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Abstract. Assumingthe availability of an oraclefor handlingblack box groupsiso-
morphicto SL � 2��
�� , we presentan algorithmthat constructively recognisesa group�

known to be isomorphicto PSL������
�� for known ��� 3 and 
 . We alsooutlinean
analogousresultfor symplecticgroups.
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1. Introduction

The presentlyknown algorithmsfor constructive recognitionof black box classical
simplegroupshave asymptoticrunningtimesthatarenot polynomial[Br, KS]: the
complexity containsfactorsof � (thefield size),whereastheinput sizeinvolvesonly
log � . In this paper, we will take a steptowardthepolynomialtime paradigmfor the
PSL������� � case,removing all factorsof � in thetiming at theexpenseof makingcalls
to an oraclethat allows us to work insidesubgroupsisomorphicto SL � 2 ���!� ; thus,
SL � 2 ���!� is thepolynomial-timebottleneck.

Consequently, wepaycloseattentionto thecost" of eachcall to ourhypothesised
SL � 2 ���!� -oracle, in addition to the more standardtiming parametersusedin [KS]
(namely, the input length,which is greaterthan ��� 2 log �!�$# 2, togetherwith the time% requiredto performgroupoperationsin & , andthe time ' requiredper element
for theconstructionof independent�
� nearly� uniformly distributedrandomelements
of & ). Themotivationfor this oraclehypothesisis providedby a recentadvanceby
Leedham-Greenand Conderreportedat this conference[CLG]: an algorithm that
dealswith thegroupsSL � 2 ���!� as2 ( 2 matrixgroupsassumingtheavailability of an
oraclefor thediscretelog problem. This advancepromptedLeedham-Greento ask
usthequestionansweredby thefollowing result(whereSLPstandsfor “straight-line
program”;cf. [KS], 2.2.5):

)
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Theorem 1.1. Let &+*-,/.10 be a black box group, believed to be isomorphicto
a nontrivial homomorphicimage of SL �������!� for known �32 17 and �42 3, and
equippedwith anoraclefor handlingblack boxgroupsisomorphicto SL � 2 �5� � . Then
thefollowinghold.

(1) Thereis a LasVegasalgorithmwhich � with probability 2 1
2 � in timepolynomial

in '6��"7� % ��� and log � , namelyin8 ��� 2 log ��� log � � log �!9:'7;<"=� log �>; % � 2 log2 �!?;A@B.C@ log ����@B.C@ �$9$'D;E"=� 2 log �>; % � 2 log2 �>;E� 5 log �!?$�
time, verifiesthat & is a homomorphicimage of SL ���F��� � and constructsa
new generating set .HG for &I� a generating set J for SL ���F��� ��� anda bijectionKML JONP.1G thatextendsto anepimorphism

KML
SL ���F��� ��NQ& .

(2) J , .1G and
K

havethefollowingproperties.

(a) In
8 ���!"R; % � 2 log � � time� whengiven SUT SL ������� � onecanconstruct

an SLPof length
8 ��� 2 log �!� from J to S�� and thenmimic it in & to

obtain
K ��SV� .

(b) In LasVegas
8 � log �69:'W;X"7���Y; log � �Z; % � log2 �!?[;X� 5 log � � time� with

probability 2 1 \ 1
8] 2 an SLPof length

8 ��� 2 log �!� can be foundfrom

.HG to anygiven ^�T_&I� andthenmimickedin SL �������!� to obtain
K�` 1 ��^a�

moduloscalars.

Notethatfailurein (1) couldbedueto badluck with randomselections,or to the
fact that & is not isomorphicto the statedtype of quotientgroup;but if thereis an
outputthenit is guaranteedto becorrect(sincethealgorithmis LasVegas).Thelower
boundon � is designedto simplify our arguments;thealgorithmof [KS] appliesfor
the remainingsmall � . This paperis intended,primarily, asa commentaryon the
PSL������� � algorithmpresentedin [KS]. We frequentlyrefer to resultsandroutines
containedthereinwith little furthercomment,andwill generallyadhereto notational
conventionsusedthere.

Thecase�R* 3 is thehardestonewe consider(cf. Section3). Thegeneralcase,
in Section2, needsonly a few non-obviousmodificationsof [KS]. We notethatwe
useourSL � 2 ���!� -oraclefor varioussubgroupsisomorphicto SL � 2 ���!� , many of which
involve somewhatrandomgenerators;it would have beenfar betterto have usedthe
oracleonly a few times.However, it is hardto imaginenotneedingat least @B.=@ oracle
callsin orderto verify that ,/.H0b*c,/.HG�0 .

We have only dealt with homomorphicimagesof SL ������� � , but homomorphic
imagesof othersubgroupsof Aut SL ������� � containingSL �������!� canbereducedto this
caseusingaMonteCarloalgorithmfor finding thederivedgroup[BCFLS].

In Section4 we outline an analogueof this theoremfor symplecticgroupsand
commenton the otherclassicalgroups. We have continuedto follow the recursive
approachin [KS]. Thereis somehopethat this canbe avoided. In particular, we
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suspectthatthemethodsusedin [Br] for thegroupPSL�������!� alsocanbemodifiedin
thesameway that[KS] hasbeenin thispaper.

The SL e 2 fhg6i -oracle. We assumethat our hypothesisedoracleis ableto perform
varioustasksin a blackbox group jM*k,/.H0 (believedto be) isomorphicto SL � 2 ��� �
for known � . We list thesetaskstogetherwith thetime requiredto performthem.

(i) The oracle provides us with sets .1G4lmj and JP* 1 n�o
0 1

� 1 0n�o 1

0 prqtsvu l SL � 2 ���!� for a known generatorw of GF���!�$G , and a bijec-

tion
KML JxN .1G , behaving as in Theorem1.1. We denoteby " the time

requiredfor Theorem1.1(1)aswell asfor eachapplicationof Theorem1.1(2).

(ii) The oracleis alsoequippedwith routinesfor discretelogarithmsin GF���!�$G .
Let y denotethe transvectiongroupof j generatedby the imageunder

K
of

1 0n�o 1 0 pzqIs{u for w in (i), andsupposewearegiven |}T�y . Wecanuse

theoracleto find
K_` 1 ��|$�F* 1 0~

1 for some��T GF�/� � . In addition,theoracle
cancomputethe integer � suchthat0 p���s���\ 1 and ��*3wH� . We assume
thatthecostpercall to thediscretelog oracleis " .

We will find task(ii) particularlyuseful in the following algorithmicsetting. If we
have elementŝW���{T��D�V�$yF� (but not necessarilyin j ) both inducingscalarsof the
sameorderon y , then � canbereplacedby aspecificpowerof itself to ensurethat ^
and � inducethesamescalaron y . Thediscretelog oracletellsuswhichpower.

We view this oracleasa black box. However, in practiceit will presumablybe
replacedby a Las Vegasalgorithmfor Theorem1.1(1): the algorithmsin [KS] and
[CLG] for this is are, indeed,Las Vegas. On the otherhand,we assumethat our
discretelog oracleis deterministicin practice.

2. The general case: ��� 4

Somewhat as in [KS], the methodswe employ for dimension3 differ widely from
thelargerdimensions.In this section,we assumethat ��2 4, andwhenever possible
we follow closelythealgorithmin [KS]. In particular, thealgorithmwe presenthere
is recursive. We wish to ensurethat the probability of the routinefailing up to the
point wherethe recursive call is madein Section2.6 is no more than 1] 2 . In any
non-deterministicstepin themainroutine,this is achievedby makinganextra factor
of (at least) � log �!� randomchoices.

2.1. Background. Werecallsomebackgroundmaterialdiscussedatgreaterlengthin
[KS].
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(1) Groups of transvections. We assumea familiarity with the basicpropertiesof
transvectionsandtransvectionsubgroupsof SL ���F��� � . For ahyperplane� of � anda
point ��T_� , wedenoteby y��5��� thegroupof transvectionswith centre� andaxis � .
As in [KS], wedenoteby �����H� theelementaryabeliangroupof order� ] ` 1 consisting
of all transvectionswith centre� , andby �3*�������� thegroupof all transvections
with axis � . In this way, we mayview points(resp.hyperplanes)asexisting within
thegroup & assubgroups�����H� (resp. ������� ).
(2) Primitive prime divisors. By a fundamentaltheoremof Zsigmondy[Zs], if � is
primeand �42 2 thenthereis aprimedividing ���R\ 1 but not ���6\ 1 for 1 pz��s{� ,
exceptwheneither �3* 2 ����* 6, or ��* 2 and � is a Mersenneprime. Such
a prime is calleda primitive prime divisor of ���E\ 1. We will call an integer � a
ppd# ���}��� � -numberif �¡@ �b�¢\ 1 andeither �E* 2 ���r* 6 and21@ � ; �c* 2, � is a
Mersenneprime,and8 @ � ; �r* 1 and �{£ 4; or � is divisible by a primitive prime
divisorof �b�R\ 1 (this is slightdeparturefrom [KS], takingadvantageof thefactthat
herewewill alwayshave ���<2 7).

We testwhetherthe orderof an elementof & is a ppd# ���}��� � -numberusinga
deterministic

8 � % � 2 log �b� timealgorithmin [KS], 2.6.

(3) Field computations. Theseare discussedin [KS], 2.3. We will have at our
disposalthehypothesisedSL � 2 ���!� anddiscretelog oraclesin placeof theZechtable
usedthere.

2.2. Time involving factors of g in [KS]. Sinceour goal hereis only to remove
occurrencesof factorsof � in the timing in [KS], we begin by pinpointing those
occurrences,whichwereof five typeswhen �¤2 4:

(i) findingcertainelementsof & whoseprobabilityof occurrenceisboundedbelow
only by 1¥5¦ for someinteger § ;

(ii) testingfor isomorphismto SL � 3 ���!� andfindingsuchanisomorphism;
(iii) performingatestusingall conjugatesof theform S�¨ , ©XT_ª , for atransvection

group ª andanelementor subgroupS ;
(iv) listing afull transvectiongroupof order� , primarily in orderto performlinear

algebrawithin thatgroup;and
(v) adiscretelog computationin GF���!�$G (usingaZechtablefor GF���!� ).

Type (i). Thiswasusedto obtaintransvectionswhen �¤2 4 ([KS], 3.2.1),andhereis
replacedby Sections2.3for �«2 5 and2.4when ��* 4.

In additionto finding transvections,by usingtheprobabilityestimatein (i), [KS],
3.2.1,obtainedanelementof suitableppdorderthat is not availableherewhen � is
even. Hencewe usesubstituteproceduresto find certainsubgroups� , �����H� , � , j
and .1G when ��2 5 (cf. [KS], 3.3.1). However, in thepresentsituationwe only find
thesesubgroupsby a Monte Carlo algorithm(in Section2.5), verifying correctness
laterin Section2.8andhenceonly thenconvertingthis to aLasVegasalgorithm.

Type (ii). In Section3 wegivesucha test.
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Type (iii). This occurredonly in [KS], Lemma3.11 (effective transitivity of the
groups � and �����H� ), which hereis replacedby Lemma2.1. This transitivity was
thenusedseveral times. First it wasusedin [KS], Corollary3.12to find a subgroupj�¬* SL ���I\ 1 �5� � ; this is replacedin Section2.5. Thenit wasusedin [KS], 3.5.1,to
labelthepointsof thetargetvectorspace,which in turnwasneededin [KS], 3.5.2,to
constructthedesiredhomomorphism&cN PSL�������!� ; seeSection2.8. Also it was
usedin [KS], Proposition3.18,for theanalogueof our Theorem1.1(2b);again see
Section2.8.

Type (iv). Thisoccurredin [KS], 3.4.3(1),(4),(5):findingandcomputingwith GF����� -
andGF��� � -basesof � and �����H� ; expressingany elementof � or �����H� aslinearcom-
binationsorSLPsusingthesebases;andfindingmatricesof thelineartransformations
inducedon � or ���/�1� . SeeSection2.7.

Type (v). This occurredin [KS], Propositions3.17and3.18,wherea discretelog
calculationensuredthat a certain ���¤\ 1�}(t���­\ 1� matrix haddeterminant1. Of
courseourdiscretelog oracleis usedhere.

[KS], 7.3.2.Verifying apresentationis theonly otherplacewherea factor � appears
in a timing. Thisverificationusesall of theaboveprocedures,andthesealreadyhave
had � removedfrom their timings.

2.3. Constructing transvection groups and ® when ¯«° 5.

Calls to ¯«± 3 or 4. Wewill makefrequentuseof thecases��* 3 � 4 of Theorem1.1
for subgroupsgeneratedby veryspecialsubgroupsof & , althoughwewill notusethe
additionaltimerequiredtoverify apresentation.With smallprobability, thesubgroups
generatedby ourchosenelementsmightnotbeSL � 3 ��� � (or SL � 4 ���!� ) andthefailure
goesundetected.However, in thiscase,thealgorithmwill eventuallyfail, andwewill
not succeedin ourgoalof findingandverifying apresentationfor & . Wewill see,in
Sections2.8and3, thata call to Theorem1.1(1),without theadditionalpresentation
verification,costs

8 ��'6;�"=u�; % log2 � � when��* 3and
8 ��u log u²��'6;�"=u�; % log2 � �$�

when ��* 4.

The elements ³ 1 fZ³ 2. Wefirst presentan
8 ��� log ����'�; % u[� 2 log � �$� -timeLasVegas

algorithmwhich, with probability 2 1 \ 1
8] 2 , constructsan element́ET«& which,

in its actionon the sought-aftervectorspace,has2-dimensionalsupportandis the
identity on a �z\ 2-space(for even � we constructtwo suchelements). We also
constructµMT_& centralisinǵ andhaving �X\ 3- or �X\ 2-dimensionalsupport.

Let ¶>*·��\ 2 for � oddand �¸\ 3 for � even. Chooseup to � 32����\ 2� log � 2�!�$�
elements¹ of & , andfor eachtestwhether@ ¹W@ is divisibleby bothappd# ���}��u�¶�� - and
ppd# ���}� 2u[� -number. If solet ´_*O¹ ¥�º ` 1 and µ�*O¹ ¥ 2 ` 1. Then @ ´¡@ is a ppd# ���}� 2u�� -
divisorof �>; 1.

Let ¹ 1 *3¹ 2 *3¹ if � is odd. When � is even,repeattheabove a secondtime in
orderto obtaintwo pairs ��´ 1 ��µ 1 � and ��´ 2 ��µ 2 � , wheré»*�´ 1.
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Theproofsof correctness,timing andprobabilityof successof thisprocedureare
similar to thosein [KS], 4.2.1and5.2.1.Notethatnooraclecallsareneededhere.

Constructing ¼¾½± SL e 4 fhg6i . We next presentan
8 �$� log �!�V¿!��u log u[����'»;O"=uD;% log2 �!�$� -timeLasVegasalgorithmwhich,with probability 2 1 \ 1

8] 2 , constructsa

naturallyembeddedsubgroupÀr¬* SL � 4 ��� � togetherwith ageneratingset .HGÁ of À ,
afield Â¢* GF�/� � , avectorspace� Á andanisomorphismSL �$� Á ��* SL � 4 ���!��NQÀ
behaving asin Theorem1.1.

Chooseup to � 16log � 2�!�$� elementŝ<T�& , andfor eachusethecase�«* 4 of
Theorem1.1 to testwhetherÀv*v,Ã´ 1 ��´²Ä2 0=¬* SL � 4 ��� � , in which casealsoobtainan
isomorphism

K Á L
SL � 4 ���!��NQÀ .

Note that, in view of the subgroupstructureof SL � 4 ��� � , two elementshaving
2-dimensionalsupportsandwhoseordersareppd# ����� 2u�� -divisorsof �Å; 1 generate
SL � 4 ���!� with probabilityat least 1

2 (this resultis theconcatenationof many papers,
summarizedin [KL], Theorem5.1). Thestatedtiming arisesfrom the Æ�� log �!� calls
to thecase��* 4 of thetheorem.

At this point we have a field Â�* GF���!� ; fix a generatorw of ÂÇG throughoutthe
remainderof theproof (observe that this generatoris availablefrom just onecall to
theSL � 2 ���!� -oracle).

Constructing ®A½± SL e 3 fZg6i . We prefer, for two reasons,to work with a subgroup
SL � 3 ��� � ratherthantheSL � 4 ��� � thatwehaveconstructed.Firstly, usinganSL � 3 ��� �
subgroupmatchesup betterwith [KS], making it easierfor the readerto translate.
Also, wewill needto constructanSL � 3 ��� � subgroupwhenwedealwith SL � 4 ��� � in
Section2.4.

Thereforewe now constructa subgroupÈO¬* SL � 3 �5� � of À , succeedingwith
probability 2 1 \ 1

8] 2 .

UseTheorem1.1(2b)
8 � log �!� timesfor

K Á tofindmatrices
K ` 1Á ��´ 1 � and

K ` 1Á ��´²Ä2 �
in SL �$� Á � . Uselinear algebrato computethe 2-spacesÉ 1 *ËÊÌ� Á � K ` 1Á ��´ 1 �$Í and
É 2 *ÎÊÌ� Á � K ` 1Á ��´ Ä2 �$Í , andfind S3T SL �$� Á � suchthat É 1 Ï É 2 S is 1-dimensional.

UseTheorem1.1(2a)to find
K Á ��S�� . Replacé 2 Ð ´ Ä�Ñ¡ÒÔÓÖÕa×2 , µ 2 Ð µ Ä5Ñ¡ÒdÓÃÕa×2 andsetÈ�*c,Ã´ 1 ��´ 2 0 .

Next, useSection3
8 � log �!� timesto find a generatingset .1GØ of È , andan iso-

morphism
K Ø L SL �Ù� Ø �ÚN È behaving as in Theorem1.1. UseTheorem1.1(2b)8 � log �!� timesfor

K Ø to find thematrices
K ` 1Ø ��´ 1 � and

K ` 1Ø ��´ 2 � in SL �$� Ø � .
Thepurposeof eachof the

8 � log �!� repetitionsaboveis toensurethatwecorrectly
find all of thematrices

K ` 1Á ��´ 1 � , K ` 1Á ��´²Ä2 � , K ` 1Ø ��´ 1 � , K ` 1Ø ��´ 2 � andtheisomorphismK Ø with probability 2 1 \ 1
8] 2 . All of theremainingusesfor

K Ø will beto compute
imagesof matricesin thegroup È , usingthedeterministicTheorem1.1(2a),sothere
will benomorerandomnessneededin this section.

Some elements and subgroups of ® . Uselinearalgebrain � Ø to computethepoint �
of intersectionof the2-spaces� 2� � *cÊÌ� Ø � K ` 1Ø ��´ � �$Í , ��* 1 � 2. Find ªÚ��Û·T SL � 3 ��� �
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suchthat y�Ü���ÞÝ 2 ß 2 *cy��5�ÞÝ 2 ß 1 and ÛM* diag� 1 ��w¸��w ` 1 � , usingabasisof � Ø startingwith
avectorin � .

Use
K Ø to find thefollowing: à�* K Ø ��ªá� , y¤* K Ø �$y ���ÞÝ 2 ß 1 � (centralisedby both

µ 1 and µFâ2 ); �X* K Ø ��ÛD� (inducingon y anautomorphismof order ��\ 1); thetwo
subgroupsJ 1, J 2 of È having order� 2, consistingof transvectionsandcontainingy ;
any ����ãF�VT�È suchthat ÊÌÊ�J 1 ��J>ä ÓÃåæ×2 Íç��J 1 Í=è* 1 (i.e., J 1 and J ä ÓÃå�×2 arenot “incident”

within È ); andthesubgroupé3¬* SL � 2 ���!� of È normalisingboth J 1 and J ä ÓÖå�×2 . For
eachof theabove elementsof È we have an

8 � log �!� -lengthSLPfrom . GØ , foundin
thetime

8 ��"�; % log �!� to useTheorem1.1(2a)for È .
Thetotal time in Section2.3is

8 ��� log ����'á; % u[� 2 log �!�!;t� log �6����u log u[����'á;"Cu=; % log2 � �$� , andit succeedswith probabilityat least1 \ 1
4] 2 .

2.4. Constructing transvection groups and ® when ¯«± 4. Next wealsoconstruct
anaturallyembeddedsubgroupÈI¬* SL � 3 �5� � when ��* 4.

As in Section2.3, find an element¹ whoseorder order is divisible by both a
ppd# ���}��u�� - andppd# ���}� 3u�� -number, andset ´�*4¹ 3Ó ¥ 2 ê ¥ ê 1× . Considerconjugates´ Ä 1 ��´ Ä 2, let S4*ë,Ã´¡��´ Ä 1 ��´ Ä 2 0 , find the derived subgroupÈ{*ìS�í using[BCFLS],
anduseSection3 to testwhetherÈI¬* SL � 3 ���!� . If this isomorphismholds,weobtain
afield, anisomorphism

K Ø L SL � 3 ���!��* SL �$� Ø ��N È andageneratingset . GØ for È .
By anargumentsimilar to thatin [KS], Lemma3.7,we have SM¬* SL � 3 ���!�1îï,Ã´²0

with probability 2 1
25 , while Section3 succeedswith probability 2 1

2. Hence,we

obtain È andthen
K Ø with probability 2 1

26 . Finding S�í usesthe
8 � % log2 �!� -time

blackboxMonteCarloalgorithmin [BCFLS].
Note that there are no elementsµW��µ � here; and à will not be needed. Use

the isomorphism
K Ø and linear algebrato find the following: the 2-dimensional

eigenspace� andthe 1-dimensionaleigenspaceã of
K ` 1Ø ��´²� in � Ø ; the transvec-

tion group y3* K Ø �$y �5��� � for somepoint �rTM� ; ªáíïT SL �$� Ø � sending� to ã
and �b��ãF�¸* K Ø ��ªáí�� ; a diagonalmatrix Û inducing w on y��5��� and �ð* K Ø ��ÛD� ; andJ 1 ��J 2 ��é asin Section2.3. This takes

8 ��'D;E"=u=; % log2 �!� time.

2.5. The subgroups ñ , ñ�e�ò¡i , ñ�e�óYi , ô and õ . If �¤2 5, let

�ö* J ÷dø11 ��J Ó ÷²ù2 × ø1 @ 0 pz��pz�ð\ 2 �E�����H��* J>÷dø12 ��J Ó ÷²ù2 × ø2 @ 0 pz��pz�ð\ 2

and ����ãY�á*ú�����H� ä ÓÃåæ× . We claim that,with probability £ 1 \ 4¥ ] ` 4 , � and �����H�
arethesubgroupsof & , of order� ] ` 1, consistingof all transvectionshaving thesame
centre(or axis)as y (cf. [KS], 3.1.3).Wewill only provethisfor thegroup � andthe
caseof even �z2 6. Up to duality in thetargetvectorspace� , thestatedconjugates
of J 1 all have the sameaxis É . With probability £ 1 \ 2¥ ] ` 4 the codimension

1 or 2 subspacesof É preserved by µ 1 ��µ â2 T�Û � �$y�� generateÉ , in which case
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,ÃJðû ÷ 1 ü
1 ��J û ÷²ù2 ü1 0 is thedesiredgroupof order� ] ` 1. Finally, thestatedconjugatesof J 1

generatethesenormalclosuresby [KS], Lemma2.7.
We emphasisethatwedo not yet knowfor certain that theoutputgroups � and�����H� actuallyhavethedesiredorder � ] ` 1. Thisissomewhatsimilartowhatoccurred

in [KS], 5.3.1.Until wehaveverifiedthis in Section2.8wemerelyassumethatthese
groupsarecorrect.Wehaveseenthatthisassumptionis correctwith highprobability.

When �¢* 4 we proceedmoresimply, aswell asdeterministically, by defining

�·*�,�J 1 ��J>ý1 0�� �����H�}*�,ÃJ 2 ��J>ý�þ:ÿ � � � 1

2 0 and ����ãY�}*����/�1� ä ÓÖå�× . Sincethemethods
for constructingJ 1 ��J 2 ��¹ and ����ãF� differ from [KS] in this case,we supplya proof
that � and �����H� behaveasdesired.

Let
K¾L

SL � 4 ��� �_* SL �$�}�»N & denotethe target isomorphismand identify� Ø with the 3-dimensionalsupportof
K_` 1 �$È6� in � . Then

K_` 1 �$yF�D*úy��5��� whereÉ Ï � Ø *t� . Let
�

denotethe1-spaceof � centralisedby
K_` 1 �$È6� , sothat Ék*4,��¤� � 0

and
�

is in the3-dimensionaleigenspaceof
K_` 1 ��´²� . Hence

K�` 1 ��¹a� actsirreducibly
on É and ,ÃJ 1 ��J ý1 0 is theimageunder

K
of thegroupof transvectionswith axis É .

Also,
K_` 1 ��¹a� fixes ã sothat � K�` 1 ��¹a�$� Ó Ü � × � 1

fixes � : �����H� is theimageunder
K

of
thegroupof transvectionswith centre� .

The subgroup ô . Let �Q* ,:��J 1 é�� ÷ ø1 �æ��J 1 é_� Ó ÷²ù2 × ø @ 0 pc��pc�60 if �·£ 4 and,ÃJ 1 é­�æ��J 1 é�� ý 0 if �¢* 4. The argumentin [KS], 3.3.1,shows that �m*ì� � �$�Å�$í
providedthat � is thecorrectgroup,of order� ] ` 1 (asisalreadythecasewhen��* 4).
Thus,�ì*t� � �$�7�$í with highprobability(andthis is verifiedin Section2.8).

Transitivity of ñ and ñ�e/ò¡i . Thefollowing variationof [KS], Lemma3.10,is not
deterministic:therestrictionimposedby our timing goalsseemsto forcea departure
from [KS] in this regard. While our useof randomizationonly takesplaceinside
elementaryabeliangroups,we cannotbesureof thecorrectnessof theoutputof this
lemmauntil wearesureof thecorrectnessof � (cf. Section2.8).

Note that [KS], 3.3.2,containssimpleandfastproceduresfor decidingwhether
or not two conjugates �����H��� and �����H��	 (or �
� and ��	 ) areequal,or whetherthe
“point” �����H��� is “on” the“hyperplane” ��	 . Thereis alsoa simpletestfor whether
two conjugatesy 1 �æy 2 of y areopposite(i.e.,generateanSL � 2 ��� � ): ÊÌÊ | 1 ��| 2 ��ÍÌ| 2 ÍÇè* 1
for justonechoiceof 1 è*t| � T�y � .
Lemma 2.1. Thereare

8 ��'b;�"=u!; % ���C; log2 �!�$� -timeLasVegasalgorithmswhich �
with probability 2 1

26 � solvethefollowingproblems.

(i) Givenconjugates�����H��� and �����H��	 noton ��� findtheunique��T�� such that�����H����
á*c�����H��	 .
(ii) Givenconjugates�
� and �
	 noton �����H��� findtheunique��T������H� such that�
��
D*4�
	 .

Proof. Weonlyprove(i). Wemayassumethat �����H���_è*4�����H��	 . Let y 0 *cy andlet y 1
beoneof theconjugatesof y generating�����H��� andoppositeto y . Choose(generators
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for) a randomtransvectiongroup y 2 sì�����H��	 , useSection3 to testwhetherÀË*,:y 0 �æy 1 �æy 2 0F¬* SL � 3 ���!� , andif soto find anisomorphism
K Á L

SL � 3 ��� �YN À . UseK Á to find thesubgroup� Á � of À thatcontainsy � , consistsof � 2 transvections(for��* 0 � 1 � 2), andsatisfiesÊÞ���æ� Á 0 Í¡*cÊÞ�����H���a�æ� Á 1 Í¡*cÊÌ���/�1��	a�æ� Á 2 ÍH* 1. Finally,
useLemma3.1to find theelement�RT�� Á 0 suchthat � 
Á 1 *c� Á 2. Output � .

We claim that � behavesasrequiredwith the statedprobability. First notethatÀ ¬* SL � 3 ���!� with probability2 1
25 (asin [KS], Lemma3.7),while Section3 verifies

thiswith probability 2 1
2, soweobtainÀ behavingasstated,togetherwith theneeded

isomorphism,with probability 2 1
26 . Since À actson the target vectorspace� by

preservingadecompositionasadirectsumof a3-anda �Ç\ 3-space,each� Á � consists
of transvectionsof � , � Á 1 p �����H��� , � Á 2 p �����H��	 and��T�� Á 0 p � . Thetiming
is dominatedby theuseof theabovecommutatortestsandtheuseof Theorem1.1(1)
with ��* 3.

Wenotethatthecorrespondingtimein [KS] was
8 � % ��� uh;ï�!�!�$� for a deterministic

algorithm.However, wewill alwaysneedto repeatthelemmaatleast � 26 log �!� times
in orderto ensurethat it producesanoutputwith probability £ 1 \ 1] 2 ; we will see

thisverysoonbelow, aswell aslaterin Section2.8. Wenotealsothattheprobability
1

26 canbeincreasedconsiderablyhere,sincewearegeneratingwith full transvection
groups,andweareassumingthat �¤2 17.

The subgroup õ . Next we (probably)find a subgroupj of & suchthat � � �$�Å�$í6*���<j , essentiallyas in [KS], Corollary 3.12. For eachchoiceof �X* 1 � 2 and
0 pM�zpM�R\ 2, useup to � 26 log � 16� 3 �$� calls to Lemma2.1 to find � � � ä T¢� such

that ����ãY� ÷ þø 
 ø ß þ *c����ãF� . Let j¢*4,�é ÷ þø 
 ø ß þ @h��* 1 � 2 � 0 pz��pz�X\ 20 .
That j behavesasstatedis clear(cf. [KS], Corollary3.12). For each�Ù��� , with

probability 2 1 \ 1
16] 3 at leastoneof ourcallssucceeds,andhenceall � � � ä arefound

with probability 2 1 \ 1
8] 2 . The proceduretakes

8 ��� log ����'ï;ö"=uV; % � log2 � �$�
time in view of the Æ���� log �!� callsto Lemma2.1.

2.6. Recursion. Recursively we find an isomorphism
K��7L

SL ���ì\ 1 ���!� *
SL �$� ] ` 1 �_N j ; however, as in Section2.3 and2.5 we do not include the verifi-
cationpartof thealgorithmin this call, postponingverificationuntil Section2.8. If
this recursive call fails thenthealgorithmterminates.Failurecanoccurfor two very
differentreasons:agroup � , �����H� or j constructedin Section2.5wasnotthedesired
group;or thesegroupswerecorrectbut therecursivecall failedto giveanoutput.The
probabilityof any of theseeventsis small,andhencewe canignorethem: we have
anisomorphism

K �
.

Wemayneedto modify theisomorphism
K �

in orderto ensurethatthestabiliser
of a 1-spacein thenaturalSL ���R\ 1 ��� � -moduleis sentto thestabiliserof a 1-space
of � ; see[KS], 3.3.3.
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2.7. Linear algebra. We now needanaloguesof [KS], Lemma3.13 and Section
3.4.3,which dealwith workablebasesfor � andfor �����H� . Proceedingasin [KS],
Lemma3.13,weobtainadirectsumdecomposition�ö*tS 1 ��������� S ] ` 1; weobtain
(using

K �
) anelement�»T_j suchthat S � *tS�� ø � 1

1 for 1 pz�}pz�ð\ 1; andwehavea

deterministic
8 � % �!� algorithmto expressany given ��T�� in theform �»* ] ` 1

1 ´ �
with ´ � T­S � . While [KS], 3.4.2,goesthroughwithout additionalchange,we need
replacementroutinesfor thosefound in [KS], 3.4.3,sincewe wish to avoid storing
anentiretransvectiongroup.This is easilyachieved,with theaidof ourhypothesised
oracle,bynotingthat S 1 liesinsideanSL � 2 ���!� subgroupj 1 of of È , wherewealready
haveafield to work with.

As in [KS], 3.4.3(1),let �ì*·9:© � ? ] ` 1��� 1 bean � -basisfor � , where© � *�©�� ø � 1

1 for
1 p��Åp��R\ 1. TheSL � 2 ���!� oraclegivesan �! -basisfor S 1, namelythe imageof

1 0n�o 1 0 pzqIs¢u , wherewemayassumethat © 1 correspondsto 1 0
1 1 . Wenow

obtainthe �  -basis�  of [KS], 3.4.3(1),astheunionof conjugatesof the �  -basis
of S 1 by thevariouspowersof � .

Next, if we aregiven �zTz� asin [KS], 3.4.3(4),thenuse[KS], Lemma3.13to
write ��* ] ` 1��� 1 ´ � , with ´ � T�S � . For each1 p¢�Vp¢�X\ 1, computé"� 1� ø� T�S 1 and

find the � � T#� suchthattheoraclefor j 1 assigns 1 0~
ø 1 to ´ � 1� ø� . Thecoefficient of

each© � canthereforebefoundin
8 ��"X; % � time,sothatthe � -vectorof � relative to

� is foundin
8 ������"�; % �$� time. It is now aneasymatterto obtainanSLPof length8 ��� log �!� from �  to � . The time for [KS], 3.4.3(4),is now

8 ��"=�ð; % � log � �
comparedwith

8 � % �!�!� in [KS].
Notethatthesameproceduresapplyevenwhen �ð* 3 oncewe have obtained�

and �����H� togetherwith suitabledirectsumdecompositions.

2.8. Conclusion. As in [KS], 3.4.4,weextend
K

to �Åj , but hereweuseSection2.7
for linearalgebrain � . Welabelconjugatesof �����H� asin [KS], 3.5.1,replacing[KS],
Lemma3.13,with our Lemma2.1. Hence,we labela singlegivenconjugate �����1�$� ,
with probabilityat least 1

26 in time
8 ��'D;E"=u=; % ���>; log2 � �$� .

We next define
8 ��� 2 log �!� -elementgeneratingsets.1G of & and J of SL ������� �

anda bijection JÎN .1G thatextendsto anepimorphism
KML

SL ���F��� �DN & , asin
[KS], 3.5.2. Computing

K�` 1 � .1G�� goesthroughwithout change(notethat in order
to compute

K_` 1 ��^ � for eachof the
8 ��u[� elementŝ·T�.HG Ï È we must find the

labelsof ��; 1 conjugatesof �����H� ). We requirethat all of the imagesarecorrect
with probability 2 1 \ 1

16] 2 , sowe repeatLemma2.1 � 26 log � 16u�� 3 �$� timesin each
of our

8 ��u[�!� applicationsof 3.5.1. Hence,the total time for [KS], 3.5.2, is now8 ��� log ��� log � �$9$'D; % � 2 log �>;E"=� log �!?$� .
Aspartof ourrecursionwecall thesubroutinesof thisandpreviousSections

8 ���!�
times. It follows that, if we omit theverificationof a presentationfor & (seebelow,
aswell asSection2.6), thenthealgorithmrunsin time

8 ��� 2 log � log ��� log �!�$9:'>;% � 2 log2 �>;<"=� log �!?:� .
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We alsoneedproceduresfor finding SLPsfrom .1G to any givenelementof & , or
from J to any givenelementof SL �����5� � . Thelatteris alreadyin

8 ���6"�; % � 2 log � �
time in [KS], Proposition3.17,modulotheuseof discretelogs,asindicatedabove in
(v); while thefollowing is essentially[KS], Proposition3.18:

Proofof Theorem1 � 1 � 2b� � Usetheproofof Proposition3.18in [KS], substitutingour
procedureswherever the timing thereinvolves � . As above, the only carerequired
concernsprobability. Namely, theargumentin [KS] usesLemma2.1 to find up to 3
elementsof � or �����H� andexpresseseachusinganSLPfrom .HG ; findsthematrix S
of anelementof � asalineartransformationof the � -space� by using�Ú\ 1 callsto
Section2.7; forces S to have determinant1 by usinga discretelog call; andapplies
Theorem1.1(2a)to S . We repeatLemma2.1 Æ�� log �!� timesin orderto ensurethe
statedprobability, sothatthealgorithmtakes

8 � log �!9$'!;Ú"7��u�;Ú� 2 �ç; % � log �b� log �H;�!�$?
;<� 5 log �!� time.%
is an epimorphism. Finally, we needto confirm this by checkingthe relations

for a suitableshortpresentationinside & for a quotientof SL �$�}� , which takestime
polynomial in all of the precedingprocedures(cf. [KS], 7.2.2); and to checkthat&ì*�,/.10 is , .1G�0 , by checkingthat eachmemberof the original generatingset . is
in , .1G�0 . We follow the timing calculationin [KS], 7.2.2,keepingin mind that the
probability of successof eachLas Vegasroutinemustbe large enoughso that the
probabilitythatany routinefails is small: thetotal timeis

8 ��9$u�� 2 log ��u��!�$9$'¸;z"7��ub;�!�ç; % � 2 log2 �!?ç;R@B.C@ log ����@B.C@ �$9$'!;»"7��� 2 ;»u��ç; % � log �b���¡; log �!�ç;»� 5 log � ? , whereu is
8 � log � � . (Notethatwe repeatthealgorithmin Theorem1.1(2b) Æ�� log ����@B.C@ �$�

timesfor eachelementof . in orderto make theprobabilitiesbehavecorrectly.)

3. PSL & 3 ')(+*
Throughoutthissectionweassumethat& ¬* PSL� 3 ���!� orSL � 3 ���!� for known �¤2 17.
Theoccurrencesof factors� in thetiming in [KS], 3.6.3,areasfollows:

(i) testingisomorphismwith SL � 2 ��� � andfindingsuchanisomorphism;
(ii) performingatestusingall conjugatesof theform SV¨ , ©XT_ª , for atransvection

group ª andanelementor subgroupS ;
(iii) listingatransvectiongroup,primarily in ordertoperformlinearalgebrawithin

thatgroup;or
(iv) adiscretelog computationin GF���!�$G .

Occurrencesof thesein [KS], 3.6.3,resemblethoseindicatedin Section2.

Finding , , ³ , - and õO½± SL e 2 fZg6i . As in [KS], 3.6.3,findanelement¹ whoseorder
is divisibleby appd# ���}� 2u[� - andappd# ���}��u[� -number, aswell asby appd# ���}��u�# 2� -
numberif u is even. Let ´»*�¹ 2Ó ¥ ê 1× �

Choosea conjugate © of ´ , let Sö*v,Ã´¡��©d0 , find jE*USVí using[BCFLS], anduse
thehypothesisedSL � 2 ���!� -oracleto testwhetherj<¬* SL � 2 ���!� . If this isomorphism
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holds,we alsoobtaina field ��* GF��� � , anisomorphism
K��7L

SL � 2 ���!�YN-j anda
generatingset .1G� for j .

As in [KS], Lemma3.8,with probability 2 1
2 wehave S ¬* SL � 2 ���!�hîÇ,Ã´²0 ; findingj usesa MonteCarloalgorithmthat is madeLasVegasby theSL � 2 ��� � -oraclecall.

Finding ´¡��S and j takes
8 ��'7; % log2 �>;E"=� time.

Elements .af0/}e�óYi213- . We know that S is a centralproduct S�*cjzî_,54[0 , andwe
have found j . Wenext construct,54[0 .

UseourSL � 2 ��� � -oracletofind thetwo transvectiongroupsy 1, y 2 in j normalised
by ´ , aswell as ��T�j of order ��\ 1 normalising y 1 and y 2. Note that ´ hasorder
dividing ���Å\ 1�$#²� 2 ���Å\ 1� , while � inducesanelementof order ���Å\ 1�$#²� 2 ���Å\ 1� ony 1. Usethediscretelog oracleinside j to find aninteger � suchthat0 p���s<�X\ 1
and � � and ´ inducethesamescalaron y 1, andset 4»* ´²� ` � . Then S�* j�î�,54[0 ,
where4 is foundin

8 � % u log �>;<"=� time.
Also find a transvection �b��ãF��T_j suchthat yFä ÓÃåæ×1 *cy 2.

Finding ñ and ñ�e�ò¡i . Find ���/�1�F*4,$y 1 �æy ý1 0 and ��*c,:y 1 �æy ý�þ$ÿ � � � 1

1 0 in
8 � % log � �

time. Since ¹ fixes the eigenspacesof ´ (on the vector space� we have not yet
constructedandhencecannotusefor algorithmicpurposes),up to duality theseare
thegroupsof order � 2 consistingof all transvectionshaving thesamecentreor axis
as y 1, respectively.

The transvection groups 6 1 f879797Yf!6 6 7 We alreadyhave transvectiongroups y 1 andy 2. Renamey 2 as y 4. In
8 � % u�� time find y 2 *ÎÊÌ�����H����4[Í , y 3 *Îy�ä ÓÃå�×2 , y 6 * ÊÌ����4[Í

and y 5 *cy�ä ÓÃå�×6 .
In orderto understandthebehavior of thesesix groupson � , let y 1 and y 4 have

centres� and ã , respectively, andlet : denotethepointof intersectionof theaxesofy 1 and y 4. Then y 1 *ry �5� û �5�<; ü “is” thegroupof transvectionswith centre� andaxis,Ã����:W0 , y 2 *Îy��5� û �5� å ü , y 3 *Îy å � û �5� å ü , y 4 *Îy å � û ;[� å ü , y 5 *Îy=;[� û ;[� å ü and y 6 *Îy=;[� û �5�<; ü .Wehave ��*cy 1 � y 6 and �����H��*cy 1 � y 2.
Redefinej¢*4,$y 2 �æy 5 0 ¬* SL � 2 ���!� . Thisnormalises� and ����ãF��*c�����H� ä ÓÖå�× .

Decompositions of ñ and ñ�e/ò¡i ; linear algebra. Wecanomit [KS], Corollary3.12,
sincewe alreadyhave j . We mayassumethat theoraclefor j returns

K �
mapping

1 0n�o 1 0 pzqIs{u and 1 n�o
0 1

0 pzqIs¢u into y 2 and y 5 respectively. Let

�V* K � 0 1` 1 0 , andproceedasin Section2.7.

Transitivity of ñ and ñ�e�ò¡i . Werequireaversionof Lemma2.1for thecase��* 3.
In the context of this paper, we view the following algorithmasdeterministic: the
only useof randomnessis thatwhich is occursin any practicalalgorithmto recognise
SL � 2 ���!� .
Lemma 3.1. Thereisadeterministic

8 ��"�; % log �!� timealgorithmtosolveproblems
(i) and(ii) of Lemma2.1when�I* 3.
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Proof. We redefine�R* K�� � diag��w ` 1 ��w1�$� andview it asactingon thetransvection
groups y 2 and y 5 asthescalarsw ` 2 and w 2, respectively. It follows (by considering
anappropriateisomorphism

KML
SL � 3 ���!�¸N & extending

K��
) thatwe mayview �

asactingon y 1 and y 6 asthescalarsw ` 1 and w , respectively.
In (i) wearegiven �����H��� and �����H��	 , eachgeneratedby two transvectiongroups

(e.g., y �1 and y �2 ) at leastoneof which is oppositey 1. Let S 1 s �����H��� and S 2 s�����H��	 betransvectiongroupsoppositey 1. For �C* 1 � 2, usetheSL � 2 ���!� -oraclefor,:y 1 ��S � 0 to find anelement� � of order ��\ 1 normalisingy 1 and S � . Each� � induces
anautomorphismof order ���_\ 1�$#²� 2 ���_\ 1� on y 1; usethediscretelog oracleinside,:y 1 ��S 1 0 to arrangefor theseto be the sameautomorphismasthat inducedby � ` 2

(whichweknow correspondsto thescalarw 2).
If � is even or �?> 3 (mod 4), then w is the only squareroot of w 2 in �
G of

order ��\ 1, andhence� 1 and � 2 induceautomorphismson @Ç#¡y 1 corresponding
to w . If �A> 1 (mod 4) then the automorphismsof order ��\ 1 that � 1 and � 2
induceon @Ç#¡y 1 correspondto B w , andwenow ensurethatthey bothinducethesame
automorphismw . Fix 1 è*�|¤T·y 6. For ��* 1 � 2, usethe ,$y 1 ��S 1 0 -oracleto test
whether© � *t|�C ø ��|�CZ� ` 1 TRy 1; if not thenreplace� � by �aÓ ¥ ê 1×�D 2� (sincein thissituation� � induces\¸w on @¸#Hy 1). Each� � now inducesw on @¸#Hy 1.

Wenow construct��TE@M*c�����H���ö*cy 2 y 1 y 6 suchthat � 
1 >t� 2 � mod y 1 � . Note
that � `GF1 � F2 centralisesboth y 1 and @¸#Hy 1 for any integer q , andhencelies in @ . If � is

oddset ��*r��� Ó ¥ ` 1×5D 21 � Ó ¥ ` 1×5D 22 � Ó  ê 1×�D 2; if � is evenset ��*r��� ` 1
1 � 2 � C þ1 for theinteger� suchthat0 pz�Rpz�I\ 1 and w ä � 1 \¤w1��* 1, foundusingthediscretelog oracle.

We claim that � 
1 >r� 2 � mod y 1 � . Since @»,Ã� 1 0:#¡y 1 *H@»,�� 2 0$#Hy 1, thereis someI� TJ@ suchthat �LK
1 >ì� 2 � mod y 1 � . We will computeusingactionson the group
@Ç#¡y 1 ¬* � 2. Supposethattheelement

I� weseekactson � 2 via MON NPMD;Q� for some
�ÚT3� 2. Since� 1 actsvia MRN NQw)M wehave � 2 *t� K
1 L MRN NQw)MF;<� 1 \_wH��� . If � is even

then ��� ` 1
1 � 2 � C þ1 L M#N NSMÅ;T� , so that ��*k��� ` 1

1 � 2 � C þ1 behavesasclaimed;thecase�
oddis similar.

Next, we decompose�R*UMdí<M with MdíCT������H�}*ky 2 y 1 and M�T��·*ky 6 y 1. Use
our SL � 2 ���!� -oracleto find anelement� 36 T�,$y 3 �æy 6 0 of order ��\ 1 normalising y 3
and y 6. Thiselementinducesascalarof order�Ú\ 1 on y 2; usethediscretelog oracle
for j toarrangefor thisscalartobe w ` 1. It follows(againbyconsideringanextensionK

of
K
�

) that � 36 inducesw 2 on y 6. Usethediscretelog oracleto find integers� and� suchthat0 pz�I���Rpz�Ú\ 1, w ` ����w ` 1 \ 1��* 1 andw1�²Ê�w 2����w 2 \ 1�H\ 1ÍH* 1. We
claim that Mï*c�V� ` 1 ÊW�W��� 36Í C�X36 ��CZY satisfiestheconditionsstatedabove.

We know that thereareelementsMdíÅTAy 2 y 1 and M�TAy 6 y 1 suchthat �E*HMdíWM .
Computingonceagain insidethe2-space@¸#Hy 1 ¬* y 2 � y 6 wefind, mod y 1, first thatÊ<�W��� 36Í[>c�VMdíÞ;3MÔ��C 36 \��VMdíÞ;3Md�\>4��w ` 1 \ 1�$MdíÞ;¤��w 2 \ 1��M , thenthat � ` 1 ÊW�¡��� 36Í C�X36 >
M1��w 2�}��w 2 \ 1�Ç\ 1� , andfinally that �V� ` 1 ÊW�W��� 36Í CZX36 ��C�Y]>UM . Thus,our choiceof M
behavesasclaimed.

Finally, observethat ,ÃS 
1 �æy 1 0�*4,�S 2 �æy 1 0 (since,Ã� � �æy 1 0 is in justoneconjugateofj for ��* 1 � 2), andhence,ÃS 2 �æy 1 ��S_1̂ 0:# 8  �$,�S 2 �æy 1 ��S�^1 0:��¬* SL � 2 ���!� (sinceMdí fixes
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theline joining � and �[��
 in thetargetmodule � for & ). UseourSL � 2 ���!� -oraclefor
this quotientgroupto find | T�y 1 suchthat S ^a1̀ >3S 2 � mod

8  �$,ÃS 2 �æy 1 ��S�^1 0$�$� , and
output Md| . All of this takes

8 ��"«; % log �!� time. (N.B.—We will usea similar, but
simpler, methodbelow in Section4.2.)

Remark. In theproofaboveweusedourSL � 2 ���!� -oracleinsidetheblackboxgroupÀ�# 8  ��ÀI� whereÀv*Î,�S 2 �æy 1 ��S 1̂ 0 . In orderto do this,we needa membershiptest
for

8  ��ÀI� (sothatin À�# 8  ��Àð� wecandecidewhetherornotagivenstringrepresents
theidentity, andhenceÀ�# 8  ��ÀI� is a blackbox group).For any blackbox group À
thereis anefficient testfor whetheragiven qIT_À lies in

8  ��ÀI� : testwhetheror not,Ãq Á 0 is a � -group(see[BCFLS]).

End of proof. Now we have all of the subgroupsneededin order to completethe
case��* 3 by directimitationof [KS], 3.6.3.Thetiming calculationsin [KS], 3.6.3,
7.2.2,show that the time for Theorem1.1(1) is

8 ��'Ú;�u�"�; % log2 � � without the
verificationof apresentation,and

8 ��'C;¤u["_; % log2 �};E@B.C@Ã��"_; % log � �Ù� with such
averification.Thetimesfor Theorem1.1(2a)and(2b)areboth

8 ��"�; % log �!� .
Notethat theuseof randomnessin Theorem1.1(2b)when �{£ 3 is forcedupon

usby theLasVegasLemma2.1. When �¤* 3, however, theanalogousLemma3.1
aboveis deterministic,upgradingTheorem1.1(2b)to adeterministicalgorithmin this
case.This alsoaccountsfor theapparentdiscrepancy betweenthetimingsfor �ð* 3
and ��* 4 in Theorem1.1(1).

However, as alreadynotedat the end of Section1, the existing algorithmsfor
recognitionof SL � 2 ���!� involve theuseof randomness,so, in practice,probabilities
will needto betreatedmorecarefullyfor SL � 3 ��� � andPSL� 3 ���!� .

4. Other classical groups

Wewill now briefly outlineanalgorithmfor aversionof Theorem1.1for symplectic
groupsPSp� 2�I���!� andSp� 2�����!� when2��2 4 and �<£ 9; andthencommenton
theremainingclassicalgroups.

4.1. PSp e 2 b�fZg6i , 2 bm° 6. The group & ¬* PSp� 2�����!� or Sp� 2�I���!� , 2�42 6, is
actuallysomewhatsimplerto handlethanthecaseconsideredin Section2. In [KS]
theonly placesa factorof � arisesin timingsareof five types:

(i) testingfor isomorphismto Sp� 4 ���!� , c ê � 4 ���!� or c ê � 6 ��� � andfindingsuchan
isomorphism;

(ii) testingwhetheragivensubgroupconsistingof transvectionsis afull transvec-
tion groupof order � ;

(iii) performinga testusingall conjugateś²¨ , ©­TIª , for a shortgroup ª andan
element́ ;
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(iv) listing a shortroot groupof order � in orderto performlinearalgebrawithin
thatgroupor to performadiscretelog call; or

(v) listing atransvectiongroupof order� in orderto performlinearalgebrawithin
thatgroup.

Type (i). Theseoccur in [KS], 5.2.1and5.2.2. For Sp� 4 ���!� seeSection4.2; for
c ê � 4 ��� � use[KS], 3.6.2,togetherwith our SL � 2 ��� � -oracle;andfor c ê � 6 ���!� use
Section2 sincePc ê � 6 ���!��¬* PSL� 4 ���!� .
Type (ii). This occursin [KS], 5.3.1. If y denotesthegivengroup,let ^�T­& and
useour SL � 2 ���!� -oracleto testwhether ,$yY�æy Ä 0D¬* SL � 2 ���!� ; if so usethe resulting
isomorphismto testwhether@Ãy�@h*t� . Thisisomorphismoccurswith highprobability,
but Æ�� log � � choicesof ^ areneededto make theprobabilityof success£ 1 \ 1

8� 2 .

Type (iii). This occursin [KS], 5.3.2. Thecontext is asfollows: at thatpoint there
is agroup � that(probably)is

8  ��� � �$y��$� for a transvectiongroup y . Thegoalis a
procedurewhich,whengivenconjugatesy 1, y 2 of y , neitherof whichcommuteswithy , producestheuniqueelement��T�� conjugating y 1 to y 2. Weassumethat y is not
in ,$y 1 �æy 2 0 (asotherwisewe canuseour oracle).Thenwe obtain � asfollows: for a
randomM­T«� useSection4.2 to testwhetherÀv*Î,:yC�æy 1 �æy 2 �æy\1̂ 0C¬* Sp� 4 ��� � ; and
if so,to find ��T 8  ¡��� Á �$yF�$�Åp 8  H���D�V�$yF�$� conjugating y 1 to y 2 (seeSection4.2,
Type (ii)). Onceagain Æ�� log � � choicesof ^ areneededto make theprobabilityof
success£ 1 \ 1

8� 2 .

Type (iv). This occursin [KS], 5.4.2and5.4.3,andneedsto behandledfor just one
subgroupS : all othersthatneedto beconsideredaregivenasexplicit conjugatesof
oneof them.ThissubgroupS maybeassumedto lie in asubgroupSp� 4 ��� � thathas
alreadybeenconstructed,in which caseSection4.2canbeapplied. Our oraclealso
handlesthediscretelog call appearingin [KS], 5.4.2.

Type (v). Thisoccursin [KS], 5.4.4,andis handledby ourSL � 2 ���!� -oracle.

Proposition 5.18 in [KS]. Thiscontainsanalgorithmfor findinganSLPto any given
element̂­T�& , andusessomeof thepreviousprocedureswhosetimingshadfactors
of � .

Endof proof. We cannow completethealgorithmby direct imitation of [KS], Sec-
tions5 and7.2.2.

4.2. PSp e 4 fhg6i . When & ¬* Sp� 4 ��� � or PSp� 4 ���!� , theplacesa factorof � appearsin
thetiming in [KS], 5.6.1,areasfollows:

(i) testingisomorphismwith SL � 2 ��� � andfindingsuchanisomorphism;
(ii) performinga testusingall conjugateś²¨ , ©¢T«ª , for a shortgroup ª anda

known element́ ;
(iii) listing a shortroot groupof order � in orderto performlinearalgebrawithin

thatgroupor to performadiscretelog call; or
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(iv) listingatransvectiongroupof order� in ordertoperformlinearalgebrawithin
thatgroup.

Type (i). This situation, in which our SL � 2 ��� � -oraclecan be used,occurswhen
finding a subgroupS{îDª isomorphicto thecentralproductSL � 2 ��� �Wî SL � 2 ���!� , as
well aswhenfinding ��* 8  ¡���á�á�$y��$� for a transvectiongroup y�s¢S .

Type (ii). The context is as in Section4.1(iii): we needa procedurewhich, when
givenconjugatesy 1, y 2 of y , neitherof whichcommuteswith y , producestheunique
elementM­T�� conjugating y 1 to y 2. For this purpose,for �C* 1 � 2 applyour oracle
to ,$yY�æy � 0 in orderto obtainelements� � thatnormalisey and y � , where @ � � @h* 2 if �
is oddand @ � � @h*��Ú\ 1 if � is even. Wewill construct��T�� suchthat � 
1 >t� 2 (mody�� , andhence,$yY�æy 1 0d
>*ì,:yC�æy 2 0 , in which caseour SL � 2 ��� � -oraclecanbeusedto
find |�T ycsì� suchthat y 
�`1 *�y 2; thenwe output M¤*e�a| . That the element�
constructedbelow behavesasrequiredfollowsfrom astraightforwardcalculation(cf.
Section3).

If � is odd then �{* �/� 1 � 2 � Ó  ê 1×5D 2 works. If � is even then � 1 and � 2 induce
generatorsof the samecyclic automorphismgroup of order �z\ 1 on y ; useour
discretelog oracleto make theminducethesameautomorphismw , andalsoto find �
suchthat w ä � 1 \­wH��* 1. Then �»*c��� ` 1

1 � 2 � C þ1 works.

Type (iii). As notedabove we have alreadyconstructeda subgroupª3s<Û � �$y�� and
an isomorphism

K Ü L SL � 2 ��� � N ª . Use
K Ü to find an element�öT�ª of order�R\ 1, aswell asthe two transvectiongroups y 1 �æy 2 of ª normalisedby � . Then �

actson the abeliangroups � � *úÊÌ���æy � Íçy of order � 2; thesecontainthe shortroot
groupsweneedto handlewithout listing. Notethat �7#¡y¤*c�$� 1 #Hy��C(E�$� 2 #¡y�� .

We mayassumethat
K Ü n 0

0 n � 1 *3� . In view of thestandardmatrix represen-

tationof Sp� 4 ��� � we mayassumethat � inducesw on � 1 #Hy . That is, we definethe
actionof ,�w10 on � 1 #¡y by: w ä �V� 1 yF��*f� C þ1 y for all � 1 T{� 1 and0 p �¢st�R\ 1;

andsimilarly we definew ä �V� 2 yF�C*A� C � þ2 y for � 2 T«� 2. Thus,we cannow perform
discretelog callswithin � � #¡y .

We usetwo differentmethodsto find the � � #HyV\ coordinatesof a given �Wy in�7#¡y dependingupontheparityof � . When� is odd,this is achievedby constructing
analternatingform onthe2-space�Å#Hy usingcommutatorsin � . When � is even, �
is abelian,sowemustuseadifferentmethod.In thiscase,however, shortrootgroups
areAut ��&ï��\ conjugateto transvectiongroupsandwecanusetheSL � 2 ��� ��\ oracleto
performlinearalgebrainsideshortroot subgroupsof � � .
Type (iv). As in Section4.1(v) this is handledby ourSL � 2 ���!� -oracle.

Endof proof. We cannow completethealgorithmby directimitation of [KS], 5.6.1,
7.2.2.

Alternative ending. Oncewe have obtainedtheexactstructureof �Åª (recall thatªM¬* SL � 2 ���!� centralisesy ), it isnotdifficult toproceeddirectlytoashortpresentation
for & , asin [KM].
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4.3. Orthogonal and unitary groups. Thealgorithmsin [KS] for orthogonalgroups
involve factorsof � in their timings in morewaysthanin theotherclassicalgroups.
Nevertheless,thereis reasonablehopethat thesefactorscanbe replacedby calls to
ourSL � 2 ���!� -oracle.

On theotherhand,thetiming in [KS] for PSU�������!� involves � 3D 2, startingwith
the3-dimensionalgroups.However, it seemslikely thatit will bepossibleto provean
analogueof Theorem1.1in thiscase,assumingtheavailability of aPSU� 3 ���!� -oracle.
Moreover, we hopethathypothesisingsuchanoraclewill bejustifiedfor PSU� 3 ��� � ,
givenasagroupof 3 ( 3 matrices,by avariationon ideasin [CLG].

References

[BCFLS] L. Babai,G.Cooperman,L. Finkelstein,E.M. LuksandÁ. Seress,FastMonteCarlo
algorithmsfor permutationgroups,J.Comput.SystemSci.50 (1995)296–308.

[Br] S.Bratus,Recognitionof finite blackboxgroups,Ph.D.Thesis,NortheasternUniv.
1999.

[CLG] M. ConderandC. R. Leedham-Green,Fast recognitionof classicalgroupsover
large fields, in: GroupsandComputationIII (W. M. Kantor andÁ. Seress,eds.),
Ohio StateUniv. Math. Res.Inst. Publ. 8, Walter de Gruyter, Berlin–New York,
2001,113–121.

[KL] W. M. KantorandR.A. Liebler, Therank3permutationrepresentationsof thefinite
classicalgroups,Trans.Amer. Math.Soc.271(1982)1–71.

[KM] W. M. KantorandK. Magaard,Blackboxexceptionalgroupsof Lie type,in prepa-
ration.

[KS] W. M. KantorandÁ. Seress,Blackboxclassicalgroups,to appearin Mem.Amer.
Math.Soc.

Departmentof Mathematics

Universityof Oregon

Eugene,OR 97403,U.S.A.gih�j�j�k�l�m�n�o�j�p�o�q�h�rtsWu�j�h�o�n�j�vtswo�x�u
kiy�v�q�j�h�m�p�y�q�ztswu�j�h�oin�j�vtswo�x�u


