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FIG. 7: (color online) Energy density and three times the pressure calculated on lattices with temporal extent Nτ = 4, 6 [4],
and 8 using the p4 action (left). The right hand figure compares results obtained with the asqtad and p4 actions on the Nτ = 8
lattices. Crosses with error bars indicate the systematic error on the pressure that arises from different integration schemes as
discussed in the text. The black bars at high temperatures indicate the systematic shift of data that would arise from matching
to a hadron resonance gas at T = 100 MeV. The band indicates the transition region 185 MeV < T < 195 MeV. It should be
emphasized that these data have not been extrapolated to physical pion masses.

where O1 (O2) are estimates with the p4 (asqtad) action. We find that the relative difference in the pressure ∆p for
temperatures above the crossover region, T>∼200 MeV, is less than 5%. This is also the case for energy and entropy
density for T>∼230 MeV with the maximal relative difference increasing to 10% at T " 200 MeV. This is a consequence
of the difference in the height of the peak in (ε−3p)/T 4 as shown in Fig. 1. Estimates of systematic differences in the
low temperature regime are less reliable as all observables become small rapidly. Nonetheless, the relative differences
obtained using the interpolating curves shown in Figs. 7 and 8 are less than 15% for T>∼150 MeV. We also find that
the cutoff errors between aT = 1/6 and 1/8 lattices are similar for the p4 action, i.e., about 15% at low temperatures
and 5% for T>∼200 MeV. For calculations with the asqtad action, statistically significant cutoff dependence is seen
only in the difference (ε − 3p)/T 4.

We conclude that cutoff effects in p/T 4, ε/T 4 and s/T 3 are under control in the high temperature regime
T>∼200 MeV. Estimates of the continuum limit obtained by extrapolating data from Nτ = 6 and 8 lattices differ
from the values on Nτ = 8 lattices by at most 5%. These results imply that residual O(a2g2) errors are small with
both p4 and asqtad actions.

We note that at high temperatures the results for the pressure presented here are by 20% to 25% larger than those
reported in [2]. These latter results have been obtained on lattices with temporal extent Nτ = 4 and 6 using the
stout-link action. As this action is not O(a2) improved, large cutoff effects show up at high temperatures. This
is well known to happen in the infinite temperature ideal gas limit, where the cutoff corrections can be calculated
analytically. For the stout-link action on the coarse Nτ = 4 and 6 lattices the lattice Stefan-Boltzmann limits are a
factor 1.75 and 1.51 higher than the continuum value. In Ref. [2] it has been attempted to correct for these large cutoff
effects by dividing the numerical simulation results at finite temperatures by these factors obtained in the infinite
temperature limit. As is known from studies in pure SU(N) gauge theories [21], this tends to over-estimate the actual
cutoff dependence.

Finally, we discuss the calculation of the velocity of sound from the basic bulk thermodynamic observables discussed
above. The basic quantity is the ratio of pressure and energy density p/ε shown in Fig. 9, which is obtained from the
ratio of the interpolating curves for (ε − 3p)/T 4 and p/T 4. On comparing results from Nτ = 6 and 8 lattices with
the p4 action, we note that a decrease in the maximal value of (ε − 3p)/T 4 with Nτ results in a weaker temperature
dependence of p/ε at the dip (corresponding to the peak in the trace anomaly), somewhat larger values in the transition
region and a slower rise with temperature after the dip.

From the interpolating curves, it is also straightforward to derive the velocity of sound,

c2
s =

dp

dε
= ε

d(p/ε)

dε
+

p

ε
. (9)

Again, note that the velocity of sound is not an independent quantity but is fixed by the results for Θµµ/T 4. The


