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1. Introduction

HicMaN [9, 10] and Aschbacher [2] have determined all rank 3 permuta-
tion groups having =1 and A =0 (in the notation of [9]). In this note we
will complete the classification of rank 3 groups with p=1:

THeOREM 1.1. No rank 3 groups exist having ;=1 and A >0.

In view of the standard correspondence between transitive groups and
certain graphs, this result can be rephrased in the following manner. Let I’
be a graph which is connected and not complete. Assume that G<AutT’
is transitive both on ordered adjacent and non-adjacent pairs of points,
and that two non-adjacent points are adjacent to exactly one point. Then
' has no triangles, and G and T are as on p. 151 of [9].

The proof is primarily geometric and combinatorial, groups entering
only after extremely strong information has been obtained concerning
involutions.

The underlying geometric objects associated with such groups are
defined and generalized in § 3. When all lines have just two points, these
are precisely Moore graphs [12]; this suggests calling them Moore
geometries in the general case. They fall into two classes, one of which
has been studied in [3] using elementary arithmetic and standard eigen-
value conditions (cf. (3.3)).

Elementary properties of Moore geometries are proved in §3. In
particular, it is shown in (3.6) that from any finite affine plane one can
obtain in a natural manner a Moore geometry having special numerical
properties; thus, in some sense Moore geometries may be regarded as
generalizations of affine planes. By combining G. Higman’s character
theoretic result (2.1) with intricate counting arguments, in § 4 we obtain
severe restrictions on involutions of Moore geometries. These are used in
§8 5 and 6 to prove (1.1); some aspects of the proof are reminiscent of
arguments used for projective planes (especially (4.8)).

I am grateful to G. Higman for pointing out (2.1) (in a slightly different
form); this produced a considerable simplification of my original proof of
(1.1). The reader strictly interested in (1.1) need only examine (2.1),
(3.113.3), (4.1)+(4.8), (5.1)5.3), and §6. On the other hand, Moore
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geometries seem sufficiently interesting in their own right to warrant the
inclusion of many of their properties; this is done in the remainder of this
paper.

I am indebted to Noboru Ito and the referee, Peter Cameron, for their
many helpful comments.

If G is a group acting on a set X, and Y< X, then G(Y) and Gy will
denote the pointwise and global stabilizers of Y.

2. Strongly regular graphs

Let T be a graph. For points x, y of I', we write x~y if x and y are
joined, and x»#y if x and y are distinct and not joined. x* denotes
{x}u{y|y~x}

Let I be a strongly regular graph with parameters n, k, L, A, u, and
adjacency matrix A satisfying

A'~(A-p)A—-(k—p)=pJ
Al =klJ,

(where I and J are the identity and all one nXn matrices (see, e.g.,
Higman [9], [11]). Set A*=(A —p)*+4(k —pu), where A>0. Then, by a
straightforward calculation,

_ A-p-A, 1, 2k—(A—p)+A
€ 24 1t3A 2nA J

is an idempotent matrix. For each ge Autl’, let M(g) denote the
corresponding n X n permutation matrix. Then eM(g) = M(g)e. It follows
that the function 6(g) =trace (eM(g)) is a character of AutT.

6(g) can be calculated as follows. Let x(g) denote the number of fixed
points of g, and a(g) the number of points x with x ~x*. Then a simple
calculation yields

THEOREM 2.1.

__A-p-—A 1 _2k—(A-p)+A
o(g) A Xx(8)+zalg) TN
defines a character of AutI'. In particular, 6(g) is an algebraic integer, and
hence even an integer if A is.

Note that A is usually an integer. Moreover, the degree (1) of 8 is the
multiplicity of one of the eigenvalues of A (cf. Higman [9], [11]).

Theorem 2.1 is due to G. Higman, in a slightly different form. When
Aut T has rank 3 on points, (2.1) is a special case of results of Scott [13].
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The remainder of this section is devoted to some easy examples of
(2.1), designed to indicate how it may help restrict the parameters of I in
some situations; further examples will appear in § 4. Each case is de-
signed to make the determination of a(g) easy.

Derinmmion. If S < Aut T, F(S) denotes its set of fixed points.

Example 1. Assume F(g)=z"', and that hyperbolic lines ([9], [11)
contain no joined pairs of points. (This occurs if, for example, u>A +1
[9]).) Then a(g)=0. For suppose x& z*; then g fixes each point joined to
both x and z, and hence fixes xz, so x# x* by hypothesis. Thus, in this
situation 2A divides ~A—p-A)k+1)-2k+(A—p)—A=
—k(A—p—-A+2).

Example 2. If T corresponds to a generalized quadrangle of order
(s, t), then (2.1) implies that s+t divides (t+1)x(g)+a(g)—(s+1)(¢t+1)
for every ge AutI'. There is also a corresponding result for the dual
quadrangle. .

If F(g)=z" for some z, we obtain s+t |(t+1)st.

Suppose next that g is an involution, and that F(g) is a subquadrangle
of order (s’,t"). Then

a(g)=1+1YA+s'tY(s—s") and x(g)=(1+s5)(1+5s't),

but the divisibility condition is unwieldy. If, however, s =s' here then
(2.1) yields s+t | (s+1)(t+1)st".

Example 3. Assume A =0 and |g|=3. Since I then contains no trian-
gles, a(g) =0. Thus, (2.1) implies that 2A divides (u +A)x(g) -2k —pn—A.

In particular, if p =2 here then /(k—1) is an integer dividing x(g)—2.
(The parameters A=0, pu =2 correspond to a biplane having a null
polarity; cf. Cameron [5].)

For the case p =1, see the remark following (4.7).

Example 4. Let @ be a design such that pairs of distinct blocks have
exactly two different intersection sizes o, 7. Let M be the incidence matrix
of @, I, and J, the v X v identity and all-one matrices, and I, and J, the
analogous b X b matrices. Then the set of blocks forms a strongly regular
graph, whose adjacency matrix A satisfies

MM =(r— A1, +AJ,
MM=kL+cA+1(J,—L—A).

Let x, a, and 8 be as before (with different interpretations for k and A).
Set G=Aut9. Then M induces a G-isomorphism between the eigen-
spaces (of dimension v—1) of MM’ and M'M with eigenvalue r—A.
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Hence, either 1+ 6 or b— 8 (depending on whether 8(1)=v—1 or b—v)
is the permutation character x, of G on the points of 9.

Now (2.1) provides an intriguing relationship between x,, x, and a. This
does not seem to vield any useful information in the case of designs with
A = 1. Consider, however, the 3-designs studied by Cameron [4], with
parameters v=(s+1)(s’+55+5)=r+1, b=(s>+5s+5)(s*+4s+2), k=
s*+3s+2=A+1, and which are locally symmetric. (Here, o =0 and
r=s5+1.) By (2.1), x(8)(s+3)=x(g)—a(g)/(s+1)+s*+5s+5. In par-
ticular, if |g|=3 then x,(g)(s+3)=x(g)+s’+5s+5.

3. Moore geometries

Let I be a graph satisfying the following properties. There is more than
one point; no point is joined to all others; and two non-adjacent points
x, y are both joined to exactly one point, called x o y.

If L is a maximal clique in I' (i.e., maximal set of pairwise adjacent
points), IT(L) will denote the complement of [ J{x*|x e L}, and L will be
called a line.

LemMma 3.1,

(i) Lines exist, and each has at least two points.

(ii) Two points are on at most one line.

(iii) No point is collinear with all others.

(iv) Two non-collinear points x, y are both collinear with exactly one
point x o y.

(v) A point not in a line is collinear with at most one point of the line.

(vi) No triangles or quadrangles of lines exist.

Proof. Two points are collinear if and only if they are joined. Suppose
w, y, zex*—{x} with w~y~z and w# z. Then w and z are joined to x
and z, so by hypothesis they must be joined. Thus, x* —{x} is partitioned
into cliques, and (ii) holds. The remaining assertions are obvious.

DEerFINTTION. A system of points and lines satisfying (i}~(vi) is called a
Moore geometry.

THEOREM 3.2. Let 4 be a Moore geometry. Then exactly one of the
following holds.

(I) The underlying graph is strongly regular; all lines have the same
number s+ 1 of points; and all poinis are on the same number t+1 of lines.

(II) There are integers a, b, | satisfying the following conditions.

() Each point is in A ={x||x*|=a} or B={x||x*|=b}.

(B) A* @ and B# J.

(y) Each line has 2 or |l points, and both sizes occur.
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(8) Each 2-point line meets A and B, while each l-point line is

contained in A.
(¢) a=b=1-2>0, and |AUB|=1+(a-1)(b—-1).

Proof. Let L =xx'. Then by (iv), each zell (L) can be written z =
(xoz)o(x'oz), while yoy'e ﬁ(L) whenever yex*—L and y'ex"—L.
Thus, |II(L)|=|x* - L|e|x"*~L|.

By (iii) and (iv), each point is on at least two lines. Suppose p=x-°y.
Then each zex'—px determines a unique zeoyey'—py. Thus,
|x* = px|=|y* - py|>0. In particular, |x*|=[y*| if and only if |px|=|pyl|.

Suppose L is a line with |L|>2. Then |x*| is independent of x € L. (For,
let {p, x}= L —{x}, p#x’, and yep*—L; then'|x* —L|=|y*—py|=|x"* ~
L|.) Thus, |IT(L)|=|x*—L}?, so the total number of points of 4§ is

n=|L|+|L|-|x* = L|+|x*=L[*=|L|=|L| - [x*}+]x"[". #)

If all lines have 2 points, then |x*|=]y*| for all x, y, and (I) holds with
s=1 and t=|x*|—2. Suppose all lines have more than 2 points. Then
once again, |x*|=d is independent of x. By (#), so is |[L|, and there are
(d—1)/(JL|—1) lines per point. Thus, (I) also holds in this case.

We may thus assume that some line has more than two points, while
some line has just two points u and wu’. In the latter case, n=
2+ (U] - 2) + (u|—2) + (u{ - 2)(u"| - 2).

By (#), for a given x there are just two sizes of lines through x.
Moreover, if y~x then either |xy|>2 and |x*|=|y*|, or |xy|=2 and
ly*f=1+(n-1D/(x"|-1).

The connectedness of 4§ implies that some point p is on both an [-point
line px and a 2-point line py, where [>2. Set a=|p*|=|x*| and b=|y*}.
Then a—I1=b—-2, n=1+(a—1)(b—1), and (&) holds. Clearly (8) holds.
If zex*—px, then |z*|—|zx|=|p*|~|px|=a—-1=b-2, so |x*|=b if and
only if |zx|=2. Thus, the points of x*—{x} fall into the sets A and B
defined in (a), according to the size of zx. Each line on p or x has 2 or [
points.

We can now prove (a). Let we p*, and set g=pow. If |pg|>2 then
lpgl=1 and |g*|=a, so |w*|=a or 1+(n—1)/(]q*|—1) =b. Suppose |pq|=
2, o |g*|=1+(n-1)/(lp*|~1)=b and |w*|{—|qw|=|p*|-2. If |qw|=2
then |w*|=|p*|, while if |qw|>2 we know |q*|=|w™|. This proves (a).

From py, we see that n=1+(a—1)(b—1). For any 2-point line uu’,
n=1+(u'|-1)(ju"*|-1). Since |u*| and |u™| are a or b, while a—b=
1-2#0, it follows that uu’ meets both A and B.

Finally, consider a line M with [M|=m>2. If M<c A then [M|=1 by
(#) (since n=1—al+a? already). It remains to eliminate the case M N
B# (. But here, we know McB. Let veM and wev'—M. Then
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[w*|—|wo|=b—|m]|. If [wo|=2 then wwN A%, so we A and 2—m=
a—b=1-2>0. Thus, each line meeting M must have m points, and
hence lies in B. Thus, the connected component of 4§ containing M lies
entirely in B. Since A # {J and 4§ is connected, this is a contradiction. This
completes the proof (y), (8), and hence of (3.2).

DEerFmniTiONs. 1. A Moore geometry has type (s, t) or (a, b, ) according
to whether (3.2 1) or (3.2 II) holds.

2. A Moore geometry of type (a, 3, 1) is called trivial. It consists of an
I-point line L ={x,, ..., x;}, and 1+ 1 other points 2, y,, ..., y, With lines
L, {x, yi}, and {z, y:.}. Here, A=LU{z} and B={y,,..., y}. A Moore
geometry of type (1, 1) is also called trivial.

3. In a Moore geometry of type (a, b, ), an i-line (i=2 or I) is a line
having exactly i points.

4. A subgeometry of a Moore geometry 4 is a subset F of points which
is a Moore geometry under the induced adjacency. Thus, x, ye F and
x#y in 4 imply x o y e F. Clearly, if S <€ AutT then the set F(S) of fixed
points of § is either a subgeometry or satisfies F(S)< x* for some x.

Remarks. No relationship is known in type (a, b, [) between |A|, |B|
and g, b, | (except for |A|>|B|; cf. (3.8)). Examples of non-trivial Moore
geometries of type (a, b, I) will be given in (3.5) and (3.7). No Moore
geometries of type (s, t) are known with s>1; the following result
provides a few restrictions on the parameters s and ¢

Lemma 3.3. The following hold for a Moore geometry of type
(s, )#(1,1).

(1) A= V{s(s+41)} is an integer.

(i) A divides s*(t+1)}{(s—2)t+1}.

(iii) There are {1+ s(t+1)(st+1)}(t+1)/(s+1) lines.

(iv) An incidence matrix 4 has rank equal to the number of points.
W) t>s.

(vi) s=1 implies that t=2, 6, or 56.

(vii) s#2.

Proof. (i) and (ii) follow from standard eigenvalue considerations: in
(2.1), A=J(s*+4st), and 6(1) is an integer.

(iii) Count flags.

(iv) Some incidence matrix D satisfies DD'=(t+1)I+ A. By (2.1),
—(t+1) is not an eigenvalue of A.

(v) This follows from (iv). (Alternatively, let well(L). Then w is
collinear with exactly s+ 1 points not in [l (L), one in each x*—L, xe L.
Thus, t+1=s+1. By (i), t#5.)

(vi) This is well-known ([9], [12]).

(vii) Suppose s =2. Then A*=4(1+2¢). By (ii), V(1+2¢) divides t+1,
whereas (1+2¢t+1)=1.
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Remarks. Note that when s =4, (i) and (ii) state merely that /(t+1) is
an integer. Thus, s=4 is the most likely candidate for s if a Moore
geometry of type (s, ) is to exist with s>1. On the other hand, (ii)
implies that, for s# 4, t is bounded by a function of s.

Both (v) and (vii) are well-known results: (v) asserts the non-existence
of finite generalized pentagons with more than 5 points; and (vii) is the
Friendship Theorem.

One can also study D'D and the adjacency matrix of the dual of 4.
However, these do not seem to provide any additional information.

DEerNTTION. Let 4§ have type (a, b, I), with A and B as in (3.2). Define
(B, A) to be the incidence structure have B as set of points, A as set of
blocks, and incidence relation ~. Then any two points are on a unique
block, and each point is on exactly b—1 blocks. Note, however, that some
blocks may be on no points!

Lemma 3.4. If (B, A) is a design, with k points on each block,
then Kk*-(-1)k—-(b-2)=0, k’—k=0 (modl-1), and
(a+1)a-k)a—k—1)=0(mod I).

Proof. Suppose each block is on k points. Then |B|=1+(b—1)(k—1)
and |A|={1+(b—1)(k—1}b—1)/k. Since |A|+|B|=1+(a-1)(b—1), it
follows that a—-1=k—-1+{1+(b—1)Xk—~1)}/k. As a—b=1-2, this
proves the first assertion.

If xe A, then [x*NB]=k and |x*N A|=a—k. Here, x*N A is a union
of I[-lines. The number of such lines is (a—k—1)/(I—1); then b—2=k
(mod I - 1) implies the second assertion. Finally, there are exactly [A{(a—
k—1)(1-1)"*/l I-lines. Since |A|=(b—1)(a—k)=(a+1)a—k)(modl),
this proves the lemma.

That the hypotheses of (3.4) can actually be satisfied is seen from the
following example.

Example 1. Let a be an affine plane of order I Denote by A its set of
lines and B its set of points. Join two members of A if they are disjoint,
and members of A and B if they are incident. The result is a Moore
geometry of type (21, I+2, 1), called an affine Moore geometry.

Exarr}ple 2. Starting with an affine Moore geometry as above, adjoin a
new point to each l-line, and a new line containing all new points. The
resulting Moore geometry of type (21+1, 1+2, [+ 1) will be called projec-
tive.

Example 3. Let 6 be a polarity of a finite projective plane of order n.
Let A and B be the sets of nonabsolute resp. absolute points. Join two
points x and y if x#yex®. The resulting Moore geometry of type
(n+2,n+1,3) will be called polar. (There is a unique example %,; when
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n =3, and two examples when n =4, one of which is also affine; the other
is denoted %,,.)

Prorosrmion 3.5 (W. Bridges). A Moore geometry of type (a, b, 1) is
polar if and only if 1 =3.

Proof. Suppose | =3, and regard the points of 4 as both the points and
lines of an incidence structure. Call x and y incident if either x~y or
x =y e B. It is then straightforward to verify that the result is a projective
plane of order b— 1. Moreover, there is an obvious polarity, and hence 4
is polar.

Lemma 3.6. Every Moore geometry of type (2L 1+2,1) is affine or %,,.

Proof. Let |[L|=1 and x€ L. Note that |x*—L|=a—-1=1

If well(L)NB, then [w*N(x*—L)|=1; these intersections account
for 1 of the b=1+2 points of w*. Thus, w is joined to a unique point of
[T (L), which must be in A by (3.2 ).

We claim that I1(L) contains two joined points of A. For suppose not.
If ze ANTI(L) then |z*NII(L)|=a—1=1, so z is joined to I—1 points
of [I(L), all in B. It follows that [] (L) splits up into {(a — 1)*/l =1 sets S of
size I, each consisting of a point of A joined to [ —1 points of B. Let z€ S.
Then each of the [—-1 points of §—{z} is joined to a point of x*— L, and
each such point must be in A (by (3.2 8)). Thus, x*— L consists of an
I-line L. and a point b, € B. Since each point of S —{z} is joined to a point
of L., necessarily z ~b.. Since x € L was arbitrary, we see that z*—{z}<
B. However, there is a point well(L)NB not joined to z. Then
z o w € B, which is not the case.

Thus, there is an I-line M with [IMNII(L)|=2.

Case 1. MgII(L). Suppose that MNx*={u}. Then xuc<A and
[x*—(lUxu|=a—(2I-1)=1. Thus, x* = LUxuU{p} with pe B. Let z ¢
M—{u}. Then |z*NII(L)|=a~1=1 implies that z*NTI(L) contains a
unique g# M. Consider q o x. Since q~ z ~u, we cannot have g x € ux.
Thus, gex=p, so qe A. But gz contains at least [—1 points of
[T(L). Thus, I-1=2 and ¥ has type (6,5,3). Now (3.5) applies.

Case 2. M<cII(L). Each point of M is joined to a different point of
x*—L, and no two of the latter points can be collinear. Consequently,
x*—L<c B. As x€ L was arbitrary, it follows that B=J{x*~L|xeL}
and A=LUII(L). 1f ze (L) then |2*NTI(L)|=a-1=1s0 z*NTI(L)
is a line. Thus, II(L) is partitioned into I lines of size ..

Each point of B is joined to I+ 1 points of A. Each point of A is joined
to ! points of B. Two points of B are joined to a unique point of A.
Hence, (B, A) is an affine plane, and the lemma follows easily.
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THEOREM 3.7. If 4 is a non-trivial Moore geometry of type (a, b, 1), then
a=2l+1, unless 4 is affine, projective, 6,5 or 4,.

Proof. Suppose a<2lL Then b=a-1+2=<Il+1. Let |[L|=L If pe
BNII(L) then p* contains the I+1 points p and xop, xe L. Thus,
pNII(L)={p}. Moreover, x°pe A implies that |x(x°p)|=1 so |x*|=
21—-1 and hence x* is the union of two I-lines.

Similarly, if ze A NII(L) then z*NII(L)NB=@ and |z* N II(L)|=
a-1<l Thus, z*NII(L)=L'—{x ° z} for an I-line L' and a point x€ L.
Once again, x* is the union of two [-lines.

Thus, in any case we may assume x* =L UM for some x and I-lines
L, M. Each point of 4 is collinear with some point of L or M.

Let pe B be joined to we L, say. Let ue M—{x}. Then y=pecu€A.
Thus, |uy|=1 and u*=MU uy.

It follows that, if M and all its points are deleted from 4, the result is
still a Moore geometry, of type (a—1,b,1—1)=(21-2, b, 1—1) where
b=2+(a—1)—(—-1)=1+1, unless [—1=2 and the result is a Moore
geometry of type (1, 2). In the former case, 4 is found to be projective by
(3.6), while in the latter case 4 is 9,5 by (3.5).

One other indication of the significance of the incidence structure (B,
A) is afforded by the following straightforward

Lemma 3.8. For any Moore geometry of type (a, b, 1), an incidence matrix
of (B, A) has rank |B|; moreover, |B|<|A|.

Proof. By [6], p. 20, the indicated rank is |B|, and |B|<|A| with
|B|=]A| if and only if (B, A) is a projective plane. However, the latter
case cannot occur, since A contains two (joined) points which are not
joined to a point of B.

Consequently, if Aut g is transitive on A, then it is also transitive on B.

A point in a Moore geometry of type (a, b, I) will be called isolated if it
isin A and is on no I-line.

PrOPOSITION 3.9. Let 4 be a non-trivial Moore geometry of type (a, b, l).
Let A and B be as usual.

(i) Assume that q is isolated. Then q is unique, |B|=a—1, and each
point of A—{q} is joined to exactly one point of B. If N denotes an
adjacency matrix of the graph induced on A—{q}, then (N+I)x
(N*=(1-3)N—(a—2)I)=(a—2)J=NJ (where I and J are the identity and
all-one matrices).

(ii) If no two l-lines meet, then 4§ is affine.

(iii) If some l-line meets all others, then § is projective or ;..

Proof. (i) First of all, q is collinear with each point of B (since q#p€ B
would imply g~ qe°p~ p with g°pe A and |q(q°p)|=I). Thus, a—1=|B|.

5
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If xe A—{q} then q°x must be the only point of B joined to x. In
particular, g is the only isolated point.

ILet N, and N, be the characteristic functions of the relations
{(x,y)|x,ye A-{q}, x#y,xoye A} and {(x,y)|x,ye A—{q}, x#y,x°
yeB}. Then N*=(a-2)I+(I-2)N+N,, NN,=N,, NJ=(a-2)J, and
I+N+N2+N3=J

This implies (i). (Note also that N3=(a—I)Ns+(a—1-1)I)

(ii) Suppose first that there is an isolated point g. Let x € A —{q}. Then
(i) and our hypothesis imply that |x*|=2+(I—1), so a=1+1, whereas 4
is non-trivial.

Thus, the I-lines partition A. It follows easily that (B, A) is an affine
plane, as required.

(iii) Let M be an [-line meeting every l-line. Then each non-isolated
point of A — M is on a unique [-line,-and hence is joined to a — I points of
B. Since a—1>1, no isolated points exist by (i). Let pe B. If p~xe M,
then x is the only point in x* joined to p. If p~x& M, let y be the point
of M on the unique I-line through x; then x is the unique point of y*
joined to p. Consequently, b—1=<1[ so a—I+1=</ and (3.7) applies.

CoroOLLARY 3.10. In (3.7), a#21+1 if I>3.

Proof. Assume a =21+ 1. By (3.9ii), there is a point g on exactly two
I-lines L, M. Let g’eq* N B and pe B—(q*NB). Then q~q°pe A, so
we may assume qopeL. Then xe M —{q} implies that x#p and x°pe
A. Thus, each point of M is on two I-lines.

Label the points of M as qi, ..., q. Let M and L, be the two [-lines on
q. If x;e L,—{q} for each i, then either x,° x, is one of the points of
x7 N B, or x, is on an [-line # L, through x,. It follows that we can choose
X1, X2, X3 With x;° x; € A. But then either x;ox;=x,°0x5 OF X;° X, # X, ° X3
implies that some point (x, o x; or x;) of A is on at least three I-lines.

4. Involutions

Let 6 be a non-trivial Moore geometry with n points, o an involutory
automorphism, and F= F(o). Severe restrictions on F will follow from
the next lemma.

Lemma 4.1,
(i) If x° ~x for some x, and L = xx°, then |[FNII(L)|=|x*-L|.

(ii) If z& F, then there is either exactly one line on z meeting F or exactly
one fixed line on z. In any case there is at most one line on z meeting F.

(iii) F contains two collinear points.

Proof. (i) If yex'—L, then y’e(x°)'~L, so y#y° and yecy’e
FnN H(L). Conversely, if we FN Il (L) then w=(xeow)e(xow)°,

(i) If z°# z then zoz° € F. If z° ~ z then 227 is the only fixed line on z.
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It remains to show that z~x, ye F and x# y imply y € xz. But if y# xz,
then x, z, y, z° is a quadrangle.
(iii) If x” ~ x for some x, this follows from (i) and the non-triviality of 6.
If x°#x for all x, but F={u}, then x"ox=u for all x# u, and this is
absurd.
THEOREM 4.2. If § has type (s, t)# (1, 1), then one of the following holds
for F(a).
(i) s>1 and F=x" for some x; also, a(o)=0 if s is odd.
(ii) s>1 and F is a subgeometry of type (s, t'), where t=st'(t +1);
also 2t +1|s*>—2s—4 and a(o) =0 if s is odd.
(iii) (s, ©)=(1,2) or (1,6), and either |x*— F|=0 or 2 for some x, or F is
a subgeometry of type (1, 2).
(iv) (G. Higman.) (s, t)=(1,56) and |x*—F|=2 for some x, x(o’) =56,
a(o)=112, and o is an odd permutation of the points of 8.

Remark. Here x(o) and a(o) are as in (2.1).
Proof. The cases (s, t)=(1,2) and (1, 6) are left to the reader.
LeEmMMA 4.3. If F is a subgeometry of type (s, t'), then (4.2 ii) holds.

Proof. Suppose first that a(o)>0 and s is odd. Necessarily LN F=
for some fixed line L. Then (4.1i) yields |F|=st, whereas |F|=
1+s(t'+1)st’+1). Thus, s=1 and t=1+(¢'+1)*. Since t=56 and t'=
1,2, or 6 by (3.3 vi), this is absurd.

Thus, a(c)=0 or s is even. By (4.1ii), the number of pairs (x, z)
with z¢ F and xe FNz* is

| {s(t+1)—s('+1)}=n—|Fl.

Thus, t=st'(t' +1).

In (2.1) and (3.3), A=s2¢+1). By (2.1), if a(o)=0 then
A divides (s—2):-[1+s(f+1)(st'+1)]+2st+5+2=s(s*t?+s*+st' —
2t +5). Thus, s*—2s—4=0 (mod 2¢' +1). In particular, if s=1 then t=6.
(Note the similarity of this case to Baer involutions of projective planes.)

LeMMA 4.4. F cannot be a subgeometry of type (s', t') with s>5s'.

Proof. Suppose F has type (s',t), with n' points and b'=
n'(t'+1)/(s'+1) lines, where s>s'. Then the union of the lines in F
contains b'(s—s’) points not in F. If w is one of these, then w’ ~ w; if
L =ww® then st=|II(L)N F=(s't)* by (4.1).

Let z& F. We claim that z° ~ z implies that |2z° N F| =s’+ 1. For, if not
set M =2z° and note that |II(M)N F|=st=(s"t)*. Since IMNF|<1, it
follows that MNF is a point x and F<x*UIl(M). Thus, |Fi=<
1+5s'(f +1)+(s't)?, which is not the case. This proves the claim.



320 WILLIAM M. KANTOR

Next, suppose z°7 z. Then z°2° € F, and by (4.11i) this is the unique
point of F joined to z.

Now count in two ways the number of pairs (x, z) with z¢ F and
xeFNz*:

ns(t+1)-s'('+1)]=b'(s—s") - (s'+1)+[n—n"—b'(s—59]- 1.
Plugging in st=s"t" and simplifying yields
sP1+20+5't)=s(1+2s" +5't).

Since (s’, 1+25'+ 5ty = 1, necessarily s | 5. If s”=s, then 2¢'=2s’, which
contradicts (3.3v). Thus, s=2s5", so 1+2t'+s'¢'=2+45'+2s't, and
hence 2¢'>1+s't. Now s'=1, so 1+2t'+1' =s(1+2+¢). Consequently,
s=3t'+1)/(t'+3). Then 1<s<3 contradicts (3.3 vii).

LemMma 4.5. If FS x*, then either (4.21) or (4.2iii) holds.

Proof. If xe L =L", then (4.11) implies L € F. Thus, F is a union of
lines on x. In particular, |F] =1 (mod s).

Suppose a(o)=0, and let y»x. Then y“#y, so yoy” € F. Since y was
arbitrary, yoy” = x°y can be any point of x*— L. Thus, we obtain F=x".
By (2.1), J{s(s+4¢t)} divides (s—2}{1+s(t+1)}+2st+s+2=5(t+1).
Thus, s# 1, so (4.21) holds in this case.

Now assume a(c)>0, and let x& M = M". Suppose s is odd. Then
MNF=4, so |F|=st by (4.1i). Since |F]==1(mod s), necessarily s =1
and |F]=56. There is a point y € x* moved by o. If ue y*—{x, y}, then
u® ~ u (as otherwise, uou” € x*, whereas y = uox). Thus, a(o)=2-56 and
(4.2 iii) holds.

Consider next the case s even. Here, each fixed line meets F. Let y € x*
and zey'—xy. If z°#z then z°cze Fcx*,s0 y=x0z=2%2 If 27~z
then zz° meets F, and y =xcz € zz° N F. Thus, F=x" here.

LemMA 4.6. F cannot be a subgeometry of type (a, b, I).

Proof. Assume it is. Let L and L’ be lines with [LNF|=2 and
[L'NFl=L Recall that [>2 by definition, so s+1>2 here. Also 2=
s+1= ] (mod?2).

By (4.1i), [FNII(L)=st, while by (3.2), [FNII(L)|=(a-2)(b-2).
We claim that [ =s+1. For if not, then (4.11) implies that [FNII(L")|=
(a=0)*=st s0 (a—1)’=(a—2)(b—2)=(a-2)(a—1), whereas [>2.

Now Il=s+1 and st=(a—-2)(b-2)=(a~-2)(a—-s—-1), so
a’*—(s+3)a+2s+2—-st=0. Hence, if 3>0 and 3=
(s+3)’—8s—8+4st=(s—1)’+4st, then I is an integer. By (3.3i), A=
J(s*+4st) is an integer. Clearly, A>3, 50 2s—1=A"-3’=A+I>s5+s.
This contradiction proves (4.6).

Finally, (4.2) follows from (3.2) and (4.3)4.6).
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CoroLLARY 4.7. (G. Higman.) Every involution of a Moore geometry 4
of type (1,56) is an odd permutation. Aut§ is not transitive on points.

Proof. Set G=Aut¥%. If |G|=2 (mod4) and |G,| is even for some
x, G cannot be transitive on 1+57° points.

Remark. For 4§ as in (4.7), 3 ¥ |Aut|. To see this, assume ge Aut$
has order 3. Then a(g)=0 in (2.1), so we obtain ~x(g)+115=
0 (mod 15). Consequently, x(g)>5 and F(g)cx* for some x. Let ye
F(g)—{x}. Then g acts on y"—{x, y}, a set of size 56. Since g fixes no
point of y*—{x, y}, this is impossible.

Elementary considerations involving fixed point sets and transfer now
imply that G=Aut% has order dividing 2-5°:7%-11-13-19, and that
0*(G)/Oys,11)(G) is cyclic of order dividing 72 - 13 - 19. Moreover, G has a
normal Sylow 11-subgroup.

CoroLLARY 4.8. Let § be a Moore geometry of type (s, t), s>1, and
suppose G < Aut§ fixes the line xy. If |G(x*)| and |G(y*)| are even, then
{oeG|a’=1 and F(g)22* for some z€ xy} is an elementary abelian
2-group.

Proof. [G(x*), G(y")]<G(x")NG(y*). If an element g in the latter
group moves some point u, then {xou, u, you, u*} contains a triangle or
quadrangle. Thus, [G(x*), G(y*)]=1. Let o€ G(x*) and e G(y"*) be
involutions. Then o7 is the identity on only one line through x or y. By
(4.2), F(or)=2z"* for some z, and clearly z € xy.

Let o' be another involution in G(x*). Then o't = 1¢’. Also, by the last
paragraph, ¢’ - or = o7 - ¢’ since clearly z# x. Thus, oo’ =0¢'c. Hence,
oc’ is 1 or an involution in G(x*). This proves the corollary. (Note the
similarity between this proof and a standard argument concerning projec-
tive planes; cf. Artin [1], p. 57.)

COROLLARY 4.9. Let S be a 2-group acting on a Moore geometry of type
(s, t) with s odd. If F(S) is a subgeometry, then it has type (s, t") with t=
st'(f +1).

Proof. Deny! By (4.2), there are 2-groups S§ and T with S>T,
|S: T]=2, F(T) a subgeometry of type (s, t') with ¢t =st'(t'+1), and F(S)
a subgeometry of type (s, t") with t'=st"(¢"+1). But then ¢’ > s> by (3.3).
Since 2t'+1|s*—2s—4 by (4.2), this is impossible.

Remark. Suppose 4 has type (s, f) with s>1 odd, and g€ Aut 4 has
order 4. If F(g?) is a subgeometry of type (s, t'), then F(g*) = F(g). For
otherwise, x(g)=1+s(t'+1) by (4.2, 9). Since ¥ contains no quadrangles,
while s is odd, a(g) =0 by (4.2 1, ii). Thus, (2.1) implies that A =s(2f' +1)
divides (s —2)[1+ s(¢'+1)]+2s(¢t+1)—(s—2). This leads to the contradic-
tion 2=0 (mod 2¢' +1).
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THEOREM 4.10. Suppose o is an involutory automorphism of a non-trivial
Moore geometry of type (a, b,I). Set F=F(o), and let A and B be as in
(3.2). Then one of the following holds.

(i) F=x" for some x.

(i) Fcx*, xe A, x*—FcB, F is a union of lines through x, |F|=
a—1>2, and some fixed line is disjoint from F -and contained in A;
moreover, x is unique unless a—1=1and F is a line.

(iii) F is a subgeometry of type (I1—1,1t) for some t, and Fc A.

(iv) F is a subgeometry of type (1,t) for some t>1, FZ A, F¢ B, and
each fixed line meets F. Moreover, | ANF|(a—t—-2)+|BNF|(b—t—-2)=
n—|Fl+ j(l1—2), where j is the number of l-lines meeting F exactly twice.

(v) F is a subgeometry of type (a', b', l) for some a', b'.

(vi) F is a subgeometry of type (a’, b', 1) with I>1' and a—1=(a’—-I')".
Each 2-line of F is contained in a 2-line of 4. Every fixed line meets F.

Remarks. Note that no analogue of (2.1) is available here. Also, |A|
and |B| are not known, and in (v) and (vi) the relationships between
A, B, A’ and B’ are not clear. Hence, one cannot expect results quite as
precise as (4.2).

Proof. By (3.28) and (4.1i), if L=L°2F, then |L|=1 L< A, and
[IFNTI(L)}=a-1=b-2. Let n be the number of points of 4.

Suppose F< x*. By (4.11), F is a union of lines through x. As in the
proof of (4.5), some fixed line M is not on x. By (3.2 §), Mc A. If now
FNM=( then |[Fl=a—1 by (4.1i). Here {zox|zeM} is a set of I
points of x*—F. Hence, |x‘|=(a—l)+l=a=b—1+2>b,so xe A. Then
also {zox|zeM}=x"-F consists of pairwise non-collinear points, and
hence each corresponding line x(z°x) has just 2 points. Thus, x*—F< B
by (3.2 8). Moreover, now |F|>2. For if F={x, y} then |xy|=2, y€eB,
and F< y*, which we have seen cannot occur.

Consider the case FN M ={u}, so | is odd. By (4.11i), |F|=|xu|+(a-1).
As |M|>2, ue A. If [xu|=2 then xe B, so b=|x*|>|F|=2+a-1=b. If
|xu]=1then x€ A, so a=|x'|>|F]=l+a-1L

Thus, F< x* implies that (i) or (ii) holds. From now on, we may assume
F is a subgeometry.

Suppose first that F has type (s, t) with F€ A (which certainly holds if
s>1). Assume s+1<L Then s’*=a—1 by (4.1i). Then also by (4.11),
no fixed line can miss F. By using (4.1 ii), the number of pairs (x, z) with
z2 F and xe z"N F is found to be

[Fla=1-s(t+1)=|F (t+1)(s+1)'(I-s—1) - (s +1)
+[n—|F~|FA (+1)(s+1)(I-s-1)]- 1,

where |F] (t+1)(s+1)"'(I—s~1) is the number of points not in F lying on
lines of F. Since s’*=a—-I1=b~-2 and n=1+(a—1)(b—1), it follows
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(after simplifying and dividing by s*t®) that (a—1)(1+2s+st)=s(t+1).
Here, (1+2s+st, s’ (st+1))=(1+2s+st, —25) =(1+2s+st,2). It follows
that st+2s+1 divides 2(s+1)>. By (3.3v), st+2s+1>(s+1)>. Thus,
st+2s+1=2(s>+2s5+1). Now 1=2(mods), so s=1 and t=5, which
contradicts (3.3 i).

Thus, if F has type (s, t) with Fc A, then (iii) holds. Suppose F has
type (1, t) and FZ A. Since F contains a pentagon, by (3.2 8) there is an
I-line L with |[L N F|=2. Thus, [ is even. By (4.11), [FNII(L)|=a-1=
b -2, where |FNII(L)| = t*. Since 4 is non-trivial, it follows that t> 1. By
(4.1i), every fixed line meets F twice. By (4.1ii), the number of pairs
(x,z) with z¢ F and xez*'NF is

|ANF|(a—t—2)+|BUF| (b—t-2)=j(I-2)-2+[n—|F- j(I-2)]-1,

where j(I—2) is the number of points not in F on some line of F. This
proves (iv).

Finally, suppose F has type (a’, b’,l'). Here I'>2. Let |[FNL|=1, so
IL|=1 If (v) does not hold, then I>1'. By (4.1i), |[FNIl(L)|=a-1=
(@'-17. Let |[FNM|=2. If |M|=1l then |FNII(M)|=a-1=
(a'—2)(b'—2) by (4.11); since b'—2=a’'—1'#a’'—2, this is a contradic-
tion. Moreover, if some fixed line met F in at most one point, then (4.11)
would yield |[Fl=a—1 or (a—1)+a’, whereas |F|=|FN H)(L)|+a'l'. This
completes the proof of (4.10).

CoroLLARY 4.11, In (4.10), if | is even, 9§ is neither projective nor 4,5
and F is a trivial Moore geometry of type (a',3,1'), then I'=1 a=31+1,
b=21+3, and there is a fixed line M with MNF= .

Proof. Let |FNL|=!. By definition, I'>2, so |L|=1L Also,
|[FNII(L)|=1. Since ¥ is non-trivial, a—1>1, and hence by (4.10 vi),
I'=1and |F]=21+1.

Let L, be a line with |LoN F|=2, and suppose |Lo|= L Then by (4.11),
a-1=|Fnll(Ly)|=1-1, so a=2I-1. This contradicts (3.7).

Consequently, L is the only Il-point line meeting F. Since Lc A, it
follows from (3.28) that FN[[(L)={u}< A and (u*—{uh)NFcB.
Thus, |[FNA|=1+1 and |[FNB|=1

Suppose next that each fixed line meets F. By (4.11i), the number of
pairs (x, z) with z¢ F and xez*NF is

1+(@a-1D)B-1)-QRI+1)=({+1)a—-a)+1(b-D).

Since b=a—1+2, b'=3, and a’=1+1, this yields (a—2)(a—1-1)=0.
Then a =2I# a’ (mod 2), which is impossible.

Thus, some fixed line M misses F. By (4.1i), 2l+1=a~1=b-2, as
required.
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The cases of affine or projective Moore geometries, which appear as
exceptions in (4.10ii) and (4.11), can actually occur. We leave it to the
reader to translate properties of involutions of affine or projective planes
([6), p- 172) into the language of Moore geometries. The example of Baer
involutions of affine planes has the following partial characterization.

ProprosITiON 4.12. Let § be a Moore geometry, and o an involution such
that F=F(o) is an affine subgeometry of type (2I',1'+2,1"). Then one of
the following holds.

(i) 8 is affine of type (217,17 +2,17).

(ii) 6 has type 2I"+20,217+1'+2,1"; ANF, BNF is the natural
partition of F; and some fixed line misses F.

(ili) 8 has type (21,21 -1'+2,1); ANF, BN F is the natural partition
of F; and each fixed line meets F.

(iv) 8 has type (28, 26, 4), I'=4,|AN F|=30, |[BN F|=6, some 4-line
meets E just twice, and each fixed line meets F.

Proof. By (4.2), 4 must have type (a, b, I), say. Let A and B be as usual
for 4, and let A’ and B’ be as usual for F= F(o). We will have to relate
A’ and B’ t0 A and B, using properties of F. Each point of A’ is on an
U'-line of F,so A'c A.

Consider (4.10 vi). Here, each point of B’ is on a 2-line of F, and hence
isin B by (3.2 8). Thus, A’= A NF and B'= BN F. Each fixed line meets
F, and there are exactly I'+1 such lines of size . Thus, we can use
(4.1ii) to count the number of pairs (x, z) with z€ F and xe z* N F:

|A| (a—a)+|B'| (b= b)=[n—|F-(I'+1)(I-1]- 1
+I+1)(I-1)- 1.

Here, |A'|=1"+1, |B|=17, and b—2=a—-I=(a’'-1')*=1" It follows
that =17 and a =217, as desired.

Now consider the case (4.10 v), where I =1". Suppose first that some
fixed line M misses F. Then a—1=|F}=21"+1 by (4.1 i). Again by (4.11i),
no l-line can meet F just twice. Thus, no point of B’ can be in A, so
A'=ANF and B’=BNF. This is the conclusion of (ii).

It remains to consider the possibility where each fixed line meets F. Set
i=|ANB’|. By (4.1ii), the number of pairs (x,z) with z¢ F and x¢
z'NFis

|[A'l(a—a)+i(a-b)+(B'|~i)(b—b)=[n—|F—i(b'~1)(I-2)]
x1+i(b'-1)(1-2)-2,

where i(b'—1)(I—2) is the number of points not in F lying on lines of F.
Here, |A/|=1?+1 |B'|=1?, a’=2L and b'=1+2.
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Suppose i=0. Then
F+Da-2D+P(b-1-2)=1+(a—-1)(b-1)-(2I+1).

Since b—2=a-1, this yields (iii).

Finally, suppose i#0. Then some [-line L satisfies |[FNL|=2, so | is
even. By (4.10), a—I=|FnIl(L)|=(a’-2)(b'-2)=(21-2)L It follows
that I(21—-3)=i(l1—2), and hence that (iv) holds.

A similar result holds when F(o) is projective or polar,

5. Geometries having many involutions

Throughout this section, we will consider the following situation. Let 4
be a Moore geometry of type (s, t), s> 1, such that for some G <Aut%,
|G(x")] is even for every point x. We may assume that G is generated by
its involutions.

By (4.8), E(L)={c€ G|o’=1 and oe G(x*) for some xeL} is an
elementary abelian 2-group for each line L. Clearly E(L)= G.. Write
E(x)=E(L)N G(x").

LeEMMA S5.1. Let z be a point such that E(L)y = E(z) whenever LN M =
{z}. Then the following hold.
(i) tis even.
(ii) G, is transitive on the set of lines through z.
(iii) If ze L then G.. is transitive on (E(L)/E(z))*.

Proof. E(L) is semiregular on the lines #L through z. This proves (i)
and (ii). Let bars denote images in G./E(z). Suppose LNM={z}, o€
E(L)—E(z), and e E(M)—E(z) are such that & and 7 are not G,-
conjugate. Then (&) contains an involution g, and g is conjugate to &
or 7 in (@, 7). Then_gge E(N) for some N on z, and ¢ fixes N. Thus,
N=L,so g=ddge E(L) and 7 fixes L. This contradiction proves that all
involutions in E(L)/E(z) are conjugate in G,, and hence in G,;.

LEMMA 5.2. There exist lines L and M such that LN M ={x} is a point
and E(L)y > E(x).

Proof. Deny! Then G is transitive on lines by (5.1ii), and hence on
points by (3.3 iv) and [6], p. 21. In particular, |E(x)| = e is independent of
x, and |E(L)]=1+(s+1)(e—1) for each L. Since e divides |E(L)|, e|s.
Now s and ¢ are even.

Let SeSyl1.G. Then S fixes some x and some line L on x. By
hypothesis, E(L) is strongly closed in S with respect to G. Since G is
flag-transitive on 4 by (5.1ii), G, is transitive on the subgroups E(y),
y € L, and hence acts irreducibly on E(L). Consequently, by Goldschmidt
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[7], G/O(G) is isomorphic to PSL(2, q), Sz(q) or PSU(3, q) (where
g=|E(L)), PSL(2, q) (4 0dd), or a group of Ree type.

Clearly, E(LYNE(M)=E(x) whenever LNM={x}. By (3.3vii),
[E(L)l=1+(s+1)(e—1)#4, so |S|#4. If G/O(G) is of Ree type, then
E(L)=S and two conjugates of S exist whose intersection has order 4,
whereas |E(L)]=8 and e=4 cannot both hold. Thus, G/O(G) is
PSL(2, q), PSU(3, q) or Sz(q), where q =|E(L)|.

If LN M={x}, then E(L)O(G)= E(M)O(G). The connectedness of 4
now implies that E(L)O(G) is independent of L. Then G = E(L)O(G),
which is ridiculous.

LemMma 5.3. If LN M={x} and E(L)s > E(x), then
() [E(M)|s|E(x)),

(i) E(L) and E(M) normalize one another, and

(iii) E(L)E(M) fixes exactly one point of 4.

Proof. Let 7€ E(L)w—E(x), so reE(u) with ueL—{x}. Then
Cewo(7) = E(x). Regard T as a linear transformation of the GF(2)-space
E(M). Then Im (r—1)<Ker (7—1)= E(x). This proves (i).

Let o€ E(M). Then o0 'elm(r—1)<E(x), so e E(x)<E(L),
and hence 77 € E(L). Then “ € E(u”)N E(L) implies that u® € L. Thus,
L = xu = (xu)®, so E(M) fixes L. Interchanging L and M proves (ii), while
(iii) is obvious.

LeMMma 5.4. For each point x and line L, |E(x)|=s and |E(L)|=s".

Proof. By (5.3iii), there is a unique orbit x® which contains points
fixed by Sylow 2-subgroups of G. Set |[E(x)|=e.

Suppose G is point-transitive. Then |E(L)|=1+(s+1)(e—1) for each
line L. Since e divides |E(L)|, e|s. By (5.3i), some L exists with
|E(L)|<¢€? so s<e. Thus, e =5 and the result holds in this case.

We may thus assume that G is not transitive. Let z£ x°. By (5.3), we
can apply (5.1) to z. In particular, ¢t is even and G, is transitive on the
lines through z. Choose z so that, if z € N, then |E(N)| is minimal.

Let Se Sy1,G. Then S fixes some point x and some line M on x. We
may assume E(N)=<S. Then E(M) normalizes E(N) by (5.3 ii). If M# N,
set L=M; if M=N, let L be as in (5.3). In either case, we obtain E(L)
normalizing E(N) with L # N. By (5.3), LN N ={x} and |[E(N)|<|E(x)]".

Let E(L) move z to z’'#x,2z, and choose 7€ E(2")*. Then %% ¢
E(N)—E(x). On the other hand, |+*“’|=|E(L)/E(x)|, while |7°~| is
divisible by |[E(N)/E(z)|— 1 by (5.1 iii). Thus,

|7%|=|E(L)/E(x)| ((E(N)/E(z)|-1)=|E(L)/E(x)| (E(x)|-1)
since E(x)N E(z)=1.
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We claim that |E(L)=|E(N)|. For suppose, |[E(L)|<|E(N)|. Then ve
L ~{x} implies that |[E(x)||E(v)|s|E(L)|<|E(N)|<|E(x)[*. Thus, ve x°.
Our choice of z now contradicts |E(L)| <|E(N)|.

Thus, |7°|=|E(N)|—|E(x)|. Since 7°~< E(N)—E(x), equality must
hold: |E(L)|=|E(N)|, E(N)= E(x)E(z), and Gy is transitive on N —{x}.
Set |[E(2)| =, so f<e by (5.31). Now ef =|E(N)| = e +(f — 1)s implies that
e=s.

It remains to prove that f=s, so suppose f<s. Then |E(L)|= sf implies
that x® N L ={x}. As before, G, is transitive on L —{x}, and |E(v)| = f for
ve L—{x}.

Recall that S fixes M=L or N. Let L’ be any line on x; we claim that
x®NL'={x}, G is transitive on L'—{x}, and |E(L")|=sf. For, we may
assume E(L")=<S. Then E(L’) normalizes E(M). Proceeding as before
(with M, L’ replacing N, L) we find that G, is transitive on L'—{x},
x°NL'={x}, and |E(L")|=|E(M)| = sf, as asserted.

Thus, every line of 4 meets x° exactly once. z* contains exactly ¢+1
points of x°, while each remaining point of x° is joined to a unique point
of z*—{z} not in x°. Thus, |x°|=(t+1)+[s(t+1)~(t+1)]t. Counting in
two ways the pairs (x’, L") with x'e x® N L', we find that |x°| (t+1) is the
number of lines of 9. By (3.2iii), (+1)[1+(s—1)t]=
[1+4s(t+1)(st+1))(¢+1)/(s+1). This is impossible, and hence the lemma
holds.

Remark. By [6], pp. 126, 130-132, for each L the subgroups E(x),
x €L, determine a desarguesian affine plane.

LeMMa 5.5. If t is even, then s|t.

Proof. E(L)E(M)mustfixaline N# L, M on x. By(5.4), E(L)E(M)/E(x)
acts on N—{x} as a transitive elementary abelian group. Hence, W=
(E(L)E(M)) N G(N) has order at least s*/s by (5.4). All involutions in W
are clearly in E(x). Let ue N—{x} and ue L' # N. Then W, is semiregu-
lar on L'—{u}, so |Wr{=ss. Thus, |L’"¥|=s for each L'# N on u. This
proves the lemma.

6. Proof of Theorem 1.1

Let G be a minimal counterexample to (1.1). By (3.2), G is acting on a
Moore geometry 4 of type (s, t), where s >1.

Since G, is transitive on the set of points z# x*, it is transitive on the
pairs (y, z) with y=xoz Thus, G, is 2-transitive on the set of lines
through y.

Let P be a 2-group maximal with respect to having D=F(P) a
subgeometry.
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We claim that P# 1. For suppose P=1. Then § 5 applies. In particular,
by (5.2) and (5.3), lines L and M exist with LNM={x} and E(L)
normalizing E(M). The 2-transitivity of G, implies that E(L,) normalizes
E(M,) whenever LN M, # J. Let y# x, and consider (E(x), E(y)). This
group is clearly abelian if yex*. If y# x* and u=xe°y, then the group is
contained in the 2-group (E(xu), E(yu)). Thus, by a well-known result of
Baer ([8), p. 105), (E(x)°)= O:(G). But 8 has an odd number of points
by (5.4), so this is absurd. Thus, P# 1.

If P is Sylow in G,, for some non-collinear x, z € D, then Ng(P)° has
rank 3, and this contradicts the minimality of G. Thus, Ng(P)5 contains
an involution o for each such pair x,2. By (4.2), o fixes DN(x°z)*
pointwise. Clearly, x°z can be any point of D.

Consequently, § 5 applies to No(P)°. In particular, s is even.

Let S € S,1;G,. Then each orbit of S of points not collinear with x has
length = (s*t),. Let o€ Z(S) be an involution. Again using (5.2, 3), we
find by (4.2) that F(o) must have type (s, ') with t=st'(¢’+1). Then S
acts on a subset of F(o) of size s*¢'(f+1)=st with orbits of length =
(s*t),, so (st), =(st),, which is ridiculous.

This completes the proof of (1.1).
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