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THE PROBABILITY OF GENERATING A FINITE
CLASSICAL GROUP

For Jacques Tits on his sixtieth birthday

ABSTRACT. Two randomly chosen elements of a finite simple classical group G are shown to
generate G with probability —1 as |G| — co. Extensions of this result are presented, along with
applications to profinite groups.

1. INTRODUCTION

If two elements are chosen at random from a finite simple group G, will they
probably generate G? Intuition strongly suggests that the answer is ‘yes’. The
purpose of this paper is to prove that intuition is correct, at least in the case of
a classical group G. The case of alternating groups is a beautiful result due to
Dixon [11], who also asked whether the corresponding result is true for all
finite simple groups. However, whereas his theorem is proved using
nineteenth-century results concerning permutation groups, the proof of our
result unfortunately uses the classification of finite simple groups.
We will prove the following:

THEOREM. Let G, denote a finite simple classical group, and let
Gy < G < Aut(Gy). If P(G) is the probability that two randomly chosen
elements of G do not generate a group containing G, then P(G) — 0 as |G| - oo.

The proof consists of one crude estimate for P(G) (see (*) in Section 2),
followed by a fairly standard use of the results in [1] (similar to that in [21]).
On the whole, the proof is less informative than the result itself. In Section 2
we will consider the (marginally easier) case of PSL(}V), and in Section 3 that
of the remaining classical groups. In Section 4 we note that the theorem
continues to hold for the groups 2B,(q), 2G,(q), G,(q), *D4(q) and E¢(q). Thus,
only the groups 2F 4(q), F4(q), 2E¢(q), E+(q) and Eg(g) remain to be considered.

In Sections 5-7 we consider situations involving direct products of simple
groups. First, in Section 5 we discuss the evaluation of P(G) for a finite group
G that is a product of nonabelian finite simple groups. Methods similar to
those in that section are then used in Section 6 in order to answer a question
posed by Fried and Jarden [12] concerning the probability of generating free
profinite groups. The Theorem is not used in Sections 5 or 6. Finally, Section
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7 studies the probability of generating some special types of profinite groups
by translating results about the rate of convergence of P(G) to 0 when
|G| = oo obtained in the course of the proof of the theorem.

2. PROOF OF THEOREM: PSL(V) CASE

The case of PSL(V) is slightly easier than that of the remaining classical
groups, and will be presented first. Section 3 contains the modifications
required for the remaining classical groups.

Write G, = PSL(V) = PSL(n, g), and let G, < G < Aut(G,) = PIL(V){z),
where 7 is the inverse transpose map.

Consider g, he G. Clearly, {g, h) does not contain G, if and only if it is
contained in a subgroup L of G maximal with respect to this property. Since
Pr(g, he L) = (ILI/IG))?,

ILI'\? ILI\? (1G] IL|
®  PO< (— <o) () =T
2 1G] 2 G| IL| |G|
where the last two sums are over representatives L of conjugacy classes of all
the subgroups of G maximal with respect to not containing G.

By [1], each group L falls into one of the following classes of subgroups of
G:

C,: The stabilizer of a subspace of ¥, or (if G is not contained in PI'L(V)) of
a pair of subspaces V;, ¥, such that dim ¥, + dim V, = n and either
VieV,or V=V, @V,

C,: The stabilizer of a direct sum decomposition V = @ V¥, for ¥ of the
same dimension.

C,: The stabilizer of a field extension of F, whose degree is a prime
dividing n.

C,: The stabilizer of a tensor product decomposition V =V, @ V,.

C,: The centralizer of a field automorphism.

C,: The normalizer of a symplectic-type r-group for a prime r # p (in an
irreducible representation).

C,: The stabilizer of a tensor product decomposition ¥V = ® V; for V; of
the same dimension.

Cg: A classical subgroup embedded as usual.

C,: L = N4(S), where S is a nonabelian simple subgroup of PSL(V) such
that § < L < Aut(S), and the universal cover S of S acts absolutely
irreducibly on V in a representation defined over no proper subfield of
F,. (Here, S is the largest perfect group which, modulo its center, is
isomorphic to S.)
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By [21, Theorem — or, more precisely, (4.1)], |L| < k:= ¢*>* for L in Cy. On
the other hand, in [1,§1] there is a thorough discussion of the conjugacy
classes of subgroups L of types C,~Cg, from which it follows that the
numbers of conjugacy classes are bounded above as follows:

Ci: 2n

C,, C;, C,: n (an upper bound on the number of divisors of n)

C,: log g (where, throughout this paper, logarithms are always to the base
2)

Ce 1

C,: logn

Cs 4

In each case, |G:L| >4q""'. Since |G| > 44"~ '/n, (*) becomes (with X’
denoting the sum over C,-Cgz and Z, denoting the sum over C,)

IL| ¢ L |L|

*% Gy — " —_
9 POSLig =i+ &

{Sn +logg + 1 + logn + 4} + 2n(Zg L))

n-1 n?—1

iq g

The first term is negligible, so consider the second one. Recall that |L| < k for
Lin C,.

The number of possible simple groups S of a given order s < k is itself <2
(by the classification of finite simple groups). Fix such a simple group S. The
number of (equivalence classes of) absolutely irreducible projective represen-
tations of S in characteristic p is at most 1S|, where |S| < |S}log|S). For each
such representation, maximality forces L to be the normalizer of (the image
of) S; and L is isomorphic to a subgroup of Aut(S) containing S, so that
|L| < |S}log|S]. (All of these estimates are very crude: slightly less crude ones
are used in Lemmas 1 and 3 below.) Thus,

;ILI <Y X > LY

s<k |S|=s representations of §

< k-2 klogk-klog k < 2(qg*")(log ¢*">,
so that, if n > 10, then
2n(Xo L) 4n'q9"(3nlogq)2 36n3(logq)2

nZ~1 < n2 -1 < n-—1

q q q

-0

as |G| —» oo.
This proves the Theorem for n > 10. The remaining cases can be handled
by slightly sharpening some of the above estimates in order to handle
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dimensions n > 8, and then referring to existing lists of subgroups of SL(n, g)
for n < 7. However, since a better approach will be needed for the remaining
classical groups, we present it here in preparation for the next section.

LEMMA 1. If n is restricted to be at most 9, then P(G) - 0 as |G| - o0.

Proof. The only cases needing comment are those in Cj, (i.e., the terms in
X41L|/|G|), when L has a simple normal subgroup S such that V is an
absolutely irreducible projective S-module.

If S is an alternating group A4,, then 9 > n > m — 2 [28], so that there are
0(1) terms of this sort. Of course, there are 0(1) terms with S sporadic.

Thus, we may assume that S is a group of Lie type defined over F, for some
prime power r. Let [=(S) denote the absolute rank of § and S (i.e., the rank of
the corresponding algebraic groups over an algebraic closure of F,), unless S
is 2B,(r), 2G,(r) or 2F ,(r), in which case let /(S) denote the relative rank of S
(namely, 1, 1 or 2 respectively). Since n < 9 there are O(1) terms in which
(g,r) = 1, by [20]. (Namely, that paper shows that, with O(1) exceptions,
9 > n > 42, More precisely, there are fewer than 20 exceptional groups S,
each contributing <5-108%/|G| to |L|/|G|.)

This leaves the case of terms |L|/|G| in which L has a simple normal
subgroup S whose characteristic p is that of G. Write r = p® and q = p®. Then

n> ma/(a.b)

by [21, (2.1)~(2.2)], where m = m(S) is defined to be the smallest degree of a
faithful, irreducible, projective S-module over an algebraically closed field of
characteristic p. As 9 = n > m, § is either a classical group or G,(g), 2G,(q),
2B,(q) or >D,(q) (since m > 25 for the groups F,(r), 2F 4(r), E&(r), 2E(r), E+(r)
and Eg(r); cf. [21]).

Since p* =r < |S| < ¢°" < p*"°, there are at most 27b possibilities for
r = p® Also, 9 > n > m > I; while each choice of p* and I produces at most
seven groups S up to isomorphism (there are at most seven groups of Lie type
of a given rank over a given field), so there are O(b) possible groups S. Fix one
of them. Table I gives values of m, I, 6 and M, where M = M(S) has been
chosen so that |S| < 2rM (required here) and r™/2m<|S] (required in Section
3) hold (note that, in the table, M < m* — 1 and I < m — 1 in every case),
while & is such that there are exactly r* inequivalent absolutely irreducible S-
modules in characteristic p [26]. In particular, there are at most !
conjugacy classes of subgroups of G isomorphic to §. Fix one such subgroup
and temporarily identify it with S. We have L = N (S). Since S < L < Aut(S),
IL| = Ofa-1Sl).
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TABLE I
s KS) m(S) M(S) 5
PSL(m, r), m > 2 m-—1 m m?— 1 1
PSp(2k, 1), k 3 2 k 2% Ym? + m) i
PQR2k + 1,7),rodd, k>3 k 2k + 1 Hm? + m) 1
PQ*(2k, r), k > 4 k 2% Ym? — m) 1
PQ(2k, 7), k > 4 k 2% Km? — m) 2
PSU(m, r),m = 3 m—1 m m?—1 2
2B,(r) 1 4 5 1
2G (1) 1 7 7 1
G, 2 542 r—1 14 i
3D.(r) 4 8 28 3

Verification of column 4 of this table is an elementary exercise using the orders of
the various groups [13, p. 491].

Thus, each of the O(b) simple groups S contributes O(a|S|- r*/|G|) to the
sum X4 |L|/|G|. Here,

|S]- 2rMpdt
Gl ~g” /2n

a(M +81) ~b(n? - 1)

= 4np

First assume that S = 3D,(r). Then 6 =3, 1 =4, 9 > n > m*/@» = ga/ta.b),
and hence af(a,b) =1, so that a|b. Consequently, 4np“M*+e-bn>-1)
< 4np*0~8% < 4ng~4° for this particular S.

Now we may assume that é < 2.

We claim that |S|-7°Y/|G| < 4np~ "D = 4png~ "~V In fact, we will show
that 4np™M*+3) -0~V gpp=¢-1b For since I<m— 1 and M < m? — 1,
we have

b mZa/(a,b) — ma/(a.b)

(a,b) {(a,b)/a

If 6 =1 then the right side is >(m?> —m) —(m?> — 1 +2(m — 1)) > 0. So
assume that 6 = 2 (so that, in particular, m > 4). Then the right side is >0 if
af(a,b) = 2, or if a = (a, b) but b/(a, b) = 2. This leaves us with the case a = b,
so that ¢ = r. Then

—(m?*—1+§m—1)).

Z(nz—l—(n—l))—(M+5l)>

g(nz—n)—(M+5l)>(n2—n)—(m2-1+2(m—1))

=n?—~(m+ 1)* + 3,

and this is positive unless n = m. Finally, assume that ¢ = r and n = m. Then
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§ cannot be PSU(n, r) embedded in PI'L(n, g), and hence M = {(m? — m) and
I = 3m by Table I (since 6 = 2). Now

g(n2 —n)— (M + 8l) = (m* — m) — §(m> — m) + 26m)) > 0.

This proves the claim. Since a = O(b) = O(log q), it follows that each of the
O(b) = O(log ) groups S contributes O((log g)g "~ V) to X, |L|/|G, so that
ZoILI/IG| —» 0 as |G| — co. O

REMARK. Combining the various inequalities used above produces the
(crude!) estimate P(G) < 10'°n3(log q)%/q" !, which will be needed later (cf.
Proposition 13).

3. THE REMAINING CLASSICAL GROUPS

Now we consider all of the remaining classical groups. The argument is

divided into two separate parts, according to whether the dimension n is large

(at least 21) or small. These are handled in Lemmas 2 and 3, respectively.
First we note the following simple

REMARK. Let H < GL(V), and assume that H is absolutely irreducible on
the F,-space V. If H preserves a nonsingular alternating, symmetric or
hermitian form on V; then that form is uniquely determined up to scalars. If V
has characteristic 2 and H preserves a quadratic form on V, then that form is
uniquely determined up to scalars.

Proof. The first assertion is standard. For the second, assume that f and g
are H-invariant quadratic forms on V having the same associated bilinear
form. Then it is elementary to check that f — g is a semilinear map V - F,
relative to the squaring automorphism of [, and the kernel of this map is H-
invariant. Thus, f — g = 0, so that f = g and f is unique up to scalars since
the associated bilinear form is. O

Now let G, denote a finite simple symplectic, orthogonal or unitary group,
defined on a vector space V of dimension n over F, (or F. if G, is unitary),
where we assume that G, is not isomorphic to any group of the form
PSL(n', q). If q is even, 2n > 4 and G, is PQ(2n + 1, q) we will view G, as
the isomorphic group Sp(2n, g). In all other cases we may assume that G, is
not isomorphic to a classical group of smaller dimension (thus, we are
excluding PQ(S, g), which is isomorphic to PSp(4, g), as well as the related
cases PQ*(6, g) = PSL(4, q) and PQ (6, q) = PSU(4, q); cf. [7]). In particular,
if G is an orthogonal group then we will assume that n > 7.

Let G denote a group satisfying G, < G < Aut(G,).
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LEMMA 2. If n is restricted to be at least 21, then P(G) — 0 as |G| - cc.
Proof. Inequality (#) still holds, and by [1] there are still classes C,—C,,
but with further conditions on the various subspaces and subgroups involved.
For example, subspaces are either totally singular or nonsingular, and many
of the direct sum decompositions are orthogonal decompositions, all of

which contribute additional cases.
If L is in one of these new classes C,—Cg then it is easy to check that

|G: L| > 4¢"®. In view of the description of the conjugacy classes in C,;—Cg
found in [1, §1] the following analogue of (**) continues to hold:

) PO<YA_yl ol
|G| IGl  FIGl

3{5n +logg + 1 +logn + 4} IL|

< 1,1(G) Gl

249 5' |Gl

Note that 24 |L|/|G] will involve a somewhat smaller denominator than in the
previous section: we will use the estimate |G| > ¢"©®/2n, where M(G,) is
listed in Table L.

By [21], it is still true that |L| < (¢%)*" in the unitary case, but the inequality
|L| < g" is no longer true for the remaining classical groups G, because there
is a further type of subgroup that must be considered:

E: S, <PO*(n,p) for p#2 and either n=k+1=1 (modp) or
n=k+2=2 (mod p) Sus, < PO@k +1,2), Sas, < PO*(8K,q)
S <PO*(8k+2,2), Sgess <PO"Bk+22), and Sgus<
PO~ (8k + 4, q).

In each case there is a unique class of subgroups of the indicated type. Of
course, there are additional cases produced by the listed ones, namely
embeddings of alternating groups obtained by intersecting each of the above
embeddings with the appropriate simple group PSYV).

For each of the cases in E it is straightforward to check that |L|/|G| < ¢ .
Thus, E contributes at most g~ 4© to (x+x).

Write Cy. = C; — E, and let Z,. denote the sum over representatives of
conjugacy classes of the groups in C,.. If G is not unitary then, once again,
IL| < g% for L in Cy.; write k = ¢" in this case, and k = ¢ in the unitary
case. Now we can proceed exactly as before in order to obtain that
Zo |L|/IGl < k-2-klogk-klogk/|G|. If G is not unitary then the right side is
<2q*>")*(log g>")* /(g™ ~™?/2n) (cf. Table I); while if G is unitary then the
right side is <2(¢°")(logq®)?*/(q"*~'/2n). In any case, if n>21 then
T, |LI/IG| = O(n(logq)*q~"*"), so that Z,.|L|/|G| - 0 as |G| - . 0
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LEMMA 3. If n is restricted to be at most 20, then P(G) — 0 as |G| — co.

Proof. We will assume until near the end of the proof that G < PTL(V)
(which will be the case except, perhaps, if G, is PSp(4,2%) or PQ*(8, q)).
Proceeding as in Lemma 1, we find that the only cases needing comment are
those in Cq., when L has a simple normal subgroup § whose universal cover §
acts absolutely irreducibly on V.

If S is alternating, sporadic, or of Lie type in characteristic different from p,
then (as in Lemma 1) there are only O(1) groups S and L to consider, and
hence O(1) absolutely irreducible S-representations. Each such representation
leaves invariant at most one nonsingular alternating, quadratic or hermitian
form, up to scalar multiplication (by the Remark). Hence, these groups S
contribute O(1) terms to Xg.|L|/|G|, and hence contribute O(1/|G|) to P(G).

This leaves the case of terms |L|/|G| in which L has a simple normal
subgroup S of Lie type defined over F, for some power r of p. If m = m(S),
I = KS), a and b are as before, then 20 > n = m*@? = m by [21, (2.1)-(2.2)].
Moreover, if § is not classical then it is 2B,(r), 2G,(r), G,(r) or 3D,(r) (since
m > 25 for the groups F(r), 2F,(r), Eg(r), 2E4(r), E,(r) and Eg(r); cf. [21]).

As in Lemma 1 we have r < |§] < k3" < ¢*%" < ¢3%°, so that there are at
most 360b possibilities for r, and hence there are O(b) possible groups S. Fix S.
Let & be as before, so that there are r* absolutely irreducible S-modules V to
consider [26]. Each of them admits at most one S-invariant nonsingular
alternating, quadratic or hermitian form, up to scalar multiplication (by the
Remark).

Let M, m, | and 6 be as in Table I, and let M(G,) and G,) be the

corresponding quantities for G,. Note that the table shows that
M(Go) — KGo) > (4n* — 4n) — gn = 3n* —n.

We will show that each of the O(b) groups S contributes O(n(log q)*q ~"¢*) to
the sum Xq. |L|/|G|.

Exactly as in Lemma 1, if § = 3D ,(r) then 20 > n > m*/@» = 84 implies
that a|b. Moreover, a < ib: if a = b then we would have n > 24 [21, (2.2)].
Now

40a — (M(G,) — {Go))b < 40a — (3n2 — n)b < 20b — 24b < 0,
so that

S| - r® 2pMpdt

< < 40a— M(Go)b
Gl (g"/2n)

—UGo)

4np < 4nq

From now on we may assume that 6 < 2.
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If n = m then (cf. [21]) § lies in C; (centralizing a field automorphism) or
C; (a classical group). We are assuming that this is not the case.

Thus, n > m.

There is one additional case we must single out: S = PQ(7, g), lying in
G, = PQ7(8, g) but acting irreducibly on the standard module. There is just
one conjugacy class of such subgroups of G, (e.g., by [21] again). By
considering Aut(S)/S as usual, we see that this group S contributes
0(24(10g 9)IS1/IG]) = O((log g)q ~*) to the sum Zq. |L|/|G|.

Now we will proceed as in Lemma 1. Each of the O(b) groups S contributes
O@alS|-r"/|G]) to the sum X, |L|/|Gl. Here [S|-r*/|G| < 2r"r)|G]
< 4nrM T /gM (G0 and we will show that the right side is <4ng %), That is,
we will show that

A= —Z(M(Go) ~KGo) —(M+6)>0

where we are assuming that n > m.
First suppose that S = PSL(m, r) or PSU(m, r). Then

A?g(%nz—n)—(m2—1+2(m-—l))

2af(a,b) __ #,..a/(a,b)
, bom 2m

>2 (a,b) (a,b)/a

— (m?* + 2m - 3).

If a/(a,b) > 2 then the right side is positive. Thus, we may assume that a|b.
By [21, (1.1)], n = 4m(m — 1). If m > 5 then n > im(m — 1) > 2m, so that

b
A?;%nz——n)—(m2+2m—3)>0.

It remains to consider the cases in which m < 4.

Let m=4, so that n > 6. Then A > 2(n* —n) — (m*> +2m —3) >0 if
b/a > 2, so assume that b = a. Similarly, we may assume that n < 7. If n = 7
then, by the table, M(Gy) — Gy) = 7> — 7 or 47> — 7), and hence A= 0
again. Let n = 6. Then G, is not orthogonal (see the remarks preceding
Lemma 2), so that G, is unitary or symplectic. In the unitary case
M(Gy) — KGy) = 6 — 6 > m? + 2m — 3. So suppose that G, = PSp(6, q)
> § = PSL(4, q) or PSU(4, g). All irreducible subgroups of PSL(V) isomor-
phic to § are conjugate, and lie in an orthogonal group (cf. [21]). Now the
Remark at the start of this section produces a contradiction.

If m = 3 then A > (b/a)4n® — n) — 12, so that we may assume that n < 6.
Then once again G, is not orthogonal, so that A > (b/a}i(n?* — n) — 12. If now
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n = 6 then A > 0, so assume that n < 5. If n = 5 then G, must be unitary, in
which case A = (n®> — n) — 12 > 0. If n = 4 then, for the same reason, we may
assume that G, is not unitary, so that G, = PSp(4, q). However, this group
contains neither PSL(3,q) nor PSU(3, q). Since n > m, this completes the
discussion of the case S = PSL(m,r) or PSU(m,r).

Next suppose that S = PSp(m,r), or S = PQ(m,r) withm > 7. Then 6 =1
and

b m2alab _ pailab)
(a,b) (a,b)/a

The right side is positive unless (a, b)/a = 1 and (a,b)/b = 1. So assume that
g=r. If m=4 and n>6 then A > (@3n*>—n)— (@m? + m) > 0; while if
m=4 and n=35 then G, must be unitary, and we have
A = (n*> —n) — 3m? + m) > 0. Now assume that m > 5. If also n > 2m — 2
then A > (3n® — n) — (dm* + m) > 0.

By [21, (1.1)], since n > m either n > $m(m — 1) — 2 or one of the following
occurs: S = PSp(6, q), n = 14; or S = PSp(21, q) with g even or PQ(2] + 1, g)
with g odd, where 2 < I < 6,and n = 2. Since we may assume that m > 5 and
n<2m-—2, this leaves only the last of these cases. But then
Az2@n?—n—(Gm*+m>0 if 1>3, so assume that [=3; and
A= (n*—n)—(@Em?+m) >0 if G, is unitary. Now we may assume that
S = PQ(7, q) lies in G, = PQ*(8,q) or PSp(8, q). However, all irreducible
subgroups of PSL(8,9) isomorphic to S are conjugate, and lie in an
orthogonal group PQ™*(8, ) (again using [21]), in which case G, = PQ*(8, )
(by the Remark); but this is a possibility that was discussed earlier.

Finally, assume that S is PQ*(m,r) with m even and m > 6, or that
S is exceptional (ie., 2B,(r), 2G,(r) or G,(r)). Then, by the Table,
M + 81 < $m? + im, so that

b
Azz(%nz—n)—(%m2+%m+%m)>% — Gm? + m).

b
A> E(%nz —n) — (Em? + im).

As before, this is >0 if (a,b)/a = 2, so assume that (a,b)/a = 1. Then
A>@En?—n—(@m?>+3im >0sincen>m+ 1.

This proves our claim that |S]-r*/|G|] < 16np~®~1® As in Lemma 1 we
find that each of the O(b) groups S contributes O(ap "~ 1%) = O(bp "~ %) to
Z, |L|/|Gl, so that Z.[L{/|G] = O as |G| — co.

It remains to consider the cases in which G does not lie in PTL(V). Then G,
is PSp(4, 2°) or PQ* (8, 9)).

If G, = PSp(4, 2% but G is not inside PI"Sp(4, 2°), then [1, §14] provides a
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slight variation on the list C,—C,, and the above argument goes through
without any difficulty.

Finally, we are left with the case G, = PQ*(8, g) but with G is not inside
PIrO*(8, q). Here, the results of [1] do not provide a list of the sort we have
used above, but [18] does contain such a list, and the theorem follows as
before. O

This completes the proof of the theorem.

REMARK. A check of the proof shows that P(G) = O(n*(log g)*q ')

4. SOME EXCEPTIONAL GROUPS

In this section we wish to note the following (essentially known) fact:

PROPOSITION 4. Let G, denote one of the groups *B,(q), 2G,(q), G,(q),
3D4(q) or E¢(qg), and let G, < G < Aut(Gy). If P(G) is the probability that two
randomly chosen elements of G do not generate a group containing G, then
P(G) - 0 as |G] — 0.

Proof. The conjugacy classes of maximal subgroups of G are completely
known in the cases 2B,(q), 2G,(q), G,(q), *D4(q) ([2], [9], [16]-[18], [27]). It is
straightforward to use these lists precisely as before.

Assume that G, = E(g). In [3], [4], [19] the possible maximal subgroups
L of G are divided into two classes, A and B, say, with the following
properties: A contains subgroups known to occur as maximal subgroups of G
for suitable g, and all the conjugacy classes of subgroups in A are determined;
while B consists of a short list of O(1) groups whose occurrence or conjugacy
classes have yet to be determined. For L in A, it is easy to check that
IL|/|G| < q'¢. Using () together with the conjugacy classes provided in [3],
[4], [19], it is not difficult to check that A contributes O((log g)g~*°) to ().

This leaves us with the groups L in B. Here, L = Ng(S) and L < Aut(S) for
a nonabelian simple group S, namely, S = A4, A4, A5, PSL(2,7), PSL(2,11),
PSL(2,13), PSL(2,19), PSL(3,3), PSU(3,3), M,, M,, J, or HJ. It must be
emphasized that even the existence of some of these as subgroups of G is left
open in [3], [4], and is not relevant to our discussion. In each case, || |b,
where b:= 2733527-11-13-19. In each case it is not difficult to check that S is
generated by two semisimple elements x, y (i.e., p-elements), no matter what p
happens to be.

Each semisimple element x € G, of order dividing b lies in a maximal torus
T. There are exactly 25 conjugacy classes of maximal tori of G, and each has
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order >(q — 1)%/3 (cf. [8], [25, (2. liv, 2.4iii)]). Moreover, each maximal torus
contains O(1) elements of order dividing b. Since we may assume that g > 5, it
follows that |x%| < |Gyl/|T] < 12|G,l/q% and hence that the number of
semisimple elements of G, of order dividing b is O(|G,|/¢®). In particular, the
number of subgroups of G, generated by two semisimple elements of order
dividing b is O(|G,|*/q"?).

Thus, the number of subgroups S is O(|Gy|*/q*?). In particular, since
|L| = |Ng(S)l = O(1) we see that the number of pairs of elements of G
lying in some such subgroup L is also O(|G,|%*/q'%). Consequently,
Pr(g, he L) = O(1/¢q*?), as required. (An alternative approach to the last part
of this proof can be based on the observation that {ge G|g® = 1} defines a
subvariety of G, in which case the main result of [23] can be applied) O

Note that there are exactly ¢*¢ unipotent elements of G, = E4(g), so that
the probability is g*¢/|G,| = O(/G,|/q°) that an element is unipotent. It follows
that the considerations above could have used a pair of elements each of
which is semisimple or unipotent.

It would, of course, be desirable to avoid the aforementioned lists, since
that would (presumably) produce a proof in the cases of the remaining simple
groups. On the other hand, it is quite clear what kinds of lists are required for
the cases of the remaining groups: 2F (q), F4(q), 2E¢(q), E+(q), Es(g). While it
seems likely that all maximal subgroups of the latter groups will be known in
the near future, we expect that a list (as in [3]) suitable for the purposes of our
results will exist fairly soon. A very recent result [22] seems to provide such a
list in case the characteristic is noi too small.

It is not difficult to devise or conjecture variations on the theorem. We
content ourselves with two of the latter:

CONJECTURE 1. If G is a finite simple (classical) group, and two elements
are randomly chosen from G one of which is an involution, then they generate G
with probability —1 as |G| — 0.

CONIJECTURE 2. Let G be a finite simple (classical) group, and fix ge G,
g # 1. If an element h is randomly chosen from G, then {g,h)> = G with
probability -1 as |G| > 0.

5. DIRECT PRODUCTS OF SIMPLE GROUPS

In this section we will discuss the generation of direct products of finite simple
groups. For any group H and any integer k > 2 let Q(H, k) denote the
probability that k elements generate H; thus, Q(H,2) =1 — P(H) in our
previous notation.
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First we observe that, for our purposes, it suffices to consider the direct
product G™ of m copies of a group G:

LEMMA 5. Let G,,...,G, be pairwise nonisomorphic simple groups, let
my, ..., m, be positive integers, and let G = G}* x --- x G}'. Then

(a) A subset of G generates G if and only if its projection into G generates
G? for each i; and
(b) Q(G, k) = ;- QG k).

Proof. Part (a) is straightforward, and (b) is then an immediate
consequence. J

Consequently, we will consider a power G™ of a simple group G. Let D,(G)
denote the set of ordered k-tuples generating G.

PROPOSITION 6. Consider a k x m ‘matrix’ (x;;) of km elements of a
nonabelian simple group G, with ‘rows’ r;=(x;)eG™ and ‘columns
¢; = (x;;) € G*. Then the r, generate G™ if and only if the c; lie in different Aut(G)-
orbits of D{G) — where the action of Aut(G) is the diagonal one. (Each such
orbit has length |Aut(G)|.)

Proof. Write G™ =G, x --- x G,, with each G;= G. Clearly H:=
{ry,...,ryy cannot be all of G™ except, perhaps, if the projections of the r; into
each factor G; generate G, that is, if all the ¢, lic in D\{G). Assume that this is
the case. Since H projects onto G,, Hn G, <2 G, (as all the required
conjugations are induced by elements of H). By simplicity, H n G,, = G, or 1.

Assume that the c; are in different Aut(G)-orbits. By induction, the
projection of H into G, x --- x G,,_, isonto. If H~ G, = G,, then H = G™.
Similarly, we may assume that Hn G; =1 for each j. Using the above
projection we see that Hn (G, x --- x G,,_ )<= G, x --- x G,,_, (once
again all the required conjugations are induced by elements of H). Since G is
nonabelian and simple, while HnG; =1 for each j, it follows that
Hn (G, x --- x G,_,) = 1. Hence the projection H — G,, is an isomorphism,
and similarly so is each projection H — G; In particular, we obtain an
isomorphism G; - H - G, sending x,; = r; = (Xy;,..., Xp;) = X,; But then
¢, and c,, are in the same Aut(G)-orbit, which is not the case.

Conversely, assume without loss of generality that ¢(c;) = ¢, for some
¢ € Aut(G). Then the projection of H into G, x G, consists of the elements of
the form (g, ¢(g)), g€ G, and hence H cannot be G™.

Finally, the last statement of the lemma is obvious. O

The converse part of the proposition can be found in [24].

COROLLARY 7 [14]. If G is a nonabelian finite simple group and if d,(G)
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denotes the largest integer m such that G™ has k generators, then d,(G) =
ID(G)l/|Aut(G)|.

The corollary is immediate in view of the previous proposition; Hall’s proof
[14] is different from ours, but is just as simple.

COROLLARY 8. If n= 5, and if m = n®" for some constant c, then Ay is
generated by O[logm/(nlogn)] elements. In particular, for fixed n, Ay is

generated by O(log m) elements.
Proof. By Corollary 7, Ay is generated by k elements if m<

IDAA,)/|Aut(A4,)l. For all sufficiently large n, |Dy(A4,) > HA4,* by [11].
Consequently, there is a constant & > 0 such that |D,(4,) = 6|A4,* for all
n = 5. Then |D,(4,)l/|Aut(4,)] = 6@n")*/2n! since Aut(4,) =S, for n # 6; if
n = 6 then |Aut(4,)] = 2|S,.

Thus, if m < d(n!)/2n! then A™ is generated by k elements. Taking
logarithms shows that k = O[log m/(nlogn)] elements suffice to generate Ay

O

The second part of the corollary is a special case of the fact that
G”™ is generated by O(log m) elements for every nonabelian finite simple group
G [29].

Let ¢(f, m) denote the probability that distinct balls are obtained when m
balls are chosen (with repetition) from among § balls. Then

m—1 i
c(p,m)= ] (1 - —).

i=1 B
We will need the following rough estimate for ¢(8, m) pointed out to us by
Persi Diaconis: if m = O(ﬁ) then

=15} 5 )
corl Bl ol o)

PROPOSITION 9. If G is a nonabelian finite simple group, then

G, k)

Q(Gm, k) = Q(Ga k)mc(dk(G)a m) lle(m 1)

H (Q(G, k)|GI* — i|Aut(G)]).

Proof. The first equality is immediate in view of Proposition 6 and
Corollary 7. For the second, note that if we write
IDLG) _ Q(G, kG
|Aut(G)| |Aut(G)|

B =dyG) =
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then

m—1 ;
Q(G™.K) = Q(G. kye(B.m) = (G " T (1 _ é)

oG TT (1 — i JAuG)
= oG, [1 (‘ "0, k)lG!">

G, k)" m—1 .
- Gk 1] (@G, Gk —ilAw@). O
Consequently, Q(G™ k) can be estimated in terms of |G| and Q(G, k).
According to the theorem, Q(G, 2) - and hence also Q(G, k) — is near 1 for large
G, provided that G is a simple alternating or classical group (and probably for
all finite simple groups). In other words, [D,(G)| is near |GJ* for large G of that
sort. We will now present some applications of the preceding results.

PROPOSITION 10. Let Q,, denote the set of finite groups that are direct
products of m = 2 nonabelian finite simple classical (or alternating) groups.
Then the probability that two elements of H €, generate H approaches 1 as
the orders of all of the factors of H approach oo. (In particular, for a fixed m all
but finitely many groups in Q,, are generated by two elements.)

Proof. Lemma 6 allows us to reduce to the case H = G™. For each G we
have |Aut(G)| < |G| log |G|. Thus, if G is large then so is |D,(G)|/|Aut(G)}, and
hence c(d(G), m) is near 1 (as m is fixed). Since Q(G, 2) — 1, Proposition 9
implies the result. |

We give two examples of the uses of Proposition 9 which will be needed in
Section 6.

EXAMPLE 1. (i) For each prime p =5, PSL(2,p)’ is generated by two
elements.

(i) The probability that two elements generate PSL(2, p)’ approaches e ! as
the prime p — 0.

(iii) The probability that three elements generates PSL(2, p)’ approaches 1 as
the prime p — co.

Proof. The subgroup structure of PSL(2, p) has been known for over a
century (cf. [10]). Using it, together with the elementary observation () in
Section 2, it is straightforward to check that P(PSL(2,p)<p '+
10p~2 < 6p~* for all p (compare (#) in Section 2). On the other hand, by
considering the probability that two elements of PSL(2, p) fix the same point
of the projective line it is easy to check that P(PSL(22,p)) = p ' — 2p~ 2

In particular, for each ¢>0 we see that 1 —(1+¢gp <
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Q(PSL(2,p),2) <1 + (1 + g)p~* for all sufficiently large p. Consequently,
Q(PSL(2,p),2)’ e~ " as p — 0.
By Corollary 7,
|D,(PSL(2, p))|

B:= d)(PSL(2,p)) = m =>(1—6p71)

|PSL(2, p)i*
_— > p’
IPGL(2, p)|

which proves (i). Moreover, B > p3/8 for all sufficiently large p, so that
p’ p
c(B,p) = ex ———+0<—)}—>1 as p — oo,
B.p p{ 2 ; p

and hence Proposition 9 implies (ii).

Next, note that there is an obvious variation of (+) for three generators (or,
for that matter, any number of generators). As above, for each ¢ > 0 this
produces the estimate

1—(1+ep 2<QPSL2,p,3)<14+(1+ep 2
for all sufficiently large p. Consequently, this time,
Q(PSL(2,p),3)’ > 1 asp- .
Since ¢(d4(PSL(2, p), p) = 1 as before, this implies (iii). O

EXAMPLE 2. (i) A" is generated by two elements for all sufficiently large n.

(ii) The probability that [\/Z] elements generate A" approaches 0 as
n — co. (In particular, for any fixed k, the probability that k elements generate
A" approaches 0 as n — cc.

Proof. By [11] and Corollary 7, for all large n we have

lDZ(An)l > llAnlz -
|Aut(4,) ~ * IS,

dy(4,) = n!/8,

so that (i) holds.
Letk = [ﬁ]. Since A,_, is a subgroup of 4,, Q(4,,k) <1 — (1/n)%. Then
Q(A,, k)" » 0 as n - 0, and hence Q(A?"3, k) — 0 by Proposition 9. O

REMARKS. Many more examples of the above types can be readily
obtained. The following ones are left to the reader.
(i) The probability that n elements generate A""® approaches 1 as n — co.
(ii) The probability that two elements generate A" approaches e ! as
n — oo; while the probability that three elements generate A7 approaches 1 as
n— oo. Here, a better bound is needed for P(A4,), whose proof uses the
classification of finite simple groups ([5]; cf. Proposition 13(i) below).
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6. GENERATION OF PROFINITE GROUPS

If F is a profinite group, one can ask for the probability that a k-tuple of

elements of F ‘generates’ F. Here, probability is in terms of the normalized

Haar measure on F*, and ‘generates’ refers to generating a dense subgroup.

The following result answers a question posed in [12, Problem 16.16(2}].
Let F, denote the free profinite group on [ generators.

PROPOSITION 11. (i) For any | = 2 and k, the probability that k elements
generate F L is 0.

(i) More generally, the probability that k elements generate an open
subgroup (i.e., a closed subgroup of finite index) of F, is also 0.

Proof. Since F, is a homomorphic image of F, it suffices to consider the
case [ = 2.

(i) By Example 2 in Section 5, 47® is a quotient of F, while the probability
of k elements generating A""® approaches 0 as n — oo. Thus, (i) holds.

(i) If H is an open subgroup of F, then Hz F, with m=1+
|E,: H|(l — 1) [12, 15.27]. We are only interested in the case in which H is
generated by k elements, so that 1+ |F,:H|(I — 1) < k. There are only
finitely many open subgroups H,,..., H, whose index in F, is at most
(k — DAl — 1) [12, 15.1]. Consequently,

Pr(k elements generate a subgroup of finite index in F))
< Y, Pr(k elements generate H)= ) 0=0
i=1 i=1
since part (i) can be applied to each of the free profinite groups H,. O
Note that the preceding proof did not use the classification of finite simple
groups: the proof of (i) used only elementary properties of A4,,.

The preceding result should be compared to the situation in the abelian
case (see [12, 16.15] for the case | = 1):

PROPOSITION 12. Let A, = 7" be the free profinite abelian group on |
generators. Then, for k > |,

. - 0 ifk=1

i) Pr(k elements generate A)) =

0 P generate 4) {Hif:k_,+15(i)‘1>0 k> 1
where ( is the usual zeta function; and

(i1) Pr(k elements generate a subgroup of finite index in A) =

0 ifk=1I
1 ifk>1.
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Proof. For each prime p let E, be the set of k-tuples in A¥ whose
prOJectlons to Z, generate Z,, (or equivalently, whose projections to F,
generate F}). Then {E,|p prlme} consists of independent sets, and u(E,) is the
probability that k vectors in F}, span that space. The latter probability is the
same as the probability that ! vectors in F% are linearly independent (using the
equality of row and column rank), and hence

lp—p p—p
u(E)— -
p. p pk pk

=1 —p™1—p W) (1 - piry),

By independence, u(() E,) = IT, u(E,), which = TT¥_, _,, , {()" ' if k > | and
=0 if k = I. This proves (i). Moreover, this shows that, if E, denotes the
complement of E,, then T u(E,) converges if k > I and is oo if k = I. By the
Borel-Cantelli lemma [12, 16.7], it follows that Pr(x € A* is in E, for almost
all p)is 1 if k > I and is 0 if k = I. This completes the case k = I since x can
generate a subgroup of finite index in A, only if x is in E, for almost all p.

Now let k > I. We first claim that almost every k-tuple of elements of z,
generates a subgroup of finite index. Indeed, for every subgroup H of index p”
in Z,, consider H* < (Z.)*. Then (H*) = 1/p"™ while the number c(p") of such
subgroups H grows polynomially, in fact c(p") < M(p")' for some constant M
[15]. Hence, letting H range over all subgroups H of finite index in Z;, we
have

Y u(H) = Z (”") f ®Y _ & since k > I
=1 n=

Again using the Borel-Cantelli lemma we deduce that u{k-tuples of elements
of Z}, lying in infinitely many subgroups H of finite index in Z! >} = 0. This
1mphes the claim since every closed subgroup of infinite index in a profinite
group is contained in infinitely many subgroups of finite index [12, p. 3].

Let B, be the set of k-tuples in A¥ = Z* whose projections to Z,, generate a
subgroup of finite index in Z.. By the previous paragraph, uB,) =1, and
hence p((),B,) =1 as well. )

At this point we know that almost every k-tuple x of elements of 4, has the
properties that (i) for almost every prime p, the projection of x into Z,
generates Z., and (ii) for every prime p, this projection of x generates a
subgroup of finite index in Z!. These two properties are equivalent to saying
that x generates a subgroup of finite index in 4,. O
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7. MORE PROFINITE GROUPS

Finally, we turn to an entirely different type of question concerning the
probability of generating suitable profinite groups. Whereas the last two
sections were independent of the theorem - and hence of the classification of
finite simple groups — we will now once again use that theorem. As in Section
5, we will use information concerning the rate of convergence of P(G) to 0.
Let %, consist of a representative of each isomorphism class of nonabelian
finite simple groups; and let % consist of a representative of each isomorph-
ism class of finite simple alternating or classical groups. We will need the
following quantitative version of the theorem and the theorem in [11]:

PROPOSITION 13. If Ge %, then P(G) behaves as follows:

(i) P(4,)=n"' + O(n ?); and

(i) If G is a classical group over F, in dimension n, then P(G)=

O(n’(log q)*q "®), while P(PSL(2,q9)) > q™ ' — 29" 2

Proof. (i) This is due to Babai [5], using the classification of finite simple
groups. (NB - The following weaker version of this, obtained in [6] using
nineteenth-century group theory together with number-theoretic estimates,
suffices below: for each ¢ > 0, P(A4,) < n~!*¢ for all sufficiently large n.)

(i) The first part follows from an examination of the estimates occurring in
the proof of the theorem (see the remarks at the end of Sections 2 and 3). For
the second part proceed as in Section 5, Example 1. O

We will consider (unrestricted) products P = I, G of subsets # of #,.
Each such product P is a compact group, with Haar measure p satisfying
#({(S¢)g) = Mgew IS6//IG| whenever the subsets S; = G satisfy S; = G for
almost all Ge%.

Throughout the remainder of this section, when we consider the case
U = F, we will always assume:

(§) For every finite simple group G of Lie type defined over [,
P(G) = O((G)*(log g)*q ).
By Proposition 13, ($) is already known to be true in the case of classical
groups; and in fact it is also known for all the cases discussed in Section 4.
We will consider the probability of generating a dense subgroup of P using
two or three elements of G.

PROPOSITION 14. Let P be the product of all the members of % ¢, or of ¥,
assuming ($). Then

(1) Pr(g, he P generate a dense subgroup of P) = 0; and
(ii) Pr(g, h, ke P generate a dense subgroup of P) #0, 1.
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PROPOSITION 15. Let P be the product of all the members of %, or of ¥,
assuming (8), but excluding the alternating groups and those of the form
PSL(2, p) with p prime. Then Pt(g, he P generate a dense subgroup of P) # 0, 1.

Proof of Propositions 14 and 15. Consider g, he P. It is easy to check that
{g, h) is dense if and only if g and h project onto a pair of generators of each
factor in the definition of P. Thus, if T, € P x P is the set of all such pairs
(g, h), then Tp =TI ;T; where T; is defined similarly for Ge #,. Then
wTp) =Tz (1 — P(G)), and so u(Tp) = 0 if and only if Z; P(G) diverges.

Now Proposition 13 shows that, in Proposition 14(i), Z; P(G) has a sub-
sum >Xn~ ! and hence diverges; whereas in Proposition 15, Z; P(G) con-
verges (by Proposition 13, since we are avoiding part (i) there, while
s n3(log g)%q"® converges provided that G is restricted so that g is not a
prime when n = 2/(G) = 2). The proof of Proposition 14(ii) is similar: it is only
necessary to check that

Pr(g, h, ke PSL(2, q) do not generate PSL(2,q)) = O(qg~?)
and
Pr(g, h, ke A, do not generate A4,) = O(n">?).

In fact, since Pr(g, h, ke G do not generate G) < P(G)?, Proposition 13(ii)
implies the first of these inequalities; while the second follows either from
Proposition 13(i), or from the less difficult result from [6] mentioned in the
proof of Proposition 13(i) (namely, use & = }). O
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