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1 Introduction

A class of superprocesses with dependent spatial motion (SDSM) over the real line R were
introduced and constructed in Wang [27, 28]. A generalization of the model was then given in
Dawson et al [8]. Let ¢ € CZ(R) and h € CZ(R) and assume both h and k' are square-integrable.
Let

o) = /R Wy - o)h(y)dy, = €R,

and a(z) = c(z)?+p(0). Let o € CZ(R)™ be a strictly positive function. We denote by M (R) the
space of finite Borel measures on R endowed with a metric compatible with its topology of weak
convergence. For f € Cp(R) and p € M(R) set (f,u) = [ fdu. Then an SDSM {X; : t > 0} is
characterized by the following martingale problem: For each ¢ € C'g (R),

Mi(6) = (6.X) = (6.X0) ~ 5 [ o Xo)as, =0, (11)

is a continuous martingale with quadratic variation process

¢ t
@) = [ (ot Xds+ [ ds [ (nlz = )6, X2 (12)
0 0 R
Clearly, the SDSM reduces to a usual critical branching Dawson-Watanabe superprocess if h(:) =
0; see e.g. Dawson [6]. A general SDSM arises as the weak limit of critical branching particle
systems with dependent spatial motion. Consider a family of independent Brownian motions
{Bi(t) : t > 0,i = 1,2,---}, the individual noises, and a time-space white noise {W;(B) : t >
0, B € B(R)}, the common noise. The migration of a particle in the approximating system with
label i is defined by the stochastic equation

dai(t) = e(a(1)dBy(t) + /R Wy — a4(0)W (dt, dy), (1.3)

where W (ds, dy) denotes the time-space stochastic integral relative to {W;(B)}. The SDSM
possesses properties very different from those of the usual Dawson-Watanabe superprocess. For
example, a Dawson-Watanabe superprocess in M (R) is usually absolutely continuous whereas
the SDSM with ¢(-) = 0 is purely atomic; see [14] and [27, 29], respectively.

In this paper, we consider a further extension of the model of Wang [27, 28]. Let b € CZ(R)
and let m € M(R). A modification of the above martingale problem is to replace (1.1) by

t t
Mi(6) = (0.0 = (0.X0) = tlonm) = 5 [ (a0 Xds+ [0 Xas. (1)
We shall prove that there is indeed a solution {X; : ¢ > 0} to the martingale problem given by
(1.2) and (1.4). The process {X; : t > 0} may be regarded as a non-critical branching SDSM
with immigration (SDSMI), where b(-) is the linear growth rate and m(dz) gives the immigration
rate. This modification is related to the recent work of Dawson and Li [7], where an interactive
immigration given by

[ ot x),mpas (L5)



was considered, where ¢(-, ) is a function on R x M (R) representing a state dependent immigra-
tion density. However, it was assumed in [7] that b(-) = ¢(-) = 0 and the approach there relies
essentially on the purely atomic property of the process, which is not available for the present
model.

The main purpose of the paper is to give a representation of the conditional log-Laplace
functionals of solution of (1.2) and (1.4) and to illustrate some applications of the representation.
This approach was stimulated by Xiong [30], who established a similar characterization for the
model of Skoulakis and Adler [25]. The key idea of the representation is to decompose the
martingale (1.4) into two orthogonal components, which arise respectively from the migration
and the branching. Since the decomposition uses additional information which is not provided
by (1.2) and (1.4), we shall start with the corresponding particle system and consider the high
density limit following [9]. In this way, we can easily separate the two kinds of noises. It turns
out that the common migration noise {W(ds,dy)} remains after the limit procedure and the
limit process satisfies the following martingale problem: For each ¢ € CE (R),

Z06) = (6% = (6.X0) = t(6.m) = 5 [ {ad". X)ds

T / (b, X,)ds — / /R (h(y — )¢/, X)W (ds, dy) (1.6)

is a continuous martingale orthogonal to {W;(¢)} with quadratic variation process

(Z(6))e = /0 (067, X,)ds. (L.7)

This formulation suggests that we may regard {X; : ¢ > 0} as a generalized inhomogeneous
Dawson-Watanabe superprocess with immigration, where

/ Wy — )W (dt, dy)
R

gives a generalized drift in the underlying migration. Based on the techniques developed in
Kurtz and Xiong [15, 30], we prove that for each ¢ € Hi(R) N Cy(R) there is a pathwise unique
solution of the non-linear SPDE

) = 0+ [ [Jaelie) - Jotehinsto?] o

_/: b(x)ts (x)ds + /:/Rh(y — 2)l(x) - W(ds, dy), (1.8)

where the last term on the right hand side denotes the backward stochastic integral with respect
to the white noise. Then we show that the conditional log-Laplace functionals of {X; : ¢ >
0} given {W(ds,dy)} can be represented by the solution of (1.8). The representation of the
conditional log-Laplace functionals is proved by direct analysis based on (1.6), (1.7) and (1.8).
This approach is different from that of Xiong [30], where a Wong-Zakai type approximation
was used. The idea of conditional log-Laplace approach has also been used by Crisan [5] for
a different model. In fact, the approach in Section 5 is adapted from [5] which simplifies our
original arguments. It is well-known that non-conditional log-Laplace functionals play very
important roles in the study of classical Dawson-Watanabe superprocesses.

We shall see that conditional Laplace functionals are almost as efficient as the non-conditional
Laplace functionals in studying some properties of the SDSMI. In particular, the characterization



of the conditional Laplace functionals gives immediately the uniqueness of solution of (1.6) and
(1.7), which in turn implies the Markov property of {X; : ¢t > 0}. It follows that {X; : ¢ > 0} is
a diffusion process with generator £ given by

2 2
LF(p) = % /R Pl —y) d;l i J(ggzzy)u(dw)u(dy)

1 d> 5F(u 1 5F
+3 [ o) M( ))u(dw) +5 / o(x) M(;‘)‘Qu(daz)

—/Rb(x)(S / o (1.9)

OF(p) _ . 1
Su(a) Jim = [F (ot rdy) — F(p)] (1.10)

where

and 62 F () /6u(z)Su(y) is defined in the same way with F replaced by (§F/§u(y)) on the right
hand side; see Section 3. We also prove some properties of the SDSMI including an ergodic
theorem. There are also some other applications of the conditional log-Laplace functional. For
instance, based on this characterization the conditional excursion theory of the SDSM have been
developed in [19]. However, consideration of the interactive immigration (1.5) for this present
process seems sophisticated.

The remainder of the paper is organized as follows. In Section 2 we give a formulation of
the system of branching particles with dependent spatial motions and immigration. Some useful
estimates of the moments of the system are also given. In Section 3 we obtain a solution of the
martingale problem (1.6) and (1.7) as the high density limit of a sequence of particle systems.
The existence and uniqueness of the solution of (1.8) is established in Section 4. In Section 5
we give the representation of the conditional log-Laplace functionals of the solution of (1.6) and
(1.7). Some properties of the SDSMI are discussed in Section 6.

2 Branching particle systems

The main purpose of this section is to give an explicit construction for the immigration branching
particle system with dependent spatial motion by modifying the constructions of [9, 26]. This
construction provides a useful set up of the process.

We start with a simple interacting particle system. Let 6 > 0 be a constant and (¢, h) be
given as in the introduction. Let N(R) C M (R) be the set of integer-valued measures on R and
let My(R) := {610 :0 € N(R)}. Given {a; :i =1,---,n}, let {x;(t) : ¢t >0,i=1,---,n} be

siven by
xi(t):ai+/0tc( / / Y — z(s))W (dy, ds). (2.1)

We may define a measure-valued process {X; : t > 0} by
(¢, X¢) Ze Yo (ai(t t>0. (2.2)

By the discussions in [8, 27, 28], the process {X; : t > 0} is a diffusion in Mp(R). Let Ay denote
the generator of this diffusion process. If Fy 4,1 (1) = f({d1, 1), (dn, ) for f € C2(R™)
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and {¢;} C CZ(R), by It6’s formula it is easy to see that

AFy gy = 3 3 JhG0n s 6nd) [ e 0@ (@@

1]1

+;Zf{(«pm,---,<¢n,ﬂ>><a¢;’,u>

Zf (D1, 1)+ (B ) (P11 (2:3)

7]1

More generally, if F' is a function on Mp(R) that can be extended to a sufficiently smooth
function on M (R), then

1 d? 6% F ()
AF) = 5 [ o) g s

1 d*> 5F(p)
+y /R 0la) 3 G ()

p(dz)p(dy)

2 2
39 L ) 5 I o) (2.4
where §F(11) /6p(x) and 82 F (11) /6p(x)dpu(y) are defined as in the introduction. This can be seen
by approximating the function F' by functions of the form Fy (4.y.

A more interesting particle system involves branching and immigration. Let v > 0 be a
constant and let m € M(R). Let p(x,-) = {po(z),p1(z),p2(z), -} be a family of discrete
probability distributions which measurably depends on the index z € R and satisfies pi(-) = 0.
In addition, we assume that

—+

= Zz’pi(x), z €R, (2.5)
i=1

is a bounded function. We shall construct an immigration branching particle system with
parameters (a, p,y,p,0m,1/0).

Let A be the set of all strings of the form a = ngny---ny4), where [(a) is the length
of o and the n; are non-negative integers with 0 < ng < 1 and n; > 1 for j > 1. We
shall label the particles by the strings in 4. We here use the first digit ng in the string to
distinguish the aboriginal and the immigratory particles. More precisely, strings started with
0 refer to descendants of aboriginal ancestors and strings started with 1 refer to descendants
of immigratory ancestors. (Note that the first digit is not counted in the length [(«).) We
provide A with the arboreal ordering, that is, mg---m, < ng---ng if and only if p < ¢ and
mo = no,- -+, my = n,. Then a has exactly [(a) predecessors, which we denote respectively by
a—1,a—2, -+, a—I(a). For example, if « = 12431, then « —2 =124 and o« — 4 = 1.

We need a collection of random variables to construct the immigration branching particle
system. Let {ao1, -, ao,} be a finite sequence of real-valued random variables. Let {W(ds, dz) :
s > 0,z € R} be a time-space white noise and {N(ds,dz) : s > 0,2 € R} a Poisson random
measure with intensity 6dsm(dz). We shall assume (1,m) > 0, otherwise the construction of
the immigration part is trivial. In this case, we can enumerate the atoms of N(ds, dz) as

{(Si,au) 0<s1 <s9<++,aq5 € R}. (2.6)



We also define the families
{Ba(t):t>0,a€ A}, {Sa:a€ A}, {o:acR ac A}, (2.7)

where {B,} are independent standard Brownian motions, {S,} are i.i.d. exponential random
variables with parameter v, and {7y} are independent random variables with distribution
p(a,-). We assume that the families {W(ds,dx)}, {N(ds,dz)}, {aoi}, {Ba}, {Sa} and {nga}
are independent.

We define fy,, = 0if 1 < n; < n and fBo,, = oo if n; > n, and define By, = s,, for all
ny > 1. For a € A with [(a) = 1 we let (4, = o + So. Heuristically, S, is the life-span of the
particle with label «, B, is its birth time and (, is its death time. The random variables a,,
defined above can be interpreted as the birth place of the particle with label «. The trajectory
{za(t) : t > Ba} of the particle is the solution of the equation

2(Ba+1) = ag + / fa+t o(a( / fa+t / — ()W (ds, dy). (2.8)

For a € A with [(«) > 1 the trajectory {z4(t) : t > (4} is defined by the above equation with
o = Ta-1(C,_1); Ca = Ba + S and

i <
IBQ — { gg_l ;i Zl(a) — nIQ—I(Ca—l_),a—l (29)
Wa) 2 Nza—1(Ca—1—),a—1
where x4_1((o—1—) denotes the left limit of z4_1(¢) at t = (,—1. Clearly,
(6, Y) =Y 07 (a(®) g, cor(t),  t>0. (2.10)
acA

defines an Mp(R)-valued process {Y; : ¢ > 0}. It is easy to see that {Y; : ¢ > 0} has count-
ably many jumps, and between those jumps it behaves just as the diffusion process {X; : t > 0}
constructed by (2.2). We call {Y; : t > 0} an immigration branching particle system with param-
eters (c, h,7y,p,0m,1/0). Intuitively, p(z,-) gives the location dependent offspring distribution
and {N(ds,dz)} gives the landing times and sites of the immigrants.

Indeed, we may regard {Y; : t > 0} as a concatenation of a sequence of independent copies
of {X; :t > 0}. We refer the reader to [24] for discussions of concatenation of general Markov
processes. As in [17] it can be seen that {Y; : ¢ > 0} is a Markov process with generator
Ly = Ay + By, where

BoF(u Z / 0yp; (@) [F + ( — 1)018,) — F()lpa(d)

+/ O[F (1 + 0715,) — F(p)]m(dz). (2.11)
R

The first term on the right hand side of (2.11) represents the jumps given by the branching and
the second terms represents the jumps given by the immigration. In particular, it is easy to
show that

BeFf {¢z Z/ Q’ypj ¢17 M) + 971(1)1(%)7 T <¢n7 M) + 971%(33))

—f(br, 1), -+ (b, 1)) p(d)
+/R€[f(<¢lnu> + 0_1(;51($), T <¢n7,u> + 0_1¢n($))
—f({@1, 1), - (D, ) m(dx). (2.12)



Let D1(Ly) denote the collection of all functions Fy 4,4 with f € CG(R") and {¢;} C CZ(R).
By the general theory of Markov processes, we have the following

Theorem 2.1 The process {Y; : t > 0} defined by (2.10) solves the (Lg,D1(Ly))-martingale
problem, that is, for each F' € D1(Ly),

F(X;) — F(Xo) —/Ot LoF(Xy)ds,  t>0,

18 a martingale.

Let us give another useful formulation of the immigration particle system. From (2.8), (2.10)
and Ito’s formula we get

(0,Y) = (6,Y0)+ >0 "b(ari)Lo(s:)

i=1

+ Z[Wma(gf),a - 1]971¢(xa(ga_))1(0,t](Coa)

acA
£ 3 [0 D (Ielra(o)Ba)

acA
+ 070 (2o ()15, c. y(8)h(y — xa(s))W (ds, dy)

>/ M ’
33 [0 D s Gl

acA

which can be rewritten as
GV = (6,Y) /Ot]/ ~L4(2) N (ds, da)
+ Z Neo(Ca—) — ] 1¢($Q(Ca_))1(0,t](Ca)

acA
£ 3 [0 o) (Ielrals)Ba)
acA
/ 1 ¢ /!
w [ [t v wias.dn) + 5 [ o vds (213)

On the right hand side, the second term comes from the immigration, the third term represents
branching of the particles, and the last three terms are determined by the spatial motion. It is
not hard to see that, for any ¢ € Cy(R),

Z/e¢wa 1 o) (9)6(a(5))dBa(s) (2.14)
acA
is a continuous local martingale with quadratic variation process

wwm9/<lw2> (2.15)

0



In the sequel, we assume

sz (i —1)* x € R, (2.16)

is a bounded function on R.

Proposition 2.1 For any ¢ € Cy(R),

Zt(‘b) = Z [na:a((af),a - 1]971¢(xa(€a_))1(0,t}(Coz) - /O <7(q - 1)¢7)<9>d3 (2'17)

acA

s a local martingale with predictable quadratic variation process

t
(Z(@)n = [ 07900 Vi)as. (2.18)
Proof. Recall that {S,} are i.i.d. exponential random variables with parameter ~y. Let
= Z a_l[nwa(Ca—)a - 1]¢($a(<a_))1(0,t] (Ca)- (2.19)
acA

Observe that the process {J;(¢) : t > 0} jumps only when a particle in the population splits. It
is not hard to show that {(Y;, Ji(¢)) : t > 0} is a Markov process with generator Jp such that

JoF (1, 2) = AgF(,2)(p) + /R@[F(u +07 105, 2) — Fp, 2)lm(dx)
+§;)/R@’ypj(x)[F(u + (=10 60 2+ (1 — DO P(2)) — Fp, 2)]p(dz).
In particular, if F(u, z) = z, then
ToF (11, 2 Z/ i (@)(j — V() u(d) = (v(g — 1)¢, ).

This shows that (2.17) is a local martingale. Let A, := {0 =tp0 < tp1 < -+ < tlpn =1t} be a
sequence of partitions of [0,¢] such that D,, := maxi<j<y |tn; —tn,i—1] — 0 as n — oo. Since the
second term on the right hand side of (2.17) is of locally finite variations, we have

[Z(¢)]tATl = nh_%lo Z |Ztn7¢/\7'l (¢) - Ztifl/\n (¢)|2

1=0

Z 972[77:1:(1(@7),04 - 1]2¢(xa(ga_))21(0,t/\n}(Ca)'

acA

By martingale theory, Ziar, (¢)? — [Z(9)]inr, is a martingale. Note that [Z(#)]ar, has same jump
times as Jiar, (¢) but with squared jump sizes. By an argument similar to the beginning of this
proof, we conclude that [Z(¢)]iar, — (Z(¢))irr, is a martingale. Then (Z(¢))iar, is a predictable
process such that Ziar, (¢)? — (Z(¢))tar, is a martingale, implying the desired result. [ |



Let N(ds,dz) = N(ds,dz) — Odsm(dz). Note that the assumptions on independence imply
that the four martingale measures {W(ds,dz)}, {N(ds,dx)}, {Z(ds,dx)} are {U(ds,dz)} are
orthogonal to each other. Now we may rewrite (2.13) into

(0. Y)) = (o, Y0) +t{g.m /Ot/ “Lo(x)N(ds, dx)
+ [ Gla=1)6.¥ds + 20) + V(@)
t / 1 t /!
+ [ [t =e oWy + 5 [ a0 vas (220)

Clearly, the third term on the right hand side of (2.20) has a cadlag modification. By [10,
p.69, Theorem VI.4], the martingale {Z;(¢) : t > 0} has a cadlag modification. All other terms
on the right hand side have continuous modifications. Therefore, the measure-valued process
{Y}; : t > 0} has a cadlag modification and (2.20) gives an SPDE formulation of this immigration
branching particle system. The following result shows that (2.14) and (2.17) are in fact square-
integrable martingales.

Proposition 2.2 Let By := ||y(q¢ — 1)|| and B := ||0y0o||, where || - || denotes the supremum
norm. Then there is a locally bounded function Cs on Ri”r such that

E{Sup0§s§t<1a }/;>2} < CQ(Blv BZ7t)(1 + (17 M>2 + (17m>2)3 t> 0. (221)

Proof. Applying (2.20) to ¢ =1 we get

(LY;) = (L) + 67 N((0,4] x B) + /0 (g — 1), Yayds + Zi(1), (2.22)

where N ((0,t] x R) is a Poisson random variable with parameter 6t(1, m) and {Z;(1) : t > 0} is
a local martingale with quadratic variation process

(Z(1); = /0 (010, V) ds. (2.23)

Based on (2.22) and (2.23), the desired estimate follows by an application of Gronwall’s inequal-
ity. ||

3 Stochastic equation of the SDSMI

Let (¢, h,0,b,m) be given as in the introduction. Suppose that W (ds, dz) is a time-space white
noise. For p € M(R) we consider the stochastic equation:

@.X) = (i +tlom) + 5 [ a0 xds— [ 65, X)ds

//qb Z(ds, dy) + // (y — )¢, X)W (ds, dy), (3.1)

where Z(ds,dy) is an orthogonal martingale measure which is orthogonal to the white noise
W (ds,dy) and has covariation measure o(y)Xs(dy)ds. Clearly, this is equivalent to the martin-
gale problem given by (1.6) and (1.7). We shall prove that (3.1) has a weak solution {X; : t > 0},



which will serve as a candidate of the SDSMI with parameters (¢, h,o,b,m). For a function F'
on M(R), let

2 2
AF(p) = % /R NG d;l 00 Mi;{gggy)u(dw)u(dy)

2
41 /]R a(x)CZCQ?; 55)) (dz) (3.2)

and

1

2
BRG) = 5 [ ol e )

) = [ v 5 as)
(

E) ) (3.3)
g Op()
if the right hand sides are meaningful. We shall also prove that {X; : ¢ > 0} solves a mar-
tingale problem associated with £ := A + B. It is easily seen that formally A = limgy_,o.Ag
and B = limg_,o By. Heuristically, {X; : ¢ > 0} arises as the high density limit of the immi-
gration branching particle system discussed in the last section. In particular, if Fy 4.4 (1) =

FUpr, 1), (Pn, ) for f € C3(R™) and {¢;} C CbQ(R), then

+

B o) = 5 3 2460 (on) [ e~ )l (@@
zg 1
£33 Fon ), () sl ) (34)
=1

and

571 = 5 [ 7] 32 1500 it

4,j=1
_/Rb(x)[;fi/((%am»‘"a<¢naﬂ>)¢i(x)]u(d:ﬂ)
+/R [gfi,(@l,/i),...,<¢naﬂ>)¢i($)]m(dx). (3.5)

Let Dy (L) denote the collection of all functions Fj (4,) with f € C2(R™) and {¢;} C CZ(R).
We shall obtain (3.1) as the limit of a sequence of equations of immigration branching

particle systems. Let (c, h, ’yk,p(’“), 0r.m, 9,;1) be a sequence of parameters such that 8, — oo as

k — co. Let i and o, be defined by (2.5) and (2.16) in terms of (v, p®*), 8)). We assume that

{Xt(k) :t > 0} is a immigration particle system which satisfies
(6. X)) = (6, X5 +t{p,m /Ot] / 61 () N ¥ (ds, de)
+ [ tontae = 16 XOhds + 24%6) + U0 (6)
/ / D!, X ) )W(k)(ds,dy)+% /0 t(agb”,XS(k))ds, (3.6)

10



where (N®) ZH®) A W k) are as in (2.20) with parameters (c,h,yk,p(k),ﬁkm,ﬁ,;l). We
(k)

assume that the X(()k) are deterministic and X~ — p as k — oo.

Lemma 3.1 Suppose that By := supy>y [vx(qr — 1)|| < oo and By := supy; 10, Mok < oo.

Then for any ¢ € CZ(R), the sequence {({¢, Xt(k)>)t20,k: = 1,2,---} is tight in the Skorokhod
space D(]0,00),R).

Proof. Suppose that {7} is a bounded sequence of stopping times. Let

// (y - ), XYW (ds, dy)

t
v M () = /0 (vi(ar — 1), X)) ds,

and

It is easily seen that
t
Emﬁwdwv$wm%::E{£mAﬁ@—' 5&9@}
t
= B [as [ ple - 20030 xE ()

t
nwAEm%Mﬁyws

IN

and

EHWM)—ﬁﬂ@WSB%AEN«ﬁZJMS

The remaining terms on the right hand side of (3.6) can be estimated by similar calculations.
Combining those estimates and Proposition 2.2 we get

MWWHWXM}<wamSWHW%WM—WH%W*O
0<t<T k>1

as t — 0. Then the sequence {((¢, Xt(k)>)t20, k=1,2,---} is tight in D([0,00),R); see [1]. i

Lemma 3.2 Suppose that (1 — qi(-)) — b(-) and 0, ‘o (-) — o () uniformly for b € Cy(R)
and o € Cy(R)*. Then the sequence {Xt(k) :t >0,k =1,2,---} is tight in D([0,00), M(R)).
Moreover, the limit process {X; : t > 0} of any subsequence of {Xt(k) 1 >0,k=1,2,---} is a.s.
continuous and solves the (L, D1(L))-martingale problem, that is, for each F € D1(Lyp),

F(X;) — F(Xo) — /0 t LF(X,)ds, t>0, (3.7)

1s @ martingale.

11



Proof. By Lemma 3.1 and a result of [22], the sequence of processes {Xt(k) >0,k =
2,---} is tight in D([0,00), M(R)). We write ¢ € CZ(R) if ¢ € CZ(R) and its derivatives
up to the second degree can be extended continuously to R. If {¢;} € C%(R), we can extend
Fy (61, AFt oy and BEj (4.4 continuously to M(R). Let Fj 4,3, AF} (4,1 and BFy 14,y denote
respectively those extensions. Let (Ax,Bi) and (A, By) denote the corresponding operators

associated with {Xt(k) :t > 0}. Clearly, if gy € Mp(R) and pp — p, then ApFy 3 (ur) —
AF {#;} (). By Taylor’s expansion,

BiFy 6,3 (1ir)
= > /R Oryip; ()L (D1, ) + (G = DO d1(2), -+ (b pir) + (7 — 1) ()
§=0
— (D1, k), (Dny i)k ()

+ /R OuLF (D1, 12) + 07261(2), -+ (s i) + 05 ()
— F (1, )+ (o i)l

= /% qr(z) — 1) [Zf (D1, k) <¢na/‘k>)¢i($)}ﬂk(dx)

/R%ggk [Z (o1, k) + Mo (z), - a<¢n:ﬂk>+nk¢n($))¢i(x)¢j(x):|,uk(d_q;)

i,j=1

i Z[ (B100) + Gebr (), () + G (21} (0)] ),

where 0 < g, ¢, < 0;, . Then BiFy 14,3 (1) — BEf 14,3 (1) under the assumption. Let {X; : ¢ >

0} be the limit of any subsequence of {Xt(k) :t>0,k=1,2,---}. Asin the proof of Lemma 4.2
of Dawson et al [8] one can show that

t
Ff,{m}(Xt)—Ff,{m}(Xo)—/o LEf 14,3(Xs)ds

is a martingale, where £ = A + B. As in [28], it is not hard to check that the “gradient
squared” operator associated with £ satisfies the derivation property of [2]. Then {X; : ¢ > 0}
is actually almost surely continuous as an M (R)-valued process. By a modification of the proof
of Theorem 4.1 of [8] one can show that {X; : ¢ > 0} is almost surely supported by R. Thus

{Xt(k) :t>0,k=1,2,---} is tight in D([0,00), M(R)) and {X; : t > 0} is a.s. continuous as an
M (R)-valued process. i

Lemma 3.3 If {X; : t > 0} is the continuous solution of the (L, Di(L))-martingale problem,
then for each integer n > 1 there is a locally bounded function C, on R‘i such that

Efsupo<s<i (1, Xo)"} < Cu([IOlls llofl, ) (1 + (1, )" + (1, m)"), £ > 0. (3.8)

Proof. If {X; : t > 0} is the continuous solution of the (£, D;(L£))-martingale problem, then
t

24(1) = (LX) = (L)~ (L) + [ (b X.)ds (3.9)
0
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is a continuous local martingale with quadratic variation process

(Z(1)), :/0 (0, X,)ds. (3.10)

For [ > 0 let 7, = inf{s > 0: (1, X5) > [}. The inequalities for n = 1 and n = 2 can be proved
as in the proof of Proposition 2.2. Now the Burkholder-Davis-Gundy inequality implies that

tAT 2n
E{supoescr(L, Xony)?} < Cn{u,m?nw?“u,mf”+E{( / <\b\,Xs>ds) }
0

+E{< / o, Xs>ds>n}]

Cn |:<1,/L>2n + t2n<17m>2n + e—ntn<1’m>n

IN

t
+ppnent | E{supoggsa,XW»?”}ds]
0

t
+ ot / E{(1, X.)"}ds,
0

where C,, > 0 is a universal constant. By using the above estimate and Gronwall’s inequality
inductively, we get some estimates for E{supy<,<;(1, Xiar)"}. Then we obtain the inequalities
for E{supg<,<;(1, X;)"} by Fatou’s lemma. i

Lemma 3.4 Suppose there are constants dy > 0 and § > 1/2 such that h(x) < do(1 + |2|)~?
for all z € R. If (1 — qi(-)) — b() and 0, "yeor() — o () uniformly for b € Cy(R) and
o € Cy(R)T, then the limit process { X : t > 0} of any subsequence of {Xt(k) t>0,k=1,2,---}
is a weak solution of (3.1).

Proof. By the proof of Lemma 3.1 and the results of [21, 22], {(Xt(k),Ut( ) W(k), (k ))

t >0,k =1,2,---} is a tight sequence in D([0,00), M(R) x S'(R)3). By passing to a sub—
sequence, we simply assume that {(Xt(k),Ut(k),Wt(k) ,Zt(k)) : t > 0} converges in distribution
to some process {(X;, U, Wy, Z;) : t > 0}. By Lemma 3.2, {X; : t > 0} is a.s. continuous and
solves the (£, Dy (L£))-martingale problem. Considering the Skorokhod representation, we assume
{(Xt(k), Ut(k), I/Vt(k)7 Zt(k)) :t > 0} converges almost surely to the process {(X¢, U, Wy, Z;) - t > 0}
in the topology of D([0,00), M(R) x S'(R)3). Since each {Wt(k) :t > 0} is a time-space white
noise, so is {W; : ¢ > 0}. In view of (2.15), we have a.s. Uy(¢) = 0 for all t > 0 and ¢ € S(R).
Then the theorem follows once it is proved that {(X¢, Wy, Z;) : t > 0} satisfies (3.1). Clearly, it is
sufficient to prove this for ¢ G S (R) with compact support supp(¢). Let Yi(y) = (h(y —-)¢', X¢)
and Yt(k)(y) (h(y — )¢, X > For I > 0 let , = inf{s > 0: (1,X8( )> > | for some k > 1}.
Since the weak convergence of measures can be induced by the (Vasershtein) metric defined in
[11, p.150], it is easy to show that {Y;(k)l{tql} 1t > 0} converges to {Y;lyory 1t > 0} in
D(]0,00),Cp(R)), where Cp(R) is furnished with the uniform norm. By [4, Theorem 2.1], for
1 € S(R) we have almost surely

lim / /w 1{s<n}W (ds,dy) = //w (Y) sy W (ds, dy). (3.11)

k—o0
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Let oo = sup{|z|,z € supp(¢)}. We have

|S‘u<p \h(y — 2)| < d(y) = do[L{yj<a} + Liy>a) (1 + [y — @)™,

and hence

Vi)l < (¢, Xo)d(y) and ¥ ()] < (6], X;")d(y).
By the Burkholder-Davis-Gundy inequality,

{</ /‘” (1) emy W )(ds’dy)>4}
< const- E{ ([ [ owrry <y>21{5<n}d8dy>2}

< const - 14|/ ||* (12 d?, \)?#2, (3.12)

where A denotes the Lebesgue measure on R. Since the right hand side of (3.12) is independent
of k > 1, the convergence of (3.11) also holds in the L?-sense. For each € > 0, it is not hard to

choose 9 € S(R) so that
{(/ L=y ey W )(ds,dy)>2}

< const - z2||¢> 12(]1 — 9[2d?, M\t < e. (3.13)

The same estimate is available with Y *) and W %) replaced respectively by Y and W. Clearly,
(3.11) and (3.13) imply that

Jim / / Y ()1 gery WH (ds, dy) = / / Y(y)1is<ny W (ds, dy) (3.14)

in the L2-sense. Passing to a suitable subsequence we get the almost sure convergence for (3.14).
Now letting £ — oo in (3.6) we get

1 tAT] tAT]
@ Xa) = G+ Ao+ 3 [ (s Xads — [ 0, Xds
0 0

/M/¢ 7(ds, dy) + /M/ (y — )¢/, X)W (ds, dy),

from which (3.1) follows. The extensions from ¢ € S(R) to ¢ € CZ(R) is immediate. i

Theorem 3.1 Suppose there are constants dg > 0 and § > 1/2 such that h(x) < do(1 + |z])~°
for all z € R. Then the stochastic equation (3.1) has a continuous weak solution {X; : t > 0}.
Moreover, {X; : t > 0} also solves the (L, D1(L))-martingale problem.

Proof. Given b € Cy(R) and o € Cy(R)*, we set 0 = k, v, = vk and

(k) ® ko w_ (k=1*A—-b/Vk)—koy ) _ 205, —1+b/Vk

:1— =
Py Py =D P2 2k—1)? —k - DPr 2k —1)2—k

where o4(-) = Vko(-) + 1. Then the sequence (7, p®, 6;,) satisfies the conditions of Lemma 3.4.
By Lemmas 3.2 and 3.4, equation (3.1) has a continuous weak solution {X; : ¢ > 0} which solves
the (£, Dp(L))-martingale problem. i
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4 Stochastic log-Laplace equations

In this section, we establish the existence and uniqueness of solution of the stochastic log-Laplace
equation (1.8). The techniques here are based on the results of [15] and have been stimulated by
[5, 30]. Let (¢, h,o,b,m) be given as in the introduction. Suppose that W (ds, dz) is a time-space
white noise. The main objective is to discuss the non-linear SPDE:

W) = o)+ [ |Ga@ ) - an(o) - jo()?|ds

0
t
+/ / h(y — x)09s ()W (ds, dy), t>0. (4.1)
0o JR
Let {H(R) : k = 0,+1,£2,---} denote the Sobolev spaces on R. Let “|| - ||o” and “(-,-)o”
denote respectively the norm and the inner product in Ho(R) = L%(R). For ¢ € Hy(R) let
k .
ol = loz0li5. (4.2)
=0

Following Xiong [30], we first consider a smoothed version of equation (4.1). Let (7%):>0 denote
the transition semigroup of a standard Brownian motion. Let {h; : j = 1,2,---} be a complete
orthonormal system of Hy(R). Then

Wi = [ [ mwwisd. 120 (43)

defines a sequence of independent standard Brownian motions {W; : j =1,2,---}. For € > 0 let

[1/¢]
We(dt, dx) =Y hj(x)Wj(dt)dz,  s>0,y€R. (4.4)
j=1

For ¢ € Ho(R) we set de(¢) = (| T.o|| Ae™Y)||T.¢| 7. By the general results of [15, Theorem 3.5]
and [23, p.133], for any ¢ € H1(R) N Cyp(R)* there is a pathwise unique Hy(R)-valued solution
{¢5 : t > 0} of the equation

i) = Tole) + [ | qal@o2ust) - b)) - gl TV )| ds

0
+/0 /Rh(y — )05 (x)W€(ds, dy), t > 0. (4.5)

Lemma 4.1 The solution {15 : t > 0} of (4.5) is non-negative and satisfies a.s. |15 ess <
e%!||@|| ess for all t > 0, where by = inf, b(x).

Proof. Indeed, for any non-negative and non-trivial function ¢ € Hy(R), the solution of
(4.5) can be obtained in the following way. Let {B;(t)} be a sequence of independent Brownian
motions which are also independent of the white noise {W(ds,dy)}. As in [15, Theorems 2.1
and 2.2], one can show that there is a pathwise unique solution v§(x) of the stochastic system

&) — &(0) = /0 e(£:())dBi(5) + 2 /0 e(£:(5))C (€(3))ds
- / / Wy — &(s))W*(ds, dy), (4.6)
0 R
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m(® - m(@ = [ |26 ~ b6t mlsras
5 [ G T i
/ [ H = gym W ds.dy). (4.7)
and

€ : 1 -
Yi(a)dr = lim ~ Z; m;(t)0¢, i (dzx),  t>0,z €R, (4.8)

where {(m;(0),&(0)) : i =1,2,---} is a sequence of exchangeable random variables on [0, 00) x R
which are independent of {B;(¢)} and {W(ds,dy)} and satisfy

nangonlzmz )0¢,(0) (dx) = Teg(x)dx

=1

By the arguments of [15, Theorems 3.1-3.5], it can be proved that if(z) is also the pathwise
unique solution of (4.5). By a duality argument similar to the proof of [30, Lemma 2.2] we get

[95]less < e %%(|@][ess. ]

Lemma 4.2 There is a locally bounded function K(-) on [0,00) such that

E{ sup Hw:rré} K@), t>0 (4.9)

0<r<t

Proof. Although the arguments are similar to those of [30], we shall give the detailed proof
for the convenience of the reader. For any f € C°°(R) with compact support,

t
Wit = (TP [ |5adR05, fho = 005, o = lowSd T, o] do
t
+ /0 /R (h(y — )00, FoW(ds, dy).
By It6’s formula,
t
Wi PR = (T )3+ / (65, Fo(ad2us — 205 — ovede (TS, Fods

+2/ / ¢s7 y_ ) ivw;’f)OWe(ds’dy)
[1/€]

+Z/ [ / My — 0,15 fody] ds.

Then we may add f over in a complete orthonormal system of Hyp(R) to get

t
i3 = ITol3+ /0 (@025 — 20055 — obSdo (WS TS, ¥ )ods
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t
4o /0 /R (h(y — )0, Y)W (ds, dy)
[1/€]

+;/Ot dS/R [/th(y)h(y—z)ﬁxwé(z)dy} de

t t
I Teo||5 + / (2SS )ods + / (—2b§ — oypSde (Vo) TS, ¥E)ods
0 0

IN

t
4o /0 /R (h(y — )OS, ) oW (ds, dy)

! 2 1€ € ! [ N2 € 2
+ [ooazuvoas+ [ ds [ | [ 0y~ oP@sie) e (a0
Since ¥§ € Ha(R), there exists a sequence f,, € C§°(R) such that f,, — 9§ in Ha(R). Note that
(s fa) = ()", F2) /2 = (2, (f)?) < Kl full3.

Taking n — oo we have

(PR voo < KWL (4.11)

It is easy to see that

(—2b€ — oypsde (Vo) TS, Yo < K||[9Ef3-

Therefore, we can continue (4.10) with
t t
W62 < |Tol + K / IS 3ds + 2 / /R (h(y — )0a05, E)oW<(ds, dy)
t t
1(0) / (D20, ¥Eods + p(0) / ds / (0a05(2))2d
0 0 R

t t
< |63+ K / S |3ds + 2 / /R (h(y — )OS, 0o W (ds, dy).

By Burkholder’s inequality we get

t
E{ sup uw,fué} < 4H¢H%+KE{ I <h<y—->aww;,w;>3dyds}
0<r<t 0 R
+xe{ [ uiias)
0 S
t
< 4II¢H%+KE{ / szlléds}. (4.12)

where the last inequality follows from the same arguments as those leading to (4.11). Using
stopping times if necessary, we may assume that E{||1¢|3} < oo for each ¢ > 0. Then we obtain
(4.9) by Gronwall’s inequality. ||

Lemma 4.3 There is a locally bounded function K(-) on [0,00) such that

E{ sup Hw:rr%} < K@), t>0. (4.13)
0<r<t
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Proof. We shall omit some details since they are similar to those in the proof of Lemma 4.2.
From (4.5) it follows that

Dty (x) = c‘)dei)(:c)Jr/ [;a/(x)&f%(x%r;a(ﬁ)ai’zb;(x)—b’(xw;(x)_b(x)aw;(x)
0
‘%"'@WE(w)dg(w;)Tgw;(:c) - %a(w)axw;<x>d5<w§>Tew;($>
5T )| ds
/ / y — 2) 02 () — I (y — )0 ()W (ds, dy).

Then we have
ottty = 1T0u0l+ [ (005005 + a0l — 20005, 05-+ 40,000
—dc(V5) (025, 0" hs Teps 4+ 00pbsTe)s + o sTL0:05) 0
#2 [ [ (0 bly = 10265~ Wy = 00200 (s )
; /0 ds [ Inty =025 = 'ty = 0,05
As in the proof of the previous lemma, we have that

t
B{ sup 0.0l < 1losols + KE [ (sl + howvsl) as. (4.14)

Again, we may assume E{ SUPg<,<t ||8x1/1ﬂ|§} < oo for all ¢ > 0. Then we obtain (4.13) by

Gronwall’s inequality. [ |

Theorem 4.1 For any ¢ € H1(R) N Cp(R)T, equation (4.1) has a pathwise unique Hy(R)™"-
valued solution {1 : t > 0}. We have a.s. |[1l¢|| < e=%!||¢|| for all t > 0, where by = inf, b(x).
Moreover, there is a locally bounded function K(-) on [0,00) such that

E{ sup |[v i} < K@), (4.15)
0<r<t

and so {¢(:) : t > 0} has an Hy(R) N Cy(R) T -valued version.

Proof. Let z(z) = 9§ (x) — 1) (x). As for (4.12), by the same arguments leading to (2.12) of
[30] we have

t t 2
B{ s =08} < K | E{||zr||é}dr+3||¢u4E{ ([ ) - ryunpac) i
+KE{/ |de (v 7,/)’7)]4dr}

[1/¢€]

> /(/ )0, 2s) ()dy>2ds}. (4.16)

—f—KE{
J=[1/n]+1
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As in Section 2.4 of [30], the second and third terms on the right hand side of (4.16) converge
to 0 as ¢, ® — 0. On the other hand, the last term is bounded by

/ / [1/ (/ j(y)h(y—ﬂf)dy)QE{zs(x)Q}dx /R E{(0,41)*}dzds,

Jj=[1/n]+1

which tends to zero as €,7 — 0. As in Section 2.4 of [30] we can show that ¢ is a Cauchy
sequence in Hy(R) and its limit ¢ is the pathwise unique solution of (4.1). The second assertion
follows from Lemma 4.1 and Fatou’s lemma. Finally, we obtain (4.15) by Lemma 4.3 and
Sobolev’s result. i

Based on Theorem 4.1, let us consider the following more useful backward SPDE:

brale) = 0()+ [ G0l0)Rbuele) — Ua)ua(o) = G0Nl s
/ / y = 0)0uthay(x) Wids,dy),  t>7r>0, (4.17)

where “” denotes the backward stochastic integral.

Theorem 4.2 For any ¢ € H1(R)NCy(R)™T, the backward equation (4.17) has a pathwise unique
Hi(R) N Cy(R)F-valued solution {by4 : t > 1 > 0. Further, we have a.s. ||[{h¢| < e 2| |¢|
forallt>r > 0.

Proof. For fixed t > 0, define the white noise
Wi([0,s] x B) = =W ([t — s,t] x B), 0<s<t BeBR). (4.18)
By Theorem 4.1, there is a pathwise unique solution {¢,; : 0 < r <t} of the equation

ale) = 90+ [ [Ja(@1026.0) ~ b0ua(0) — Jo@)outa s
+ /0 /R Wy — )0abus(x)Wilds, dy). (4.19)
Setting ¢, ¢(x) := ¢r—p (), we have

Yri(x) = éz )+/’“’ r [; ()20 s4 () — b(@)thr—s 4 () — U($)¢ts,t(x)2]ds
/t T/ Y = 2)Outhr—st(x)Wi(ds, dy)

= o)+ [ [0~ b uale) - Jolaiua(e] i

N / t /R Wy — )0sthes(x) - W (ds, dy).

That is, {¢+ : t > r > 0} solves (4.17). The remaining assertions are immediate by Theorem 4.1.
i

We may regard the white noise {W(ds,dy)} as a random variable taking values in the
Schwartz apace S’([0,00) X R). As in the classical situation of [13, p.163], the result of The-
orem 4.2 implies the existence of a measurable mapping F' : (¢,v) — 97 ,(#,-) from (H1(R) N
Cyp(R)T) x 8'(]0,00) x R) to Hi(R)NCy(R)™ such that 4% (¢, ) is the pathwise unique solution
of (4.17).
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5 Conditional log-Laplace functionals

Let (¢, h,0,b,m) be given as in the introduction. Let {X; : ¢ > 0} be a continuous solution of
the SPDE:

t
0.X) = (o) +tloom+ 5 [ oo Xas — [ . X,)ds

//qb Z(ds,dy) + // (y — )¢, Xs)W (ds, dy), (5.1)

where W (ds, dx) is a time-space white noise and Z(ds, dy) is an orthogonal martingale measure
which is orthogonal to W (ds, dy) and has covariation measure o(y)X(dy)ds. Let (F;)¢>0 denote
the filtration generated by {W(ds, dy)} and {Z(ds,dy)}. Since o is strictly positive, the process
{X; :t > 0} can be represented in terms of the covariation measure of Z(ds, dy), so it is adapted
to the (F;)i>0. By Theorem 4.2, for ¢ € Hi(R) N Cp(R)*" the equation

brale) = 0+ [ 30)lo) = Mansle) - Go@)ila)

h(y — o), (@) - W(ds,dy),  t>r>0, (5.2)
o L

has a pathwise unique solution v, ; = 1/)7“7,5 in Hi(R) N Cy(R)*. Let PV and EY denote respec-
tively the conditional probability and expectation given the white noise {W(ds, dy)}. The main
result of this section is the following

Theorem 5.1 Fort>r >0 and ¢ € Hi(R) N Cy(R)T we have a.s.

EV {e=(¢X0)| £ = exp{ — (iry, Xp) — /t<¢5§,m)ds}, (5.3)

where 1/1% is defined by (5.2). Consequently, {X; : t > 0} is a diffusion process with Feller
transition semigroup (Q¢)i>0 given by

t
/ eV Qu(p, dv) = Eexp{ = (Yo 1) — / <w3,vwm>d8}- (5.4)
M(R) 0

Our proof of the theorem are based on direct calculations derived from (5.1) and (5.2). The
argument is different from that of [30], where the Wong-Zakai approximation was used to get
the result. We shall give four lemmas which together with the proof of the theorem show clearly
the key steps of the calculations.

Suppose that « and [ are bounded measurable functions on [0,00) x R and that

/Ot/Ra(s,y)stdy < 0.
For t > r > 0, define
0o (1) —exp{// o(s, )W (ds, dy) — // o(s,1) dsdy} (5.5)
otr:t) = exp{ [ [ stsztas.dn) - [ lobts. X | (5:6)

Indeed, we have the following

and
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Lemma 5.1 Under the conditional probability measure PV, the process {(5(0,t) : t > 0} is a
martingale with respect to (F)e>o0-

Proof. Clearly, both {6,(0,¢) : ¢ > 0} and {(g(0,t) : ¢ > 0} are martingales on (2, F,P).
Recall that the martingale measures {W (ds, dy)} and {Z(ds, dy)} are orthogonal. By integration
by parts it is easy to see that {6,(0,t)(3(0,¢) : ¢ > 0} is a martingale. Since « is arbitrary, for
any u >t > r > 0 and any bounded F,.-measurable random variable Z we obtain

E{ea(ov U)Cﬂ<07 t)Z} = E{HQ(O, T)Cg(O, T)Z} = E{ch(()? u)Cg(O, 7'>Z}'

Note that the linear span of the functionals {6, (0,u)} is dense in the space of squared-integrable
and o(W)-measurable random variables; see e.g. [3, p.81] and [5]. Then we have the desired

equality EW {(5(0,¢)[F} = (5(0, 7). n
By the property of independent increments of the white noise {W (ds, dy)} we have

&ri(x) = E{r1(2)0(r,t)} = E{t)r1(x)0u(r,t)|F;} (5.7)

and
Nre(2) = B{r1(2)%0a(r, )} = E{tri(2)*0a(r, )| F ). (5.8)

Lemma 5.2 Fort>r >0, we have a.s.

E{ (U1, X:)0a(0,)G3(0, )| 7} = (&1, X1)0a(0,7)¢5(0, 7) (5.9)

and
E{(097;, X:)0a(0,£)¢s(0, )|} = (onpt, X2 )0a(0,7)¢3(0, 7). (5.10)

Proof. By Lemma 5.1 it is easy to see that EW [(s(r,t)|F] = 1. Since 0,(0,7)(s(0,7) is
Fr-measurable and (¢, X;)0q(r,t) is o(W, F,)-measurable, we have

E{<wr,t7 Xr>0a(07 t)Cﬁ(Ov t) "7:7"} = E{<wr,t7 Xr>0a (Ta t)Cﬂ(T, t)‘fr}ea(Q T‘)CB(O, T)
= E{{¥rs, X )0a(r, ) EY [Ca(r, )| F ]| F, 100 (0,7) (0, 7)
= E{(¥rt, Xr)0a(r,t)|[F:}04(0,7)(s(0,7)
<§r,t;Xr>0a(0>T)Cﬁ(O7r)'
A similar calculation gives (5.10). |

Lemma 5.3 Fort>r >0 and x € R, we have a.s.
t
rale) —00) = [ Ga)hule) ~ Ha)6us(e) — golahnns(o)|ds
t
+ / (h(- — 2), s, e, (x)ds, (5.11)

where the derivatives are taken in the classical sense.
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Proof. Note that the backward and forward integrals coincide for deterministic integrands.
Then we may fix ¢ > 0 and apply Itd’s formula to the process {04(r,t) : r € [0,¢]} to get

Ou(r, 1) = 1+/:/Rea(s,t)a(s,y).W(ds,dy). (5.12)
By (5.2), (5.12) and backward Ito formula, for any f € C2°(R) we have
ras Da(r:8) = (0001 + [ [0l ) = s 1) = S0 0] a1
/ 0= £) = e s, )las,8) - W, )
/ / Vb0, F)Ba(s, (s, y)dsdy. (5.13)

(See e.g. [3, p.124] for the backward It6 formula.) Observe that for fixed ¢ > 0, the process

/ / Y ) — (bars (s, 9)]Bals. £) - W(ds, dy)

is a backward martingale in r < t. Taking the expectation in (5.13) we obtain

t
Gent=to0) = [ |jlaclon - <b§s,t,f>—§<ans,t,f> ds

2
+ [ [ bty =96 Pats. sy
Then {&,:} must coincides with the classical solution of the parabolic equation (5.11). i

Lemma 5.4 For anyt > r > 0, we have a.s.

t t
050 = e X+ [ o) 20 do) + 5 [0t Xods+ [ Gemids. 619

Proof. In view of (5.1) and (5.11), we may integrate & ; backward relative to X, to see that

1
d<§8,t7 Xs) = 92 <U778 ts >d3 - /< (y - ')gg,ta Xs>a(37 y)dey + <£S,t7 m>ds
+ [ € Zlas.dn) + [ o= )¢ XW (ds.d).
where the first two terms from (5.11) cancelled out with the second and third terms from (5.1).

Since the two martingale measures {W(ds, dy)} and {Z(ds, dy)} are orthogonal, by Itd’s formula
we have

d(€8,taXS>9&(OvS)Cﬂ<O73) = %<U7757t,X3>9a(0,S)Cg(o,s)ds+<§s7t,m>9a<0,8)C5<0,3)d8
[ (0= 010 X200 0,0, )3V (s )
/fst «(0,5)¢s(0,5)Z(ds, dy)
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+ / (€002 X)00(0, )C5(0, 8)a(s, 2) W (ds, dy)
R

+ /R<fs,t, X)04(0,5)(p(0,)5(s,y) Z(ds, dy)
+(0&518(5, ), X5)0a/(0, 5)¢3(0, s)ds.

It then follows that

E{<¢a Xt>¢9a(0, t)(ﬁ(ovt)} - E{<§r ty Xr>9a(07 T)Cﬁ(o? T)}
= 3B{ [ om0 0065095 | + B [ (601,100 0,5)65(0. )5}

+ E{ /T (0&s4B(s,-), Xs)04(0,5)Ca(0, s)ds}. (5.15)

;From (5.6) it is easy to see that

C5(0,8) = 1+ /O /R (5(0, 5)B(s,) Z(ds. dy),

{//%t Z(ds, dy)Ba (0, £)C5(0, t)}
- {EW[//%t dsdyCﬂOt)} (Oaf)}

= E{EW[/T<U¢S¢5(S,-), 5>§5(0,3)d5]9a(0,t)}

and hence

= [ B[t X 0,00, s
= [ B[l X0a0,5)65(0.9) s (5.16)

By a calculation similar to the proof of Lemma 5.2 we get
B{ (i )00 0, G500, )1 F2} = {(€0r. )0 (0, 5)C5(0.5) (517
Combining (5.10) and (5.15) — (5.17) gives
B{(6, X0 (0, 11C5(0,1)} — B{ (61, X,)00 (0, 1)C5(0, 7))
= 58 [0t x00a0.060.0as } + B [ nsmpa(0.0650.00s

{/ /@bst Z(ds, dy)8,(0,t)¢s(0, t)}

But by (5.9) we have

E{[<¢7Xt> - <wr,taXr)]ea(oat)Cﬂ(Ovt)}
= E{<¢, Xt>9a (O’ t)Cﬂ(07 t)} - E{<£r,t7 Xr>9a(07 T)Cﬁ(ov ’I”)}
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It follows that

B (16,0 — (0ras X0 = [ (o020 s — [ (Gsmids

/ /dfst Z(ds dz‘)] ea(o,t)cﬁ(o,t)} =0.

Then we have the desired equation; see e.g. [3, p.81] and [5]. i

Proof of Theorem 5.1. Recall that Z(ds,dy) is an orthogonal martingale measure with
covariation measure o(y)Xs(dy)ds. By Lemma 5.1, for any fixed u > r the process

e { = [ [ vt zsa - [(ovt,xoas) r<i<a

is a martingale under P". By Lemma 5.4 we get a.s.

EW{6_<¢’Xt>|}' }

= Ew[exp{ (Urp, X //wst Z(ds, dy)
- / o Xadds = [ esmas 7]
t
= eXp{—(@br,t,Xr>—/ <¢s,t,m>d8},

giving (5.3). In particular, we have

Be ¢} =Bexp { — (s — [ (s mias (519

The distribution of X; is uniquely determined by (5.18) and the uniqueness of solution of (5.1)
follows. This in turn implies the strong Markov property of {X; : ¢ > 0}. Since 9, (z) is
continuous in x € R, the transition semigroup (Q¢)s>0 defined by (5.4) is Feller.

6 Some properties of the SDSMI

We here investigate some properties of the SDSMI. Let (¢, h,o,b,m) be given as in the intro-
duction. As in the last section, let PV and E" denote respectively the conditional probability
and expectation given the white noise {W(ds,dy)}. The equality (5.3) shows that {X;:¢ > 0}
under PW is a Markov process with transition semigroup (Q%)tZT satisfying a.s.

/ e PN (X, dv) = exp{ — (¥r Xr) — /t<¢sv,vt7m>d8}- (6.1)
M(E) r

In other words, the SDSMI conditioned upon {W(ds,dy)} should be an inhomogeneous immi-
gration superprocess. This observation suggests a number of applications of the conditional
log-Laplace functional. For instance, based on the results in the last section, the conditional
excursion theory of the SDSM have been developed in [19]. Moreover, some moment formulas
can be also derived from (5.3) in a similar way as [30].

As another application of the conditional Laplace functionals, we prove the following ergod-
icity property of the SDSMI.
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Theorem 6.1 Suppose that there is a constant € > 0 such that b(x) > € for all x € R. Then
the SDSMI has a unique stationary distribution Qs given by

M(R) 0

where Y}V () is the solution of (4.1). Moreover, we have limy oo Q¢ (1, ) = Quo(+) in the topology
of weak convergence for each € M(R).

Proof. Using the notation of the proof of Theorem 4.2, for any ¢ > r > 0 we have

t
E{/ e_<¢’”>NTVg(dy)} = Eexp —/ <w$,m>ds}
M(R) T

t
= Eexp _/<¢F/s,t7m>ds}

{
{

_ Eexp{—/ﬂtr( g?t,m>ds}
[ [t mas).

By Theorem 4.2 we have ||¢?§H < e~(t=9)||¢|| for s < t. It follows that

t
lim e P Qy(p,dv) = lim Eexp{ — (o ) — / <w§§,m>ds}
t—o00 M(R) t—00 0
t
= tlim Eexp{—/ (¢Z‘é,m>ds}
—00 0 ’

= EeXp{—/OOOWZV,mMS}-

On the other hand, by Theorem 4.1 it is easy to get
[e.@]
lim Eexp{ —/ (wgv,m)ds} =1.
ll¢ll—0 0

Then (6.2) defines a probability measure Qoo on M(R) and lim .o Q¢(pt,) = Qoo(-) in the
topology of weak convergence; see e.g. [16, Lemma 2.1]. ||

The properties of the SDSMI varies sharply for different choices of the parameters. The
special case where b(-) = 0 and (1, m) = 0 was discussed in [7, 8, 9, 27, 29]. In this case, we have

1 t " t
©X) = ()t [ oo Xds+ [ [ ol)Z(as.a)

t

+ [ [ty =10t X)W s, ), (63
The solution of (6.3) is a critical branching SDSM without immigration. In particular, if ¢(-) is
bounded away from zero, then {X; : ¢ > 0} is absolutely continuous for any initial state Xo; see
[8, 9, 27]. On the other hand, if ¢(-) = 0, then {X; : t > 0} is purely atomic for any initial state
Xo; see [7, 27, 29].
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Another special case is where o(-) = 0 and (1, m) = 0. In this case, we get from (6.3) the
linear equation

t
0

]‘ ¢ // ! /
(0.0 = 6 + 5 [ o Xds— [ oo, Xods+ [ [ty =) X)W ids.dy). (6.

The process defined in this way is closely related to the superprocesses arising from isotropic
stochastic flows investigated by [20]. The following theorem shows that {X; : ¢ > 0} is absolutely
continuous for a large class of absolutely continuous initial states.

Theorem 6.2 If{X;:t > 0} is a solution of (6.4) with Xo(dx) = vo(z)dz for some vy € Hy(R),
then there is an Ho(R)-valued process {v; : t > 0} such that Xi(dz) = vi(x)dz a.s. holds.

Proof. By [15, Theorem 3.5], the equation

uw) =)+ [ [Heny @) - san]as— [ [tt=pyewsa 63

has a unique Hy(R)-valued solution {v; : t > 0}. Let X;(dz) = v(x)dx. Clearly, {X; : t > 0}
solves (6.4). i
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