BLOCKS OF CYCLOTOMIC HECKE ALGEBRAS AND
KHOVANOV-LAUDA ALGEBRAS

JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

ABSTRACT. We construct an explicit isomorphism between blocks of cy-
clotomic Hecke algebras and (sign-modified) cyclotomic Khovanov-Lauda
algebras in type A. These isomorphisms connect the categorification con-
jecture of Khovanov and Lauda to Ariki’s categorification theorem. The
Khovanov-Lauda algebras are naturally graded, which allows us to exhibit
a non-trivial Z-grading on blocks of cyclotomic Hecke algebras, including
symmetric groups in positive characteristic.

1. INTRODUCTION

In [KL1, KL2], Khovanov and Lauda have introduced a remarkable new
family of algebras and formulated a categorification conjecture predicting
a tight connection between the representation theory of these algebras and
Lusztig’s geometric construction of canonical bases [L2]. This paper arose
as a first attempt to understand the cyclotomic Khovanov-Lauda algebras
in type A by relating them to cyclotomic Hecke algebras and their rational
degenerations.

Let F' be a fixed ground field and ¢ € F*. Let e be the smallest positive
integer such that 14+q+---+¢°~! = 0, setting e := 0 if no such integer exists.
The main result of the article gives an explicit isomorphism between blocks
of cyclotomic Hecke algebras associated to the complex reflection groups of
type G(l,1,d) if ¢ # 1, or the corresponding degenerate cyclotomic Hecke
algebras if ¢ = 1, and a sign-modified version of cyclotomic Khovanov-Lauda
algebras of type Ay if e = 0 or type Agl_)l ife>0.

For F of characteristic zero, this isomorphism connects the categorifica-
tion conjecture of Khovanov and Lauda [KL1, §3.4] in type A to Ariki’s
categorification theorem [A] and its degenerate analogue [BK1]. It doesn’t
immediately prove the Khovanov-Lauda conjecture in any of these cases, be-
cause the conjecture takes into account a natural Z-grading on cyclotomic
Khovanov-Lauda algebras which is hard to identify on Hecke algebras.

To formulate the main results precisely, let I" be the quiver with vertex set
I :=7Z/eZ, and a directed edge from i to j if j =i+ 1. Thus I is the quiver
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of type Ay if e =0 or AW ife > 0, with a specific orientation:

e—1
Ay : = 2 —-1—0—1—2—...
0
0 7N
AV 0= 7N\ ?"1 4 1
2 —1 \ /
3 «— 2 39

The corresponding (symmetric) Cartan matrix (a; ;)i jer is defined by

2 ifi=j,

) 0 ifidtyg,

Qi TN 1 ifi— jord « 7,
—2 ifie .

Here the symbols i — j and j < i both indicate that j =i+1#i—1,i = j
indicates that j =7+ 1 =14 — 1, and ¢ + j indicates that j # 4,7 £+ 1.
To the index set I, we associate two lattices

P = @ZAi, Q= @Zai, (1.1)

el el
and let (.,.) : P x Q — Z be the bilinear pairing defined by (A;, o) := 0; ;.
Let Py (resp. Q4+ ) denote the subset of P (resp. @) consisting of the elements
that have non-negative coefficients when written in terms of the given basis.
For v € Q4 and A € P, define the height of o and the level of A as follows:

h(a) = Y (Ana),  UA) = S (A, a).
icl icl
Let Sy be the symmetric group with basic transpositions 1, ..., Ssq_1. It acts
on the left on the set of d-tuples i = (iy,...,iq) € I¢ by place permutation.
The Sg-orbits on I% are the sets
1% :={i=(ir,...,iq) € I*| vy, +-- + o, = a}
parametrized by all a € Q4 of height d.

Let Hy denote the affine Hecke algebra associated to Sy if ¢ # 1, or its
rational degeneration if ¢ = 1. Thus, Hy is the F-algebra defined by gen-
erators 17, ... ,Td_l,Xlil, .. .,X;‘ltl and relations (4.2)—(4.5) if ¢ # 1, or by
generators si,...,Sq4-1,%1,...,2Zq and relations (3.2)—(3.5) if ¢ = 1. From

now on, fix A € Py of level [ and let H é\ be the corresponding cyclotomic
quotient of Hy. Thus,

o H (T = a)ded) g1,
d = , : .

Hy (gl —)0e0)  ifg=1
We refer to this algebra simply as the cyclotomic Hecke algebra if ¢ # 1 and
the degenerate cyclotomic Hecke algebra if ¢ = 1.

There is a natural system {e(3)|é € I?} of mutually orthogonal idempotents
in H C/l\, some of which could be zero; see §4.1 or §3.1 for more details in the

(1.2)
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two cases. In addition to A € Py, fix also a € Q4 of height d. Let

eq = Z e(i) € HS. (1.3)

ele
As a consequence of [LM] or [B, Theorem 1], e, is either zero or it is a
primitive central idempotent in H é\. Hence the algebra
HY .= e H} (1.4)

is either zero or it is a single block of the algebra Hé\. For h € HY, we
still write h for the projection e, h € Hé\ So Hé} again has generators
Ty, ...,Tq1, Xlil,...,X(:lIEl ifg#1,orsy,...,8-1,21,...,xq1f ¢ = 1. How-
ever, these generators are not well-suited for defining interesting gradings. So,
inspired by [KL1, KL2], we introduce an explicit new set of generators

{e(i)’ieIa}U{ylv'-'ayd}u{wla"'vwd—l} (15)
of H2, which we call the Khovanov-Lauda generators; see (4.21) and (4.38)
or (3.21) and (3.32) in the two cases.

Main Theorem. The algebra Hé} is generated by the elements (1.5) subject
only to the following relations for 1,5 € I¢ and all admissible r,s:

ey = o;

(1.6)
e(t)e(g) = dije(d); Dieree(t) = 1; (1.7)
yre(t) = e(d)yr; Pre(i) = e(sr)¢r; (1.8)
YrYs = YsYr; (1.9)
UVrYs = Ysr ifs#r,r+1; (1.10)
Yrihs = Y5ty if |T‘ — S‘ > 1; (1.11)
Uryrpre(i) = { ;ﬁf;g)m(z) g ; L Zi (1.12)
( 0 Zf Iy = ir—i—h
e(’L) if ir 7L ir—i—l,
Y2e(i) =4 (g1 — r)e(i) ifir = fr1, (1.14)
Yr — yr—l—l)e(’i) if iy — Iri1,

Yr+1 — Yr) (Ur — Yrg1)e(2) if ip 2 ippr;

¢r+1wrwr+1 + 1)€(i) Zf ir+2 =1, — ir+17

NN NN

Yrp1rrg1 — 1)e(d) if lpyo = 1y < Tpa1,
Vrrrtbre(d) = S (Yre1trthrsr — 241 (1.15)
tyr Fyrr2)e() i dry2 =i 2 g,
Yrp1rPri1e(2) otherwise.

A striking feature of the above theorem is that the relations depend only
on the quiver I' (hence e) but do not involve the parameter g.



4 JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

Corollary 1. There is a unique Z-grading on Hé} such that e(z) is of degree
0, y, is of degree 2, and 1pre(t) is of degree —aj, ;,,, for each r and i € I*.

Corollary 2. Suppose that F' is of characteristic zero. Then the algebra
Hé\ for ¢ not a root of unity is isomorphic to the algebra HC‘} forq=1. In
other words, the cyclotomic Hecke algebra for generic q is isomorphic to its
rational degeneration.

The presentation for the algebra Hé} in our Main Theorem is a sign-
modified version of the presentation for the cyclotomic Khovanov-Lauda al-
gebra associated to the quiver I' and the weight A as defined in [KL1, §3.4];
this sign-modified version was introduced already in [KL2] (except in the case
e = 2). Thus the theorem shows that blocks of cyclotomic Hecke algebras
are cyclotomic Khovanov-Lauda algebras.

If A is of level one, H é\ is isomorphic to the group algebra F'S; of the sym-
metric group if ¢ = 1 or the associated Iwahori-Hecke algebra for arbitrary q.
In these cases, our Main Theorem for e = 0 is essentially Young’s semi-normal
form (see §5), while for e > 0 Corollary 1 yields interesting Z-gradings on
blocks of symmetric groups and the associated Iwahori-Hecke algebras. The
existence of such gradings was predicted already by Rouquier [R1, Remark
3.11] and Turner [T]. This means that it is now possible to study graded rep-
resentation theory of these algebras; see [BKW, BK2] for some more recent
developments in this direction related to graded Specht modules.

Corollary 2 can be viewed as an extension of Lusztig’s results from [L1]
in type A. As an application, it is easy to see that Ariki’s categorification
theorem from [A] when ¢ is not a root of unity is simply equivalent to the
degenerate analogue proved (in a quite different way) in [BK1]. Our Main
Theorem also makes possible the comparison of blocks of cyclotomic Hecke
algebras at a primitive complex pth root of unity with corresponding blocks
of degenerate cyclotomic Hecke algebras over fields of characteristic p; see §6
for further discussion.

Before we started work on this article (and before [KL1] became available),
the first author jointly with Stroppel made calculations as part of [BS] that
are equivalent to the Main Theorem for A of level two, ¢ =1 and e = 0. In
that case, the results of [BS] show that the algebra H2 is Morita equivalent to
(a slightly generalised version of) Khovanov’s diagram algebra, and moreover
the grading on H2 is induced by the Koszul grading of its quasi-hereditary
cover (which is a certain parabolic category O). The latter statement should
be true more generally.

Since completing this work, we have learnt from Rouquier that he has
independently discovered essentially the same family of algebras as Khovanov
and Lauda at the affine level; he refers to them as quiver Hecke algebras. In
particular, in [R2, §3.2.6], Rouquier has proved an analogue of our Main
Theorem for the affine algebras (suitably localized).

The rest of the article is taken up with the proof of the Main Theorem.
The strategy is clear: let Rg be the algebra defined by generators and rela-
tions as in the Main Theorem. Then we need to construct mutually inverse
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homomorphisms p : Ré — Hé} and o : Hé} — Ré by explicitly checking re-
lations in both directions. However, there are many subtle differences in the
two cases ¢ # 1 and ¢ = 1, so we carry out the two sets of calculations inde-
pendently, treating the easier degenerate case in §3 then the non-degenerate
case in §4. In §2 we make a few definitions that are common to both cases.
Finally in §5 and §6 we discuss briefly the relation to Young’s semi-normal
form and make some observations about base change.

Acknowledgements. We thank Anton Cox for pointing out a gap in an earlier
version, and Meinolf Geck for drawing our attention to the fact that our
results could be used to prove a conjecture of Mathas.

2. PRELIMINARIES

2.1. Divided difference operators. The symmetric group Sy acts on the
left on the polynomial ring Flyi,...,yq] and on the ring of power series
F[[y1,-..,yq]] by permuting variables; we often denote w-f by “f for w € Sy
and f € F[[y1,...,yq]]. For any f € Fly1,...,yq] and 1 <r < d, the divided
difference operator 0, is defined by
Sr
o)=L (2.)
Yr — Yr+1

It extends to F[[y1,...,yq]] by continuity. We will need the product rule for
divided difference operators: for f,g € F[[y1,...,ya]] we have that

8r(fg) = ar(f)g + Srfar(g) = 87"(f)srg + far(g) (2'2)

Note as a matter of notation here that *"fg means (°"f)g not **(fg).
We will often be given an F-algebra A and commuting nilpotent elements

Y1, ---,Yq € A. There is then an algebra homomorphism

Fllyn, -y — A (2.3)
mapping each ¥, to the element of A with the same name. Given also power
series f,g € Fl[y1,...,yq]], this homomorphism allows us to interpret ex-

pressions like *7f, 0,(¢g) and f/g as elements of A; we mean the element
of A obtained by first evaluating the given expression as a power series in
Fllyi,.-.,yq]] and only then taking the image of the result under the homo-
morphism (2.3). We stress that f and g must be given specifically as power
series (not merely as elements of A) for such expressions to make sense.

2.2. Cyclotomic Khovanov-Lauda algebras. For the remainder of the
article, we fix notation exactly as in the statement of the Main Theorem. In
particular, I' is the quiver with vertex set I = Z/eZ defined at the beginning
of the introduction and P, Q are as in (1.1). The (sign-modified) cyclotomic
Khovanov-Lauda algebra of type I' associated to A € Py of level l and o € Q¢
of height d is the F-algebra RQ defined by the generators

{e(@) i€ I*U{yr, ... yat U{hr, .. a1} (2.4)
subject to the relations (1.6)—(1.15) above.
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In view of the first lemma below, we are in the situation of (2.3), so have
a homomorphism
Fllys,. .., vdll — R} (2.5)
mapping y1, . ..,yq to the elements of RY with the same name. By (1.10),
(1.12) and (1.13), the following useful identity holds in RA:

o trfe(i) + 0r(f)e(d) if iy = dpg,
Jire(d) = { o fe(t) othervviset1 (2.6)

forany 1 <r <d, i€ I*and f € Flly1,-..,d]]-
Lemma 2.1. The elements y, € R} are nilpotent for all 1 < r < d.

Proof. It suffices to prove that each y,e(2) is nilpotent. Apply induction
on 7. The base case r = 1 follows as (y1e(2))™®1) = 0 in R2. For the
induction step, we assume that y, is nilpotent for some 1 < r < d and prove
that y,y1e(?) is too. We consider two cases.

If 4 = dpq1, set 7 := Yp(yr — yry1) + 1. Using the relations (1.12)—(1.13)
to commute y’s to the right and noting 1)2e() = 0 by (1.14), one checks that
t2e(t) = e(i) and 7y,7re(i) = yrp1e(s). Hence y2, e(i) = pylre(i), and
the nilpotency of y,41e(%) follows from that of y,.

If i, # ir41, then multiplying the equation y,1.e(2) = ¥y,+1€(¢) on the
left by 1, and using (1.14) gives that 1, y,1.e(1) = £(yr — yri1) yrr1e(3) for
some k € {0,1,2} and some choice of sign. Hence

yqlfille(z) = yrfe(i) == ¢ryrwre(i)
for some (possibly zero) f € Fly,,yr+1] and some sign. As y, is nilpotent,
we deduce using (1.14) that ¥,y,,e(2) is nilpotent too, and of course y, f is
nilpotent as well. Observing finally that y,fe(i) and ¥,y,1re(i) commute,

this implies the nilpotency of yfj:lle(z) Hence y,1€(%) is nilpotent too. O

Corollary 2.2. Rg is a finite dimensional algebra.

Proof.  For each w € Sy, fix a reduced expression w = s;, - --s;, and then
define v, := 4, - - -1;,. By an easy application of the relations (1.7)—(1.15)
one checks as in [KL1, §2.3] that R2 is spanned by the elements

{wyi* -y %e(d) |w e Sq, i € I% ny,...,ng > 0}. (2.7)
It remains to observe by Lemma 2.1 that all but finitely many of these ele-
ments are zero. 0O

We record the following conjecture related to Lemma 2.1; this has recently
been proved by Lauda [L].

Conjecture 2.3. If e = 0 and A is of level | then y'. = 0 in RY for any
1<r<d.
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3. THE DEGENERATE CASE

3.1. Blocks of degenerate cyclotomic Hecke algebras. For d > 0, let
H,; be the degenerate affine Hecke algebra, working always over the fixed field
F of characteristic e > 0. So Hy has generators

{z1,...,xa} U{s1,...,Sa-1} (3.1)

subject to the following relations for all admissible indices:

TrTs = Ty} (3.2)

SpXpy1 = TpSp + 1, SpLs = XTsSy i sE T, 7+ 1; (3.3)

s2=1; (3.4)

SrSr4+18r = Sp4+18rSr+1, Spsp = sgsp if [r—t] > 1. (3.5)

Given A € Py of level [, let H é\ be the cyclotomic quotient from (1.2). The

elements z|" - 'le"dw for 0 < mq,...,mqg <1l and w € Sy give a basis for
Hé\; see e.g. [K1, Theorem 7.5.6]. Hence:

dim H} = 1%d!. (3.6)

For example, if [ = 1 then Hcfl\ = FSy.

Let M be a finite dimensional H}-module. By [K1, Lemma 7.1.2], the
eigenvalues of each x, on M belong to I C F. So M decomposes as the
direct sum M = @, ;a M; of its weight spaces

M;:={veM]|(z, —i)Yv=0forall =1,...,d and N > 0}.
Note also by [K1, p.12] that

for each 1 < r < d. Considering the weight space decomposition of the regular
module, we deduce that there is a system {e(7)|i € I} of mutually orthogonal
idempotents in H such that e(i)M = M; for each finite dimensional module
M see also [J, Mu] for more a explicit description of e(¢) in the level one case.
In fact, each e(2) lies in the commutative subalgebra generated by 1, ..., x4.
All but finitely many of the e(i)’s are zero, and their sum is the identity
element in H C/l\. (Although not needed here, we remark also that e(¢) # 0
if and only if there exists a standard tableau of residue sequence % in the
sense of [BKW, §3.2]; this follows from considerations involving the formal
characters of Specht modules.)

By [B, Theorem 1], the center Z(H, é\) consists of all symmetric polynomials
inx,...,z4. So, given also a € Q4 of height d, the idempotent e,, from (1.3)
is either zero or it is a primitive central idempotent in H C/l\. This means that
the algebra H) := eaHC/l\ from (1.4) is either zero or it is a block of Hcfl\. The
subalgebra of Hé} generated by (the images of) x1,...,2z4 will be denoted
Pol®. Note Pol’e(i) is an algebra with identity element e(i). If z € Pol®
is such that ze(4) is a unit in Pol2e(i), we write 2~ e(d) for its inverse in
Pol2e(4) (interpreted as 0 if e(i) = 0). For example, set

Ty = Ty — T, (3.8)

and let 4 € I* be such that i, # i;. Then x; le(i) makes sense.
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3.2. Intertwining elements ¢,.. We now introduce certain remarkable el-
ements of H2 called intertwining elements: let

Op = 8 + E ac;ﬂ}ﬂe(i) + E e(t) (3.9)
el icl®
irfirJrl ir:irJrl

for 1 < r < d. This is a slightly modified version of the usual intertwining
element as in [Ro, §2] or [K1, (3.19)]:

Oy == spxrri1 + 1. (3.10)

The elements 6, have the following nice properties [K1, §3.8] (cf. [L1, Propo-
sition 5.2]):

IR 1)
Orzri1 = 2p0r, Tp10p = Opxy, Opws = x50, if s £ 1,0 +1; (312)
00,116, = Or110,0,41, 0,0, = 0,0, it |r —s|>1.  (3.13)

The elements ¢, inherit similar properties:

Lemma 3.1. The intertwining elements satisfy the following relations for
all ¢ € I and admissible r,s:

ore(i) = e(sp-1)@r; (3.14)
PrIs = TsPr if s #r,r+1; (3.15)
PrPs = PsPr if [r—s|>1; (3.16)
. zrpre(s) if iy # iy,
Orar1e(i) = . L (3.17)
A {(mrwr +1 =2 ry1)e(d) if Gy = 413
. @rl're(i) Zf Ty 7& Ur41,
Try1pre(t) = . L (3.18)
r+1¥r {(Sﬁrxr +1- 1:7»7T+1)6(1,) if iy = dpa1;
1 42 . U
QO%G('Z) _ ( l'.?«’r—s-l)e(?z) Zf Z}1" f 'L.r+1? (319)
2pre(1) if iy = dpa;
(SDT+1<JOTS0T+1 +@or — 907"+1)6(i) if iy = ipy2 = lrt1,
Orpry1pre(t) = (SOT—HQOT(PH-I + Z'r)e(i) if i = trq2 # irg1,
80r+130r907"+1€(i) otherwise,
(3.20)

where 2, denotes (xr_,q}ﬂ - 95;4&1,r+2)($;7}+195;i1,r+2 - xr_,?}ﬂ - xvﬂ_—&l,r+2)'

Proof.  To see (3.14), it suffices to prove that its left hand side and right
hand side act in the same way on M; for any finite dimensional H2-module
M and j € I®. If j, = jr41 then ¢, M; C M, ; by (3.7). If j, # jr41 then
ore(g) = QTx;iJrle(j), hence ¢, M; = 60,M; which is contained in Mj, .; by
(3.12). Hence in any case e(s,-%)¢, maps M; to zero unless j = 4, and it
maps v € M; to ¢,v. This is the same as the action of y,e(2), hence (3.14)
is checked. The properties (3.15) and (3.16) are clear, and the properties
(3.17) and (3.18) come easily from (3.12). For (3.19), if i, = i,4; then we
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have that ¢2e(i) = (s, + 1)%e(i) = (2 + 2s,)e(i) = 2p,e(i). Now suppose
that i, # i,+1. Then, using (3.12) and (3.11), we have

Qpr ( ) =0 xrrJrle mrrJrl ( ) ermrrJrl (1’) = (1 - :U;,3+1)6(1’)
It remains to check (3.20). For this, let us stop writing e(z) on the right of
all expressions (but of course remember it is there). Assume without loss of

generality that » = 1 and denote i := i1,j := i, k := i3. We consider five
cases:

Case 1: i,j,k all distinct. Using (3.12), (3.13) and (3.14), we have:
Y201P2 = (921‘2_7%)91.%1_7%921‘2_5 = 9291921‘1_7%$1_7§$2_7é
== 919291x§’§xi§mi5 = 91xié92m2”§01$i§ = Y1P2¥1.

Case 2: i = j # k. Using (3.14), we see that pop19p2 = @121 is equivalent

to (s2 + 1)p1pa = @1p2(s1 + 1), or sapipa = @1p2si. Also the relations

: A -1, _ -1 —1,..—1 1. _ -1 —1,.-1
in HS give that T1351 = S1Ty3 + Ty3%13 and Ty381 = S1T13 — Ty3Ty3

(remembering the idempotent e(¢) implicitly appears on the right so all the
inverses here make sense). Now apply (3.12), (3.13) and these two relations

to commute all x’s to the right and show that both sides are equal to s2s152+

—1 “1-1 1
525193 + 82T9 3T 3 + Ty 3.

Case 3: i # j = k. This case is similar to Case 2.
Case 4: i =k # j. Using (3.12), (3.13) and (3.14), we get
V2012 = Oax 3(31 + 1)923:2 3= 92352 33192:):2 3 923:

= 92(31@'1,3 - 952,3931,3)92952,3 —(1- $2,3)1"2,3
= Ops10027 3758 + 03255075 — 255 + 1
= (sgwa 3 + 1)8192.%1_’;.1‘2_7% +(1- xgg)xﬁxl—% — x;% +1
= sa(s121,3 + 1)92%‘{5565%} + slﬁga:iéxié + (xgg — 1)(561; 1)
= 3231023:2_5 + 82921‘1_7%1'2_}’ + slﬁgmiémgé + (x;% —1)(z] % 1)

= 5951 (s2w23 + 1)m§§ + so(sax23 + 1)x; %m;é

+ s1(sawa3 + 1oy ba s + (w55 — (25— 1)
= 525150 + 5251353 + S152T7 5 + So] 525 3 + S1T] 553
+ s+ (735 — 1)(zh — 1).
Similarly, we have

-1 -1 —1,.—1 -1,.—1
©p1P2p1 = 818281 + 5182% o + 5251%9 3 + 81%9 3T 5 + 52T 3T o
-1 -2 -1
+ 255+ (215 — D(xgz — 1),
and (3.20) now follows.

Case 5: i = j = k. This case follows since (s1 + 1)(s2 + 1)(s1 + 1) + s2 =
(82+1)(51—|—1)(52+1)+$1. (]
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3.3. Khovanov-Lauda generators of H fl\ in the degenerate case. For
each r =1,...,d, the elements
Yo=Y (@ — ir)e(d) (3.21)
iele

are nilpotent elements of the commutative algebra Pol2. So we are in the
situation of (2.3) and get a homomorphism F[[y1,...,yq]] — Pol® mapping
each y, € F[[y1,...,yd]] to the element (3.21). We are often going to abuse
notation by using the same symbol for a power series f € F[[y1,...,yq]] and
for its image in Polg under this homomorphism.

For 1 <r < d and ¢ € I* we define power series p, (i) € F|[yr,yr+1]] C
F([y1,- ., va]] by setting

] 1 if 4, = 4,41,
prd)= {(ir — g1+ Y — Yry1) L i F i (3:22)
The following facts are easy to check:
“pp(0-3) = —pr (i) iy £ i (3.23)
pra1(set) =" pp(sp418)  for any 4. (3.24)
Note also for all 1 <r < d and 7 € I® that

mmdwz{““ Wiy = st (3.25)

:Umﬂe(’i) if 4 # dpya;
or = (s +pr(i))e(d). (3.26)
1el™
Also make an arbitrary but henceforth fixed choice of (invertible) elements
¢r(2) € F[lyr, yr+1]] with the following properties:

Q’V‘(i) =1+ Yr+1 — Yr if 4, = ir+1§ (327)
1= pr(i)2 if iy 7L i'r—i—la
s . (1= pr(8)%)/(yrar —yr) i i — i,
4r(0)”ar(s08) = § (1= po(8)2)/ (g — yps1) if iy dpst, (3.28)
1—pr(i)° . S
(Yr+1=yr) (Yr—yr+1) if iy S dry;

1 (Sry180-8) = G (8 Sp11-1) for any 1. (3.29)
Note in the fractions on the right hand side of (3.28) that the numerator is
divisible by the denominator in F[[y,, y,+1]], so this makes sense. Moreover,

it is always possible to choose such power series ¢, (¢). For instance, one could
take

1+yr1 —yr if 4 = ipg1,
1- pr(i) if Uy 7L ir+17

QT(i) = (1 - pr(i)2)/(yr+l - yr) if i — dpg1, (3-30)
1 if 7:7“ — ir+1,

(1 - pr(i))/(yr-‘rl - yr) if i 2 lrt1,
although we do not want to restrict ourselves to this particular choice.
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Now, the Khovanov-Lauda generators of H2 are the elements

{e(@) i€ Iy U{yr,...,ya} U{1,...,¥a-1}, (3.31)
where y, is the element defined by (3.21) and
Py = Z gorqr(i)_le(’i) = Z (sr +pr(i))%‘(i)_le(i)- (3.32)
icle el

Theorem 3.2. The elements (3.31) of H2 satisfy the defining relations
(1.6)-(1.15) of the cyclotomic Khovanov-Lauda algebra R2.

Proof. ~ We have by (1.2) that [],c;(z1 — )*®) = 0. Moreover, if i # 4
then (z; — i)e(4) is invertible in Pol2e(4). So (z1 — i1)™M®1)e(4) = 0, which
immediately implies (1.6). We already know that (1.7) holds. The relations
(1.8), (1.9), (1.10) and (1.11) follow using the fact that Pol? is commutative
and the properties (3.14), (3.15) and (3.16) of the intertwining elements.
For (1.13), in view of (1.8), we have
Yr+19re(8) = yrre(spi)re(i) = (@1 — in)orar (1) (). (3.33)
If 4. # 4,41, this equals (PTQT(i)il(-%r - 2})6(1:) = Qbryre(i) by (3'18)' If
ir = ir4+1, then (3.33) gives
Yr1thre(t) = (Tr1 — i) (sr +1)(1 — xr,r-l-l)ile(i)
= ((Sr + )(xp —ip) +1— IT,T_H)(]_ — :cm_s_l)*le(i)
= (¢ryr + 1)6(7:)'
The proof of (1.12) is similar.
For (1.14), we have that
V2e(i) = orgr(sp-i) Lbre(d). (3.34)
If i, = i,41, the relations in H2 give easily that (s, 4+ 1)(1 + Tppyl) =
(I — 2y r41)(sr — 1), hence we get from (3.34) that
%Df@(i) = (sr +1)(1 = xr,r-i-l)il(sr +1)(1 - 1‘7",7“-1-1)716(2.)
= (sp + 1)(sp — (1 + 2ppp1) (1 — 24 p01) e(d) = 0.
Now suppose that i, # i,11. Note as we have now checked the relations
(1.10), (1.12) and (1.13), the identity (2.6) holds in the present situation.
Using (2.6), (3.19) and (3.25), the equation (3.34) becomes
Vie(i) = orthy (ar(s-4)) te(d) = 9 (1) 7! (7 (s,1) T e(d)
= (1= pr(8)*) (g (8)”qr(s:-9) " e(d).
Using (3.28), this simplifies to give the right hand side of (1.14).
Finally we prove (1.15). Let us stop writing e(z) at the right of all ex-

pressions. Assume without loss of generality that » = 1, d = 3, and denote
1= il,j = ig, k= i3.
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Case 1: 1,7,k all distinct. Using (2.6) and (1.8), we get
Privahr = prar (ki) hatn = 1oty (M2 qu(jki)) !
= 1002 (jik) M1 (2 qu (jki))
= prioatn (g (jik) 2 qa (ki) !
= 10201 (q1(i7k)* g (jik)* > qu (jki)) ™"
Similarly,
Path1thy = o100 (qa(ijk)*qu (ikj) ' qa(kij)) !

Now, @101 = wap1p2 by (3.20), and also ga(ijk) = 5*%2¢y (jki), *2q1(ikj) =
S1g9(jik) and *2%1qa(kij) = q1(ijk) by (3.29). Thus (1.15) holds.

Case 2: i = j # k. As in the previous case, we get that
Doty = 20192 (go(iik)*2 g1 (iki)>*1ga (kid)) . (3.35)
On the other hand, by (2.6) and (3.29),
1oty = @11 (ki) oty
= o1oth (P%2qu (1)) ™" + 100201 ((2qu (iki)) ™)
= p1paq2(iik) 11 ("2 qu (ki) T+ prp2ga(iik) O (P au (iki)) )
= 1911 (Vg2 (iik) 2 q1 (iki)) "'+ 100201 (g2 (iik) 1) (2 gy (iki))
+ p102q2(iik) 710y (P2 qu (iki) 1)
= 10201 (qu(iik) o (iik)* 2 1 (iki)) "
+ 192q2(iik) 7101 (qa(iik) ™ + (Vgo(iik)) 7).
The first term of the last expression equals the right hand side of (3.35) by

(3.20) and (3.29). It remains to observe that the second term of the last
expression is zero, as 01 f = 0 for any f with *1f = f.

Case 3: i # j = k. This case is similar to Case 2.
Case 4: i =k # j. As in the previous cases we compute:
1oy = 1001 (q1(i5i) g2 (jid) 2 gy (jii)) ™"
+ (1= 2@~ (Moa(a i) ™),
Va1t = aprpa (a2(i8) 2 qu (i15) o (i)
+ (1= 233)g0(i78) ™ (*0n(a2(iig) ")) -
So by (3.20), (3.29), and (3.25), we get that 1199101 — Yot19ps = A+ B —C,

where
A = (p1(iji) — p2(igi)) (p1(iji)p2(iji) — pr(iji) — p2(iji))
x (qu(i§0)*qa(jit) g2 (i5i)) "
B = (1—p1(iji))ar (i) " (M0a(ar(Gin) ™))
C = (1= pa(iji)*)ga(igi) " (20 (g2(iig) ™)) -
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By substituting p1(iji) = (i —j +y1 —y2) ", pa(iji) = ( —i +y2 —y3)~"
and putting over a common denominator, it is straightforward to check the
following power series identity:

p1(i57) + p2(iji) = (y1 — y3)p1(iji)p2(iji). (3.36)
Hence: . e DY Y DY . e . e
p1(iji)p2(iji) — pi(iji) — pa(igi) _ pa(igi) + pa(iji)
Il4+ys—wn Y1 — Y3
Using this and noting lg2(jii) = 1 + y3 — y1, we deduce that
1 a0 — palid)2)an (150) " o) 5m
Y1 —Y3

Using the definition (2.1) and the property (3.28), we have that
1) = @2(iji) " = ((qi (gir)
Y1 — U3

10a(qu (jut
Substituting this into B, we get that
(1 = p1(i59)*) (@1 (ig0) " q2(iji) ™" — (q1(351)"'q1 (1)) ")

o (3.38)
Y1 —Ys
Similarly,
o — (Lo palid)?) (@) Map(igi) ! = (@) @) ) g o

Y1 — Y3
The equations (3.37), (3.38) and (3.39) easily give that A+ B — C' equals
(1 — pa(igi)*) (a2 (1) *2 g (i)~ — (1 — p1(i59)*)(qu (i51) " q1 (7))~
Y1 — Y3
Finally by (3.28) thisis 0if ¢ £ j, 1 if i — j, —1if i « j or —2ys +y1 + y3 if
i = j. This imples (1.15).

Case 5: i = j = k. We leave this case as an exercise to the reader. O

3.4. Degenerate Hecke generators of Ré. Let R2 be the cyclotomic
Khovanov-Lauda algebra from §2.2. Using the homomorphism (2.5), we can
regard the power series p,(4) from (3.22) as elements of R}. Similarly, the
power series g¢,(¢) satisfying (3.27)-(3.29) that were chosen in §3.3 give rise
to elements ¢.(i) € R2. The degenerate Hecke generators of R2 are the
elements

{xl,...,l'd}U{81,...,8d,1} (340)
where
T =Y (yr +ir)e(d), (3.41)
el>
spi= > (Vrgr(d) — pr(i))e(d). (3.42)
el>

We note by (1.14) and (3.28) that
wz(bﬂ(i)sr(ﬁ(sr'i)e(i) = (1 - pr(i)z)e(i) (3'43)
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for all 2 € I* and 1 < r < d. The following result is the key technical result
needed to complete the proof of our Main Theorem in the degenerate case.

Theorem 3.3. The elements (3.40) of R) satisfy the defining relations
(8.2)-(3.5) of the degenerate affine Hecke algebra Hg.

Proof.  The polynomial relation (3.2) is obvious: the z,’s commute because
the y,’s and e(2)’s do. The mixed relation (3.3) is clear for s # r,r + 1. For
the remaining mixed relation, it suffices to show that
(SpTr41 — pSp)e(i) = e(2)
for every 4 € I®. Expand the definitions (3.41)—(3.42) using (1.8) gives:
srry16(d) = (Prgr(8) = pr()) (Yri1 + ir1)e(d),
ysre(d) = 2 (Yrgr (1) — pr(d))e(d)
= re(sr8)Prgr(i)e(i) — wre(d)pr(i)e(?)
= (yr +ir+1)¥rqr(2)e(d) — (yr +ir)pr(2)e(d).

Hence
(Srl'r+1 —ZETST)&’(’L') = (ir_irJrl ‘|‘yr_yr+1)pr(i)e(i)+('¢}ryr+l _yrwr)%"(i)e(i)'
Applying (1.12), (3.22) and (3.27), we have that (¢Yryr11 — yrtr)e(2) = e(),
pr(i) = 1 and (%) = 1+ yri1 — Y if 4 = drq1, o8 (Yryr1 — yrPr)e(i) = 0
and p,(4) = (i —ipy1+Yr — Yry1) " if ip # i,41. Making these substitutions
gives easily that (s,x,41 — x,8,)e(2) = e(¢) as required.

Next we check the quadratic relation (3.4). For this we need to show that

s2e(i) = e(4)

for each ¢ € I*. Expanding the definition (3.42), we get that

sre(i) = sr(rgr(3) — pr(2))e(d) = sre(s,4)rg,(8)e(i) — sre(i)p(i)e(d)
= (Urgr(srt) — pr(sr2))rqr(i)e(d) — (Vrgr(2) — pr(2))pr(2)e(d)
= (Vrar(57-8)0rar (3) = pr(sr-8)0rqr () — g ()p,(3) + pr(3)?) ().
If 4, = 2T+1, we use (3.22) and (3.27) to get from this that
(¢

( ) (1 + Yr+1 — yr)wr%“( ) - 2¢T(Ir( ) + 1) ()

Using (1.12) (1.13) to commute y’s to the right and noting that ¥?2e(i) = 0
by (1.14), this easily simplifies to give the desired equation s?e(i) = e(4).
Instead, if i, # i,4+1, then we again commute y’s to the right and use (3.43)
and (3. 23) to get that

sre(i) = (1= pr(8)*) + ¥epr(8)¢:(3) — ¥rar (D)pr () + pr(9)?) e(i) = e(d).
This completes the proof of (3.4).

Finally we need to check the braid relations (3.5). The commuting braid
relation is obvious. For the length three braid relation, we assume without
loss of generality that » = 1 and d = 3, and need to show that

sos1s2e(ijk) = sisesie(ijk)

for all 4, j, k. To simplify notation for the remainder of the proof, we stop
writing e(ijk) on the right hand side of all expressions, but remember it is
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always there. Expanding the definition (3.42) like in the previous paragraph,
528182 and s1s9s1 equal

— p2(ijk)p1(ijk)p2(ijk) + 2qa(ijk)p1(ijk)p2(ijk)

+ p2(Jik)1q1 (ik)p2(igk) — 2q2(jik )11 (ijk)p2(ijk) (3.44)
+ p2(ikj)p1(iki)P2q2(ik) — 2q2(ikj)p1(iki)P2q2(ijk) '
— pa(kig)rqu (ikj)Yaga(ijk) + aqa(kig)1q1 (ik))aqa(ijk),

and
— p1(ijk)p2(ijk)p1(ijk) 4+ Y1q1(ijk)p2(ijk)p: (ijk)
+ p1(ikj)2qe(ijk)p1(igh) — 1qi(ikj)aqe(ijk)p1 (ijk) (3.45)
+ p1(Jik)p2(dik)P1q1(igk) — a1 (jik)p2(Fik) g (ijk) '

— p1(Gki)Yoqa(Gik)1q1(igk) + v1q1 (ki) aga(Gik)P1qr (ik),

respectively. We have to prove that (3.44) equals (3.45). For this we consider
five cases. The strategy is always to commute all ¥’s to the left using (2.6)
then to compare various v-coefficients.

Case 1: 1,7,k are all different. By (2.6), (3.44) equals

— p2(ijk)p1(ijk)p2(ijk) + Y2qa(ijk)p1(ijk)pa(ijk)

+ 1 p2(Jik) qu (igk)p2(ijk) — vavo1* g2 (jik)q1 (ijk)pa(ijk)

+ 22 pa(ik )2 p1 (ik) g2 (k) — (¥3)°2qa(ikj) > p1(ikj)ga (ijk)

— 192" pa(kif)* q1(ikj)q2(ijk) + h2tp192™" g (Kig)** q1 (ikj) g2 (ijk),
and (3.45) equals

— p1(ijk)p2(igk)p1(ijk) + rqu(ijk)p2(ijk)p1 (ijk)

+ ¥2%p1 (k) a2 (ijk)p1 (ijk) — V12 q1(ikj) gz (ijk)p1(ijk)

+ 11 (Jik) " p2(jik)qi (i7k) — (V7)) (jik)*'p2(jik)ar (ijk)

— Yath1” P p1(jKi)* g2 (Jik) 1 (i5k) + Y1ebapr ™2 q1 (ki) g2 (jik) qr (ijk).
Note that 191199 = 10190991 under our assumptions on ¢, j, k, and the cor-
responding coefficients are equal to each other by (3.29). For the t11s-
coefficients, we need to observe by (3.24) that *2%ps(kij) = pi(ijk). The

oty-coefficients are treated similarly. For the ;-coefficients, it suffices to
prove that

“pa(jik)pa(ijk) = p2(ijk)p1(ijk) + *'p1(jik)*p2(jik),
which is easily checked by expanding the definition (3.22) and clearing de-
nominators. The 1s-coefficients are handled similarly. Finally, the constant

term reduces using (3.43) and the observation that *2p;(ikj) = *'pa(jik) to
checking that

(“p1(ikg) — pr(igh))p2(ijk)* = ("pa(jik) — p2(ijk))pa(igk)*.
Again this identity follows by an explicit expansion using (3.22).
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Case 2: i = j # k. We have p;(iik) = po(kii) = 1 by definition. So, using
(2.6), the expression (3.44) equals
— po(iik)? 4 aqa(iik ) pa(iik) + 1 *'pa(iik)qu (iik)pa (iik)
+ 01(p2(iik))q1 (itk)pa(iik) — otp1¥'qe(itk) g1 (iik)p2 (iik)
— 1201 (q2(1ik))q1 (itk)p2(iik) + 22 pa(iki)*2p (iki)ga (iik)
— (3)*2qa(iki)*2p1 (ki) ga (ik) — 1o qu (iki)go (iik)
+ Vo112 g (kid) 2 qu (iki) g2 (iik).
Similarly, using also (2.2), (3.45) becomes
— pa(iik) + Y1q1 (iik)pa(iik) + o™ p1 (iki)ga(iik) — 102°2 g1 (iki)qa(iik)
+ 1% 'py (iik ) q1 (iik) + Oy (po(iik))qu (iik) — (V3)%qy (iik)* py (iik ) gy (iik)
— 101 (q1 (iik))*\pa (iik) g1 (iik) — 1101 (p2(iik)) g (iik)?
— o1 2y (iki) > g (ik) qu (iik) — Y201 (P p1(iki))* g2 (iik) qu (iik)
— 2% p1(iki) 01 (g2 (k) qu (iik) + Pr1ebarpr ™ 2 qu (iki) > qa(iik) qu (iik)
+ Y1th201 (P qu(iki))* g2 (iik ) qu (iik) 4 11p2* 1 (iki) 01 (g2 (iik)) qu (dik).
Now it is easy to check that the 11911-, Y91h1-coefficients in the two ex-

pressions above are equal to each other using (3.24) and (3.29). For the
1)o-coefficient, we need to use

81(q2 (’LZ/{)) + 81 (Squ(iki)) = 81(QQ (Zlk) + 51(]2 (’LZ/{)) =0.
By a calculation using (3.22) and (2.1), d1(p2(iik)) = —*1pa(iik)pa(iik) and
O1(%2p1 (iki)) = *ipo(iik)pa(iik). Also q1(iik) = 1 4 y2 — y1 by (3.27) hence
O1(qu(iik)) = 2. So to check that the 1)1-coefficients agree, it suffices to prove
*'p2(iik)pa(iik) = p2(iik) — *'pa(iik) + *'pa(iik)p2(iik) (1 + y2 — y1).
This follows from the power series identity
p2(iik) — *'pa(iik) = (y1 — y2)*'p2(iik)pa(iik), (3.46)
which is easily checked from the definition (3.22). For the t)9-coefficients we
need to prove
q2(itk) (p2(itk) — **pa(iki) + *pa(iki)**p1 (iki)) =
q1(iik) (91(q2(11k))[p2(iik) — *2p1(iki)] — pa(itk)*'p2(iik)* g2 (itk)) -
Using (3.46), (3.23) and (3.24), the left hand side of this simplifies to
q2(iik)(y1 — y2 — 1)*'pa(iik)pa(iik).
Using (3.46) again and expanding the 0;, the right hand side equals
q(itk) ((*'q2(iik) — q2(iik)) 2 (iik)p2(iik) — p2(iik)*'pa(iik)* gz (iik)) .
Making obvious cancellations and recalling (3.27) this reduces to the left
hand side. Finally, for the constant term we want

— pa(iik)? — *pa(iik)qu (itk)p2(iik)? — (43)*qo(iki)*p1 (iki)go iik)
= —paliik) — *'pa(iik)pa(iik)q (iik) + (1) " qu (iik) pa(iik)qu (iik).
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By (1.14) the third term on the right is zero. By (3.43) the third term on the
left equals *'py(iik)(1 — pa(iik)?). Making these substitutions and replacing
q1(iik) by (1 + y2 — y1), the desired equality follows from (3.46).

Case 3: i # j = k. This case is similar to Case 2, so we skip it.

Case 4: i = k # j. Using the equalities p; (iij) = p2(jii) = 1, and commuting
as usual, (3.44) becomes

— p2(1ji)pr(3i)p2(iji) + Y2qa(2ji)p1(igi)p2(ifi) + ¢1q1(iji)p2(iji)

— Yot *qa(jid)qu (i§i)p2(ii) + o*2pa(iif)qa(ifi) — (¥3)*2qa(iif)qa(ifi)

— rn s (i17) 2 1 () g (i1) — 2200 (pa(ii5)) 2 au (i) 2 i)

a1 ths g (14) 2 1 (15) g2 (i) + (43201 (2(i1)) 2 (i) a2 i),
and (3.45) becomes

— p1(2ji)pa(iji)p1(iji) + Yrqu(ji)p2(igi)pi (ifi) + P2qa(iji)p (iji)

— 12®2qu (i) qa(i§i)p1 (i5i) + 1 *'p1 (jid)qu (i) — (7) % qr (jid)qu (i)

— Yath1” 2 p1(511)* g2 (5i4) q1 (i) — ¥1™ Oa(p1 (4id)) ™ qo (jid) qu (i)

+ 1ot "2 q1 (i) go (i) qu (i50) + (07)* Da(qu (5id)) g2 (i) qu (i)
By (1.15), we have that ¥1991)1 — ¥oth11py = € where € := 0 if i £ j, 1 if
i — j, —1if i« j and —2ys + y1 + y3 if i = j. Hence, in view of (3.29),
the ¥91)19)9-term cancels with the 11211-term, producing the addition of
eq1(1j1)°2q1(ii5)g2(igi) to the constant term of the second expression. Now

let us compare constant terms. Taking into account (3.43) and (3.29), we
need to check that

= pa(igi)*pa(igi) — (1 — p2(iji)*) + (3) 1 (2(ii)) ™ q1 (i15) g2 i)
= —p1(iji)*pa(igi) — (1 = p1(iji)*) + (1) 02(q1 (5i4)) " 2(jid) a (i)
+ eq1(454)* a1 (i15) g2 (i51).
Expanding the 0’s, we rewrite this as
(p1(iji) — p2(iji)) (p1(iji)p2(iji) — p1(iji) — pa(iji))
+ () (2 a2(iig) — *q2(iif) 1 (i) g2 (i) / (y1 — ys)
— (WD) 2 (i) — T (5id)) ga (it) a1 (i7) / (y1 — y3)
— equ(iji) qu(1ij)q2(iji) = 0.
Using (3.36) and (3.27), the first term on the left hand side equals
(p1(i3i)* = p2(ii)*) a1 i)/ (y1 — ys)-
Using (3.43) and (3.29), the second and third terms equal
(q1(178)g2(i§0)95 — 1+ p2(i59)*)*2qu (i47) /(1 — ys)
and

—(@2(i78)q1 (i§0)07 — 1+ p1(i59)*)* a1 (@i7) /(1 — y3),
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respectively. Now we observe by (1.14) that

U5 —PF = e(yr — 3). (3.47)
Making these substitutions, it is then easy to verify the required identity.
Comparing the ¥119-, Po1h1-, 11-, and o-coefficients is relatively routine,
using (3.36) and the fact that *20s(p1(jii)) = 201 (p2(iij)) = p1(iji)p2(iji).

Case 5: i = j = k. This case is the most explicit of all since we have the
precise formulas for all p’s and ¢’s. We leave details to the reader. 0O

3.5. Proof of the Main Theorem in the degenerate case. Now we can
prove the Main Theorem from the introduction when ¢ = 1. By Theorem 3.2,
there is a homomorphism

p: RN — HA (3.48)
mapping all the formal generators e(%), y, and 1, to the explicit elements of
H C/y\ with the same names. To prove that p is an isomorphism, we construct
a two-sided inverse

o:HA — RM (3.49)
By Theorem 3.3, there is a homomorphism o : H; — RQ mapping the formal
generators x, and s, of Hy to the elements of Rg\ with the same names defined
in (3.41) and (3.42). We claim that this homomorphism factors through the
natural surjection Hy; — H’ to give the required inverse homomorphism
(3.49). To see this, observe using the orthogonality of the e(¢) and (1.6) that

o (H(l’l - i)(A’ai))> = Z H(yl + 1 — )M e(f) = 0.
icl jereiel

Hence, o factors through the quotient H3 of H, from (1.2). To show that
o factors further through the surjection H é‘ — H2 defined by multiplication
by the block idempotent e, we need to show that o(eg) = 0 for any g € Q+
of height d with § # «a. Recalling (1.3), this follows immediately from the
following lemma.

Lemma 3.4. For any i € I, we have that

. e(i) ifiel™;
o(e(d)) = { 0 otherwise.

Proof.  To avoid confusion, let us temporarily denote the idempotent e(2) €
RA instead by e(3)’. Recall that e(i) € H2 is the idempotent characterized by
the property that e(i)M = M; for any finite dimensional left H2-module M.
The homomorphism ¢ makes R2 into a finite dimensional left H é\—module. By
(3.41), Lemma 2.1 and the relation (1.7), the weight space (R2); is precisely
e(3)'RA if 4 € I® and zero otherwise. Hence o(e(i)) is an idempotent in
R that projects R} onto e(i)'R2 if 4 € I and is zero if 4 ¢ I®. Hence
o(e(i)) =e(¢) if 1 € I* and o(e()) = 0 otherwise. O

This completes the definition of the homomorphism (3.49). To finish the

proof of the Main Theorem in the degenerate case it remains to check that p
and o are two-sided inverses. This follows by the final lemma.
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Lemma 3.5. We have that oo p =idps and poo =idga.

Proof.  Since both ¢ and p are algebra homomorphisms, it suffices to check
that o o p is the identity on each generator (2.4) of R2 and that po o is
the identity on each generator (3.1) of H2. The fact that o(p(e(i))) = e(3)
follows from Lemma 3.4. Then using (3.41) and (3.21) we get that

plo(e) =D pl(yr +ir)e(d) = Y wre(d).
1€l iele

Since > ;o €(2) is the identity e, € HZ2, this implies p(c(z,)) = x,. The
proof that p(o(s,)) = s, is a similar calculation using (3.42) and (3.32).
Finally one checks that o(p(y,)) = v, and o(p(,)) = 1, using the same
formulae. O

4. THE NON-DEGENERATE CASE

4.1. Blocks of cyclotomic Hecke algebras. Now we assume that ¢ # 1
and let Hy be the affine Hecke algebra over F' at this parameter. Thus Hy
has generators

(X o xFhu{n, .. Taq} (4.1)
subject to the following relations for all admissible indices:
XX =XxTXH O XX =1
7. X, T, = qX,41, T, Xy =XT, ifs#nrr+1;
T} = (¢ =T +g;
T, 1T, =T 1T Ty, T, Ts =TT, if |r—s| > 1.
The following relations are easy consequences of the defining relations:
T =¢ ' +q¢7' - 1
X T, =T X, + (1= @) X1, X' =T.X 1 +(g— DX

XD =T,X + (- 1)X1, X, N =T,X'+(1-gX, "

T

We’ll use these repeatedly without further note.

Given A € Py of level | as usual, denote by the same letters Xlﬂ, . ,XdjEl
and 711, ...,Ty_1 the images of the generators in the cyclotomic quotient H é\
from (1.2). As goes back to [AK], we have that

dim H) = 14d!, (4.6)

just like in the degenerate case. In case [ = 1, H C/l\ is the usual finite Hecke
algebra associated to the symmetric group Sy.

Let M be a finite dimensional H4-module. By [AK] (see also [G, Lemma
4.7]), the eigenvalues of each X, on M are of the form ¢ for i € I. So M
decomposes as a direct sum M = @; ;a M; of its weight spaces

M;:={ve M| (X, —q¢")Yv=0forallr=1,...,d and N > 0}.
As in (3.7), we have that
Tr(M;) C© M; + M, 5. (4.7)
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Considering the weight space decomposition of the regular module as in §3.1,
we deduce that there is a system {e(i) | i € I} of mutually orthogonal
idempotents in H such that e(i)M = M; for each finite dimensional module
M. Each e(2) lies in the commutative subalgebra generated by Xlﬂ, cee X;ltl,
all but finitely many of the e(é)’s are zero, and their sum is the identity
element in H ;’l\.

As goes back to Bernstein, the center Z(H) consists of all symmetric poly-
nomials in Xlﬂ, e ,le; see e.g. [CG, Proposition 7.14] and [G, Proposition
4.1]. So, given also o € Q4 of height d, the idempotent e, from (1.3) is ei-
ther zero or it is a central idempotent in H4. In fact, it follows from [LM]
that the non-zero e,’s are precisely the primitive central idempotents of H C/l‘
(although we don’t ever use this). So again the algebra Hé} = eaHC/l\ from
(1.4) is either zero or it is a block of H%. The commutative subalgebra of
H) generated by X', ... ,le will be denoted Pol®. Each Pol’e(i) is an
algebra with identity e(i). If X € Pol® is such that Xe() is invertible in
PolXe(i), we write X ~e(4) for its inverse in Pol2e(4). For example, set

X=X, X1 (4.8)
Then (1 — X, 5) 'e(z) makes sense if i, # is.
4.2. Intertwining elements ®,.. For 1 <r < d, set

=T+ Y (1—q)(1—Xppp1) le(i)+ > e(@).  (4.9)
S el
ir7éi7'+1 74"r:7:'r‘+1

This is a slightly modified version of the usual intertwining elements as in
[Ro, §2] and [L1, §5.1]:

@r = Tr(l - Xr,rJrl) +1- q. (410)

The elements O, have the following nice properties which are checked from
the relations (cf. [L1, Proposition 5.2]):

93 = (1 = qXrs1,)(1 = ¢ X pi1); (4.11)
o, X = Xe,, 0,X,=X0, ifs#rr+1; (412
0,060,110, =0,,10,0,,1, ©0,0,=0,0, if|r—s>1.  (413)

The elements ®, inherit similar properties:
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Lemma 4.1. The intertwining elements satisfy the following relations for
all © € I* and admissible r,s:

Dre(i) = e(s,1)Py; (4.14)
D, X, = XD, if s#r,r+1; (4.15)
D, P, = O, D, if [r—s|>1;  (4.16)

X Be(i . .

&, X, s pe(i) = et | PirF e (4 47)
(X, P + ¢ X1 — X, )e(2) if iy = dpg1;

B X oli . .

X1 ®@pe(s) = 4 TrErel®) . i ir # T (418)
(P, Xy + ¢ X1 — X, )e(2) if iy = tpg1;
(Xr+1*qu)(Xr*qu+1) y ) 3

éfe(i) _ (XT+1—Xr)()-(T—XT+1) e(t) Z'f Z.r e Z.r+1, (4.19)

(1+q)®re(s) if i = drta;
((I)T—i—lq)r(br—s—l + qq)r - qq)r-l—l)e(i) Zf i = Z.’/‘—|-2 = Z-r—s—lv
q)T(pr+1(I)re(i) = ((I)r+1q)r(br+1 + Zr>e(z) Zf iy = ir+2 7& i?’+17
D, 1P, P, 1e(7) otherwise,
(4.20)

2 (XrXr+2*X3+1)(XrXr+1*qu+1Xr+2)

(Xr=Xr1)? (Xr 41— Xry2)? :
Proof. The first equation (4.14) follows by (4.7) and (4.12) using the
fact that ®,e(i) = ©,(1 — Xr,Hl)_le(i) for 4, # 4,41, in the same way
that (3.14) was verified in the proof of Lemma 3.1. The properties (4.15)
and (4.16) are clear from definitions. The properties (4.17) and (4.18) come
easily from (4.12) and relations in H2. For (4.19), if i, = i,,1, we have
®2e(i) = (T, + 1)%e(i) = (1 + q)®,e(3). Now suppose that i, # i,,1. Then,
using (4.11) and (4.12), we have that

®2e(i) =0, (1 — Xy 1) 1O-(1 — X)) te(d)
263(1 - XrJrl,r)_l(l - Xr,rJrl)_le('i)
:(1 - qu+1,r)(1 - qu'Jrl)(l - Xr+1,r)_1(1 - Xr,r+1)_1e(i)~

Finally, for the proof of (4.20), we assume without loss of generality that
r = 1 and consider five cases like in the proof of Lemma 3.1. Case 4 involves
making a lengthy but routine expansion. 0O

where Z, denotes (1 — q)

4.3. Khovanov-Lauda generators of H ;’1\ in the non-degenerate case.

Set ‘
yro=Y_ (1= ¢ " X,)e(i). (4.21)
tele
Note that y1,...,yq € Polg are nilpotent, so we are in the situation of (2.3)
and can interpret any power series in F[[y1,...,yq4]] as an element of Pol’.

It is convenient also to set
yr(2) == ¢ (1 —y) € Fllyr, - -, vall, (4.22)
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so that
Xe(d) = o (i)eld) (4.23)
for each 7 € I*. We note further that
Yr+1(2) — qyr(2) = qir+1 (Yr — Yrs1) if iy — dpy1 OF dp S dpyr,  (4.24)
yr(z) - qerrl(i) = qir (errl - yr) if 3, «— Tp41 OF 4p = Gy, (4'25)
e (8p+8) = Yp41(2) for all 4. (4.26)

For any 1 <r < d and © € I* we define power series P,(¢) € F[[yr, yr+1]]
Fllyi,.-.,ya]] by setting

. 1 if iy = ir+1u
Pr(l) = . N1\ 1 L . (427)

{(1 - Q) (1 - yr(l)yr+1(’t) 1) if i # ipq1.

The following facts are easy to check:
P.(i) + Py (spi) =1—¢q if 4 £ dpg1; (4.28)
Pry1(8p-t) = P (Sp412) for any ; (4.29)
N e(2) if iy = dp41,
P.(1)e(z) = - . 4.30
”(){uwm—mﬂwaﬂu¢mn (430)
O, = > (Tp + Po(d))e(d). (4.31)
el

By explicitly expanding both sides in terms of yi, ..., yq4, one checks that

, o W (@) — qyr(9) (Y (4) — qura(3))
=B+ B = S ) w5
for all ¢ € I* with 7, # i,41. Note the denominator on the right hand side
of (4.32) is a unit in F[[y,, yr+1]] so this makes sense.
Fix from now on a choice of invertible elements Q,(2) € F[[y,, yr+1]] with
the following properties:

Qr(z) =1—-q+qyr+1 — yr if 4 = dpp1; (433)

(1= Br(d))(g + Pr(3)) if ir £ ippa,
(1=P2(6)(g+P; ()

if 7;7« — i»,«.;.l,

-\ Sy g — Yry1—Yr
Q()"Qrlsrd) = ) -P@larhi) i, — iy, OO
(1-Pr(@))(at Pr(3)) e
. ey if ir = dpy;
T Qrt1(Sr+18r-8) = " Qr(8r8p41-1) for any 1. (4.35)

In the fractions on the right hand side of (4.34), the fact that the denomina-~
tors divide the numerators follows because of (4.32) and (4.24)-(4.25). For
example, one could choose

1 —q+qYyr+1 —yr if iy = ipq1,
(yr(z) - qyr—l—l(i)))/(yr(i) - yr-i—l(i)) if iy 7L Z.7“—1—17
() = qyr+1(8))/ (4 (8) — yr41())? 1£ iy =1, (4.36)
IL 2 < 2p41,
"/ (yr(3) = Yr41(2)) if i, = iril,

Qr(2) := Ir

(
q
q
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which satisfy (4.34) by another application of (4.32) and (4.24)—(4.26).
Now, the Khovanov-Lauda generators in the non-degenerate case are
{6(1’) ‘ (S Ia} U {yl’ s 7yd} U {¢17 EER) /lzz)d—l}’ (437)
where y, is the element defined by (4.21) and
Uri= Y ,Qu(8) e(i) = Y (T, + Pr(d))Qr (i) 'e(d). (4.38)
icl> icle
Theorem 4.2. The elements (4.37) of H2 satisfy the defining relations
(1.6)-(1.15) of the cyclotomic Khovanov-Lauda algebra R2.

Proof.  The checks of (1.6)—(1.11) go in the same way as in the proof of
Theorem 3.2; these are easy so we omit them. For (1.13), we have that

Yr1tre(d) = (1 — q_iTXr—i-l)q)rQT(i)_le(i)' (4.39)
If 4, # iy41, this equals ®,Q, (i) (1 — ¢~ X, )e(3) = ¥,yre(i) by (4.18). If
ir = ir4+1, then (4.39) gives
Yrire(i) = (1= ¢~ Xp1) (T + 1)Qr (i) " e(d)
=((T+ DA -q " X))+ ¢ "X — ¢ 7 X 1)Qr(5) le(i)
= (Yryr + 1)e(d),
since (¢ X, — ¢ 7" X, 1)e(i) = Q,(7)e(3). The proof of (1.12) is similar.
As we have now verified (1.10), (1.12) and (1.13), we can make use of the
identity (2.6) in H® when necessary. For (1.14), using (1.8), we have:
Y2e(3) = By Qu(s,1) bre(s). (4.40)
If i, # ir41, then by (2.6), this becomes

1™ Qr (57-9) " e(d) = B(Qr(4) Qr(s:-9)) " e(d).
By (4.19), (4.23) and (4.32), we have that ®2e(3) = (1— P.(3))(q+ P.(3))e(4),
hence this expression simplifies to give the right hand side of (1.14) by (4.34).
Now, let i, = 4,41. Then, using (2.6) again, (4.40) becomes
Yre(d) = (T + 1)1 — g+ qyr1 — yr) " re(d)
= (T +1)(Tr —¢)(1 —q + qyr — yr+1)_1(1 —q+qYr41 — yr)_le(i)a

which is zero by (4.4).

Finally we prove (1.15). Let us also stop writing e(¢) on the right of all

formulas. Assume without loss of generality that » = 1, d = 3, denote
1:=11,J := 42, k := i3, and consider the usual five cases.

Case 1: 4,3,k all distinct. This is exactly the same calculation as Case 1
from the proof of Theorem 3.2; one needs to use (2.6), (4.20) and (4.35).

Case 2: 1 = j # k. This is exactly the same calculation as Case 2 from the
proof of Theorem 3.2.

Case 3: i # j = k. Similar.
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Case 4: i = k # j. Expanding as in Case 4 from the proof of Theorem 3.2
and using (4.19), (4.20), (4.33) and (4.35), we get that 119101 — ath11he =
A+ B — C where

(X1X3 — X3)(X1X2 — ¢X2X3)

_ _ 2
A=0-9 (X1 — X2)2(X2 — X3)?

(Qui5i)* Qa(ji) Q2 (i) ™",

_ (X =g X)) (X1 —gXa) s o
B= T XK Ky Q) (R@GDT),
(X5 —qXo) (X2 —qX3) /.21 /s N
T 2)(X2—X3) Qa(i0) " (*01(Qaliif) ™).

Noting that *1Q(jii) = ¢~ *(X1 — ¢X3), we get that

(X1X3 - XX, R
(31— X2, — Xpp 1) Qalii)
Expanding the 9’s and using (4.35), we also have that
(X2 — g X1) (X1 — ng) CQu(igi) ' Qa(iji) ! — (Qu(ifi)* Q1 (jid)) "

A=q(1-q)

b= (X2 — X1)(X1 — Xo) Y1 — Y3 ’
o= (X3 — g X2) (X2 — ¢X3)  Qu1(ig)) ' Qa(iji) ' — (Qa(igi)**Q2(4ij)) "
(X3 — X2)(X2 — X3) Y1 — Y3 '

Note also that y; — y3 = —¢~ /(X1 — X3), and by a direct expansion we have
the identity

(1 _ )2 (X1X3 — X22)X2 (X2 — le)(Xl — qXQ)
1 (X1 — X2)2(X2 — X3)? (X1 — X2)%(X1 — X3)
(X3 —¢X2)(X2 — ¢X3)

(Xs— XaP(X1— Xa)
Combining these things gives that
A+ B_C = K2maX)(X) —gXo) (Qu(ig1)* Qu(s1-iji)) "
(X2 — X1)(X1 — X3) Y1 — y3
4 (X3 —¢X0)(Xp — g X3) (Q2(1ji)*2Q2(s2-4ji)) !
(X5 — X2) (X2 — X3) Y1 — Y3 '

Now use (4.23), (4.32) and (4.34) to deduce that this equals 0 if ¢ £ j, 1 if
i—j, —1if i« jor —2ys + y1 + y3 if ¢ = j. This imples (1.15).

Case 5: i = j = k. Exercise. 0O

4.4. Hecke generators of Rg. Once again, we let Rfl\ be the cyclotomic
Khovanov-Lauda algebra from §2.2. Using the homomorphism (2.5), we can
regard the power series Py(i), Q,(4) and y, (i) from §4.3 as elements of RA.
The Hecke generators of RY are the elements

{Xl,...,Xd}U{Tl,...,Tdfl} (4.41)
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where
Xy = Z yr(2)e(d) = Z qir(l —yr)e(2), (4.42)
iel el
Toi= 37 (0nQui) — Po(i))eli). (4.43)
el>

We often need the following consequence of (1.14) and (4.34):
Qe (1) Qr(sp-9)e(d) = (1 — Pr(3)) (g + Pr(4))e(d). (4.44)
Now we are ready to make the final set of computations.

Theorem 4.3. The elements (4.41) of R) satisfy the defining relations
(4.2)-(4.5) of the affine Hecke algebra Hy.

Proof.  The relations (4.2), (4.3) for s # r,r 4+ 1, and (4.5) for |r —s| > 1
are obvious. Next we check (4.4), i.e. T?e(i) = (¢ — 1)T,e(3) + qe(s) for all
1 € I“. By exactly the same calculation as in the proof of Theorem 3.3, we
have that

TPe(d) = (YrQr(sr-8)9r Qe (i) — Pr(sr-8)0r Qr(4) = rQr () P (8) + P (4)°)e(4).
If 4, = i1 we use the facts ¥?e(i) = 0 and 0,(1 —q + qurs1 —yr) = ¢+ 1
combined with (2.6) to deduce that
TPe(d) = (Yr(1 = a4 qyrer — yr)rQr(d) — 20, Qr () + 1ei)
= ((a+ D)@ (2) = 240 Qr(3) + 1)e(2)
= ((¢ = D(rQr(3) — 1) + @)e(2) = ((¢ — 1)T; + q)e(d).
If iy # ir41 then by (2.6), (4.44) and (4.28) we get instead that
TPe(d) = ()7 Qr(s5r1)Qr(2) — (P (i) + " Pr(5,-))Qr (3) + Pr(2))e(d)
= ((1 = Pe(8))(q + Pr(2) + (¢ = 1)1 Qr(3) + Pr(4)*)e(4)
= ((q = D)(rQr(3) — Pr(2)) + @)e(d) = (¢ — )T} + q)e(2).
This completes the proof of the quadratic relation.
Next consider the remaining mixed relation from (4.3). As we have already
checked the quadratic relation, it suffices to show that X, T,e(z) = (T, + 1 —

q)X,41e(i) for each 4. Using (2.6), (4.26) and the fact that 9,(y,.(3)) = ¢',
we get that

XoTre(d) = (ur(50-8)90 @0 (3) — ur (0)Po()e(d)
= (Yryr41 (DQr(2) + iy i1 4 Qr(3) — yr (8) Pr(3))e(d),
(Tr +1 = @) Xrp1e(d) = (rQr(4) — B (4) + 1 — q)yr11(2)e(?).
Considering the two cases i, # 4,41 and i, = 4,41 separately, it’s now an
easy exercise to check these two expressions are equal using (4.22), (4.27)
and (4.33).

This just leaves the braid relations. We assume that » = 1, d = 3, set
i:=11,J 1= i9,k := i3, and need to show that ToT1Thre(ijk) = T1ToT1e(ijk).
As usual we stop writing e(ijk) on the right of all expressions. To start
with, the left (resp. right) hand side of the identity to be checked expands to
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exactly the same expression as (3.44) (resp. (3.45)), with all p, and g, there
replaced by P, and @,. Then we consider the usual five cases.

Case 1: i, 4,k are all different. This is entirely similar to Case 1 in the proof
of Theorem 3.3. When equating 1-, ¥2- and constant coefficients at the end,
everything reduces to the following three identities:

WPy (jik) Po(ijk) = Pi(ijk) Pa(ijk) + *'P1(jik)* Pa(jik),
Py (ikj) Pi(igk) = Pi(ijk) Pa(ijk) + *2 Py (ikj)* Pa(ikj),
Py (ik) Pa(igk)*+(13)* Qa(iky)** P (k) Qa(ik)
= Pi(ihk)* Pa(ijk) + (7)™ Q1 (jik) " Pa(5ik) Q1 (ij ).
The first two of these are easily checked from (4.27) and (4.26). The last one
follows using (4.44) too.

Case 2: i = j # k. Again, the initial expansions made in Case 2 of The-
orem 3.3 are valid in the present situation. We need to equate coefficients
on both sides of these expansions. As before, this is easy until we get to
the ¥1-, 1o- and constant coefficients. For the 11-coefficients, noting that
01 (Q1(iik)) = 1+ ¢, we have to show that

O (Pa(1ik)) Q1 (iik) = Pa(itk) — q* Py(iik) — Pa(iik)** P (iik). (4.45)
This can be checked by brute force, expanding both sides fully using (4.27),
(4.22) and (4.33). Next, for the 1s-coefficients, we need to show that

(Po(iik) — 2 Py (iki) 4 °2 Py (iki)®2 Pa(iki)) Q2 (iik) =
[01(Q2(iik)) (P (iik) — ** Py(iki)) — *' Qa(iik) 01 (** Py (iki))] Q1 (iik).
Replacing 2 P; (iki) with 2Py (iik) everywhere and using (4.28) to rewrite the
term 2 Py(iki) as 1 — ¢ — Py(iik), this identity is equivalent to
(Po(iik) — q ' Po(iik) — Pa(iik)* Po(iik))Q2(iik) =
[01(Qa(iik)) (Pa(iik) — *Py(itk)) — *1 Qa(iik)1 ("' Pa(iik))] Q1 (iik). (4.46)
Now we expand the 0d;’s on the right hand side of (4.46) to see that it equals
1Py (itk) — Po(itk .. i
2 (iik) = Po )Ql(mk)Qg(zzk:).
Y1 — Y2
This equals 01 (P2(itk))Q1(iik)Q2(iik) which by (4.45) is equal to the left
hand side of (4.46). Finally, to check the constant coefficients, we need to
show that
Py(iik)(1 — Pa(iik)) — (1 — Py(iik))(q + Po(itk))® Py (iki)
= O1(Po(iik)) Q1 (iik) (1 — Po(iik)),
where we have used (4.44) and the observation that 17 = 0 by (1.14). Noting

that 52 Py (iki) = *1P,(itk), this follows from (4.45) on multiplying both sides
by (1 — Pa(iik)).

Case 3: i # j = k. Similar.
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Case 4: i = k # j. Again we follow the calculation from Case 4 of Theo-
rem 3.3. Let e :=01ifi+£j, 1ifi — j, —1if i «— j and —2ys + y1 + y3 if
i = j. In view of (4.34), the 1o1h11po-term cancels with the 1)11h911-term,
producing the addition of £Q1(757)%2Q1(ii7)Q2(iji) to the constant term of
the second expression. Now we just consider the constant coefficients, all the
other coefficients being routine. Using (4.44), we need to show that

= Po(iji)* Pr(iji) — (1 — Pa(iji)) (g + Pa(iji))
+ (43)*201(Qa(115)) > Qu (i15) Q2 (i74)
equals
— Py(iji)* Py(iji) — (1 — Pu(iji))(q + Pu(iji))+
(47)%02(Q1(ji0))* Q2 (jid) Q1 (ii) + Q1 (ii)*> Q1 (#4§) Q2 (i)
Expanding the 0’s, this means we have to show that
Py (iji) Po(igi) (P (igi) — Pa(iji))
+ (1 - Pu(iji))(q + Pi(iji)) — (1 — Pa(iji)(q + Pa(iji))
Q1(igi)Q2(iji) — *2Q2(iij)Qa(iji)

+ (¥3) — 2Q1(iij)
Y1 — Y3
- (zz)%)Ql(””%(”zl—_@y;(w) QU eagy, 11

— eQu(ij1)Qa (i) Qu (idj) = 0.
Now we use (3.47) and (4.44) and simplify to get that the left hand side of
this expression equals

o C2Q1(00)) +y1 — s
(1= PG 0+ Palid)) = (1= Paligi)a + Paligin) — 2D
+ Py(iji) P (i) (Py (i) — Pa(iji)).
Simplifying the first term using (4.33) then cancelling (P (iji) — Pa(iji))
everywhere, this reduces to checking
(1= q)(L = g — Pr(igz) — Pa(igi)) (1 — y3) + Pr(iga) Pa(iji) (y1 — y3) =0,
which is straightforward using (4.27) then (4.22).

Case 5: i = j = k. Exercise. 0O

4.5. Proof of the Main Theorem in the non-degenerate case. Fi-
nally we can prove the Main Theorem from the introduction for ¢ # 1. By
Theorem 4.2, there is a homomorphism

p: R» - HA (4.47)

mapping all the formal generators e(%), y, and 1, to the explicit elements of
H é} with the same names. This homomorphism is an isomorphism because
it has a two-sided inverse

o:HY - RA (4.48)

[0}
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mapping the generators T, and X, to the explicit elements of R2 with the
same names. This statement follows by Theorem 4.3 and arguments that are
entirely similar to those in §3.5.

5. EXAMPLE: YOUNG’S SEMI-NORMAL FORM

In this section we make a rather drastic special assumption: A = Ay and
e = 0. With this assumption, the degenerate cyclotomic Hecke algebra H £
is equal to the group algebra F'S; of the symmetric group if ¢ = 1 or the
corresponding Iwahori-Hecke algebra if ¢ # 1. Either way, H é\ is a semisimple
algebra, so its blocks are matrix algebras. We want to explain how in this
special case our results basically reduce to the classical Young’s semi-normal
form. From this point of view, one can think loosely of our Main Theorem as
a replacement for Young’s semi-normal form when the blocks are not simple.

Let X be a partition of d. We identify A with its Young diagram drawn in
the usual English notation. The residue of the box of A in row ¢ and column
j is defined to be j —i € I. By a A-tableau we mean a diagram obtained
by filling the boxes of A with the entries 1,...,d (each appearing exactly
once). Let 7 ()\) denote the usual set of all standard A\-tableauz, i.e. the
A-tableaux whose entries are strictly increasing both along rows from left to
right and down columns from top to bottom. The symmetric group Sy acts
naturally on the set of all A-tableaux by its action on the entries, but it does
not preserve the subset 7 (\) of standard A-tableaux.

To any T € .7 (\) we associate its residue sequence i' := (i1, ... ,iq), where
im is the residue of the box of T containing the entry m. We define the weight
of a partition A to be the weight o, +-- -+, € Q4 where (i1,...,14q) is the
residue sequence of any standard A-tableau. The partition A can be uniquely
recovered from its weight.

Now fix a partition A of d of weight a. We use Khovanov-Lauda generators
to construct a module S(\) over the block H2 of the symmetric group FSy.
As a vector space, we let

SN = @ For. (5.1)
TeET(N)

The action of the Khovanov-Lauda generators on this basis is defined as
follows:

. L (% if ’I:T = ’i,
elt)ur = { 0 otherwise; (5-2)
yrvr = 0; (5.3)
| ver ifs,TeT(N),
Yror = { 0 otherwise. (5-4)

It is now very easy to check that the relations (1.6)—(1.15) are satisfied, hence
applying our Main Theorem in this very special case we get an H é}—aetion
on S(A). Moreover, if S,T € .7(A) then one can obtain T from S by a series
of basic transpositions so that on each step we still have a standard tableau;
see for example [K1, Lemma 2.2.8]. It follows that the H2-module S()) is
irreducible.
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Since Hé} is a simple matrix algebra, our construction yields an isomor-
phism H2 = Endg(S()\)). So we deduce from (5.2)-(5.3) that e(3) # 0 if and
only if ¢ = 4" for some T € .7 (\), y, = 0 for all 1 < r < d, and the Z-grading
on H é} from Corollary 1 is concentrated in degree zero. Letting A vary over
all partitions of d, we get a full set of pairwise inequivalent irreducible H é\—
modules from this construction. Finally, if ¢ = 1 and we use (3.42), we obtain
formulas for the action of the standard generators sq,...,s4-1 on each S()\)
which are exactly Young’s formulas. On the other hand if ¢ # 1 and we use
(4.43) we obtain formulas for the action of 771,...,T;—1 on S(\) which are
essentially the formulae going back to Hoefsmit [H]; see also [Ra] and [W].

Remark 5.1. Replacing the set .7 () with the set 7. () of e-standard tableaux,
the construction of the irreducible module S(\) by the formulae (5.2)—(5.4)
can be generalized to include the so-called completely splittable irreducible
representations of the symmetric group in characteristic e > 0 (and their
g-analogues at roots of unity); see [K2] and [Ru].

6. BASE CHANGE

Finally we explain an application of our main result to base change. Fix
A € Py of level [ and o € Q4 of height d. Henceforth we will denote the
algebra H2 (vesp. H}) instead by HX(F) (resp. H}(F)), as we are going
to allow the ground field to change. Also make a choice of Khovanov-Lauda
generators for H2(F) according to (3.31) if ¢ = 1 or (4.37) if ¢ # 1. To start
with we explain how to descend from the field F' to its prime subfield E.

Theorem 6.1. Let E be the prime subfield of F. Let HM(E) denote the
E-subalgebra of H(/)}(F) generated by the Khovanov-Lauda generators. Then
the natural map
F®p HXE) — HA(F)

is an F-algebra isomorphism. Moreover, letting RY(E) be the cyclotomic
Khovanov-Lauda algebra over the field E defined as in §2.2, there is an
E-algebra isomorphism RX(E) = HXME) sending the named generators of
RA(E) to the Khovanov-Lauda generators of HME).

Proof.  There is an obvious surjective homomorphism RA(E) — H2(E)
mapping the named generators of R2(E) to the Khovanov-Lauda generators
of HA(E). Extending scalars, this yields a map F ®p R2(E) — HMF).
On the other hand by the presentation for RA(F) arising from our Main
Theorem, there is a map H2(F) — F @z RA(E) such that e(i) — 1 ® e(i),
yr — 1 @y, and ¥, — 1 ® 1, for each 7 and r. Clearly these two maps are
mutual inverses, hence both are isomorphisms. This implies that the original
map RA(E) - HX(E) is injective, so it is an isomorphism, and the theorem
follows. O

Corollary 6.2. Let D(F) be an irreducible H)(F)-module. Then there exists
an irreducible H2(E)-module D(E) such that D(F) = F @ D(E).

Proof. By [KL1, Corollary 3.19] (extended to include the case e = 2 as
well) every irreducible R2(E)-module is absolutely irreducible. O
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Recall the formal character ch M of a finite dimensional H2 (F)-module
M means the formal linear combination ) ;o (dim Mj) - 4, where Mj is the
i-weight space e(2)M C M. It is known that two modules M and N are equal
in the Grothendieck group if and only if ch M = ch N. Corollary 6.2 implies
at once that the formal characters of the irreducible H2 (F)-modules are the
same as the formal characters of the irreducible H2(E)-modules (defined in
an analogous way via the idempotents e(i) € H2(E)). Since the formal char-
acters of the Specht modules of [DJM] do not depend on the underlying field,
this proves a conjecture of Mathas asserting that decomposition matrices of
Specht modules over H2(F) depend only on e and the characteristic of F
(not on F itself):

Corollary 6.3. Conjecture 6.38 of [M] holds.

Now suppose also that K is a field of characteristic zero, and let £ € K*
be a primitive eth root of unity if e > 0, or some element that is not a root
of unity if e = 0. Let H}(K) denote the cyclotomic Hecke algebra over K
at parameter ¢, and H2(K) := e, H}(K). Fix a choice of Khovanov-Lauda
generators for H2(K) according to (4.37). The following theorem explains
how HA(F) can be obtained from H2(K) by base change.

Theorem 6.4. Let H)(Z) denote the subring of HMK) generated by the
Khovanov-Lauda generators. Then HX(Z) is a free Z-module and there are
isomorphisms

HAK) = K oy HNZ), (6.1)
HAF) 5 F oy HN2), (6.2)
such that () — 1 ® e(2), yr — 1 @y, and Y, — 1 ® Y, for each © and r.

Proof.  Let H2(Q) denote the Q-subalgebra of H2(K) generated by the
Khovanov-Lauda generators. By Theorem 6.1, we can identify HMK) =
K®oHA(Q), and H2(Z) can be viewed equivalently as the subring of H2(Q)
generated by its Khovanov-Lauda generators. By the same argument as in the
proof of Corollary 2.2, HA(Z) is spanned as a Z-module by elements defined
in terms of its Khovanov-Lauda generators like in (2.7), and only finitely
many of these elements are non-zero. Hence H(Z) is a finitely generated
Z-submodule of H2(Q) and it generates H2(Q) over Q. As Z is a principal
ideal domain, this implies that H2(Z) is a lattice in H2(Q), hence it is also a
lattice in HA(K) i.e. it is the Z-span of a K-basis of H2(K). This shows that
HX(Z) is a free Z-module and the canonical map K ®z HMNZ) — HX(K) is
an isomorphism.

Now consider the F-algebra F @z HX(Z). Tt is generated by the elements
l1®e(i), 1 ®y, and 1 ® ¢, for all ¢ and r, and according to the Main
Theorem these elements satisfy the same relations as the defining relations
of the Khovanov-Lauda generators of H2(F). Hence there is a surjection

HMF) » F oy HNZ), e(i) — 1@ e(@),yr — 1@ yr, by — 1 @ 1,

To complete the proof of the theorem, we need to show that this surjection is
an isomorphism. Note that dimp F®zH2(Z) = dimg H2(K) by the previous
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paragraph. In view of the above surjection, we know that dimpg HQ(F ) >
dimyg HMK) for all o, and are done if we can show that equality holds
everywhere. This follows because

> dimp HY(F) = dimp H} (F) = dimg H}N(K) = Y dimg H) (K)
acQ+ acQy
ht(a)=d ht(a)=d
by (3.6) and (4.6). O

As a consequence we can explain how to reduce irreducible H2 (K )-modules
modulo p to obtain well-defined H, C’}(F )-modules, in the spirit of the Brauer-
Nesbitt construction in finite group theory (see e.g. [CR, §82]).

Theorem 6.5. If D(K) is an irreducible H)(K)-module and 0 # v € D(K),
then D(Z) := HMNZ)v is a lattice in D(K) that is invariant under the action
of HNZ). For any such lattice,

D(F) = F @z, D(Z)

is naturally an H(F)-module with the same formal character as D(K). In
particular, the image of D(F) in the Grothendieck group is independent of
the choice of lattice.

Proof.  Let H2(Q) denote the Q-subalgebra of H2(K) generated by the
Khovanov-Lauda generators. By Corollary 6.2, there exists an irreducible
H2(Q)-submodule D(Q) of D(K) such that D(K) = K ®g D(Q). We can
choose this so that the given non-zero vector v belongs to D(Q). Then
HX(Z)v is a finitely generated Z-submodule of D(Q) which must span D(Q)
over Q since D(Q) is irreducible. This implies that D(Z) is a lattice in D(Q),
hence also it is a lattice in D(K). The rest of the theorem follows easily since
the i-weight spaces of D(K) and D(F') are equal to e(2) D(K) and e(i)D(F),
respectively, and e(¢) D(Z) is a lattice in e(2)D(K). O

Theorem 6.5 implies that there is a well-defined notion of composition mul-
tiplicity in the reduction modulo p of an irreducible H fi\(K )-module. Since
the irreducible H3(K)-modules are understood by [A], it would be particu-
larly interesting to find hypotheses on « that ensure that D(F) is an irre-
ducible H2(F)-module for every irreducible H2 (K )-module D(K). In level
one, there is a precise conjecture for this known as the James conjecture; see
e.g. [Ge, §2] and [F].

REFERENCES

[A] S. Ariki, On the decomposition numbers of the Hecke algebra of G(m,1,n), J.
Math. Kyoto Univ. 36 (1996), 789-808.

[AK] S. Ariki and K. Koike, A Hecke algebra of (Z/rZ)! S, and construction of its
irreducible representations, Advances Math. 106 (1994), 216-243.

[B] J. Brundan, Centers of degenerate cyclotomic Hecke algebras and parabolic cate-
gory O, Represent. Theory 12 (2008), 236-259.

[BK1] J. Brundan and A. Kleshchev, The degenerate analogue of Ariki’s categorification
theorem; arXiv:0901.0057.

[BK2] J.Brundan and A. Kleshchev, Graded decomposition numbers for cyclotomic Hecke
algebras; arXiv:0901.4450.



32

JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

[BKW] J. Brundan, A. Kleshchev and W. Wang, Graded Specht modules;

(BS]
[CG]
[CR]

[DJIM]

arXiv:0901.0218.

J. Brundan and C. Stroppel, Highest weight categories arising from Khovanov’s
diagram algebra III: category O; arXiv:0812.1090.

N. Chriss and V. Ginzburg, Representation Theory and Compler Geometry,
Birkh&user, 1997.

C. Curtis and I. Reiner, Representation Theory of Finite Groups and Associative
Algebras, Wiley, 1988.

R. Dipper, G. D. James and A. Mathas, Cyclotomic ¢-Schur algebras, Math. Z.
229 (1998), 385-416.

M. Fayers, An extension of James’ conjecture, Int. Math. Res. Not. IMRN 10
(2007), 24 pp..

M. Geck, Representations of Hecke algebras at roots of unity, Astérisque 252
(1998), 33-55.

I. Grojnowski, Affine sl,, controls the representation theory of the symmetric group
and related Hecke algebras; arXiv:math.RT/9907129.

P. Hoefsmit, Representations of Hecke Algebras of Finite Groups with BN-Pairs of
Classical Type, Ph.D. thesis, University of British Columbia, 1974.

A. Jucys, Factorization of Young’s projection operators for symmetric groups
Litovsk. Fiz. Sb. 11 (1971), 1-10.

M. Khovanov and A. Lauda, A diagrammatic approach to categorification of quan-
tum groups [; arXiv:0803.4121.

M. Khovanov and A. Lauda, A diagrammatic approach to categorification of quan-
tum groups II; arXiv:0804.2080

A. Kleshchev, Linear and Projective Representations of Symmetric Groups, Cam-
bridge University Press, Cambridge, 2005.

A. Kleshchev, Completely splittable representations of symmetric groups, J. Alge-
bra 181 (1996), 584-592.

A. Lauda, Nilpotency in type A cyclotomic quotients; arXiv:0903.2992.

G. Lusztig, Affine Hecke algebras and their graded version, J. Amer. Math. Soc. 2
(1989), 599-635.

G. Lusztig, Introduction to Quantum Groups, Birkhduser, 1993.

S. Lyle and A. Mathas, Blocks of cyclotomic Hecke algebras, Advances Math. 216
(2007), 854-878.

A. Mathas, Iwahori-Hecke Algebras and Schur Algebras of the Symmetric Group,
University Lecture Series 15, American Mathematical Society, Providence, RI,
1999.

G. E. Murphy, The idempotents of the symmetric group and Nakayama’s conjec-
ture, J. Algebra 81 (1983), 258-265.

A. Ram, Seminormal representations of Weyl groups and Iwahori-Hecke algebras.
Proc. London Math. Soc. 75 (1997), 99-133.

J.D. Rogawski, On modules over the Hecke algebra of a p-adic group, Invent. Math.
79 (1985), 443-465.

R. Rouquier, Derived equivalences and finite dimensional algebras, Proc. ICM
(Madrid 2006) 2, 191-221, EMS Publishing House, 2006.

R. Rouquier, 2-Kac-Moody algebras; arXiv:0812.5023.

O. Ruff, Completely splittable representations of symmetric groups and affine
Hecke algebras, J. Algebra 305 (2006), 1197-1211.

W. Turner, Rock blocks, to appear in Mem. Amer. Math. Soc.; arXiv:0710.5462.
H. Wenzl, Hecke algebras of Type A, and subfactors, Invent. Math. 92 (1988),
349-383.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OREGON, EUGENE, OREGON, USA.
E-mail address: brundan@uoregon.edu, klesh@uoregon.edu



