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Abstract In this paper, general conditions of state classification for the total
weighted occupation times of a class of infinitely divisible superprocesses on a
bounded domain D in R? are given. As an application, some sufficient and necessary
conditions are found for the total weighted occupation times of some special super-
processes on D to be absolutely continuous or singular with respect to the Lebesgue
measure on D.
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1 Introduction

1.1 Model and Preliminaries

In order to give required terms, let us begin by describing the general model of a

class of infinitely divisible superprocesses. Let & := {&, [T, s > 0, x € R4} be a right-
continuous, time-homogeneous Feller process in R¢, where I1, is the distribution law
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106 Y.-X. Ren, H. Wang

of the process & satisfying I1,(§) = x) = 1. &£ will serve as the random motion process
of each underlying particle. Let

Y(x,2) =ax)z+bx)z> + /‘00 (eil‘z -1+ uz) n(x,du), xeR‘ z>0 (1.1)
0

be a branching mechanism, where n is a kernel from R4 into (0, c0) and a(x) >
0,b(x) >0 and [;~(u A u?)n(x,du) are bounded Borel functions on R?. These
assumptions imply that there exists a constant C > 0 such that

Y(x,z) <C(z+2%), z=0. (1.2)

Now let us introduce some basic notation. Let (E, B(E)) be an arbitrary Borel
measurable space. Then, we use M(E) to denote the set of all finite measures
on B(E) endowed with the topology of weak convergence. The expression (f, u)
stands for the integral of f with respect to the measure p. We write f € B(E) if
f is a B(E)-measurable function. Similarly f € BT(E) (B, (E)) means that f is a
nonnegative (bounded) B(E)-measurable function, respectively. We set B, (E) =
B*(E) N By (E). In this paper, we mainly consider the case that E = R?. Let T
denote the set of all first exit times of {£;} from open sets in R?. Define the o- algebras
Fr = 0(&,s <r)and Fy := V{F,, r > 0}. For a given measure u on (E, B(E)), we
use X, to denote the support of u. All above-mentioned notation will keep same
meaning throughout the remaining part of the paper.

According to Dynkin [13] there exists a Markov process X = {X;, P,} in M(R?)
satisfying the following conditions:

(a) If fis a bounded continuous function on R¢, then ( f, X;) is right continuous in
ton R* := [0, c0).
(b) For every u € M(RY) and for every f € B, (R%),

P exp(—f, X;) = exp(—v;, u), (1.3)

where v is the unique solution to the integral equation

t
vi(X) + l'lx/(; U (s, vi—s(§))ds = T1, f(&). (1.4)

Moreover, for every T € 7, there correspond random measures X, and Y, on R4
such that for any u € M(R?) and any f, g € B;r (RY),

Pﬂexp{_<f! X‘E) - (g! Y‘L’)} = eXp<_u! M)v (15)

where u is the unique solution to the integral equation

u(x) + Hx/O ¥ (&, u(&))ds = Tl [f(éf) +/0 g(és)dS] (1.6)

X ={X;, X;,Y; P} is called a superprocess with the underlying motion process
{&} and the branching mechanism v (this is the enhanced model. For more details,
the reader is referred to Dawson [9] and Dynkin [13, 15, 16]). If £ is a Brownian
motion, X is called a super-Brownian motion; if £ is a diffusion process, X is
called a superdiffusion; if & is a symmetric a-stable process, X is called a super-
a-stable process, and so on. More generally, one could replace the ds in the left
hand side of Eqgs. 1.4 and 1.6 by a continuous additive functional A(ds) of &. Note
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that in this case one needs to assume A(ds) satisfying certain conditions to ensure
the existence of a superprocess. Thus, A(ds) is called a branching rate if there
exists X = {X,, X;, Y;; P,} which satisfies the log-Laplace equations (1.5) and (1.6)
(see Dynkin [14], Dawson and Fleischmann [10]).

Throughout this paper 7p denotes the first exit time of & from an open subset D
of R? ie., tp =inf{t > 0: & ¢ D). X, is called the exit measure from D, and Y-, is
called the total weighted occupation time of X on D. It is obvious that the support
of Y, is contained in D, the closure of D. A subset D C R? is called a domain if it is
a connected, nonempty, open subset of R?. In the sequel, unless otherwise stated, D
will denote a bounded, open subset of R¢.

1.2 Main Results and Motivation

There are considerable discussions of the states of infinitely divisible superprocesses
on a bounded domain D in R?. However, so far as we know there is no discussion
on the states of Y;,, the total weighted occupation time of an infinitely divisible
superprocess on a bounded domain D in R?.

This paper will be devoted to the investigation of the states of the total weighted
occupation times of a class of infinitely divisible superprocesses on a bounded domain
D in RY. We will identify a general condition under which the total weighted
occupation time of an infinitely divisible superprocess with general spatial motion
& and general branching mechanism ¢ defined as before on a bounded domain D in
R? is absolutely continuous with respect to the Lebesgue measure on D. For some
infinitely divisible superprocesses with certain special motion processes and certain
special branching mechanisms we will identify conditions that are both necessary and
sufficient for their total weighted occupation times to be absolutely continuous with
respect to the Lebesgue measure on D. We also found conditions under which the
total weighted occupation times of infinitely divisible superprocesses on a bounded
domain D in R? are supported by a Lebesgue null set. Now let us describe the main
results, and ideas of the paper.

Throughout the paper we assume that for any bounded open subset D of R, there
is a Borel function Gp(x, y) defined on D x D such that

M. /0 f(&)ds = /D G (x. y) F(y)dy

for all measurable f > 0. Gp is called the Green function for & on D. In other
words, we assume that the Green function for & on D exists. We also assume that
the branching rate functional is ds. Since a(x) does not affect the absolute continuity,
in this paper we assume that a(x) = 0 in Eq. 1.1. For convenience, we introduce the
following notation. For f € BZ(D) and v € M(D), we define

Gp f(x) =TI, /0 Fi&)ds = fD Gp(x. y) F(y)dy,

Gpv(x) ::/ Gp(x, y)v(dy).
D

Obviously, if v(dy) = f(y)dy, Gp f = Gpv. If £ is transient, we will use G(x, y) to
denote the Green function for & on R?, and Gp(x, y) to denote the Green function
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for £ on D. Throughout this paper we will also assume that the Green function for &
on D satisfies the following assumption.

Basic Assumption (A):

(1) Gp(,-) is continuous on (D x D)\ {(x,x),x € D} and Gp(x,y) >0 for all
x,y € D.

(2) There exists a continuous, nonnegative function g(x) on (0, 00) satisfying the
integrable condition

f g(|xNdx < o0
B(0,1)

such that Gp(x, y) < g(|x — y|), where | - | is the Euclidean norm and B(0, 1) :=
{(xeRY: x| < 1}.
(3) Forany$ > 0, there exists Cs > 0 such that Gp(x, y) < Cs whenever |x — y| > 6.

When £ is a transient Lévy process in R?, G(0, -) can serve as the function g in the
above assumption.

We write u € M (D) if n € M(D) and u has a compact support in D, and p €
My(D) if © € M(D) and the support of  consists of only a finite number of points.
For v € M(D), Gpv is integrable on each compact subset of D. Thus, Gpv is finite
almost everywhere and superharmonic for £ on D (see Definition 2.1). Let

N, :={xe R, Gpv(x) = oo} . (1.7)

N, is then a closed subset of R? with Lebesgue measure zero. Clearly for v € My(D),
N, C R,. For any y € R%, let §, denote the Dirac measure at y. For yy, ..., y, € D
andv = )", Ay, set

v(dy) = fu(y)dy, (1.8)
where
[ =D M), (1.9)
i=1
; € B(y;, 1/n)
oy = VB ST (1.10)
0, y ¢ B(yi, 1/n),

and V(B(y;, 1/n)) is the volume of the open ball B(y;, 1/n) :={x e R? : |x — y;| <
1/n}. Clearly v, converges weakly to v asn — oo.
Now consider the following integral equation:

u(x) + I, / Y U wE)ds = Govx), xe D\ Ny, (111)
0

where v € M(D).
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Theorem 1.1 Let  be the branching mechanism defined by Eq. 1.1 with a(x) = 0 and
suppose that Basic Assumption (A) holds. If for each y, € D, there exists a §(yo) > 0
depending on y, such that

/ sup Y (y+z,g(lyD))dy < oo (1.12)
B(0.6(y0)) 2€B(y0.3(30)

holds, then we have following conclusions:

(1) Forany fixed v € M (D), there exists a nonnegative random measurable function
yp defined on D such that

P Y., (dy) = yp(y)dy} = 1.

(2) For each finite collection of points, yi, ..., yk, in D\ N,, the following Laplace
functional

k

P,exp [—(f, Yop) — Z)\i)’D()’i):| = exp(—u, u) (1.13)

i=1

holds for any Ay, ..., Ay = 0, where u € M (D), and u is the unique nonnegative
solution of Eq. 1.11 with v(dy) = f(y)dy + le_c:] by, (dy).

Remark 1 For some superdiffusions, Eq. 1.12 is both necessary and sufficient for Y,
to be absolutely continuous (see Corollary 3.3). For a general right continuous Feller
process &, so far we are unable to identify the necessary and sufficient condition for
Y, to be absolutely continuous with respect to the Lebesgue measure on D.

We have following second main result.

Theorem 1.2 Assume that Basic Assumption (A) holds. Let uy,(x) be the solution to
Eq. 1.11 corresponding to the measure f; (z)dz with f; defined by Eq. 1.10. Suppose

that € M.(D), ¢ is the Lebesgue measure on (RY, B(R?)), and for u ® £- almost
all (x,y), uy(x) converges to zero as n — oo. Then, P, -almost surely, Y, (- N Dy) is
singular with respect to the Lebesgue measure on Do, where Dy = D \ R,,.

Now let us outline the rough ideas for approaching these problems. Essentially we
will use Lemma 1.15 of Dawson et al. [12] (see also Lemma 3.4.2.2 of Dawson [9]) to
prove that Y, is absolutely continuous with respect to the Lebesgue measure on D.
In order to give the rough ideas, we cite this lemma as follows.

Lemma 1.3 (Lemma 1.15 of Dawson et al. [12]) Let v be a random element in M(R9)
on a probability space (2, F, P) satisfying the following two conditions:

(1)  There exists a Borel subset N € B(R?) with Lebesgue measure zero such that
for each x € R4\ N there is a sequence of real numbers {e, ,,} such that €, ,, — 0
as n — oo and v(B(x, €x,))/ V(B(x, €x,)) converges in law to a nonnegative,
real valued random variable n(x) as n — oo, where V(B(x, €y ,)) is the volume
of the open ball B(x, €y ).
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(2) e(x) :=En(x) is locally integrable and satisfies
E(v, ¢) = /e(z)¢(z)dz forall ¢ € B (RY) . (1.14)

Then, on (Q,F,P) there exists a random f e BY(R?) such that P(v(dz) =
f(2)dz) = 1, and for each z € R\ N the random variables f(z) and n(z) are
identically distributed. In particular, v is absolutely continuous with respect to
the Lebesgue measure almost surely (P).

Thus, the proof of Theorem 1.1 is subject to the verification of the conditions (1)
and (2) of Lemma 1.3. To verify condition (1), based on the log-Laplace functional
technique, the question is transformed into the proof of the existence, uniqueness,
and convergence of the solutions to Eq. 1.11 with removable singularities. The proof
of this part is motivated by Dawson and Fleischmann [10], Dynkin and Kuznetsov
[17], Klenke [22], and Kuznetsov [23]. The condition (2) is mainly subject to the
proof of the existence of the Green function for the corresponding superprocess.
We know that the Green function Gp(x, y) for & is the same as the occupation time
density for the underlying process on D. Thus, condition (2) follows from log-Laplace
functional and Basic Assumption (A). The proof of Theorem 1.2 is based on the
following lemma. Let £ be the Lebesgue measure on (R?, B(RY)).

Lemma 1.4 Let v be a random element in M(R?) on a probability space (2, F, P) and
suppose that there is a Borel subset N € B(RY) with Lebesgue measure zero such that
for each x € R\ N there is a sequence of real numbers (e, ,} such that €, ,, — 0 as
n — oo and

V(B(x, €x,))/ V(B(x, €xn)) — 0 inlawas n— oo.

Then v is singular with respect to the Lebesgue measure £ almost surely (P).

Proof For each w € Q, we denote the Lebesgue decomposition of v with respect
to the Lebesgue measure ¢ by v = v,.(®) + vs(w), where for each w € Q, v, << £
(absolutely continuous part) and vsL¢ (singular part). By Lemma 3.4.2.1 of Dawson
[9] the absolutely continuous part and the singular part are both measurable maps
of (2, F) into (M(R?), B(M(R?))). For each w by the Lebesgue density theorem
the limit

VB €))L ve(Ble)

lim = Nac(w, X) (1'15)

— = l1Im
n—oo V(B(x,€,)) n—oo V(B(x,€,))

exists for each x € R?\ N(a)), where N (w) is a Borel subset of R? with Lebesgue
measure zero and n,.(w, z) is a version of the Radon-Nikodym derivative of v,. with
respect to the Lebesgue measure ¢. It is easy to verify that Eq. 1.15 holds almost
surely with respect to the product measure P ® £. Thus, the lemma follows from the
assumption that 7, = 0 almost everywhere on Q x R¢ with respect to the product
measure P® £ . O
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1.3 Organization and Related Results

The content of the paper is organized as follows. Section 1 provides an introduction
of the paper. In Section 2 we discuss the fundamental solutions to Eq. 1.11. The
fundamental solution to the integral equation (1.11) plays an important role in
the investigation of the absolute continuity of Y;,. Theorem 2.3 builds up the
approximation or convergence property of the fundamental solutions to Eq. 1.11.
Then based on Theorem 2.3 we give a proof of Theorem 1.1. Theorem 1.2 will then
follow from Lemma 1.4.

In Section 3 we restrict our attention to the results relative to superdiffusions.
We prove that if X is a superdiffusion in M(R¢) with d > 2 and with a branching
mechanism v (x, z) which does not depend on the space variable x and satisfies
both condition A, and condition V, (see Section 3), then Eq. 1.12 is both necessary
and sufficient for Y, to be absolutely continuous. Then, we will establish that the
following four statements are equivalent:

(a) Any single point of R is polar, that is, any single point of R? is not hit, with
probability one, by the range of (£, y)-superdiffusion, where £ denotes the
generator of diffusion & (See [13] and [23], for more details).

(b) If uis a nonnegative solution to the equation Lu = v (u) in R? \ {x}, then u =
0 (in other words, every single point set is removable), where £ denotes the
generator of diffusion &.

(c) Cap,({x}) =0foreveryxe R?, where Cap,, ({x}) is the Orlicz capacity defined
by Eq. 3.3.

(d) For every bounded smooth domain D, P,-almost surely Y, (- N Dy) is singular
with respect to the Lebesgue measure on D, where Dy = D \ 8,.

Actually the equivalence of the first three statements is given by Dynkin [13] and
Kuznetsov [23]. One of the contributions of the present paper is to add the new
equivalent statement (d).

Finally, the last section is devoted to the applications of Theorem 1.1 to super-o-
stable processes and super-geometric stable processes.

Throughout this article C will always denote a constant which may change value
from line to line.

Here we briefly review some results on the absolute continuity of X, and X7, .

The absolute continuity of X, has been discussed by many authors. It is well-
known that if the spatial motion & is an «-stable process (1 < o < 2) and the branch-
ing mechanism v (z) = z!*# (0 < B < 1), then X, is absolutely continuous if and only
if d < a/B (see Dawson and Hochberg [11] for the case that X; is a super-Brownian
motion with the branching mechanism v/ (z) = z2, and Fleischmann [18] for general o
and B). In the case that X is a super-Brownian motion with the branching mechanism
¥ (z) = z* and a general branching rate A(df), Dawson and Fleischmann [10] gave
a sufficient condition on A(dr) for X; to be absolutely continuous. Klenke [22]
generalized the result for a broader class of infinitely divisible superprocesses. Similar
results were independently obtained by Ren [27].

For a super-Brownian motion on a bounded smooth domain D, the absolute
continuity of the exit measure X;, has been studied by several authors. When
V¥(x,z) =z%,0 < B <1, the states of the exit measures X, were studied by
Sheu [28, 29]. Sheu [29] stated that X,, is absolutely continuous if and only if
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d < 1+2/B.In Ren [26], X;, with a general branching mechanism v and a general
branching rate function A(dt) was studied and a sufficient condition on A(df) and
¥ (z) was given for X;, to be absolutely continuous.

2 Proofs of Main Results

Let £ be the right continuous, time-homogeneous Feller process discussed in the
previous section.

Definition 2.1 Let D be a bounded, open subset of R?, and f a locally integrable
function defined on R? taking values in (—o0, o0].

(1)  fis a harmonic function on D with respect to & if f is continuous on D and for
each x € D and each ball B(x, r) with B(x,r) C D,

fo) =T fE(TBan)]-

(2) fis asuperharmonic function on D with respect to £ if f is lower semicontinu-
ous on D and for each x € D and each ball B(x, r) with B(x,r) C D,

) = [ f(E ()]

For v € M.(D), Gpv is a harmonic function with respect to § on D\ R,. For a
given bounded subset A C R?, we use A := A N A to denote the boundary of A,
where A¢:=R%\ A.

Lemma 2.1 Let D, and D, be two bounded open subsets of R? satisfying D, C D,.
Assume that h is a nonnegative harmonic function on D, and that f is a nonnegative
function on D := R\ Dy satisfying f < h on DS. Let uy and u, be solutions to the
integral equations

muHﬁhme@M@mﬁzmnxem, @.1)
and
zmm+mﬁmw@wﬁmﬁ=mm—mﬂ%mxem, 22)
respectively. Then u,(x) > u(x) for every x € Di.

Proof Since h is harmonic on D, and D, C D,, we have
h(x) = MhE.,). xe D
Then
h(O) = T f(&ry) = Te(h = (), x € Dy
By Egs. 1.5 and 1.6, we have

uy(x) = —log Ps_exp{—(h, Xy, )}, x¢€ Dy,
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and
ux(x) = —log Ps exp{—(h — f. th, )Y, xe€ Dy.

Then we have u;(x) > uy(x) for every x € D;. O

Lemma 2.2 Suppose that Basic Assumption (A) and Eq. 1.12 hold. Let D be a
bounded domain in RY. For each v € My(D), let v, be defined by Eqs. 1.8 and 1.9.
Then, there exists a sequence of bounded smooth open subsets {Dy} of D\ N,
satisfying Dy 1 D \ N, such that for each x € D\ N,,

lim lim sup IT, /ID ¥ (&, Gpv,(&))ds = 0. (2.3)

k=00 p—soo
Proof Forv € My(D), we first claim that the assumption (1.12) implies

/DGD(x, WY (y, Gpr(y)dy = Hx/() Y (&, Gpv(§))ds < oo, x € D\N,. (24)

In fact, without loss of generality, we may assume that v = §,,. Then for x # y, and
8 € (0, |x — yo|/2), by Basic Assumption (A), we have

/D Gp(x. )Y (. Gpy(y)dy

=f Gplx, ¥ (y,Gp(y, yo))dy+/ Gp(x, ¥ (y, Gp(y, yo)dy
DNB(x,8) D 8)

\B(x,

< Cs/ Gp(x, Y)dY+C5/ Y (y, Gp(y, yo))dy
B(x,8) D

< Cs/ g(lyl)dy+Ca/ Y (y, Gp(y, yo))dy+ Cs/ Y (y, Gp(y, yo))dy
B(0,6) DN B(yo,6) D\ B(y0,6)

§C5+C5/

Yy + yo, g(lyD))dy
B(0,6)

< 00,

where in the last inequality we have used Eq. 1.12, and C; is a positive constant which
may change value from line to line.

Let v, and f, be defined by Egs. 1.8 and 1.9 and let Dy be a bounded open subset
of D with smooth boundary such that D, 1 D. Define Dy := D; \ [ J", B(yi, 1)
Then, we know Dy 1 D\ N,. For any given x € D\ N,, without loss of generality
we may assume that x € Dy for k > 1. Let t; denote the first exit time of & from Dy.
Note that

Hx/ Y (&, Gpvu(&))ds
= Hx/() W@s, GDvn(gs))ds - HX/() lﬁ(és, GDVn(%_s))ds

=/DGD(x, WYy, Gpva(W)dy — | Gp (x, Y (y, Gpva(y))dy.  (2.5)

Dy
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By Eq. 2.5, we obtain

‘Hx/ Y (&, Gpvu(&))ds

=

/DGD(x,y)w(y, Guvn(y))dy—/D Gp(x, MY (y, Gpvn(y))dy‘

+

GD(x,y)w(y,Guvn(y))dy—/D GDk(x,y)W(y,GDvn(y))dy‘- (2.6)

Dy

To apply the dominated convergence theorem, note that Gp(x, y) and Gp, (x, y) are
locally integrable with respect to y, and that Gpv, (x) — Z:’;l A:G p(x, y;) pointwise
in Dy. Since for large n, Gpv,(x) = fD Gp(x, y) f,(y)dy is uniformly bounded in Dy
and D is a bounded domain in R¢, by the dominated convergence theorem we have

nli“élo/,) Gp(x, VY (y, GDvn(y))dysz Gp(x, WY (y, Gpv(y)dy < oo, (2.7)
and

lim i Gp, (X, VY (y, Gavn(y))dysz Gp,(x, WY (y, Gpv(y))dy < oo. (2.8)

n—oo

Then, for any fixed ky € N and any x € Dy,, by Eq. 2.7, Eq. 2.8, the monotone
property of Dy, and the nonnegativity of the integrands, we have

lim lim (fD Gp(x, ¥ (y, Guvn(y))dy—/D Gp, (x, N (y, GDvn(y))dy>

k— o0 n—00

lim (/D Gp(x, Y (y, Gov(y))dy—/D Gp,(x, ¥ (y, GDV()’))dY)

k— 00

| Gote s Govimdy - fim 1, [ wie. Govieonds

™ TD\Ny
= Hx/O V&, Gpv(&))ds — l'lx/O ¥ (&, Gpv(&))ds
-0, (2.9)

where the last equality follows from the fact that N, is a polar subset of D, tp\n, =
p A Tn, and Ty, = 0o a.s.(I1y) (see [4] p. 282-283, Proposition 5.1 and Proposition
5.2 or [5]).

Thus, to prove Eq. 2.3, based on Egs. 2.6 and 2.9 we only need to prove that

lim sup lim sup f Go(x, NP (y, Gpva(y)dy —/ Gpx, M (y, GDVn(Y))dY‘ =0.
k—o0  n—>00 D Dy
(2.10)
To prove Eq. 2.10, it suffices to prove
lim sup { limsup/ Gp(x, W (y, GDvn(y))dy] =0. (2.11)
k—o00 n—o00 D\ Dy
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Since v € My(D), without loss of generality, we may simply assume y, € D and
v =34,,. Thus Dy = Dy \ B(yo, 1/k) and we have

/ Gp(x. U (3. Gpun(y)dy
D\Dy

=f ~ Gpe, Yy, Gpvn(y))der/ Gp(x, MY (y, Gpvn(y))dy.
D\ Dy B(yo,1/k)

(2.12)
For k and n sufficiently large, there exists a constant C > 0 such that
Gp(y,2)=C, ye D\ Dy ze By, 1/n).

So by Eq. 1.2, for large k and n, there exists a constant C; > 0 such that

/ ~ Gp, Y (y, Gpvn(y)dy < C1/ _ Gp(x, y)dy.

D\Dy D\Dy

Then

lim sup {lim sup/  Gpx, N¥(y, GDvn(y))dy} =0. (2.13)
D\Dy

k— o0 n—00

Now we are going to prove that

lim sup {lim sup/ Gp(x, ¥ (y, GDvn(y))dy} =0. (2.14)
k—o00 n—oo m
Note that
Gpvn(y) = / Gp(y, 2) f*(2)dz
B(yo,1/n)

and [, | f°(z)dz = 1, where f;" is defined by Eq. 1.10. Since for every fixed y,
¥ (y, z) is a convex function in z, by Jensen’s inequality we have

Y (y, Gpua(y)) < / ¥(y,Gp(y, 2)) [;*(2)dz.

B(yo.1/n)

Then we have

/ G, Y (v, Gpuu(»)dy
B(yo,1/k)

< / £ (2)dz / G, V(. Goly, 2)dy
B(yo,1/n) B(yo,1/k)
< sup f Gp(x, VU (v, Gp(y, 2)dy. (2.15)
zeB(yo,1/n) J B(yo,1/k)

Since x # yo, there exists a constant C(x) > 0 depending on x such that for large k,

Gp(x,y) = C(x), ye B(yo. 1/k).
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Thus,

sup / Gpx, Wy (v, Gp(y, 2))dy
B(yo,1/k)

z€B(yo.1/n)

<C(x) sup / Vv (y, gy — zl)dy
z€B(yo,1/n) J B(yo,1/k)

< C(x) sup ¥ (y+z, g(ly))dy. (2.16)
B(0,1/k+1/n) z€B(yo,1/n)

The assumption (1.12) implies that there exist n, k > 0 such that

[7 sup Y (y +z, g(lyN)dy < oo. (2.17)
B(0,1/k+1/n) zeB(yo,1/n)

Based on Egs. 2.16 and 2.17 we obtain

limsuplimsup  sup / Gp(x, ¥ (y, Gp(y, 2))dy = 0. (2.18)
k—o00  n—00  zeB(yo,1/n) J B(yo,1/k)

Consequently, Eqgs. 2.18 and 2.15 imply Eq. 2.14. Then, Eq. 2.11 follows from
Eqgs. 2.12-2.14. This completes the proof of Lemma 2.2. O

Remark 2 If in Eq. 1.1b is not zero almost everywhere with respect to ¢, then
condition (1.12) is equivalent to either one of the following two conditions:

(a) For each yy € D, there exists a §(yy) > 0 depending on y, such that

/ V(¥ + yo, g(lyD)dy < oo; (2.19)
B(0,5(y0))
(b) There exists a § > 0 such that

/ g (lyhdy < oco. (2.20)
B(0,8)

It is obvious that Eq. 1.12 implies Eq. 2.19. Now suppose that Eq. 2.19 holds. Then
there exist a yp € D and a § > 0 such that in the ball B(yy,§), b has a positive
essential infimum

m:= sup inf
N,e(N)=0 | YEB(y0.0)\N.£(N)=0

b(y)} > 0.

By Eq. 1.1, we have

/ mg*(|ly — yoldy < f Y (v, g(ly — yol)dy < oo,
B(y0.8) B(y0.8)
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which implies that Eq. 2.20 holds. Next suppose that Eq. 2.20 holds. Based on Eq. 1.2,
we have

/ sup ¥ (y+ 2, g(yD))dy
B(0,8) zeB(y0,9)

<C [g(yD) + & (lyDldy < oc. (2.21)

B(0,8)

This means that Eq. 1.12 holds.

Let {f, fu,n=1,2,---} be a sequence of real valued functions defined on a
topological space E. We say that f,, boundedly and pointwise converges to f if { f,}
are uniformly bounded and for each x € E, lim,_.» f,(x) = f(x); we denote this by
fn ﬂ f. In the following, we will often use U[v] to denote the solution to Eq. 1.11
in order to clearly indicate that it depends on v or other parameters.

Theorem 2.3 (Fundamental Solutions) Let D be a bounded domain and v be the
function defined by Eq. 1.1 with a(x) = 0 that satisfies Eq. 1.12. Let v € My(D) and let
v, and f, be defined by Eqs. 1.8 and 1.9, respectively. Suppose that Basic Assumption
(A) holds. Then, we have following conclusions:

(1) (Existence and Uniqueness). The Eq. 1.11 has a unique solution which is a
measurable, nonnegative function defined on D.

(2) (Initial Data Continuity). The solution to Eq. 1.11, denoted by Ul[v], is
continuous in v in the following sense:

Ulval() 25 Ul() asn — oo 2.22)
on each compact subset K C D\ N,.
(3) (Derivative with Respect to Parameter i > 0).
AUV 2B Gpv()ash — 0 (2.23)
on each compact subset K C D\ N,.
Proof Let { Dy} be the sequence defined in Lemma 2.2. For simplicity, we write t
and 7 for 7p and tp,, respectively.

(1) Existence: Let u,, be the solution to the integral equation:

() + TI, f " W tm(E))ds = Gpy(x), xe D\ N,. (2.24)
0

Note that Eq. 2.24 has a unique, nonnegative solution since Gpv(x) is bounded on
D,, (see Dynkin [14]). For x € D, := (D \ N,) \ D,,, we have 7,, = 0 and Eq. 2.24
yields u,,(x) = Gpv(x). Then, for x € D, we have u,,(x) = Gpv(x) > 41 (x) . For
x € D,,, we have

Tm+1

g1 (1) + T, /0 WGt E)ds = Gpy@) — Ty | W6ty (E))ds. (2.25)

Tm
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By the strong Markov property of &, for x € D,,, we have
Tm+1
Hx w(gs» um+1(§s))ds = Hx f(gfm)v

Tm

where

Tm+1

f(z) =11, Y&, um1(8))ds < Gpv(z), z€ Din
0

Then, we can rewrite Eq. 2.25 as

um+l(x) + Hx/() ' w(SSH um+l(€s))ds = GDV(X) - fo(ét,,,)- (226)

Since Gpv is a harmonic function on D \ N, D D,, with respect to &, using Lemma
2.1, we see that u,,(x) > u,,+1(x) for every x € D,,. By the monotonicity of u,, and
Dy, for each x € D\ N,, there exists a D,, such that x € D,,. Thus, we can define
w(x) = limy, o0 Up (X).

Now we are going to prove that for eachx € D\ N,,

HILH;O/DGD(X, ALACE Gvn(Y))dy=/;)GD(xv WY (y, Gpv(y)dy

= HX/T w(‘%_s, GDV(SS))dS < 0. (227)
0
Note that

/DGD(an)l/f(ya Gv,(y))dy
=/ Gp(x, Ny (y, Gnvn(y))dy+/D\D Gp(x, WY (y, Gpua(y)dy.  (2.28)

By an argument similar to the proof of Lemma 2.2, we can prove that

lim lim/ Gp(x, VY (y, GDvn(y))dyzf Gp(x, y)¥(y, Gpv(y)dy < oo.
Dy D

k— 00 h—>00

Letting n — oo first, and then k£ — oo in Eq. 2.28, we see that to prove Eq. 2.27
it suffices to prove that

k—o00 n—00

lim sup { lim sup/ Gp(x, Y (y, Gvn(y))dy} =0. (2.29)
D\Dy

However, this is just Eq. 2.11 which is already proved in Lemma 2.2, thus Eq. 2.27
follows. It is obvious that u,,(x) < Gpv(x) and ¥ (x, z) is monotonically increasing
in z for z > 0. Then, based on Eq. 2.27 it follows from the dominated convergence
theorem that

u(x) + I, fr V&, u())ds = Gpv(x), x€ D\ N,. (2.30)
0

Therefore, u is a solution to Eq. 1.11.
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Uniqueness Let v be another solution to Eq. 1.11. Then

v(x) + HX/T Y (&, v(&))ds = Gpv(x), xe€ D\ N,. (2.31)
0
For x € D,, we have

v(x) + l'lx/O ’ Y (&, v(E))ds = Gpv(x) — Ty | (&, v(&))ds. (232)

T

By the strong Markov property of &, we have
I, f " v(E))ds = M f(€:,,). X € Dy,
where
Fao =1, fo Y vE)ds, xe DL,

Since Gpv is a harmonic function on D \ N, with respect to &, using Lemma 2.1, we
see that

Up(x) > v(x), xeD,.
Thus, on the one hand we get
u(x) >v(x), xe€ D\N,, (2.33)
but on the other hand, Eq. 2.33 gives

u(x) = Gpv(x) — foo Y (&, u(g))ds

< Gpv() — nx/I V(6 v(E)ds = v(x), x € D\ N,
0

This proves the uniqueness.

(2) For a fixed compact subset K of D \ N,, there exists an integer ng such that, for
n > ny, f, = 01in a neighborhood of K. Thus we have the following inequality:

0 < Ulnl() < /D Gp(x. y) fu()dy

<C / fydy = Cvy(D) = C (2.34)
D

forall x € K, n > ny.
Let U,,[v,](-) be the solution to Eq. 2.24 with v replaced by v,. Then

Ulv,l(x) < Uplvul(x), xe€ D\ N,,m <n. (2.35)
Note that

—log Ps, exp(=Gpvy, Ys,), x€ Dy,

Unlval(x) =
[ Gova(@).  x € (D\N)\ Dy
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Since Gpv, is uniformly bounded on D,, and lim,_, o Gpv,(x) = Gpv(x) for every
x € D\ N,, by the dominated convergence theorem, for any x € D \ N,,

nangO U lval(x) = Uy [v]1(x). (2.36)
By the monotonicity of U,,[v] we have
Tim Uy [V](@) = U, (2.37)
where U,,[v](x) is the solution to Eq. 2.24. It follows from Egs. 2.35-2.37 that
limsup Ulv,]1(x) < U[v]l(x), xe€ D\ N,. (2.38)

n— 00

On the other hand, since Gpv, > U,[v,] > Ulv,], we have, forx € D\ N,,

Ulval(x) = Gpun(x) — Hx/ Y (&, Unlval(&s))ds
0
= Uplv,l(x) — fo Y&, Unlval(é))ds

= Um[vn](x) - Hx/ w(%-w GDVn(Ss))d& (239)

Tm

Letting n — oo in the above inequality and using Eq. 2.36, we have for any m,

liminf U[v,](x) > U,,[v](x) — limsup I, /r (&, Gpvy(&))ds, xe€ D\ N,.

n—00 n—00

Then letting m — oo and using Eq. 2.3, we obtain
liminf Uv,](x) = lim Uy [v](x) = U]). (2.40)
Combining Eqgs. 2.38 and 2.40 we obtain
Jim Ulv,](x) = Uv]l(x),  x € D\ N,.
Thus statement (2) is proved.

(3) Note that U[Av](x) < AGpv for A > 0.

Thus, we have

limsup)(]l'[xfrw(és, U(Wv)(&))ds < lim sup nx/r AW (&, AGpu(&))ds. (2.41)
A0 0 A0 0

Since for every x € R4, ¥ (x,0) =0, and ¥ (x, u) is a convex function of u, A"y (x,
A7) is increasing in A for each z > 0. Then, we have

Ioes<e A "W (&, MG pV (&) < lo<s<: (&, Gpv(£)) for & < 1.

We have proved in Eq. 2.27 that the assumption (1.12) implies

Hx/ IOssfr\/f(i:sv Gpv(&))ds = Hx/ Y (&, Gpv(&))ds < oo. (2-42)
0 0
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Note that
Gpv(&) <oo Il —as.,

and for each 0 < z < oo, by Eq. 1.1, we have lim; ;o A~ (&, 12) = 22 ¥ (&, 0+) = 0.
Hence we have

giigx—lw<ss, AGpv(§) =0 TI, —as..

So, we can apply the dominated convergence theorem to the righthand side of
Eq. 2.41 to obtain

limsup A~ T, / Y&, UMw)(&))ds = 0.
240 0

By Eq. 1.11 this clearly implies Eq. 2.23 and this completes the proof of Theorem 2.3
]

Proof of Theorem 1.1 To prove Theorem 1.1 we only need to check that Y, fulfills
the two assumptions of Lemma 1.3.

We first check that for almost all y € D, n(y) := lim,_oo(f7, Y,,) in distribu-
tion exists with f; defined by Eq. 1.10, and P,n(y) = (G(-, y), u). Recall that the
Lebesgue measure of N, is zero. For y € D\ N,,,

P/J. exp(—)\f,f, YTn) = eXp<_U[}‘f/2}(Z)dZ]v M)s A>0.

Theorem 2.3 (2) states that U[Af; (z)dz] i U[X6,] on each compact subset K
of D\ {y}. Hence there exists a nonnegative random measurable function 7(y)
such that

P, exp(=An(y)) = exp(—=U[A8,], u). (2.43)
For every fixed y € D\ N,, we have U[)A§,]/L < Gp(:, y). Since for every fixed

ye D\ Ny, (Gp(-,y), u) < oo, and U[r8,]/A — Gp(-, y) on D\ {y} as A — 0 (see
Theorem 2.3 (3)), by the dominated convergence theorem, we have

P_I}(l)(U[?»cSy]/)», w) ={(Gp(,y), 1).
Then, Eq. 2.43 implies P,n(y) = (Gp(:, y), u).
Next we prove that P, (f, Y;,) = [, f(») P.(n(y))dy for any f € B*(D). First for
any A > O and f € B*(D), we have
P, exp (—irf, Yo,) = exp (—U[LSf], 1), (2.44)

where U[Af] is the solution to

u(x) + Hx/ v (&, u(§s))ds = AGp f(x). (2.45)
0
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Taking derivative with respect to A in Eq. 2.44 and using Theorem 2.3(3), we obtain
Plt(f’ YT/)) = <GDf7 M)

=</D f(y)GD(~,y)dy,u>
= /D FO) Pun(y)dy. (2.46)

This proves (1). Now let us consider the proof of (2). Let f;'(y) be defined by Eq. 1.10
and f,(y) = 2.y 4 £ (). For vu(dy) == f()dy + fu(y)dy,

Pexp[—(f + fu. Yi,)] = exp(—it,, 1) (2.47)
holds for any Ay, ..., A >0, where u € M.(D), and u, is the unique nonnegative

solution to Eq. 1.11 with v(dy) replaced by v,(dy). Then, (2) follows from a limit
argument similar to that of (1). This completes the proof of Theorem 1.1 . O

Proof of Theorem 1.2 Recall Dy = D \ ®u and note that

(UL f7 (2)dz], n) = —log[ P exp(—(Af7 (), Yo, )]

Let
v(y. 2) == — lim log[ P, exp(— (£ (). Yz,
The assumption implies that for any given A > 0 and for u ® ¢-almost all (x, y),

nlgglo Urf)(z)dz](x) = 0.

Since v(y, A) = lim,_, oo (U[Af; (z)dz], 1) and for any y € Dy, by Eq. 1.11 there exists
a positive integer ny such that for all n > ng, U[Af (z)dz] is uniformly bounded on
N, thus we have

v(y,A) =0, VA=>0.
Then we have for all y € D,

lim P, exp (—A(f) (), Y1,)) =exp(—v(y, 1)), Vi =0.

It is obvious that v(y, 1) is continuous at A = 0. Thus, for each y € D, there exists
a nonnegative random variable 7(y) such that n(y) = lim,_«{f: (), Y;,) =0 in
distribution with respect to the probability P, and

v(y,A) = —log P, exp(—=An(y)). (2.48)

Then by Lemma 1.4, Y, (- N Dy) is singular with respect to the Lebesgue measure
on Dy. O
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3 Application to Super-diffusions

In the rest of this paper we assume that the branching mechanism does not depend
on the space variable x, i.e., the branching mechanism is given by

W(z) =bz? +/ (e — 1+ uz) n(du), (3.1)

(0,00)

where b > 0 is a constant and 7 is a positive measure on (0, o) such that

/ (u A u?) n(du) < oo.
(0,00)

In Appendix we will give some concrete examples of branching mechanisms.
In this section we assume that the spatial motion & is a diffusion in R? (d > 2)
corresponding to the uniformly elliptic operator

Eu_Za”(x) +Zb’(x)—.

We assume that coefficients a’ and b’ are bounded and a”7 € C>*(R?), b! € CM(RY),
where CK*(RY) is the Holder space defined as a class of functions whose k”* order
partial derivatives are locally Holder continuous with exponent A on R? (see [23] for
more details). Suppose that a branching mechanism v is defined by Eq. 3.1. In this
section we will assume that  satisfies following conditions:

(A2): ¥ (2x) < Ky (x) for some K > 0 and all x > 0;
(V2): ¥(x) < ¥ (Kox)/(2Ky) for some K > 1 and all x > 0.

Kuznetsov [23] proved that the conditions (A;) and (V;) imply that for every a > 0,

o dt
; 7[: 1/2<oo

Jy w(s)ds]

(see [23], Lemma 2.4). Then, Section 2.7 of Dynkin and Kuznetsov [17] gave the
following conclusions:

(1) There is an upper bound for every bounded positive solution to Lu = v (u)
in D. This upper bound, denoted by ii(x), is called an absolute barrier on D.
The boundary condition for the absolute barrier is defined as follows. For every
yeaD,

it(x) — 00 asx —> y,xeD. (3.2)

(2) If {u,} is a sequence of solutions to Lu = y(u) in D, and the limit, v(x) =
lim,,_, o u, (x), exists everywhere in D, then v is also a solution to Lu = ¥ ()
in D.

(3) If Bis arelatively open subset of 9 D such that all points of B are regular for D
and if u, = fin B with f being a continuous function on B, then v = fin B.

Here the reader is referred to [17] and [23] for some new terms and more details.
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Let I' ¢ R be a compact set and d > 2. The Orlicz capacity of I is defined by
Cap,, (') = sup {u(r) tve M(RY),v(RI\T) =0, / Y (G(x)dx < 1} . (33)

The condition Cap,, (I') = 0 is equivalent to

sup{v(F):ve M(Rd),v(]Rd\F)=0,/ 1[f</ %)dxs 1} =0, (34
B rlx—yl
where B is an open ball containing " (see [1] and [2]).

Theorem 3.1 Suppose that the underlying dimension d > 2 and X is the superdiffu-
sion with the initial value |1, where the underlying particle motion process & is governed
by the uniformly elliptic operator L and the branching mechanism  is defined by
Eq. 3.1 and satisfies both (A;) and (V3). Then the following statements are equivalent:

(a) Any single point of R? is polar.

(b) Ifu>0and Lu =y (u)in R\ {x}, then u = 0 (in other words, any single point
set is removable).

(c) Cap,({x}) =0 forevery x € R

(d) For every bounded smooth domain D, P, -almost surely Y-, (- N Dy) is singular
with respect to the Lebesgue measure on D, where Dy = D \ R,,.

Remark 3 By Eq. 3.4, Capw({x}) = 0 for every x € R? if and only if Capw {oph =0.
To prove Theorem 3.1, we need the following lemma.
Lemma 3.2 Suppose that the branching mechanism  defined by Eq. 3.1 satisfies both

(A) and (V,), D is a bounded smooth domain in R¢ and for almost all y € D, the
following equation has no nontrivial, nonnegative solution:

LL{ = 1[/(”)’ inD \ {y}7
u=0, onoD.

(3.5)

Then, for any given n € M.(D), P,-almost surely Y., (- N Dy) is singular with respect
to the Lebesgue measure on Do, where Dy = D \ R,,.

Proof By the above assumption, there is a Lebesgue null set A such that for every
y € D\ A, there is no nontrivial solution to Eq. 3.5. By Theorem 1.2, we only need
to prove that for each fixed y € D \ A,

lim U[f(2)dz] () =0, xe D\ (). (3.6)

To simplify notation, U[ f;,(z)dz](x) is denoted by u,,, i.e., u,, is the unique solution
to the integral equation

() + T, / " Y (E)ds = Gp fL(x),  x € D.
0
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Then we have, for x € D\ B(y, 1/n),
U (X) + Hx/O ) (Eds = G () — Hx/ V() (5)ds, (3.7)

where 7, denotes the first exit time of £ from D \ B(y, 1/n). Using the strong Markov
property of &, we can rewrite Eq. 3.7 as

)+ 11 [ €0ds = G f0 — 1. i), (338)
where
for =1 [ vt @ds < Go i, x < o(D\BGL17m).

Let v, be the unique solution to the integral equation
w41 [ Y@@ = Gotxy). xe DVEG M. (9)
0

Note that for x € D\ B(y, 1/n),

Tn+1

Un1 (%) + Hx/(; n Y (vns1)(E)ds = Gp(x, y) — i ¥ (Vn41) (&) ds. (3.10)

Tn

As in the existence proof of Theorem 2.3 we can prove that
Upg1(X) < vn (), xe D\ B(y, 1/n).
Then, we define v(x) = lim,100 v, (x) for x € D\ {y}.
Let v, ,, be the solution to the following integral equation

U (0) + TI, / Y nm)E)ds = Gp f2(x).  x e D\ B(y. 1/n). (3.11)
0

Since Gp fi(x) is harmonic on D \ B(y, 1/m) with respect to £, we have for m > n,
Gp fn(0) = e [Gp f3(&:)].  x € D\ By, 1/n).
It follows from Egs. 1.5 and 1.6 that we have
Vpm (X) = —log Py, exp(—GD I, Xt,l>, x e D\ B(y, 1/n). (3.12)

Note that for every fixed n, {Gp fo, m > n} is uniformly bounded on 3 B(y, 1/n) and
has boundary value 0 on 3D, and for x € d B(y, 1/n), lim,,_.oo Gp fi(x) = Gp(x, y).
By the dominated convergence theorem, we see that lim,,_, « v, (X) exists for each
x € D\ B(y, 1/n). If we define

V() = 1im v, (x), forx € D\ B(y, 1/n),
then v, satisfies Eq. 3.9. Based on Egs. 3.8 and 3.11, by Lemma 2.1 we have
Un < Unm in D\ B(y, 1/n). (3.13)
Letting m — oo first, then n — oo, we have

limsupu,, <v, in D\ {y}.
m—o0
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Since v, is a solution to Lu = ¥ (u) in D \ B(y, 1/n) with boundary value 0 on 9D,
the limit, v, is a solution to Eq. 3.5 (see [17, 23]). By the assumption that there is no
nontrivial solution to Eq. 3.5, we have v = 01in D \ {y}, and hence

lim u,, =0, in D\ {y}.

m—0o0

This shows Eq. 3.6 and completes the proof of Lemma 3.2. O

Proof of Theorem 3.1 The equivalence of (a) and (b) was established by Dynkin
[13] for the particular branching mechanism v (z) = z'™# with 0 < g < 1. His proof
depends crucially on the existence of the absolute barrier to Lu = u'*# in every
domain D. For a general y satisfying (A;) and (V;), the absolute barrier to Lu =
¥ (1) in D does exist by Proposition 3.3 of Kuznetsov [23]. Thus Dynkin’s proof works
for all general ¥ which satisfies both (A;) and (V).

The equivalence of (b) and (c) was proved by Kuznetsov [23].

Now we prove the equivalence of (c) and (d). First, we prove that (d) implies (c).
On the contrary, suppose Cap,, ({z}) > 0 for some z € R?. Hence there exists an open
ball B such that 0 € B and

/B ¥ (1yP4) dy < oo,

By Theorem 2.5 of ([24] p. 136), the Green function Gp(x, y) satisfies Basic Assump-
tion (A) (1). It follows from Hueber and Sieveking [20] that there exists a constant
C > 0O such that

Gp(x.y) < Clx— y[™4,
which implies that G satisfies Basic Assumption (A) (2) and (3) with g(s) = Cs*>~%.
Therefore, there exists a § > 0 such that B(0, §) C B, hence

/ v(gy)dy = / ¥ (Clyl*) dy.
B(0,5) B(0,8)

Choose a positive integer m¢ such that C < 2"¢. Since ¥ (z) is increasing in z and
satisfies (A,), we obtain

¥(C2) < ¢ (2"z) < K™Y (z), Vz>0.

Therefore,

/ w(g(yD)dy < C / ¥ (1yP-4) dy
B(0,58) B(0,8)

< C/B v (Iy1*%) dy < oo. (3.14)

This is exactly the condition (1.12), since ¥ does not depend on any space variable.
Then by Theorem 1.1, Y, (- N Dy) is absolutely continuous with respect to the
Lebesgue measure on D. This gives a direct contradiction to the assumption (d).
Conversely, assume that (c) holds. We prove that (d) is true. Suppose
Cap,, ({0}) = 0. By the equivalence of (b) and (c), for every y € D, there is no
nontrivial solution to Eq. 3.5. Hence, by Lemma 3.2, Y, (- N Dy) is singular with
respect to the Lebesgue measure on D). O
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As an application of Theorem 3.1, we have the following corollary.

Corollary 3.3 Suppose that the underlying dimension d > 2, D is a bounded smooth
domain in R? and the branching mechanism v defined by Eq. 3.1 satisfies both (1;)
and (V). Then, Eq. 1.12 holds if and only if Y, is absolutely continuous with respect
to the Lebesgue measure on D. In particular, if ¥(z) = z!7# and (0 < g < 1), Yy, is
absolutely continuous if and only ifd <2+ 2/B.

Proof This follows from the proof of Theorem 3.1. O

Corollary 3.4 Suppose that the branching mechanism  defined by Eq. 3.1 satisfies
both (Ay) and (V) and the underlying dimension d > 2 and D is a bounded smooth
domain in R?,

(1) If the branching mechanism r satisfies
¥(@) = CZ @), 0<pi <120 (3.15)

for sufficiently large z and d <2+ 2/8, (% = 00), then Y, is absolutely contin-
uous with respect to the Lebesgue measure on D.
(2) If the branching mechanism  satisfies both A, and V,, and

Y(z) > CZ" P /(n(z)”, 0<p1<1,0<p <1 (3.16)

for sufficiently large z and d >2+2/B,, then P,-almost surely Y., (-N Dy)
is singular with respect to the Lebesgue measure on D.

Proof Tt is easy to see that the condition (3.15) implies that

/B ¥ (ClyP™) dy < oo,

where B is an open ball such that 0 € B. Then by Theorem 1.1, Y7, is absolutely
continuous.
On the other hand, Eq. 3.16 implies that

/B ¥ (Clyl ) dy = 00

for any open ball B such that 0 € B. This gives that Cap,, ({0}) = 0. Since d > 2 +
2/B: implies d > 2, by Corollary 3.3, this proves that P, -almost surely Y-, (- N Dy) is
singular with respect to the Lebesgue measure on D. O

4 Application to Super-stable Processes and Super-geometric Stable Processes

In this section we assume that D is a bounded C''! domain and that the branching
mechanism is given by Eq. 3.1. However, in this section the branching mechanism
is not assumed to satisfy the conditions (A;) and (V3).
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Theorem 4.1 Let D be a bounded domain in R%. Suppose that the spatial motion
process & is a symmetric o-stable process and there exists a constant C > 0 such that
the branching mechanism satisfies

V() < CZP @), 0<Bi<1,p=0 (4.1)
for sufficiently large z. If d < o + o/B1 (Where by convention % = 00), then Y., is
absolutely continuous and Eq. 1.13 holds.

Proof We will only prove this result for @ < 2, the proof for the case « = 2 is similar.
It is easy to see that Gp satisfies Basic Assumption (A). From [6] and [7], we have
the following estimate:

Cllnjx—yl|l, d=a=1;
Gp(x,y) < (4.2)
Clx—y*4 a#lord>a.
For r > 0, define
Cllnr|, d=a=1;
g(r) = (4.3)
Crr=4, a#lord> a.
Then, we only need to check whether g satisfies Eq. 1.12 or
[ ) nGgyh)dy < oo, (44)
B(0,5)
If d = o =1 (in this case, d < « + «/B; for every 0 < B; < 1), we have
[ @) nGgyiay
B(0,5)
)
< C/ | In7|" P (In(| Inr|))P2dr
0
= C/ [Inr|"*Pt (In(| In 7)) P2r—2dr
1/8
< 0. (4.5)
Ifd=1<a(< a+a/f), then g is bounded and
| sty anieyindy < . (4.6)
D
Ifa <d<a+a/B,then (1 + B1)(@—d)+d—1> —1.Thus,
| s anceayn®ay
D
< C/r” P @D +d=1 | 1 ) B g
0
< 00, (4.7)
where ry is a positive constant. O
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A Lévy process & = (&, I1y) is called a symmetric, geometric, strictly «-stable
process in R? with d > 3 if its characteristic exponent is given by W(z) = log(l +
1z1%), z € R? (& € (0, 2]). We will simply call it a geometric a-stable process (see Siki¢,
Song and Vondracek [30]).

Theorem 4.2 Suppose that the spatial motion & is a geometric a-stable process in R?
with d > 3 and D is a bounded domain in R%. Assume that there exista C > 0, and a
B € (0, 1) such that the branching mechanism satisfies

¥ (x,2) =¥ (2) < Cz(Inz)” (4.8)

for sufficiently large z. Then, Y-, is absolutely continuous with respect to the Lebesgue
measure on D and Eq. 1.13 holds.

Proof We use Theorem 1.1 to prove this theorem. By Theorem 3.2 of [30], for any
a € (0,2],

I'(d/2)

20d/2|x|41og? \)ITI

, x| = 0. (4.9

It is easy to check that G(x) is locally integrable. Since ¥ (x, z) = ¥ (z) < Cz(Inz)?
for sufficiently large z and Gp(x, y) < G(x, y) = G(x — y), Eq. 1.12 is equivalent to

/ G (In(G(y))dy < 0o for some § > 0. (4.10)
B(0.8)
From Eq. 4.9, we see that for § € (0, 1),

$
/ G(y) (G dy < C / (nr) 2 (InG(nr) ) dr
B(0,8) 0

8
= C/ (Inr)"3(—d Inr — 2In(— Inr)?Pd(Inr)
0

Iné§ 2 B
=dfC / 52 <—s - 1n(—s)> ds
00 2 B
:dﬁC/ 572 (s—flns) ds
—1Inéd d

o
< dﬁC/ s ds < o0,
—1Inég

where the constant C depends only on the dimension d. This gives Eq. 4.10. O
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For z € (0, 1), set
oV (z) =log(1 + 2), (4.11)
and
" () =@ (" V), n>1 (4.12)
For convenience, we introduce the following notation:
1,(z) =loglog---logz, ( niterations)
and

Ln(2) = L(2)h(2) - 1,(2).

Let B = (B, t > 0) be a Brownian motion in R? (d > 3), and let S = (S, ¢ > 0)
be a subordinator with Laplace exponent &, If B and S are independent, we
define a subordinate process £ = (ét(”) .1 > 0) as follows:

£ =B(s"). rzo0. (4.13)

Theorem 4.3 Suppose that the spatial motion process is defined by the above €™ for
n>1and D is a bounded domain. Assume that there exist two real numbers C > 0
and B satisfying 0 < B < 1 such that the branching mechanism satisfies

Y(x,2) = ¥(2) < Cz(l,(2))’

for sufficiently large z. Then, Y-, is absolutely continuous with respect to the Lebesgue
measure on D and Eq. 1.13 holds.

Proof Let G™ denote the Green function of £, By Theorem 4.7 of [30], for any
a € (0, 2],

r'(d/2)

Gm ~ ,
O S P, (1/1XP) B (1/1xP)

|x| = 0. (4.14)

Itis easy to check that G (x) is locally integrable. Since ¥ (x, z) = ¥ (z) < Cz(,(2))?
for sufficiently large z, and G(g)(x, y) < GP(x,y) =G"P(x—y), Eq. 1.12 is
equivalent to

/ G () (L(G™ ()" dy < 00 for some § > 0. (4.15)
B(0,8)
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By Eq. 4.14, for § € (0, 1) we have
/ G () (LGP () dy
B(0,5)
k)
~c / L (1) 2 (1) 2 [ L (1) 2 (1 /rz))] dr
0
o0
¢ "L A ) L ) )] ar
1/8

= [ RO () ()]0 )

/6

n—1

<c / TR () d (L (7)) (L (P) 52 () s bounded in (1/5, o))
1/8

= c/lool,j2 (@ (g log (rz)) d (In (r))

/8
= C/1 : L2 () 4y (log (7)) d (1 (%))

o0
=C s ds < o0,
1, (1/8%)

where C is a positive constant which only depends on the dimension d and which
may change its value from line to line. This gives Eq. 4.15 and completes the proof of
Theorem 4.3. O

Fleischmann and Sturm [19] constructed a measure-valued Markov process X
with an «-stable process as the underlying motion process and

Y(x,z) =zlogz (4.16)

as the branching mechanism. The above branching mechanism has a special feature:
The mean of the total mass X,(R?) is infinite. This process can be approximated by a
sequence of supercritical super a-stable processes X#. We also call it a super a-stable
process (unusual). X shows interesting new properties compared with the properties
of a usual superprocess. For instance, X, is absolutely continuous with respect to the
Lebesgue measure on D for any dimension d > 1. The following theorem states that
the total weighted occupation time Y-, is also absolutely continuous with respect to
the Lebesgue measure on D for any dimension d > 1.

Theorem 4.4 Suppose that the spatial motion & is a symmetric a-stable process in RY,
D is a bounded domain in RY, and the branching mechanism is given by ¥ (x, 7) =
zlog z. Then Y, is absolutely continuous with respect to the Lebesgue measure on D.

Proof In the following we will prove Theorem 4.4 by checking whether Eq. 1.12
is satisfied according to different cases.
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Case 1. First, ford > o and « € (0, 1) U (1, 2), by [6] and [7] we have

|x — y|d=’

For every fixed x € D, Gp(x, -) is locally integrable. Thus we only need to
check whether G satisfies Eq. 1.12 which is equivalent to

/ Gp(0, y)log Gp(0, y)dy < oo. (4.18)
B(©,1)

Note that Eq. 4.18 is equivalent to
1
— f r*ogrdr < oo, (4.19)
0

and Eq. 4.19 holds since @ > 0. Thus, Case 1 is proved.
Case2. Ford=a =1ord=«a =2,Eq.1.12 follows from the inequality

Gp(x,y) = Clin|x — yll, (4.20)

where Eq. 4.20 comes from Eq. 4.2 for the case d = « = 1 and [25] for the
cased =o =2.

Case3. Ford = 1,0 =2,Eq.1.12 follows from the fact that Gp(x, y) < C for every
x,y € D, where C is a nonnegative constant (see [25], Section 3.5).

This completes the proof of Theorem 4.4. O

Appendix: Examples of Branching Mechanisms

In this appendix we provide a number of examples of branching mechanisms that are
of the form needed in Sections 3 or 4.

We begin with some connections between (sub)critical branching mechanisms
and Bernstein functions which were given in Bertoin, Roynette and Yor [3], where
(sub)critical means critical or subcritical. For every triple (a, b, A) witha, b > 0 and
A a positive measure on (0, co) such that

/ (x A DA(dx) < o0, (5.1)
(0,00)
there corresponds a Bernstein function @, , defined by
Dupaz) =a+bz+ / (1—e ™) A(dx), z=0. (5.2)
(0,00)

We call (a, b, A) the characteristic of @, 5. Then, we have the following connections
between (sub)critical branching mechanisms and Bernstein functions (see [3]).

Proposition 5.1 Suppose lim,_. oV (z) =0, then the following statements are
equivalent:

(1) + is a (sub)critical branching mechanism.
(2) ¥'(z) is a Bernstein function, where V' is the derivative of .
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Proposition 5.2 Suppose ¥ (z) = z®(2), then the following statements are equivalent:

(1) o is a (sub)critical branching mechanism and lim,_o ¥ (z) = 0.
(2) @ is a Bernstein function and ® = ®,, 5 for somea, b > 0, and A(dx) = g(x)dx
with g > 0 decreasing and fooo (x A Dgx)dx < oo.

In the following we collect some Bernstein functions. Then, by Propositions 5.1
and 5.2, we can obtain plenty of branching mechanisms.
®(z) =27, Be1]
D) =@+ -1, Be(O1],

®(z) =1In(z + 1),
Z

P(z) = —,
2 z+1

®(z) = /7 arctan %,
®(z) =In(1+2°), Be1l
®(z) = (In(1 +2))’, pe (1],

®(z) =2/ In(1 +2)”, B, >=0,B1+p e (0, 1],

—B2
P(z) = 2 <1H (1 + %)) + PPz 0,81+ B2 (0,1],

®(z) = PP (In(1 +2)77,  Bi, 2= 0,1+ B2 € (0, 1],

z—1
®(z) = ,
Inz
Z
P(z) = ———,
@) In(1 + z)
zlnz—z+1
(I) J—
(2) (nz)?

In fact, the above Bernstein functions are all complete Bernstein functions. For the
definition of complete Bernstein function, see Jacob [21]. The first five Bernstein
functions are well known and they are taken from [8, 31] and [21]. The next five
Bernstein functions can be constructed from the first five by using the properties of
complete Bernstein functions listed in Section 2 of [31]. The last few were obtained
from a private communication with R. Song.

We can check that some of the above branching mechanisms satisfy both (A,)
and (V). In the following, we give two examples to show how to check whether a
branching mechanism satisfies both (A;) and (V,). We leave remaining examples to
the interested reader.

Example I Let y(x) = x[(x + 1) — 1], 8 € (0, 1], and x > 0. Then, v satisfies both
(Az) and (Vz).
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Proof Define

8K, (x) == v Ko x>0
! Koy ()’
First, we verify that v (x) satisfies (V;).
It is easy to see that (V,) is equivalent to
8K, (%) = 2, x> 0. (5.3)

Note that

Y (Kox)  (Kox+1)F —1
Koy (x)  (x+DF—1
_ Kop(Kox + 1)A-!

Blx + 1)1
B—1
_ KO (Kox—l— 1)
x+1

Kg, as x — oo,

( by ’'Hospital’s rule as x — oo or as x — 0+)

Ky, asx — 0+.

In the following, if we choose Kg > 2 and if we can prove that for any given K, > 1,
gk, 1s a decreasing function on (0, co). Then, Eq. 5.3 is proved and consequently, (V)
is satisfied.

Note that

i{ 1+ Kox)# —1 } Bhi, (x)

x| (1+xf—1 - [(14+x)f — 112 (54)

where hg, (x) = (1 + Kox)?7'[(1 +x) — 11— (1 + )’ '[(1 + Kox)? — 1]. To prove
that gk, is a decreasing function on (0, 00), it is enough to prove that /g, (x) < 0 on
(0, 00). For x € (0, 00), since Ky > 1,

1+ Kox)? > (1 +x)f (5.5)
is obvious. Note that Eq. 5.5 implies that
A4+ Kox)P(1+xf — (1 +xf > (1 + Kox)?(1 +x)% — (1 + Kox)? (5.6)
or
[(1+ Ko)f —1] (1 +0)f > (1 + Kox)f [(1 +0)F — 1]. (5.7)
We can rewrite Eq. 5.7 as

[(1+ Kox)f —1] _ L+ Ko
[(14+x)f —1] (1+x)P

(5.8)

Since

(1+ Ko (14 Kox)P~!
A+0f (I+xp!
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thus, it follows from Eq. 5.8 that

[(1+ Kox)? —1] _ (4 Koo
[ +xF —1] (1+ 2!

This implies that ik, < 0 on (0, co) and (V) holds.
Now let us turn to the proof of (Ay).

Define
¥ (x)
(x) = ; x € (0, 00).
! v (2x)
It is easy to see that (A;) is equivalent to
1
flx) > X for some K > 0, x € (0, 00). (5.9)

By I’'Hospital’s rule, we can prove that
li -
dm f) = 23
and
li x) = :
A 1=

By an argument similar to the proof of (V,), we can prove that f is increasing on
(0, 00). Thus, (A,) holds if we choose K > 4. O

Example 2 Let ¢ (x) = xIn(l1 +x), x € (0,00). Then ¢ does not satisfy condi-
tion (V3).

Proof 1t is easy to see that (V,) is equivalent to

¥ (Kov)

Kov ) = 2, x> 0. (5.10)

Note that

Y (Kox)  In(l + Kox)
Koy (x) — In(l +x)
N Ko(1+ x)

1+ Kox

( by ’'Hospital’s rule as x — oo or as x — 0+)

1, asx — oo,

Ky, asx —> 0+.

Therefore, it is impossible that ﬁgg‘é; > 2 holds for all x > 0. This proves that (V;)
does not hold. O
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