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Abstract. In this paper, the regularity and the 1-semigroup property of the solu-
tions to a class of stochastic partial differential equations (SPDEs) derived from a class
of interacting superprocesses are investigated.

Key words. Non-linear SPDE;, classical smooth solution, ¥-semigroup, nonnegative
solution.

AMS(MOS) subject classifications. Primary 60H15, 35R60; Secondary 60G20.

1. Introduction. In order to investigate new properties of a class of superpro-
cesses with dependent spatial motion (SDSMs) studied in Wang [7] and Dawson et al.
[2], stochastic log-Laplace functionals for SDSMs have been constructed in [4] and we
have derived the following semi-linear SPDE:

Yri(x) = +/ zzwr s(z) — _U(x)W" s(2)?
(L1)
- / [ b= 90 @W sy, 12020,
r JR
where 0, = -2, 02, = 8 <, W(ds,dz) is a space-time white noise or Brownian sheet

(See Walsh [6] for the definition of Brownian sheet) and the last term in (1.1) is the
It6 stochastic integral. To define the solution of SPDE (1.1) and describe conditions
for the coefficients to guarantee the existence and the uniqueness of the solution of
SPDE (1.1), first we have to introduce following notations. Let L2(R) be the Hilbert
space of all square-integrable functions on (R, B(R),A) with inner product (-,-)o and
norm | - ||o, where B(R) is the Borel o-field and A is the Lebesgue measure on R. Let
{Ft : t > 0} be o-fields generated by the Brownian sheet W. For a given Banach
space X, a probability space (2, F,P), and any given 0 < Ty < T, let La(£,X) be
the set of all square-integrable X-random variables, L2 ([To,T] X 2,X) be the set of all
square-integrable (with respect to measure A x P, where X is the Lebesgue measure
on [Tp,T]) X-processes from [Tp,T| x Q into X, C([To,T],P,X) be the set of all X-
processes, which are strongly continuous from [Ty, 7T into X, and Lo([Tp,T], P, X) be
the set of all predictable representatives of La([To,T] x Q,X). Let B([To,T]) ® F de-
note the completion of B([To,T]) ® F with respect to measure A x P. LY ([To,T);X) is
the set of all B([Tp,T]) ® F measurable mappings f from [Tp,T] X © into X such that
f(,w) € La([To, T]; X), (P — a.s.). LY ([To, T]; P; X) stands for the set of all predictable
representatives of LY ([To, T]; X). H™ (R?) denotes the Sobolev space of classes of func-
tions that, together with their partial derivatives in the sense of distribution up to order
m, are square integrable on R? with norm defined by

gllm == | > llo*gl2, ¢ € H™(RY),

la]<m
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where 9% = 9*1%2% if o = (1,02, ,aq), o] = a1 + a2+ -+ ag, |- |lo is
the norm of La(R%). {H™(R?) : m > 0} are Hilbert spaces. In particular, we have
HO(RY) = La(R%). Let CF(R)( H*(R) denote the set of functions that, together with
their bounded, continuous derivatives ! up to order k, are square integrable on R. Since
(1.1) is derived from a class of interacting superprocesses, the coefficients of SPDE (1.1)
have to satisfy the following condition:

(1.2) a(z) := () + p(0), wER,
where
(1.3) p(x) == /R h(y — z)h(y)dy.

Throughout this paper, we assume that ¢(-), h(-), o(-) > 0 are bounded, continuous on
R and h(-) is square integrable with respect to Lebesgue measure A on R. A generalized
solution of (1.1) is defined as follows.

DEFINITION 1.1. For any given initial data ¢ € Lo(2,R), a stochastic process ¢,.. €
La([r,T], P, L2(R)) is called a generalized solution of equation (1.1) if, for every f €
C2° (R%), the space of infinitely differentiable functions with compact support, it satisfies
the following equation:

t
(rte o = (6 Plo+ [ ;( ~ (@ 0 — @'V + w?f)o) ds
(1.4) .
[ [ by = s Proaw (ds,dy), for any ¢ > 7 > 0, P-ass.,
r JR

where g’ denotes the derivative of g in the sense of distribution or in the classical sense
according as g is a generalized function or regular differentiable function.

Now, let us give the basic assumption for the coefficients of (1.1) as follows.

Basic Condition: For a given integer m > 1, we assume that

(1) e(z) € C;”'H(R) and there exists an € > 0 such that c¢2(z) > ¢, where CF(R) is the
set of functions on R having bounded, continuous derivatives up to order k inclusive.
(2) h(z) € O R) N H™HL(R).

(3) o(z) € " (R) and there exist two positive numbers 0 < 0o < o such that
oa < o(z) < op holds for all z € R.

For a given initial function ¢ € {C,(R)T NH(R)}, Li et al. ([4]) has given a proof of
the existence and the uniqueness of a generalized, nonnegative solution of the equation
(1.1). More precisely, Li et al. ([4]) has following Theorem.

THEOREM 1.1. ([4]) Suppose that the basic condition holds. Then, for any ¢ €
{Cy(R)T N HY(R)}, equation (1.1) has a unique Cy(R) () H! (R)-valued, non-negative,
strong solution {tyy : t > r > 0}. Furthermore, for any ¢ € {C,(R)T N HY(R)},
|[Yr.tlla < ||¢lla holds P — a.s. for all t > r, where ||@||a is the supremum norm of ¢.

Remark. Above strong solution is in the probability sense, which means that for

the given probability space (2, F,P) as well as Brownian sheet W defined on it, (1.4) is
satisfied.
This naturally raises a question: If we assume that m can be any positive integer in the
basic condition and the initial function ¢ is an infinitely differentiable, square integrable
function, can we prove the existence and the uniqueness of the classical smooth solution
Yrt(x) of equation (1.1)? (where the classical smooth solution roughly means that
¥r,¢(x) is infinitely differentiable in . The precise definition will be given later.)

To answer this question, we have checked currently existing results. Even though the
initial function and the coefficients are smooth functions, Kurtz and Xiong [3] can only
give a unique La(R)-valued solution due to the nonlinearity of the SPDEs. Da Prato

IHere we make a convention. If we do not clearly indicate that the derivative is in
the sense of distribution, it means that the derivative is in the classical sense.
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and Zabczyk [1] and Rozovskii [5] cannot directly handle this type of nonlinear SPDE
with random term which is an It6 integral with respect to a Brownian sheet. However,
for linear SPDEs with random terms which are the It6 integrals with respect to finite
dimensional Brownian motions, Rozovskii [5] does obtain smooth solution for this kind
of linear SPDEs. In order to generalize Rozovskii’s results to our semi-linear SPDE case,
first let us give notations and more details of Rozovskii’s results for the linear SPDE
case.

2. Linear SPDE. Consider the following Cauchy problem

(2.1) urt(z,w) = d(z,w) + 1+ 11+ 111, (t,z,w) € (r,T] x RY x Q,
where
t d B
I = Z azj [a”(s,x,w)aziur’s(x7w)]d5’
Todj=1

¢ d
II= / { D b (s, 2, w)00, s (2, w) + (5, 2, W)ur,s (2, w) + f(S’fE:w)}dsy

i=1

¢ di a
nr = { Z O—Zl(S?wi)aaﬂiu%S(x?w) + h’l(87 x,w)ur,s(a:,w) + gl(svwi)}dBl(S)7
"i=1 Ui=1

and {B'(t),l = 1,---,d1} are one-dimensional Brownian motions. In the following we
often denote H™(R?) by H™ if R? is clear from context.

DEFINITION 2.1. A function u,,. € L¥([r, T]; P;H!) is called a generalized solution
to problem (2.1) if for each y € C°(R?), the following equality holds P — a.s. :

<u7“,i(')vy>0 = <¢= y)0+/ { Z <_[a” (vavw)axiuﬁs(wi)]v895jy)0

ij=1
d
+ Z <bl (S, QP,W)aaciuT,S(xv w)v y)o
i=1
(2.2) +{c(s,z, w)urs(z,w), yho + [f(s, z,w), y]O}dS

di .o d
+3 / (S 0% (5, ,) Dy thrys (2, 0) + B (5, 2, )i (3, 0)
=177 i=1

+g'(s,z,w), y)odB(s),

where [-,-]o is the canonical bilinear functional of the normal triple (H~1, Lo, H1').
Remark. For more details of canonical bilinear functional and the normal triple,
the reader is refereed to Chapter 3 of Rozovskii [5].
Then, Rozovskii [5] has following theorem.
THEOREM 2.1. Suppose that there exists a § > 0, which is independent of t,x,w,,
and &, such that

d dy  d d
(2.3) 23 a(t,z,w)Ee =Y D otz w)E P28 (€2, VEeR >0,
i,j=1 =1 i=1 i=1
holds (Above (2.3) is called superparabolic condition) and for a positive integer m, the
following conditions are satisfied:
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(a) The functions a*, b, ¢, o,ht (i,5 = 1,2,---,d,0 = 1,2,---,d1) are
B([0,T] x RY) ® F measurable, bounded, predictable (for each x € R?), real functions,
and ¢ is an Fr-measurable function taking value in La(R%).

(b) The functions a*?, b*, ¢, o™ bt (i,5 =1,2,---,d,l = 1,2,---,d1) are differentiable
i x up to order m for all t > 0 and w. They, together with their derivatives, are
uniformly bounded with respect to t,z, and w by a constant K(m).

(c) ¢ € Lao(Q,H™), f € L2([0,T] x Q,H™ 1), g € La2([0,T] x Q,H™), where
I = 1,2,---,d1. Then, there exists a unique generalized solution u of (2.1), which
belongs to the class La([r, T]; P; H™T1) N C([r, T); P;H™) and satisfies equality (2.2)
for all t € [r,T] and almost surely with respect to probability P. There exists an N > 0
depending only on K(m),d,d1,m,r, and T such that

T
B sup funeOIE +E [ Juni Ol ade

T

te(r,T)
(2.4) ,
T 1
< NE<|I¢I|72n +/ U@ NZ—r + Y Nl 2, ')”gn}dt>'
T 1=1
Proof. See the proof of (Rozovskii [5], pp133, Theorem 2). |

For the classical solution of the Cauchy problem (2.1), first let us give a precise
definition.

DEFINITION 2.2. A function vy,.(-,-) mapping from (¢, z,w) € [r,T] x R? x Q to
vrt(z,w) € R, which belongs to C%2([r,T] x R%), (P — a.s.), is predictable stochastic
process for each x € R?, and satisfies equation (2.1), is called a classical solution of
problem (2.1).

THEOREM 2.2. If the conditions of Theorem 2.1 are fulfilled for any m € N, then
the classical solution of problem (2.1) is a classical smooth solution or, in other words,
it is infinitely differentiable in z (P — a.s.).

Proof. See Chapter 4 of Rozovskii [5]. O

3. Semi-linear SPDE. Based on previous section’s results and notations,
now we prove that the problem (1.1) has a unique, smooth classical solution. According
to Theorem 1.1, for any given 7 > 0 and ¢ € {C(R)* ) H!(R)}, problem (1.1) has a
unique Cy(R) M H! (R)-valued, non-negative, strong solution {1 ¢ : t > r > 0} if the
basic condition holds. Furthermore, for any ¢ € {C,(R)* N HX(R)}, ||[¥rilla < ||6]la
holds P — a.s. for all t > r > 0, where ||¢||a is the supremum of ¢. Now we want to
generalized this result such that if we assume that the coefficients and the initial function
of (1.1) have better regularity, then the solution of (1.1) also has better regularity. After
that, the nonnegativity of the solution with a better regularity can also be derived.
First, let us give the v-semigroup property of the solution of (1.1). Since the solution
of (1.1) depends on the initial function ¢(-), we can rewrite the solution of (1.1) as
Yrt(x) = Yrt(z, $). Based on this new notation, we say that v, ¢(z, ¢), the solution of
(1.1), defines a i-semigroup if there exists a set N C € such that P(N) = 0 and for any
¢ €CLR)TNHY(R) and 0 <r < s < ¢,

(3.1) Vrt (@, 9) = Ps,t (2, Yr,s (-, D))

holds for all w ¢ N.

Remark. (3.1) defines a forward ¢-semigroup. This corresponds that (1.1) is a
forward SPDE.
Based on this definition, we have following theorem.

THEOREM 3.1. Suppose that the basic condition holds for m > 1. Then, for any
¢ € {C"(R)N H™(R)}, equation (1.1) with o = 0 has a unique {CJ*(R) () H™(R)}-
valued, strong solution {1y : t > r > 0}. Moreover, the solution defines a ¥-semigroup.
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Proof. First, with ¢ = 0, SPDE (1.1) becomes the following linear SPDE:

t
Tyi() = 6(x) + /

1
2a(x)8£$Tr,s(x):| ds
(3.2) )
+/ / h(y — )02 Tr,s (x)W (ds, dy), t>r
r JR
In order to use Theorem 2.1 , here we decompose the Brownian sheet into a sequence of

one-dimensional Brownian motions first introduced in [4]. Let {h; : j = 1,2,---} be a
complete orthonormal system of La(R). Then, for any ¢ > 0 and j > 1,

ot p
W;(t) :/O /th(y)W(ds,dy)

defines a sequence of independent standard Brownian motions {W; : j = 1,2,---}. For
€> 0 let

[1/€]
We(dt,dz) = Y h;(x)W;(dt)dz, t>0,z €R,
j=1

where [1/€] denotes the maximum integer less than 1/e.

By assumption, we have that ¢ € Cg"Jrl(R), 2(x) > € > 0, h €
Cg”+1(R) N H™t1(R). Now we consider the equation

ot
T (z) = $(x) + /

%a(x)angys(x):| ds

(3:3) .

[ ] by - 00T W s ), ez
r R

Now we check whether equation (3.3) satisfies the superparabolic condition (2.3). For
equation (3.3), the left hand side of (2.3) becomes

di

2a(2)¢* =)

=1

2
’

[ bty - out)ay €
R

where £ € R and d1 = [1/¢€]. Then, by Parseval equality and the basic condition, we have

a(z)&?lfjl / h(y—x)hz<y>dy-sr 252{“@)*2 / h(yw)hz(y)df}

(3.4)
=&{a(2) - p(0)} = £ (2) > - €.

Therefore, for any ¢ € {C;*(R) (| H™(R)}, by Theorem 2.1, equation (3.3) has a
unique solution T, (z) € La([r, T],P,H™t1) N C([r,T], P,H™) and the following in-
equality
(35) E sup |75, I3 < KE|6lZ,

s€[r,T)

holds. By a limit argument similar to the proof of Rozovskii ([5] p111, Theorem 2), we
can get that T} s(x), the solution of (3.2), satisfies

(3.6) E sup ||Tysll7 < KE[o]5,,
s€(r,T)

which implies the uniqueness of the solution of (3.2). Now we only need to prove the
semigroup property. Let T’ ; be the unique strong solution of (3.2). Then, for any s > r
and t > 0, we have

s+t
Tr75+t($) = ¢($) +/ |:%a(2?)angr,u (JT):| du
(3.7) 4t
+/ o /]R h(y — )0z Tr,u(z)W (du, dy), s>, t>0.
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We subtract each side of (3.2) from the corresponding side of (3.7), respectively. Then,
we get

rs+t

Troit(z) — Trs(z) = /

E]

{%a(x)angr,u(l‘)} du
(3.8) .
+/ +t/Rh(y—3?)8xTr,u(x)W(du, dy), s>r t>0.

If we look Tr s(x) as the initial data in (3.8), since a(x) and h(x) are time homogeneous
and the lower limits of the integrals on the right hand side are s, we can reform (3.8)
to get

s+t 1 5
Ts,s+t($) - Tr,s(x) +/ Ea(ﬂ?)axsz,u(l‘) du
(3'9) s+t
+/ / h(y — )02 Ts u ()W (du, dy), s>, t>0.
s R

By the uniqueness of the strong solution of (3.2), for any fixed s > r, Ty s1t(x, ¢) is
the unique strong solution of (3.8). On the other hand, for the same fixed s > r,
just following the same idea to prove Theorem 2.1 we can prove that (3.9) has a unique
strong solution, which is just Ts s+¢(xz, Tr,s(+, ¢)) since the initial value is T s (-, ¢). This
obviously gives that for any fixed s > r,

(310) T’r,s+t(x7 ¢) = Ts,s+t(xa TT,S('7 (b))? t>0,

holds for all w ¢ N with P(N) = 0. The existence of the set N comes from the continuity
of the unique strong solution of (3.2) and (3.9). g

In the following we derive an equivalent SPDE form of the equation (1.1). Based
on this new SPDE form, we can use the existing results of the linear SPDE, which are
discussed above, to construct a unique, nonnegative, smooth classical solution of (1.1).

Let Ty ¢(z) = Trt(z, @) and ¢ (x) = ¥r ¢ (z, $) denote the unique solution of (3.2)
and (1.1), respectively. For any ¢ € Cy™*(R) (| H™(R) we consider the following stochastic
equation:

1 "t
(3.11) U, i(z) = Trpp(x) — 5/ Ts o (x)(Ur s (2))?]ds,

where T +¢(z) is the unique strong solution of (3.2). From the inequality (3.6), we can
prove that the equation (3.11) has a unique solution by the Picard iterative scheme.
Then, we have following theorem.

THEOREM 3.2. Suppose that the basic condition holds for m > 1. Then, for any ¢ €
CM(R)NH™(R), (3.11) has a unique strong solution vr+ € CJ*(R) H™(R), t € [r, T],
which defines a -semigroup for all w ¢ N with P(N) = 0 and (3.11) is equivalent to
(1.1). Thus, {tr,t : 7 <t} is also the unique strong solution of (1.1).

Proof. Let Tr¢(z) = Tr(x, ) be the unique strong solution of (3.2). By Theorem
3.1, we know that {T5¢ : t > r} is a - semigroup.

To complete the proof of the theorem, It suffices to prove that (3.11) is equivalent
to (1.1). To this end, in the following we prove that given a solution of (3.11), we
can change the form of (3.11) into that of (1.1) by a stochastic Fubini theorem (see
Theorem 2.6 of Walsh [6]) as follows: For any ¢ € CJ*(R)(H™(R), let ¥y i(z) be a
solution of (3.11). Thus, we have
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t
brt@) = Trala) = 5 [ Toalo@) s (@)2)ds
t t
= 0@) + [ e T@lds + [ [ by =)0 T @)W (ds.dy)
ot t rt
5 [e@n@Plas— 3 [{ [ Ja@ T do@ @)

+ / t /R Wy — )02 Ts ulo (@) (Yr,s ())*]W (du, dy)} ds

t
= 6@+ [ [0@)0E T u(@)du

(3.12) Loy

5 [ S0z e @ w0 as

2 [ o@@re@)?ds+ [ [ hy = 2)0:Tru (@)W (du, dy)

7 [
5 [ = 0000t ) | W s
= 6@+ [ Ge@dvra@ln =2 [ lo@ @) as

[ [ 1= 0w )

This completes the proof. O

THEOREM 3.3. Suppose that the basic condition and ¢ € Cy"(R)T H™(R) hold
for any m € N. Then, (1.1) has a version of unique, nonnegative, strong solution
{tr,t : 7 <t} , which is continuous in t and infinitely differentiable with respect to x,
and defines a -semigroup for all w ¢ N with P(N) = 0.

Proof. Based on Theorem 3.2, we only need to prove that the conclusion is true for
equation (3.11). Since now for any m € N we have ¢ € C’;’hLl(R)7 c2(z) > e >0,
h € C;n+1(R)ﬂHm+1(R). For any ¢ € {C{"(R)* (| H™(R)}, by Theorem 3.1, the
equation (3.2) has a unique solution Tr(x) € Lo([r,T], P, H™ YN C([r,T],P,H™)
and the following inequality

(3.13) E sup ||Tysll7 < K(m)E[|¢]7,
se[r,T]

holds. Then, by the Picard iterative scheme, the equation (3.11) has a unique, strong
solution % ¢, which satisfies

(3.14) E sup [or,sl7 < K (M)E|]15,.
se|r,

Since under the basic condition and ¢ € CJ*(R)T N H™(R) with m > 1, Theorem 1.1
can guarantee the existence of a nonnegative solution and the solution of equation (1.1)
has uniqueness, above v, ¢, thus, is just the nonnegative solution of equation (1.1).
The remaining parts of the conclusion follow from an argument similar to the proofs of
Proposition 3 and Theorem 3 on page 139 of Rozovskii [5]. g
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