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This short paper surveys some recent results made
possible by the classification of finite simple groups

1. 2-transitive designs

During the period 1960-1975 there was a great deal of
research activity concerning designs £ whose automorphism
group G = Aut ® is 2-transitive on points. The results
obtained are surveyed in detail in [15]. One of the leaders
in this area was Noboru Ito, whose beautiful results [6-11]
greatly influenced my research.

During that period it had been hoped that the study of
designs might lead to a classification of 2-transitive
groups — or, at least, of muitiply transitive ones.
However, the relatively little work in this direction after
1975 reflected the difficulty of this prolem. Finally, it
became apparent that 2-transitive groups would be classified
only when all finite simple groups were.

There is now a list of (finite!) 2-transitive groups
(e.g., in [16], based on results of Maillet, Curtis-Kantor-
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Seitz, Huppert, Hering, and folklore in the case of the
sporadic simple groups). One very easy consequence of this
list is the folowing

Theorem 1 ([17]). If & is a symmetric design with
a 2-transitive automorphism group, then @ or its comple-
mentary design is a projective space, the 11-point Hadamard
design, the 176-point design for the Higman-Sims group, or
the 22n—point design whose (1,-1) incidence matrix is the
2n-fold tensor power of (:i '%) , =2

This theorem and the next one completely settle
problems studied at length by Ito and myself:

Theorem 2 ([16]). If & is a designh with A =1 and
k > 2 whose automorphism group is 2-transitive on points, .

then © is one of the following: an affine or projective

space; the unital (v = q3 +1, k = g+1) associated with

PSU(3,q) or 262(q); an affine plane with 3t or 3 points;

or one of two designs having v = 36 2

and k = 37 .
The two designs with 36 points were discovered by
Hering (unpublished). Recent special cases of Theorem 2 are
found in [2,4,19]. The proof of Theorem 2 is very easy
when G has no regular normal subgroup. In fact, the only
delicate part of the proof occurs when G is assumed to be
solvable.

There is an analogue of Theorem 2 for t-designs with
A =1 having a t-transitive group. In a somewhat similar
direction, Theorem 2 immediately produces a classification
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of all designs with A =1 and k>2 whose automorphism
group G is transitive on ordered triangles of points.
Recently, Li [20] extended this to deal with tansitivity
on unordered triangles

More generally, consider a geometric lattice L. 1In
[16], it was noted that Theorem 2 produces a classification
of all such L for which Aut L is transitive on ordered
bases. While the corresponding problem for unordered bases
remains open, involved arguments in Li [20] settle the cases
of dimension 2 or 3.

On the other hand, it is very easy to deduce from
Theorem 2 the classification of all t-designs with A =1
whose automorphism group is t-homogeneous on -points (see
[3] for the case t = 2).

Another open problem (somewhat related to Theorem 1)
is a classification of all Hadamard matrices whose auto-
morphism group is 2-transitive on rows. This is another
important probiem studied by Ito [12-14].

2. Projective planes

The first, best and most important result concerning
2-transitive designs was the Ostrom-Wagner Theorem [22],
which dealt with the case of projective planes. The proof
given 25 years ago is elegant, and led to many other
significant results. 1In particular, Theorem 2 in no way
infiuences the beauty or strength of that fundamental
result.

Attempts to generalize the Ostrom-Wagner Theorem began -
almost immediately after its publication. While there were
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several directions in which generalizations were studied,
"‘the one that concerns us here involves transitivity on flags
(incident point-line pairs).

“Conjecture A. If m is'a finite projective plane
such that G = Aut « is flag-transitive, then @ is
desarguesian.

According to a result of Higman-MclLaughlin [5], if ®
is a design with "2 =1 and G £ Aut ® is flag-
transitive, then G is primitive on the points of &. .
Therefore, Conjecture A would follow from

Conjec"ture B. If =& is a finite projective plane
such that G = Aut 'zt is primitive on points, then =@ is.
desarguesian. : ‘

‘These conjectures remain open. The following results
handl‘e the group theoretic cases of the :conjecture.

Theorem 3 ([18]). tet @ be a finite projéctive plane
such that G = Aut 7 is primitive on points (or, less
generally, is transitive on flags). If the stabilizer of
some flag is not 1, then 7 is desarguesian.

When the stabilizer of each flag is juét 1, Tois a

difference set plane. If =« has order n then the

number n2 +n+1 of points is a prime, either |G| =

n 2 +n+1 or G is a Frobenius group, and Conjectures A and

B reduce to questions about ZF . Thus, the open cases of
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the conjectures are very much not group theoretic.

The proof of Theorem 3 begins with three observations:
G is primitive on points, the number n? +ne1 of points is
odd, and G can be assumed to have a simple normal
subgroup. All primitive permutation groups of odd degree
having a nonsporadic simple normal subgroup were determined
in [18]. (Independently, the same result was obtained in
[21]. Also independently, the sporadic case was completely
handled in [1].) The list of such primitive groups is very
fong. It contains all maximal parabolic permutation
representations of characteristic 2 groups of Lie type,
alternating or symmetric groups acting on subsets of a
fixed size or on partitions into blocks of equal size,
classical groups on orbits of subspaces or on suitable
direct sum decompositions of the vector space into subspaces
of equal dimension, and so on

The proof’of Theorem 3 then degenerates into a long
and tedious case by case elimination of the possibilities in
this fong fist. The main tools involve subplanes. In
particular, one can assume that n is a square, n = m2 :
and .that-all involutions in G fix exactly m2
points. Unfortunately, 1 was not able to find a uniform
approach, and many separate tricks were used.

+i+ 1
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3. Open problems

The proof of Theorem 3 suggests further problems, such
as the following two.

(a) Determine all flag-transitive designs & with
A =1 and v odd but not a prime power. This is related
to both sections 1 and 2. By [5], 6 is primitive on
points. One can assume that G = Aut © has a simpie normal
subgroup. Then the results in [1,18,21] provide a very long
list of possible permutation groups to be checked. Unlike
the.case in Theorem 3, there is no reason to expect
involutions to be well-behaved. Nevertheless, the question
seems feasible. Its solution may even produce a better
approach to Theorem 3. '

(b) Show that if 7 is finite affine plane and
G = Aut 7 is point-primitive then 7 must be a translation

plane. If the plane has order n then there are n‘ypoint&

A standard argument of Ostrom and Wagner [22] settles the
case of even n. When n is odd, it is easy to reduce to the
situation in which G has a simple normal subgroup, v

Once again, the results in [1,18,21] produce arlong list

of primitive groups to check. One can assume that each
inVqution fixes exactly n ~points. Nevertheless, I have
not been able to check the list. The difference between this
situation and that of Theorem 3 concerns the action on
lines: G was line-transitive in Theorem 3 whereas here G

can have many line-orbits of various sizes.
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