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1. INTRODUCTION 

In 187 1, Jordan [7] initiated the study of primitive permutation groups r 
of finite degree v  such that the pointwise stabilizer of some set B of k < 2: -- 2 
points is transitive on the remaining points. One of his principal results was 
that such a group is 2-transitive. Every (R + 1)-transitive group trivially 

satisfies this condition. In the non-trivial case, where r is not (k + l)- 
transitive, r is called a Jordan group (this definition differs slightly from that 
of Hall [4]). Examples of Jordan groups arc the full collineation groups of 
finite projective and affine spaces-with B a subspace-and the Mathieu 

groups M,, , Mz3 and M2, . Given the pair (r, B), a geometry or design (see 

Section 2 for a more precise definition of this term) of points and blocks may 
be obtained as follows: points are the points permuted by r, and blocks are 
the distinct sets By, y  E F. If  F = Me , the resulting design 9 was described 
by Witt [Z7] and will be denoted VP, . Hall [4] was the first to construct such 

designs 9 from such pairs (F, B). He observed that, with little loss in gene- 
rality, it may be assumed that r is not 3-transitive and that every two distinct 
points are on a unique block (i.e., blocks behave like lines). When supplemen- 
ted by a loop theoretic argument of Bruck (see [2], p. loo), Hall’s main result 
is that, if k = 3 and .P is not 3-transitive, then 9 is the design of points and 
lines of PG(d, 2) or AG(d, 3) for some d. 

We shall obtain further characterizations of Jordan groups and thleir 
designs, under weaker assumptions than those given above. Our approach 
will be more geometric than Hall’s combinatorial approach. The main tools 
will be induction and the enumeration of fixed points and blocks of elements 
of r. Whereas Hall was interested only in the case where two distinct points 
are on a unique block, we shall be mostly interested in the case where this is 
not so. For, there is then more structure available, as in the classical instance 
of higher dimensional geometries having more structure than 2-dimensional 
ones. 
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The main results are summarized in terms of groups in the following 

THEOREM 1.1. Let I’ be a 2-transitive group of degree v. Suppose that, for 

some set B of k points, 2 .C k -< z‘ ~~~ 2, the point&se stabilizev r(B) of B is 
transitive on the set %‘B of remaining points. Let r, be the global stabilizer of B. 

Then r is a knozm group provided that one of the following conditions holds. 

(i) v  < 6k. 
(ii) r is not k-transitive, a?ld r(B) has a ‘-subgroup transitive on VB 

which is either elementary abelian or normal in r, 

(iii) r is not k-transitive, and r, is 2-transitive on (%‘B. 

Here (i) and (ii) should be compared \vith results on Jordan groups of 

Rlarggraf ([f6], 34-35) and Nagao and Oyama [9a], respectively. 
Section 2 consists of definitions. In Section 3, the basic geometric proper- 

ties of the associated designs are given. The results of this section are probably 
known, in a non-geometric form. Although additional transitivity properties 
may be readily obtained by similar methods, our results are stated principally 

for later applications. 
In Section 4, we briefly describe a geometric generalization of Jordan 

groups. As the proofs are very similar to those in Section 3, or readily reduce 
to these previous results, they will not be given. This section is not required 
in the proof of Theorem 1.f. \Vc note, however, that (3.i) and (4.i) state 

essentially the same facts, 1 .s i 18. 
Sections 5 and 6 are highly geometric. \\‘e describe the designs and groups 

to be characterized. In order that later characterizations of designs may be 
translated into characterizations of groups, results arc given concerning 
collineation groups of finite projective and affine spaces which follow very 
easily from results of Wagner [/5]. Section 6 is basic to our approach, con- 
taining the necessary inductive results. In particular, some natural attempts 
to gentralizc the Math&u group Mzz are shown to yield nothing new. 

Sections 7 and 8 contain the proof of Theorem 1. I. 

2. DEFINITIONS 

The following definition of designs is not the usual one [2], but is well- 
suited for our purposes: a design 9 is a set of 2) points, together with b 
subsets, called blocks, such that each block has k points, 2 < k < v  - 2, 
each point is on r < h blocks, and every two points are on A < r blocks. 9 is 
called degenerate if every set of k points is a block, and non-degenerate 
otherwise. If  x and y  are distinct points of 9, the line xy is the intersection 
of the blocks on x and y; there is a unique line. containing two distinct points. 
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The intersection of all the blocks containing 3 non-collinear points which are 
contained in some block is called a plane. A planar design is a non-degenerate 

design in which any triple of non-collinear points is contained in a unique 
block. 

If  9 is a design, set p = maxi/ X n Y 11 X and Y are distinct block:; of 
B}. A flat is an intersection X n Y with p points (this differs from the defini- 
tion given in [6]). Clearly h = 1 if and only if p = 1. 

A subblock of 9 is a non-empty intersection of a non-empty set of blocks; 
examples are points, lines, planes, flats and blocks. 

If  S is a set of points of 9, F5’ is the set of remaining points. 
I f  a design is denoted, for example, by 9* or 9(O), its parameters are 

VX, k*, p* ,..., resp. 21(O), k(O), pco’ ,.... 
An automorphism group of an incidence structure is called 2-transitive if 

it is 2-transitive on points. 
An automorphism of a design is said to fix a set S of points blockwise if it 

fixes every block 2 S. 
If  r is a permutation group and S is a subset of the set of permuted points, 

then r,y and r(S) are, respectively, the global and pointwise stabilizers of S. 

rsis - r,/r(S) is the permutation group induced by rs on S. 

All groups will be finite. Isomorphic designs will be regarded as identical, 
as will similar permutation groups. 

3. JORDAN PAIRS 

The following simple result will be used frequently. 

LEMMA 3.1. (Wielandt [16], p. 7). Let r be a transitive group on 
a set S, and let Bj C S such that r(BJ is transitive on S - Bi , i = 1, 2. If 
!B,/ :< [ B,j,thenB,vCB,forsomeyEr. 

We next restate the connection between the groups and designs to be 
considered which was indicated in the Introduction. 

LEMMA 3.2. Let r be a 2-transitive group of degree v  such that, for some 

set B of k points, 2 < k < v  - 2, r(B) is transitive on the remaining points. If 
a consists of the points permuted by F and the distinct sets By, y  E r, then 9 is 
a design with 2-transitive and block-transitive automorphism group r such t,hat, 
for each block X, r(X) is transitive on %?X. &loreover, 9 is non-degenerate if 
and only ;f  I’ is not k-transitive. 

Proof. This is clear from the definition of designs, except possibly for the 
fact that r is k-transitive if LB is degenerate. However, if LB is degenerate, 
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then by induction the pointwise stabilizer of each set of K - i points is 
(; + I)-transitive on the remaining points, for every 0 < i < R. 

If  r and 9 are as in Lemma 3.2, (g, I’) . is called a Jordan pair, and is said 

to be non-degenerate if and only if 9 is. The study of such pairs is, by 
Lemma 3.2, equivalent to the study of the pairs (r, B) which were considered 
in the Introduction. 

Let (9, r) be a non-degenerate Jordan pair. We shall list a number of 
properties of (9, _7’), many of which even hold in the degenerate case. p was 
defined in Section 2. 

(3.1) p i; k -2. 

Proof. Let S and I’ be blocks with j X n Y / = k - 1. As I’(X) moves 
Y ~ X A I’ to all the points 4 X, while r(Y) moves X - X n Y to all the 
points not in Y, F(X n Y) is 2-transitive on %(X n Y), and r is K-transi- 

tive by Jordan’s theorem ([7]; [16], p. 32). 
By a result of Marggraf ([16], p. 35) 

(3.2) v g3 2k. 

(3.3) All lines have the same number h of points. 

(3.4) Let p > 1, let B be a block, and let 9(B) consist of the points of B as 
points and the flats in B as blocks. Then FBI, acts as an automorphism group 

of 9(B). and (9(B), r,,,) is a possibly degenerate Jordan pair with v(B) = R 
and k(B) q - + 

Pro$ r,., is 2-transitive by Wielandt ([16], pa 36). I f  X is a block such 
that X fl B is a flat, then T(X), is transitive on B -- B n X by the definition 
of p. Then Lemma 3.1 shows that r,,, is transitive on the flats in B. Clearly 
a(B) = h and k(B) =~ I*, and 2 < h c k(B) < a(B) -- 2 by (3.1), (3.3) and 

p > 1. 

(3.5) If  S is a subblock then F(S) is transitive on VS. 

Proof. Clearly S = n {X j X 2 S, X is a block}. I f  X and Y are such 
blocks, then 1 VX n FY / = v  - 2k $ ! X n Y / > 0 by (3.2), so that 
I’(S) is transitive on U {VX j X 2 S} = VS. If  S is a line, (3.5) is essentially 
due to Hall [4]. (3.5) implies 

(3.6) If/x > 1, cverp 3 non-collinear points are on a unique plane. h =: 2 
if and only- if r is 3-transitive. 

(3.7) Let ,A ‘- 1, let p be a point, and let a/‘$] consist of the lines through 
p as points and the blocks through p as blocks. r, induces an automorphism 
group i”, of 9@]. Then (9[p], pD) . is a non-degenerate Jordan pair with 

uW] : (v -- 1)/(1z - I), k[p] = (12 - 1)/(/z -- 1) and pL[p] = (p - l)/(h - I). 
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Proof. fa is 2-transitive by (3.5) applied to a line. As I’, is transitive on. B, 
pfl is block-transitive. If  B is on p, then I’,(B) is certainly transitive on %‘B. 
The values of Q], Ktp] and pFLLp] are clear from (3.3). k[p] > 2 as R > p > h. 

If  h = 2 then v[p] > K[p] + 2. If  h > 2 andp’ E B - {p}, joiningp’ with the 

points f  p of a line $ B through p shows that alp’] > klp’] + 2. 
If  g@] is degenerate, then h@] = 2 im pl ies that planes of 9 have only 3 

points and thus h = 2. Then k[p] = k - 1, and the Klp]-transitivity of TV 
implies the &transitivity of r, a contradiction. By (3.5), (3.6) and (3.7) we 

have 

(3.8) If  p > 1, let z%# consist of the points and planes of 9. Then (g##, r) 
is a Jordan pair, and the following are equivalent: (i) 9# is degenerate; 

(ii) h[p] = 2; (“‘) 1 111 p anes have 3 points; and (iv) r is 4-transitive. 

(3.9) If  S is a subblock properly contained in a block B, then S is an 
intersection of flats in B, that is, S is a subblock of 9(B) if p >- 1. 

Proof. Use induction on p : if TV = 1 this is trivial. Let ,u > 1 and let 

p E S. Then S is a subblock of g[p] properly contained in the block B’ of 
.GQ]. As pLp] < CL, S is an intersection of flats of B[p] contained in B. Since 
each such flat is the set of lines of 2 through p contained in a flat of 8, the 
result follows. 

(3. IO) The set of subblocks of 2 ma!- be partitioned into n classes, the mem- 
bers of the ith class being called i-subblocks (0 _ i ..< d - I), such that the 

follow-ing statements hold. 

(i) 0-subblocks are points, I-subblocks are lines and, if !A > I, 2-sub- 
blocks are planes. 

(ii) For each i, r is transitive on i-subblocks. 

(iii) I f  Si is an i-subblock, not a block, and x $ Si , then there is a unique 
(i j I)-subblock containing S, and X. 

(iv) I f  i 3 2, and g(Si) consists of the points of Si as points and the 
(i - I)-subblocks Sip1 C Si as blocks, then either (Q(Si), rsclsi) is 
a possibly degenerate Jordan pair or 1 Si j = / S,-i ! + 1. 

(v) If  Si is neither a block nor a flat, let g[Si] consist of the (i + l)- 
subblocks 3 Si as points and the blocks 3 Si as blocks. r(Si) induces 
an automorphism group f(S) of g[Si] and @[Sill f(S,)) is a non- 
degenerate Jordan pair. 

Proof. This holds trivially or vacuously if p = 1 or (except for (v)) if &@ 

is degenerate. Let p > 1 and use induction on zz. The i-subblocks of the 
various 9(B) are defined to be i-subblocks of G8, and we add an additional 
class, namely, the blocks of 9. By Lemma 3.1 and (3.9), we obtain in this 
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way all subblocks of 9. (i) is then trivial. f’ is block-transitive, and F,i, is 

transitive on the i-subblocks C B, proving (ii). 

(iii) By (3.5) and Lemma 3.1, Sj is contained in a flat P = X n Y. 
Either x E X, or x$X and r(X) has an element moving Y to a block con- 
taining s and F. Thus there is a block B containing x and Si . Either Si is a 

block of 5?(B), and then B = S’,+, is an (i $ I)-subblock, or induction 

produces an (i + I)-subblock S1-~l containing x and Si . I f  S:+l also contains 
Y and S, , then S+, n Sit, is a subblock and 

However, by (iii) applied to 9(B), I Si, 1 i , ) / Si 1 and there is no subblock II 

with I Si+l 1 > j T 1 > 1 Si / . Thus we must have SE+1 = Si+l . 

(iv) By Lemma 3.1, vr (iii), Si C R for some block B. if Si = B, (3.4) 
may be used, while if Si C B, by (3.9) we may use induction. 

(v) If  Si C B, then (iii) implies that r(B) is transitive on the (; + l)- 
subblocks r) Si and g B. I f  Si,, r) Si, (3.5) and (iii) imply that r(S,+,) is 
transitive on the (; -+ I)-subblocks f  S,,-, containing Si, so that f(Si) is 
2-transitive. An application of Lemma 3.1 to p(Si) yields the block-transitivity 

of I’(&). 

BY (3.2~ 

V[sc] = (V - I si I)/(1 Si+~l I ~ 1 si 1) > (2/t - 2 / Si i)/(l Si+l - j Si I) 

= 2k[S,],. 

As S,+l is not a block, k > i Sz+l 1 and thus R[S,] 3 2. Thus, (g[Si], f(S,)) 
is a Jordan pair. I f  i := 0 this is non-degenerate by (3.7). I f  i > 0 let SiPI C S, . 
Then Si is a point of s[Siel], and a[Si] = (%?[SiP1])[Si]. Thus, if g[Si&j 

is non-degenerate then so is g[Si] by (3.7). 

(3.11) Set GW1l = 2 and 9 (ii == s[S,] if Si is as in (3.10~). There is an 

integer m > 0 such that /Vi) = 2 if i < m - 2 and Ui) > 2 if i > m - 2. 
r is (m + 2)- but not (m + 3)-transitive. 

Proof. I f  Pi) = 2 for all i then the same is true for s(O), and induction 
shows that 9 is degenerate, a contradiction. Thus, m exists. I f  m = 0 then r 
is not 3-transitive by (3.6). I f  m > 0, it is clear that for g(O) we have 
m(O) = m - 1. As 12 -= 2, induction shows that r is (m + 2)- but not (m + 3)- 
transitive. 

m has several other useful properties. 

(3.12) j Si / - / Siel ( > 1 for i > m + 1 and I Si / = i + I 
for i < m. 
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Proof. I f  p = 1 or 9 is degenerate this is clear. Let p > 1. If  m := 0 
then W > 2 for each i, (3.12) holds for g(B), and so j S, 1 - j SiPI / > 1 by 

induction, (3.9) and (3.1). I f  m > 0 then m(“) =: m - 1 as before. Also, 
/z = 2, so an i-subblock of g(O) has one less point than an i-subblock of 3, 
and induction completes the proof. 

(3.5), (3.1), and (3.12) imply the following generalization of (3.6) and (3.8). 

(3.13) If  i > 0 is fixed, the points and i-subblocks of 9 are the points and 
blocks of a design 2~~) such that (9%~~) , r) is a Jordan pair, which is degenerate 
if i :.< m and non-degenerate if i > m !- 1. 

(3.14) m + 1 < p, with equality if and only if B(B) is degenerate. 

Proof. By (3.12), / S,,, 1 = m $ 1. m -+ 2 < k by (3.11). Thus 
m +- I b: p. I f  m f  1 = p then the (p i I)-transitivity of r implies that 
PBiB is also (p + I)-transitive, as claimed. Conversely, if r is (II $ l)- 

transitive, then m + 2 3 p -k 1 by (3.11). 

(3.15) Gm+,l s,+, is (m + 2)-transitive. 

Proof. r is (m + 2)-transitive by (3.11), ) S,, 1 = m + 1 by (3.12), and 
the assertion follows from (3.lOiii). 

(3.16) If  B is a block and T an (m + I)-subblock such that B n T is an 
m-subblock, then r,,,.,, is the symmetric group. 

Proof. BY (3.13), r,,,,:,,,, is the symmetric group, and (3.16) follows 
from r,,,, = rKrr(B). 

The following result is clear. 

(3.17) Let p > 1 and p $ B. For x E B set xv = px. Then v  maps S(B) 

isomorphically into a@], and (TV, (Z=‘D),)B~~Bq) is a Jordan pair. 

(3.18) If  v  > 2/z, then r, is faithful on ‘GB. 

Proof. Otherwise, as r(%‘B)g r,, I’(%B) is transitive on B. As 
2: < 2(~ - R), Lemma 3.2 and (3.2) imply that r is (V - k)-transitive, a 
contradiction. 

4. GENERALIZED JORDAN PAIRS 

A generalized Jordan pair (9, r) consists of a possibly degenerate design 
5’ and a point- and block-transitive automorphism group r such that, for 
each block B and each p E B, I’, is 2-transitive on the lines on p and r(B) is 
transitive on the lines on p not in B. Although every Jordan pair is also a 
generalized Jordan pair, the converse is false (see the following Section). All 
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lines of 9 have the same number h of points. We may define 9[p] and fa as in 
Section 3, and then (9[p], I?,) is a Jordan pair. It is straightforward to use 
this fact to repeat the arguments of Section 3 to prove results analogous to 

our previous results. For example, 9(B) is defined as before, and (3.4) now 
states that (9(B), r,,,) is a generalized Jordan pair. We shall not explicitly 
state the previous results for general&d Jordan pairs, and will use the 
following convention. 

(3.i) and (4.i) sfate essentially the same j&s, 1 .s i 5: 18. 

5. COLLISEATIOX GROUPS 

The only non-degenerate designs 9 known to admit an automorphism 
group r such the (9, P) is a generalized Jordan pair are 

(i) PG,(d, y), the design of points and t-spaces of PG(d, q) 
(1 :, t < d - 1); 

(ii) AGl(d, q), the design of points and t-spaces of rlG(d, q) 
(1 :: t ::. d - I ; t i-x 2 if y  :-:: 2); and 

(iii) %, , z’ :~- 22, 23, or 24, the \\Xtt “spaces” characterized by the 

property that Y*~oj) _ %‘& , %’ ‘$’ =:. 'Yfi2 , and -t~!$ = PG(2, 4) [17] 

(a description of YKZ is also found in [6]). 

I f  (9, I’) is a generalized Jordan pair, 2 sill he called of lzt~own ~pc 

provided that 2 is either one of the above designs, or if 

(iv) % is the degenerate design AG,(n, 2), and r is a collineation group 

of AG(d, 2). 

I f  9 = ‘r’t’, then r is the LIathieu group N, or Aut(-n/r,) (1Vitt [17]). In 

cases (i) and (ii) (and (iv)), I’ h as b ecn determined in only a few instances. 

Before presenting these instances, wc describe the known groups. If  

9 = PG,(d, q) the only known possibilities are: r contains the little pro- 
jective group; or .r m A, and 9 = PG,(3, 2) (Wagner [15]). In either case, 
(9, r) is a Jordan pair. 

I f  9 = AG,(d, q), the known possibilities are: r contains the group, which 
will be called ASL(d, q), generated by all elations of AG(d, q); or 
S? = AG,(4, 2), t = 1 or 2, and I’is the semidirect product of the translation 
group of AG(4, 2) and the collineation group t3, of PG(3, 2). Here 
(AG,-,(d, q), ASL(d, 4)) is a Jordan pair if and only if ASL(d, q) contains all 
homologies of AG(d, q), which is not always the case (cf. [f5], Lemma 4). 

LEIMMA 5.1. ([2]). I f  (9, r) is a generalized Jordan pair, and 9 is an 

afine or projective plane, then 3 is desarguesian and r contains all elations. 
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LEMMA 5.2. Let I’ be a collineation group of AG(d, q) such that, for all 
poinfs p, the collineation group of PG(d - I, q) induced by r, contains 
PSL(d - I, q). Then r 3 ASL(d, q). 

Proof. rlN contains the little projective group of the hyperplane li’ at 

infinity. As in Wagner ([25], p. 421), r contains the translation group of 

AG(d, q). As each element of r, inducing an elation on PG(d - 1, q) is an 
elation of AG(d, q), the result follow-s. 

THEOREM 5.3. Let (9, r) be a non-degenerate generalized Jordan pair 

with 9 = PG,(d, q) and t > d - 4, or AG,(d, q) and t > d - 4. Then 
I’ > PSL(d, q) OY ASL(d, q), or g = PG,(3, 2) and r .% A, , or 
9 = AG,(4, 2) and r is the semidirect product of A, and the translation group 
of 2. 

Proof. Wagner ([Is], Th eorems 3 and 4) and Lemmas 5.1 and 5.2. 

6. INDUCTIVE PRELIMINARIES 

The following axiom system is essentially that of Sasaki [12a]. 

LEMMA 6.1. Let .& be a $nite set of points, together with certain subsets, 
called lines and planes. Then ,d is an a&e space if the following conditions hold. 

(i) Any 2 distinct points are on a unique line. 

(ii) Any 3 non-collinear points are on a unique plane. 
(iii) The points and lines in each plane form an afine plane. 
(iv) I f  3 pairwise disjoint lines are ginen, 2 pairs of which coplane, then 

so does the third pair. 
(v) There are 4 non-coplanar points. 

LEMMA 6.2. Let 9 be a planar design with k = 6 such that any 4 non- 
coplanar points determine a set of 22 points whick contains precisely 77 blocks, 
these points and blocks forming a design Wz, . Then B is -W;, . 

Proof. All lines of 9 have h = 2 points. The ?P& determined by 4 non- 
coplanar points is clearly unique. Let B[p] be the set of lines on the point p. 
As h = 2, there is a unique plane containing p and any two lines on p. By the 
Treblen and Young axioms [14], J?Q] = PG,(d, 4) for some d > 2. If  d == 2 
wc are finished. Let d 3 3. Let S be a 3-space in 9[p]. As li = 2, S may be 
regarded as a set of points of 9. Any 3 non-collinear points of S are contained 
in both a unique plane of S and a unique plane of 9 contained in it. The 
%%, determined by 4 non-coplanar points of S u {p} is thus C S u (p}, and 
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the Wzz’s contained in this set thus form an incidence structure 9* such that 
B*[p’] = PG,(3, 4) for all pointsp’. The number of such ?&a’s is then found 

to be [(4” - 1)/3 f  l][(44 - 1)/3]/22, which is impossible (cf. Hughes 

PI). 
Let (9, r) be a generalized Jordan pair. A subsystem Y of 9 is a set of 

points and blocks such that (i) not all points are on a block, (ii) if X and Y are 
blocks in Y meeting in a flat, and x is a point in 9, x 6 X n Y, then the block 

containing X n Y and x is in 9, and (iii) if a block X is in Y so is each 
x E X. Clearly an intersection of subsystems satisfies (ii) and (iii). A minimal 
subsystem ,&! is one without proper subsystems. If  X, is in .&‘, and 
xi $ Xi(i = 1, 2), and if y  E r maps X1 to S, and sr to x2 , then &‘Y ---: &‘. 

Also, the intersection of the blocks of .& on xl meeting Xr in a flat which 
contains a point yi E X, is the line xiyr . Together with the preceding lemmas, 

this implies 

COROLLARY 6.3. If  (9, r) is a generalized Jordan pair with p ,b. 1, and 

~52 and A’ are minimal subsystems of 2, then (A’, r.,,.,) is a generalized 
Jordan pair, and there is an element y  E r such that A0 == AZ’. If J/F’ is ?f 
known fype, then so is 9. 

The properties of axial collineations of finite projective planes used in the 

next two results may be found in [.?I or [3]. 

LEMMA 6.4. Let S be a subset of a$nite projective plane containing 3 non- 
collinear points and such that, for some k G: 2, every line containing 2 points of 
S contains exactly k points of S. Let II be a collineation group fixing S and such 
that, if 1 is any line meeting S in k points and x E S n 1, then II(l) is transitive on 

the lines $1 through x’ meeting S in k points. Then one of the following state- 
ments holds if ) S / > 3: 

(i) S is the set of points of a projective subplane. 
(ii) The centers of the non-trivial elations in 17 whose axes meet S in k 

points are collinear and, together with S, are the points of a projective 
subplane. 

(iii) j S / = 6, and Sand the centers of the non-trivial elations in II whose 
axes meet S in k points form a subplane PG(2, 4). 

(iv) 1 S / = 4, but S is ?iot contained in a subplane PG(2, 2). 
(v) ! S j = 9, k = 3, but S is not contained in a subplane PG(2, 3). 

Proof. Let S n 1 1 = k, and suppose that n(l) has non-trivial clations, 
all with the same center c. Then c $ S. Let n(c, 1) be the group of these 
elations. If  .y E S n 1, then n(Z) has a subgroup Z(Z) of order Y  - 1 transitive 
and regular on the Y ~~ 1 lines + on x meeting S in k points. Every line 
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E’ f  I on c meeting S contains k points of S. c is the elation center of 1’ 

([2], p. 122). Th us, / ZZ(c, I); = pa where p is a prime and pa is independent 

of 1. As homologies and elations have relatively prime orders, pa is the largest 
power of p dividing 1 E(Z)1 = Y ~ 1. If  nz is the axis of a non-trivial elation 

in Z7 of p-power order, and / m n S 1 f  k, then m contains r; otherwise, 
Gleason’s Lemma ([2], p. 191) would imply that 17 has an element moving 
Z to Tn. Thus, there is at most one such line m. Then Zl contains 

(P” - 1)(4k) + Ph - 1 

non-trivial elations with center c (where zi = 1 S / and b ‘3 0), none of these 
fixing a line not on c meeting S in k points. Then 

[(pa - I)(v/k) + pb] j [w/k ~ a/k] = (u/k)p” * (Y - 1)/p”. 

This yields pb = v/k. As pbik, we have (ii). 
Assume next that the elation subgroup De(Z) of n(Z) contains non-trivial : 

elements with different centers. 17”(Z) is an elementary abelian p-group for 

some primep. If  all centers of non-trivial elements of n’(Z) are in S, then (i) 
holds by Piper [II], Lemma 5. Suppose some such center c $ S. Then $~lk, 

all such centers are not in S, and there are z/k lines on c meeting S in k 
points. Ily Piper [ZZ], Lemma 3, there is an integer a > 0 such that 
lZZ(c,E)l =p*,~ZZe(Z)l =p~~andaj/z-~PR-~-l.Asv-~=((r-l)(k-l) 

and p”;k, this yields K = 2 _ p”, v  =- 6. Let c and c’ be elation centers for 
lines meeting S in 2 points such that cc’ dots not meet S in 2 points. Then 17 
has precisely pza - 1 = 3 non-trivial elations with center c and axis meeting 

S in 2 points, which move c’ to 3 other centers. There are 6 points in S 
and (l) centers, a total of21 points, such that each line meets this set in 0, 1 or 
at least 5 points. This proves (iii) (cf. [12]). 

Finally, suppose n(Z) consists entirely of homologies. Then these homo- 
logies all have the same center c 6 S ([2], p. 84) and I n(Z)1 = Y - 1. A line m 
through c meeting S - S n Z meets S in k points. I f  m meets S n Z then 
1 ZZ(Z)!l(k -- 1) and we have (i) again. If  m does not meet Z then r - 1 = k, 
and we have (iv) if k = 2. Let k > 2. S is the set of points of an affine pIane. 
The R - 1 lines of this plane 111 but fZ meet at c. As Zl has an element moving 

I to such an I’, symmetry and k - 1 > 3 yield c E I, a contradiction. We thus 
have (v). 

The main result of this section is the following 

THEOREM 6.5. If (3, I’) is a non-degenerate generalized Jordan pair wit11 
p ,y, 1 such that eitker 2(B) or B[p] is of known type, then either g is of 

known type, or the design 9~~) of points and lines is of known type, not a Y+> , 
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and blocks are subspaces. IVToreover, 9 is of known type provided that either 

v  z:; 6k, r(B) has a 2-subgroup transitive on VB, or I’, is 2-transitive 
on VB. 

Proof. We examine the various possibilities for 9(B) or 9[p] separately. 

Case 1. 9(B) ~~ PG(d, q). Here Q(i) is a projective space by the Veblen 
and Young axioms [14]. Clearly B is a subspace. As r, is 2-transitive on the 

lines on .w it is transitive on the hyperplanes and the subspaces of codi- 
mcnsion 2 containing x. The remaining assertions follow immediately. 

Case 2. S(B) = AG,(d, q). Then Ys,, is not 4-transitive, so that I’ is 
not 4-transitive. By (4.8) (9#, r) satisfies the given conditions, and we may 

assume that 9 = 9# is planar, and thus t 1 : p(B). 
Let B and C be planes, meeting in a line, and let 1 C C ~- R n (.‘ 

be ‘i B n C in 9(C). Let C* be the afline subplane of .9(C) containing 

B f~ C and 2. If%(C) has characteristic q, a Sylow q-subgroup 2 of T(B),* 
induces a non-trivial group of elations of C* with axis B n C; for T(B),tiC* 
acts as a Frobenius group on the lines LfB n C of C* through a point of 
B n C with kernel consisting of elations. In particular, Z fixes 1 and 

(6.1) /z~>jz(c*)l. 

We next note that 

(6.2) Z does not fix any line $ B meeting B. 
For if .Z fixes such a line m, it also fixes a plane X 1 m meeting B in a line. 
Then z‘ fixes the affine subplane X* of 9(X) containing m and B n X. 
,&. is a q-group with axis B n X fixing a line m // B n X, and thus =l. 

That is, ,Z ‘2: T(B u X*). Since r’s has an element moving C to X and C” 
to an affine subplane of 9(X) containing B n X, while r(B), is transitive 
on such subplanes, / Z 1 < / 2(X*) 1 = / Z(C*) I, contradicting (6.1). 

(6.2) implies 

(6.3) Every plane D 1 1 meeting B meets B in a line II I in 9(D). Moreover, 
B n D iI B n C in 9(B). For, if N E B n D, then Z fixes the line of B(D) 
through .Y and 11 1, and the first assertion follows from (6.2). Thus 
B n D 11 C n D in 9(D) and B n C /I C n D in 9(C). Interchanging 
the roh,s of 11 and D WC obtain B n D I/ B n C in .9(B). 

1~:: ‘i * consist of the points of 9 and the affine subplanes of the affine 

spaces P(B). (6.3) readily implies that 9* satisfies Lemma 6.1 iv. Thus, 
5 Y is ctn affine space, and then 9 = B*. The remaining assertions are 
handled as in Case I. 
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Case 3. 9(B) = Vk. Th is will be shown impossible. If  B(B) = %%3 

then for p E B, g[p](B) = Was . M -e may thus assume that g(B) = ‘%i2. 

Then lines have 2 points and planes have 6 points. By (3.lOiii), 4 notn- 

coplanar points are contained in a subsystem Was of the design g# of points 
and planes (see (3.8)). Then J C;# .: : YS’& by Lemma 6.2, a contradiction. 

Case 4. a[p] = PG,(d, 4) or dG,(d, q). I f  t > 1, then for p E B 
Q(B)&] = PG,-,(d, q) or -ilG,+,(d, q), S(S) satisfies the given conditions, 
and Y(i) is known if g(B)(,) is known by the preceding cases. Thus, we may 

assume that t = 1 = p(B): 2 is planar. 
I f  S[p] = AG,(d, 2), tl len the stabilizer in fD of 3 points fixes the fourth 

point of their plane in Q[p]. As r is 4-transitive, a result of Nagao [9] implies 
that a == 5, which is impossible. (\Ve note that the case g[p] = BG,(d, 2) 

can be handled in a more elementary manner by considering a minimal 
subsystem.) Thus, we may assume that k ‘2 3. 

Let p, B and v  be as in (4.17). Set B* = BP. Every line 2 of So) = g@] 

meets B* in 0, 1 or lz points. Set r(O) = 1’, . By (4.17), if .Y E 1 then r’“‘(1),* 
is transitive on the lines f  I of Z 6 (“1 through x which meet B” in JZ points. 
ln particular, r(O)(1),* is transiti\re on the planes of 9’“) containing I and a 
point of B” - B”; CT 1. 

1,~: 17 be a plane of g(O) containing 3 non-collinear points of B*; E exists 
as B is not a line of %. Then S -7. B* n E and l7 = FL),!, satisfy the 
conditions of Lemma 6.4 (if E is an afhne plane, projectivize it). 

Subcasc 4.1. Lemma 6.4i holds. Here every 3 non-collinear points of .Uk 
determine a subplane CB’” of the plant of 2 KU they determine, and Y’(B) 
is a projcctivc space by (4.17) and the Veblen and Young axioms [14]; or, 

Q(B) is an atline space by (4..17) and Lemma 6.1. Now apply Cases 1 and 2. 

Subcase 4.2. Lemma 6.4ii holds. I f  2 A,(()) = AG,(d, q), then every pla.ne 

E of Pc(‘l meets B* in 0, I, or 11 points, or in the points of a suhplane of E. 
Considering the points of B’ and those intersections B* n E with more than 
h points, vve find by (4.17) and Lemma 6.1 that O(B) is an affine space, and 
Case 2 applies. 

Let Z?(O) = PG,(d, q). I f  a plane E of S?(O) meets B* in three non-collinear 
points, then there is a unique line m(E) of E, and a unique set %(E) of h -+- 1 

points of m(E), such that (B* n E) u #i(E) are the points of a projecti.vc 
subplanc of E. We shall show that, once again, the points of B* and the 
intersections R* n E with more than h points form a design g* satisfying the 
conditions of Lemma 6.1, thus reducing to Case 2 again. This is a design by 

. 
(4.17). AAlso, Lemma 6.11, II, m and v  are clear. 

Let I, I, and ZZ be lines meeting B* ,in h points such that there are planes 
E, containing 1 and 1% with 111 li in Ei , i = 1, 2,; Ei meets B* in a 
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plane of P*. Then PO)(Z) has an clement moving Ei to E, , and thus 
m(E,) to i?i(EJ. As B” n 1 is a line of B* n E,, B* n 1 n Ei~ m(EJ. 
Thus, m(El) and %(E,) meet at this point y. As III lj in E, , y  E Z, . Thus, 
1r and II, span a plane of So) meeting B* in at least 2h points, and Lemma 

6liv holds for g*. 

Subcase 4.3. Lenmu 6.4iii holds. Here /z m: 2, and every 3 points of B* 
determine a plane E of So) meeting B* in 6 points which uniquely deter- 

mine a subplane El = PG(2, 4) of E. If  1 is a Iine of E which is also a line 
of .!?i , then P”)(l)E1 is transitive on Ei - 1. Thus, r&.. r> PSL(3, 4), 
which moves B* n El to a set of subsets of Ei which, together with the lines 

of El with p adjoined, determines a %‘& (see Witt [17], or [6]). Thus, relative 
to the base point p, any three points of 3 not coplanar with p determine a 
unique YP’& (recall that h = 2). Moreover, the blocks of this Wz2 are subsets 
of the blocks of 9’. As the pointwise stabilizer of a block not on p of some 
such “ru;, is transitive on these points p, any three points of 2 uniquely 

determine a set of 6 points of%. Thus, \ve may apply Lemma 6.2 and 
9 =: Yb& . 

Subcase 4.4. Lenma 6.4iv Izol& Here f? = 2 and every 3 distinct 
points x, y, z of B* determine a plane E of So) meeting B* in a unique fourth 

point w. As r(B) is transitive on %‘(B), w is independent of p: 3 distinct points 

of 9 determine a unique fourth point on their plane. Also, even if S[p] is an 
affine space, p, x, y, z and B determine w as that point of B-(x, y, s} such that 
the planes determined by p, x, y  and p, P, zc: meet at a point u f  p. Thus, 
these quadruples of points of z%’ will form an affine space over GF(2) if we can 

check Lemma 6.liv for 3 pairs of points of B. Let {x, y, z, ZL’} and (x, y, z’, w’) 
be distinct quadruples lying in B, and let p, u be as above. Let C be the plane 
containing {p, u, x, y}. Then r(C), h as an element moving {x, y, z, w} to 

{x, Y, z’, w’} which fixes u. Thus, {p, U, z’, w’} is a quadruple, and has a point 
u f  p in common with (p, U, z, zu]. It follows that {z, w, z’, zcl’] is a quadruple. 
lNow apply Cast 2. 

Subcase 4.5. Lemma 6.4~ holds. Here h = 3, g[p] = PG(d, 2) and 
(2, r) is not a Jordan pair. By (4.5), the points and lines of 2, together 
with r, form a generalized Jordan pair. Three non-collinear points lie in 
an AG(2, 3). As r induces a 2-transitive collineation group on this plane, 
r is 2-transitive on points. As in [2], pp. 100-101, it follows that the points 
and lines of 9 form an affine space AG,(e, 3) for some e. Now apply Case 2. 

C’ase 5. c/‘[p] = ‘Yiii;l)j . Then h[p] == 2, so h x 2 by (4.8). Thus, 
‘z: my ~[p] 1 and P ‘$P; by Witt [17]. 

The special case k = hZ 9 of Theorem 6.5 was proved by Hail [4] 
using entirely different methods. 
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7. THE CASES v  :< 6K 

We shall prove the following 

TIIEOREM 7.1. If (9, r) is a non-degenerate generalized Jordan pair with 
v  C: 6k, then 9 is of known type. 

The proof, which is inductive, is complicated by the fact that the cases 
Ii <[ 12 must be handled separately and by a computational approach.. I f  

more information were available concerning slightly larger values of k, the 
integer 6 could, correspondingly, be increased. 

LEMMA 7.2. If R 2 9, the on!y subgroups of S,< or A,c of index <5k are 

S,. , A, , the stabilizer of a point in S, or -4, , or, if k ( 10, the stabilizer in 

S,. or A, of an unordered pair of points. 

Proof. See Wielandt ([16], p. 42) or Parker ([/O], Lemma 2). 

LEMMA 7.3. Let r be a t-transitive group of degree k, where 

t 3 max(4? 1 + k/6). 

Then either r :> A, or k = 1 I, 12 or 24 and I’ = 152,~ . 

Proof. By Hall ([3], p. 80), th’ IS is true if Ii < 35. For k > 35, the assertion 
follows readily from a result of 1Miller ([3], p. 69; [16], p. 40). 

We shall also make use of the Hall-Bruck Theorem, stated in the Introduc- 

tion. 

Proof of Theorem 7.1. Let (3, I’) b c a counterexample with minimal 
7~‘. Suppose p = 1. Then v  - I = r(k - l), b = v(v - I)/k(k - I), 

Y ,:; k + 2, k 3 4 and v  < 6k are readily found to be incompatible. 
Thus , ,h > 1. As z(p) < z, the minimality of z’ and Theorem 6.5 imply 

that v(p) > Gk(p). By (4.7), we have 

(7.l)v=6k-e, O<e(4. 

There are 1 + (V - k)/(k - p) blocks containing a flat, so that 

(7.2) a = (5k - e)/(k - CL) is an integer. 

I f  a .--: 5 then 5,~ = e 2;; 4, a contradiction. If  a < 5 then 

4>,e=a~+(5-a)k>,2+k, 

a contradiction. Thus, a > 6 and 

(7.3) 6~ = 6(a - 5) a-‘k + 6ea-l > k. 



The minimality of V, (4.4) and Theorem 6.5 now imply that r,l, is p- 

transitive. As p >. 1, it follows that h 2: 2, (9, r) is a Jordan pair, and by 

(3.4) 

(7.4) r,,L3 is (p + I)-transitive. 

Case I. p > 3. By (7.3), (7.4) and Lemma 7.3, r,,, is S,C, A, or k1,. 

Strbcase 1.1. k 3 11 anct rg,, 2; --I, . I f  p 6 B then r, =-- r&(B) 
implies that r,,,, 3 A,. Let s be a non-empty subset of @B maximal with 
the property that flls > A, , where /I --- Fs(s). s f  GfB, as otherwise /I 
contains a 3-cycle and I‘ >> A,. . Let p be an orbit of /I on eB - s, and let 
p t p. Then c = p r’EUs) is a (possibly- trivial) imprimitivity class of fl on p. 
AAs iz, =- flr,r(B U s), the maximality of s implies that /I,,, = fl,,lR 2 A,. 
;\Iorcover, 

5k > 5k - e - 1 = z - k - 1 o - k - j s j 3‘. / p 1 
(7.5) = / ‘4 jR : il,;B i 1 c I. 

By Lemma 7.2, k / / ~41, : fl,,,j. As p is arbitrary, (7.1) implies that 
-e-- sj+=v-k-ls~~~O(n~odk),andthu~s]>k-e.By(7.1) 
and (7.5), 

(7.6) 4k > v -k - 1 s 1 > i L, : ‘IciR ~ c . 

By Lemma 7.2, fl, fixes a point s E B, and 1 /l : -4, := k or 2k. 
Define c* as follows. If  1 /I : n, = k, set c* = c. Suppose that 

; /I : /I, i =: 2k. This means that fl B -::= S,. and I A,,, : /lCiB 1 = 2. If  
oEAs-Ac,SCtc* =cuco. 

Thus, c* is an imprimitivity class of ‘1 on p such that j p I,/ cV 1 =~ k and 
fl, --- il,, . That is, (1 acts on B as it does on the system 9 of imprimitivity 
classes of n on p determined by c *. Let y  E /I act on B as a 5-cycle and have 
order a power of 5. Then y  fixes k - 5 points of B and k - 5 elements of .Y. 

Since ~ c* 1 =I 1 p l/k < (v - k - I s 1)/k < 4 by (7.6), y  fixes each such 
element of 9 pointwise, thus fixing (k -- 5) . j p I/k points of p. As p is 
arbitrary, y  fixes a total of 

(k - 5)(v - k - ( s 1)/k 4 (k - 5) + i s 1 

points of 9, thus displacing only 5(z - I s 1)/k :-; 25 points by (7.6). As 
p >> 3, (7.4) and a result of Bochert ([16], p. 42) imply that y  displaces at 
least iv - 1 points. Then 52 > z’ =: 6k - e, where k > 11 and e -( 4, a 
contradiction. 

Subcase 1.2. k == 24 and r,!, --: MX,, . Then (7.3) and (7.4) imply that 
,U : 4 and e = 0. In the notation of (3.1 l), 79 = 141, kt2) = 21, p(z) 1 1, 
and thus r(a) = 7 < kt2), a contradiction. 
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Subcuse 1.3. k = 12 and T,,, = M12. By (7.4), p = 3 or 4. By (7.2), 
(12 - ~)I(60 - e), sop = 4 = e and ‘I = 68 by (7.1). As in Subcase 1.2 we 

obtain the contradiction rt2) < kc2). 

Subcase 1.4. k = 11 and rs,, = Mi, . Here (7.4) yields p = 3, and 
then (7.1) and (7.2) are incompatible. 

Subcase 1.5. k = 9 or 10. Set g = (2, K)-I. Define s, fl, p and c as in 

Subcase I .I. (7.5) holds, and by Lemma 7.2, (7.6) becomes 

(7.7) (5 -g) k 2 v  - k - 1 s j :> 1 Als : A,,, j 1 c 1 . 

If/l, fixes a point of B, we may proceed as before to obtain 52 > u = 6k -- e, 
0 < e :G: 4. This contradicts (7.1) and (7.2). 

Thus, /l, displaces all points of B. By Lemma 7.2, fl+ = /l{,,,),, for 
some distinct points ~,y E B. Then 11 acts on the images of c under A as a 

group of degree (,“). However, by (7.7) and the definition ofg, ZJ - k - I s / < (i). 
Thus, 1 c I == 1 and il acts on ‘GB - s as S,: or A, does on the unordered 
pairs of points of B. If  6 E /l has order a power of 3 and is a 3-cycle on B’, it 
fixes k - 3 points of B, (“TV) points of %‘B - s and 1 s ( = gk - e points of 

s. By (7.1), S displaces 

6k - (k - 3) - (k - 3)(k - 4)/2 -gk 

points of 2. As p 2 3, (7.4) and a result of Bochert ([16], p. 42) imply that 
6 displaces at least [i(v - 1)] ‘> 3/z - 2 points, this is a contradiction. 

Subcase 1.6. k ,< 8. This is found to be impossible by straightforward 
computation using (7.1), (7.2), (7.4), the parameters of the designs %+J of 

(3.1 I), and the Hall-Bruck Theorem and Theorem 6.5 whenever some 
W) = 3. For example, if z’ = 48, k : 8: ,L := 4 (possible by (7.2)), then 
b(O) is (33 . 23)47,/7. 

Case 2. p = 2. In this case, +‘J) 7-I r - 1, k(o) : k - ], p(O) _ ,,L -- 1 

and (by Theorem 6.5) 

r(O) = (6k - e-2)/(k-2)>k@‘+2=k+l. 

Then k < 6. Also, k(O) > 3 by the Hall-Bruck Theorem. Thus, k = 5 or 6. 

A straightforward check shows that ~(0) and b(O) are integers only if ‘u = 26, 
k --__ 5, /\ _ y(O) = 8 and r = b(O) = 50. 

To eliminate this case, note that ] VB i = 21, so there is a y  E T(B) of 
order 3. As p = 2 and h = 8, y  fixes at least one block fB through each pair 
of points of B, thus fixing at least (“;) = 10 such blocks. As these blocks 
contain a total of at least IO(k - p) > 21 points, two of them must have a 
common point in %B. Then p = 2 < 3 = 1 y  j implies that y  fixes points of 



FB. If f  is the set of fixed points of y, then 1 f  / ,; 6. I f  a block contains 
3 points off it is fixed pointwise, as k -- 3 < 3. Thus, f  is the set of points of 
a proper subsystem of 9, contradicting Corollary 6.3. This completes the 
proof of Theorem 7. I. 

We note that Subcase 1.5 could be handled in the same way as Subcase 1.6, 

except that 7-1 -m-y 54, k = 9, ,U :~~ 6 does not lead to a numerical contra- 
diction; that is, there could conceivably be a 6 -- (54, 9, 1) design, in the 
notation of Hughes [5]. 

8. &JBGHOUPS OF T(B) 

LEMMA 8.1. Let (9, P) be a Jordan pair and let Z be a subgroup of I’(B) 
transitive on %‘B, where B is a block of 9. 

(i) If h is odd, an involution o in the center oj‘ CJises a point of B linewise. 

(ii) I f  Z is abeliafl, then fey each x E B, there are precisely h - 1 elements 

of Z fixing x linewise. 

Proof. (i) The transitivity of Zimplies that 0 is fised point free on KB. If  
y  E gB, then o fixes yy”. Since 11 is odd, yy” must meet B. As 2 is transitive 

on the lines on B n yyO not contained in R, D fixes this point linewise. 

(ii) Sis regular on %B. If I is a line meeting B at s, then i 2, i h ~~ I. 
As Z centralizes 2, , it follows that 2, fixes x lincwise. 

THEOREM 8.2. Let (9, r) be a non-degenerate Jordan pair. I f  2’ is a 
2-subgroup of r(B) transitive on FB, where B is a block of 9, then the~follou&g 
statements are equivalenf. 

(i) ~3 is of known type. 

(ii) Z is elementary abelian. 

(iii) Z is normal in r, . 

PYQO~. Clearly (if * (ii), (iii). To prove (ii) = (i) or (iii) 3 (i), ~,ve may 
assume that p = 1 ((3.7) and Theorem 6.5). Then Iz = k > 2, k ~~ I 
(v - k)/(r ~ 1) is even, and Lemma 8. li applies. 

(ii) -;’ (i). I f  X, y  E VB, z; f  y, tl len there is an element o E 2 such that 
x” : y. By Lemma 8.li, my meets B. Thus, B is a projective plane. 

(iii) * (ii). Let fl be the subgroup of z’ generated by the involutions in the 
center of 2’. Lemma 8.1 i, the transitivity of r,,, , and (iii) imply that each 
point of B is fixed linewise by the same number g > 1 of elements of/l. Let 
p be an orbit of fl on %‘B. If  X, y  E p, s + y, then xy meets B by Lemma 8. Ii; 
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conversely, if p E B and x E p , then 1 px n p 1 = g. Thus, each point of :p is 

on (I fl I - 1)/k - 1) 1’ mes meeting p in g points, each of which meets 15: 

(I A 1 - l)/(g - 1) = k = 1 + (v - k)/(r - 1). 

AsIAl,gandv--arepowersof2,k-g+l.Thepointsofp~Bare 
thus the points of a subsystem of 9 which is a projective plane. The Veblen 
and Young axioms [Z4] now readily imply that 9 is a projective plane. 

LEMMA 8.3. Let r be an (a + 1)-transitive group on a set S, 
j S 1 = n, a 3 3. Let A C S, I A / = a. If I’, is 2-transitive on S - A, and 

I’(A) has an elementary abelian q-subgroup normal in r, and transitive on S--A, 
where q is an odd prime, then either 

(i) r > A,, n-a=3;or 

(ii)n-llor12,n-a=9andr=M,. 

Pro’yoof. r is transitive on the set of a + 2 element subsets of S. If  
a + 2 < 72/2, then r is (a f  2)-transitive by Livingstone and Wagner [8]. 

By Suzuki [13], either r 3 A, or r = M, (n = 11 or 12). I f  a + 2 > r12/2, 
then the (a + I)-transitivity of r implies that r > A, or r = M, 

(n = 11 or 12) by Lemma 7.3. 
If  r ‘;- A,, then r(A)l,-, has no non-trivial abelian normal subgroup 

unless / S - A i -< 4. As q > 2, n - a = 3. If  r = Mn it is clear that 
/Ly-Lg/ -9. 

It is more difficult to use part (ii) of Lemma 8.1 than it is to use (i). The 
difficulty is caused by the fact that (ii) does not imply that the product of 
elements of/Z fixing different points of B linewise also fixes a point of B line- 
wise. This does, however, hold under the hypotheses of the following 

THEOREM 8.4. If  (9, r) is a non-degenerate generalized Jordan pair such 
that I’, is d-transitive off of the bbck B, then 9 is of known type. 

Proof. Let (2, r) be a counterexample with minimal v. 12 = 2, as other- 
wise all lines meet all blocks and 9 is a projective space ([2], p. 74; [6]). Thus, 
(3, r) is a Jordan pair with p > 1. If  p E B, then I’,, is not 2-transitive on 

Z’B by (3.7) and the minimality of vu. Thus, 

(8.1) If  X, y  E VB, x f  y, then r,,, is intransitive on B. 
r(B)I’G, is imprimitive by Jordan’s Theorem ([3],p. 66; [16], p. 34), so 

that it has a unique elementary abelian q-subgroup Z(1 r, transitive and 
regular on ??B (Burnside [I], p. 199). Here the prime q is odd by Theorem 8.2. 
Define m by (3.11); m > 1 as h = 2. If  S,-, is an (m - 1)-subblock GB, 
2 induces an automorphism group on C@S,-,] (see (3.10~)). As 
h(‘)l-l) > 2 = h(V+2), Lemma 8.1 ii implies that there are non-trivial elements 
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of Z fixing an m-subblock of B blockwise but no smaller subblock blockwise. 
Since all elements of Z - {I} are conjugate in X’, , it follows that 

(8.2) Every element 1 f  CT E Z fixes a certain number f  of m-subblocks 
S(U) C B blockwise. Heref 3 1 is independent of u, and j S(u) 1 = m + 1. 
(For the final assertion, see (3.12).) 

(8.3) If  x $ B and 1 f  (T E .Z, then the set of S(u)‘s is (S j S is an m- 
subblock C B, and there is an (m + 1)-subblock T containing S, x and xv>. 

Proof. I f  a block contains x and S(u) then it contains x0 so that S(u) 
belongs to the stated set. Conversely, if S is in the stated set, and T is an 

(m + I)-subblock containing S, ‘2: and x0, then u fixes T by (3.lOiii). As Z 
centralizes u, u fixes T”’ for all u E 2’. By (3.IOiii), each block fB containing 
S is a union of these TO’, and S is fixed blockwise, as claimed. 

Case 1. k > 2~ andf > 1 (f is defined in (8.2)). Let s $ B, and let T be 
the (m -t I)-subblock containing S(u), x and x0 for some 1 f  u E .Z and 
some S(u) as in (8.2). Then r(T) B is transitive on B - S(U), as in the proof 

of (3.5). For the same reason, if S(u) I) S(u) n S’(o) f  (b, then 
r,,,o(S(u) n S(u’)) is transitive on B - (S(u) n S’(a)). Using (8.1), we find 
in this manner that the f  S(u)‘s have a non-empty intersection W(u). Set 
w = I W(0) I . 

(8.4) 1 < u: < m + 1, and m 2 2. 
For S(u) r) W(u) f  (b. Suppose m == 1. Then w = 1, and S(u) is a line. 

X is thus a plane. As I? = 2, x, .zO and W(U) uniquely determine X, and 
there cannot be two distinct subblocks S(u), whercasf > 1. 

As T,,,,(W(u)) is transitive on B - W(u), and l’,,,,(S(u)) is transitive on 
B - S(u), (8.3) and Lemma 3.1 imply that 

(8.5) I f  1 + u E 2, and .v $ B, then rg,,, permutes the S(u)‘s transitively. 
Let S(u) and T be as above. Let t -= ] T /. Let x, y  E T - S(u), x f  y. 

There is a y  E I’,, with yy  = x”. Then ,L, x0 E XV and B n TV is an m-subblock. 

By (8.3) and (SS), there is a y’ E J’,,,, with TY = Ty’. Then yy’-l E rBTx 
takesy to P. Thus, r,,,r-.,,, is 2-tr-ansitive. Also, &4 r,, is transitive and 
regular on X - B n X. By (3.15) and Lemma 8.3 (with a = m + 1 3 3 by 
(8.4)), f  - (m + 1) = 3 or 9. 

Claim: (“‘;l)I[t - (m + 1) - I]. For [ Zr - (1) 1 = t - (111 -I- 1) - 1 
as j S(u) ~ == m + 1. Each u’ E z1r - {I} determines a unique set 
W(U’) C B n X, by (8.3). By (3.15), each subset W of B n T with w points 
has the form W(u’) for g elements u’ E .ZT - {l}, where g is independent of 
W. Thus, t - (m -1 1) - 1 = g(“;‘). 

We now have (“,“)I 2 or 8, w h ere t = 11 or 12 in the latter case and thus 
m + 1 = 2 or 3. This contradicts (8.4). 
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Case 2. f  = 1. Here, each (J E Z - (1) fixes a unique m-subblock 
S(U) C B blockwise. Once again, let x I$ B and let T be the (m + 1)-subblock 

containing S(a), x and x0. 
Claim: S(U) is a flat. Otherwise, T is not a block and S[S(,)] is defined 

(see (3.10~)). Within S[S(o)], T is a point and B is a block not on T. As 
h = 2, (3.10~) implies that r,(T) is transitive on those flats of g containing 
S(o) and contained in B. I f  X is a block IT meeting B in a flat, then as in 
Case I, r’s, is 2-transitive on X - B n X. By (3.4) and the minimality of 

v, rx,x is (y + I)-transitive. As we are assuming that vz + 1 < p, this 

contradicts (3.14). 
Thus, T is a block, and once again rsr is 2-transitive on T - B n T. 

Also, &-_a I’,, is transitive on T - B n T. By Lemma 8.3, there are two 
possibilities: 

(i) k - ,U = 3, r,,, 3 A, ; or 

(ii) 12 -p = 9, k = 11 or 12, r,,, = M,,. . 

Each c E Z - (1) determines a unique flat S(G). Conversely, each flat F 
in B is fixed blockwise by K - p - 1 elements of 2 - {Ii. As rs,, is p- 
transitive, 2: - k - 1 = (E)(k - p - 1). In case (ii), this yields 

v-k = 1 +8(l?]) or 1 +8(‘,“), 

whereas v  - h is a power of 3. Thus, (i) holds and 

(8.6) v - k - 1 = 2 1;). 

I f  x $ B, then r,,,, > A, . Each y  E VB - {.zj determines a unique 
block Y such that x, y  E Y and / B n Y / = p, by (8.3). Then 
/ Y - B n Y ) = 3, and r,,, fixes Y - B n Y = {x, y, y’} pointwise. 
Thus, {y, y’} is an imprimitivity class of rTs,VsB--(zl . Moreover, rzcY,z,,lR 
fixes B - B n Y = (.z, x’, ~“3. By (8.6), rz~y,y~lB = Fzjz.z’,z-jr,. Thus, IqzB 
acts on the sets {y, y’} as S, or A, acts on the set of triples of distinct points 

of B. Let y  E I’,, be a 3-cycle on B and have order a power of 3. y  fixes k -- 3 
points of B, and fixes 1 + (“i3) such triples. Thus, y  fixes 1 + (Rg3) pa!irs 
{y, y’} and then fixes each such pair pointwise: y  fixes 

(k - 3) + 1 + 2 + (k - 3)(k - 4)(k - 5)/3 

points. However, ZJ = k + 1 + k(k - l)(k - 2)/3 by (8.6). Thus, y  dis- 
places 3(k2 - 5k + 7) points. p = k - 3 > 2. As v  - k is a power of 3, 
(8.6) implies that k 3 10. Since r is (k - 2)-transitive, y  displaces at least 
v/2 points ([16], p. 42). This is a contradiction. 



Case 3. h < 2~ andf > 1. By Lemma 3.2, (3.2), Theorems 6.5 and 7.1, 
and Lemma 8.3, r,,, > /I, and k --p = 3. By (3.14), rn + I : p and 
each S(u) is a flat. 

Let 1 f  (J E 2, x 6 B, and set I, mm_ {x, xv, F1]. I f  X is a block IL meeting 

B in a flat, then L z X -B n X and, by (8.3), B r\ X is an S(c). 
I f  S’(o) f  S(cr), th en each element of J’(S), maps S’(u) to another S”(o) 
(by (8.3)). Thus, each point of B is in some S’(u). 

BY (3.16), FLU 2 ~BLSW is transitive on S(a). Except possibly when 

k = 2~~ any two S(u) meet. Thus, unless k = 2~, f  = 2 and S(U) n S’(U) = 4, 

it follows that r,, is transitive on B. L may be regarded as a line of AG(d, 3), 
where r~ - k .: 3d, and by (3.18), fD is then faithfully a coiiineation group 

of AG(d, 3). I f  p t B, we have shown that r,,, is line-transitive on ilG(d, 3). 
\ r,, ( is even as k 3- 3. Thus, there is an element of lzB fixing a line L’ of 
AG(d, 3)> fixing a point x EL’, and interchanging the remaining points of L’. 
Then r,, is a 2-transitive on VB, a contradiction (cf. (8. I)). 

It remains only to consider the case ,L -/ 3 Ii = 2p, f 2, 
S(O) n S’(U) == 4. Then R ~~ 6. Each flat F in B determines a second flat 

B -F, and these are the S’(o) f  or k--p-- 1 elements oEZ1-{l). 

Thus, z - k - I ~- 4(:)(/z -- p I) (cf. (8.6)). As 1~ .= 6 and p -~ 3, 

a -- /z :-. 21 is not a power of 3. This contradiction proves the Theorem. 

If (9, r) ==- (Wz, , M,,), (8.2) still holds. This leads to the following fact: 
if B is a block of %‘& , and 1 7:. o E r(R), then 0 fixes 7 sets of 3 points of B 
blockwise, and together with the 7 points of B these form a projective plane. 
Similarly, involutions in Mz4 fixing a block of %‘& pointwise determine an 

AG,(3,2) in the block. 

Ptwof of Theorem I. I. (i) follows from Lemma 3.2, Theorems 7.1 and 5.3, 
Lemma 7.3, and the fact that all (h + I)-transitive groups of degree 
v  $1 6k :C I2 are known. (ii) and (iii) follow from Lemma 3.2 and Theorems 

8.2, 8.4 and 5.3. 
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