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1. INTRODUCTION

Suppose that G is a permutation group of degree n and let p be a prime
divisor of |G|. In computational group theory it is a natural and important
problem to find an element of G of order p. A polynomial-time (but
impractical) algorithm for this is given in [Kal. In practice, an element of
the desired type is obtained by “randomly” choosing elements of G and
computing their orders. After a few tries, and with some luck, a p-singular
element (i.e., one of order divisible by p) frequently turns up. The purpose
of this article is to make it clear just how well this procedure can be
expected to work.

MAIN THEOREM. Let G be a permutation group of degree n whose order is
divisible by a prime p. The following then hold.

(a) The probability that an element of G has order divisible by p is at
least 1/n.

(b) Equality occurs above if and only if either G is sharply 2-transitive
with n a power of p or G is the full symmetric group S, withn =p > 5.

It is easy to see in the two situations described in (b) that the probability
that a random element is p-singular is exactly 1/a. The proof of the rest
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of the theorem begins with a reduction to the case in which G is “almost
simple” and is a primitive permutation group. (A group G is almost simple
if its socle is a nonabelian simple group; in other words, if G is contained
between a nonabelian simple group and its automorphism group.) The
proof is then completed by an analysis of the various simple groups, using
the classification theorem. The reduction occurs in Section 2, the alternat-
ing and sporadic groups are considered in Section 3, and the analysis of
the groups of Lie type is presented in Sections 4-10.

The fact that equality can occur in the main theorem shows that the
naive algorithm mentioned earlier cannot work well in all cases. In fact, as
has been pointed out by J. J. Cannon, it works rather poorly in practice
when G = PSL(2, p) with n = p + 1; but in that situation it is straightfor-
ward to check that the probability is 2/(n — 1). Tt is easy to construct
other examples where this procedure works poorly. On the other hand, the
analysis in Sections 5-9 shows that the situation is better for Lie type
groups of characteristic different from p. For these groups, the probability
that an element is p-singular is always at least 1/p°, independent of the
type of group; and it is also at least (1 — p~')/2h, where h is the Coxeter
number of the associated Weyl group. (These results are contained in
Theorems 5.2 and 5.1, respectively.) Strong estimates are also obtained in
the case of groups of Lie type in characteristic p (Theorem 10.1).

In her thesis [Gal, A. Gambini independently also found lower bounds
for the probability that an element of G has order divisible by p when G
is a permutation group of degree n whose order is divisible by p. While
her results are not sharp, some of her methods are similar to ours. In
particular, she also reduced the problem to simple groups and appealed to
the classification in order to complete her proof.

2. REDUCTION

If G is any finite group, let w,(G) denote the probability that an
element of G has order divisible by the positive integer m. Unless stated
otherwise, our concern will be with the case in which m = p is a fixed
prime, and usually we will suppress the subscript and write p(G) instead of
#,(G). A simple example of this notation is the following elementary
observation.

LEMMA 2.1.  If A is abelian then u(A) =1 — 1/ A|,.

Here, k, denotes the p-part of an integer k. The following is another
trivial but useful observation.

LEMMA 2.2. If N <G, then w(G) > (G /N) + w(N)/|G:N|.



PROBABILITY A GROUP ELEMENT IS p-SINGULAR 141

Proof. 1f a coset Nx is p-singular as an element of G /N, then every
element in the coset is p-singular. This accounts for u(G/N)IG/N|IN| =
w(G/N)IG| p-singular elements in G — N. The desired inequality now
follows from the fact that N contains u(N)|N| p-singular elements. |

We now assume that the Main Theorem holds when G is almost simple,
and we begin work toward proving the Main Theorem in general. We
suppose that G is a permutation group on a set X with |X| = n, that
pl1G| and that u(G) < 1/n. Working by induction, we can also assume
that the Main Theorem holds for each permutation group whose degree is less
than n. Our task is to show that G is one of the groups mentioned in part
(b) of the Main Theorem (and hence u(G) = 1/n). By our assumption, we
may suppose that G is not almost simple, and so our goal is to prove that
G is sharply 2-transitive with n a power of p. We assume that this is not the
case and eventually derive a contradiction.

We now proceed in several steps.

Step 1. G is transitive on X.

Otherwise, let Y € X be an orbit such that the induced permutation
group GY of G on Y has order divisible by p. Since |Y| < n, we have
w(G") = 1/]Y| > 1/n by the inductive hypothesis. Also, G¥ is a homo-
morphic image of G, and hence 1/n > u(G) 2 u(G") by Lemma 2.2.
This is a contradiction.

Step 2. G is primitive on X.

Otherwise, let ¥ be a nontrivial block system, so that [3] < n. If the
group G* induced by G on ¥ has order divisible by p, Lemma 2.2 and the
inductive hypothesis yield 1 /n > u(G) = W(G*) > 1/|3| > 1/n, a contra-
diction. Thus p + |G*|.

Let M denote the kernel of the action of G on X. Then M is an
intransitive normal subgroup of G having order divisible by p, and we may
assume that 3 is the set of orbits of M. For Y € X, the groups MY all
have the same order, and hence p|IMY| for all Y € 3. If H denotes the
(set) stabilizer of Y in G, then p||HY|and |G:H| = |Z| = n/]Y|. Counting
p-singular elements, and using Lemma 2.2 and the inductive hypothesis,
we have

IGl/n = w(G)IGl = w(H)H| > p(HY)IH| = |HI/IY| = |Gl/n,

and hence equality holds throughout.

In particular, all p-singular elements of G lie in H, and hence lie in M
since M = core;(H), the G-core of H. But M contains elements of order
p, and hence C (M) < M.

Also, w(H) = p(HY) = 1/1Y|, and so by induction and part (b) of the
Main Theorem, either H" is sharply 2-transitive with |Y| a power of p, or
else HY is the full symmetric group and |Y|=p > 5. In ecither case,
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OI,‘(HY) is trivial. Since O,.(M)< H, it follows that O,.(M) acts trivially
on Y; as Y € 3 was arbitrary, we must have O,(M) = 1. Since u(H) =
w(H?Y), Lemma 2.2 implies that u(N) = 0, where N is the kernel of the
action of H on Y. In other words, N is a p'-group. Thus NN M <
OI,,(M) =1 and N centralizes M. Then N = C,(M)NN <M NN =1,
so that H acts faithfully on Y.

If H is sharply 2-transitive on Y, then the Frobenius kernel K of H
consists of p-elements and hence is contained in M. Since K is a normal
Sylow p-subgroup of M it is normal in G. Since H acts transitively on the
nonidentity elements of K and H < G, it follows that some g€ G — H
centralizes some nonidentity element 4 € K. Therefore, either g or gk is
p-singular, and this contradicts the fact that M contains all of the p-singu-
lar elements of G.

The remaining possibility is that HY is the full symmetric group and
|Y|=p. Since H=H" and M is nontrivial, it follows that M is isomor-
phic to either the alternating or the symmetric group on Y, and the
automorphisms of M induced by H constitute the full automorphism
group of M. We conclude that some element of G — H centralizes M, and
this is again a contradiction.

Step 3. G has no nontrivial abelian normal subgroup.
Suppose that V' <G is elementary abelian. Since G is primitive, V' is
regular on X. Then G /V is isomorphic to a point stabilizer and hence can
be viewed as a permutation group of degree n — 1. If p||G: V|, we have

l/nz w(G) =z p(G/V)y=1/(n—-1)

by Lemma 2.2 and the inductive hypothesis. This contradiction shows that
G/V is a p'-group, and hence V' is a p-group.

Let H be a point stabilizer in G. Since V' is regular we see that H
complements V' and the conjugation action of H on the elements of V' is
permutation isomorphic to the action of H on X. Also, H=G/V is a
p'-group.

Each element of the form Ac with h € H and | # ¢ € C(h) is p-sin-
gular. This gives

Gl/n 2 1G1W(G) = ¥ (ICy(h)| = 1) = |HIk > |H| = IGI/n,

heH

where k is the number of orbits in the conjugation action of H on V' — {1}.
Consequently, equality holds throughout. It follows that & = 1 and hence
G is 2-transitive. It also follows that every p-singular element g € G has
the form g = hc = ch, where h € H and | # ¢ € V. Thus g” € H for all
p-singular elements g € G, and since H was an arbitrary point stabilizer,
we deduce that g7 = 1 and hence & = 1 since & has p’-order. It follows
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that C,.(h) =1 for 1 # h € H, and hence G is sharply 2-transitive, con-
trary to our assumption.

Remark. By Step 3, we know that the socle of our group G is the direct
product of some number k = 2 of nonabelian simple groups. There are
two ways to proceed: (i) directly, providing an clementary approach leading
to a contradiction; or (i) using the (equally elementary) O’Nan-Scott
Theorem [Cam] together with the classification of finite simple groups in
order to prove a result—stronger than needed—that gives another view of
the situation we have arrived at. We will describe both approaches: in
Steps 4-9, and in Theorem 2.4, respectively. We digress to present a
lemma concerning permutation representations of direct products of sim-
ple groups.

LEMMA 2.3.  Let N be a permutation group of degree n, and suppose that
N=T XT, X XT, where k = 2 and each subgroup T is simple and

nonabelian. Assume that the product of every k — 1 of the T, is transitive. The
following then hold.

(a) Some product of k — 2 of the T, is intransitive.
(b) If some T, is transitive, then k = 2.
() n=z|NI"~

Proof. We recall that if a permutation group has the form A4 X B,
where A4 and B are both transitive, then each of these subgroups is
regular and they are isomorphic. If (say) 7, is transitive, we can write
N =T, X M, where M is the product of the remaining 7,. By hypothesis,
M is transitive and hence M = T|. It follows that k = 2 and (a) and (b)
hold. Also in this case, |N| = |T,|* = n?, so (c) holds.

We proceed by induction on k. By the preceding paragraph, we may
assume that no 7 is transitive and hence that &k > 2. Writing N = T, X M
as above, it follows from the transitivity of M that T, is semiregular. Let X
denote the set of orbits of T, and note that |X| = n/|T,|. Then M acts
transitively on X, and we let K denote the kernel of this action, so that K
is the direct product of some (possibly empty) collection of the 7. Then
M/K is a direct product of k' < k nonabelian simple factors and is a
transitive permutation group on 3. If we delete any factor from M in
order to obtain a product P/K of k' — 1 simple groups, then T} X P is
transitive by hypothesis, so that P/K is transitive on 3. In its action on X,
therefore, M /K satisfies the hypotheses of the lemma.

By the inductive hypothesis, some product Q/K of all but two of the
factors of M /K is not transitive on I, and thus 7, X ( is not transitive in
the original action, proving (a). Also by the inductive hypothesis, we have
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n/IT,| = || = IM/K|"?, and hence

n* > |T,’IM|/|K| = INIIT,)/IK|.

[t suffices to show that [T, > |K| in order to deduce (c) and complete the
proof.

Let Y € X and note that 7, X K acts faithfully on Y, since the kernel of
this action is normal in N and has fixed points. By definition, T, is
transitive on Y, and thus K is semiregular on Y. Consequently, /K| < Y|
< |T\|, as required. |

We now return to the proof of the Main Theorem.

Step 4. G has a unique minimal normal subgroup.

Suppose that M and N are distinct minimal normal subgroups. As G is
primitive, both M and N must be transitive, and since M NN =1 we
conclude that each is regular. It follows that G /N is isomorphic to a point
stabilizer and so can be viewed as a permutation group of degree n — 1.
Also, we claim that |G /N| must be divisible by p: otherwise p | [N| =n =
M|, and yet |M|||G/N|, a contradiction. The inductive hypothesis and
Lemma 2.2 now yield

1/n > u(G) 2 u(G/N) > 1/(n—1),

a contradiction.

We establish some notation. By Steps 3 and 4, G has a unique minimal
normal subgroup, and this subgroup—which we call N—is nonabelian.
Write N =T, X T, X - X T,, where the T, are G-conjugate nonabelian
simple groups; here k& > 2 since we are assuming that G is not almost
simple. Let H be the stabilizer GG, in G of x € X, and observe that
G = NH since G is primitive by Step 2. It follows that H acts transitively

on the 7, and hence |H: N, (7))l = k. Also, |H: N, (T, X T,)| < k*.

Step 5. Suppose that N = A X B, and write m = |H: N,(AN. If A is
intransitive on X, with orbits of size r, then r < m. If also B is intransitive,
then n < m*.

Write K = N,(A4)4 and note that x¥ = x4, Since H N K = N,(A), we
have |H: H N K| =m. Also, |K: HN K| =|x¥|=[x" = r, and hence

|G:Klr =G:KIK-HNnK|=|G:H||H:H K| =nm,

so that |G:K| = nm /r.

Since A is intransitive, so is K (because x? = xX) and thus K does not
contain the unique minimal normal subgroup N of G. It follows that
core;{K) = 1 and G has a faithful permutation representation of degree
|G:K|. If |G:K| < n then the inductive hypothesis yields u(G) > 1/|G:K|
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> 1/n, which contradicts our standing assumption that u(G) < 1/n.
Thus, n < |G:K| = nm /r, so that r < m, as required.

Finally, if B is intransitive with orbits of size s, apply the above
argument with B in place of A in order to obtain s < m. (Note that
N,(A4) = N,(B)) Since A X B is transitive, each B-orbit must contain
some member of the A-orbit x*, and hence n/s < r. Thus n < rs < m?,
as required.

Step 6. The product of any k — 1 of the groups T, is transitive.

Otherwise, we may assume that 4 = 7, X T; X -+ X T, has an orbit Y
of size r < n. By Step 5, therefore, r < |H:N,(A)| = |H:N,(T))| = k.

If g is any odd prime divisor of |T,|, then since all 7; have the same
order, A contains an elementary abelian subgroup E of order ¢* .
Furthermore, since N is transitive on X and every normal subgroup of 4
is normal in N, a nontrivial normal subgroup of 4 can have no fixed
points on X. It follows that A (and hence also E) is faithful on Y. Since
the smallest possible degree for a faithful permutation representation of £
is g(k — 1), this gives g{k — 1) <r < k. This is a contradiction since
k> 2.

Step 7. k > 2.

Suppose that & = 2 and choose a Sylow subgroup Q of T, with {Q[ > 2.
Write M = N_.(Q) and note that M does not contain 7, since T, is simple
and nonabelian. It follows that core (M) =1 since N is the unique
minimal normal subgroup of G and N > 7.

We claim that |G:M| < n. To see this, note that by Step 6, T, and 7,
are both transitive and hence regular, so that |T,| = n. Now write K =
N (T,), and note that |G:K| =k =2 and M < K. By the Frattini argu-
ment, K = T)M and so

IG:M| = 2|K:M| = 2|T,:T, " M| < 2|T,:Q| = 2n /10| < n,

as claimed.
The inductive hypothesis now yields u{(G) = 1/|G:M| > 1/n, a contra-
diction.

Step 8. k > 4.

By Step 6, Lemma 2.3 applies to N, and by Step 7 and Lemma 2.3(b), T,
is intransitive. Let Y be an orbit of T, of size r < n, so that by Step 5 we
have r < |H: N, (T))| = k. But T, is nonabelian, simple, and faithful in its
action on Y, so that r = Y| > 4.

Step 9. End of proof.

Writing ¢ = |T,|, we have |N|=t* and so n = ¢*/* by Lemma 2.3(c).
Thus »n > ¢? by Step 8, and hence no 7, X T; can be transitive. By Lemma
2.3(a), we may assume that 7, X T, X --- X T, is intransitive, so we can
write N = 4 X B, where A = T; X T, and B are both intransitive. Then
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|H: N,(A)| < k?, and Step 5 yields n < (k?)*. Thus
60%/% < t*/2 < n < k*,

and this is our final contradiction. [|

Remark. Parts of the proof of the O’Nan-Scott Theorem [Cam] are
implicit in arguments used above. That theorem leads to the following
observation, which is stronger than was needed in Steps 4-9 (a weaker
version of which was also noted by Peter Cameron):

THEOREM 2.4. If G is a primitive permutation group of degree n whose
socle is neither abelian nor simple, then G has a faithful permutation represen-
tation of degree < 2Vn .

Proof. By the O’Nan—Scott Theorem, the socle N of G is the direct
product N =T, X - X T, of k> 2 isomorphic simple groups T, and
there are four types of actions of G to consider.

Case 1. X can be identified with X[ for some set X, on which T, acts,
in such a way that G < T\wrS, in the product action of this wreathed
product.

Here G acts faithfully on the union Y of k copies of X,, where
Y1 =klX,| < 21X, = 2Vn.

Case 1. n = ITllk"’ for integers a, b with ab =k and a > 1; N, =
D, X --- X D,, where (after renumbering the 7;) D, is a diagonal subgroup
of T;_ 1y, X == X T,,; and G acts transitively on {7,..., T,} with block
system ({T,;_ ), 1>+ T, i = 1,..., b}. In particular, k — b > k/2.

First note that, for every nonabelian finite simple group T,, Aut T, has a
faithful permutation representation of degree < |T,|'/*. The straightforward
proof consists of checking all possible simple groups, using the obvious
action for alternating groups, an action on a class of parabolic subgroups
for groups of Lie type, and a perusal of subgroup lists of sporadic groups in
the ATLAS [CCNPW] (compare [FKL]).

It follows that G < Aut 7, wr S, and hence G has a faithful permuta-
tion representation of degree < k|T\|'? < 2|T,\*/* < 2|T,|* 7% = 2yn
(for the middle inequality we used the fact that |T,] = 60).

Case NII. n=1|X]|= IT,Ik/z, k >2, and N has two subgroups of
order n each of which is regular and normal in G.

As in Case II we obtain a faithful permutation representation of G of
degree < k|T,|"? < 2IT,/*/* = 2Vn.

Case IV. n=|X|= IT,Ik, k > 2, and N is regular.

Proceed as in Case IH. [
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3. SOME SIMPLE GROUPS

In view of the preceding section, in order to prove the Main Theorem it
suffices to assume that G is an almost simple group. Thus, we will consider
all of the finite simple groups. This section concerns some relatively
straightforward cases.

LEMMA 3.1. LetG=A,, orS, withm > 5. IfGliesin §,, thenm < n.
If p is a prime dividing |G|, then p,(G) = 1/n, with equality if and only if
p=m=nand G =S,

Proof. The first assertion is obvious. Let x be one of the m points
permuted by G in its usual permutation representation. We will count
those p-singular elements g € G one of whose cycles is a p-cycle contain-
ing x. If G=3S§, then the number of such elements is at least
(- X pt/pXm — p)=m!/m, so that p(S,)>1/m with equality if
m = p; while if equality holds then every p-singular element has a p-cycle
moving x, so that m = p. Similarly, if G = 4, then the number of such
elements g € G is at least (7' X p!/p)lA,, | = |A4,|/m (where A, = 1);
but in this situation the equality u,(A, )= 1/m cannot hold, since it
would imply first that m = p and then that u,(A4,) = (77 Xp!/plA,| =
2/m. |

Remark. The inequality in the preceding lemma is very weak. Lemma I
of [ET] provides the following pleasant formula for the probability that an
element of S, is not p-singular: 1 — w1, (S,) = TTV/7(1 — 1/ip). In partic-
ular, if 7 >4 then 1 — py(A4,) = 2(1 — u,(S,)) < 2(2X3), which yields
the following result (easily proved directly):

LEMMA 3.2, Ifn = 4 then p,(A,) > 3, with equality only forn = 4,5.

LEMMA 3.3. Let G be a subgroup of S, having a unique simple normal
subgroup G,,, and let p be a prime dividing |G|.
(i) If G, is sporadic then pu(G) > 1/n and p,(G) > .
(ii) {f G, is Ay, PSL(2,7), PSL(2,8), PSL(2,11), PSL(3,4),
PSU(3,5), “F(2)" or PSp(4,3) then p,(G) > 1/n.
(i) If G = G, is any of the groups in () or (ii) then u,(G) > 1.

Proof.

(i) It is a straightforward matter to use the ATLAS [CCNPW] to
check these assertions. It turns out that for each G and p there is always
at least one p-singular conjugacy class x“ such that |C(x)| < n, where n
is the degree of any faithful permutation representation of G. In fact, the
only cases in which there is no such class having |C(x)| < n occur when
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G is a Mathieu group M,, n=p =11 or 23, where there are two
p-singular classes of size |Gl/n. Moreover, for every G and p in the
lemma there is always a p-singular class of size > |G|/100—even for the
larger sporadic groups. (Thus, the probability u,(G) is much greater than
that given in the Main Theorem.)

(i), (iii) Once again [CCNPW] can be used. However, a small
amount of care is needed since that reference does not contain character
tables for extensions of G by noncyclic automorphism groups (Lemma 2.2
makes part of this check easier). [

At this point “only” the simple groups of Lie type remain to be
considered. Some of those are handled here in (ii), instead of in the next
section, because they have permutation representations of degree smaller
than the lower bounds appearing in Lemmas 4.1 and 4.2, Note that, if
G = Aut PSL(3,4) then u,(G) = 3;, where 21 is the smallest degree of a
faithful permutation representation of G, = PSL(3,4) but not, of course,
of G.

Remark. Later we will prove much more than is actually needed for the
Main Theorem. It may be of some value to indicate an elementary
approach to an approximation to what we need; this is implicit in Sections
5-9 and somewhat resembles the method used in Lemma 3.1. Consider the
case G = PSL(h,q), assume that p is a prime dividing |G| but not
g{g — 1), and let the integer m = 1 be minimal subject to plg™ — 1. Let
t € G have order p and arise from a linear transformation of the underly-
ing vector space that induces the identity on a subspace of dimension
h — m. Then w (G)IGlis at least the number of elements of the form ¢'u
with ¢’ conjugate to ¢ and u € C,(¢') unipotent. There are exactly
g~ m*ieme ) such elements u € C (1), It follows that u (GGl = |G:
C,(Dlg—m¥h=m=1 " and hence 1(G) = gt mahmm=h g™ — DISLCh
—m, )l = (g — 1)/(g" — 1), where (g" — 1)/(g — 1) is the smallest de-
gree of a faithful permutation representation of G (we are excluding all
exceptions to the preceding statement, since they were covered in Lemma
3.3; cf. Lemma 4.1). The same type of argument can be used in other
groups of Lie type: if + € G has order p, if g* is the order of a maximal
unipotent subgroup of C(7), and if p + ¢*, then w(G) > ¢**/IC,(1)};
this is enough to prove the Main Theorem when G is not
PSL(h, q), PSU(h, q) and the rank of G is not too small. However, more is
needed in order to prove the Main Theorem for all almost simple groups
of Lie type. A hint of stronger counting arguments is given in an example
toward the end of Section 5.

Similarly, if G has characteristic p and g* is the order of a maximal
unipotent subgroup of G, then G has g** — | nontrivial p-elements, and
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this provides a lower bound on p,(G) that is almost adequate for our
purposes. Once again, far superior bounds will be given later (cf. Section
10).

4. LIE TYPE: PRELIMINARY REDUCTIONS

Throughout the remainder of this paper let G, denote a finite simple
group of Lie type. In order to prove the Main Theorem, in view of Sections
2 and 3 we may assume that the group G appearing in that theorem lies
between G, and Aut GG,. (Note, however, that in all later sections G will
denote an entirely different group!) In this section we will use results
proved in Sections 5-7 concerning G, in order to prove the Main Theo-
rem in this case. As usual, p will be a prime dividing |G/.

In this section we will exclude the following possibilities for G, treated
in Lemma 3.3: PSL(2,4) = A5, PSL(2,5) = A5, PSL(2,9) = PSp(4,2) =
Aq PSL(Q2,7) = PSL(3,2), PSL(2,8) =G,(3), PSL(2,11), PSU(3,5),
PSL(3,4), PSL(4,2) = A, °F,(2)", and PSp(4,3) = PSU(4,2). Also, we will
not have to consider the non-simple group G,(2) = PI'U(3, 3).

Let 4 denote the Coxeter number of G,: the Coxeter number of the
Weyl group of a (B, N)-pair for a split form of G, over an algebraically
closed field k of characteristic s. In view of the list of excluded groups, this
(B, N )-pair is unique up to conjugation. Similarly, let / denote the rank of
a split form of G, over k. The groups G, are listed in Table 1. See Section
5 for a definition of the number g appearing in the table. There is an

TABLE 1
G, meg, =
Ay h=2 (g" - /g-1)
LAh< l7h 23 q2h73
B, C, =2 gt
D, =4 gt
Dl 3 g2
Gy, q #4 G°/2
3
Dy 45/2
F4 q(v
2F4 q'°/2
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integer e such that g =s* (and then let & = 1), unless G, =’B,(g>),
2G,(g?), or *F(g?), in which case ¢° = s* (and then let & = 2).

Let m denote the smallest possible degree of a faithful permutation
representation of a group G.

LEMMA 4.1. A lower bound for m; is given in Table 1.

Proof. If G, is a classical group then this holds by [Co] or [Li]; note
that we have excluded those groups G, that would have provided coun-
terexamples to some of these bounds.

For ’B,(¢%) and *G,(g*) see [Su, Wal. In the case of the remaining
exceptional or twisted groups [LS] provides a suitable lower bound on
mg, — L (In fact, the bounds in [LS] are sufficient for most of what is
needed for the Main Theorem even in the case of the classical groups.)

[t should be noted that the above bounds are crude except in the case of
type A, _,. Only in the latter case do any of the calculations of this section
become at all delicate. Note that the case G,(4) could have been dealt with
as in Lemma 3.3, but we want to indicate that excluded groups can be
handled by the methods of this section if just a little more care is taken.

LEMMA 4.2.

D mg, > 2h0ut Gl

(1) If G, is either PSL(3, q) with 3lq — 1 or G, = PSU(3, g) with
3lg + 1, then m; > 9l0ut G|,

(i) If G, is not PSL(2,q) or PSL(3, q) then m; > (5q°/2)I0ut G|
(iv) If G, is PSL(3,q) then m; > {q/(1 — 3,q — g )}Out G,l.

Proof.  This involves a straightforward but tedious application of Lemma
4.1 combined with knowledge of Out G, [Carl)}, considering the various
possibilities for G, separately. We will outline the argument only in the
“hardest” case: part (i) with G, = PSL(h, q).

By Lemma 4.1 we must show that (g" — 1)/(qg — 1) > 24 - {min(/ —
1,2)e(h,qg — 1). If h = 7 then g" 2 = 5" "2 > es" "2 > 4¢h. The cases
h = 4,56 are easily handled directly. If 4 = 3 then PSL(3,4) is being
excluded, and it is straightforward to check that m = g>+qg+1>6e-
(3,9 — D (and that ¢> + ¢ + 1 > 9 - 6¢, as needed for (ii)). Finally, when
f = 2 it is easy to check that g + 1 > 4-¢(2,9 — 1).

This completes the argument when G, = PSL(A, q). The unitary case is
similar, though simpler. For all remaining groups of Lie type, the outer
automorphism group of G|, is smaller than we have just encountered,
while m; is noticeably larger than q', making all of the inequalities quite
a bit easier to deal with. However, when G, is G,(g) with ¢ = 3 or 4 the
bounds in Table I are not adequate for our purposes; but in those cases,
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the embedding PSU(3, q) < G(q) leads to the slight improvement m,; =
Mpsuic.a) = q°, and this is strong enough to prove (iv). |

LEMMA 4.3, If p # 5 and p| |G| then p(G) > 1/m = 1/mg;.

Proof. By Lemma 2.2, w(G) = u(G,)/IG:Gyl. In Theorem 5.1 we will
show that u(G,) > & if either G, = PSL(3,q) with p =3 =(q — 1), or
G, = PSUB,q) with p =3 =(q + 1), while w(G,) =1 —1/p)/h >
1/2h otherwise. Thus, Lemma 4.2, ii) produces the desired inequality. [

LEmMMA 4.4, Ifp # s, pliGl and p 1 |G, then W(G) > 1 /m = 1/m;.

Proof. Since p 4G, a Sylow p-subgroup of Out G, is central (a
property of Out G, easily deduced from the description of this group in
[Car1]). Then Lemma 2.2 implies that u(G) > w(Z,) > 3> 1/m, . 1

LEMMA 4.5, If s = p then u(G) > 1/m, = 1/m,.

Proof. 1f G, = PSL(2,q) then w(G,) = (q+ 1Xg — 1)/l(g + g(q
- D/2,q — D] =1(2,q — 1)/q. We must show that u(G) > 1/(q + D). If
plIG:G,| then, by Lemma 2.2, u(G) 2 u(Z,) > 5 since Aut G, is abelian.
Suppose that p +1G:G,l. If G contains no field automorphism then
|G:G,l <2, — 1) and hence w(G) = (2,9 - 1)/q\G:G\l=1/q. If G
contains a nontrivial field automorphism f then f centralizes some ele-
ment r of order p in G,. Then |C,;(if)l < q¢’lG:G,l, where g = g’ with
i > 2,50 that w(G) = 1/¢'1G:Gyl = 1/9'(2, 9 — De > 1/q.

If G,=PSL(3,q) then p(G,) = ~@G,q~ g *)/q by Example
(b) in Section 10, and then w,(G) = {(1 — 3,9 — 1)g"*)/q}/IOut G,| >
1/m by Lemma 4.2(iv). For all of the remaining groups, by Theorem
10.1 and Lemma 2.2 we have p(G) = (2/5¢")/I0ut G|, so that the
desired inequality follows from Lemma 4.2(iii). [

Note that Lemmas 4.3-4.5 complete the proof of the Main Theorem
(modulo Theorems 5.1 and 10.1 below).

5. GROUPS OF LIE TYPE: STATEMENTS OF RESULTS
(UNEQUAL CHARACTERISTIC CASE)

It will now be convenient to change notation. As before, let G, be a
finite simple group of Lie type and let p be a prime dividing |G| other
than the defining characteristic. However, now G will denote a simply
connected simple algebraic group, defined over an algebraic closure & of a
finite field, such that G, = G*/Z" for a bijective endomorphism F of G,
where Z = Z(G). (As usual, for any F-invariant set X we let X* denote
the set of fixed points of F in X.) In the few cases where G, has
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non-conjugate (B, N)-pairs, any convenient choice can be used provided
that its characteristic is not p. Let [ and h denote the rank and Coxeter
number of G. Let 8 be the smallest integer such that F? is the Frobenius
endomorphism corresponding to a definition of G, over a finite subfield
F,» of k. (Then & = 1 unless G, is a Suzuki or Ree group, in which case
8 = 2. Thus, in the latter cases we will be dealing with “B,(¢?), *G,(¢%)
and 2F4(qz); cf. Table I.) Throughout the remainder of this paper we will
no longer exclude any of the cases G, trcated separately in Sections 3
and 4.

THEOREM 5.1.  w(Gy) = (1 /81 — 1/p) except when p =3 and G, =
PSLG3, @) with(q — 1)y = 3, or G, = PSU3, q) with (q + 1), = 3, in which
case W(G,) = §.

Theorem 5.1 is an immediate consequence of the following result.

THEOREM 5.1, w(G¥/ZF) > (1 /hX1 — 1/p) except when p = 3, G =
SLG, k), |ZF| =3 and |G* /Z*15 = 3, in which case W(G* /Z¥) = }.

Theorem 5.1 emphasizes the type of G,. For a fixed prime p, we can
also consider the number

/“Lp = l(r}f l‘l‘p(G())7

where G, runs over all finite simple groups of Lie typc of characteristic
not p having order divisible by p.

THEOREM 5.2, i, = 5, f; = &, fhs = 35, ) = l);,, and p, > 1/p —
1/2p% ifp € {2,3,5, 11}

As in the case of Theorem 5.1, we will prove the corresponding result
for groups of the form G*/Z*; see Section 9.

ExampLE. In order to outline the approach about to be taken, we
consider the case G, = PSL(h, q), viewed using 4 X h matrices. Assume
that p + ¢ — 1 and that g is not too small. Semisimple clements are just
s’-elements, where s is the prime dividing ¢. Each semisimple p-singular
element ¢ is a conjugate of suitable block diagonal matrix; the size of at
least one of these blocks is divisible by the smallest integer m such that
plg™ — 1. Note that there is a partition of A arising here. Each such
p-singular element ¢ centralizes various s-elements, and each p-singular
element has a Jordan decomposition fu = ut, where r is p-singular and
semisimple while u is an s-element (i.e., unipotent). We need to estimate
the number of pairs (¢, «) that can arise here. This is accomplished by
counting the number of pairs (¢, T) with 7" a conjugate of an abelian group
of block-diagonal matrices with blocks coming from extension fields of [,
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where the degrees of the extensions are the members of suitable partitions
of h, one of which is the aforementioned partition. This yields a formula
(Theorem 6.2) for u(SL(A, ¢)), and this formula has a term arising from
conjugacy classes in the Weyl group S, of SL(4, g). Finally, we estimate
this term in order to prove the desired inequality.

We note the following amusing consequences of Lemmas 2.2, 3.2, and
3.3 and Theorem 5.2:

COROLLARY 5.3. If G is any group having a simple homomorphic image

that is neither cyclic nor Lie type of characteristic 2, then u,(G) = 1.

6. MAXIMAL TORI

As above let G be a connected reductive algebraic group defined over
an algebraic closure k of a finite field, with center Z and Weyl group W,
and let F be a surjective endomorphism of G such that G* is finite.

Let 7 be the variety of all maximal tori in G. Then F acts on W and on
. The W-orbits in W for the action w -x = wxF(w)~' are called F-con-
jugacy classes in W, and the set of all F-conjugacy classes in W is denoted
W/ ~. . The G*-conjugacy classes in 7 (that is, the G*-conjugacy classes
of F-stable maximal tori) are parametrized in a natural way by the
F-conjugacy classes in W, and for C € W/ ~, we let 9. denote the
corresponding G*-orbit in 57 (see Appendix A.6). Let T,. be an element
of J; its stabilizer in G* has order |TF[|W||C|™" [SS, 1L.1.8). Tt follows
that

: Icy
X ITH =T = W—I(G’I. (6.1)
TeJ,.

Let T be an F-stable maximal torus of G. Then T > Z, and we say that
T is p-relevant if p||T"/Z*|. We say that an F-conjugacy class C in W
and its elements are p-relevant if the tori in 9, are p-relevant. The
probability 4*(G, F) = (G, F) that a random element in W is p-rele-
vant is

) 1
WG Fy=— ¥ IC.
IW‘ CeEW/~y
C/p-relevant

THEOREM 6.2.
w(GF/ZFy = (L /WD Zeew,~, (1 — 1/TE/Z71,)ICI.
In particular,
(1 = 1/p) (G, F)y < p(G"/Z7) < p¥(G, F),
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and the first inequality is an equality if and only if |\T* /Z%|, < p for every
F-stable maximal torus T of G.

Proof. In view of Lemma 2.1 this is a special case of the following
result.

THEOREM 6.2°. Let m be any integer and let K be an F-stable closed
subgroup of Z(G). If m is prime to char(k), then

‘ 1 -
(G /K") = Wi Y (TE/KM)ICI
CeW/~,

Proof. Let X, be the set of all elements in G whose images in
G* /K" have order divisible by m. If g € G has Jordan decomposition
su, with s semisimple and u unipotent, then g € X,, ifand only if s € X,.
By definition, |.X,,] = IG*| u,(G* /KF). For a semisimple element t € X,,,
let X, (t) be the set of all elements of G which have ¢ as semisimple part.
Then X,, is the disjoint union of its subsets X, (¢) with ¢t € X,, semisimple
Moreover, | X, ()] is the number of unipotent elements in C;()f = C,+(¢).

Let Y, be the set of all pairs (1, T) consisting of a semisimple element
t € X,, and an F-stable maximal torus 7 of G containing ¢. By a result of
Steinberg [St, 14.14, 15.1], C(¢) has as many F-stable unipotent elements
as F-stable maximal tori. Thus, by (6.1),

X, l=1Y,l= 3 ITnX,l
TeT*

L (T /KENT

Tegt

= XX wm(Tf/KP)TE

CeW/~, Te,

= L ma(T/KY) XTI

CEW/ ~p Ted,

1 -
Gl L wa(TE/KT)ICL -
IW'CEW/~F

ExaMpLE. We will show how Theorem 6.2 can be used to compute
w(GF/ZF) when p =2 and G is simply connected of type A, with
char(k) # 2. Here F is the Frobenius endomorphism for a definition of G
over a subfield F, of k. Let & = 1if (G, F) is split, £ = — 1 otherwise. The
Weyl group W is isomorphic to S, and the F-conjugacy classes in W can
be parametrized in a natural way by the partitions of 4. The F-conjugacy
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classes are just the conjugacy classes when (G, F) is split, while in the
non-split case they are obtained by multiplying the conjugacy classes by the
longest word w,, in W; in particular, the size of each F-conjugacy class is
the size of the corresponding conjugacy class. Writing C, for the F-con-
jugacy class corresponding to the partition A, and 7, instead of 7, we
have

IC(|.1,|.1)|= 1, lC(2.|.1)|:6’ lC(2‘2)|=3,
|C(3.1)|=8’ 1C(4)l=6’
and (cf. [Car4)])

3

1Tl =(a—e)s [T, =(a+e)g—e),
IT55] = (g +2)(q - #),
|75 n| = (@ +eqg+ 1)(g - &), |T5|= (" + 1)(q + &).
Note that (g> + eq + 1), = L and (¢* + 1), = 2.

Suppose that |ZF| = 4. Let w = (¢ — €),. Then m > 4and (¢ + ¢), = 2.
It follows easily that

‘T(lf,l.l.n/zF

Sataisa, (18,2

,=7'rz'2‘l>],

7ozl = m> 1 Tz =2 e

= 1.

2

\16,/2"

Let P(X.Y)= XY 2+ 1X?y '+ X+ Lxy~% By Theorem 6.2,
w(GF/ZF) = P(1, 1) — PA /7, 1/p).

Suppose now that |Z"| = 2. Let m=(q + &),. Then m > 4,(q — &), =
2, and

|78 /2t

,=22>1, |T§,,/ZF|,= 72> 1,

2

T 0/2F |, = 72 >0, T,/

=1,

2

\T8/2"|, = > 1.

Let (X.Y) = 4Y?+ 1XY + 1X? + 1X. By Theorem 6.2, i(G* /Z") =
o, D) -00/7,1/p)

The next section contains a generalization of this type of computation.
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7. CYCLOTOMIC POLYNOMIALS AND EXCEPTIONAL
GROUPS

Theorem 6.2 allows us to obtain an explicit formula for u(G*/Z*) for
every prime p # char(k) dividing |G*/Z*|. In this section we give results
for the exceptional types (in which we include the triality twisted groups
and the Suzuki and Ree groups) in the case where G is simply connected.
The necessary data concerning |Z*|, (F-)conjugacy classes in Weyl groups
and orders of maximal tori can be found, for example, in [St, pp. 131, 192,
193], [Car2-4], [De), [DF], [DLi], [Shil, 2], [Shol, [SS, I1.1.7], or can be
easily worked out.

Let & be as in Section 5, and let 4 = Z[char(k)!/?] (so A is one of the
rings Z, Z[v21 or ZIV3 ). For every F-conjugacy class C in W, |Tf| can be
considered in a natural way as a polynomial in ¢ with coefficients in A.
More precisely, let X(7.) = Hom(T,,G,,) (where G, denotes the multi-
plicative group of k viewed as an algebraic group). Then X(T.) is a free
abelian group, and F induces an endomorphism of it in a natural manner.
Let x. € R[X] be the characteristic polynomial of the endomorphism
g~ 'F of X(T;) ® R.Then

lT({"’=/\’(‘((l) and X € A[X]

(see [Car5, 3.3.5] or Appendix A.8).

When A = Z the irreducible factors of y. in A[X] are cyclotomic
polynomials ¢, (X). When A # Z the factorization of y,. is slightly more
complicated: in this situation we want factorizations of y, which induce
factorizations of |7f| = x.(q) in Z. For this reason we look for factors of
the form ¢, (X?), or factors ¢ € A[X] of ¢,(X?) such that y(q) € Z. It
turns out that the only further factorizations we need are the following. If
A =7ZIV2] then @fX) = (X)) = (X2 + V2X + IXX?=V2X+ 1)
and @, (X) = (XD = (X* +V2X> + X2+ V2X + IXX* - 2x°
+XT—V2ZX+ 1. If A=7Z[V3] then ¢, (X) = (X)) =(X>+3X
+ IXXE = V3X + 1)

There is a cyclotomic polynomial ¢, (X ) such that ple,(q®). We choose
m minimal with respect to this condition except when p = 2, in which case
we also require that 4]¢,,(g°). Let ¢(X) = ¢, (X°), except if A # Z and
¢, (X ?) factors as above, in which case we let ¢ be the unique irreducible
factor of @, (X?)in A[X]such that ple(g). Let 7 = ¢,(g%), = o(q),.

For each F-conjugacy class C in W let i be the largest integer such that
@' divides x.. Then m' divides x.(g). Additional factors of |Tf]|, arise
due to the fact that ¢,{(q°), =p when m'/m # 1 is a power of p or
when p =m = 2 and m’ = 1, so that these contributions depend on the
type of (G, F), as well as on p and m, but not directly on g. On the other
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hand, we must divide |7/, by |Z*[,. In this section we are only consider-
ing exceptional groups, in which case |Z"|, <p, so that |Z"|, again
depends on the type of (G, F), m, and p but not directly on q. (N.B. If we
had been considering groups of type A, we also would have had to take
(1Z*|, 7} into account.)

Consequently, there exist integers i > 0 and j depending on p, m, and
the type of (G, F), but not on g, such that |Tf/Z¥|, = #'p/, and we
associate with C the polynomial |C||W| 'X'Y/ € Q[ X,Y,Y"']. This pro-
duces a polynomial

icr .
[)m.p(X’Y) = Z{WXIY}

CeW/~, and |Tf /Z"|, = m'p/,

(i,7) # (0,0) }
in Q[X,Y,Y '] with non-negative coefficients. By Theorem 6.2 and (2.1),

w(Gr/Zh) =P, (1,1) =P, (1/7.1/p).

Note that at (1/7,1/p) the monomials involved in P, , take values of the
form p’ with f < 0. Since |Z|, < p for exceptional groups, in the tables
below f = 0 occurs only when 7 = p and the monomial is XY~ !. Thus, if ¢
is the coefficient of XY™' in P, , then, by definition, u*(G,F) =
P, (1,1 =8, ,c.In fact, c # 0 only in the following cases: for (m, p) =
(1,3) in type E, (m, p) = (2,3) in type "E, and p = 2 in type E,. In the
corresponding polynomials the term involving XY ! will be printed in
boldface.

For most values of p (c.g., if p + W), P, , is actually a polynomial P,
in X and is independent of p. When P, =P, we have w(G*/Z") =
P.(1) — P (1/7). We give below the polynomials P, along with those
P, s which are different from P,. (These polynomials were obtained

using a simple computer program.) For groups of type :E(, we write “P,

m.op

and "P, for P,  and P,, respectively, reserving the notation P, , and P,

m m.n nm,p m

for split groups of type E.
2
Types E.,"E,. We have
2 __ 619 4363 2 N} 3 17 4 1 5 1 6
Py =Py = @ X + ing X+ 5 X7+ X+ e X0+ s X

2 23 95 2 1 3 )] 4
P, = Pl—ggX"f'i"j('{X +4TX +|—157_X,

P4=2P4=1%X+7>16X3’ PsZZPm:.%Xa P()=3P3=9X+~715X2,
px:2ps=%X’ P\J=3P1x=TI)X~ P12:2P1’=T|2“X»
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with the following exceptions:

P, =Py, = %Y 4+ GXY + XY+ XY + 5XT+ 5 X°Y?

+ XY+ e XY+ (XY 4 XY+ XY

1 yv4 1 ydy2 1 5 1 6
+ﬁX + ii)iX Y +T4“46X Y+ 5184()X ’

2 _ 59472 13 v 4 | 19 5 2 1 3
Py, =P, = Y2 + 35Y 4 Y’ + XY + ZXY7 + XY
+ 5 XY+ XY 4+ X+ XY+ XY
+ s XY+ XY+ XY+ XY

P, =2P2“ = 618Y + f,,'“XY’l + 1X + ﬁXY-I- (',;:’,X Y !+ ,'4X*
! 1 yviy— 1 y: 1 -1 4
+mX2Y+ ﬂXxy ]+§X1+WX4Y 31(’.X
1 S5vy-1 1 hy — 1
+ﬁi1b'X Yo+ SIHAl)X‘Y s

Py =Py = Y2+ SX + (XY + GX7 + £ XY + X0 + X,

_ 95 i 527 v 2 1 5 17 44 1 5
PI,S - WX‘i' 1«)XY+ 345(»X mX Y+ X + 1728X + I44l)X
_ b _y6
+5I84UX .
Type E;. We have
_ _ 1286963 1171 7759 v/ 3 23 y4 77 5 1 6
Pl =P, = 29()3040X + stX + nxw;X 3077X 13824()X + 4(,0an
1 7
+ 2903621'6/\/ ’
- — 109 ! 3
P3 - Ph - 432X+ 43”’X + 12%X
- 3 1 y2 = — = — L
P4_16X+‘)(yX’ PS_Pm_mX~ P7_Pl4_l4Xv
_ 1 _ = — L
Px_EX’ Pt)_Plx—ﬁX~ Pl"_IZX’

with the following exceptions:

_ __ 227 y2 53 yr4 I y6 1189 -1 217 7 2
Pl.: =P, 2 W)Y 145(1()Y + 29()3()4(1Y + 567UXY + 144()XY + %XY

17 31 yyd I 54 43 y2 , 1y2
+ XY+ g XY+ g XY+ X 4+ g XY

7 3 1 2y 4 23 3vy—1
+ 53 XY 4 G XCY 4 m XY+ G XY
+ 2 XY + 55XV + GRXOY + Xt + XY

13 ydy2 1 5y | 1 5 1 6 1 Ty |
+9216X Yo+ 4320X Y+ WX Y + 46()8()X + z&mzn-mX Y
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_ _ 1 2 1639 77 3 691 32
P1.3 - Pz.} - my + 7168X + %oXY + 179(1XY 's“l”zi)X "xxX Y
1 2y 2 631 3 t 3 2 37 4
+7§X Yo+ 153(»0X + T;‘KX Y+ 2'i'hX Y 92]6X

1 y4 L3S 1 yS 1 6 1 7
XY + 55X+ GuXY + X+ seeX

2

_ __ 238039 € 183 1091 3 t 3
PI‘S - PZ.S - 58(16(18X+ WlIXY + 1()"4X + Z()X Y+ 27648X 6(IX Y

4 5 1 6 1 7
+ 3()7”X I?X’-‘l)X 46(!8()X + 29(]3ll4llX ’

_ _ 154229 1 1171 v 2 L7759 v 3 23 4 s
P1.7 =P 7 4147°(|X + 14XY+ .<120X + n:moX zu72X nxqu

| 6 | 7
+ 46080 X%+ 2903040 X

Type E,. We have

_ _ 539179 6504289 y-2 9799 y-3 62299 yrd 5
Py =P, = 7igizie X + sroemoX T e Xt tesesw X T son
6 4 7 ooy
497664()X wmuqu 96720600 X >
_ _ 355 2 3 1 4
Py =P, = juX + sm4X + |944X e X s

_ 185 127 1 y3 1 y4
Py = 54X + 46(NX e X F wosi X s

2 2 5 | 2
Pi=Py=%X+ X’ P, =Pu=5X, Py =3X+ X0
1
P‘):PIX:]LRX’ P]2=]44X+ ’RXX Plﬁ P3“=10X

1 1
Py = 54X, Py = 54X,

with the following exceptions:

_ _ 48427 12 22373 yr4 veé 1 8 1189
Poy=P=ggm? + smwen? + 50 Y+ Gorraeon Y 3670

827 3 4 5 1 6

+ W)XY + 864UXY + 2%04XY ()l)I’()XY lS]()l)XY
1 7 2377 vy 2 133 yv2y2 T yv2y3

+ anﬁnanY + 34():«»X + wan Yo+ T@X Y

271 2v4 1 2v/5 1 2y 6
+2764§X Y +WX Y' + |x4320X Y° + man Y

11 3y2 19 y3y3 19 44 1 _y3ys
+ ns:X Y-+ 4ﬁm<X Y 46()8X Y muzx Y

79 4 4y72 1 ydy3 4
+b48l}()X ﬁ’@()X Yo+ "7F§X Y WNX Y

1 5 | Sy2 1 5y3 1 6
+WX Y + |53(,0X Yo+ ]8432X Yo+ mmaX

| 6y 2 1 7 1 8
+ 18432()X Yo+ 58!)()!)8[)X Y+ 60672‘)61}0X »
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—_ p = Al 4 24967 323 e 2 1 3
Pl,3 - P2.3 1778Y + lﬁ‘iiﬂly 71(18()X + "88()XY+ ZKHXY + 25‘)2XY

15627 2 2561 yr2 1 2v2 Il y2v3 197 v 3
+l433h()X + 345(»(1X Y+ zsxX Yo+ 7776X Yo+ X

10240

1 1537 v 4 1 4 ! 42
X Y+ TﬁX Y2+ (,14400X + 1|52X Y+ "2'5'9"2'X Y
11 5 1 5 1 6 1 6

+ l);’lhllX + anX Y + IH4321IX ’ + 3llll4llX )Y

by B 8
+ SSUMIXUX + h‘)ﬁ?"‘)h()l)X

_ _ 1 y2 490795 1 1097645 v~ 2 7 y2
PI.S - P’vS - 6(]()Y + 11fmmX+ 74XY+ X+ 24()X Y

6967296

1409 43 1939 y-4 i 4 13 y-5
+ 506X 7+ mX Y+ sz X + XY + s X

8

6
4‘)7(»64(] X 58()6()8() X + )96779()“() X

__ L 185 4
P4.5 - 20Y+ 7(>8X + 46()8X + 7(1KX + 4(»11311X >

= — ol ! I31447 ! y2 L9799 33
P ;=P 5= jammX + XY + 497(1()4(]X tomX Y+ s X

62299 4
+ Tosass0 Tosamman X

5 6 1 7
iﬁ"()(sX 497664()X 58[)6080X

1 8
+ 696729600 X "

Type F,. We have

3 95 1,2 1 y3 I 4
1 =P = 5 X 45X+ X+ X,
P, =P, = 2X + 5X7,

s}

T
I

3 1 2
TgX'l—;,gX,

o

Po=3X. Pup=wX,
with the exceptions:

P1.2:P2.:

%Y+ ’BRY + ’»’Y} 1||5'2'Y4 + %XY‘*' %XY: + ﬁ)ﬂ/3
+ X1+ XY + XY+ HXY + XY,
s =Pry= YT X XY+ JXT XY 4 X+ e X

Type G,. We have

(]

P =P =3iX+LXx and P, =

iy
I

=gl

x

with the exceptions

P ,=P,=3}Y+

XY

+
i

e
to

b —
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and
P i=P,,=1Y+ 31X + 5X°.
Type °D,. We have
Pl
Py =P =31X+ 5X7,
P = %X,

k.

with the exceptions

P =P, = X'+ 1XY + 5Y?

and
P y=P,=31X+ XY +5Y + 5XY.
Type :Bz. We have
P=1X and P, =X.

Type °F,. We have
P o=1X+ X3,

l6

Py =1X+ £X2,
P=2X+ %X,
thflva PD:%X’

with the exception
P,y =3X + X+ Y.
Type 2Gz. We have

P,=3X and P, =P, = ¢X,

o) —

with the exception

P72=%X+‘?|:Y

P4

161

Remark. Let ¥ be an opposition automorphism of G commuting with
F (cf. [Kaw]). Then F' = FoW is also a Frobenius endomorphism and
many polynomials which express properties of the finite group G are
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obtained up to sign by substituting —g for g in the corresponding
polynomials for G*. This procedure, known as Ennola duality, is easily
shown to give information for the problem under consideration. Namely,
let w, be the longest element in W. Then F'(w)=w,F(w)w,'. Since
wi =1 and F(w,) =w,, the map w — wyw induces a bijection from
W/~ toW/~,. (indeed,w, - CewF(x)~ ") = (wyow,  Nw,w)F'(wyxw, )71,
Moreover, if C€ W/~ and C' =w,C € W/~ , then the action of
F' on X(T,.) corresponds to the action of F on X(7,). It follows that we
have the polynomial identity x..(X) = (= D)’x(—X), where { = dim 7. is
the rank of G. A similar relation holds for [Zf{ and |Zf|. For example, if
G is of type E, and F is a split Frobenius endomorphism, then |{Z'] =
(3,g — Dand |Z'| = (3,9 + 1), where g + 1 should be read as —(—¢q —
1). Note that the effect of Ennola duality on cyclotomic polynomials is to
interchange ¢, and ¢,, if n is odd and to fix ¢, if 4|n. If —1 € W, then
(G F) and (G, F') are isomorphic and we get equalities of the form

= P,, for m odd. When ~1 & W, as is the case for G of type E m
the tables above, we get equalmes of the form P, =°P,, and P,,, =
for m odd, as well as P, =P, when 4lm.

m

"l

8. A LOWER BOUND FOR u*(G, F)

In view of Theorem 6.2, the following result will complete the proof of
Theorem 5.1:

THEOREM 8.1. Let G be simple and simply connected and let h be the
Coxeter number of G. If p # char(k) is a prime factor of \G* /Z"|, then

1

(G, F) = —

r( )z 7

except when p = 3, G is of type Ay, |Z") = 3, and 9 +|G* /Z*|, in which
case W (G, F) = ¢

Proof. The various possibilities for (G, F) are known up to isomor-
phism [Car5). For the groups considered in Section 7, the possibilities for

(G, F) can be read from the polynomials P, - In all cases, a straight-
forward hand calculation yields u”*(G, F) > 1/h. (In many cases, one
term of P, , is large enough to prove the dewed mequallty)

We are therefore left with the types A,, ’4,, B,, C;, D,, and °D,. In each
of these cases F is the Frobenius endomorphism corresponding to a
definition of G over some subfield F, of k.

Types A,,ZA,. Here A =1+ 1 is the dimension of the underlying
vector space. Let £ = 1 if (G, F) is split, ¢ = — 1 if (G, F) is twisted. The
F-conjugacy classes in W are parametrized by the partitions of 4. If C, is
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the F-conjugacy class corresponding to the partition A = (A}, A,,...), then
|C,| coincides with the size of the conjugacy class determined by A: either
C, is that conjugacy class, or it is obtained from that conjugacy class by
multiplication by w,. Moreover, since |Z*| = (h,q — &) we have

ITE /7251 = {(gh — &™) (g™ — e*) -} /{(g — e)(h.q — )} (8.2)

m

(see, e.g., [Card]). For every m > 1, ¢ — &™ is a multiple of g — ¢, hence
also of |Z7],.

Suppose first that |Z*], > 1. By (8.2), every partition with at least three
parts corresponds to a p-relevant F-conjugacy class in W. Looking at the
remaining partitions, we get

1 1 A1 1
11—V <—+ = —_—. 8.3
=0 2,.; i(h — i) (83)
In particular, for & = 4 we have u* > L. For & > 5, we have
1 1421 1 1 1 14-
<+ 5 E
h 2 i(h—i)  h h—l =5 i 1—1)
1 1 1 e dx
h  h-1 2f2 (x =~ 1)(h—-x)

1 1 + log(h — 2)

= — +
h h—1
1 l+log(5-2) 3
s—+—-—g—(———) —. (8.4)
5 5-1 4

Consequently, if & > 4 then u% > ;> 1/h.

If i = 2 then p = 2 (since IZ'I,, 1), one of the two classes of F-stable
maximal tori is p-relevant, and therefore u" = ! by definition. Suppose
that 4 = 3. Then p = 3. If (¢ — .s)3 >9 then by (8.2), C;.1.1, and C,
are p-relevant and therefore u”* = 1 + 2= 3. On the other hand, if
(g—¢) = 3 then C, |, is the only p- relevant F-conjugacy class, and
therefore u” = +.

Suppose now that |Z%], = 1. Let m be the smallest positive integer such
that plg” — &"

Assume that m = 2. If m is a part of A, then C, is p-relevant by (8.2).
By using inclusion-exclusion to count the number of elements of W
corresponding to such partitions A, we find that

> Y (-n"

l<i<h/m

W

(8.5)

im'’
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If m > h/2, the right sideis 1/m = 1/h. If m < h/2, then

wo L( ] 111
> —ll- |z —=> —.
r= 2m) S m 2% h

Finally, assume that m = 1. Then C,, is the only F-conjugacy class
which is not p-relevant. Therefore

| 1
w = _—— >
h

> =

Remark. One can do better than (8.5): by imitating the proof of [ET,
Lemma I} in order to take into account all of the permutations having a
cycle of length divisible by m, we find that 1 — % = TTV"/"1 - 1 /km)
when m > 1.

Types B,,C,, with | > 2. Here h = 2I, |Z*| = (2,q — 1)—s0 in par-
ticular |Z*], = 1 if p is odd—and F acts trivially on W. The conjugacy
classes in W are parametrized by all of the pairs (@, 8) of partitions of /
(so |a| + [ Bl =1), and if C corresponds to (a, 8), then (cf. [Card4])

T8 = (g% = (g™ = 1) = (" + (@ + 1) (86)

There exist o = +1 and a positive integer m </ such that ¢” — o is a
multiple of p|Z*|,. (We do not need to make any minimality assumption
this time, although we will need to do so in the next section.) If ¢ =1
(resp. —1), every pair («, B) of partitions in which m is a part of a (resp.
B) gives a p-relevant class. It follows that

Ve Y (-~

u : -
I<i<i/m ”(2”1)l

If m > 12, the right hand side is 1/2m > 1,/20 = 1/h. 1f m <1/2, then

W

1(1 1 1 1 1
> — |1l - —> — - — > —.
M_Zm dm |  2m 2  h

Types D,,°D,, with | > 4. Here h = 2/ — 2. If £ = 1 when (G, F) is
split and & = ~1 otherwise, then |Zf| = (4,4’ — ¢). In particular, |ZF],
= 1if p is odd. To every F-conjugacy class C in W one can associate a
pair (a, B) of partitions of /, and (8.6) holds [Car4]. The pairs which occur
in the split case are exactly those in which B has an even number of parts
and the pairs which occur in the twisted case are exactly those in which 8
has an odd number of parts. In the split case, pairs in which all parts of «

[\
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are even and B is the empty partition correspond to two conjugacy classes
in W; these two classes are simultaneously p-relevant or p-irrelevant (they
are interchanged by a graph automorphism).

There exist o = + 1 and a positive integer m < [ such that ¢” — o is a
multiple of p|Z*|,, with o=¢ if m =1 If o=1 (resp. —1), every
F-conjugacy class corresponding to a pair (a, 8) of partitions in which m
is a part of « (resp. B)is p-relevant. Counting the elements of W in these
F-conjugacy classes, we get

.o (_l)lel

M e i!(zm)i Ry, (8-7)
where
(_1)<//m)—1
Ro= 2 if m{{and o//™ = ¢,
» ({/m)!'(2m)
0 otherwise.

If /=m,then o=g and p* 2 1/l 2 1/h. If 1/2 <m <l —1,orif
m =1/2 and o’ # &, the right side of (8.7)is 1/2m > 1/(21 — 2) = 1 /h.
If m <1/2, then

1 1 1 1 1
#”z—(l—— >z > —.
2m 4m 2m 2 h

It remains to consider the case where m ={/2 and o? = ¢. Here ¢” —
olg' — &, and we can instead use m =1, o = . |

9. PROOF OF THEOREM 5.2

In this section we will prove Theorem 5.2, using the same method as that
used for proving Theorem 8.1. Let v, be the lower bound indicated for u,
in Theorem 5.2. It is straightforward to use the tables in Section 7 to check
that (G*/Z") > y, when G is exceptional (not many cases need to be
checked: since i < 30 the bound in Theorem 5.2 is better than the one in
Theorem 5.1 only for small p). Moreover, we have u(G*/Z") = % if G
is of type E over F, with (¢* + 1) = 5, and u,(G"/ZF) = 5 if G is of
type Ey over F, with (¢°+¢° +¢* +¢°+ 1), =11 (g = 2 gives an
example in each of these cases). Note also that u,(GF/ZF)= { for
G = PSL(2, g) with (g° — 1), = 8, and that Theorem 5.1’ gives examples

with uy(G*/Z*) = 5. Thus,
Ky, <, for p € {2,3,5,11}. (9.1
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Now consider a simply connected group G of classical type, set p =
(G /Z"), u = W(G, F) and define ¢ as in Section 5. We will make
use of the fact that the function f(x) =x — 1x?, x < 1, is increasing. Note
also that f(1/p) = v if p & {2,3,5,11} and f(1/p) = v, in all cases.

P [
Tvpes A;,°A,. Let h =1+ 1 and & be as in Section 8. Suppose first
that |Z*{, > p. If h > 4, we have seen in Section 8 that u" > 1, and for
p # 2 it follows that u > (1 = 1/pX3) = v,. By Theorem 5.1' we have
i > v, if h =p = 3. Now assume that p = 2, so that & is even. We claim
that p¥ > § if & # 4. By (8.4) this holds for # > 10 since then 1 — p*
< 4+ +10g8)/9 < 1. Also, & = 5 if h =2, we can use (8.3) if
h =8, and if & = 6 we can use the additional fact that the partition (4,2)
corresponds to a 2-relevant F-conjugacy class (in view of (8.2) and the fact
that |Z%], = 2). This proves our claim, and hence by Theorem 6.2 we have
w= 1" > v, for h # 4. Finally, if p =2 and h = 4, the formulas for
wXG" /Z¥) given in Section 6 show that p > 5 > v, when [Z*| = 4 and
W= = v, when [ZF] = 2.

Suppose now that |Z*], = 1. Let m be the smallest positive integer such
that plg™ — &™. Note that m < p — 1. If m = | then we saw in Section 8
that 4% > 1 — 1/h, so that u > », by Theorem 6.2 and the definition of
v,. Suppose that m > 2. If A has r parts equal to m, then w(Tf /Z") = 1
— 1/p” (cf. Lemma 2.1). By a variation on the inclusion—exclusion formula
we find that

] 1y
sz o)

P
l<i<h/m Lm P

Therefore

=l -5 5
> —_ = —_— = — — = v,
“lp -1 p fp p 2pt

Types B,,C,, with | > 2. Suppose first that p is odd. Let m > 1 and
o = +1 be such that plg™ — o, with m as small as possible. Note that
m < (p —1)/2. We have

A

‘ 1 I
pz L (-1)"- ,(1—«),
L<isi/m i'(2m) p
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so that

1 1 1 1\ 1 1
w2 gl 5) el ) <l 5)
T\ 2Ap-1)/2 p vl p 2p 7

Suppose that p = 2. Since ¢ is odd and |Z*| = 2, it follows from (8.6)
that any conjugacy class in W corresponding to a pair (a, 8) of partitions
in which « and B together have at least two parts is necessarily 2-relevant.
Therefore ¥ > 1 — 1/n > 1, and hence u > } by Theorem 6.2.

Types DI,ZD,, with | > 4. Suppose first that p is odd. Let &, o, and
m < [ be as in Section 8, with o = & if m =/, and m minimal subject to
these conditions. In particular, m < (p — 1)/2. We have

i

! 1

M= S_—)T(l ~—| +R.

I<i<i/m l‘(zm) P
where
(__1)(//m)7| 1 I/m . 1
R=1*T =\~ if m|{land ¢'/" = &,
=\ (I/m)'\(2m) p
0 otherwise.

It m=1Itheno=gand u>2R=0-1/p)/m=2/p >,
If m<!—1and m #1{/2, orif m=1/2and o? # &, then, as in the
case of type B, we have

hS
\%

1 oy
,gfg/m(_l) i!(zm)"(l p)

R I 7 Y

If m=1/2and ¢ = 1,then I < p — 1. We have already seen in Section 8
that p* > 1/1, and therefore p > 1/p > v,.
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Suppose now that p = 2. Recall that |Z"| < 4. If an F-conjugacy class C
in W corresponds to the pair (a, 8) of partitions, let 7(C) denote the total
number of parts of @ and B. For r = 1, let W, be the union of the
F-conjugacy classes C with r(C) = r, and let W, ; be the union of the W,’s
with r > 3. We have {|W,| = [W|/l < |W|{/4, and it follows from (8.3) and
(8.4) that [W, 4| > [WI[/4. In view of (8.6), every element in W, ; is
2-relevant, and so are at least half of the elements in W,. This implies that
p? > I and therefore u > 1.

We have checked that u > v, in all cases. In view of (9.1), this proves
Theorem 5.2. 1§

10. EQUAIL. CHARACTERISTIC CASE
Throughout this section the notation and the assumptions will be the

same as those in section 5, except that p is now assumed to be the
characteristic s of G.

[to

THEOREM 10.1. p,(G") = 2¢47°.

Remarks. We need this only in the case where G’ /ZF is simple and
hence only when G is simply connected. The result holds as long as G is
reductive, connected, but not just a torus. However, the case presented
here is slightly easier to prove.

The constant £ is not best possible. It is likely that it could be replaced
by 2.

The proof is based on a case by case analysis together with the next
proposition. For ¢ € G semisimple, let n(t) = dim C;(¢) — I(G), where
I(G) is the rank of G, and let f;(1) =1 — ¢ "< If T is a maximal torus
containing f, then n(¢) is the number of roots a« of T in G such that
a(t) = 1 (compare [Car5, p. 92]). For an F-stable maximal torus T in G,
let @,(T) be the average of the function f;; on T, If T’ is G*-conjugate
to 7, then ¢ (T') = ¢,(T). Therefore we can also view ¢ as a function
on W, constant on F-conjugacy classes: ¢;(w) = @;(T) where C is the
F-conjugacy class containing w.

ProposITION 10.2.  u,(G") = (1/IWDE, oy ¢c(w).

Proof. Every element x € G* has a Jordan decomposition x = tu = ut
with r € G* semisimple and « € G* unipotent, and x is p-singular if and
only if u # 1. There are exactly g"<!” unipotent elements in G* that
commute with ¢ (compare the proof of Theorem 6.2°). The total number of
p-singular elements in G* is therefore equal to the sum of g"""> — 1 over
all semisimple elements ¢ € Gf. As there are exactly g"<'") F-stable
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maximal tori in G that contain ¢, this is also the sum of f;(¢) over all pairs
(¢, T) consisting of a semisimple element ¢ € G* and an F-stable maximal
torus T containing t. Thus, exactly as in the proof of Theorem 6.2 (cf.

(6.1)),

n(GFy = = LT ea(T)
? IG o7 |G (=
1
CeW/~p Tey,
1 .
= ~F Z e (T¢) Z 1T
IG" | ceiy -, Ted,.
IC| 1
= Z —oi(Te) = Z eq(w). 1
CelW/~, |W| |W| we W
EXAMPLES.
(a) Let G =S5SL,. Let z=0(g —1,2)=1|Zf]. We have IWI = 2. The
identity corresponds to a maximal torus 7;, ,, with |T} | =g — 1. Let

t€Th,,. If tis central then n;(1) =2, and ny(t) =0 othcrwise. It
follows that ¢(T;, ) =z(1 —q /(g — D =z(1+¢g "g"'

The other clement in W corresponds to a maximal torus TG{ with
TS5l =g+ 1, and ¢ (T,) =201 —q¢ )/(g+ D =2z01 —q ")g ' The
average of z(l +q*')q*' and 7(1 —q Vg ! is zqg~'. Thus, by the
proposition, p.p(G ) = (q — 1,2)g7". (Of course, it is easy to check di-
rectly that there are z(g> — 1) p- smgular elements in G*))

(b) LetG=SL,and z=@3,q -1 =1Z*|

Let 7, , 1, be the diagonal subgroup of SL;. 1f t € T}, , ,, is diag(a, b, c)
then abc = 1 and F(1) = diag(a¥, b%, c%). In particular, |7;7 | ;)| = (g — D%
Moreover, n,(t) = 0 if a, b, and ¢ are all distinct, n((t) = 2 if two of
a, b,c are equal, and n(t) = 6 if a = b = c. Thus, there are z elements
t € T4, such that n,(t) =6 and 3(g —z — 1) such that n,(t) =2,
while #1,,(t) = 0 for all remaining elements in 7, | |,

Let T, ,, be an F-stable maximal torus corresponding to a transposi-
tion. Choosing a basis consisting of eigenvectors, we see that T, ,, is
represented by diagonal matrices diag(a, b, ¢) with abc = 1. After permut-
ing the elements of the basis if necessary, F induces the map diag(a, b, ¢)
= diag(b¥,a?,c?). Let 1 € T, ,, be diagla, b,c). Then ¢t € T, if and
only if a € F, b =a% and ¢ =a """ In particular |T],|=¢*~ 1.

Moreover, n (1) =0 if a € F,, n, (1) =2 if a€F, and a’ # 1, and
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n(t) =6 if a€l, and a® = 1. Thus, there are exactly z elements
t€ T4, with ng(1) = 6 and g — | — z with n () = 2, while n (1) = 0
for the remaining elements.

Let 75 be an F-stable maximal torus corresponding to a 3-cycle.
Choosing a basis consisting of eigenvectors of T;,, we see that T is
represented by diagonal matrices diag(a, b, ¢) such that abc = 1. After
permuting the elements of the basis if necessary, F induces the map
diag(a, b, ¢) — diag(b?, ¥, a?). Let t € T;, be diag(a, b, c). Then ¢ € T,
if and only if @ 7/"" = 1, b = a¥, and ¢ = a?. In particular |T5| = ¢ +
g + 1. Moreover, n,(t1) =0 unless a € F, and a' =1, in which case
ng(t) = 6. Thus, there are exactly z elements ¢ € T3, with n(¢) = 6, and
n(t) = 0 for the remaining elements.

It follows that

1
g{‘P(;(Ttl.l,l)) + 3‘P(;(th‘1>) + 2‘P(;(T(31)}

= %{(Z(l —q ) +3(g-z-D(1-g ))(g-1"

u,(G")

+3(z(1-g ) + (g —2- D —g )¢ - 1)
+2(z(1 - q"’))(q2 +q+ 1)71}

- s ( (g - 1»3)) O
qg —zqg =1 - ———|qg .
PE

Il

We turn now to the proof of Theorem 10.1. For the sake of clarity we
will assume for now that 8 = 1, and indicate later how the argument can
be modified to cover the Ree and Suzuki groups.

Our task is to find sufficiently many elements in W for which ¢, (w) is
large enough. Consider an F-stable maximal torus 7. Let a be aroot of T
in G and let (Ker(«))” = S. Then n.(¢) = 2 for every ¢t € § since —a
also has S in its kernel. Throughout the proof we will consider those roots
a fixed or inverted by F (cf. Appendix A.9). If F fixes « then |S7|/|TF| =
1/(g = 1), and it follows that @ (T) = (1 — g )SH/TH =1 +
g "gq™'. Similarly, if F inverts a, then [S]/|T*| = 1/(q + 1), and ¢ (T)
>(1-g *Ng+1"'"=0-¢q ")g ' In many cases this approximation
is sufficient to prove Theorem 10.1. First we consider the easy cases.

Types B,,C,. We can think of W as a group of linear transformations
of Q' consisting of transformations obtained by permuting the coordinates
and multiplying any number of them by — 1. The roots correspond to the

vectors te; (1 <i </)and te, +e (1 <i <j <), and the action of F
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on a torus corresponding to the element w: Q' —> @' is gw™' (see
Appendix A.7). Thus, if there exists i such that w(e;) = ¢;, then ¢, (w) =
(1 + g)g~'; and if there exists i such that w(e;) = —e,, then ¢, (w) > (1
— q)q~". Let x, be the probability that an element in W fixes at least one
basis vector e;, and let y, be the probability that an element in W inverts
at least one basis vector e; but does not fix any ¢,. Then x, > y, (ifweWw
inverts some basis vcctor e; then —w fixes e) and p (G") =z x,(1 +

g g " +y (1 —qg g ' =(x,+y)g ". But x; +y, is the probability
thdt an element in W fixes or inverts at least one basis vector, and this is
the same as the probability that an element of §, fixes at least one of the /
points it permutes. For each /, this probability is at least 3. Thus u,(G*) >
397"

Type G,. The only elements that do not fix at least one root are the
rotations. Thus, half of the elements in W fix at least one root, and
pAGH) = 30 +q g™ = 347"

Type F,. An explicit computation shows that 575 of the 1152 ele-
ments of W fix at least one root. It follows that

p Gy 2 (L +q g ' = Yag ' 2 3g

Type E,. An explicit computation shows that 17,371 of the 51,840
elements of W fix at least one root and that 10,809 elements fix no root
but invert at least one. It follows that

: 1737 : - 10809 _ _ 8180~ 2
P«,;(Gf) = 5|x4111(] +4q I)q L 5184()(1 - q l)q "> sigand "> s5q '

Type E.. 1In this case 952,435 of the 2,903,040 clements of W fix at
least one root and 733,069 elements fix no root but invert at least one. It
follows that

F 952435 S0y -1 733069 185504 — 1
P«p(G ) = *9mu4u(1 +4q )q + wmmn(l ) "> 39030409
> 2g7!

>zq .

Type E,. In this case 228,350,039 of the 696,729,600 elements of W
fix at least one root and 150,831,449 elements fix no root but invert at least
one. It follows that

F 228350039 Sy -1 150831449 1y 379181488 — |
I“l’p(G ) = 6967796(}{)(] +q )q + (70(;7*0(»00(1 - q )q 2 06796009

-1

v

3q
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Type “E,. 1n this case the action of F involves multiplication by —g
instead of g as in the casc of type E,. It follows that to detect F-stable
maximal tori with roots fixed (resp. inverted) by F, we must consider
elements of the ordinary Weyl group of type E, that invert (resp. fix) some
roots. There are 16,335 elements that invert at least one root and 11,845
that do not invert any root but fix at least one of them. This leads to the
estimate

pAG") = (I +q g '+ &1 —g g ' = Bq ™ = g7

Type *D,. In this case the action of F can be described using a coset
determining an clement of order 3 of W(F,)/W(D,) = S, (see Appendix
A.5). It turns out that 64 of the 192 elements of W give fixed roots, 64
elements give inverted roots, and there is no overlap. Therefore we get

w Gy = {51 +q Vg '+ 3501 —q g '=39g ' =3¢ "

When 6 = 1 we are left with the harder cases: groups of type A4 or D.

Types A;,°A,. Let h =1 + 1. We identify W with S,. Let w € §,. In
the split (resp. twisted) case, w corresponds to tori in which F fixes (resp.
inverts) at least one root if and only if w has two l-cycles, and F inverts
(resp. fixes) at least one root if and only if w has at least one 2-cycle.

First, consider the split case. Let a, be the probability that a permuta-
tion in §, has no l-cycle and b, the probability that a permutation in S,
has no 1- or 2-cycle. The probability x, that an element w € §,, has at
least two 1-cycles is then 1| — a, — a,,_,, and the probability y, that w has

at most one l-cycle and at least one 2-cycle is a, +a, , — b, — b,_,.
From the inclusion—-exclusion formula we obtain
i (+
O G (-1
h . ’ h Ly .
1 ifr
o 1! im0 270!
i+2j<h

b, < 1 for large enough A, and it is casily checked that these inequalities
hold for all 4 > 4. 1t follows that x, >  and y, = 4 for h > 5. For h=5

As h — =, a, > ¢ ' and b, — e */% These imply that } <a, < 3 and

we thus have w(G*) > 31 + 4 g™ + 3(,(1 —qg Vg "= 3q!
> ; “!. For h = 4 we have x, = ,74 and V= 8, and therefore u,(G")
> 3 (1+q")q P4 2l — g~ ‘)q >5q '232¢g ""Forh=2 x,=y,
= 5 and therefore u,(G*)=g~'. Finally, for & =3, xh =1y, =1
and p (G") = (.(1 +q Vg + 30 -qg g =G -3¢ g =
(- Dy t=1ig
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In the twisted case, let ° xh be the probability that an element of S, has
at least one 2-cycle, “y, the probability that an element of S, has at least
two 1-cycles and no 2-cycle, and ¢, the probablllty that an element of S,
has no 2-cycle. Let b, be as above. Then *x, = 1 — Cy y,, =c, — b, -
b,_,, and

It follows easily that 3 < ¢, < § for h > 3. Since b, < } for h > 4, while
b, =0and b, = 1, we have b, + b,_, < J; for every h > 3. Then

v

m(GF) 27 (1+ g7 g + 7y (1 =g )g ™!
=(l—-c)(t+qg g " +(c,—b,—b,_ )1 —-¢g ")g"
(1= +qg g '+ (G-by~b,_ )1 =g ")g"
+2(3 - g’
>i(l+g " )g ' +5(1-q")g "2

5 -1
=g 2

nlea

-1

q

Type D, or “D,. The method used so far fails because when the
Frobenius endomorphism of an F-stable maximal torus fixes or inverts a
pair of roots, it fixes or inverts at least one other pair of roots. There are
therefore fewer elements in W that correspond to such a behavior of F.

Let T be an F-stable maximal torus. There is an isomorphism of the
character group X(7) = Hom(7,G,,) of T with the subgroup of Q'

generated by the standard basis (¢,), ., ., and the vector 3(1,1,..., 1), and
such that the roots correspond to the vectors te; te; (1 <i <j </). Let
a, ., be the root corresponding to te; + e;. The Frobemus endomor-

phism F acts on X(7') by multiplication by ¢ composed with a signed
permutation o, of the basis that is determined up to conjugacy under W
(see Appendix A.7). The group Y(7T) = Hom(G,,, T) is dual to X(T) (over
Z) and can be identified with the subgroup of Q' generated by the vectors
-I~e + e, (1 <i <j <1). These vectors correspond in Y(T) to the coroots

). [Bou pp. 256-257).

With this description, the Weyl group W becomes a subgroup of index 2
in a Weyl group W, of type B,. Let W;" = W and W, = W, W be the
two cosets. Note that W), W, and W,* can all be defined in this manner for
{ = 1. When dealing with F-conjugacy classes and the action of F on
F-stable maximal tori and their character groups, it is natural to replace W
by a suitable coset of W in W, namely by W, in the twisted case, and W;*
(= W) in the split case (see Appendix A.5). We handle the two cases
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simultaneously, and we let ¢ stand for + or — for G split or twisted,
respectively.

Suppose that 7" and o are as before, and that o, € W/ stabilizes the
subset {e,, —e, €;, —€,}. Then the subgroup S of T generated by the
images in T of the coroots a};., with 3 <i<j<! is an F-stable
subtorus of 7. Consider the quotient group 7/S. Its character group
X(T/S) can be identified with the subgroup of X(T) consisting of all
elements orthogonal to the vectors te; + e;, 3 <i <j </ Thus, X(T/S)
is the subgroup generated by e, and e,. The subtorus § is contained in the
kernel of the roots «,,, and «,_,. By Lang’s theorem the natural
homomorphism 7% — (T/S)" is surjective and its kernel is S¥ (Appendix
A.1). Let K be the union of the kernels of the characters of 7/§ induced
by @,_, and «,,,. Observe that Ker(a,_,)/S and Ker(«a,, ,)/S look like
the subgroups {diag(t, 1)|r € k*} and {diag(s, ™"t € k*} of GL,, respec-
tively. Then ¢5(T) = (IK*|/KT/S)FIX1 — g~ 2). Moreover, since K is the
union of two one-dimensional tori that intersect in (g — 1,2) < 2 points,
we get the following.

(i) If (1) =1and ¢(2) =2, then ¢ (T) > ((2(q — 1) - 2)/(q -
D?) - —qg ).
(i) I o(l)=2and ¢(2) = I,then ¢ (T =g — D +(g+ 1 —
/Mg = 1)1 ~q2).
(i) If o(1)= -1 and o(2) = =2, then ¢ (T)= Qg+ 1) -
/(g + 1DH-UA —q7?).
If g = 2 these values can be replaced by 2, 1, and %, respectively, as can
be seen by direct computation. For example, in case (iii), K7/8)"| =9,
each of the two kernels which constitute K contains three F-stable points,
and the identity is the only common point. Thus |K*| =5, and n,(s) > 4
for every s € §,so that o (T) = (1 —27*) +4-(1 —27%)/9 = L.
Given a signed permutation o € W, let m; (o) and m; (o) be respec-
tively the numbers of positive and negative cycles of ¢ of length i. The
discussion above shows the following.

) U m (o) =2, then o (o) > (29 — 4 /(g — D})-(1 —g ).
(i) If m3(o) 21, then ¢ (o) > (2 — /(¢ = 1))-0 — g D).
(iii) If m,; (o) = 2, then ¢, (o) = 2q/(q + D?)-(1 — g~ ?).

If g = 2 these values can be replaced by 2, 1, and %, respectively.
For />0, let w,=2'"1!. Then w, = |W'| = [W| for [ > 1. Define
Wy =1 and W; = J, so that W is now defined for all / > 0. For a subset

X of W, let PE(X) = |X|/w, (thus, for I > 1, P7 is the obvious probabil-
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ity measure on W7). Let
xf=Plolm{ (o) 22}, yi=PHolm/(o)<1,mi(a) =1},
zf=Polm(ag) <1,m; (o) =0and m; (o) = 2}.
In view of (i)—(iii), we have

2g — 4 ) 2g -2
(1 - g ) 4y S
(q_l)h( 47 Ty

#,(G") = xf (1-g77%)

tzf (1 -q7%)
(g+1)
if g > 3, and

F e, 15 e, 3 e, 7
Np(G)le 6 TY 76 T2 16

1

if g = 2. In order to prove that u (G") > 247!, it is therefore enough to

prove that

x7(2q — 4)(q + 1) +y7 (29 — 2)(q* — 1) + 2/ (2q)(q — 1)’
> 3q(q° - 1), (10.3)

if g =3, or

& 13, ¢

15 o 7 1 ’
WXLt Ryt ez 2 (10.3)

if g = 2. It is easily checked that

- 1 _ 1
iz ) 24 = i3-

= 19 +- 1 +- _L = -
Xy = 1935 Yi = %> 24 = 1925 Xy = 125 Ys =

da|—

When ! = 4, an easy computation shows that (10.3) or (10.3') holds, except
in the split case if g < 5. Explicit computations using tori of codimension 2
(instead of codimension 1) show that, if ¢ is an element of W," corre-
sponding to a positive 4-cycle, then ¢;(o) > 2972 — g~ *. There are 48
such elements in W. Taking their contribution into account gives the
required lower bound for }LP(GF) in the remaining cases. (When ¢ is 2 or
3, one can also use [CCNPW] to determine ,u.p(GF) exactly.)
Suppose now that { > 5. It is easily checked that if

|

P 1 £ 1 & 1
Xy 2 i3, Yi 2 &> Z; 2 %, (10.4)

[o
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then (10.3) and (10.3’) hold. We claim that (10.4) actually holds for every
/=5 For!=0let

af = Filolmi (o) =0), b7 = Bi{olmi (#) = 0, mi (o) = 0},
e =Ptolmi (o) =0,m;(c)=0,m; (o) =0},
uf = Pt{olm (o) = 0,mi () > 1},
of = Pf{olm{ (o) =0, mi (o) =0,m{ (o) = 2}.
For / > 1 we then have

£

X

c 1 & e __ 3 3 e __ 4, F JE
=1—-aj - zaj_,, yi=ul+ Uiy, zf = vl + 300,
For / > 6 we have

3 & & s 5

<4<, wEb<G  of <5 (10.5)

These can be checked, for example, as follows. Partitioning W,® according
to the type and the length of the cycle containing 1, we get for / > 2 the
recursion relations

1 -2
ai = {4, + Z (a/+a; )],
21 i=0
1 -3
b= 7| b + b5+ X (b + b)),
2[ ) i=0
1 -3
T CEE ]

and therefore for / > 4,
. 1 — & 9
ay = E(a,f, +ai_, + (21 — 2)a;_,),
o 1 —_— & -
bf = E‘i(b[—kl + b7 5+ (21 = 2)b ),

1
¢ = E(Cffz +ely+ (202 ).

These formulas show that once the inequalities in (10.5) hold for three
consecutive values of /, they hold for all larger values of I. In this way we
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find that (10.5) holds for [ > 6, and it follows that (10.4) holds for every
! = 8. Explicit computations show that (10.4) actually holds for every ! > 5.
Finally, we turn to the cases in which & = 2.

Type *B,. There are ¢* unipotent elements in G¥, hence at least (in
fact, exactly) ¢* — 1 p-singular elements (where p = 2). Since |GF|=
q*(q® — 1gq* + 1), we have u (G") > (g + g™ = ¢~

Type *G,. There are ¢ unipotent elements in G*, hence at least
g'? — 1 p-singular elements (where p = 3). Since |G*| = ¢%(¢* — 1Xq° +
D), we have p (G") 2 (¢* +g* + Ng™* =2 ¢™°

Type “F,. 1In this case it is not enough to count unipotent clements,
and we cannot simply look for maximal tori 7' that have some roots fixed
or inverted by F. Indeed, F interchanges short and long roots. What we
can look for are subsystems of rank 2 in the root system which are globally
F-stable. Such subsystems occur in particular when we have a root «
which is fixed by F*. There is then a 2-dimensional F-stable torus § < T
contained in Ker(a), and |T*/S*| = q* — 1. For such an F-stable maxi-
mal torus we therefore have ¢,(T) > (1 — g~ ?)/(q> — 1) = ¢ ~*. Repre-
sentatives of the F-conjugacy classes in W and the orders of their stabiliz-
ers are given in [Shi2]. With the notation used there, we find that the
maximal tori corresponding to the F-conjugacy classes of the clements w,,
w,, wy, and w, satisfy this condition, and we therefore have u,(G*)

i -2 i -2 i -2 P -2 __ 9 -8
25q " teq T tRq T TG T =19

APPENDIX

We discuss here various issues pertaining to F-stable maximal tori,
F-conjugacy classes in the Weyl group, and related matters. We consider a
simple algebraic group G defined over an algebraic closure k of a finite
field of characteristic p > 0, equipped with an endomorphism £ such that
for some m > 1, F™ is the Frobenius endomorphism of some definition of
G over a finite field (with the notation of Section 5, we can take m = §8).

A.l. A crucial tool in the study of (G, F) is a theorem of Lang,
generalized by Steinberg, which asserts in particular that for any F-stable
closed connected subgroup H of G, the map H — H, x = xF(x)™' is
surjective [SS, 1.2.2]. A typical application of Lang’s theorem is that if
H < K are F-stable closed subgroups of G and H is connected, then the
natural map K*/H' — (K/H)" is surjective. Indeed, if F(kH) = kH,
with k € K, then k" 'F(k) € H, and by Lang’s theorem applied to H
there exists therefore h € H such that AF(h) ' = k7 'F(k). Then kh € kH
and F(kh) = kh.
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A.2. Given a maximal torus T < G, we can consider the Weyl group of
T in G, W(T)= N,(T)/T. This Weyl group is adequate for many pur-
poses, but it is not canonical. If 7' is a second maximal torus, then there
exists g € G such that 7' =*T, and conjugation by g induces an isomor-
phism from W(T) to W(T"). This isomorphism is not unique in general.
For example, when T' =T, we get the inner automorphism of WA(T)
induced by the coset g7. A way to remedy this situation is to consider the
set & of all pairs (T, B) consisting of a maximal torus 7 and a Borel
subgroup B > T of G. Then G acts transitively on .7 If (T, B),(T', B') €
and g € G are such that T' = ng’| cmd B' = gBg ™!, then the isomor-
phisms i7" W(T) - W(T') and j; ' T — T’ induced by conjugation
by g are well defined. We get in this way dlrect systems (WAT)r g )7 pye »
and (T ,)r.gye.» in which all maps are isomorphisms. We define the
Weyl group W and the maximal torus T of G to be the respective direct
limits of these constant direct systems. Moreover, every w € W induces an
automorphism O, of T. Let i, 52 W(T) > W and j, ;2 T — T be the
isomorphisms determined by (T, B). (This approach is similar to that used
in [DL, pp. 105-106].)

A.3. There are Frobenius maps on T and W, defined as follows. Let
(T,B) €.7. Then F: T — T is defined by F = j, 1, y5,° F o(jr )", and
if w = i; z(nT)with n € N,(T), then F(w) = i, 7, p 3, (F(nT)). Forw € W
we have then ®g,, oF = Foe®, . If both T and B are F-stable, then the
F-actions on T and W can be read directly from the F-actions on 7 and
WA(T) (in [Car5, pp. 84 ff.], an F-stable pair (T, B,) is chosen once and for
all).

A.4. The character group of an algebraic torus 7 is the abelian group
X(T) = Hom(T,G,). If ¢: § = T is a homomorphism of algebraic tori,
we let ¢* denote the homomorphism of abelian groups X(T) — X(§)
defined by A — A° .

Consider the endomorphism F* of X(T) induced by F: T —» T. If F
corresponds to a split structure of G over a finite field of order ¢, then F*
is just multiplication by g. In general there exists n > 1 such that F”
corresponds to a split structure, and F*” is then multiplication by some
power g, of p. We set g = (g,)"/" (this definition of g agrees with that
given in Section 5). Then F* = gf, where f is an automorphism of finite
order arising from the graph automorphism induced by F (when & = 2,
this actually holds only in X(T) ®, R). In particular f belongs to the group
A of all automorphisms of the root system of G (again, when 8 = 2 this
definition needs some stretching; root lengths must be ignored).

A.5. The action of W on X(T) defined by wA = ®*_.(\) is faithful
and allows us to think of W as a normal subgroup of A. Since Og,,F =
Fo®,, we have F(w) = f"'wf in A. The map W —» Wf™ !, w > wf~! in-
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duces therefore a bijection between the F-conjugacy classes in W and the
W-conjugacy classes in WE~'. For twisted groups of type A, or E,, we have
f = —w,, where w, is the longest element in the Weyl group. For groups
of type D, [ = 5, A is a Weyl group of type B,, and (G, F) can actually be
realized as an F-stable subgroup in a group of type B,. For D,, A is a Weyl
group of type F,, and (G, F) itself can be realized as an F-stable subgroup
of a group of type F, (we need this only for *D,; for other groups of type
D, it is more convenicnt to use a subgroup of A which is a Weyl group of
type B,).

A.6, Consider now an F-stable maximal torus 7 of G.Let B > T be a
Borel subgroup. Then F(B) is also a Borel subgroup containing 7, and
there exists © € N;(T) such that F(B) = vBv~'. Then ¢T depends only
on (T, B), and we get therefore an element w = i, z(¢T) € W which
depends only on 7 and B. This element w is also characterized by the
condition O, = j, z°(j; r5) ' It depends on the choice of B, but its
F-conjugacy class in W is independent of B. We get in this way a map from
the set 7 of all F-stable maximal tori in G to the set W/~ of all
F-conjugacy classes in the Weyl group. This map is obviously constant on
G'-conjugacy classes in 57, hence induces a map 5 /G" - W/~ ,
which can be shown to be a bijection by repeated use of Lang’s theorem
(compare [Car5, p. 84]).

A.7. Given an F-stable maximal torus 7 in G and a Borel subgroup
B> T, the maps F*: X(T)—- X(T) and F*: X(T) — X(T) satisfy
(¥ p) 'oF*ojf 5 = F*-@F where w is the element of W such that
0, =Jjr.5°Ur rp) ' Indeed, since F = jpr) sz ° F °(jr )", we have
F* = j¥ g oF*o(jf 1 p5) ", and since O, = zo(j; 15) "', we have
OF = (j* p5) ' 2 j¥ 5. Thus

. —1 . . -1 . . -1
(ﬁ.n) °F*°J‘7‘.n=(ﬁ,3) QJ;BOF*O(]:(T).F(B)) °J'7,B=F*°(”):--

1

This means that F* acts on X(7T) in the same way in which F*ow™' acts

on X(T).

A.8. This shows also that gF*~' has finite order. Let y, be the
characteristic polynomial of gF* ™!, or equivalently the characteristic poly-
nomial of wf~! € A. We show that |TF| = x,(q). We note first that the
definition of the character group makes sense for every algebraic group.
This notion is extremely powerful for diagonalizable algebraic groups, that
is, algebraic groups which can be embedded as closed subgroups of
algebraic tori. Indeed, X induces a contravariant equivalence of categories
between diagonalizable algebraic groups and finitely generated abelian
groups without p-torsion [Bor, p. 113]. Since T* is a closed subgroup of 7,
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X(T*) is a quotient of X(T). It is clear that for every A € (F* — 1)X(T)
and every t € T¥ we have A1) = 1. Conversely, it is easily checked that if
t € T is such that A(t) = 1 for every A € (F* — DX(T), then r € T". It
follows that X(T") and X(T)/(F* — 1) X(T) are isomorphic up to p-tor-
sion. However, X(T)/(F* — 1)X(T) has no p-torsion (since ¢~ 'F* has
finite order, F* is nilpotent mod p, hence F* — 1 is invertible mod p).
Thus X(T*) = X(T)/(F* — 1)X(T) and therefore

T = X(TH [ =1 X(T) /(F* = ) X(T)| =|det(F* — 1)]
=|det(F* — 1)]|det(gF*")]
=|det(q - qF*")] =det(q — gF* ') = x;(q).

(Observe that ¢ — gF* ' is orientation preserving since g > 1 and gF* '
has finite order.)

A.9. Suppose now that « € X(T) is a root of G. Let U, be the root
subgroup corresponding to «. Then there exists a root 8 such that
F(U,) = U,. This root is characterized by the property that Bo F = ¢,
for some positive integer g, (g, is always a power of the characteristic,
q,=qif 8=1and q,q, = q” if = 2). We say that F fixes a if a° F is
a positive multiple of «, or equivalently if F(U )= U, If B> T and
w € W are as above and a = j} g(a), then « is fixed by F if and only if
(wf"'" Y @) = @. Thus «a is fixed by F if and only the element of Wf™'
associated to (T, B) fixes a in the usual sense. Similarly, we say that F
inverts « if @ F is a negative multiple of «, or equivalently if F(U,) =
U_,. This is also equivalent to the requirement that (wf™'Ya) = —a.
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