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In Wang,® a class of interacting measure-valued branching diffusions {us,t > 0} with
singular coefficient were constructed and characterized as a unique solution to L&-
martingale problem by a limiting duality method since in this case the dual process
does not exist. In this paper, we prove that for any € # 0 the superprocess with singular
motion coefficient is just the super-Brownian motion. The singular motion coefficient
is handled as a sequential limit motivated by Ref. 1. Thus, the limiting superprocess
is investigated and identified as the motion coefficient converges to a singular function.
The representation of the singular spacetime Itd’s integral is derived.
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1. Introduction

In Wang,'? a class of interacting branching particle systems has been studied
and their limiting superprocesses have been constructed and characterized. In this
paper, we consider that if the coefficient of the spacetime It6’s integral in the
interacting branching particle systems considered in Ref. 10 converges to a singular
function, how to define the singular spacetime It6’s integral and what are the sin-
gular interacting branching particle systems and the corresponding superprocess?
Here we need to give a precise definition of a singular function.

Definition 1.1. A function f(z) defined on R is called a singular function with
singular point y € R if there exists a convergent sequence {f,} which converge to
f pointwise and |f(y)| = co.

For fixed natural integer k, m > 1, let C*(R™) be the set of functions on R™
having continuous derivatives of order < k and C§(R™) be the set of functions in
Ck(R™) which together with their derivatives up to the order k can be extended
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continuously to R™ := R™U{d}, the one point compactification of R™. Let C§ (R™)
be the subset of C&(R™) of functions that together with their derivatives up to the
order k vanishing at infinity. The convergent sequence is defined as follows.

Definition 1.2. A sequence of functions {f, € C5(R) : n > 1} with fixed k > 1 is
called a convergent sequence if there exists a point y € R such that the following
conditions are satisfied:

(1) For each n > 1,

/ fi(x)dr < oo and G := sup/ | fr(x)|dr < co. (1.1)
R n Jr
(2) For any é; > 0 and 2 > 0, there exists an N > 0 such that for any n > N we
have
sup |fn(x)] < d2. (1.2)
le—y[>61

(3) The following limits exist and

Jim [fo(y)] =00, p(y) = lim pa(y) < oo, (1.3)
where
puly) = / Fuly — 2) fu(@)da. (1.4)

Roughly speaking, a singular function is a function which assumes infinite value
and is defined by the sequential limit of a convergent sequence of continuously
differentiable functions. To consider the above questions, we introduce the inter-
acting branching particle system as follows. For any natural number 7, which is
served as a control parameter of the sequence of the branching particle systems.
we consider a system of particles (initially, there are m? particles) which move, die
and produce offspring in a random medium on R. Let E' := Mp(R) be the Polish
space of all finite Radon measures on R with the weak topology defined by

p" = p if andonly if (f, ") = (f, W)V f € Cu(R).

Let (T{™)i>0 denote the transition semigroup of the m-dimensional generalized
Brownian motion with a constant covariance p(0)+&2 and let (S;™"*);>¢ denote the
transition semigroup generated by the operator G™* defined by (2.29). Same as
that handled in Wang,'® we can extend related functions and operators to R™ when-
ever it is necessary. For example, (T/")¢>0, (Si"")i>0, and G™* can be extended
to (Ttm)tgo, (S‘Zn’k)tzo, and CAJZ”“ on R™ with J as a trap, respectively. However,
according to Theorem 4.1 of Ref. 3, for each p € E all superprocesses discussed
in this paper live in E. Similar to the situation handled by Konno-Shiga,® we will
give definitions and discussions on R. When extensions are necessary, we briefly
point out.
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The diffusive part of such a system has the form
da?0) = [ uly — 2 (0)W (dy, dt) + edB}, (15)
R

where W (-, -) is a Brownian sheet (time-space white noise or cylindrical Brownian
motion, the reader is referred to Walsh” or Example 7.1.2 in Ref. 2 for more details),
{B}} are independent one-dimensional Brownian motions which are independent of
W, € is a real constant, and {g : k > 1} is a sequence of functions from C3(R)
such that for each k > 1,

/]R|gk(a:)|d:c < o0, /Rg,%(a:)da: < 00. (1.6)

The quadratic variational process for the finite system defined by (1.5) is

@@ 0) = [ el e) - 2 )ds + Py .7
0

where we set d;;—;3; = 1 or 0 according as i = j or i # j and

pi(2) = / g (2 — )g(y)dy . (18)

k(t)

Here m? is the location of the ith particle. We assume that each particle has

mass 1/ 0™ and branches at rate 'yﬁﬁ, where v > O and 6 > 2 are fixed constants

and the initial empirical measure pf(-) 1= & 1181 d,7(0)(+) weakly converges to a
finite measure pg as 7 — oco. As for the branching part, we assume that when a
particle dies, it produces j particles with probability p;; 7 = 0, 1,2, .. .. The offspring

distribution is assumed to satisfy:

[e.e] [e.e]
p1 =0, ijj =1 and ms:= ijpj < 00. (1.9)
k=0 §=0

The second condition indicates that we are solely interested in the critical case.
After branching, the resulting set of particles evolve in the same way as the parent
and they start off from the parent particle’s branching site. Let m denote the total
number of particles at time ¢. Denote the empirical measure process by

A 1 ¢
RO o Z Tk () (1.10)
i=1

Then, for each fixed k > 1, ,uf’k or its subsequence has a unique weak limit which
is characterized as unique solution to (L5, d,,)-martingale problem (MP), where 1
is a finite measure on R and the generator is defined as follows:

LiF(p) == ALF () + BF (1), (1.11)
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where

BF(u) :=B/R

2
AiF ) =5 [ s (7 ) Goptas)

s [ [0 () () srnudeuta) (113

for any bounded continuous function F'(u) that belongs to the domain D(LF) of
operator L, where the variational derivative is defined by

(;/Z(cg;) p(dz), (1.12)

dp(z) hl0 h
per = pr(0)+e?, e€R, (1.15)

B = «v(ma — 1)/2 is a non-negative constant, my is the finite second moment of
the offspring distribution for the branching mechanism (refer to Ref. 10 for more
details).

In this paper, the following problem is considered. We know that the Dirac delta
function is defined as follows:

Gy =1 Hy=e 1.16
=10 (1.16)

and for any test function ¢,

/}R O(1)da(w)dy = B(x), (1.17)

or in an equivalent sequential definition,

bo(y) = lim pr(z,y), (1.18)

_ v @2
ple) = e { -G} (1.19)

is the heat kernel and
/ B (y)d(y)dy = Jim / d(y)pr(z,y)dy = ¢(z) . (1.20)
R — JRr

The sequential definition of the Dirac delta function gave us the motivation for

where

the following question. In our particle system, if we assume that as k — oo, gi(+)
converges to a function which is very similar to a Dirac delta function. Then, what
is the limiting branching particle system as k — oo and what is the corresponding
limiting superprocess? To answer this question, we are automatically involved in
the problem on how to define a singular spacetime It6’s integral. Let us start by
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analyzing an example to find what are necessary conditions for the functions {gx(-)}
in order to define the singular branching particle systems and corresponding limiting
superprocess. For the sake to find the problems easily, in the following example we
only consider the case that ¢ = 0 and v = 0 which means no branching.

Example 1.1. Consider the diffusive part of the particles defined as follows:

daki = / Py, <EW (dy, du) (121)
R

where z¥¢ represents ith particle’s spatial location, W is a Brownian sheet and

pr(z,y) is the heat kernel defined by (1.19). According to Wang (Lemma 1.3 of
Ref. 9), for any integer m and any initial conditions {Jc]g’Z : i =1,...,m} with
ap’ 4 afd if i # j, the stochastic equations

dzit = /pk(y,xf’i)W(dy,dt), t>0,i=1,2,...,m (1.22)
R
have unique strong solutions {z" : ¢ > 0} and {(z}',...,2"™) : ¢t > 0} is an
m-~dimensional diffusion process which is governed by the differential operator
- 1 ? 1 & 9?
Gm’kiz— 01.(0) — — 0 ;P — L) —— 1.23
i=1 g i,j=1,i#£j
where
pu(o) = [ puleppil0,0)dy. (1:24)
R

The question is that

pr(0) = /R P(0,9)px(0,y)dy
Y S SR G
/Rmr(l/k) p{ <1/k>}dy

-y ﬁ o {- (ffk) bay

=12 7r(1/k)]_1 — 00 ask—o00. (1.25)

Thus, as k — oo the generator for the limiting finite particle system has no defini-
tion. In the usual sense there is no way to discuss the limiting branching particle
system and the corresponding limiting superprocess. Therefore, supy~; pr(0) < oo
is a necessary condition. We have following main result. -

Theorem 1.1. Let p be a finite measure on R, ¢ € R — {0} a fized constant,
and {gr € C3(R) : k > 1} be a convergent sequence which converges to a singular
function with singular point 0. Let L3, denote the generator defined by (1.11) with

ou(z) = / o — v)gr(v)dy (1.26)
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Then, for any k > 1, the (L,0,)-MP has a unique solution which is a measure-
valued diffusion process. Let ,uf’k denote the unique solution of the (L5, 9,)-MP with
sample paths in C([0,00), E). Then, as k — oo {uS™" : k > 1} converge to a diffusion
process pu§ which is a super-Brownian motion. Furthermore, in the limiting singular
case, the diffusive part of the particle system has the following representation:

dz>°(t) = \/p(0)dB; + edB; , (1.27)
where "> (t) is the location of ith limiting particle at time t as k — oo, {B} :
t>0,i>1} and {B} : t > 0,i > 1} are independent one-dimensional Brownian
motions.

2. Proof of the Main Result

Lemma 2.1. Let py be the function defined by (1.26) and the sequence of functions
of {gr} be a convergent sequence with point y = 0 (see Definition 1.2). Then, for
any © # 0, limy 00 p(x) = 0.

Proof. First for any § > 0 let O(z,0) = {y € R : |z — y| < §} be the ball at z.
Then, for any |z| # 0 and taking § < |z|/2 we have

pr(z) = /R gr(z — y)gr(y)dy

- / g — v)gr()dy + / oz — v)ge () dy
R—O(z,8)—0(0,6) O(z,0)

4 / ok — v)on(y)dy
0(0,8)

< \/ / e — y)dy\/ / 2(y)dy
R—O(,5) R—0(0,5)

+osup o) / ox(y — @)ldy
yeO(z,d) O(z,d)

+ sup lgely — )| / 91 (9)dy
y€0(0,6) 0(0,6)

< {\/ swp g — y)| / |gk<x—y>|dy}
yER—-O0(x,6) R—O(x,9)
X {\/ sup ng(y)l/ ng(y)ldy}
yeR—0(0,5) R—0(0,5)

+ sup |gr(W)|G+ sup |gk(y —2)|G =0, (2.28)
y€O0(x,5) y€0(0,9)
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since
lim sup |gk(y)]=0, lim sup |gx(y—x)] =0,
k=00 ycO(,8) k=00 4, 0(0,6)
and
lim sup  |gk(y)| =0, lim sup lgr(y — z)| =0,
k=00 4 eR—0(0,6) k=00 yeR—O(z,6)
and (1.2). O

Lemma 2.2. Lete € R—{0} be a fized constant and py, be defined by (1.26). Define

kLm0 1 & 9?
i=1 @ j ‘

4,J=1

Then, there exists a unique G™F-diffusion measure {P,,x € R™} on the m-
dimensional Wiener space in the definition of Ikeda—Watanabe.* The corresponding
Feller semigroup Stm’k is defined by:

Pk p(E) = / ZF e ) f(n)dn €= (61, Em) €R™,  (230)

m

where Z™*(n,&,t) is the transition density function. Let D be the set of points in
R™ with all coordinates distinct and

m o 1 1 < (7%' _gi)Q
20 Gt 4 e exp{_ﬁz;m} e
Then, for each & € D we have
Zmkm, &, t) = Z™(n, &, t) (2.32)

pointwise on (0,00) X R™ as k — co. Furthermore, we have the following inequality

2
|Z™F(n,€,1)] < cot™™/ exp <—C1|77 t§| ) ; (2.33)

where ¢o and c1 are two positive constants which are independent of k.

Proof. The proof of this lemma is just application of the results of (p. 357-363 of
Ref. 6). Define

m,k o 1
Zy""(n, &) == [2mt]™/2(det Am,k(f))1/2
1 <N G
xexpd =0 3 AL O &)~ &) p . (234)

4,J=1
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where Ay, 1 (£) is the covariance matrix defined by
pe(0) +e* o pp(Em — &)
Am k(€)= (a7 (€)= | : o . (239)
pr(6r—&m) o pe(0) +€2

A0 = (A7(©),
is the inverse matrix of A, 1(§). According to (11.3) of Ref. 6, we have

2
D} D325 (2,,)] < agt™™/27=5/2 exp <—a1 - ) , (2.36)

where D7 is the s order partial differential operator. Since A, x(€) is uniformly
positive definite in (k, £) and pg(x) is uniformly bounded in (k, x), the constants ag
and a; are independent of k. Define

LA 022 (€t

KAm60) = > faf (€) - ap () 201180 (2.37)
g1 1:01);
t

Khm&t) = [ ds [ Kropt = K (0.6 9)dy. (2.38)
0 R

QF(m,&,t) = > (=1)"Ki(n, 1) (2.39)
n=1

By (11.25) of Ref. 6, the above series converges uniformly for ¢ > 0. According to
(11.13) of Ref. 6, the transition density function is constructed as follows:

t
ZmR(n, €,t) = Z§" (0, €, 1) +/O dS/m Zy (gt — $)Q%(y, &, 8)dy . (2.40)

Then, since (11.25), (11.26) of Ref. 6 hold with constants in the inequalities being
independent of k, for any 7, £ € R™ and for any given § > 0, there exists a u > 0
such that

/ s / 27 (0, t— )@y, £, )| dy < 6
0 m
and
t
/ s / 27 0,y t— )@y, €, ) dy < 6
t—u m

hold for all k£ by (11.3) and (11.26) of Ref. 6. Thus, (2.32) follows from Lebesgue
dominated convergence theorem and (2.33) follows from (13.1) of Ref. 6. m|

Lemma 2.3. Let i be a finite measure on R and {,uf’k :t > 0} be a measure-valued
diffusion process which has sample paths in C([0,00), E) and is the unique solution
to the (L%, 0,)-MP. Then, {1, 55"y 1 £ > 0} is a tight sequence.
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Proof. Here we need the extensions to R. For more details, the reader is referred
to Wang!® and Lemma, 3.4. m|

Proof of Theorem 1.1. For any finite measure p on R, any £ > 1 and any fixed
e € R — {0}, the existence and uniqueness of the (£, d,)-martingale problem and
its solution ,uf’k being a diffusion process are proved in Wang!'® For more general
conditions, see Dawson—Li-Wang.? By Lemma 2.3, there exists a weak convergence
subsequence of ,uf’k. Without loss of generality, here we assume that ,uf’k = ui. By
Skorohod’s representation theorem, there exists a new probability space (Q,]:" , ]F’)
such that ,uf’k — p; almost surely on this new probability space. By Lemma 3.4
of Ref. 10, we get the uniform integrability of (¢, ,ufk> for any given test function

¢ € S(R). Thus,
Jim (g, 1y7*) = E(o, 17) - (2.41)
—00
For each integer m > 1, we define an operator for each f € C(R™)
TP = [ ZmEO N, €= (6. i) SR (2.42)

It is easy to check that this is just the Feller semigroup of an m-dimensional gen-
eralized Brownian motion with a constant covariance p(0) + 2. From Lemma 2.2
and Lebesgue dominated convergence theorem and any f € C(R™) we have

E(f, p§)

= lim B(f, ")
k— o0

k— o0

= lim E {<Y’<(t),uM<t>>exp {,3 /0 tM(u)(M(u) - l)duH

1) {(Y(t),uM(t)>eXp {5 /0 tM(u)(M(u) — 1)du}] , (2.43)

where Yy = f,
YE() = ST T SIS Y, (2.44)
Tn St<Tpy1, 0<n<My—1,
and
Y(t) = TN DT Ty e TN Ty TR0 Y (2.45)

Tn St <Tpt1, 0<n<My—1,

where {M; : t > 0} is a non-negative integer-valued cddldg Markov process with
transition intensities {g; ;} such that ¢; ;1 = —¢;; = Bi(¢ — 1) and ¢;; = 0 for
all other pairs (4, 7). That is, {M; : t > 0} is the well-known Kingman’s coalescent
process. Define 79 = 0, 7py, = 00 and {7 : 1 < k < My — 1} to be the sequence



June 5, 2003 15:17 WSPC/102-IDAQPRT 00120

10 H. Wang

of jump times of {M; : ¢t > 0}. {T'y, : 1 < k < My — 1} is a sequence of random
operators which are conditionally independent given {M; : ¢t > 0} and satisfy
o
-1’

where ®; ;, which maps an m-dimensional function f to an (m — 1)-dimensional
function ®;; f, is defined by

[(I)],zf] (xla ey Im—2, y)

P{FkICI)LAM(Tk—):Z}: lgl#jgl, (246)

(2.47)

L f(xlw-~7xj—17y7$j7~-~;xz‘—1;y7$i7-~-,$m—2) lf.]<7/
flTe, o i1, Uy Tiy o, T 1, Yy Ty oo, Tm—2) 0 <

For each monomial function

P = [ [ fone ann @),

where p®™(dz) := p(dwy) X - -+ X p(dzm) (see (2.16) in Ref. 10). For any ¢ € R—{0},

define

A°Fr(v) = G" f(x1y. -, T )@ (dZ) , (2.48)
R?n

where

= 130+ 2 (2.49)
24 p Ox? '
and

L5 Fy(n) = A°Fy(v) + BE} (), (2.50)

where
BFi(v)=8 > [F(®;if) — F.(f)] +Bm(m—1)F,(f). (2.51)

i,j=1,i#j

It is obvious that the right-hand side of (2.43) comes from the Feynman-Kac
formula and the generator £° which is just the generator of the super-Brownian
motion. (1.27) follows from the martingale representation theorem (see Ref. 4).
3. Comments and Example
Example 3.1. Define
1 (z —y)?
) L — B 22 O 3.52

o) = G T (352

Consider the diffusive part of the particles defined as follows:

dxﬁ’i = / Qk(y, mﬁ’i)W(dy, du) -+ EdB; 5 1= ]-7 cee, MMy, (353)
R
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where W is a Brownian sheet, {B};i = 1,...,m} are independent one-dimensional
Brownian motions which are independent of W, e € R—{0}, and 2! represents ith
particle’s spatial location at time u, where the sup-index k of 2%+ is used to indicate
that the particles are related to gk (-, -). It is obvious that for any integer m and any
initial conditions {zf":i = 1,...,m} with zb* # 7 if i # j, {(«P*, ..., 2P™):e >
0} is an m-dimensional diffusmn process which is generated by the differential
operator

~ 1 m 2
m,k .— E 2 - § .54
G 2 — 81:181:] ’ (3:54)
where

Aulz) = /R a2, 9)a (0, y)dy (3.55)

In this case,

71(0) = / 40, 9)1(0, 1) dy

2
- | mamee{am e
(1/k) 2(1/k)
=1 foranyk. (3.56)
Using py(-, ) defined by (1.19), we have that the increasing process for each parti-

cle’s location zi" is
t
= / / pi(y, 2y )dydu
o Jr

and for any ¢ # j the quadratic variational process for the finite particle system
{mf’zzi =1,...,m}is

<J}k7'

(3.57)

(y —ab)? + (y — akd)?

= /O/R W‘wl(l/—k) o {‘ ik }dyd“

(xﬁ,i _ xk,j)Q

N /ot \/27r1(1/k) P {_ 8/k

As k — oo, since ¥ depends on k, we are not sure whether the above quadratic
variational process converges to zero. However, according to the above theorem, we
have the following general result. Let zy° " be the location of ith limiting particle
as k — oo. Then,

} du>0. (3.58)

<$§o’ Ty ’]> 0 ifi#j
and

dzy®" = \/p(0)dB! + edB!, i=1,....,m
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where {B; :t > 0,i = 1,...,m} are independent one-dimensional Brownian
motions which are independent of {B} : ¢t > 0,i =1,...,m}.

Remark 3.1. For ¢ # 0, by dual representation of the superprocesses we have
found a class of singular spacetime It6’s integrals. For ¢ = 0, due to the degeneracy
and coalescence property, there are many unsolved challenging problems.

Remark 3.2. Here we give some comments for the case that € = 0. Before doing
so, we need the following definition.

Coalescence Property. A particle system is said to have coalescence property
if the particle location processes are diffusion processes and for any two particles
either they never separate or they never meet according as they start off from same
initial location or not.

For a given initial measure pug = 2111 QLM&wg,i, if there are only n, where n < m,
different locations, we have

m 1 n
Ho = Z H—M(legl = Z
i=1

where k; is an integer representing number of particles located at same location z;,
x; # x; if i # j. By using (3.55), we define

Ar) =5 [0+ ) (15 ) 5oifutda)

+%/R/Rﬁk(x—y) <%> (%) %u(d@u(dw (3.59)

First, for any monomial function

Ff(u):/Rn-/Rf(acl,...,wN)M(@N(dﬁc)

and above p = Y Fr0 ki = Yoy f—,@éwi with z; # z; if i # j and n < m.
0]

O, -

Qb‘??‘
S3

Consider diffusion process {(xf’l, e ,mf’m) : t > 0} which is generated by the differ-
ential operator Gi* defined by (3.54) with ¢ = 0 and initial state {(ap', ... zbm™).
For any 1 < i < j < m, define 7 := xf’l — a:f’j. Then, {n:} is a diffusion process

with state space R, absorbing state 0 and generator

Gof(y) = (Px(0) — () f"(v), [feCPR),

where gy () is defined by (3.55).
From Feller’s criterion of accessibility, the probability that ) reaches 0 is 0 or 1
according as

! y
/o 7e0) — ) ™
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is 0o or < oo. It is easy to check that pi(-) is non-negative definite, then by
the Bochner—Khinchin theorem there is a probability distribution function F(-)

such that

0<1-— ;:Eg; = /R{l — cos(zy) }dF(x)

< /R%(a:y)QdF(x) = myﬂﬁg(oﬂ

Hence we get

0 < sup

(ﬁ (0)_16 (y)) 1 ~/!
p == < 2 IAO)]-

Pk

Since g is smooth and p}/(0) is finite, state 0 is inaccessible. Thus, coalescence

property holds and {(z}"*, k,m

(n < m). Now we change the form of A) Fy () as follows.

N
A =50 [ [ > Filanseee s (@)

N

+%/R'H/IR Z ﬁk(yi—Z/j)fi/j/‘(yh...,yN)'u®N(dg)

4,j=1;i#]

co,x) ©t > 0} is an n-dimensional diffusion process

1 2
=3 Z Pk (0)%9(:1:1, ...,Zp) (e =0 and coalescence property)
i=1 i

1 < 02

+§‘ Z ‘Pk(xi—xj)mg(xlwwxn)
1,j=1;i#j
1 N
——Mﬁk(O)/ / S i, yn)u®N T (dg)
20 R IRy =1

- ég’kg(xl, ey T)

N
1 . 1y~
ot [ [N e ), o)
B R =14
where
1 N n
g(xh“wmn) = (9_M> Z ki, "'kle(:th'-',mlN)a

li,enln=1

and G'* is defined by (3.54) with ¢ = 0.
However, for the same monomial function
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Ff(,u):/R/Rf(ilil,,.’EN)M@N(dii),

and the same p = Y1, OLM(SHS,/L- =" | i 0q, with @; # x; if i # j and n < m, for
e € R—{0}, which is the same as before consider diffusion process {(z}"!,...,zF™) :
t > 0} which is generated by the differential operator G’?k defined by (3.54) with
e # 0 and initial state {(xg’l,...,xg’m). For any 1 < i < j < m, define & :=

xf’i — xfj Then, {&} is a diffusion process with state space R and generator

G-f(y) = (pr(0) +€* = (W) " (), [feCFR),

where g, () is defined by (3.55). From this generator, we see that 0 is not a boundary
point. Therefore, we have

N
BFy ) = 5000 +2) [ oo [ 3 filon i) @)

N
+%/]R/R > el — ) yn)n® (dg)

1,j=15i#£]
X (e # 0, 0 is not an absorbing boundary)

2

= %Z(ﬁk(o) + 52)88332g(ac1, ey Tn)

i=1 i
1 9?
+ B i,j:zl:;i;éj pr(zi — mj)mg(mh ey Tm)
1 N
@@+ [ [ )
BIRG =1
= G™rg(21,.. ., x)
1 N
@O+ [ [ D).
BIRG =1

(3.62)
where
1 N m
g(l‘l,...,xm): <0—M> Z f(mll,...,wlN).
l1,...,In=1

Compare (3.61) with (3.62), since n < m, we see that by the notation of
Theorem 1.1, {,ug’k} cannot converge to a super-Brownian motion due to the coa-
lescence property.
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