, 

'I'lli'll, {rJj 

lilll 1'(, - () 
,/-- '-

I. ixt'd I·'j, Id 

\\'" III ,I :r,\',';1 :J!,'li~II~ll;ll'Y g"llI'l;'] I,'Slllt. If C ,u:t" UII;L ,,(,( X, ld (:j' ,kn"t(' (III' 
X If,! (:,J,.lFixl.UJ1)('Uj(',~dOffix('dp()illt.sllf:J lfll' X.kt 

I',' 11 L <1"1 "t, l!w 1'lu!,;,Liltty tL;ll :t r;l])(ll!IIl dellJl'u! of C; nX":-i Slllll" (,l<'iJH'lll (If II" ~()(<' 

L 1l11Il."l 1.1, I~t'/ (; ,I" ,'I [LUi ;1'1"- ;;(JiI~rr)IIJl ,,{ S~'lll(_Y), w/w!"!' :X: Iii Lt'I" I", ilw 

',;[',')'), il,'r}; (){;I1~ "rid! "fe:, '111.\ {.r) L<'I 1\" C X wiih 111'1 > I) FL"II 

11" -(1 
'" 

U' - 1 \ -., ) -, 

"''''~ L,'I \' (:"I]()t" til(' ll\lIJd,,'j' ,,f ,'!(,lllcutS ,Jf G tiXiIlg ~()llll.' <:1('11)('111, of H' For ;IIIY 'J .c: G 
"111", th' 1:111111,,']' of I d{'IllI'II! s\ll)sct,s \If 1"1' n Fix{g). )lote tll;\! 1 ...., OII,!l) il2{'I)· 

! 
\' LIlI!.,I!) L U2{(j) 

'1'(' yf'(,' 

)' ,C; , I ~ iG'",' 
rEI\, ,L" (. IV 

L'''<'' 

1(;1 ('" 
'" 

wi w_'_l) .2.. ) 
:2 /lUi 

'j !H'I" h ,\Ii illl.i'\llSitIV(' \'Vr~i()Il of the /Pllllll,i (with th(' Silllle prouf). :--Jote that OIlC can 
;,\ ,ply 11)(' klllllli\ 10 G _ .. I" ur S" with 11), = /I = S+ 1 = 1J' +3. Tlwll 1);;("lF) :.~ l;/2- 1 /2n. 
r:l;l~, if;1 i",,;) ryell' in G, t]Wll 1'(;(y)::::: lj:Z - 1/20 is hOUlltit,d away froiIl U. 

\\'" wil: :Ipply tIll' lelllllla to da.'isi('al ~r()\lp~. Thwllghout the !('m~lil!(kr of lbis pHlwr, 
(; will 1)(' ,I ,·LL~.'iic;I.l ~~roup. witlt l'olTespondillg lIar,HPJ.! rl-dillH'll~ionill llIodule \' over 

F ~<'(I \(ll ~.,,,-; ill t\J(' Ilniliu)' <:a.",ej 

III t II<' lemma let. X )w the "'ct of singular 1,",])(\ccs of V (or ;\11 l-.~par(>s, if I here 18 no 

f"I[~1 Pl(',~"llt:', :llId kt II' -;- Fix(y) wit.h 9 a loug root clellwllt. of G. If G i" iUl OltllUgollll] 
l!,l (1Ilj), W(' d,,:;IlIlJ(· tbat t.lJ(' dillWllSiull uf V is at lea,.;t 5. Thuc;, in all (',tS('~\ c: ic; ('it.])('1" doubly 
tlillJ~l',l\'(' 0(1 X 01 It,\~ lank 3. Till' (jll,tntitivs 111,,, and tv = I~FI are ('<I:-;ily cakulat(·d in 
(';,("h (,'tS('. Let J';;: = J'L(Fix(y)), CiO that PG 2': P~;. Write (~)q = (qr -1)/(!]·- I). 

PROBABILITY OF GENERATING A CLASSICAL GROUP 

We first COil sider the case SL,,(q) S; G ::; G£,,{q). Herc, m 
.' = m - 1. Substit.utin,l'; thesp values into the lemma yields 

Thus' 

p' > G _ 

Proposition 1.2. If SL,,(q) ::; G ::; GL,,(q) with n 2: 2, then 

1 
P;;>--. 

- q + 1 
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)I('xt, cOll~id<:r G = Spn(q) with n 2': 4 and e\'cn. Since 9 is a t.ransve('(,ioll and all 
~PllCCS ai" 'iing;ular, III and 1(' arc the same as abovp III this ca::;c, .'! = 'II' - 1. This yields 

p~,,,:: (q,,-l _ 11/2(q" _ 1), and hence we have 

Proposition 1.:3. rfG = Sp,,(q) widl n 2': 4 and even, then 

P' > G -

1 

2(q + 1)' 

The next ca~e is SU,,(g) ::; G ::; GUn(q), n ~ 3, Again, y is a transvection. Set 
f = (-1)". Then m = f(g, Ti): = (q" - f)(q,,-t + f)/(qZ ~ 1) and 5 = q2 f(q, n - 2) = w-1. 

Hem:" P~, 2': u',l2n1 = f(q, n)/(1 + qZ f(q, n - 2)). 
;\[ext, consider n,,(q) ::; G S O,,(q) with n 2': 5 and nq odd. In this ca~e, m = (n~l)q 

and s = q("~:J)q. Th"re is an orthogonal decomposition V = V1 ..l V2 , where 'Fi is a 
nonsillgular subspace invariant under g, VI is 4-dirnensional of + type, and 9 acts trivially 
all F2 . ~lorcover, the q + 1 fixed I-spaces of y contained in VI a.re all Hingular. Thus 
LV = (n~:»)q(/ + q + 1. This yield~ Pb ~ (q,,-J - ~q"-4 -1)/(q"-1 - 1). 

Finally, consider n~,(q) ::; G S; O~(q) with n = 2k "2': 6 and f = ±. In this case, 
m -;= h(q, n): = ((/ - d)(qk-l + dJ/(q - 1) and s = qh(q, n - 2), We decomposc V as for 
tbc oeld dimensional orthogonal groups with V1 a 4-dimensional space of + typP ,md Vi of 
the sanK' type as V. Thu::; w = II( q, n - 4)q2 + q + 1. In all cases, we find tbat: 

Proposition 1.4. Let SU,,(q) ::; G ::; GU,,(q),n 2: 3, or n~(q) ::; G ::; O:,(q),n ? 5. 

Then 
P' G 

1 
>---
- 2q2 +2' 

Propositions 1.2-1.4 complete the proof of Theorem I. 
)lote that the same argument shows that, if the codimension of the fixed point space 

of 9 is boundcd, then for It random in G there is a rcasonable probability that not only will 
(y, Ii) not be G but in fact it will fix some I-space, This should be comparcd t.o [1\., 3.3]: 
jf 9, Ii arc chosen randomly aInong nongenerating pairs of elements of a simple cl<tssical 
group of dimcnsion n > 5 (but n > 8 in the orthogonal case), thcn the group they gellcrate 
will most. likely fix a I-space or a hyperplane. 

Of coursc, additional variations on this theme are easily manufactured. For examplc, 
if 9 is restricted to being an involution of the classical group G, then Fix(g) ca.n still be 
quite large if n > 2, and hence PG(g) is bounded away from 0 for fixed q. On the other 
hand, it is not clear what happens if, for example, 9 is restricted to being fixed-point·free 

on X. 
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\\',. (,1,1_,,' ,Ll', ~('(·ti\):l v,:itli ,I l':()l)()~itiol1 ~i\'illf-( t.lw 1l11111b"f ()f Jl()u-fixcd-point.-fITr' 

"l'::l,:\t~ (If GL,,(,/) ill it,~ (Irt:()ll ')]1 F - {OJ. SCC l\V, Thcorcm~ 1,2] wlwIl '1 a primc. 

\\'1 ~:(' 1'.'1 wdll:)~ Jl(.'I,d thi:; [('''11il, it ~('('ms of illt.erest ill its OWll rigbt. 

Pl"' 'PO_"il i(lll .. '1.' Ld (; II<' I'lr IH'I G [,,,(If) or SL"i,'{} flj(" Iluwl"'I' (If dl'/lJ<'llt;-, n[G iixin;>; 

r In' ij,,')~"'nJ vi'cI(JT ,,( \' 

j" . 

1. -1)'" 
((;1, L ---"---'-'----­

'/ _1)(q2 -1)"'(1/' -Ii 
,_ i 

·L,· (jU"l~tl!y l~l', 1 

',',' ,l ,lill!('lL~I(';1 
:; A_ \Vl'itc lIt, fOI tlll' Ord('l "f dw puibtwlo;(' ,.;t;lhili.-Tl 

Th"11 

( ': ) , 

\. - I ' (n) I: l}'- I 111,//" I, 

" 

II;" -lit l/, 1 _l)"'(qn-,+l -1\ 

>!'-1){'1,1-1) (q-·l) 

Ac L(1)"'IS,(,/~). 
,----,I 

\'"w ('()Il~idn the coutriblltj()11 to the rigbt haud side of (3) for ("aell dl'IlWll1- !I f C 
L t ,.'" nn n,,,,",'w ",""n, " [,·"tnn" in non,' nf tb, .,ct .• S, awl", ,·",,,,·il,,,,,,, nntbln" 

:; So ;1"~111l11' that C\'(y) h;L~ diuH'llsi()ll.1 > O. ThE'lI thl' COllt.ribution to (3) of.4 lS -

lhv'( \(" It i:-; ,l wdl-ktluWll result of Ca.llchy that this exprc~~ioll is 1 (eL [G./, 
! '2 2; ,I. fllll'i.\ i~ (,}w ll\llillwr of l'lcllJ(-'llts of G fixillF'; SOllW IlOllzcro vert-oJ", ,'s claimed. 0 

Slljlj)()"(' II· is it )-diuww,jonal subspace uf V. Thell tiJe argumeut of tiJe pr('viulls 

1': "i,f "il(l\\'~ t.!!;lt t.\)(' 1l\1IlllH'1 of ('kllj('nt.~ of G fixing SOllle llonzero ved,or of H' i, 

:2. FiXf~d Dilll€IlSion 

Fix a positive integer It imel let G be 11 classical quasisimple group of dilllt'IlSioll n 
dehned r)\·e[ t.l](' field fq wit.h Ii = r U

, l' prilllt-'. Let \' be ltS twfor(' 
Our ,1]lj!IO<tch is similar to that- in [KL]. The: major difference is that, ill [KLj, small 

lll;txillwi sltb~ro\lp~ contrihut.e less than large ones and the important quanity is z= IAll, 

PROBABILITY OF GENERATING A CLASSICAL GROUP 1399 

whv]'!' tiw ~U:l1 i~ ()vcr il c-(_·t of rcpres(,lltat.ives of rUlljugary classes of IlwxillW..i ;.,ubp,roups. 
blst(':td we Ileed to obtain a LOllud on the number p(G) of conjugacy classes of maxi­

lllal >iIlIJp;rollP:-' of G. \Ve split. up the maximal SUbgfoUpS into nill<:' famili(~s of maximal 
~llIJg,lOllpS ,t<'cllrdill~ to i\ theorcm of Asclthaeh('r (A] (sec also [ELi]) 

TIl\' f<tmili('~ cue; 

Swhiiizer,.; of tota.lly singular or Ilonsingular sub:-,paces of V. 
StaLjl!l('rs of direct silm decompositions of V. 
St illJiliicl ~ of (~xtclIsi()1l fielels of F of prime degree 
'---:t'l1J:li'/(':" of tn]"ol' pr()(hl\'t, d(,("Ofllpositiolis \' - 1"1 -;.; \'2 
SlilLil:z,'l'~ "f "llhf.vld~ of F' of ]>liaw illdex 
:\ot'lll'lii/'T~ ()f "Ylllpkctic-typc {-groups (f f l' prillle) in 'liJsolut.dy irredllCjbl(' rcp­

reselll,,)t lOllC-. 

[C7 j St,al!iliLc'" of lCll,;or product d(-'compositions F = VI ;S:: .• g F", with each \~ of the 

,,'Ullf'dillWllSioll. 

[Co: Swbilizl'r~ of funns. 
is] I\·()]'111itlizCl;" of ~imple g;roup~ act.ing ab:,olut.ely irreducibly OIl V ,;\Jell that tll(' lcpre­

~('lltati()ll ;s defill~d ow~r no proper subfield of F. 

Asdtl),ll'lwr jJwved that ev~ry maximal suhgroup of G is in Ollt-' of the f'imilies li:-,tcd 
cd)()\'(' Let,..l Ill' the nonnalize[ of G in the COlTl'SpOllding projcctive lillc;~r group (so ~ i~ 
the group of --;illlihritie::; of the form OIl V involved ill the definition of G). 

Let P,(G) he the llumber of D.-conjugacy classes of maximal subgroups of G ill C,. 

Tlw next rc:oulr. foll()\vs froIll ]KLi, Chapter 4] (see also [KLJ). Let log(m) = log2(m) 

Lelllllla 2.1. 
(aj f'dG) S \:3/'2)11. 
(I)) P'LI (;j S 2d( n) + 1, where d( 11) is tilt' Ilumber of divisors of n 
(e) fJJ(C) S. JrI,II) -,- 2, wilCTe Jr{n) is the IJIlmOCT of prime divi.~ors o[n 

(d\ {1,j(G'):::; 2dlJIl 
(',I ()~,iG)::.:: r:(rl,l-·-l < lop;(n) S.l(lgloi!:(!) 

1:£:/ Pu':(,') S 1 
(g) (I;(G) ~ 31()I!;(n). 

(ll) f!8((;) s.:1 

Let. (Ju( G) be tlle lltul1ber of G-conjugacy dasses of maximal subgrollps of G ill U~=l C,. 

Corollary 2.2. PI,(G) ~ cl(n)loglog(q) for some constant ("1(11) depending only OIl n. 

Proof. This follows from Lemma 2.1 and t he observation that a D."conjugaey class of 

subg,ronps of G breaks up into at most n G-conjugacy classes. 0 

l\' ow we Illust ("OUllt tbe !lumber of classes of maximal subgroups of G in S· It is 
cOll\Tui(-:nt to consider two families of simple groups. Let SI (rt'spectiveiy S2) be the set of 
~illlplc S1l11g,r01lp~ of C; which act ahsolutely irreducibly on V, arc defi!lcd over no snbficld 
and ;m-~ uot (respectively are) isomorphic to a Chevalley group of the same characteristic 
(\~ G Let a,(G) be the number of G·conjngacy rla~scs of subgroups of G ill S,. 

L€mma 2.3. (J1(G) S c2(nl lor some constiwt C2(7t) depending only on n. 

Proof. As ahove, it suffices to prove this for D.-conjugacy classes. Note that two simple 
~\lI)f!,rollp:-; alC ill the ScUlle 2l.-dass if and only if tlw COI"rcspondillg rrpn's(,llt,l,tiollS of tlw 
cO\'erilll!, P;!'OllJls arc equivalent. By [LaS] (see also [KLi,§5.3j), theft' exists a fillite family 
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"l'::l,:\t~ (If GL,,(,/) ill it,~ (Irt:()ll ')]1 F - {OJ. SCC l\V, Thcorcm~ 1,2] wlwIl '1 a primc. 

\\'1 ~:(' 1'.'1 wdll:)~ Jl(.'I,d thi:; [('''11il, it ~('('ms of illt.erest ill its OWll rigbt. 

Pl"' 'PO_"il i(lll .. '1.' Ld (; II<' I'lr IH'I G [,,,(If) or SL"i,'{} flj(" Iluwl"'I' (If dl'/lJ<'llt;-, n[G iixin;>; 

r In' ij,,')~"'nJ vi'cI(JT ,,( \' 

j" . 

1. -1)'" 
((;1, L ---"---'-'----­

'/ _1)(q2 -1)"'(1/' -Ii 
,_ i 

·L,· (jU"l~tl!y l~l', 1 

',',' ,l ,lill!('lL~I(';1 
:; A_ \Vl'itc lIt, fOI tlll' Ord('l "f dw puibtwlo;(' ,.;t;lhili.-Tl 

Th"11 

( ': ) , 

\. - I ' (n) I: l}'- I 111,//" I, 

" 

II;" -lit l/, 1 _l)"'(qn-,+l -1\ 

>!'-1){'1,1-1) (q-·l) 

Ac L(1)"'IS,(,/~). 
,----,I 

\'"w ('()Il~idn the coutriblltj()11 to the rigbt haud side of (3) for ("aell dl'IlWll1- !I f C 
L t ,.'" nn n,,,,",'w ",""n, " [,·"tnn" in non,' nf tb, .,ct .• S, awl", ,·",,,,·il,,,,,,, nntbln" 

:; So ;1"~111l11' that C\'(y) h;L~ diuH'llsi()ll.1 > O. ThE'lI thl' COllt.ribution to (3) of.4 lS -

lhv'( \(" It i:-; ,l wdl-ktluWll result of Ca.llchy that this exprc~~ioll is 1 (eL [G./, 
! '2 2; ,I. fllll'i.\ i~ (,}w ll\llillwr of l'lcllJ(-'llts of G fixillF'; SOllW IlOllzcro vert-oJ", ,'s claimed. 0 

Slljlj)()"(' II· is it )-diuww,jonal subspace uf V. Thell tiJe argumeut of tiJe pr('viulls 

1': "i,f "il(l\\'~ t.!!;lt t.\)(' 1l\1IlllH'1 of ('kllj('nt.~ of G fixing SOllle llonzero ved,or of H' i, 

:2. FiXf~d Dilll€IlSion 

Fix a positive integer It imel let G be 11 classical quasisimple group of dilllt'IlSioll n 
dehned r)\·e[ t.l](' field fq wit.h Ii = r U

, l' prilllt-'. Let \' be ltS twfor(' 
Our ,1]lj!IO<tch is similar to that- in [KL]. The: major difference is that, ill [KLj, small 

lll;txillwi sltb~ro\lp~ contrihut.e less than large ones and the important quanity is z= IAll, 
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whv]'!' tiw ~U:l1 i~ ()vcr il c-(_·t of rcpres(,lltat.ives of rUlljugary classes of IlwxillW..i ;.,ubp,roups. 
blst(':td we Ileed to obtain a LOllud on the number p(G) of conjugacy classes of maxi­

lllal >iIlIJp;rollP:-' of G. \Ve split. up the maximal SUbgfoUpS into nill<:' famili(~s of maximal 
~llIJg,lOllpS ,t<'cllrdill~ to i\ theorcm of Asclthaeh('r (A] (sec also [ELi]) 

TIl\' f<tmili('~ cue; 

Swhiiizer,.; of tota.lly singular or Ilonsingular sub:-,paces of V. 
StaLjl!l('rs of direct silm decompositions of V. 
St illJiliicl ~ of (~xtclIsi()1l fielels of F of prime degree 
'---:t'l1J:li'/(':" of tn]"ol' pr()(hl\'t, d(,("Ofllpositiolis \' - 1"1 -;.; \'2 
SlilLil:z,'l'~ "f "llhf.vld~ of F' of ]>liaw illdex 
:\ot'lll'lii/'T~ ()f "Ylllpkctic-typc {-groups (f f l' prillle) in 'liJsolut.dy irredllCjbl(' rcp­

reselll,,)t lOllC-. 

[C7 j St,al!iliLc'" of lCll,;or product d(-'compositions F = VI ;S:: .• g F", with each \~ of the 

,,'Ullf'dillWllSioll. 

[Co: Swbilizl'r~ of funns. 
is] I\·()]'111itlizCl;" of ~imple g;roup~ act.ing ab:,olut.ely irreducibly OIl V ,;\Jell that tll(' lcpre­

~('lltati()ll ;s defill~d ow~r no proper subfield of F. 

Asdtl),ll'lwr jJwved that ev~ry maximal suhgroup of G is in Ollt-' of the f'imilies li:-,tcd 
cd)()\'(' Let,..l Ill' the nonnalize[ of G in the COlTl'SpOllding projcctive lillc;~r group (so ~ i~ 
the group of --;illlihritie::; of the form OIl V involved ill the definition of G). 

Let P,(G) he the llumber of D.-conjugacy classes of maximal subgroups of G ill C,. 

Tlw next rc:oulr. foll()\vs froIll ]KLi, Chapter 4] (see also [KLJ). Let log(m) = log2(m) 

Lelllllla 2.1. 
(aj f'dG) S \:3/'2)11. 
(I)) P'LI (;j S 2d( n) + 1, where d( 11) is tilt' Ilumber of divisors of n 
(e) fJJ(C) S. JrI,II) -,- 2, wilCTe Jr{n) is the IJIlmOCT of prime divi.~ors o[n 

(d\ {1,j(G'):::; 2dlJIl 
(',I ()~,iG)::.:: r:(rl,l-·-l < lop;(n) S.l(lgloi!:(!) 

1:£:/ Pu':(,') S 1 
(g) (I;(G) ~ 31()I!;(n). 

(ll) f!8((;) s.:1 

Let. (Ju( G) be tlle lltul1ber of G-conjugacy dasses of maximal subgrollps of G ill U~=l C,. 

Corollary 2.2. PI,(G) ~ cl(n)loglog(q) for some constant ("1(11) depending only OIl n. 

Proof. This follows from Lemma 2.1 and t he observation that a D."conjugaey class of 

subg,ronps of G breaks up into at most n G-conjugacy classes. 0 

l\' ow we Illust ("OUllt tbe !lumber of classes of maximal subgroups of G in S· It is 
cOll\Tui(-:nt to consider two families of simple groups. Let SI (rt'spectiveiy S2) be the set of 
~illlplc S1l11g,r01lp~ of C; which act ahsolutely irreducibly on V, arc defi!lcd over no snbficld 
and ;m-~ uot (respectively are) isomorphic to a Chevalley group of the same characteristic 
(\~ G Let a,(G) be the number of G·conjngacy rla~scs of subgroups of G ill S,. 

L€mma 2.3. (J1(G) S c2(nl lor some constiwt C2(7t) depending only on n. 

Proof. As ahove, it suffices to prove this for D.-conjugacy classes. Note that two simple 
~\lI)f!,rollp:-; alC ill the ScUlle 2l.-dass if and only if tlw COI"rcspondillg rrpn's(,llt,l,tiollS of tlw 
cO\'erilll!, P;!'OllJls arc equivalent. By [LaS] (see also [KLi,§5.3j), theft' exists a fillite family 
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i: ! Iii.', 'l'j"kd '" i" " .".'1.: lL (J} H"f' JV,IIII', I Jj{ '1J d'lh ,-wd " 
• ,1, 

.'! I 1','1.0 rq)(' 2 .. 1,/, 'll/I, d 'ii' 'F,. r}wlJ (I'I21! ;lJld " 
2h/" 

I; 1. ',.-.' i."lW 1 f)j, tlJl " " :j!, "lid " "' 
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q): llw :)(lulHl Oli Ii folluws frolIl the f,td that the I<tllk of L is bounded by tbe rank 
TIl<' :11' ;,1 L',;'''lljl ir. is nil\lai;wd ill. ~'nw (il - (iii) folluw frum from tlw Steinherg t.ellsor 
."j,.,t t),",,"('111 {~(·(·ll\J.;, ,c,4_C 8il SillC(' "/d' :::. IOf!,\1I), t,ll(' divisihility c()lIditl()]l~ ill 

i'l'I',,1 Iii;>! tl](,l(' ,j;,';ll 111"~1, ;\I"g(JI i ]l()~,~Jl)ilili('~ for h, Silll"O' tlWl!' i"';1 ('OIl~t;lllt , 
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'11 1'1'" :,1" ;11. lIlo:-.t 3(')ll()).2.': /I) lhhc,il)ilihl'~ f(\r tIl<' i~'!lllOrphi~1ll t,y)!,' e,f [ 
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'~, I, d ;,i,,!'.,' J ',> (' I \ II I( \U['/ 'j) )1,,", n I 

"t :",qJJ-'''e,t' L ie, <l('nlll'') ()\,el' Ji',I' By Steill],('rg,'s t,('I)SOr prodllct. th('on·lll. til(' irrc­

il,], llllhl1d,'" fill' L Clll all I,.. ('x!JrcC':-;('d as t"llC'OI' products fl:'-'), w]lI'n' R, i~ it 

11,\ I!'d ill,'dl)cibk lIl(jdllk f()l r ,tl](1 fl~"') i.~ th" lll\Jdllk fl, t.wiC'ted I):: tlw lilt ]l,\\I'!'1 of 
1-:"1"'1111,,, idll'lll~'JrpllJ"lll If n i~;1 !,(,,,t.rirr.,',J lIlodllk fol' L t.llt'lJ R'?' RIA,! for ~()IlJ(' 

;I! ,\ ~=:' __ l' ,/\" \\'11"1" ill" \, ;11(' !lllld:llll"Ilt;d \\'('i~,llb: h('!'(''' i" til(' 1!:JtWie,I"d Li(' 
"!" ,,j' r B:, tIl(' pl,,('(,dill!", 1"lIiIlI<l., (/ .-::: Ii If n lli\_~ dillWll:iiOI! at lll();.t II, it follow,- I:by 
".III,Tl]j~ '(' ,'--,'L-2 j 1l1,11 ('ill'l! (, ,-: /I (Ihi~ is II'Jt, II n~ry goo,] l-H)lllH.I) TIlliS, dICI(' aI',' (11. 

I!' /,,1/ j,(,~"iLllit.i('~ for (',wb R" 

iI' n ':'~I1f~"1 is irreducil,k of dinWllSiuJI 11., t.hen at most lo~(1I) of tile R, are 
Ii Illti'l\'i:d L(,t t Iw til .. g!('at(,e,t ill1i;p,PI' itt lIl()st.lo.~(H). TIlt' Ilumber of sl\bset.~ of size t in 

d o~' ~i/,';' is I)()\lll(kd ;d)IJv(' by //, TilliS, the llumber of irreducible rpprf'e;t'ntatiol1s of 
,,{ dilll('lbiIJlI 'II i,; hOllllrkd hy ('IIHlo",(nJll/ 

Ii'.- L('II'~l!il :2.4. Ii S 'lill()e;(li,1 2Iug(nlllJl!;((!). awl ~() tIl(' 111lllll)('r uf irrcdllcible 
l"I\il""'llt:,til):l~ ()f [()f dIIII"!I~i(JIJ II i~ :\1, l1lost l'I(Ii}l:!Op;(i!):ltO!l',II), ,tS (k~il'l'd '=:J 

'J'ileorclll 2.7. T1JI'j'e exi:,b:1 fl111ctiull ('(II) sllch that p(G) S c(I1)(logl,!))lug{"J 

l'!(loj Thi~ f()llow~ from Lemmas 2,1, 2,3 and 2.6, 0 

1:1 [;\('t, wit.h mOlT dfult out' should be ahle to improve the statement of Theorem 
:2,1 te, ('IU) < c(ltjlop;loJ2;{rJl. However, the abov(' version i:, more thall sllffici,'nt fur our 
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Pl()uf of 'llw()l'('lll II Fix y E G# For euch cOlljllgary class .A1, of ul<l.ximal s\lbgroups 
of C;, kt .~1,(.'J) Iw tIll-' C'd of those subgroups ill /\.1, which contain g. Let AI, E )\11,. It 

follu\V~ from r.lw Jllain !'(~:-.nlt ill lLS] that 1)\II,(g)1 S; (2/q)I .. A/j, 1 (unless G ie; L~(q) with 
If -= 7 ()r (j - 0', Tlrell, sillce 1.\.1, 1= IG: Al,L 

Pciy) S IGI-' IJt1,iy)liM ,1 

~ (2/q)p(G) 

S; 2c(n)(log(qj)log(n)q-l . 

by TlrcOl'em 2,7. The result, follows. 0 

A :-'llllibr I'eC'ult is lllldonbtedly tnw for t.hr. exceptiollal Chevctlky grollp~, Tire unly 
obstaclt.' is t.hat. then; is no kuown general bound for the number of classes of erntH'ddiugs 
of ,1 :-.illl]lle p;rOllp intu an exceptional group. 

A:o- ,Ul imlllediate cunsequence of Theorem II, we see that any finite silllple classical 
grollp is gen(,l'atccl by an im'olution and one other dement., provided q is sufficiently largp 
(depending upon n), This additional restriction on q is in fact not necessary \~vIS\Vl· 

Fin(llly, we note another consequence of Theorem 2,7. Let G bp a simple classical group 
of dimensiun n 111 charaeteri~tic 1'. It follows from Steinberg's tensor product theorem that 
diP !lUlllber of c()njug;,-l(~y classes of rl-elements in G is qf where e is the (unt\vist.ed) Lie 
rauk of G. Tliu", TIICOlTIll 2,7 implies that, for sufficiently large q (riPpending; upon 11), 
tbe number of conjugacy classes of maximal subgroups of G is less than the number of 
conjugacy ch-lc,:o-es of elements. This should bp true without restriction on q. In lAG] it was 
prm'('cl tlwt it I., tru(' for finite so]v,lble groups aud was conjectured to be true fol' all finitl' 
groups 
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:2,1 te, ('IU) < c(ltjlop;loJ2;{rJl. However, the abov(' version i:, more thall sllffici,'nt fur our 
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Pl()uf of 'llw()l'('lll II Fix y E G# For euch cOlljllgary class .A1, of ul<l.ximal s\lbgroups 
of C;, kt .~1,(.'J) Iw tIll-' C'd of those subgroups ill /\.1, which contain g. Let AI, E )\11,. It 

follu\V~ from r.lw Jllain !'(~:-.nlt ill lLS] that 1)\II,(g)1 S; (2/q)I .. A/j, 1 (unless G ie; L~(q) with 
If -= 7 ()r (j - 0', Tlrell, sillce 1.\.1, 1= IG: Al,L 

Pciy) S IGI-' IJt1,iy)liM ,1 

~ (2/q)p(G) 

S; 2c(n)(log(qj)log(n)q-l . 

by TlrcOl'em 2,7. The result, follows. 0 

A :-'llllibr I'eC'ult is lllldonbtedly tnw for t.hr. exceptiollal Chevctlky grollp~, Tire unly 
obstaclt.' is t.hat. then; is no kuown general bound for the number of classes of erntH'ddiugs 
of ,1 :-.illl]lle p;rOllp intu an exceptional group. 

A:o- ,Ul imlllediate cunsequence of Theorem II, we see that any finite silllple classical 
grollp is gen(,l'atccl by an im'olution and one other dement., provided q is sufficiently largp 
(depending upon n), This additional restriction on q is in fact not necessary \~vIS\Vl· 

Fin(llly, we note another consequence of Theorem 2,7. Let G bp a simple classical group 
of dimensiun n 111 charaeteri~tic 1'. It follows from Steinberg's tensor product theorem that 
diP !lUlllber of c()njug;,-l(~y classes of rl-elements in G is qf where e is the (unt\vist.ed) Lie 
rauk of G. Tliu", TIICOlTIll 2,7 implies that, for sufficiently large q (riPpending; upon 11), 
tbe number of conjugacy classes of maximal subgroups of G is less than the number of 
conjugacy ch-lc,:o-es of elements. This should bp true without restriction on q. In lAG] it was 
prm'('cl tlwt it I., tru(' for finite so]v,lble groups aud was conjectured to be true fol' all finitl' 
groups 
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