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Abstract. Assumingthe availability of anoraclefor handlingblack box groupsiso-
morphicto SL(2, ¢), we presentan algorithmthat constructvely recognises group
G known to beisomorphicto PSL(d, ¢) for knonn d > 3 andg. We alsooutlinean
analogousesultfor symplecticgroups.
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1. Introduction

The presentlyknown algorithmsfor constructve recognitionof black box classical
simplegroupshave asymptoticrunningtimesthatare not polynomial[Br, KS]: the
complity containsfactorsof ¢ (thefield size),whereagheinput sizeinvolvesonly
logg. In this paperwe will take a steptowardthe polynomialtime paradigmfor the
PSL(d, g) caseremoving all factorsof ¢ in thetiming attheexpenseof makingcalls
to an oraclethat allows us to work inside subgroupssomorphicto SL(2, ¢); thus,
SL(2, g) is thepolynomial-timebottleneck.

Consequentlywe paycloseattentionto thecosty of eachcall to ourhypothesised
SL(2, g)-oracle,in additionto the more standardtiming parametersisedin [KS]
(namely the input length,which is greaterthan (42 log ¢) /2, togethemwith thetime
u requiredto performgroupoperationsn G, andthe time & requiredper element
for the constructiorof independent(nearly) uniformly distributedrandomelements
of G). Themotivationfor this oraclehypothesiss provided by a recentadvanceby
Leedham-Greemand Conderreportedat this conferencg CLG]: an algorithm that
dealswith thegroupsSL(2, ¢) as2 x 2 matrix groupsassumingheavailability of an
oraclefor the discretelog problem. This advancepromptedLeedham-Greeto ask
usthequestiomansweredy thefollowing result(whereSLP standdor “straight-line
program”;cf. [KS], 2.2.5):
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Theorem 1.1. Let G = (&) be a black box group, believed to be isomorphicto
a nontrivial homomorphidmage of SL(d, ¢) for knowng > 17 andd > 3, and
equippedvith anoraclefor handlingbladk boxgroupsisomorphicto SL(2, ¢). Then
thefollowing hold.

(1) ThewrisalasVegasalgorithmwhich, with probability > % in timepolynomial
in&, x, u, d andlogg, namelyin

0(d?log(d logq) logq{t + xdlogg + ud?log? g}
+ |8|log(d|8){& + xd?logq + d?log? g + d°logq})

time, verifiesthat G is a homomorphidmage of SL(d, ¢) and constructsa
new geneating set$* for G, a genemting setX for SL(d, ¢), anda bijection
v: X — $* thatextendsto an epimorphism¥: SL(d, g) — G.

(2) X, 8* and¥ havethefollowing properties.

(@) In O(dy + nd?logq) time, whengivenA € SL(d, ¢) onecanconstruct
an SLP of length 0(d?logq) from X to A, and thenmimicit in G to
obtainw(A).

(b) InLasVegasO (logd{& + x (d+logq) +ud log? ¢} +d°log ) time, with
probability > 1 — é an SLPof length 0 (d%logg) canbe foundfrom

$* to anygiveng € G, andthenmimidedin SL(d, ¢) to obtain ¥ 1(g)
moduloscalars.

Notethatfailurein (1) could be dueto badluck with randomselectionspr to the
factthat G is notisomorphicto the statedtype of quotientgroup; but if thereis an
outputthenit is guaranteetb becorrect(sincethealgorithmis LasVegas). Thelower
boundon g is designedo simplify our algumentsthe algorithmof [K S| appliesfor
the remainingsmall g. This paperis intended,primarily, asa commentaryon the
PSL(d, g) algorithmpresentedn [KS]. We frequentlyrefer to resultsandroutines
containedhereinwith little furthercommentandwill generallyadhereo notational
conventionsusedthere.

Thecased = 3is the hardesbbnewe consider(cf. Section3). Thegeneralkase,
in Section2, needsonly a few non-olvious modificationsof [K S]. We notethatwe
useourSL(2, g)-oraclefor varioussubgroupssomorphicto SL(2, ¢), mary of which
involve somavhatrandomgeneratorsit would have beenfar betterto have usedthe
oracleonly afew times. However, it is hardto imaginenot needingatleast| 8| oracle
callsin orderto verify that (8) = (8*).

We have only dealtwith homomorphicimagesof SL(d, ¢), but homomorphic
imagesof othersubgroup®f Aut SL(d, ¢) containingSL(d, ¢) canbereducedo this
caseusinga Monte Carloalgorithmfor finding the derivedgroup[BCFL §].

In Section4 we outline an analogueof this theoremfor symplecticgroupsand
commenton the other classicalgroups. We have continuedto follow the recursve
approachin [KS]. Thereis somehopethat this can be avoided. In particular we
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suspecthatthemethodausedin [Br] for thegroupPSL(d, ¢) alsocanbemodifiedin
thesameway that[K S] hasbeenin this paper

The SL(2, ¢g)-oracle. We assumethat our hypothesisedracleis ableto perform
varioustasksin a blackbox groupL = (&) (believedto be)isomorphicto SL(2, g)
for known g. We list thesetaskstogethemwith thetime requiredto performthem.

(i) The oracle provides us with sets$* C L and X = {(éq"), (plk 2) |

0<k< e} C SL(2, ¢) for a known generatorp of GF(¢)*, and a bijec-

tion ¥: X — 4* behaing asin Theoreml.1. We denoteby x the time
requiredfor Theoreml.1(1)aswell asfor eachapplicationof Theoreml.1(2).

(i) The oracleis alsoequippedwith routinesfor discretelogarithmsin GF(g)*.
Let 7 denotethe trans\ectiongroupof L generatedy theimageunderw of

{(plk 2) | O<k< e} for p in (i), andsupposeve aregivent € T. Wecanuse

theoracleto find w=1(r) = (1 9) for somex € GF(g). In addition,theoracle
cancomputethe integern suchthatO0 < n < ¢ — 1andi = p". We assume
thatthe costpercall to thediscretelog oracleis x .

We will find task(ii) particularlyusefulin the following algorithmicsetting. If we
have elements, i € Ng(T) (but not necessarilyn L) bothinducingscalarsof the
sameorderon T, thenh canbereplacedy a specificpower of itself to ensurghat g
andh inducethesamescalaron T. Thediscretelog oracletells uswhich power.

We view this oracleasa black box. However, in practiceit will presumablybe
replacedby a Las Vegasalgorithmfor Theorem1.1(1): the algorithmsin [KS] and
[CLG] for this is are,indeed,Las Vegas. On the otherhand,we assumehat our
discretelog oracleis deterministidn practice.

2. Thegeneral case: d > 4

Somevhatasin [KS], the methodswe employ for dimension3 differ widely from
thelargerdimensions.n this sectionwe assumehatd > 4, andwheneer possible
we follow closelythealgorithmin [KS]. In particular the algorithmwe presentere
is recursie. We wish to ensurethat the probability of the routinefailing up to the
point wherethe recursie call is madein Section2.6 is no morethan <. In ary
non-determinististepin the mainroutine,this is achieved by makinganextrafactor
of (atleast)[logd] randomchoices.

2.1. Background. Werecallsomebackgroundnaterialdiscusseatgreatetengthin
[KS].
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(1) Groups of transvections. We assumea familiarity with the basicpropertiesof

trans\ectionsandtrans\ectionsubgroup®f SL(d, ¢). ForahyperplaneH of V anda
pointe € H, wedenoteby T, y thegroupof trans\ectionswith centrex andaxis H.

Asin [K S|, wedenoteby O (x) theelementaryabeliangroupof orderg?~1 consisting
of all transectionswith centrex, andby Q = Q(H) thegroupof all trans\ections
with axis H. In this way, we mayview points(resp. hyperplanespasexisting within

thegroupG assubgroup («) (resp. Q(H)).

(2) Primitive prime divisors. By afundamentatheoremof Zsigmondy[Z9], if p is
primeandm > 2 thenthereis aprimedividing p”* — 1 butnotp’ —1forl <i < m,
exceptwheneitherp = 2,m = 6, orm = 2 and p is a Mersenneprime. Such
a prime is calleda primitive prime divisor of p™ — 1. We will call aninteger j a
ppd’(p; m)-numberif j|p™ — 1 andeitherp = 2,m = 6 and21jj; m = 2, pisa
Mersenneprime,and8|j; m = 1andj > 4; or j is divisible by a primitive prime
divisorof p™ — 1 (thisis slightdeparturdrom [K §], takingadvantageof thefactthat
herewe will alwayshave p™ > 7).

We testwhetherthe order of an elementof G is a ppd(p; m)-numberusinga
deterministicO (um? log p) time algorithmin [K ], 2.6.

(3) Field computations. Theseare discussedn [KS], 2.3. We will have at our
disposathe hypothesise&L(2, ¢) anddiscretdog oraclesin placeof theZechtable
usedthere.

2.2. Time involving factors of ¢ in [KS]. Sinceour goal hereis only to remove
occurrence®f factorsof ¢ in the timing in [KS], we begin by pinpointing those
occurrencesyhich wereof five typeswhend > 4:

(i) findingcertainelement®f G whoseprobabilityof occurrencés boundedelov
only by qiM for someinteger M

(ii) testingfor isomorphisnto SL(3, ¢) andfinding suchanisomorphism;

(iii) performingatestusingall conjugatesof theform A?, b € B, for atrans\ection
group B andanelementor subgroupA;

(iv) listing afull transwectiongroupof orderg, primarily in orderto performlinear
algebrawithin thatgroup;and

(v) adiscretelog computatiorin GF(g)* (usinga Zechtablefor GF(g)).

Type (i). Thiswasusedto obtaintrans\ectionswhend > 4 ([Kg], 3.2.1),andhereis
replacedoy Section2.3for d > 5and2.4whend = 4.

In additionto finding trans\ections by usingthe probabilityestimaten (i), [KS],
3.2.1,0obtainedan elementof suitableppd orderthatis not available herewhend is
even. Hencewe usesubstituteproceduredo find certainsubgroup, Q(«), H, L
and4$* whend > 5 (cf. [KS], 3.3.1). However, in the presensituationwe only find
thesesubgroupdy a Monte Carlo algorithm (in Section2.5), verifying correctness
laterin Section2.8 andhenceonly thencorvertingthisto a Las Vegasalgorithm.

Type (ii). In Section3 we give suchatest.
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Type (iii). This occurredonly in [KS], Lemma3.11 (effective transitvity of the
groupsQ and Q(«)), which hereis replacedoy Lemma2.1. This transitivity was
thenusedsereraltimes. Firstit wasusedin [KS], Corollary3.12to find a subgroup
L = SL(d — 1, q); thisis replacedn Section2.5. Thenit wasusedin [KS], 3.5.1,t0
labelthe pointsof thetargetvectorspacewhichin turnwasneededn [KS], 3.5.2,t0
constructhe desiredhomomorphisnG — PSL(d, ¢g); seeSection2.8. Also it was
usedin [KS], Proposition3.18, for the analogueof our Theorem1.1(2b);aggin see
Section2.8.

Type(iv). Thisoccurredn [K 9], 3.4.3(1),(4),(5) findingandcomputingwith GF(p)-
andGF(g)-base®f Q0 andQ(«x); expressingary elemenbf Q or Q(«) aslinearcom-
binationsor SLPsusingthesebasesandfinding matricesf thelineartransformations
inducedon Q or Q(«). SeeSection2.7.

Type (v). This occurredin [KS], Propositions3.17 and 3.18, wherea discretelog
calculationensuredhata certain(d — 1) x (d — 1) matrix haddeterminantl. Of
courseour discretelog oracleis usedhere.

[KS], 7.3.2. Verifying a presentatiois the only otherplacewhereafactorg appears
in atiming. This verificationusesall of theabove proceduresandthesealreadyhave
hadg removedfrom theirtimings.

2.3. Constructing transvection groupsand J when d > 5.

Callstod = 3or 4. Wewill make frequentuseof thecases! = 3, 4 of Theoreml.1
for subgroupgeneratedby very specialsubgroup®f G, althoughwe will notusethe
additionatimerequiredo verify apresentationWith smallprobability thesubgroups
generatedby ourchoserelementsnightnotbe SL(3, ¢) (or SL(4, ¢)) andthefailure
goesundetectedHowever, in this casethealgorithmwill eventuallyfail, andwe will
notsucceedn our goalof finding andverifying a presentatiorior G. We will see,n
Section2.8and3, thata call to Theoreml.1(1),without the additionalpresentation
verification,costsO (¢ + x e+ log? ¢) whend = 3andO (e loge(£ + x e+ 10g? ¢))
whend = 4.

Theelementsay, ap. Wefirstpresenan O (d logd (& + ped? logq))-time LasVegas
algorithmwhich, with probability > 1 — 81%, constructsan elementa € G which,

in its actionon the sought-aftewvector space has2-dimensionakupportandis the
identity on a d — 2-space(for even d we constructtwo suchelements). We also
construct € G centralisingz andhaving d — 3- or d — 2-dimensionakupport.

Letr = d — 2for d oddandd — 3 for d even Chooseupto [32(d — 2) log(2d)]
elements of G, andfor eachtestwhetherz| is divisible by bothappd®(p; er)- and
ppd? (p; 2¢)-number If soleta = '~ ando = t7°~1. Thenla| is appd(p; 2e)-
divisorof g + 1.

Lett; = 1o = 7 if d is odd. Whend is even,repeatthe above a secondime in
orderto obtaintwo pairs(a1, o1) and(az, o2), wherea = a1.
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Theproofsof correctnessjming andprobability of succes®f this procedureare
similarto thosein [KS], 4.2.1and5.2.1. Notethatno oraclecallsareneedechere.

Constructing K £ SL (4, q). We next presentan O((logd) - (eloge)(E + xe +
wlog? ¢))-time Las Vegasalgorithmwhich, with probability > 1 — Bdi, constructsa

naturallyembeddedubgroupk” = SL(4, ¢) togethewith ageneratingset§x of K,
afield F = GF(g), avectorspaceVx andanisomorphisnSL(Vg) = SL4,¢g) —> K
behaing asin Theoreml.1.

Chooseup to [16log(2d)] elementg € G, andfor eachusethe cased = 4 of
Theoreml.1to testwhetherk = (a1, ag) = SL(4, g), in which casealsoobtainan
isomorphism¥x : SL4,q9) — K.

Note that, in view of the subgroupstructureof SL(4, ¢g), two elementshaving
2-dimensionasupportsandwhoseordersareppd®(p; 2¢)-divisorsof ¢ + 1 generate
SL(4, q) with probabilityatleast% (this resultis the concatenatiof mary papers,
summarizedn [KL], Theoremb.1). Thestatediming arisesfrom the ® (logd) calls
tothecased = 4 of thetheorem.

At this pointwe have afield F = GF(g); fix ageneratop of F* throughouthe
remainderof the proof (obsere thatthis generatotis availablefrom just onecall to
the SL(2, g)-oracle).

Constructing J = SL(3, g). We prefer for two reasonsto work with a subgroup
SL(3, ¢) ratherthanthe SL(4, ¢) thatwe have constructedFirstly, usinganSL(3, ¢)
subgroupmatchesup betterwith [KS], makingit easierfor the readerto translate.
Also, we will needto construcianSL(3, ¢) subgroupyvhenwe dealwith SL(4, ¢) in
Section2.4.

Thereforewe now constructa subgroupJ = SL(3, ¢) of K, succeedingvith
probability> 1 — ﬁ.

UseTheorent.1(2b)0 (log ) timesfor Wx tofindmatrices¥ . (a1) and¥ . (a5 )
in SL(Vk). Uselinearalgebrato computethe 2-spacesV, = [Vk, \Dgl(al)] and
Wo = [Vk, \IJ,}l(ag')], andfind A € SL(Vk) suchthat W1 N W»A is 1-dimensional.

UseTheoreml.1(2a)to find W (A). Replacei « ang(A), o9 « aéglp’((*” andset
J = (a1, a?).

Next, useSection3 O (logd) timesto find a generatingset 47 of J, andaniso-
morphismw; : SL(V;) — J behaing asin Theoreml.1. Use Theoreml.1(2b)
0 (logd) timesfor W, to find thematrices¥;*(a1) and W (az) in SL(Vy).

Thepurposeof eachof the O (log d) repetitionsaboreis to ensurghatwe correctly
find all of the matricesW . *(a1), ¥ (a3), ¥, (a1), ¥, (az) andtheisomorphism
W, with probability> 1 — #. All of theremainingusesfor ¥; will beto compute
imagesof matricesin thegroupJ, usingthedeterministicTheoreml.1(2a),sothere
will benomorerandomnesseededn this section.

Some elementsand subgroupsof J. Uselinearalgebran V; to computehepointa
of intersectiorof the2-spaced’»; = [V}, lIJ]l(a,-)],i =1,2 FindB, C € SL(3, q)
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suchthatT?,,
avectorin «.

UseV; tofind thefollowing: f = W;(B), T = ¥;(T,,v,,) (centralisecby both
o1 andozf); j = W¥;(C) (inducingon T anautomorphisnof orderg — 1); thetwo
subgroupsX 1, X» of J having orderg?, consistingf trans\ectionsandcontaining?;
ary j(y) e J suchthat[[ X1, Xé(’/)], X11#1 (e, X1 andxé(”) arenot‘“incident”
within J); andthesubgroupD = SL(2, ¢) of J normalisingboth X andXé(”). For
eachof the above elementsof J we have an O (logq)-lengthSLP from 4%, foundin
thetime O(x + nlogg) to useTheoreml.1(2a)for J.

Thetotaltimein Section2.3is O (d logd (& + ped?logq) + (logd)(eloge) (& +
xe + 1log® ¢)), andit succeedsvith probabilityatleastl — ;2.

= Ty v,, andC = diag(l, p, p~1), usingabasisof V; startingwith

2.4. Constructing transvection groups and J when d = 4. Next we alsoconstruct
anaturallyembeddedubgroup/ = SL(3, ¢) whend = 4.

As in Section2.3, find an elementr whoseorder orderis divisible by both a
ppd?(p; e)- andppdt(p; 3¢)-number andseta = r3@*+4+1 Considerconjucates
adl, a8, let A = (a, a®l, a%?), find the derived subgroup/ = A’ using[BCFL ],
anduseSection3 to testwhether/ = SL(3, ¢). If thisisomorphisnmholds,we obtain
afield, anisomorphism¥/; : SL(3, g) = SL(V;) — J andageneratinget4 for J.

By anamumentsimilar to thatin [KS], Lemma3.7,wehae A = SL(3, q) o {(a)

with probability > %, while Section3 succeedsvith probability > 3. Hence,we

2
obtainJ andthenW¥; with probability > 2%. Finding A’ usesthe O (1 log? ¢)-time
blackbox Monte Carloalgorithmin [BCFL S].

Note that there are no elementso, o; here; and f will not be needed. Use
the isomorphismW¥; and linear algebrato find the following: the 2-dimensional
eigenspace? andthe 1-dimensionakigenspaces of \Ifj_l(a) in Vy; thetrans\ec-
tion groupT = W, (7, g) for somepointa € H; B' € SL(V;) sendingx to y
andj(y) = ¥;(B’); adiagonalmatrix C inducingp on7, g andj = ¥;(C); and
X1, Xo, D asin Section2.3. Thistakes O (¢ + xe + 1 log? ¢) time.

2.5. Thesubgroups Q, Q(a), Q(y), Hand L. If d > 5, let

i fi i fi
0=(x7, X2 |0<i<d—2), 0@ =(x3" Xy |0<i<d-2)

and Q(y) = Q(a)’). We claim that, with probability > 1 — qdi—m 0 and O(a)

arethesubgroup®f G, of orderg?—1, consistingof all trans\ectionshaving thesame
centre(or axis)asT (cf. [KS], 3.1.3). Wewill only provethisfor thegroupQ andthe
caseof evend > 6. Up to duality in thetargetvectorspaceV, the statedconjucates

of X; all have the sameaxis W. With probability > 1 — qd274 the codimension

1 or 2 subspacesf W presered by o1, ozf € Cg(T) generateW, in which case
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f
(Xf’”, XY’Z )) is thedesiredgroupof orderg? 1. Finally, thestatedconjugatesof X1
generatghesenormalclosureshy [KS], Lemma2.7.

We emphasis¢hatwe do not yet knowfor certainthat the outputgroupsQ and
Q() actuallyhavethedesiedorderg?—1. Thisis somevhatsimilarto whatoccurred
in [KS], 5.3.1. Until we have verifiedthisin Section2.8we merelyassumehatthese
groupsarecorrect.We have seerthatthisassumptioris correctwith high probability.

Whend = 4 we proceedmoresimply, aswell asdeterministically by defining

0 = (X1, XI), Q(a) = (X2, X;"” l) andQ(y) = Q(a)!™). Sincethe methods
for constructingX1, X», t andj(y) differ from [K§] in this case we supplya proof
that 0 and Q(«) behae asdesired.

Let ¥ : SL(4,¢9) = SL(V) — G denotethe targetisomorphismand identify
V; with the 3-dimensionakupportof ¥~1(J) in V. Thenw~Y(T) = T, w where
WNV; = H. Lets denotehel-spacef V centralisedby W —1(J), sothatW = (H, §)
ands is in the 3-dimensionakigenspacef ¥ 1(a). Hencew —1(r) actsirreducibly
on W and(X1, X7) is theimageunder¥ of thegroupof trans\ectionswith axis W.
Also, w—1(z) fixesy sothat(w~1(z)) B~ fixesa: Q(«) is theimageunderw of
thegroupof transwectionswith centrex.

The subgroup H. Let H = (X1D)%, (X1D)®) | 0 < i < d) if d > 4 and
(X1D, (X1D)") if d = 4. Theamgumentin [KY], 3.3.1,shovs that H = Ng(Q)’
providedthat Q isthecorrectgroup,of orderg?—! (asis alreadythecasevhend = 4).
Thus,H = Ng(Q)’ with high probability (andthis is verifiedin Section2.8).

Transitivity of Q@ and Q(«). Thefollowing variationof [KS], Lemma3.10,is not
deterministic:therestrictionimposeddy ourtiming goalsseemdo forcea departure
from [KS] in this regard. While our useof randomizationonly takes placeinside
elementanabeliangroups,we cannotbe sureof the correctnessf the outputof this
lemmauntil we aresureof the correctnessf Q (cf. Section2.8).

Notethat[K 9], 3.3.2,containssimpleandfastproceduredor decidingwhether
or not two conjucatesQ(a)* and Q(a)¥ (or Q* and Q”) areequal,or whetherthe
“point” Q(a)* is “on” the“hyperplane”Q?. Thereis alsoa simpletestfor whether
two conjugatesTy, T» of T areopposite(i.e.,generat@nSL(2, ¢)): [[t1, 12, 1t2] # 1
for justonechoiceof 1 # ¢; € T;.

Lemma2.1. Theeare O (¢ + xe+ u(d +log? ¢))-timeLasVegasalgorithmswhich,
with probability > 2%, solvethefollowing problems.

(i) GivenconjugateQ(«)* and Q(«)” noton Q, findtheuniquex € Q sudthat
Q@)™ = Q(a).

(i) GivenconjugatesD* and @ noton Q(«), findtheuniqueu € Q(«) sud that
o™ =0,

Proof. Weonlyprove(i). Wemayassume¢hatQ («)* # Q(a)”. LetTp = T andlet Ty
beoneoftheconjucatesof T generating («)* andoppositeo 7. Choosdgenerators
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for) arandomtrans\ectiongroup 7> < Q(x)”, useSection3 to testwhetherk =
(To, T1, T2) = SL(3, ¢), andif soto find anisomorphismWg : SL(3,¢9) — K. Use
Wk to find thesubgroupQg; of K thatcontainsr;, consistsof q2 trans\ections(for
i =0, 1, 2), andsatisfied 0, Okol = [Q(a)*, Qk1]l = [Q(@)”, Ok2] = 1. Finally,
useLemma3.1to find theelement: € Qko suchthat 0%, = Qk2. Outputu.

We claim thatu behaesasrequiredwith the statedprobability First notethat
K = SL(3, ¢) with probability> zis (asin [K§], Lemma3.7),while Section3 verifies
thiswith probability > % soweobtainK behaing asstatedtogethemwith theneeded
isomorphismwith probability > 2%. SinceK actson the target vectorspaceV by
preservingadecompositiomsadirectsumof a3-andad — 3-spaceeachQ g; consists
of transwectionsof V, Qk1 < O(a)*, Qk2 < Q(a)” andu € Qko < Q. Thetiming
is dominatedy the useof theabore commutatotestsandthe useof Theoreml.1(1)
with d = 3. O

Wenotethatthecorrespondingimein [K S wasO (i (ge+qd)) for a deterministic
algorithm. However, wewill alwaysneedto repeathelemmaatleast[26 logd] times
in orderto ensurethatit producesan outputwith probability > 1 — d%; we will see
thisvery soonbelaw, aswell aslaterin Section2.8. We notealsothatthe probability
2% canbeincreaseatonsiderabhjhere,sincewe aregeneratingvith full trans\ection

groups,andwe areassuminghatg > 17.

The subgroup L. Next we (probably)find a subgroupL of G suchthat Ng(Q)' =
0 x L, essentiallyasin [KS], Corollary 3.12. For eachchoiceof i = 1,2 and
0 < j <d— 2, useupto [2°log(1643)] callsto Lemma2.1to find u; ; € Q such

that ()% “i = Q(y). LetL = (D% i | i =1,2: 0< j <d — 2.
That L behaesasstatedis clear(cf. [KS], Corollary 3.12). For eachi, j, with
probability> 1 — ﬁ atleastoneof our callssucceedsandhenceall u; ; arefound

with probability > 1 — &. The proceduretakes O (d logd (& + xe + udlog? q))
timein view of the ®(d logd) callsto Lemma2.1. O

2.6. Recursion. Recursiely we find an isomorphism ¥, : SL(d — 1,q) =
SL(V,;_1) — L; however, asin Section2.3 and 2.5 we do not include the verifi-
cationpart of the algorithmin this call, postponingverificationuntil Section2.8. If
this recursve call fails thenthe algorithmterminates Failure canoccurfor two very
differentreasonsagroupQ, Q(«) or L constructedn Section2.5wasnotthedesired
group;or thesegroupswerecorrectbut therecursve call failedto give anoutput. The
probability of any of theseeventsis small,andhencewe canignorethem: we have
anisomorphismy; .

We may needto modify theisomorphism¥, in orderto ensurethatthe stabiliser
of a 1-spacean thenaturalSL(d — 1, ¢)-moduleis sentto the stabiliserof a 1-space
of Q; see[Kg], 3.3.3.
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2.7. Linear algebra. We now needanaloguesof [KS], Lemma3.13 and Section
3.4.3,which dealwith workablebasedor O andfor Q(«x). Proceedingasin [KS],
Lemma3.13,we obtainadirectsumdecompositiorQ =A19...®A,_1, weobtain

(using¥;) anelement € L suchthatA; = Ai’_l forl<i <d-1;andwehavea
deterministicO (ud) algorithmto expressary givenu € Q in theformu = i‘lai
with g; € A;. While [KS], 3.4.2,goesthroughwithout additionalchange we need
replacementoutinesfor thosefoundin [KS], 3.4.3,sincewe wish to avoid storing
anentiretrans\ectiongroup. Thisis easilyachiezed,with theaid of our hypothesised
oracle by notingthatA; liesinsideanSL(2, ¢) subgroup.4 of of J, wherewealready
have afield to work with. ‘

Asin [KS], 3.4.3(1)let B = {b; };’:_11 beanF-basisfor Q, whereb; = bf_l for
1<i <d—1. TheSL(2, gq) oraclegivesanF ,-basisfor A;, namelytheimageof

{(plk 2) |0<k < e}, wherewe mayassumehatb; correspondso (19). We now
obtainthe F,-basis8, of [KY], 3.4.3(1),asthe union of conjugatesof the IF,-basis
of A; by thevariouspowersof c.

Next, if wearegivenu € Q asin [KS], 3.4.3(4),thenuse[KS], Lemma3.13to

write u = [[*_La;, with a; € A;. Foreachl < i < d — 1, computes’ ' € A1 and

find the); € IF suchthattheoraclefor L, assigns(kli 2) to afl_l. Thecoeficient of
eachb; canthereforebefoundin O(x + n) time, sothatthe F-vectorof u relatveto
Bisfoundin O(d(x + w)) time. It is now aneasymatterto obtainan SLP of length
O(dlogg) from B, to u. Thetime for [KS], 3.4.3(4),is now O(xd + ndlogq)
comparedvith O(ugd) in [KS)].

Notethatthe sameproceduregpply evenwhend = 3 oncewe have obtainedQ
and Q(«) togethemwith suitabledirectsumdecompositions.

2.8. Conclusion. Asin[KY], 3.4.4,we extendW¥ to QL, butherewe useSection2.7
for linearalgebran Q. Welabelconjugatesof Q(«) asin [KS], 3.5.1,replacingK g],
Lemma3.13,with ourLemma2.1. Hence we labelasinglegivenconjugate Q («)*,
with probabilityatleastz% intime O (& + xe + u(d + log? ¢)).

We next define O (d? logq)-elementgeneratingsets$* of G and X of SL(d, )
andabijection X — 4* thatextendsto an epimorphism¥: SL(d, g) — G, asin
[KS], 3.5.2. Computing¥ —1(8*) goesthroughwithout change(notethatin order
to computew—1(g) for eachof the O(e) elementsg € $* N J we mustfind the
labelsof d + 1 conjugatesof Q(a)). We requirethatall of theimagesare correct
with probability> 1 — ﬁ, sowe repeat_emma2.1 2% log(16ed?)] timesin each
of our O(ed) applicationsof 3.5.1. Hence,the total time for [KS], 3.5.2,is how
O(d log(d logg){§ + nd*logq + xd10gq)).

As partof ourrecursionve call thesubroutine®f thisandpreviousSection0 (d)
times. It follows that, if we omit the verificationof a presentatiorior G (seebelow,
aswell asSection2.6), thenthe algorithmrunsin time O (d?logq log(d logq){& +

nd?log? g + xdlogq}).
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We alsoneedproceduregor finding SLPsfrom $* to ary givenelementof G, or
from X to ary givenelemenbf SL(d, ¢). Thelatteris alreadyin O(d x + nd?logq)
timein [KS], Proposition3.17,modulothe useof discretdogs,asindicatedabovein
(v); while thefollowing is essentiallyfK S], Proposition3.18:

Proofof Theoem1.1(2b). Usethe proofof Propositior3.18in [K §], substitutingour
proceduresvherever the timing thereinvolvesq. As above, the only carerequired
concerngrobability Namely theargumentin [KS] usesLemma?2.1to find upto 3
elementof Q or Q(«) andexpressegachusinganSLPfrom $*; findsthe matrix A
of anelemenbf H asalineartransformatiorof theF-spaceQ by usingd — 1 callsto
Section2.7; forces A to have determinantl by usinga discretelog call; andapplies
Theoreml.1(2a)to A. We repeatLemma2.1 ©(logd) timesin orderto ensurethe
statecprobability sothatthealgorithmtakesO (log d {£ + x (e4+d?)+ud log g (log g +
d)} + d°logq) time. O

V¥ is an epimorphism. Finally, we needto confirm this by checkingthe relations
for a suitableshortpresentationnside G for a quotientof SL(V'), which takestime
polynomialin all of the precedingproceduregcf. [KS], 7.2.2); andto checkthat
G = (8) is (8*), by checkingthateachmemberof the original generatingset$ is
in (8*). We follow the timing calculationin [KS], 7.2.2,keepingin mind thatthe
probability of succesf eachLas Vegasroutine mustbe large enoughso that the
probabilitythatary routinefailsis small: thetotaltimeis O ({ed? log(ed){& + x (e +

d)+pd?1og? ¢} +|8|10g(d|81){& + x (d%+e)+nd logg(d+logq)+d°logq}, where
e is O(logq). (Notethatwe repeatthe algorithmin Theoreml.1(2b) ® (log(d|4]))

timesfor eachelementf $ in orderto make the probabilitiesbehae correctly) [

3.PSL (3, q)

ThroughouthissectionveassuméhatG = PSL(3, g) orSL(3, ¢) forknowng > 17.
Theoccurrencesf factorsg in thetiming in [KS], 3.6.3,areasfollows:

(i) testingisomorphismwith SL(2, ¢) andfinding suchanisomorphism;

(i) performingatestusingall conjugatesof theform A”, b e B, for atrans\ection
group B andanelementor subgroupA;

(i) listing atrans\ectiongroup,primarily in orderto performlinearalgebrawithin
thatgroup;or

(iv) adiscretdog computatiorin GF(q)*.
Occurrencesf thesein [KG], 3.6.3,resembldhoseindicatedin Section2.

Findingt,a,Aand L = SL (2, q). Asin[K ], 3.6.3,find anelementr whoseorder
is divisible by appd(p; 2e)- andappd®(p: €)-numberaswell asby appd(p; ¢/2)-
numberif ¢ is even. Leta = r2@+D,

Choosea conjucpted of a, let A = (a, b), find L = A’ using[BCFL §], anduse
the hypothesise®&L(2, g)-oracleto testwhetherL = SL(2, g). If thisisomorphism
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holds,we alsoobtainafield F = GF(g), anisomorphism¥, : SL(2,g) — L anda
generatingset4; for L.

Asin [KS], Lemma3.8,with probability> % wehave A = SL(2, ¢) o {a); finding
L usesa Monte Carloalgorithmthatis madelLas Vegasby the SL(2, ¢)-oraclecall.
Findinga, A andL takesO (& + i log? g + x) time.

Elementsz, j(y) € A. We know that A is a centralproductA = L o (z), andwe
have found L. We next construct(z).

UseourSL(2, ¢)-oracleto find thetwo trans\ectiongroupsTy, 7> in L normalised
by a, aswell ash € L of orderq — 1 normalisingT; andT». Notethata hasorder
dividing (¢ —1)/(2, ¢ — 1), while i inducesanelemenbf order(q¢ — 1)/(2, ¢ — 1) on
T1. Usethediscretdog oracleinside L to find anintegern suchthatO <n < g — 1
andh™ anda inducethe samescalaron Ty, andsetz = ah™. ThenA = L o (z),
wherez is foundin O(uelogg + x) time.

Also find atransectionj(y) € L suchthatle(”) =To.

Finding @ and Q(e). Find Q(e) = (T3, T7) andQ = (71, 77" ) in O (1 logq)
time. Sincer fixesthe eigenspacesf a (on the vector spaceV we have not yet
constructecandhencecannotusefor algorithmic purposes)up to duality theseare
the groupsof orderg? consistingof all trans\ectionshaving the samecentreor axis
asTy, respectiely.

The transvection groups 71, . . . , Ts. We alreadyhave trans\ectiongroups7; and
T>. Renamel asTy. In O(ue) timefind 7> = [Q(@), z], T3 = TZJ(”), Ts = [0, 7]
andTs = TGJ(V).

In orderto understandhe behaior of thesesix groupson V, let 1 andT; have
centresx andy, respectiely, andlet 8 denotethe point of intersectiorof the axesof
Ty andTy. ThenTy = Ty (o,p) “is” thegroupof trans\ectionswith centrex andaxis
(@, B), T2 = To (), T3 = Ty (), Ta = Ty (p,y)s T = Tp,(p,y) @ndTe = Tp,(a,p)-
Wehave Q =T1 ® Tg andQ(a) = T1 & T>. ‘

Redefinel = (T», Ts) = SL(2, ¢). ThisnormalisesQ andQ(y) = Q(«)’ ).
Decompositionsof Q and Q(a); linear algebra. Wecanomit[KS], Corollary3.12,
sincewe alreadyhave L. We may assumehatthe oraclefor L returns¥; mapping
{(plk 2) |0<k < e} and {(é/’lk) |0<k < e} into 7> and Ts respectiely. Let
c =W, (2 3) andproceedasin Section2.7.

Transitivity of Q and Q(a). Werequireaversionof Lemma2.1for thecased = 3.
In the contet of this paper we view the following algorithm as deterministic: the

only useof randomnesgs thatwhichis occursin ary practicalalgorithmto recognise
SL(2 9).

Lemma 3.1. TherisadeterministicO (x +u logg) timealgorithmto solveproblems
(i) and(ii) of Lemma2.1whend = 3.
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Proof We redefineh = ¥, (diag(p~1, p)) andview it asactingon the trans\ection
groupsT» andTs asthescalarso—2 and p?, respectiely. It follows (by considering
anappropriatdsomorphism: SL(3, ¢) — G extendingW¥) thatwe mayview &
asactingon 71 and7g asthescalarso—! andp, respectiely.

In (i) we aregiven Q(x)* andQ(«)”, eachgeneratedby two trans\ectiongroups
(e.g.,T{" andTy) atleastoneof whichis oppositeT;. Let A1 < Q(a)* and Az <
Q(a)” betrans\ectiongroupsopposite7;. Fori = 1, 2, usethe SL(2, ¢)-oraclefor
(T1, A;) tofind anelementh; of orderg — 1 normalising7Ty andA;. Eachh; induces
anautomorphisnof order(q — 1)/(2, ¢ — 1) on T1; usethediscretdog oracleinside
(T1, A1) to arrangefor theseto be the sameautomorphismasthatinducedby h—2
(which we know correspondso thescalarp?).

If ¢ is evenor ¢ = 3 (mod 4), then p is the only squareroot of p2 in F* of
orderg — 1, and henceh; andh; induceautomorphism®n U/ Ty corresponding
to p. If ¢ = 1 (mod 4) thenthe automorphism®of orderg — 1 that k1 and a2
induceon U/ Ty correspondo +p, andwe now ensurehatthey bothinducethesame
automorphismp. Fix 1 # ¢ € Tg. Fori = 1,2, usethe (Ty, A1)-oracleto test
whetherb; = " (t")~1 e Ty; if notthenreplaceh; by hg‘”l)/z (sincein this situation
h; induces—p onU/Ty). Eachh; now inducesp onU/ T1.

Wenow constructy € U = Q(a) Q = ToT1Tg suchthath] = ho (modTy). Note
thath["h’é centralisebothT1 andU/ Ty for ary integerk, andhencdiesin U. If g is

oddsetu = (h(lq_l)/zhg’_1)/2)(P+1)/2; if ¢ is evensetu = (hIlhz)’li for theinteger
j suchthat0 < j < ¢ — 1andp/ (1 — p) = 1, foundusingthediscretdog oracle.
We claimthath{ = hz (mod Ty). SinceU (h1)/T1 = U (h2)/T1, thereis some
ueu suchthath’f = ho (mod T71). We will computeusingactionson the group
U/ Ty = F2. Supposéhattheelementi we seekactson F2 via v — v + ¢ for some
¢ € F2. Sincehq actsviav — pvwehavehs = h‘}: vi> pv+(1—p)c. If giseven

then(h7h2)"1: v > v + ¢, sothatu = (hhp)" behaesasclaimed;the caseq
oddis similar.

Next, we decompose = v'v with v’ € Q(a) = ToTy andv € Q = TgTy. Use
our SL(2, g)-oracleto find anelementhzg € (T3, Tg) of orderg — 1 normalisingTs
andTs. Thiselemeninducesascalarof orderg — 1 on 7»; usethediscretdog oracle
for L to arrangdor thisscalatobep 1. It follows (again by consideringanextension
W of W, ) thathszg inducesp? on Tg. Usethediscretdog oracleto find integersm and
nsuchthat0 <m,n <qg—1,p " (p 1 —1) = 1andp"[p?"(p? —1) —1] = 1. We
claimthaty = (u1[u, h3g]"36)"" satisfieshe conditionsstatedabove.

We know thatthereareelementsy” € ToT1 andv € TgT; suchthatu = v'v.
Computingonceagaininsidethe2-spacd//Th = T» @ Tg we find, mod Ty, first that
[u, hagl = (V' + )13 — (v +v) = (o~ 1= 1)v'+ (p2—1)v, thenthatu ~[u, hzg]"36 =
v(p?"(p? — 1) — 1), andfinally that (u[u, h3]"36)"" = v. Thus,our choiceof v
behaesasclaimed.

Finally, obserethat(Af], T1) = (A2, T1) (since(h;, T1) isin justoneconjugateof
Lfori =1, 2),andhence(Az, T1, A})/O0,({A2, T1, A})) = SL(2, q) (sincev’ fixes
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theline joining @ anda™ in thetamgetmoduleV for G). Useour SL(2, ¢)-oraclefor
this quotientgroupto find r € T suchthatA{’ = Az (mod O, ({A2, T1, AY))), and
outputvt. All of thistakesO(x + nlogg) time. (N.B.—We will usea similar, but
simpler methodbelow in Sectior4.2.) O

Remark. In theproofabove we usedour SL(2, g)-oracleinsidethe blackbox group
K/O,(K) whereK = (A3, Ty, Aj). In orderto dothis, we needa membershigest
for 0,(K) (sothatin K /0, (K ) wecandecidevhetherrnotagivenstringrepresents
theidentity, andhencek /O, (K) is ablackbox group). For ary blackbox group K
thereis anefficienttestfor whetheragivenk € K liesin 0,(K): testwhetheror not
(kX is a p-group(see[BCFL 9)).

End of proof. Now we have all of the subgroupseededn orderto completethe
cased = 3 by directimitation of [KS], 3.6.3. Thetiming calculationdn [KF], 3.6.3,
7.2.2,shaw that the time for Theorem1.1(1)is O (¢ + ex + wlog?¢) without the
verificationof apresentatiorand O (¢ + ex + i 10g? ¢ + | 8|(x + 1+ 10gq)) with such
averification. Thetimesfor Theoreml.1(2a)and(2b) areboth O (x + logq).

Notethatthe useof randomnesg Theoreml.1(2b)whend > 3 is forcedupon
usby theLasVegasLemma?2.1. Whend = 3, however, theanalogout emma3.1
aboveis deterministicupgradingTheoreml.1(2b)to adeterministialgorithmin this
case.This alsoaccountdor theapparentiscrepang betweerthetimingsford = 3
andd = 4in Theoreml.1(1).

However, as alreadynotedat the end of Section1, the existing algorithmsfor
recognitionof SL(2, ¢) involve the useof randomnessso, in practice,probabilities
will needto betreatedmorecarefullyfor SL(3, ¢) andPSL(3, ¢).

4. Other classical groups

We will now briefly outlineanalgorithmfor aversionof Theoreml.1for symplectic
groupsPSpa2m, g) andSp(2m, g) when2m > 4 andg > 9; andthencommenton
theremainingclassicalgroups.

4.1. PSp(2m, q), 2m > 6. ThegroupG = PSg2m, q) or Sp(2m, q), 2m > 6, is
actuallysomevhat simplerto handlethanthe caseconsideredn Section2. In [KS]
theonly placesafactorof ¢ arisesn timingsareof five types:

(i) testingfor isomorphisnto Sp4, ¢), Q1 (4, ¢) or QT (6, ¢) andfinding suchan
isomorphism;

(ii) testingwhethera givensubgrouponsistingof transectionsis afull transwec-
tion groupof ordery;

(iii) performinga testusingall conjugatesa®, b € B, for ashortgroup B andan
element;
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(iv) listing a shortroot groupof orderg in orderto performlinearalgebrawithin
thatgroupor to performa discreteog call; or

(v) listing atrans\ectiongroupof orderg in orderto performlinearalgebrawithin
thatgroup.

Type (i). Theseoccurin [KS], 5.2.1and5.2.2. For Sp(4, q) seeSection4.2; for
Qt(4, q) use[KS], 3.6.2,togetherwith our SL(2, ¢g)-oracle;andfor Q% (6, g) use
Section2 sincePQT (6, g) = PSL(4, q).

Type (ii). Thisoccursin [KS], 5.3.1. If T denoteghegivengroup,letg € G and
useour SL(2, g)-oracleto testwhether(T, T8) = SL(2, q); if sousetheresulting
isomorphisntotestwhether 7| = ¢g. Thisisomorphisnmoccurswith high probability,

but ® (logm) choicesof g areneededo make the probability of success- 1 — 8’1112.

Type (iii). Thisoccursin [KS], 5.3.2. The contet is asfollows: at thatpoint there
is agroup Q that(probably)is O,(N¢ (T)) for atrans\ectiongroup?. Thegoalis a
proceduravhich,whengivenconjugatesry, T» of T, neitherof whichcommutesvith
T, producegheuniqueelemeniz € Q conjucatingTy to 7>. Weassumehat7 is not
in (Ty, T») (asotherwisewe canuseour oracle). Thenwe obtainu asfollows: for a
randomv € Q useSection4.2to testwhetherk = (T, Ty, T2, T}’) = Sp(4, ¢); and
if so,tofindu € 0,(Nk(T)) < 0,(Ng(T)) conjugating 71 to 7> (seeSection4.2,
Type (ii)). Onceagain ® (logm) choicesof g areneededo make the probability of

success- 1 — -1,
8m

Type (iv). Thisoccursin [KS], 5.4.2and5.4.3,andneedgo be handledfor justone
subgroupA: all othersthatneedto be consideredregivenasexplicit conjugatesof
oneof them. This subgroupA maybeassumedo lie in asubgroupSp(4, ¢) thathas
alreadybeenconstructedin which caseSection4.2 canbe applied. Ouroraclealso
handleghediscretdog call appearingn [KS], 5.4.2.

Type (v). Thisoccursin [KS], 5.4.4,andis handledby our SL(2, g)-oracle.

Proposition 5.18 in [K §]. This containsanalgorithmfor findinganSLPto ary given
elementg € G, andusessomeof the previous proceduresvhosetimings hadfactors
of g.

End of proof. We cannow completethe algorithmby directimitation of [KS], Sec-
tions5and7.2.2.

4.2. PSp(4, q). WhenG = Sp(4, q) or PSf4, q), theplacesafactorof ¢ appearsn
thetiming in [KS], 5.6.1,areasfollows:

(i) testingisomorphismwith SL(2, ¢) andfinding suchanisomorphism;

(ii) performinga testusingall conjugatesa®, b € B, for a shortgroup B anda
known elements;

(iii) listing a shortrootgroupof orderg in orderto performlinearalgebrawithin
thatgroupor to performadiscretelog call; or
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(iv) listing atranswectiongroupof orderg in orderto performlinearalgebrawithin
thatgroup.

Type (i). This situation,in which our SL(2, ¢)-oracle can be used,occurswhen
finding a subgroupA o B isomorphicto the centralproductSL(2, g¢) o SL(2, g), as
well aswhenfinding Q = 0,(Ng(T)) for atrans\ectiongroup? < A.

Type (ii). Thecontet is asin Section4.1(iii): we needa procedurewhich, when
givenconjugatesTy, T» of T, neitherof whichcommuteswith 7', producegheunique
elementy € Q conjugating 71 to T». For this purposefor i = 1, 2 applyour oracle
to (T, T;) in orderto obtainelements:; thatnormaliseT andT;, where|h;| = 2if ¢
isoddand|h;| = g — 1if g iseven. Wewill construc € Q suchthath] = h2 (mod
T), andhence(T, T1)"* = (T, T»), in which caseour SL(2, ¢)-oraclecanbe usedto
findr € T < Q suchthatT}" = T»; thenwe outputv = ur. Thatthe element
constructedelov behaesasrequiredfollows from a straightforvardcalculation(cf.
Section3).

If ¢ is oddthenu = (h1h2)PtD/2 works. If ¢ is eventhenh, andhy induce
generatorof the samecyclic automorphisngroup of orderg — 1 on T; useour
discretdog oracleto make theminducethe sameautomorphisnp, andalsoto find j

suchthatp/(1 — p) = 1. Thenu = (hIlhz)h{ works.

Type (iii). As notedabove we have alreadyconstructed subgroupB < C¢(T) and
anisomorphism¥z: SL(2,q) — B. UseWp to find anelementh € B of order
q — 1, aswell asthe two trans\ectiongroupsTy, T> of B normalisedoy h. Thenh
actson the abeliangroupsQ; = [Q, T;1T of orderg?; thesecontainthe shortroot
groupswe needto handlewithoutlisting. NotethatQ/T = (Q1/T) x (Q2/T).

We mayassumahat\lig<g pgl) = h. In view of the standardmatrix represen-
tationof Sp(4, ¢) we mayassumehath inducesp on Q1/T. Thatis, we definethe
actionof (p) on Q1/T by: p/ (u1T) = quT forallus €e Q1and0 < j < g — 1;
andsimilarly we definep’ (uoT) = u’{’T for up € Q2. Thus,we cannow perform
discretelog callswithin Q;/T.

We usetwo different methodsto find the Q; /T —coordinatesof a given uT in
Q/T dependingipontheparity of g. Wheng is odd,thisis achievedby constructing
analternatingorm onthe2-spaceQ /T usingcommutatorsn Q. Wheng iseven, Q
is abelian sowe mustuseadifferentmethod.In this case however, shortrootgroups
areAut(G)—conjugateto trans\ectiongroupsandwe canusethe SL(2, ¢g)—oracleto
performlinearalgebransideshortroot subgroup®f Q;.

Type (iv). Asin Section4.1(v) thisis handledby our SL(2, ¢)-oracle.
Endof proof. We cannow completethe algorithmby directimitation of [KS], 5.6.1,
7.2.2.

Alternative ending. Oncewe have obtainedthe exact structureof Q B (recallthat
B = SL(2, q) centralised), it isnotdifficult to proceedlirectlytoashortpresentation
for G, asin [KM].
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4.3. Orthogonal and unitary groups. Thealgorithmsin [K S] for orthogonalgroups
involve factorsof ¢ in theirtimingsin morewaysthanin the otherclassicalgroups.
Neverthelessthereis reasonabléopethatthesefactorscanbe replacedby callsto
ourSL(2, g)-oracle.

On the otherhand,thetiming in [K S] for PSUd, ¢) involvesg®/2, startingwith
the3-dimensionagroups.However, it seemdik ely thatit will bepossibleto prove an
analoguef Theoreml.lin thiscase assumingheavailability of aPSU3, ¢)-oracle.
Moreover, we hopethathypothesisingsuchanoraclewill bejustifiedfor PSWU3, ¢),
givenasagroupof 3 x 3 matricesby avariationonideasin [CLG].
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