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1. INTRODUCTION

in 1871, Jordan [7] initiated the study of primitive permutation groups I’
of finite degree v such that the pointwise stabilizer of some set Bofk < v — 2
points is transitive on the remaining points. One of his principal results was
that such a group is 2-transitive. Every (k& + 1)—transitive group trivially
satisfies this condition. In the non-trivial case, where I' is not (k 4 1)-
transitive, I"is called a Jordan group (this definition differs slightly from that
of Hall [4]). Examples of Jordan groups are the full collineation groups of
finite projective and affine spaces—with B a subspace—and the Mathieu
groups M,y , My, and M,, . Given the pair (I', B), a geometry or design (see
Section 2 for a more precise definition of this term) of points and blocks may
be obtained as follows: points are the points permuted by I, and blocks are
the distinct sets B?, y e I' If I' = M, , the resulting design & was described
by Witt [/7] and will be denoted #", . Hall [4] was the first to construct such
designs & from such pairs (I, B). He observed that, with little loss in gene-
rality, it may be assumed that I” is not 3-transitive and that every two distinct
points are on a unique block (i.e., blocks behave like lines). When supplemen-
ted by a loop theoretic argument of Bruck (see [2], p. 100), Hall’s main result
is that, if & = 3 and I is not 3-transitive, then & is the design of points and
lines of PG(d, 2) or AG(d, 3), for some d.

We shall obtain further characterizations of Jordan groups and their
designs, under weaker assumptions than those given above. Our approach
will be more geometric than Hall’s combinatorial approach. The main tools
will be induction and the enumeration of fixed points and blocks of elements
of I'. Whereas Hall was interested only in the case where two distinct points
are on a unique block, we shall be mostly interested in the case where this is
not so. For, there is then more structure available, as in the classical instance
of higher dimensional geometries having more structure than 2-dimensional
ones,
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472 KANTOR
The main results are summarized in terms of groups in the following

Treorem 1.1. Let I' be a 2-transitive group of degree v. Suppose that, for
some set B of k points, 2 < k < v — 2, the pointwise stabilizer I'(B) of B is
transitive on the set € B of remaining points. Let I'y be the global stabilizer of B.
Then I' is a known group provided that one of the following conditions holds.

(i) v < 6k
(1) I' is not k-transitive, and I'(B) has a 2-subgroup transitive on €B
which is either elementary abelian or normal in 'y .
(11) I és not k-transitive, and 'y is 2-transitive on 4'B.

Here (i) and (i1) should be compared with results on Jordan groups of
Marggraf ([/6], 34-35) and Nagao and Oyama [9a], respectively.

Section 2 consists of definitions. In Section 3, the basic geometric proper-
ties of the associated designs are given. The results of this section are probably
known, in a non-geometric form. Although additional transitivity properties
may be readily obtained by similar methods, our results are stated principally
for later applications.

In Section 4, we briefly describe a geomectric generalization of Jordan
groups. As the proofs are very similar to those in Section 3, or readily reduce
to these previous results, they will not be given. This section is not required
in the proof of Theorem 1.1. We note, however, that (3.1} and (4.1) state
essentially the same facts, | <1 < 18.

Sections 5 and 6 are highly geometric. We describe the designs and groups
to be characterized. In order that later characterizations of designs may be
translated into characterizations of groups, results arc given concerning
collineation groups of finite projective and affine spaces which follow very
casily from results of Wagner [/5]. Section 6 is basic to our approach, con-
taining the necessary inductive results. In particular, some natural attempts
to generalize the Mathieu group M, are shown to yield nothing new.

Sections 7 and 8 contain the proof of Theorem [.1.

2. DEFINITIONS

The following definition of designs is not the usual one [2], but is well-
suited for our purposes: a design 2 is a set of @ points, together with b
subsets, called blocks, such that each block has & points, 2 << &k < v — 2,
each point is on 7 < b blocks, and cvery two points are on A << # blocks. & 1s
called degenerate if every set of & points is a block, and non-degenerate
otherwise. If x and y are distinct points of &, the line xy is the intersection
of the blocks on x and y; there is a unique line containing two distinct points,
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The intersection of all the blocks containing 3 non-collinear points which are
contained in some block is called a plane. A planar design is a non-degenerate
design in which any triple of non-collinear points is contained in a unique
block.

If 2 is a design, set ¢ = max{| XN Y || X and Y are distinct blocks of
Z}. A flat is an intersection X N Y with p points (this differs from the defini-
tion given in [6]). Clearly A = lifand only if p = 1.

A subblock of & is a non-empty intersection of a non-empty set of blocks;
examples are points, lines, planes, flats and blocks.

If S is a set of points of @, €S is the set of remaining points.

If a design is denoted, for example, by Z* or P, its parameters are
v*, B*, p¥,.., resp. o0 RO O

An automorphism group of an incidence structure is called 2-transitive if
it is 2-transitive on points.

An automorphism of a design is said to fix a set .S of points blockwise if it
fixes every block D S.

If I" is a permutation group and S is a subset of the set of permuted points,
then I's and I'(S) are, respectively, the global and pointwise stabilizers of S.
Igls &~ I's/T°(S) is the permutation group induced by I's on S.

All groups will be finite. Isomorphic designs will be regarded as identical,
as will similar permutation groups.

3. JorpaN Parrs
The following simple result will be used frequently.

Lemma 3.1. (Wielandt [16], p. 7). Let I' be a transitive group on
a set S, and let B; C .S such that I'(B,) is transitive on S — B;, 1 = 1,2. If
| By | << | By |, then By» C B, for some y € I.

We next restate the connection between the groups and designs to be
considered which was indicated in the Introduction.

Lemma 3.2. Let I' be a 2-transitive group of degree v such that, for some
set B of k points, 2 < k << v — 2, I'(B) s transitive on the remaining points. If
D consists of the points permuted by I" and the distinct sets By, y € I, then & is
a design with 2-transitive and block-transitive automorphism group I' such that,
for each block X, I'(X) is transitive on €.X. Moreover, & is non-degenerate if
and only if I is not k-transitive.

Proof. 'This is clear from the definition of designs, except possibly for the
fact that I' is k-transitive if 2 is degenerate. However, if 2 is degenerate,
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then by induction the pointwise stabilizer of each set of & -— ¢ points is
(¢ -+ 1)-transitive on the remaining points, for every 0 <{ 7 < 4.

If I and 2 are as in Lemma 3.2, (%, I") is called a Jordan pair, and is said
to be non-degenerate if and only if & is. The study of such pairs is, by
Lemma 3.2, equivalent to the study of the pairs (I', B) which were considered
in the Introduction.

Let (2, I') be a non-degenerate Jordan pair. We shall list a number of
properties of (2, I'), many of which even hold in the degenerate case. u was
defined in Section 2.

(3.1) p k2.

Proof. Let X and Y be blocks with | X N Y | = &£ — 1. As I'(X) moves
Y — X N Y to all the points ¢ X, while I'(Y) moves X — X N Y to all the
points not in ¥, I(X N Y) is 2-transitive on €(X N Y), and [ is k-transi-
tive by Jordan’s theorem ([7]; [16], p. 32).

By a result of Marggraf ([16], p. 35),

(3.2) v = 2k
(3.3) All lines have the same number % of points.

(3.4) Let > 1, let B be a block, and let Z(B) consist of the points of B as
points and the flats in B as blocks. Then I'p|p acts as an automorphism group
of Z(B), and (%(B), I'p ) is a possibly degenerate Jordan pair with 9(B) = £
and A(B) = p.

Proof. @'z pis 2-transitive by Wielandt ([16], p. 36). If X is a block such
that X N B is a flat, then I'(X) is transitive on B — B N X by the definition
of 1. Then Lemma 3.1 shows that I'p p is transitive on the flats in B. Clearly
o(B) = kand k(B) = p, and 2 < h < k(B) < v(B) — 2 by (3.1), (3.3) and
> I

(3.5) If S is a subblock then I'(S} is transitive on €S.

Proof. Clearly S = N{X | X 2§, X is a block}. If X and Y are such
blocks, then |¥XNEY | =9 —2k+]XNY|>0 by (3.2), so that
I'(S) is transitive on U {#X | X D S} = #S.If Sis a line, (3.5) is essentially
due to Hall [4]. (3.5) implies

(3.6) If x > 1, every 3 non-collinear points are on 2 unique plane. 2 = 2
if and only if I" is 3-transitive.

(3.7) Let p > 1, let p be a point, and let Z[p] consist of the lines through
2 as points and the blocks through p as blocks. I, induces an automorphism
group I, of 2[p]. Then (2[p), T,) is a non-degenerate Jordan pair with
o[p] = (v — Dj(h — 1), [p] = (k — D)j(h — 1) and p[p] = (p — D/(k — 1).
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Proof. I, is 2-transitive by (3.5) applied to a line. As I'p is transitive on. B,
I, is block-transitive. If B is on p, then I'y(B) is certainly transitive on ¥B.
The values of o[p], #[p] and p[p] are clear from (3.3). k[p] > 2ask > p > h.
Ifh = 2 theno[p] = k[p] + 2.1f & > 2 and p’ € B — {p}, joining p’ with the
points =~ p of a line ¢ B through p shows that [p'] > k[p'] + 2.

If 2[p] is degenerate, then A[p] = 2 implies that planes of & have only 3
points and thus 2 = 2. Then k[p] = k — 1, and the k[p]-transitivity of r,
implies the k-transitivity of I', a contradiction. By (3.5), (3.6) and (3.7) we
have

(3.8) If & > 1, let Z# consist of the points and planes of . Then (27, I')
is a Jordan pair, and the following are equivalent: (i) Z# is degenerate;
(ii) A[p] = 2; (iii) planes have 3 points; and (iv) I" is 4-transitive.

(3.9) If S is a subblock properly contained in a block B, then S is an
intersection of flats in B, that is, .S is a subblock of Z(B) if u > 1.

Proof. Use induction on g : if p = 1 this is trivial. Let p > 1 and let
peS. Then S is a subblock of Z[p] properly contained in the block B of
G[pl- As u[p] < u, S is an intersection of flats of Z[p] contained in B. Since
each such flat is the set of lines of Z through p contained in a flat of &, the
result follows.

(3.10) The set of subblocks of & may be partitioned into d classes, the mem-
bers of the ith class being called i-subblocks (0 < ¢ < d — 1), such that the
following statements hold.

(i) O-subblocks are points, 1-subblocks are lines and, if i > 1, 2-sub-
blocks are planes.

(i1} For each 7, I' is transitive on ¢-subblocks.

(iii) If S;is an i-subblock, not a block, and x ¢ .S; , then there is a unique
(7 -+ 1)-subblock containing S, and «.

(iv) If 7 > 2, and Z(S,) consists of the points of S; as points and the
(7 — 1)-subblocks S;_; C S; as blocks, then either (2(S,), Tsilsi) 18
a possibly degenerate Jordan pairor | S;| = [ S;_; | + L.

(v) If S; is neither a block nor a flat, let Z[S,] consist of the (7 + I)-
subblocks D .S; as points and the blocks D.5; as blocks. I'(.S;) induces
an automorphism group I'(S;) of @[S;] and (2[S,], [(S,)) is a non-
degenerate Jordan pair.

Proof. 'This holds trivially or vacuously if u = 1 or (except for (v)) if 2
is degenerate. Let p > 1 and use induction on u. The -subblocks of the
various Z(B) are defined to be 7-subblocks of &£, and we add an additional
class, namely, the blocks of &. By Lemma 3.1 and (3.9), we obtain in this
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way all subblocks of Z. (i) is then trivial. I" is block-transitive, and I'pp is
transitive on the {-subblocks C B, proving (ii).

(i) By (3.5) and Lemma 3.1, S, is contained in a flat F = X N Y.
Either xe X, or x¢ X and I'(X) has an element moving Y to a block con-
taining x and F. Thus there is a block B containing x and .S; . Either S, is a
block of Z(B), and then B = .5;,; is an (¢ -~ 1)-subblock, or induction
produces an (z + 1)-subblock S,_; containing x and S, . If .S}, also contains
xand S;, then S;,; N S/, is a subblock and

I+ (S < 1S 0S| = S s

However, by (iii) applied to Z(B), | S;,; | > | S; | and there is no subblock 7'
with | S,y | > T'| > | S; 1. Thus we must have S;; = S, .

(iv) By Lemma 3.1, or (i), S; € B for some block B. If S; = B, (3.4)
may be used, while if S; C B, by (3.9) we may use induction.

(v) It §;,C B, then (iii) implies that I'(B) is transitive on the ( + 1)-
subblocks DS; and € B. If S;,; 0 S;, (3.5) and (iii) imply that I'(S,,,) is
transitive on the (¢ 4 1)-subblocks £ S,,; containing S;, so that [(S,) is
2-transitive. An application of Lemma 3.1 to 7'(S;) yields the block-transitivity
of I'(S,).

By (3.2),

oS = @ —1S; DI Sea | —1S: ) > @2 — 218, DI Seznt — 1S:1)
= 2R[S}],-

As S;,, is not a block, £ > | S,,; | and thus £[S,] = 2. Thus, (Z[S;], Iesy))
is a Jordan pair. If { = 0 this is non-degenerate by (3.7). If7 > 0let S, , C S;.
Then S, is a point of Z[S,_;], and Z[S,] = (Z[S.1])[S:]- Thus, if Z[S,_]
is non-degenerate then so is 2[S;] by (3.7).

(3.11) Set - = & and 2% == H[S,] if S, 1s as in (3.10v). There is an
integer m > 0 such that A9 =2 1if 7 <{m —~2 and 29 >21if 1 = m — 2,
I'is (m + 2)- but not (i + 3)-transitive.

Proof. 1f 29 = 2 for all i then the same is true for Z?, and induction
shows that & is degenerate, a contradiction. Thus, m exists. If m = ( then I"
is not 3-transitive by (3.6). If m > 0, it is clear that for ¥ we have
m® = m — 1. As h == 2, induction shows that I'is (m + 2)- but not (m + 3)-
transitive.

m has several other useful properties.

(3.12) (S| — |8y >1 for i>m-+1 and |S,| =i+ 1

for ¢ < m.
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Proof. 1f p = 1 or & is degenerate this i1s clear. Let > 1. If m =0
then A% > 2 for each ¢, (3.12) holds for Z(B), and so | S; | — | S;_; | > 1 by
induction, (3.9) and (3.1). If m > 0 then m"Y == m — 1 as before. Also,
h = 2, so an 7-subblock of Z® has one less point than an i-subblock of Z,
and induction completes the proof.

(3.5), (3.1), and (3.12) imply the following generalization of (3.6) and (3.8).

(3.13) If i > 0 is fixed, the points and z-subblocks of & are the points and
blocks of a design & such that (Z, , I') is a Jordan pair, which is degenerate

~.
>

if £ < m and non-degenerate if ¢ 2> m -|- 1.

(3.14) m 4 1 < g, with equality if and only if Z(B) is degenerate.

Proof. By (3.12), | S, |=m+ 1. m+2<k by (3.11). Thus
m+ 1 < p If m+ 1 = p then the (u + 1)-transitivity of [” implies that

I'ylp is also (u + 1)-transitive, as claimed. Conversely, if I" is (u -+ 1)-
transitive, thenm + 2 > p -+ [ by (3.11).

(3.15) I's

il Sy 18 (m = 2)-transitive.

Proof. I'is (m + 2)-transitive by (3.11), | S,, | = m -+ 1 by (3.12), and

the assertion follows from (3.10iii).

(3.16) If B is a block and T an (m 4 1)-subblock such that BN T is an
m-subblock, then I'gy p~r is the symmetric group.

Proof. By (3.13), I'gg~rip~r is the symmetric group, and (3.16) follows
from I'pp 7 = e I'(B).
The following result is clear.

(3.17) Let u > 1 and p ¢ B. For x€ B set x? = px. Then ¢ maps Z(B)
isomorphically into Z[p], and (Z(B)?, (f’,,)Btp,Bq:) is a Jordan pair.

(3.18) If v > 2k, then Iy is faithful on ¥B.

Proof. Otherwise, as [(¥B)<1Ip, I'(¥B) is transitive on B. As
v < 2(v — k), Lemma 3.2 and (3.2) imply that I" is (v — k)-transitive, a
contradiction.

4. GENERALIZED JORDAN PAIRS

A generalized Jordan pair (2, I') consists of a possibly degenerate design
% and a point- and block-transitive automorphism group " such that, for
each block B and each p € B, I', is 2-transitive on the lines on p and I'(B) is
transitive on the lines on p not in B. Although every Jordan pair is also a
generalized Jordan pair, the converse is false (see the following Section). All
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lines of & have the same number 4 of points. We may define 2[p] and I, as in
Section 3, and then (2[p], I',) is a Jordan pair. It is straightforward to use
this fact to repeat the arguments of Section 3 to prove results analogous to
our previous results. For example, Z(B) is defined as before, and (3.4) now
states that (Z(B), I'p p) is a generalized Jordan pair. We shall not explicitly
state the previous results for generalized Jordan pairs, and will use the
following convention.

(3.1) and (4.1) state essentially the same facts, 1 < i < 18.

5. CoLLINEATION GROUPS

The only non-degenerate designs & known to admit an automorphism
group " such the (2, I') is a generalized Jordan pair are

(i PG{d, ¢), the design of points and #-spaces of PG(d, q)
(I <t <d— 1)
(i) AGy(d, ¢), the design of points and t-spaces of AG(d, ¢)
(I <tsid—1;t 2> 2if g == 2); and
(i) #,, v == 22, 23, or 24, the Witt “‘spaces” characterized by the
property that %78 = Wy, #Y = #,,, and W' = PG(2, 4) [17]
{a description of #, is also found in [6]).

It (2,1") is a generalized Jordan pair, & will be called of known type
provided that & is either one of the above designs, or if

(iv) % is the degenerate design AG,(d, 2), and I 1s a collineation group
of AG(d, 2).

If 2 = ¥, then I' is the Mathieu group M, or Aut(M,) (Witt [17]). In
cases (i) and (it) (and (iv)), I has been determined in only a few instances.
Before presenting these instances, we describe the known groups. If
% = PGy(d, q) the only known possibilities are: I" contains the little pro-
jective group; or I' & A, and & = PG,(3, 2) (Wagner [/3]). In either case,
(2,TI') is a Jordan pair.

If 2 = AG(d, q), the known possibilities are: I" contains the group, which
will be called ASL(d, g), generated by all elations of AG(d, q); or
2 = AGy4,2),t = 1 or2, and I' is the semidirect product of the translation
group of AG(4,2) and the collineation group A, of PG(3,2). Here
(4G, ,(d, g), ASL(d, ¢)) is a Jordan pair if and only if 4SL(d, ¢) contains all
homologies of AG(d, ¢), which is not always the case (cf. [/5], Lemma 4).

Levma 5.1, ([2)). If (2, 1) is a generalized Jordan pair, and & is an
affine or projective plane, then D is desarguesian and I' contains all elations.
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Lemma 5.2. Let I' be a collineation group of AG(d, q) such that, for all
points p, the collineation group of PG(d —1,q) induced by I, contains
PSL(d — 1, q). Then I 2> ASL(d, q).

Proof. TI'|g contains the little projective group of the hyperplane H at
infinity. As in Wagner ([15], p. 421), I' contains the translation group of
AG(d, q). As each element of I, inducing an elation on PG(d — 1, g) is an
elation of AG(d, g), the result follows.

TuroreM 5.3. Let (2, ') be a non-degenerate gemeralized Jordan pair
with @ = PGyd, q) and t >d —4, or AG(d,q) and t > d — 4. Then
I'> PSL(d, q) or ASL(d,q), or % = PGy(3,2) and I'~ 4;, or
9 = AGy(4, 2) and T is the semidirect product of A, and the translation group
of &.

Proof. Wagner ([/5], Theorems 3 and 4) and Lemmas 5.1 and 5.2.

6. INDUCTIVE PRELIMINARIES
The following axiom system is essentially that of Sasaki [12a].

LeMMa 6.1. Let o/ be a finite set of points, together with certain subsets,
called lines and planes. Then <7 is an affine space if the following conditions hold.

() Any 2 distinct points are on a unique line.
(i1) Any 3 non-collinear points are on a unique plane.
(iit) The poinis and lines in each plane form an affine plane.
(iv) If 3 pairwise disjoint lines are given, 2 pairs of which coplane, then
so does the third pair.
(v) There are 4 non-coplanar points.

LemMMa 6.2. Let 2 be a planar design with k = 6 such that any 4 non-
coplanar points determine a set of 22 points which contains precisely 77 blocks,
these points and blocks forming a design Woy . Then 2 is Wy .

Proof. All lines of & have & = 2 points. The #}, determined by 4 non-
coplanar points is clearly unique. Let 2[p] be the set of lines on the point p.
As ki = 2, there is a unique plane containing p and any two lines on p. By the
Veblen and Young axioms [14], 2[p] = PG,(d, 4) for some d 2> 2. 1fd = 2
we are finished. Let d 2> 3. Let S be a 3-space in Z[p]. As & = 2, .S may be
regarded as a set of points of . Any 3 non-collinear points of S are contained
in both a unique plane of S and a unique plane of & contained in it. The
. determined by 4 non-coplanar points of SU{p} is thus C.Su{p}, and
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the #3,’s contained in this set thus form an incidence structure 2* such that
DH¥[p'] = PGy(3, 4) for all points p’. The number of such #5,’s is then found
to be [(4* — 1)/3 + 1][(4* — 1)/3]/22, which is impossible (cf. Hughes
[5)-

Let (2, I') be a generalized Jordan pair. A subsystem . of & is a set of
points and blocks such that (i) not all points are on a block, (i1) if X and Y are
blocks in % meeting in a flat, and x is a point in ¥, x ¢ X N Y, then the block
containing X N Y and x is in &, and (111} if a block X is in % so is each
x € X. Clearly an intersection of subsystems satisfies (i) and (iii). A minimal
subsystem .# is one without proper subsystems. If X, is in .#, and
x;¢ X)(i = 1,2), and if y € I' maps X, to X, and x, to x, , then 47 == 4.
Also, the intersection of the blocks of .# on x; meeting X, in a flat which
contains a point y; € X is the line »; y, . Together with the preceding lemmas,
this implies

CoroLLARY 6.3. If (2, 1) is a generalized Jordan pair with p > 1, and
M and A’ are minimal subsystems of &, then (M, I 4 4) is a generalized
Jordan pair, and there is an element v € I" such that MY —= M'. If M is of
known type, then so is 2.

The properties of axial collineations of finite projective planes used in the
next two results may be found in [2] or [3].

Levma 6.4. Let S be a subset of a finite projective plane containing 3 non-
collinear points and such that, for some k = 2, every line containing 2 points of
S contains exactly k points of S. Let IT be a collineation group fixing S and such
that, if lis any line meeting S in k points and x € S (N I, then I1(1) is transitive on
the lines =1 through x meeting S in k points. Then one of the following state-
ments holds if | S| > 3:

(1) S is the set of points of a projective subplane.

(i) The centers of the non-trivial elations in II whose axes meet S in k
points are collinear and, together with S, are the points of a projective
subplane.

(iit) | S| = 6, and S and the centers of the non-trivial elations in II whose
axes meet S in k points form a subplane PG(2, 4).

(iv) | S| = 4, but S is not contained in a subplane PG(2, 2).

(v) 1St =09,k =3, but S is not contained in a subplane PG(2, 3).

Proof. Let |SN 1| =k, and suppose that JI(/) has non-trivial elations,
all with the same center ¢. Then c¢¢ S. Let Il(c, ) be the group of these
elations. If x € S N, then TT(I) has a subgroup 2(!) of order r — 1 transitive
and regular on the 7 -— 1 lines %/ on x meeting S in % points. Every line
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I’ %[ on ¢ meeting S contains & points of S. ¢ 1s the elation center of I
([2], p- 122). Thus, | II(c, I)! = p* where p is a prime and p® is independent
of /. As homologies and elations have relatively prime orders, p® is the largest
power of p dividing | 2(I)| = r — 1. If m is the axis of a non-trivial elation
in IT of p-power order, and | m N .S | 7~ &, then m contains ¢; otherwise,
Gleason’s Lemma ([2], p. 191) would imply that IT has an element moving
{ to m. Thus, there is at most one such line m. Then IT contains

(p* — D(w/k) +-p* — 1

non-trivial elations with center ¢ (where o = | § | and b == 0), none of these
fixing a line not on ¢ meeting .S in & points. Then

[(p" — DIB) + ) | [erk — ojk] = (ofR)p" - (r — Dip

This vields p* = v/k. As pP|k, we have (ii).

Assume next that the elation subgroup I7¢(I) of II(l) contains non-trivial -
elements with different centers. I7%(1) is an elementary abelian p-group for
some prime p. If all centers of non-trivial elements of IT°(!) are in S, then (i)
holds by Piper [1/], LLemma 5. Suppose some such center ¢ ¢ .5. Then pl&,
all such centers are not in S, and there are ¢/k lines on ¢ meeting S in %
points. By Piper [//], Lemma 3, there is an integer a > 0 such that
| I{c, 1) = p2, 1 TTe()] = p*®andofh = p* - LLAsv — k= (r — I}k — 1)
and ptik, this yields & = 2 = p® » = 6. Let ¢ and ¢’ be elation centers for
lines meeting .S in 2 points such that c¢” does not meet S in 2 points. Then IT
has precisely p2¢ — 1 = 3 non-trivial elations with center ¢ and axis meeting
S in 2 points, which move ¢’ to 3 other centers. There are 6 points in S
and (§) centers, a total of 21 points, such that each line meets this set in 0, | or
at least 5 points. This proves (iii} (cf. [12]).

Finally, suppose II(l) consists entirely of homologies. Then these homo-
logies all have the same center ¢ ¢ S ([2], p. 84), and | [I(I)] = r — 1. Alinem
through ¢ meeting S — S N [ meets S in & points. If m meets S NI then
[ II{)[(k — 1) and we have (i} again. If m does not meet [ then r — 1 = &,
and we have (iv) if & = 2. Let k > 2. S is the set of points of an affine plane.
The & — 1 lines of this plane |l / but 4! meet at ¢. As IT has an element moving
[to such an /', symmetry and £ — 1 = 3 yield ¢ €/, a contradiction. We thus
have (v).

The main result of this section is the following
TuroreM 6.5. If (2, ) is a non-degenerate generalized Jordan pair with

w > 1 such that either Z(B) or D[p) is of known type, then either D is of
known type, or the design D of points and lines is of known type, not a W, ,
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and blocks are subspaces. Moreover, & 1s of known type provided that either
v < 6k, I'(B) has a 2-subgroup transitive on €B, or I'y is 2-transitive
on €B.

Proof. We examine the various possibilities for Z(B) or Z[ p] separately.

Case 1. %(B) == PG(d, q). Here 2 is a projective space by the Veblen
and Young axioms [/4]. Clearly B is a subspace. As I, is 2-transitive on the
lines on x it is transitive on the hyperplanes and the subspaces of codi-
mension 2 containing x. The remaining assertions follow immediately.

Case 2. Z(B) = AG[d, q). Then Iy is not 4-transitive, so that I' is
not 4-transitive. By (4.8), (2%, I') satisfies the given conditions, and we may
assume that & = Z# is planar, and thus 7 == 1 = u(B).

Let B and C be planes, meeting in a line, and let ICC — BN C
be # BN C in Z(C). Let C* be the affine subplane of Z(C) containing
B Cand I If Z(C) has characteristic ¢, a Sylow g-subgroup X of I'(B)c«
induces a non-trivial group of elations of C* with axis B N C; for I'(B)c+c+
acts as a Frobenius group on the lines =B N C of C* through a point of
B n C with kernel consisting of elations. In particular, 2 fixes [ and

6.1) 121> 12(CH].
We next note that

(6.2) X does not fix any line ¢ B meeting B.
For if X fixes such a line , it also fixes a plane X D m meeting B in a line.
Then X fixes the affine subplane X* of Z(X) containing m and BN X.
iy~ is a g-group with axis B N X fixing a line m|| B N X, and thus =1.
That is, X <. I'(B U X*). Since I has an element moving C to X and C*
to an affine subplane of 2(X) containing B N X, while I'(B)y is transitive
on such subplanes, | 2| < | Z(X*)| = | Z(C*)|, contradicting (6.1).

(6.2) implies

(6.3) Every plane D D / meeting B meets B in a line || / in Z(D). Moreover,
BN Di|BN Cin2(B). For, if x€ BN D, then 2 fixes the line of Z(D)
through x and |/, and the first assertion follows from (6.2). Thus
BNAD|CNAD in D) and BN C|CN D in Z(C). Interchanging
the roles of B and D we obtain BN D || BN C in Z(B).

Let &* consist of the points of 2 and the affine subplanes of the affine
spaces &(B). (6.3) readily implies that Z* satisfies Lemma 6.1 iv. Thus,
&> is an affine space, and then 2 = Z*. The remaining assertions are
handled as in Case 1.
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Case 3. Z(B) = #;. This will be shown impossible. If Z(B) = #5;,
then for p e B, Z[p|(B) = #,,. We may thus assume that Z(B) =¥, .
Then lines have 2 points and planes have 6 points. By (3.10iii), 4 non-
coplanar points are contained in a subsystem %75, of the design Z# of points
and planes (see (3.8)). Then Z# == #3, by Lemma 6.2, a contradiction.

Case 4. [p] = PG(d, q) or AG(d, q). If t > 1, then for peB
2(B)[p] = PG,_(d, q) or AG,_,(d, q), Z(B) satisfies the given conditions,
and %, is known if Z(B)) is known by the preceding cases. Thus, we may
assume thatt = 1 = p(B): & is planar.

If 2[p] = AG,(d, 2}, then the stabilizer in I, of 3 points fixes the fourth
point of their plane in Z[p]. As I"is 4-transitive, a result of Nagao [9] implies
that v = 5, which is impossible. (We note that the case Z[p] = AGy(d, 2)
can be handled in a more elementary manner by considering a minimal
subsystemn.) Thus, we may assume that £ > 3.

Let p, B and ¢ be as in (4.17). Set B* = B®. Every line [ of ¥ = 9[p]
meets B* in 0, 1 or 4 points. Set I'® = I*, . By (4.17), if x & / then I'(I)p«
is transitive on the lines == of 2 through x which meet B* in 4 points,
In particular, I'9(/) g« is transitive on the planes of & containing / and a
point of B¥ — B* N L

Let £ be a plane of 2 containing 3 non-collinear points of B*; E exists
as B is not a line of &. Then § == B*N E and 1T = I'f)p p satisfy the
conditions of Lemma 6.4 (if E is an affine plane, projectivize it}.

Subcase 4.1. Lemma 6.4i holds. Here every 3 non-collinear points of B*
determine a subplane CB* of the plane of Z¥ they determine, and Z(B)
is a projective space by (4.17) and the Veblen and Young axioms [/4]; or,
Z(B) is an affine space by (4.17) and Lemma 6.1. Now apply Cases 1 and 2.

Subcase 4.2. Lemma 6.4ii holds. If 2" = AG\(d, q), then every plane
E of 29 meets B* in 0, 1, or /& points, or in the points of a subplane of £.
Considering the points of B* and those intersections B* M £ with more than
h points, we find by (4.17) and Lemma 6.1 that £(B) is an affine space, and
Case 2 applies.

Let 2 = PG,(d, ¢). If a planc E of Z'® meets B* in three non-collinear
points, then there is a unique line m(E) of E, and a unique set #(E) of & 4- 1
points of m(E), such that (B* N E) U #(E) are the points of a projective
subplane of E. We shall show that, once again, the points of B* and the
intersections B* M E with more than % points form a design Z* satisfying the
conditions of Lemma 6.1, thus reducing to Case 2 again. This is a design by
(4.17). Alse, Lemma 6.1i, ii, iii and v are clear.

Let 1, [, and I, be lines meeting B*in /4 points such that there are planes
E, containing [ and I; with /]I, in E;, i =1,2,; E;, meets B* in a
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plane of &Z*. Then I'9(]) has an clement moving E, to F,, and thus
m(E,) to #(E,). As B*n s a line of B*NE,, B*N 1N E,em(E,).
Thus, m(E,) and m(E,) meet at this point y. As {||/; in E,,yel;. Thus,
I, and [, span a plane of 2'Y meeting B* in at least 24 points, and Lemma
6.1iv holds for Z*.

Subcase 4.3. Lemma 6.411 holds. Here i = 2, and every 3 points of B*
determine a plane £ of %% meeting B* in 6 points which uniquely deter-
mine a subplane E; = PG(2, 4} of E. If [ 1s aline of E which is also a line
of £, then I""’(I)E1 is transitive on £, — [ Thus, Fg‘i)‘El > PSL(3, 4),
which moves B* N £ to a sct of subsets of £, which, together with the lines
of E; with p adjoined, determines a %3, (see Witt [17], or [6]). Thus, relative
to the base point p, any three points of & not coplanar with p determine a
unique #3, (recall that 4 = 2). Moreover, the blocks of this #7, are subsets
of the blocks of . As the pointwise stabilizer of a block not on p of some
such %, is transitive on these points p, any three points of & uniquely
determine a sct of 6 points of 2. Thus, we may apply Lemma 6.2 and
D = W,

Subcase 4.4. Lemma 6.41v holds. Here h =2 and every 3 distinct
points x, y, z of B* determine a plane £ of 2/ meeting B* in a unique fourth
point zo. As I'(B) is transitive on €(B), w is independent of p: 3 distinct points
of @ determine a unique fourth point on their plane. Also, even if Z[p] is an
affine space, p, x, ¥,  and B determinc w as that point of B-{x, v, 2} such that
the planes determined by p, x, y and p, &, w meet at a point u 5= p. Thus,
these quadruples of points of & will form an affine space over GF(2) if we can
check Lemma 6.1iv for 3 pairs of points of B. Let {x, v, 2, w} and {x, y, &', @'}
be distinct quadruples lying in B, and let p, u be as above. Let C be the plane
containing {p, #, x, ¥}. Then I'(C)p has an element moving {x, y, 2, @} to
{x, v, &', '} which fixes u. Thus, {p, u, 2, 2’} is a quadruple, and has a point
# = p in common with {p, u, 2, w}. It follows that {z, w, 2’, @'} is a quadruple.
Now apply Case 2.

Subcase 4.5. Lemma 6.4v holds. Here h = 3, @{p} = PG(d, 2) and
(2,T') is not a Jordan pair. By (4.5), the points and lines of &, together
with I, form a generalized Jordan pair. Three non-collinear points lie in
an AG(2,3). As I' induces a 2-transitive collineation group on this plane,
I' is 2-transitive on points. As in [2], pp. 100-101, it follows that the points
and lines of & form an affine space 4G,(e, 3) for some e. Now apply Case 2.

Case 5. ZTp] = #ypy. Then A[p] == 2, so A == 2 by (4.8). Thus,
v = ¢[pl -+ 1 and Z = # by Witt [[7].

The special case & = #* - 9 of Theorem 6.5 was proved by Hail [4]
using entirely different methods.
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7. Tue Cases v < 6k
We shall prove the following
Tucorem 7.1, If (2, I') is a non-degenerate generalized Jordan pair with

v X Ok, then 2 is of known type.

The proof, which is inductive, is complicated by the fact that the cases
k < 12 must be handled separately and by a computational approach. If
more information were available concerning slightly larger values of %, the
integer 6 could, correspondingly, be increased.

Lemva 7.2. If k=9, the only subgroups of S or A, of index <S5k are
Sy, Ay, the stabilizer of a point in S, or A, , or, if k < 10, the stabilizer in
S, or Ay, of an unordered parr of points.

Proof. See Wielandt ([/6], p. 42) or Parker ([/0], L.emma 2).

Livma 7.3. Let I' be a t-transitive group of degree k, where
t = max{4, | + &/6).
Then either I' > A ork = 11,12 0r 24 and I' = M, .

Proof. By Hall([3], p. 80), this is true if & <C 35. For £ >> 35, the assertion
follows readily from a result of Miller ([3], p. 69; [16], p. 40).

We shall also make use of the Hall-Bruck Theorem, stated in the Introduc-
tion.

Proof of Theorem 7.1. Let (2, Iy be a counterexample with minimal
o. Suppose p=1. Then v —1=rk—1), b =10 —1)k(k—1),
v =k + 2,k >4 and v < 6k are readily found to be incompatible.

Thus, 4 > 1. As ©(p) < 2, the minimality of v and Theorem 6.5 imply
that o(p} > G6k(p). By (4.7), we have

(7.1) v = 6k — ¢, 0<e=4
There are 1 4 (v — k&)/(k — u) blocks containing a flat, so that
(7.2) a = (5k — e)/(k — p) 1s an integer.
If a .= 5 then 5u = e < 4, a contradiction. If @ <C 5 then
4ze=aun+S—a)k=2+k,
a contradiction. Thus, ¢ > 6 and

(1.3) 64 = 6(a — 5) @'k + Gea™ > k.

481/12/4-3
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The minimality of v, (4.4) and Theorem 6.5 now imply that ['pp is p-
transitive. As ¢ > 1, it follows that /# = 2, (%, I') is a Jordan pair, and by
(34)

(7.4) I'ppis (u + 1)-transitive.
Case . p > 3. By (7.3), (7.4) and Lemma 7.3, I'pjpis S, 4, or M, .

Subcase 1.1. k= 11 and I'pyp > 4,. If p¢ B then I'y = I'zI'(B)
implies that I7,p 5 > A;.. Let s be a non-empty subset of ¥B maximal with
the property that Alp > A4, , where A = I'p(s). s 7= €B, as otherwise /1
contains a 3-cycle and I” > A, . Let p be an orbit of 4 on €B — s, and let
pep. Then ¢ = plPY) is a (possibly trivial) imprimitivity class of /1 on p.
As A, = A,'(B U s), the maximality of s implies that A p = 4,5 & 4.
Moreover,

Sk >5% —¢e—~1=v—k—1"20o—k—|s| =ip]

7.5 ' i
(7.5) = |Adig:depllc].

By Lemma 7.2, k|| Alg: Aypl. As p is arbitrary, (7.1) implics that
—e —isl=9v—~k—Is| =0 (modk), and thus 's| == k& —e. By (7.1)
and (7.5),

(76) 4k =20 —k —is| = | Adig: i p. lc .

By Lemma 7.2, A, fixes a point x € B, and | A : A, | == k or 2k.

Define c* as follows. If | A:, 1 =k, set ¢* = c. Suppose that
{A: A, =2k This means that A p = S; and [dgp:Agpl =2. If
ged, — A, setec* =cU c.

Thus, c* is an imprimitivity class of .1 on p such that | p |/| ¢*| = & and
A, = Ao . That is, A acts on B as it does on the system .# of imprimitivity
classes of A on p determined by ¢*. Let y € A act on B as a 5-cycle and have
order a power of 5. Then y fixes & — 5 points of B and k£ — 5 elements of .#.
Since | c¢* | == |p|jk < (v —k — | s|)/k << 4 by (7.6), y fixes each such
¢lement of .# pointwise, thus fixing (k — 3) - [ p |/k points of p. As p 1s
arbitrary, y fixes a total of

(k —S)v—k—is|)k+(k—5)+|s]
points of 2, thus displacing only 5(z — | s |)/k << 25 points by (7.6). As
> 3, (7.4) and a result of Bochert ([/6], p. 42) imply that y displaces at
least v — 1 points. Then 52 > = = 6k — ¢, where & > 11 and e << 4, a
contradiction.

Subcase 1.2. k = 24 and I'yp = M,,. Then (7.3) and (7.4) imply that
n = 4 and e = 0. In the notation of (3.11), v® = 141, 2® = 21, u® = |,
and thus r® = 7 < k¥ a contradiction.



JORDAN GROUPS 487

Subcase 1.3. k = 12 and I'yz = M, . By (7.4), p = 3 or 4. By (7.2),
(12 — p)|(60 — e), so u = 4 = e and v = 68 by (7.1). As in Subcase 1.2 we
obtain the contradiction 7@ < &2

Subcase 1.4. k =11 and I'pp = M,;. Here (7.4) yields p = 3, and
then (7.1) and (7.2) are incompatible.

Subcase 1.5. k = 9 or 10. Set g = (2, k)~1. Define s, 4,p and ¢ as in
Subcase 1.1. (7.5) holds, and by Lemma 7.2, (7.6) becomes

0N G—9kzv—k—|s|=|Alg: Agsllc].

If A, fixes a point of B, we may proceed as before to obtain 52 > v = 6k — ¢,
0 < e < 4. This contradicts (7.1) and (7.2).

Thus, A, displaces all points of B. By Lemma 7.2, A5 = A, 5 for
some distinct points x, ¥ € B. Then /] acts on the images of ¢ under 4 as a
group of degree (§). However, by (7.7) and the definitionof g, v -k — | s | < (}).
Thus, | ¢ | = 1 and A acts on B — s as S,, or A, does on the unordered
pairs of points of B. If § € /1 has order a power of 3 and is a 3-cycle on B, it
fixes & — 3 points of B, (*;%) points of ¥B — s and | s | = gk — ¢ points of
s. By (7.1), & displaces

6k — (k — 3) — (k — 3)(k — 4)j2 — gk

points of Z. As u == 3, (7.4) and a result of Bochert ([/6], p. 42} imply that
8 displaces at least [$(v — 1)] = 3k — 2 points, this is a contradiction.

Subcase 1.6. k < 8. This is found to be impossible by straightforward
computation using (7.1), (7.2), (7.4), the parameters of the designs 2? of
(3.11), and the Hall-Bruck Theorem and Theorem 6.5 whenever some
k® = 3. For example, if v = 48, k = 8, ;o = 4 (possible by (7.2)), then
b 35 (33 - 23)47/7.

Case 2. p = 2. In this case, 2 — o — 1, &0 =k — |, u® = ;o — |
and (by Theorem 6.5)

PO = (6k — e —2)(k—2) = kO £ 2 =k L 1.

Then k& << 6. Also, £ > 3 by the Hall-Bruck Theorem. Thus, 2 = 5 or 6.
A straightforward check shows that '@ and 5 are integers only if v = 26,
R=35A=r® =8andr = b9 = 50.

To eliminate this case, note that | ¥B | = 21, so there is a y € I'(B) of
order 3. As u = 2and A = 8, y fixes at least one block 7B through each pair
of points of B, thus fixing at least (5) = 10 such blocks. As these blocks
contain a total of at least 10{k — p) > 21 points, two of themn must have a
common point in ¥B. Then u = 2 <3 = | y | implies that vy fixes points of
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€B. If f is the set of fixed points of y, then || == 6. If a block contains
3 points of f it is fixed pointwise, as £ — 3 < 3. Thus, f is the set of points of
a proper subsystem of 2, contradicting Corollary 6.3. This completes the
proof of Theorem 7.1.

We note that Subcase 1.5 could be handled in the same way as Subcase 1.6,
except that o == 54, £ = 9, p =- 6 does not lead to a numerical contra-
diction; that is, there could conceivably be a 6 — (54,9, 1) design, in the
notation of Hughes [5].

8. SuscGroups ofF I(B)

Levmma 8.1, Let (%, I') be a Jordan pair and let & be a subgroup of I'(B)
transitive on € B, where B is a block of 7.

(1) If his odd, an involution o in the center of X fixes a point of B linewise.

(i) If Z' is abelian, then for each x € B, there are precisely h — | elements
of X2 fixing x Iinewise.

Proof. (1) The transitivity of X implies that ¢ is fixed point free on €'B. If
y € B, then o fixes ¥y°. Since / 1s odd, yy° must meet B. As 2 is transitive
on the lines on B N yy° not contained in B, o fixes this point linewise.

(i1) X'is regular on €'B. If [ is a line meeting B at «, then 1 2| = & — 1.
As X' centralizes 2 , it follows that X, fixes x lincwise.

THroreM 8.2. Let (2,T) be a non-degenerate jordan pair. If 2 s a
2-subgroup of I'(B) transitive on 6B, where B is a block of &, then the following
statements are equivalent.

(1) & is of known type.
(i1y 2 is elementary abelian.
(1) 2 is normal in I'y .
Proof.  Clearly (i) = (ii), {(1ii). To prove {it) = (i} or (iii} = (i), we may
assume that pu == 1 ((3.7) and Theorem 6.5). Then A =% > 2, £ — 1
(v — k)/(r — 1) is even, and Lemma 8.11 applies.
(i) = (i). If x4,y € €B, x 7=y, then there is an element o € X' such that
x” = 3. By Lemma 8.1, xy meets B. Thus, & is a projective plane.

(i1i) = {i1). Let A be the subgroup of X generated by the involutions in the
center of 2. Lemma 8.1i, the transitivity of I'p p, and (iii) imply that each
point of B is fixed linewise by the same number g > 1 of elements of A. Let
p be an orbit of 4 on €B. If v, y € p, x 7~ ¥, then xy meets B by Lemma 8.1i;
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conversely, if p€ B and x € p, then | px N p | = g. Thus, each point of p is
on (| 4| — 1)/(g — 1) lines meeting p in g points, each of which meets B:

(A= g —1) =k =1+ @—Rjr—1).

As | A, g and v — k are powers of 2, k == g 4 1. The points of p U B are
thus the points of a subsystem of & which is a projective plane. The Veblen
and Young axioms [[4] now readily imply that & is a projective plane.

Lemmva 8.3. Let I' be an (a + l)-transitive group on a set S,
| S| =n,a>3.Let ACS, | A| = a. If ', is 2-transitive on S — A, and
I'(A) has an elementary abelian q-subgroup normal in I' 4 and transitive on S—A,
where q is an odd prime, then either

O I'=4,,n—a=30r
(iyn=1or12,n—~a=%and ' =M,.

Proof. T is transitive on the set of a + 2 element subsets of S, If
a + 2 < n/2, then I' is (a -~ 2)-transitive by Livingstone and Wagner [§].
By Suzuki [/3], either I' = A, ot I'=M, (n = 11 or 12). If @ + 2 > n/2,
then the (@ 4 1)-transitivity of I’ implies that I'> A4, or I' =M,
(n = 11 or 12), by Lemma 7.3.

If I" > A,, then I'(4)|s_4 has no non-trivial abelian normal subgroup
unless | S —A|<<4. As ¢>2,n—a =3 If I'=M, it is clear that
[ §—4 =09.

It is more difficult to use part (ii) of Lemma 8.1 than it is to use (i). The
difficulty is caused by the fact that (ii) does not imply that the product of
elements of X fixing different points of B linewise also fixes a point of B line-
wise, This does, however, hold under the hypotheses of the following

Tueorem 8.4. If (2, I') is a non-degenerate generalized Jordan pair such
that 'y is 2-transitive off of the block B, then & is of known type.

Proof. Let (2, I') be a counterexample with minimal ». & = 2, as other-
wise all lines meet all blocks and & is a projective space ([2], p. 74; [6]). Thus,
(2, I') is a Jordan pair with u > 1. If p € B, then I3 is not 2-transitive on
% B by (3.7) and the minimality of v. Thus,

(8.1) If x, y € B, x =~ y, then I'y,, is intransitive on B.

I'(B)|4p is imprimitive by Jordan’s Theorem ([3], p. 66; [/6], p. 34), so
that it has a unique elementary abelian g-subgroup 2 <J I'p transitive and
regular on ¥ B (Burnside [7], p. 199). Here the prime ¢ is odd by Theorem 8.2.
Define m by (3.11); m > 1 as A = 2. If S,,_; is an (m — 1)-subblock CB,
2 induces an automorphism group on Z[S, ;] (see (3.10v)). As
htm=1) = 2 — hm-2 ] .emma 8.111 implies that there are non-trivial elements
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of Z fixing an m-subblock of B blockwise but no smaller subblock blockwise.
Since all elements of ~' — {1} are conjugate in I'p , it follows that

(8.2) Every element 1 £ o€ Z fixes a certain number f of m-subblocks
S(o) C B blockwise. Here f = 1 is independent of o, and | S(o) | = m 4 1.
(For the final assertion, see (3.12).)

(8.3) If x¢ B and 1 3£ o€ 2, then the set of S(o)'s is {S]S is an m-
subblock C B, and there is an (m - 1)-subblock T containing S, x and x7}.

Proof. 1f a block contains x and S(o) then it contains x° so that S(o)
belongs to the stated set. Conversely, if S is in the stated set, and 7 is an
(m -+ 1)-subblock containing S, x and x°, then ¢ fixes T by (3.101i). As X
centralizes o, o fixes T for all 0 € 2. By (3.10iii), each block £B containing
S is a union of these 7", and S is fixed blockwise, as claimed.

Case 1. k> 2nand f > 1 (fis defined in (8.2)). Let x ¢ B, and let T be
the (m -+ 1)-subblock containing S(c), ¥ and x° for some 1 % o2 and
some S(o) as in (8.2). Then I'(T)p is transitive on B — S(o), as in the proof
of (3.5). For the same reason, if S(¢) D S(e) N S'(c) 7% ¢, then
Ip,.o(S(e) N S(¢’)) is transitive on B — (S(o) N S'(o)). Using (8.1), we find
in this manner that the f S(o)’s have a non-empty intersection W(s). Set
w=| W(o)|.

B4l <w<m41, and m = 2.

For S(o) D W(o) 7 ¢. Suppose m == 1. Then w = |, and S(o) is a line.
T is thus a plane. As /4 = 2, x,x” and W(o) uniquely determine 7, and
there cannot be two distinct subblocks S(c), whercas f > 1.

As Ty 0o W(0)) is transitive on B — W(o), and I'p,,0(S(c)) is transitive on
B — S(o), (8.3) and Lemma 3.1 imply that

(8.5) If 1 3 0 €2, and x ¢ B, then I'p,,o permutes the S(o)’s transitively.

Let S{o) and T be as above. Let ¢ == | T'|. Let x,ye T — S(o}, x £ y.
There is 2y € I'g, with y» = x°. Then x, x* € T¥and B N T is an m-subblock.
By (8.3) and (8.5), there is a 3’ € I'ppe with 7% = T¥". Then yy~' € I'pp,
takes y to x°. Thus, 'pri7_p~7 18 2-transitive. Also, 27 <0 I'py is transitive and
regular on 7 — B N T. By (3.15) and Lemma 8.3 (witha = m -+ 1 > 3 by
84),t—(@m+1)=30r9.

Claim: (" 1[[t — (m + 1) — 1]. For [y —{l}| =t —(m + 1) — 1
as | S(e)| = m + 1. Each o e Xy — {I} determines a unique set
W(s')C B T, by (8.3). By (3.15), each subset W of B n T with w points
has the form W(¢’) for g elements ¢’ € Zr — {1}, where g is independent of
W. Thus, t — (m -~ 1) — 1 = g(™1%).

We now have ("/1)| 2 or 8, where ¢t = 11 or 12 in the latter case and thus
m -+ 1 = 2 or 3. This contradicts (8.4).
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Case2. f=1. Here, each o € 2~ {1} fixes a unique m-subblock
S(o) C B blockwise. Once again, let x ¢ B and let T be the (m -+ 1)—subblock
containing S(o), x and x°.

Claim: S(o) is a flat. Otherwise, T is not a block and £[S(o)] is defined
(see (3.10v)). Within Z[S(¢)], T is a point and B is a block not on 7. As
h = 2, (3.10v) implies that I'y(7T’) is transitive on those flats of & containing
S(o) and contained in B. If X is a block DT meeting B in a flat, then as in
Case 1, I'yy is 2-transitive on X — BN X. By (3.4) and the minimality of
v, I'yx is (u + I)-transitive. As we are assuming that m -+ 1 <y, this
contradicts (3.14).

Thus, T is a block, and once again I'py is 2-transitive on 7'— BN 7.
Also, 2p<J I'gy is transitive on T'— BN 7. By Lemma 8.3, there are two
possibilities:

(W) k—p=3, FB|B>Ak; or
(i) k—pn=9, kF=1lorl2, FBIB:Z\/[,“,.

Each ¢ €2 — {1} determines a unique flat S(c). Conversely, each flat F
in B is fixed blockwise by 2 — pu — 1 elements of £ —{1}. As I'pz is p-
transitive, v — k — 1 = ({)(k — u — 1). In case (ii), this yields

v—h=1+80) or 1+8(%)
whereas v — k is a power of 3. Thus, (i) holds and

(M)v—k—lzzgy

If x¢ B, then I'ypp = A, . Each y € B — {x} determines a unique
block Y such that x, y € ¥ and | BN Y | = pu, by (8.3). Then
| Y —BNY|=23, and I'yyp fixes ¥ -BNY ={x,y,5} pointwise.
Thus, {y,»'} is an imprimitivity class of I',p¢p_(; - Moreover, 'y, \8
fixes B—BNY ={37%,2"}. By (8.6), ',y y/yp = {2’07y - Thus, Ip
acts on the sets {y, ¥’} as S}, or 4, acts on the set of triples of distinct points
of B. Lety € I’ be a 3-cycle on B and have order a power of 3. y fixes & — 3

points of B, and fixes 1 + (*3?) such triples. Thus, y fixes 1 - (¥3%) pairs
{¥, %'} and then fixes each such pair pointwise: y fixes

(k—3) + 1424 (k—3)k — )k — 5)/3

points. However, v = &k + 1 4 k(k — 1)(¢ — 2)/3 by (8.6). Thus, y dis-
places 3(k% — 5k 4 7) points. p =k — 3 = 2. As v — k is a power of 3,
(8.6) implies that 2 > 10. Since I' is (k — 2)-transitive, y displaces at least
v/2 points ([/6], p. 42). This is a contradiction.
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Case 3. k << 2u and f > 1. By Lemma 3.2, (3.2), Theorems 6.5 and 7.1,
and Lemma 8.3, Iy > 4, and k£ —p = 3. By (3.14), m + 1 = p and
each S(c) is a flat.

Let]l £ o€ 2, x¢ B, and set L == {x, x, x“il}. If X is a block DL meeting
B in a flat, then L = X — BN X and, by (83), BN X is an S(o).
If S’(e) 7 S{o), then each element of I'(X)z maps S’(c) to another S”(o)
(by (8.3)). Thus, each point of B is in some S’(o).

By (3.16), I'py == I'pgrs, is transitive on S(o). Except possibly when
k = 2p, any two S(o) meet. Thus, unless £ == 2u, f = 2 and S(o) N S’(c) = ¢,
it follows that ['p, is transitive on B. L may be regarded as a line of AG(d, 3),
where v — & == 3%, and by (3.18), {’p is then faithfully a collineation group
of AG(d, 3). If p € B, we have shown that I, 5 is line-transitive on AG(d, 3).
| I',p | is even as &k = 3. Thus, there is an element of I p fixing a line L” of
AG(d, 3), fixing a point x € L', and interchanging the remaining points of L',
Then I' p is a 2-transitive on €'B, a contradiction (cf. (8.1)).

It remains only to consider the case p - 3.k =2y, f = 2,
S(6) N S'(c) == ¢. Then k = 6. Each flat £ in B determines a second flat
B — F, and these are the S(o) for k—p — 1 elements o2 —{1].

v — k == 2] is not a power of 3. This contradiction proves the Theorem.

If (2, ) = (W3, Myy), (8.2) still holds. This leads to the following fact:
if B s a block of #7,, and | % o € I'(B), then o fixes 7 sets of 3 points of B
blockwise, and together with the 7 points of B these form a projective plane.
Similarly, involutions in M,, fixing a block of %5, pointwise determine an
AGy(3, 2) in the block.

Proof of Theorem 1.1. (i) follows from Lemma 3.2, Theorems 7.1 and 5.3,
Lemma 7.3, and the fact that all (k2 4- 1)-transitive groups of degree
v < 6k < 12 are known. (i1) and (iii) follow from Lemma 3.2 and Theorems
8.2, 8.4 and 5.3.
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