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1 Introduction

In a series of papers [21, 22, 23], Kleshchev has recently proved a branching rule for modular
representations of the symmetric group &(r) on r symbols. Fix a field F of arbitrary
characteristic p. Then, Kleshchev’s branching rule gives a precise description of the socle of
the restriction of an irreducible F&(r)-module to F&(r — 1).

In [24], Kleshchev applies this branching rule to give a purely combinatorial description of
the Mullineux map, which describes the irreducible F&(r)-module obtained by tensoring
an arbitrary irreducible F&(r)-module with the 1-dimensional sign representation. In [13]
(see also [3]), Ford and Kleshchev show, with some technical combinatorics, that Kleshchev’s
description of the Mullineux map is equivalent to a quite different algorithm conjectured by
Mullineux [27] in 1979, thus proving the so-called Mullineux conjecture.

The main purpose of this paper is to prove the quantum analogues of these results,
replacing the group algebra FS(r) with the corresponding Hecke algebra H(r) over F at an
arbitrary root of unity ¢ € F. Our main result is the Hecke algebra analogue of Kleshchev’s
modular branching rule. It turns out that the branching rule for H(r) only depends on the
integer ¢, where ¢ is the smallest natural number such that 1 + g+ ---+ ¢! = 0 in F.
If ¢ = 1, { is precisely the characteristic p of F, and our branching rule specializes to the
classical case considered by Kleshchev.

As a consequence of this branching rule, combining Kleshchev’s argument in [24] with
the known block structure of H(r) from [9], we are able to deduce the quantum analogue of
Kleshchev’s description of the corresponding Mullineux map for H(r). The proof by Ford
and Kleshchev in [13] that this is equivalent to Mullineux’s original algorithm does not
depend on p being prime, so our result is equivalent by [13] to a quantum version of the
Mullineux conjecture, replacing p by £.

We remark that there is now a quite different proof that Kleshchev’s algorithm gives the
Mullineux map using crystal bases. This was first observed for fields of characteristic 0 in
[25], modulo a conjecture (which has now been proved [17, 2]) relating crystal bases for a
certain affine quantum group to decomposition matrices of H(r) over fields of characteristic
0. The result in arbitrary characteristic can be deduced from the characteristic 0 case by an



argument due to Richards [28, 2.13]. However, this alternative approach to the Mullineux
map does not give a proof of the branching rule that is the main subject of this paper.

In Kleshchev’s original proof of the modular branching rule, he first proves a branching
rule for representations of the hyperalgebra of the algebraic group SL(n) over I, then applies
a Schur functor to deduce the result for symmetric groups. The strategy here is very similar:
we shall work mainly with the “quantum hyperalgebra” U(n) corresponding to GL(n), then
apply a Schur functor to deduce results about H(r).

The main difficulty in generalizing Kleshchev’s arguments to the quantum hyperalgebra
is to find an appropriate analogue of the lowering operators T;. ;(M ) introduced by Kleshchev
n [23]. We show how to do this, defining operators S; j(A) in U(n) forall 1 <i < j <n
and all subsets A of the interval {i + 1,...,j — 1}. The lowering operators introduced here
have other applications to the representation theory of quantum GL(n). In the special case
A={i+1,...,j— 1}, the operator S; j(A) defined in this paper is the quantum analogue
of the operator S; ; defined by Carter in [6]. Further properties of these operators can be
found in [4, Chapters 7-8] and [5].

We now describe the layout of the paper. In section 2, we state our main results,
Theorem 2.5 and Theorem 2.6, for the Hecke algebra H(r). We show how to apply these
results to construct the Mullineux map, following the original argument of Kleshchev in
[24]. In section 3, we define the quantum hyperalgebra U(n) corresponding to GL(n),
over I and at an arbitrary root unity, by base change starting from an integral form for the
quantized enveloping algebra U,(gl,,). We use R. Green’s quantum analogue from [16] of the
Carter-Lusztig semistandard basis theorem for standard (Weyl) modules to prove a quantum
analogue of the classical branching rule. In section 4, we define the lowering operators .S; j(A)
and prove some basic properties. These are the required quantum analogues of Kleshchev’s
operators T, s(M). In section 5, we use these operators to prove modular branching rules for
U(n), in Theorem 5.3 and Theorem 5.4. Finally, we show how to deduce Theorem 2.5 and
Theorem 2.6 from these two results by an identical Schur functor argument to the original
classical case in [22].

2 The Main Results for the Hecke algebra

2.1 Let r be a natural number. Throughout the paper, we will be working with a fixed
partition A\ F 7. In this section, n denotes a fixed integer such that A = (Aq,...,\,) with
A1 > X > >, =0and A\ +- -+, = 7. We denote the transpose of the partition A by
XN = (M,...,\,), where m = A; by definition, A; is equal to the number of \; (1 < j < n)
with A; > 4.

Let A be the ring of Laurent polynomials Z[q, ¢~!] in an indeterminate g. We write H(r) 5
for the generic Hecke algebra corresponding to the symmetric group S(r). By definition,
H(r) 7 is the free A-algebra with basis {7}, | w € &(r)} and multiplication defined by

v qTws + (¢ — 1)T,, otherwise,



for all w,s € &(r) with I(s) = 1 (here, I(u) denotes the usual length of uw € &(r)). The
algebra H(r) 5 is generated by the elements T for all basic transpositions s € &(r).

Let F be an arbitrary field and fix § € F*. Define H(r) to be the Hecke algebra over
[ corresponding to H(r) ;; regarding I as an A-module by letting ¢ € A act on F by
multiplication by ¢ € F, H(r) is the F-algebra H(r) s ® ; F. Let H(r — 1) be the naturally
embedded subalgebra of H(r) corresponding to &(r — 1).

Given an arbitrary p b r, let S# be the (right) ¢-Specht module for H(r) corresponding
to p, as defined in [8, Section 4]. It will be more convenient for us to parametrize Specht
modules instead with the transpose partition ', so we define S, to be SH' . Define the
integer ¢ as follows:

(i) if ¢ = 1, define ¢ to be the characteristic of the field F;

(ii) if ¢ # 1 is a root of unity in T, let £ be the smallest positive integer such that ¢¢ = 1;

(iii) otherwise, let £ = 0.
If ¢ =0, it is known that the algebra H(r) is semisimple. By definition, A is (-restricted if
{=0o0r \j— X1 </lforalll <i<mn. If \is f-restricted, then Sy has simple head which
we denote by Dy. Note Dy is the module D’ of [8]. By [8, 6.3, 6.8], the set of all Dy for all

l-restricted partitions A\ F r is a complete set of non-isomorphic irreducible H(r)-modules,
for arbitrary £.

2.2 We introduce some non-standard notation that we shall use repeatedly. For inte-
gers 1 < h < k < n, we shall write (h..k),[h..k), (h..k] and [h..k] for the corresponding
open/closed intervals of N, so that (h..k) is the open interval {{ € N|h <1 < k}, (h..k] is
the interval {{ € N|h <1 <k} and so on. If A C [1..n], Aj, i denotes the intersection of A
with the open interval (h..k), so Aj, = AN (h..k).

We define two partial orders on subsets of [1..n], which we call the lattice orders,
denoted by | and T respectively. Let A, B C [1..n]. Then, A | B if there exists an injection
0 : A — B such that §(a) < a for all a € A. Similarly, A T B if there exists an injection
0 : A — B such that 0(a) > a for all a € A.

There are two equivalent ways of stating these definitions. First, A | B if and only if
|AN[l..k]| < |BN[l..k]| for all k € [1..n], and A T B if and only if |[AN [k..n]| < |BN [k..n]|
for all k € [1..n]. Second, let (si,...,s,) be the sequence where

1 ifheB\A
sy = —1 ifhe A\ B
0 otherwise

for all i € [1..n]. Then, A | B is equivalent to S 5_, s, >0 for all k € [1..n], and A | B is
equivalent to > 7_, sp > 0 for all k € [1..n].

2.3 We write [A] for the Young diagram of A; by definition,

A :={(,7) e NxN| X >0,1<j<N}



We represent this set of coordinates by an array of boxes, with (i,7) € [A] corresponding
to the box in the ith row and jth column. For instance if A\ = (3,2), the corresponding
diagram is:

Given (i,7) € [A], define the corresponding ¢-residue resy(i,j) to be (i — j) regarded as an
element of the ring Z/¢Z. In the above example, the 3-residues are:

0[2]1]
1]o

Say a node (i,7) € [\ is a removable node if [\] \ {(i,7)} is the diagram of a partition.
Say i is a remowvable row if the node (7, \;) is a removable node. Let R(\) := {1 < i <
n | A; # Aiy1} denote the set of all removable rows. If ¢ € R(\), let A(i) F (r — 1) be the
partition with Young diagram obtained from the diagram of A by removing the node (i, \;).

For 1 <i<j <n,let

Bij(A) == {k € [i..j) | rese(i, \;) = resp(k + 1, A1 + 1)},
Cij(A) :=={k € (i..7) | rese(i, \i) = resy(k, \g)}.

Let Ryormal(A) denote the set of all i € R(A) such that B;,(A) | Cin(X). Let Rgood(N)
denote the set of all i € Ryormal(A) such that there is no j € Ryormal(A) with j < i and
rese(i, i) = resg(j, Aj).

2.4 Remarks (I) Note that if j € (i..n) is not a removable row then j € B; () if and only
if j € Cjn(X) (because Aj = Ajy1). By the definition of |, for any B,C C [1..n], B | C if and
only if B\ C | C'\ B. Hence, B; () | C;n(N) if and only if B; ,(A)NR(N) | Cin(A) NR(A).
This observation is useful when computing Rnormal(A) and Rgeod(A) in practise.

(IT) In the introduction of [23], Kleshchev defines normal and good in a slightly different
way to here. Using the observation in (I), it is not hard to show in the case that ¢ = p is
prime, i € Ryormal(A) in our notation if and only if (A, %) is a normal node for the transpose
partition )\ in Kleshchev’s notation, and similarly for good nodes.

We give an example illustrating these definitions in Example 2.8. We can now state the
main results of the paper, proved in section 5. The first result is a generalization of [23,
Theorem 0.4] to arbitrary .

2.5 Theorem Let A&7, pt (r —1) be l-restricted partitions. Then,

F if w= A3) for some i € Ryormal(N)
Homyy(y—1) (S, Dx ner—1)) = { 0 otherwise.

The second main result is a generalization of [23, Theorem 0.5]. Recall that the socle of an
H(r)-module is the largest semisimple submodule.



2.6 Theorem Let A&7, pt (r—1) be L-restricted partitions. Then,

F if u= A(i) for some i € Rgood(A
Homyy(g—1)(Dyss Dy Lr(r-1)) :{ 0 0therwis<e.) wod Y

Hence, the socle of the restriction of Dy to H(r — 1) is @ D).
iGRgood()‘)

2.7 Remark It is also true (but not proved here) that if A - r, put (r — 1) are l-restricted
partitions, then

N F if p = A\(4) for some i € R(\
Homspy(r—1) (S, SX In(r—1)) = { 0 otﬁerwis(e.) 2
Note that by the definition, there is at most one i € Rgq0d(A) with res,(i,\;) = p for
each p € Z/VZ. Hence, if £ # 0, |Rgo0d(A)| < €. So as an immediate and rather surprising
consequence of Theorem 2.6, first observed by Kleshchev in [24] in the classical case, if A
is (-restricted (¢ # 0) then the restriction of Dy to H(r — 1) splits as a direct sum of at
most ¢ indecomposable summands. In fact, the restriction splits as a direct sum of precisely
| Rgood (A)| indecomposable summands, since each D)(;) for i € Rgood(A) lies in a different
block for H(r —1).

We now illustrate the definitions with an example.

2.8 Example Consider A\ = (6,4,4,3,2) and £ = 3 or 4; ) is f-restricted in either case. The
l-residues and the subsets B, ,,(A) N R(A) and C;,(X) N R(A) are listed in the table below,
for each i € R(\).

l=3:
o[2]1]o]2]1] i |rese(i, Ni) Bin(A)NRA) Cin(A) NR(N)
1{0[2]1 1 1 o {4}
2][1]0]2 3 2 {4,5} @
0[2]1 4 1 1% 16
110 5 0 %) %)

Here, using the observation in Remark 2.4, Ryormal(A) = {1,4,5} and Rgood(A) = {1,5}.
{=4:

ol3T2T1T0 | 3 | i | rese(i, Ni) Bin(A)NR(A) Cjn(A) NR(A)
110(3]2 1 3 %) {3,5}
21103 3 3 [] {5}
3121 4 1 {5} 0]

0]3 5 3 @ @

Here, Rpormal(A) = {1,3,5} and Rgpoa(A) = {1}.
Consequently, by Theorem 2.6, the restriction of Dy to H(r — 1) is decomposable if ¢ = 3
but indecomposable if £ = 4.



2.9 We now assume that we have proved Theorem 2.6, and show how to deduce Kleshchev’s
algorithm for computing the Mullineux map from this branching rule. Recall from [10] that
there is an involution # : H(r) — H(r) defined on generators by T — —T5 + g — 1 for all
basic transpositions s € &(r). Given any H(r)-module V, define the module V# to be V
as a vector space, with action v.h = vh* for all v € V,h € H(r). In the case § = 1, V7 is
precisely the module V' ® sgn, where sgn is the 1-dimensional sign representation of &(r).

Let A - 7 be f-restricted, so that Dy is a well-defined irreducible. Then, (Dy)# is also
an irreducible H(r)-module, so (Dy)# = D5y for some f-restricted partition m(A). The
map A — m(A) is an involution (possibly the identity) on (-restricted partitions of r. We
refer to this involution as the Mullineux map.

There are two algorithms for computing the Mullineux map. The first was conjectured
by Mullineux (in the case ¢ prime) in [27]. The second algorithm is due (in the case ¢ prime)
to Kleshchev [24, Algorithm 4.8]. In both cases the algorithm is purely combinatorial and
does not depend on the primality of /. We show here that Kleshchev’s algorithm is correct
for arbitrary £. It is known by [13] that this algorithm is equivalent to Mullineux’s original
algorithm for arbitrary £.

The argument is identical to Kleshchev’s original argument in [23] in the case § = 1. We
need two lemmas. The first uses the parametrization of the blocks of H(r) from [9]. We
define the residue content of a partition A to be the set of ¢-residues in the diagram [}],
counted with multiplicities.

2.10 Lemma For \ (-restricted, the residue contents of m(X\) and of X are equal.

PROOF. Recall that the dual V* of a right H(r)-module V is naturally a right H(r)-module
as in [8, p. 35]. By [10, p. 25] and [8, Lemma 4.7] respectively,

S5 = (Sx)¥,
D% = Dj.

By definition, Dy is the head of Sy. Dualizing and applying the previous remarks, it follows
that D) is the socle of (Sy/)#. So, (Dy)* lies in the socle of (Sy/)##, or, equivalently, Dy
lies in the socle of of Sy,. Hence, A and m()\)’ lie in the same block. Now the result follows
by [9], which shows that A and m(\)’ are in the same block if and only if they have the same
residue content.

The second lemma is purely combinatorial, and is proved by Kleshchev in [24].

2.11 Lemma ([24, Lemma 1.4]) Suppose that ut (r — 1) is {-restricted. Let p € Z/VZ.
Then, there is at most one (-restricted partition A\ & r such that p = \(i) for some i €
Rgood(N) with resy(i, A;) = p.

Now we can give Kleshchev’s combinatorial description of the Mullineux map. Fix an
C-restricted partition A F 7. It is clear that if » = 1, then m(\) = A. So suppose that r > 1



and that the involution m has been constructed inductively for all smaller r. To define
m(A), choose an arbitrary i € Rgood()), and let p = resy(i, ;). By Theorem 2.6, D); is in
the socle of Dy |3(,—1). Hence, Dy, (\;)) is in the socle of Dy, (\) L(r—1)- We know m(A(i))
by induction. By Lemma 2.10, m()) is some partition of r such that m(A(7)) is obtained by
removing a node of ¢-residue —p from the jth row of m(\), for some j € R(m(\)). Moreover
by Theorem 2.6, j € Rgood(m(A)). By Lemma 2.11, m(\) is uniquely determined by this
property.

This proves the required algorithm for computing the Mullineux map. We refer the
reader to [25] for a reinterpretation of this algorithm in terms of the “/-good lattice”.

The remainder of the paper is taken up with the proof of Theorem 2.5 and Theorem 2.6.
We will always assume for the rest of the paper that q # 1, since the case § = 1 is precisely
the classical case proved by Kleshchev in [23] (and can be deduced from our proof by a
careful specialization argument). We will also assume that g has a square root v in IF, which
we may do by adjoining a square root if necessary without loss of generality, since F is a
splitting field for H(r).

3 The Quantum Hyperalgebra

3.1 In this section, we define the quantum hyperalgebra U(n) corresponding to GL(n),
over F and at an arbitrary root of unity. The definition is by base change starting from the
integral form constructed in [26, 12] for the quantized enveloping algebra U,(gl,,). The main
result of the section is a short proof of (the quantum analogue of) the classical branching
rule, showing that the restriction of any standard module for U(n) to U(n—1) has a filtration
by U(n — 1)-standard modules.

Let v be an indeterminate. Let A be the ring Z[v, v~!] of Laurent polynomials in v. Let
F := Q(v) denote the field of fractions of A. Define the quantized enveloping algebra
U(n)r to be the F-algebra with generators

E, FL,K; K7 (1<i<n1<j<n)

and relations

KiK; = KK, KK =K'K; =1,
KiEj = Uéi’jiéi’j+1EjKia KiFj = Uéi’j+1iéi’jF}'Ki7
K1 — K-_-il
EiFj — F}EZ = (51'7]‘,1)_—0_1”7
EZ‘EJ‘:E]‘EZ‘, EFj:FjFi if |z_]| > 1,

E?E; — (v+v Y )E,E;E; + E;E? =0,

F’Fj — (v+ v YWEFF,+ F;FP =0  if i —j| = 1.
Here, for any 1 <i < j <n, K;; denotes KZKJ_1 We regard U(n)r as a Hopf algebra over
F with comultiplication A : U(n)z — U(n)r ® U(n)r defined on generators by



The Hopf algebra structure on U(n)r is not canonical. The choice A used here is as in
[12, 16], but is different from the choice used in [26, 19]; in particular, this choice affects the
construction of standard modules described below in (3.9).

For t,u € N, define the quantum factorial and the quantum binomial coefficient

by
boys — s t
t!::”i :
[] s:lv_v_l’ |:'U/:|

Let U(n)4 be the Hopf A-subalgebra of U(n) s generated by

t—s+1 _ ,Uft+sfl

u
[
H rUS _ /U_S

s=1

K;

Ei(S)aFi(S)ij?Kjla |: u

] (s,ueNyceZ,1<i<n,1<j<n),

where for X € U(n)z, X(*) denotes the divided power X*/[s]! and

-[%)-1

s=1
The algebra U(n)z admits an antiautomorphism 7 defined on generators by

K;
u

Kjv—s+1 . Kj—lvs—l

rUS —_ /U—S

Kj;O
U

T(E;) = Fy, 7(F;) = E;

This antiautomorphism stabilizes U(n) 4.

3.2 We now introduce elements E; ;, F; ; for arbitrary 1 <i < j < n using the braid group
action as in [26, 1.9]. There is no canonical way of doing this; the choice here — which is
the same as [26, Example 4.4] — leads to quite pleasant notation later on, but other choices
could also surely be used.

Let By be the braid group of type A,,_1 on generators Ti,Ti_1 (1 <i < n). Then, by
[26], U(n)x is a By-module with action defined by

—FiKj ifi=j — K F :
Ti(Ej) =4 E; if [i —j| > 1 Ej o =T (Ej),
—EE;+v'EE; ifli—jl=1 v 'EE; - EE;
—1 ep - .
— K E ifi=j —EiKjjn 1
Ti(Fj) = Fj if i —j] > 1 oo =T (F),
—f?]Fl + UEF]' if |Z *]’ =1 ’UF]'FZ‘ — FZE
Kiyn ifj=i
T(K) =T, '(K;)={ K, ifj=i+1
K; otherwise.

We remark that in Lusztig’s later work, and in [19], a slightly different braid group action
is used; see [19, 8.14 Warning] for an explanation of the relationship between the two.



Let Eji+1 := Ej, Fi i+1 := F;, and in general for 1 <i < j < n with [i — j| > 1, define

Eij=Tj1(Eij-1) =Tj1Tj—2... Tip1(Es),
Fij=Tj1(Fij-1) =Tj1Tj—2 ... Ti1(F).

In fact, apart from in (3.4), we shall only ever use F; j. We record some simple properties
of the braid group action.

3.3 Lemma (1) If ’j — ’L’ > 1, E(Fz,]) = F‘H-Lj'
(i) Ifi<l<j—1,1<i—1orl>j then T)(F;;) = F;;.

ProoF. (i) By definition, T)(Fi;) = T,Tj_1...Tiy1(Fy) = Ti_y... TioTTig1(Fy). Tt
therefore remains to show that T;T;1(F;) = F;y1. This is immediate since by the defi-
nition of the braid group action, Tj1(F;) = T} (Fit1).

(ii) The result is obvious unless i < [ < j — 1, when we need to apply the braid relations.
We have that T)(F; ;) = Ti)Tj—1 ... T)(Fy;) = Tj—1 ... TiT1T(F; ;). Now apply the braid
relation T;T; 1117 = T;4117T;1+1. The conclusion follows easily.

3.4 Du [12, Section 2| and Lusztig [26, 4.5] have shown that U(n) 4 is a free A-subalgebra
of U(n)z, and construct the following free .A-module basis for U(n) 4:-

Fi(Nij) (Kléz [ K; }) Ei(Nji)
0o T (s [ ]) 1 s

1<i<j<n 1<i<n

U(n)z U(n)Y Un)h

as N = (Njj)i<ij<n runs over all n x n matrices with entries in Z>¢ and § = (6;)1<i<n
runs over all vectors with entries in {0,1}. The order of multiplication in the first and last
products in this expression needs to be fixed, but is otherwise arbitrary. We always choose
the ordering for both products to be lexicographic (reading tuples from the right); that is,
the order for the tuples (7, j) in the products is

(1,2);(1,3),(2,3); (1,4),...,(3,4);.. .5 (L,n),...,(n—1,n).

Define U(n),U(n)%,U(n) to be the A-subalgebras spanned by the subsets of this basis
as indicated above, so that U(n)4 = U(n), ®, U(n)% ®, U(n)Y. Finally, following the
notation in [1], let U(n)’ = U(n),U(n)% and U(n)?4 :=U(n)%U(n)}.

3.5 Lemma The following relations hold in U(n)r.
(1) For1<i< j—1<n, th = UF’L'—l—l,jE — FiE+1,j-
(i) For 1 <i<m,1 <h<k<n, KiFy = v+ %nF K.
(ili) For 1 <i<j<h<k<n, F;j and Fy ) commute.



(iv) For 1 <l<n,1<i<j<nmn,

i1 — K
Bo Bt =i l4 1=
—1 . . .
EF;; — Fi ;B ={ “F Ky, di=il+1#]
Kj1Fij  ifl#il+1=]
0 ifl#d,1+1%#j.

PrOOF. (i) By definition, F; ;1o = Tit1(F;) = vEFj1F; — FiFiy1. The claim follows on
applying 7T;_1 ... T;y2 to this equation.

(ii) This follows immediately from the defining relation K;Fy = v%h+1=%r [} K; unless
h < i < k. In that case, one first checks directly from the defining relations that the claim
holds if h+1 =14 = k — 1, then applies the braid group action and Lemma 3.3 to obtain the
general case.

(iii) follows immediately from the defining relations.

(iv) This is clear if [ < i,l > jorifl =4,l4+ 1 = j. To prove it in the remaining three
cases [ =4, l+1 < 55l >0,l+1=73;i <l <j—1itis enough, by the braid group action
and Lemma 3.3 to check the following three special cases.

(a) EiFyio — FiivoBi = —Fin K g

(b) Eiy1Fiito — FiiroFir1 = Kiq1,i12F;

(c) Bit1F; i3 = Fiip3Ei41.

The proofs of (a) and (b) are similar: in each case, expand Fj ;9 as —F;Fj1 + vFj 1 F; and
compute the commutators one by one. For (c¢), compute:

Ein1Fyiys = B Tio(Fiive) = Tivo (T 5(Eig1) Fiigo)
=Tir2(—Fiy1EivoFiva + v ' Ei0Fi1Fiy2)
= Tiy2(F 2T 5(Eiv1) — Kivris2FiBivs + v ' B Kiy1,i42F)

= Ts2(Fi 2T 5(Eiv1)) = FiirsEis,

as required.

3.6 In section 4, we will work with a renormalization of F; ;. For 1 <i < j < n, define
Fi,j = v_jKjFi’jKiv_i.
Also define b;; and ¢; j € U(n)% by

—2i—1pr2 _ 5 —2j—172
I v K;—w K7
ij = v — o1

,U—2z'—1Ki2 _ v—2j—1K]2

v—op1

Cij *=

10



for i < j. Note that for i < k < j, ¢;j = ¢ + ¢y and by j = ¢; i + by j. Lemma 3.5(iv)
translates into the following relations for the renormalized ﬁ}7j, forall 1 <i < j <nandall
1<l <n:

N

Fi,jElﬂ-Ub“, ifl=4l+1=j
v B —vFy =0+ 1#
A vF; j B+ Fij ifl#i,l+1=j
3.7 B = g b= ’
ol i =Y ByE i1 ()0 41 ¢ (i)
vF; ifl4+1=71
| v B if | = j.

For1<i<j<nand AC (i.j), define
FY = Fia Faay - Fa,j,

A~

A
F = F2a1Fal ag - - Fa, 5.

Notice that, in the notation of (2.2), if ¢ € A then FiA Ff;l tFAt J

We shall also need the following:

and similarly for F;@

3.8 Lemma Let nt denote the A-submodule of U(n)a generated by {E; ;|1 <i < j<n}.
Then, for any 1 <i < j<n and any A C (i..j),

EEii1... Ej_l.ﬁ‘% =v H btt (modulo U(n) 4.0t ).
te{i}UA

ProOOF. If j—i = 1, the result follows by 3.7. So suppose that j—i > 1. Let ¢t = max{i}UA,
so that FiA FA’ tFt] By 3.7,

EEi ... Ej—l'Fﬁj = UﬁlEiEi_H B 1F tl TEy .. Ej—lﬁt,j'

The conclusion is immediate from this, using 3.7 and induction on j — i.

3.9 Forl<i<mn,lete;: U(n)g_- — F denote the F-algebra homomorphism defined by
Kjw— v%i for 1 < j < n. Let X be the free abelian group generated by €1, ..., e,. We shall
call X the weight lattice, and elements of X’ are weights. We shall often restrict elements
of X to U(n)Y to obtain A-algebra maps U(n)%y — A.

Fix a dominant weight A\ = Z?Zl g € X, 80 Ay > -+ > Ay, and assume in addition
that A, > 0. We identify A with the partition (A1,...,\,); as in (2.3), [A\] denotes the
diagram of the partition A\. Let r = Ay + -+ - + Ay.

We now define the (left) standard module A, (\)4 over A. Let E(n)r be the natural
n-dimensional U(n)z-module. This is the vector space over F with basis e, ..., e, and
U(n)r-action defined by

Eiiv1-en = diy1,n€i,
Fiit1.en = 0;pn€it1,
K.ep, =ep(K)ep
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for all 1 < i < n and all K € U(n)%. Let E(n)4 be the U(n)4-submodule of E(n)s
generated (as an A-module) by eq,...,e,. Regard the tensor space E(n)%" as a U(n)a-
module via the coassociative comultiplication A.

By a A-tableau, we mean a function ¢ : [A\] — [1..n], which we usually regard just as the
diagram [A] with the boxes filled with entries in [1..n]. Let m = A\;. Let iy,...,4, be the
sequence 1,2,... A, 1,2,..., 0, ..., 1,2,...,A],. Let C()\) denote the column stabilizer
of the partition A; by definition, C'()\) is the intersection in &(r) of the stabilizers of the sets
{1, N N+, AN N+ AL+ 1, ) For example, if A = (3,2), then
i1,...,15 is the sequence 1,2,1,2,1, obtained by reading down the columns of the tableau

1]1[1]
212

The column stabilizer is the stabilizer of the sets {1,2},{3,4}, {5}, which are precisely the
entries in the columns of the tableau

113]5]

Define z) € E(n)%" as in [16, p. 80] to be

Z (_v)_l(w)eilﬂu ® e ® eir.w'
weC(N)

Define the standard module A, ()) 4 to be the left U(n) 4-submodule of E(n)%" generated
by z). By [16, 5.1.1], the vector z) is annihilated by U(n)j‘, and for K € U(n)% K.z, =
AK).zx. We say that A, ()4 is a high weight module of high weight )\, and call z) a
high weight vector.

3.10 There is an entirely different definition of A, (\)4 obtained by lifting the Dipper-
James ¢-Weyl module W*. We now explain this definition briefly. Let H(r)4 := H(r) 1® ;A
be the generic Hecke algebra of (2.1) over A, where ¢ = v®. As in [12, 1.2], we make E(n)q’
into a (U(n).4, H(r).4)-bimodule by defining the right H(r) 4-action by

ve; Qe ®e; @R e, if’ij<7;j+1

U2€i1 Q- R e, if 1 =141

(U2 — 1)€i1 ®'“®€ir
+U€i1®"'®€z‘j+1®67;j®"'®€i7, ifij>ij+1

(€i, ® - ® e, )T j4+1) =

for all basic transpositions (7,7 + 1) in &(r). Define the ¢-Schur algebra
§(n, )4 = Endyry  (E()F).

As remarked in [12, Remark 1.4], this is canonically isomorphic to the Dipper-James ¢-Schur
algebra Sy(n,r) (over A) as defined in [10]. In [12], Du shows that the representation

p:U(n)g — End(E(n)f?ir)
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has image S(n,r) 4. This result is known as quantized Weyl reciprocity. Now, Dipper-
James define the ¢-Weyl module W* for S(n,7)4 to be a certain left ideal in S(n,r)4
generated by an element 2} € S(n,7).4. In [16, 5.3.6], R. Green shows that W* (regarded as
a U(n)4-module via the surjection p) is isomorphic, via the map zy — 2z}, to our definition
of A, (A\)4. We shall identify the modules A, ()4 and W? in this way.

3.11 We now describe the standard basis theorem for A, (\) 4. A A-tableau is standard
if the entries increase weakly along the rows from left to right and strictly down the columns.
A M-tableau is row standard if the entries increase weakly along the rows from left to right.
Given an arbitrary row standard A-tableau t such that all entries on the ith row are greater

than or equal to 7, let
Nij
F= [ 5™
1<i<j<n

where N; ; is equal to the number of entries equal to j on the ith row of ¢, and the order of
terms in the product is as in (3.4).

3.12 Theorem (The standard basis theorem) The module A, (\)4 is a free A-module
with basis
{F};.z) | for all standard A-tableaux t : [A\] — [1..n]}.

In particular, A, (N)4 has rank equal to the number of standard \-tableaux with entries in
[1..n].

In the form stated here, this is proved in [16, 5.1.4]. We remark (as was pointed out to
me by R. Green) that our definition of F;; is not the same as in [16]; our F; ; differs from
the F; ; defined in [16] by a multiple of some power of v. This does not affect the theorem.

It is also possible to deduce the standard basis theorem used here from the Dipper-James
‘semistandard’ basis theorem in [11]. In [16], Green shows that for a standard A-tableau t,
the image of Fy.zy in the Dipper-James ¢-Weyl module W? is equal to the corresponding
Dipper-James standard basis element of [11], multiplied by some power of v. Hence, the
two versions of the standard basis theorem are in fact equivalent.

Later on, we shall appeal to the following technical lemma, which is a very special case
of the straightening rule.

3.13 Lemma Let 1 <i < j <n, where \j_1 # 0,\; =0. For any A C (i..j),
F\ .2y = £Fh 2
for some A C B C (i..J) such that FﬁL = F} for some standard \-tableau t.

PrROOF. Given A C (i..j), there is a unique row standard A-tableau t(A), with all entries
on row 7 of t(A) greater than or equal to 4, such that Fy 4) = FA

nn’
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For the proof, take A C (i..7). Let w € &([)\]) be the permutation of the entries at the
ends of the rows of [A] such that #(A) o w is standard (recall that we regard A-tableaux as
functions [A] — [1..n] so the composition of functions ¢(A)ow is also a A-tableau). We prove
the result by induction on [(w). If [(w) = 0, t(A) is already standard, and the result is clear,
taking B = A. Otherwise, write w = sw; where s is a basic transposition and [(w;) < I(w).
Suppose that s corresponds to swapping the entries at the ends of the kth and (k + 1)th
rows of t(A), so by construction, k € A,k +1¢ A and Ay = A\gy1.

Now note that t(A) o s = t(AU{k + 1}). So it suffices to show by induction that
F-’j‘n.z/\ = —Eﬁl.z,\ where B = AU{k + 1}. Let h be the smallest element of Ay, U{n}, so

)

that h > k + 1. By Lemma 3.5(i),
Fyp = vFnFr — FiFiq1n-

Now, F}, j, occurs as a term in the product Fif‘n, and Fj Fjy1 5 occurs as a term in the product

FZBn So the result follows from this identity providing FkF;:1 rom 2y = 0. To see this, note
that Fj, commutes past Fj,; for all t > h >k + 1 by Lemma’3.5(iii)7 so it suffices to show
that Fy.zy = 0. But since Ay, = Ap11, A— (6 —€x+1) is not a weight of A, ()4, so Fg.zy =0
as required.

3.14 Now we define the corresponding algebras to U(n)4 and S(n,r)4 over an arbi-
trary field (as we did in (2.1) to define H(r)4 over F). Fix an arbitrary field F, and let
v € FX. Let ¢ := v%2. Regard F as an .A-module, by letting v € A act on F by mul-
tiplication by the fixed element v € F. Then, the quantum hyperalgebra U(n) over
F is defined to be U(n)4 ®, F. Let U(n)~,U(n)°,U(n)*,U(n)’,U(n)* be the images of
Un) 1, Un)% Un) S, Un)y, U(n)ﬁ4 respectively in U(n). For X € U(n)4, we shall also
write X for its image X ® 1 € U(n); it should always be clear whether we are working in
U(n)a or U(n), so no confusion should arise.

Similarly, we define the g-Schur algebra S(n, r) over F to be S(n,r) 4® ,F. The surjection
p:Um)a — S(n,r)a induces a surjection p : U(n) — S(n,r). The (U(n)a, H(r).a)-
bimodule E(n)%" defines a (U(n), H(r))-bimodule E(n)®" := E(n)4" ®, F. As before,
S(n,r) = Endyy,)(E(n)®"). The standard module A,()) is defined to be Ap(A)4 @, F.
The U(n)-module A, ()) has a unique maximal submodule rad A, (A). Let L,(\) denote
the irreducible quotient A, (X)/rad A,(A). It is known [10] that

{Ln(N) | for all n-part partitions A - r}

is a complete set of non-isomorphic irreducible S(n,r)-modules.

The antiautomorphism 7 of U(n)4 from (3.1) induces an antiautomorphism of U(n),
which we again denote by 7. Given a finite dimensional U(n)-module W, we define its
contravariant dual to be the dual space W* with the natural right action of U(n) made
into a left action by composing with the antiautomorphism 7. (It is more usual to regard
the dual space as a left module by composing with the antipode of the Hopf algebra U(n).)
We write V,,(A) for the costandard module corresponding to A. By definition, this is the
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contravariant dual of A, (). The costandard module V,,(\) has simple socle isomorphic to
Ly(N).

Define polynomial representations of degree r for U(n) over F to be the finite
dimensional U(n)-modules that factor through the quotient S(n,r); polynomial repre-
sentations are just direct sums of polynomial representations of various different degrees.
The modules A, (), Vy,(A) and Ly, (X) are polynomial representations of degree r if A .

We now regard elements of X' as F-algebra maps U(n)? — F in the obvious way. Given
a U(n)-module W and a weight p € X, the corresponding p-weight space is

W, ={weW|Kw=u(K)w for all K € U(n)°}.

We say that W splits as a direct sum of weight spaces if W = €
U(n)-modules split as a direct sum of weight spaces.

pex Wy All polynomial

We need one more well-known fact about standard modules.

3.15 Lemma (Universal property of standard modules) Let W be any polynomial
U(n)-module of degree r generated by a high weight vector of high weight X\, for some n-
part partition At r. Then, W is a quotient of the standard module A, (\).

PROOF. Let S(n,r) denote the g-Schur algebra over F, so W is naturally an S(n, r)-module
and A, ()\) = W? is precisely the Dipper-James ¢-Weyl module for S(n,r). Let S(n,r)"
denote the image of U(n)? in S(n,r) under p; S(n,r)" is a Borel subalgebra of S(n,r). Let
) denote the 1-dimensional S(n,7)"-module corresponding to the weight A\. The argument
of J. A. Green in [15, Theorem 8.1] generalizes to the g-Schur algebra using the quantized
codeterminants of [16]. So,

(3.16) An(A) 2 W2 S(n, 1) ®ginr+ Fa

Now the conclusion follows by a routine application of Frobenius reciprocity.

3.17 Let U(n—1) < U(n) be the naturally embedded quantum hyperalgebra corresponding
to GL(n — 1). So, U(n — 1) is defined by base change from the corresponding integral
form for the F-algebra generated by {F;, F;,K; |1 < i <n—1,1 < j < n—1}. Let
Un—1)",Un—-1)°Um—1)",U(n—1)",U(n —1)! be the corresponding subalgebras of
U(n —1). We will write Ap,—1(p), V—1(p) and Ly,—1(p) for the standard, costandard and
irreducible modules for U(n — 1), for any partition p with at most (n — 1) non-zero parts.

We can now prove the first important result. This is a quantum analogue of the classical
branching rule, describing the restriction of A, (A\) to U(n — 1). For the remainder of the
section, we use the notation

P A
if o= (p1,..., pn—1) is an (n—1)-part partition such that A\j11 < pu; < A\jfori =1,...,n—1.
So, if u «— A, then the diagram of u is obtained by removing nodes from the bottom of
columns of the diagram of \. For example, if A = (3,2) and n > 2, then p «— X\ if and
only if p equals (3,2), (3,1), (3,0), (2,2),(2,1) or (2,0). Given p «+— A, define £(x1) to be the
standard A-tableau with hk-entry equal to h if (h, k) € [u], or n otherwise.
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3.18 Lemma The module A, (\) is generated as a U(n — 1)~ -module by the vectors
{Fhuy-2x [ 1 A}

ProOOF. By the standard basis theorem, it suffices to show that given any standard A-
tableau t, there exists 4 «— X and X € U(n — 1)~ such that Fy.zy = X.Fy,).2x. Let s be
the tableau obtained from ¢ by deleting all entries equal to n, and let p be the corresponding
partition. Then, F; = FFy,). By definition of standard tableau, u «— A, and Fs €
U(n —1)7, so the proof follows.

3.19 Theorem (The classical branching rule) Let py, ..., uyn be all the partitions p «—
A ordered so that p; < pj; in the usual dominance order on X implies that i > j. Then

(i) W = A, (A) has a U(n — 1)-stable filtration 0 = Wy < Wy < -+- < W = W such
that WZ‘/W1;1 = Anfl(,ui) fO’F all 7.

(ii) The image of Fy,y-2x in Wi/Wi_1 is a U(n — 1)-high weight vector of weight ju;.

ProOF. Define W; to be the U(n — 1)~ -module generated by Fj,,) and W;_1. This gives
a filtration 0 = Wy < W7 < -+ < Wy of U(n — 1) -modules. By Lemma 3.18, Wy = W.
We now prove by induction on i that W; is U(n — 1)-stable, and that the image of Fy(,,) is
a U(n — 1)-high weight vector of weight p; in W;/W;_;. The induction starts with ¢ = 0.
Suppose that 7 > 0 and that the result has been proved for all smaller 1.

By the induction hypothesis and Lemma 3.18, the U(n—1)-module W/W,_; is generated
as a U(n — 1)"-module by the vectors

{Fiuy-ar i <j <N}

By definition, p; is a maximal element of this set with respect to the dominance order.
Hence, Fy,,) is a U(n—1)-high weight vector. As U(n—1) = U(n—1)"U(n—1)°U(n—1)",
it follows that W; is U(n — 1)-stable. This completes the induction.

It remains to show that W;/W;_; is precisely the standard module A, _;(u;) for all i.
Since W;/W;_1 is a high weight module of high weight p;, Lemma 3.15 implies that W; /W;_;
(which is a polynomial representation for U(n — 1)) is certainly a homomorphic image of
Ap—1(p). So suffices to show that W;/W;_; has the correct dimension d;, the number of
standard p;-tableaux with entries in [1..n—1]. But it is clear that the number of standard -
tableaux with entries in [1..n] is equal to the sum over all g «— X of the number of standard
p-tableaux with entries in [1..n — 1]; that is, d = dim W = Zfil d;. Since dim W;/W,;_; is
at most d; by Lemma 3.15, it follows that equality must hold for each i.

3.20 Corollary Let 1 be an (n — 1)-part partition. Then,

F ifpu—A
Hommy oy (8100, T L) = { 5 22

otherwise.
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Hence, each of the spaces

HomU(nfl) (An—l(lu')w[/n()‘) lU(nfl)) HOIHU (n—1) (Ln()‘) lU(n 1) (M))
HomU(nfl)(Ln—l(M%vn(}‘) lU(nfl)) HomU (n—1) (An(N) lU (n—1) ~1(n),
Homyr(y,— 1) (Ln—1(12), Ln(A) Lu(n—1)) = Homy (1) (Ln(A) lU(n—l)a nfl(,u))

are at most 1-dimensional, and they are non-zero only if p «—— .

PrROOF. The second statement follows from the first applying the universal property of
standard modules. In the case ¢ = 1, the first statement is immediate from Theorem 3.19
and standard properties of good filtrations [18, I11.4.16]. This argument carries over to the
quantum case, but there is also an elementary direct argument which easily generalizes to
the quantum case, which we now sketch.

Applying Frobenius reciprocity (using 3.16) and taking contravariant duals,

Homy (1) (An—1(1), Va(A) lum-1)) = Homy 1) (Fpu, Vi (A) lum-1))
= HomU(n—l)b(An()‘) lU(n—l)»Fu)v

where I, denotes the 1-dimensional U(n — 1)’-module. By Lemma 3.18, A,,()\) is generated
by the vectors {Fy,).2x | p «— A} as a U(n — 1)’-module. Any U(n — 1)*-module homo-
morphism A, (\) — F, is therefore determined (up to scalars) by the image each of these
vectors in F,,. In particular, this means that the Hom-space is at most 1-dimensional, and
is non-zero only if u «— A. Finally, if g «— A, it is easy to check using Theorem 3.19 that
the map defined on the generators by Fy,).2x +— 1, Fyy.2x = 0 for ' «— X with ' # p,
is a well-defined homomorphism.

3.21 Definition Let y «— A.
(i) Say p is mormal if dim Homg(,—1)(Ln(A) Ly(n-1), Va—1(p)) = 1.
(ii) Say p is eonormal if dim Homg(,—1)(An(N) lu(n-1), Ln—1(1)) = 1.
(iii) Say u is good if dim Homgy(,,—1)(Ln () lr(n-1), Ln—1(p)) = 1, or if (equivalently) u

is both normal and conormal.

3.22 Note that if W is any polynomial U(n)-module, then W splits as a direct sum W =
D.>o W*, where

WZ:{wGW|Kn.w:vzw,[Kr"].w:[i}wforallreN}.

Since K, and KT" centralize U(n — 1), this decomposition is U(n — 1)-stable. Call W*
the zth level of W.

Assume now as in (2.1) that A, = 0 (the general case A\, > 0 can be deduced easily
from this). We specialize to the first level of A, (\) and L, (\). So we only consider p «— A
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obtained by removing a single node from the diagram of A. We do this because the first
level is all that is relevant to deducing results for H(r) by applying Schur functors.

In this case, u is obtained from A\ by removing precisely one node from the diagram of
A. Such nodes are precisely the removable nodes of (2.3), which we have parametrized by
the set R(A). Recall that if i € R()\), then A(i) denotes the partition obtained from the
diagram of A by removing (i, ;). Say ¢ is normal (resp. conormal, resp. good) if A(7) is
normal (resp. conormal, resp. good).

In Theorem 5.3, we will show that ¢ is normal if and only if i € Ryormai(A). In Theo-
rem 5.4, we will show that 4 is good if and only if i € Rgooq(A). We will then show how to
deduce Theorem 2.5 and Theorem 2.6 from these two results.

No criterion is known for an arbitrary p corresponding to levels higher than the first
level to be normal or good, nor is any criterion for conormal nodes known.

Before we can prove these statements, we need to introduce certain lowering operators
S;j(A) in U(n) 4. These play precisely the same role as the operators T} (M) in Kleshchev’s
proof in [23] in the classical case. This is the subject of the next section.

4 Quantum Lowering Operators

4.1 In this section, we define the quantized lowering operators S; j(A), forall 1 <i < j <n
and all A C (i..7). The quickest way to define these operators is to use the recurrence relation
in Lemma 4.9, as described in Remark 4.10. We adopt a different approach which gives more
information; in particular, our approach gives an explicit closed formula for the operator
Sij(A). As we have said before, the operator S;;(A) is closely related (on specializing
v +— 1) to the operator T, (M) of [23]. The precise relationship between S;;(A) and
Ty s(M) is described in [5].

4.2 We begin the definition of S; j(A) by defining elements H; j(A, B) of the free polynomial
ring Z[z1,...,xy,), for all 1 < i < j < n and all A,B C (i..j). We will evaluate these
polynomials at certain elements of U (n)& when we come to define the lowering operator
Sij(A).

Recall from (2.2) that given any subset A C (i..j), and i < h < k < j, we denote
AN (h..k) by Ay . For fixed i,j and any A C (i..j), A will always denote its complement
n (i..j); that is, A := (i..j) \ A. Given i < k < j and any D C (i..j), we use the notation
D;(k) for the element immediately preceeding k in the set D U {i}; that is,

D;(k) :=max{t € DU {i} |t < k}.

We shall also use the following notation: given any property P, define dp to be 1 if P is
true, or 0 if P is false.
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4.3 Definition Let A, B be two arbitrary subsets of (i..j). Let x1,...,z, be indetermi-
nates. Define the rational function H; (A, B) € Q(z4,...,xj-1) by

H(fct - xDi(t))

Hij(4.B)= > (1P = .
DCB\A H(JUt - xDi(t))
teB

4.4 Remarks (I) There is no real need to include the subscript j in the notation H; j(A, B).
This is done for uniformity with later notation.

(II) Note that if i < k < j and A, B are subsets of (k..j), then Hy, ;(A, B) is precisely
the function H; ;(A, B) with xj, substituted for the indeterminate ;.

(III) By cancelling terms in the product, H; ;(A, B) = H; ;(A\ B, B\ A). We will often
apply this fact without comment. In particular, replacing A by A\ B and B by B\ A

in this way, we will often assume that A and B are disjoint. Also, since A\ B = B\ A,

4.5 Example We list H; ;13(A, B) for all A, B. In the table, A indexes rows, B columns:

Hiiv3(A, B) Iz G+1y  {i+2} {i+1,i+2}
%)} 1 0 0 0
{i + 1} Tiy1 — T 1 0 0
{i + 2} Tit2 — X5 1 1 0
fi+1i+2} | (i1 — @) (Tig2 — i) Tig2 — Ti Tip1 — 1

The first lemma gives the basic properties of H; ;(A, B).

4.6 Lemma Let A, B C (i..j).
(i) Hi;(A,B) € Zxi, ..., xj-1].
(ii) Hs (A, B) # 0 if and only if BT A in the lattice order.
(ili) Hi;(A, B) satisfies the following recurrence relation. Firstly, if A is empty,

1 ifB=g
Hw‘(@,B):{ 0 f

otherwise.

Secondly, if A is not empty, let k € A and choose any h € [i..k) \ A such that By, C Ap k.
Then

Hij(A, B) = (z, — xn)Hij(A\{k}, B) + 0nziMij({h} U A\ {k}, B)
+ OreBHi i (Ai k> Bik)Hr j(Ak..j, Br.j)-
PRrROOF. (i) We may assume that A, B are disjoint. Use induction on |A|+|B|. If AUB = @,

H;i;(A,B) = 1 and the result is clear. Otherwise, let h = min(A U B). We consider two
cases.
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Case one: h € A. By (4.2),

(@n—z) ] (xe—zp,e)

te A\{h}

Hi (A, B) = (—1)IP!
z%;g H(ﬂit - xDi(t))
teB

= (zn — zi)Hi;(A\{h}, B).

This is in Z[z;, ... x;—1] by induction.
Case two: h € B. Splitting the summation in (4.2) into terms with h € D and h ¢ D,
one deduces that H; ;(A, B) equals

1@ —zp,0) [ —2p)

1 teA teA
I -
(zn — ;) DCB\{h} H (@ — xD,-(t)) H (z — xDé(t))
D'=DU{h} te B\{h} te B\{h}

By definition, if D’ = DU {h} and t > h, then D.(t) = Dp(t). So, by (4.2), this expression

equals
1

(xn — i)

By induction, H; ;(A, B\ {h}) € Z[z;,...,xj_1]. Note that from the definitions, Hj (A, B\
{h}) is the polynomial H; ;(A, B\ {h}) with z, substituted for z;. Now, z}, = (x5, —x;) + ;.
So, we may regard Hp, j(A, B\ {h}) as a polynomial in (x}, —z;), with constant term precisely
H; (A, B\{h}). This constant term therefore cancels in the above expression for H; ;(A, B),
and so H; j(A, B) € Z[z;, ..., xj_1] as required.

(ii) We compute the degree of H; ;(A, B) as a polynomial in x;. By the proof of (i), this
degree satisfies the following recurrence relation:

(a) if AUB = @, H; j(A, B) = 1 so deg,, H; ;(A, B) = 0;

(b) if AUB # @ and h = min(A U B), then deg,. H; ;(A, B) equals

(Hij(A, B\ {h}) = Hn; (A, B\ {h})).

deg, H;j(A\{h},B\{h}) ifhe AN B;
deg,, Hi;(A\ {h},B) +1 if he A\ B;
deg,, Hi;(A,B\{h}) —1 if he B\ A and deg,, Hi;i(A, B\ {h}) #0;
—00 if h € B\ A and deg,. H;;(A, B\ {h})=0.

(We adopt the convention that the degree of 0 is —00).

Using this recurrence relation, a routine induction on |A|+|B| shows that if B T A, then
deg, H;;(A,B) =|A| — |B|. In particular, if B T A, this degree is greater than or equal to
0so H;;(A,B) #0.

Conversely, suppose B T A is false. Then, by the first equivalent definition of T in
(2.2), we can choose h < j maximal such that [Bp_; j| > |Ap—1.;|. This implies that
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|Bh.j| = |An.j| and By j T Ap.j, so deg,, Hi j(An.j, Br.j) = 0 by the previous paragraph.
But now h € B,h ¢ A, so deg,. H; j(An-1.j, Bn—1.j) = —oo. Now apply the recurrence
relation again to deduce that deg, H;;(A, B) = —oo, so H; (A, B) = 0.

(iii) First, if A = @, it follows from (ii) that H; ;(A, B) = 0 unless B T @, so B = @. Also
H;j(@,2) = 1 by definition. Now suppose that A # @&, and take h,k as in the statement.
Replacing A by A\ By, and B by B\ By, k, we may assume that By, = &. Note that

[ B\A ifk¢ B
B\(A\{k})—{ (B\ A)U{k} ifke B.

Using this, we split the summation in (4.2) to show that

Hij(A,B) = P — dpe Po

where
H (mt_xDi(t))
te A\{k
P = Z (—1)|D| («Tk — xDl(k)) cAVk}
DCB\(A\{k}) [IGt —2p,)
teB
and

H (¢ — xp, )

P2 _ Z (_1)‘D| tEA\{k’} .
DCB\(A\{k}) H (1 = 2p,p))
keD teB\{k}

Now we consider these two expressions separately. For Pj, write (zj —x Di(k')) as (xp —xp) +
(xn — wp,k)). Note (zp, —xp,x)) =0if h =i, orif h #ibut he D. If h #iand h ¢ D,
then (z, — zp,x)) = (Tn — Tp,(n))- Using this, (i) equals

H (z¢ — xDi(t))

(—z) Y (-pPI R
DCB\(A\{k}) [[( —2p,)
teB
H (¢ — xDi(t))
teA\{k}
+ e Y ()P —2p,m)
DEB\(A\{k}) [I( —2p,)
héD teB

This is precisely (zy — xn) Hij(A\ {k}, B) 4+ 0ni Hij({h} U A\ {k}, B).
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Now consider P5. Let A" = A; 1, A” = A ; and define B’, B” similarly. We split the
summation by replacing D with D' U {k} U D" where D' = D, ;, and D" = Dy, ;. Then,

1T @ =) ] @ —2pre)

P= Y (-yPped teA”
DICBN\AY I @ =apge) T (e —2pp)
D//gB//\A// teB/ teB//

H (21 = 2pyr)) H (@t — zpr ()
- _ Z (—1)lD L Z (—1)/D"| A

D/gB/\A/ H (.’L’t - Z'D:(t)) D”gB”\A” H (.ZUt — .%'D;C/(t))
te B’ teB"

= —H; (4, B'YH; ; (A", B").

This completes the proof.
4.7 Definition (i) For integers 1 <i < j <n and A, B C (i..j), define H; ;(4, B) € U(n)Y
by evaluating the polynomial H; ;(A, B) € Z[x;, ..., x;—1] from Definition 4.3 at

U_Qk_lKl%

Tp = — T

v—v~
for all 1 < k < n. Note that if i < j then z; — x; evaluates to ¢; ; as defined in (3.6).
(i) Given A C (i..j), define S; ;(A) € U(n)’ by

Si»]'(A) = Z fwi,BjHi,j(A7B)’
BC(i..j)

where Fg is as in (3.6). By convention, S;;(@) = 1.

4.8 Remark The appropriate definition for S; ;(A) in the specialization v — 1 is

Sij(A) = > F5H;(A B)
BC(i)

where H; j(A, B) is defined by evaluating the polynomial H; ;(A, B) at x}, := k — H}, for all

k (and Hj denotes the diagonal matrix with a 1 in the kk-entry, zeros elsewhere in the Lie
algebra gl,,(Q).). See [4, Chapter 7].

The operators S; j(A) are most easily computed using the following recurrence relation.

4.9 Lemma (Recurrence relation) Let A C (i..j). If A = @, then S;j(A) equals Fj ;.
Otherwise, choose k € A and let h = max][i..k) \ A. Then,

Sij(A) = Sij(A\{k})enp + Onzi Sij({hY U AN\ {k}) + Six(Ai k) Sk j(Ar..j)-
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ProOF. First suppose that A = @. By Lemma 4.6(ii), H; ;(@, B) is zero unless B = &,
when it is 1. Hence, S; (@) = Fw as claimed. Now suppose that A # @, and choose h, k as
in the statement. Apply Lemma 4.6(iii) to the definition of S; ;(A) to deduce that S; ;(A)
equals

5 ( FBH; (AN (k). B)en s+ Fon s ({(h} U A\ (k). B) ) |

BeG) +5keBF Hik(Ai ks Biok)Hi,j(Ak.j, Br..j)

The first two terms of this expression equal S; ;(A\ {k})chk + On2i Sij({h} U A\ {k}). For
the third term split the summation to obtain

> FHEE Hi (A, B Hyj(Ar.j, BY).
B/C(i..k)
B”C(k )
Recall that H; (A;. k, B') € Z[z;,. .. ,xx_1). So, by Lemma 3.5(ii), H; (A; x, B') commutes
with F]f],-,. So this expression equals S; 1, (A4;. 1) Sk ;(Ak.j) as required.

4.10 Remark This recurrence relation can in fact be used to define S; j(A). The argument
is as follows. Let ht(A) := Y, 4t. Define S;;(A) by induction on height, by setting
Si (@) = 13'” and, if A # @, letting S; ;(A) be the right hand side of the recurrence relation
in Lemma 4.9 in the special case k = min A. This gives a well-defined operator S; ;(A) for
all A C (4..7). One then needs to prove that the operator defined in this way satisfies the

recurrence relation of Lemma 4.9 for arbitrary k € A, which can be proved by induction on
ht(A).

4.11 Lemma (‘Commutators’) Let A C (i..j) and 1 <[ < n. Define =’ to be congru-
ence modulo the left ideal U(n)a.E; of U(n) 4.

(i) Suppose one of the following holds:
(a) I+1€A;
(b)yl¢ {i}UAandl+1¢ AU{j}.
Then, E;S; j(A) = 0.
(i) Ifle{fiUAandl+1¢ AU{j}, then ES;;(A) = —vS;1(Ai1)Si+1,5(As1.5)-
(iii) Ifl=7—1 ¢ {i} U A, then E;_15;;(A) = S;j—1(A).
(iv) Ifl=7—1€ A and k = max[i..j — 1) \ A, then

Ej18i(A) = Sij-1(AN{J = 1)bkj—1 + 0piSij1({E} U AN {j — 1}).

ProoF. (i) Use induction on height, where ht(A) = > .4 a. If ht(4) =0, 5; ;(A) = E;
and the result is immediate from 3.7. If ht(A) =i+ 1, A= {i + 1} and

Sij(A) = Fijciiv1 + FiitaFi.
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The conclusion is immediate from this and 3.7 if (b) holds. So, suppose (a) holds, so that
[ =1. Then, by 3.7

E;S;j(A) = —vFiq1 jciit1 +vbiiFiy j.

Now one checks that bi,Z-FHLj = Fi+1,j6i7i+1, so that F}S; ;(A) = 0 as required. So now
suppose that ht(A) > i + 1 and that the result has been proved for all A of smaller height.

Suppose first that A = {l + 1} where i <[ < j — 1. Applying Lemma 4.9 twice, S; ;(A)
equals X R o R
FippiFip1j+ FFj + Fije— 4 + 0i-1,:5:; ({1 — 1}).

By induction, E;S; ;({l — 1}) =0, and E/F;; = 0. Also, by 3.7 again,

. . Lo - .
EF 1By + BFy b j = FFia g +v B EF

_p o7 1A F _
=F by — v Fyvkg,; =0.

So, we may assume that we can choose some k € A with k # [+ 1. Let h = max[i..k)\ A
and apply Lemma 4.9. The conclusion follows in either case (a) or case (b) using the
induction hypothesis.

(ii) It suffices to prove this in the case | = i; the general case follows easily from this by
expanding S; j(A) using Lemma 4.9 (with k =1). So, we prove that if i + 1 ¢ AU {j} then

E;S; j(A) = —vSit1,j(Ait1.5),

by induction on ht(A). If ht(A) = 0, the result is just 3.7. Now suppose ht(A4) > 0 and
that the result has been proved for all A of smaller height. We can find £k € A. Let
h = max[i..k) \ A, and notice that h # i since i + 1 ¢ A. Apply Lemma 4.9:

Sij(A) = Sij(A\A{k})enk + Sij({h} U AN\ {k}) + Si k(A k) Sk, (Ak..5)-
Applying the induction hypothesis, it follows that E;S; j(A) is congruent to
—=Sit1 (AN kD enn — Sivr;({h} U ANAE}) = Sig1 k(Ai k) Sk, (Ak..5)
ifh#i+1or

—Siv1;(A\{k})en i — Sit1,k(Ai k)Sk,j(Ak. ;)

if h =i+ 1, since in this case E;S; ;({h} U A\ {k}) = 0 by (i)(a). In either case, another
application of Lemma 4.9 gives the conclusion.

(iii) The proof of this is almost identical to (ii) (in fact there is only one case to consider
here, so it is slightly easier). We leave the details to the reader.

(iv) We deduce this from (iii). Let k¥ = max[i..j — 1) \ A. By Lemma 4.9,

N

Sij(A) = Sij(Aij—1)ckj—1 + OkziSij({k} U Asj—1) + Sij—1(Ai j—1)Fj—1.
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Note that E]’_1Si7j_1(Ai_j_1) = U_15i7j_1(Ai__j_1)Ej_1. So, applying (i),(iii) and 3.7, it
follows that E;_1.5;;(A) is congruent to

Sij1(Aijo1)ekj—1 + OkriSij—1({k} U A; j—1) + v 1S, j1(Aij—1)vbj_1 -1

Since by j—1 = ¢k j—1 + bj_1,j-1, this gives the required expression.

4.12 We need one more property of S; j(A) in order to prove the modular branching rules.
As before, we begin by working with indeterminates then specialize to elements of U (n)?4
For A C (i..j), define KC; j(A) € Z[z4, ..., xj-1;Yit1,-..,Y;] by

,Ci7j(A) = Z Hi,j(AyB) H (Y1 — x¢)
BC(i..j) teBU{i}

The basic properties of IC; ;(A) that we shall need are given in the next lemma. In particular,
we shall apply Lemma 4.13(ii) when we specialize A to an arbitrary field.

4.13 Lemma Let A C (i..j).

H (Yt — zp,)) H (Yt+1 — Tp,(141))
(0) Kis(4) = 3 (1P 22 DG
DCA H(xt —Tp,(t)) DCA H(xt —Tp,@)
teA teA

(ii) Let B C (i..j) be any set such that A | B and |B| = |A|. Then,

Kij(A) = H (yer1 — i) (modulo JY),
te{i}UB

where Jgj is the id_eal of_Z[ml-, e T Yidg s - Yy gerfmted by {yg(t)H —x |t € Z}, and
0 is any bijection A — B such that 0(t) >t for allt € A.

PrOOF. (i) Expand the top product in the expression in (i) by writing (y1+1 — 2 p,41)) =
(Yt+1 — o¢) + (24 — Tp,(441)), to obtain

H(xt — Zp,(t+1))
Z H (Y41 — =) Z (_1)\D\ tcB

BC(i..j) te BU{i} DCA H(mt — Tp,(1))
tcA
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Now observe that the top product vanishes unless B and D are disjoint, in which case
D;(t+ 1) = D;(t) for t € B. So, this equals

[[@—zp,0)
STl w0 DD (—)IPIEE
BC(i..j) te BU{i} DCA\B H(xt — Tp,(1))
teA
= Z H (ye41 — x1)Hij(B, A).
BC(i..j) te BU{i}
Since H; (B, A) = H; j(A, B), this proves (i).
(ii) We use induction on j — i. If A = (i..j), then by (i),
Kij(A) = H (Y1 — 4)

tefi..j)

and the result holds. This includes the case 7 — ¢ = 1, so now suppose that j —i > 1 and
that the result has been proved for all smaller j —i. Let A C (i..j). Let B, 6 be as in the
statement. The result has been proved if A = (i..j). Otherwise, let h = min A. Let ¢’ be
6 restricted to (h..j), and B’ equal By, ; if h ¢ B or By, ; U{0(h)} if h € B. Note that
Ap.; | B’ so by induction,

Khj(An.j) = H (Y1 — zn) + Z asj,
te{h}uB’ 5>0

for some polynomials as € J g/j independent of xy,.

Now expand the expression in (i) by splitting the summation into terms with h € D and
terms with h ¢ D (as we did in the proof of Lemma 4.6(i)):

Kij(A) = [] (wen - xi):xh i [’Ch,j(Ah..j)|mh::m — Kn;j(An )| -

T
tefi..h) '

Here, Kh’j(Ah“j)Lth::x- denotes the rational expression KCp, j(Ap. ;) with the indeterminate
x; substituted for x;. Hence,

Kij(A) = H (Yt+1 — x4) ! [ H (Y41 — T45) — H (Ye+1 — xp)

tefi..h) Th— T te{h}uB’ te{h}uB’
+ Z as(xf — mi)] .
s>0

Note zj — xj is divisible by xj, — z; for all s > 0 and a, € Jgj. So the third term in the
bracket vanishes modulo Jg ;- The other two terms in the bracket may be written as

Wogyrr —2n) | I ern—=2)— [ @ern—an)| +@a—2) [] (e — ).

teBA[h..j) te B[h..5) te BN[h..j)
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Now zp—x; divides the contents of the main bracket in this expression, by the same argument
as Lemma 4.6(i). Hence, the first of these terms vanishes modulo Jgj, as Yg(h)+1 — Th € Jgj.
Hence,

Kij(A) = H (Y1 — 1) H (yt+1 — @)  (modulo Jia,j)‘
teli..h) teBNlh..j)
Finally note that (i..h) C A, so (i..h) C B. This completes the proof.

4.14 Now we evaluate K; j(A) to obtain an element of U(n)Y. Let K; j(A) be the element
of U(n)Y defined by evaluating zj and yi41 at

U*Qk*1K£ v_%_lKgﬂ
T = ————F = —_——

k 1 yk?-‘rl v — Uil

for all 1 < k < n. Note that y;11 — x; evaluates to b; ; as defined in (3.6). The reason for
introducing IC; ;(A) is explained by the next lemma.

4.15 Lemma Let n" be the span of {E; ;|1 <1i < j <n}. Then,

EiE/L'Jrl N Ejfl.S,L"j (A) = ’L)Ki’j(A) (modulo U(n)A.n+).

Proor. This is immediate from the definition of S; j(A4), K; ;(A) and Lemma 3.8.

5 Proof of the Branching Rules

5.1 We now apply the lowering operators of section 4 to prove the main results of the
paper. Throughout this section, we work over F, and regard the operators .S; j(A) of section
4 as elements of the algebra U(n) over F in the natural way. Fix A\ F r with \,, = 0 as in
(2.1), and let W = A, () with maximal submodule rad W. Let z) be a high weight vector
in W. By the definition in (3.6),

p2i—d) _ 52G—d) ghi—d) _ g(Aie—d)

bij(N) = 2 -1 - q—1 ’
p2i—d) _ 52N —0)  ghi—d) _ g(d—d)
Ci,j(A): 22 — 1 = g—1

Notice in particular that b; ;(A) vanishes (since we have assumed ¢ # 1) if and only if
Ai —i = Aj11 — j (mod ¢). A similar argument applies for ¢; ;(A). Now recall the definitions
of B; j(A\) and C; j(\) from (2.3). By the preceeding observations, these are equivalent to
the following definitions:

B; ;(\)
0,5 (A)



In this section, we shall always work with these definitions of B; ;(\) and C; j(\). We will also
often use the fact that if ¢; j11(\) = 0 then b; j(\) # 0. This follows since ¢; j41(A) —b; j(A) =
glat1=i=1) £ (.

5.2 Lemma Let C C C; ;(\) and suppose that S; j(C).z\ ¢ rad W (where C = (i..j) \ C as
usual). Then, B; j(A\) | C in the lattice order of (2.2).

ProOF. We prove this by induction on j —i. If j —i = 1, then S; ;(@) = Fj;+1 and in
this case, S;;(@).2) ¢ rad W if and only if EiFi,iH.Z)\ ¢ rad W. Now, by 3.7, EZ'FA‘i’/L'+1.Z)\ =
0b; i(X).zy, so this is if and only if b;;(A) # 0, or, equivalently, B; j(A\) = @. Thus the
induction starts. Now suppose that j —¢ > 1 and the result has been proved for all smaller
j — i, and choose C' C C; j()) such that S; ;(A).2) ¢ rad W, where A = C.

We first claim that there exists some 1 < [ < n such that E;S; j(A).zy ¢ rad W. For,
suppose that the claim is false. Then by this assumption, together with an easy argument
involving weights for r > 1, EZ(T)SM(A).ZA =0foralll <[ <mnandall r>1. But this
implies that S; j(A).zy lies in a proper submodule of W, contrary to the assumption that
Sij(A).zy ¢ rad W.

Hence, we can choose 1 <1 < n such that E;5; j(A).z\ ¢ radW. We now consider the
possibilities for [ given by Lemma 4.11.

Case one. 1 € {i}UA,l+1¢ AU{j}. By Lemma 4.11(ii),
Sii(Ai 1)Si41,(Ai41.5)-2n & rad W.

Since S; (A1) and Sji1j(Aj41.5) commute, this implies that both Sjiq ;(A;41.5).2) and
Sii(A; 1).zn are not elements of rad W. So by induction, B;;(A) | C;; and Bjyq;(A) |
Ci41.j. Now notice that [ + 1 € C so ¢;;41(A) = 0. This implies that B ;(\) C B j(A)
and that b; ;(A\) # 0, s0 1 ¢ B; j(A\). Hence B; ;(\) = B;(A\)UDB11 j(A). Now it is immediate
from the definition of | that B; () | C.

Case two. 1 = j—1,j — 1 € C. By Lemma 4.11(ii),
Si,j—l(Ai..j—l)J)\ ¢ rad W.

Induction implies that Bm-_l()\) | Ci.j—1, so we can find a weakly decreasing injection
Bij—1(A) — C;.j—1. Since j — 1 € C, this can always be extended to a weakly decreasing
injection B; j(A) — C, so B, j(A\) | C as required.

Case three. | =7 —1,j—1¢ C. By Lemma 4.11(iv),

b j—1(A)Sij—1(Aij—1).2x + OpziSi j—1({k} U Ajj—1).2x ¢ rad W,

where £ = max[i..j — 1) \ A4, so k € C. Note by j—_1(A) = b; j—1(A). One of the terms on the
right hand side of this expression must not be an element of rad W. If the first term is not
in rad W, then j — 1 ¢ B; ;()), and the result follows easily by induction as in case two. So
suppose that k # ¢ and that by induction B;;_1(A) | C'\ {k}. Then it is easy to see by
definition of | that B; j(\) | C as required.
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Now we prove the main results of this paper. The argument (iii)=-(i) in the next theorem
is due to Kleshchev in [23, Theorem 4.2]. The arguments for the other implications are new
and rather simpler than in the original proof.

5.3 Theorem (Criterion for normal nodes) Let i € R(\). Then, the following are
equivalent:

(i) 7 is normal;

(ii) Sin(A).zx ¢ rad W, where A = (i..n) \ Cjn(N);
(ili) Bin(A) | Cin(A);

(iv) @ € Ruormai(A)-

PROOF. (iii)<(iv) is just the definition of Ryormal(A)-

(i)=-(ii). Let f : W — V,,_1(A(4)) be a non-zero U (n—1)-homomorphism, as constructed
in the proof of Corollary 3.20. By Corollary 3.20, f is unique up to a scalar. By definition,
i is normal if and only if rad W C ker f. Suppose that (ii) is false. Let w = S;,,(A4).2x. By
assumption, w € rad W, so it suffices to show that w ¢ ker f.

Suppose A C (i..n) is such that E’j‘n.z,\ # 0. If A # &, then by Lemma 3.13, Fi’j‘n.zA =
iFﬂ.zA for some A C B C (i..n) such that Fﬁl.z,\ is an element of the standard basis for
W. But this lies in some factor strictly lower than the factor corresponding to A(7) in the
filtration of Theorem 3.19(i). Hence, f(Fiﬁz.zA) = 0 in this case, and by Theorem 3.19(ii),
f(Fin.zx) must therefore be non-zero (this also follows from the explicit construction of f
in Corollary 3.20).

R The previous paragraph now implies that w € ker f if and only if the coefficient of
F; .z is zero when w is written in terms of the standard basis. But by Lemma 3.13 and
the definition of S; j(A), this coeflicient is H; ;(A, @) = [[;c4 cit(A), which is non-zero by
definition of Cj ().

(ii)=-(iii). This is immediate from Lemma 5.2.

(iii)=(i). Suppose B;n(A) | Cjn(A). By (2.2), we can find a subset C' C C; ,, () such that
|C| = |Bin(A\)| and B;,(A) | C. Let A= (i.n) \ C and w = S; ,(A).2zx. We first show that
w ¢ rad W. By definition of |, we can find a weakly increasing bijection 6 : C' — B; ().
In particular, this implies that i ¢ B;,,()\). Note also that bgeq(A) = bjga(X) — ¢ia(A) = 0.
So, by Lemma 4.13(ii),

Kin(A).on= [[ = bis(V).2a
t€[i-n)\Bin(N)
which is non-zero by definition of B; ,(\). Hence, E; ... E;,,_15;,(A).2zy is a non-zero scalar

multiple of z) by Lemma 4.15, so w = S; ,(A).2) ¢ rad W.

To complete the proof, we show that El(r).w cradW foralll1<l<n—1landallr>1.
This suffices, for then, w +rad W is a non-zero U(n — 1)-high weight vector in W/rad W of
weight (i), hence Homy(,,—1)(An—1(A(7)), Ln(A) lu(n-1)) # 0 by the universal property of
standard modules.
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First, note that by considering weights EZ(T).w = 0 for all » > 1. So it remains to show
that Ejw € radW forall 1 <l <n—-1. Ifl+1€ A orl ¢ {i}UA/l+1¢ A, then
Ejw = E;S; n(A).zy = 0 by Lemma 4.11(i). So suppose that [ € {i}UA and [ +1 ¢ A.
Then, by Lemma 4.11(ii), Ej.w = —0S5;1(A; 1)Si+1,n(A141.0)-2x. It suffices to show that
either S; (A 1).zx or Siy1n(Ai41.n)-2x lies in rad W, since these two operators commute.
Note the assumptions on [ imply that ¢;;41(A) = 0, s0 b;;(A) # 0, Ci41., € Ciy1,5(A) and
Bz7n()\) = Bi,l()\) U Bl+1,n()‘)'

Suppose that S; ;(A; 1).2x ¢ rad W. By Lemma 5.2, B; ;(A) | C;.; hence |B; ;(\)| < |Ci.l.
Hence, |Bj41,(A)| > |Cial, 50 |Big1n(A)| > |Cig1.n|- But this implies that Bjjq, () |
Cl41.n is false. Hence, Siy1n(A1+1.n)-2x € rad W by Lemma 5.2 again, as required.

The argument in the next theorem is almost identical to Kleshchev’s original proof in
[23, Theorem 4.11].

5.4 Theorem (Criterion for good nodes) Let i € R()\). Then, i is good if and only if
i s normal and cpi(N) # 0 for all normal h < i.

PROOF. Let i € R(\) be normal. Then, we can find a vector v(i) € L,(\), unique up to
scalars, such that v(i) is a high weight vector for U(n — 1) of weight A(i). We shall prove
that U(n—1).v(4) is reducible if and only if ¢ ;(A) = 0 for some normal h < i. The theorem
follows easily from this by definition of good.

(«). Let h < i be normal with ¢p, ;(A) = 0. Then,

Chn(A) = Cri(N) U{i} U Cipn(N),
Bpn(N) = Bpi(A) U Bin(N).

By Theorem 5.3 and the definition of |, we can find a weakly decreasing injection 6 :
Bpn(A) — Chn(X) such that 6(B;n(N) € Cin(X). Let C = imf. Then, i ¢ C and
Ch..il = Bri(M); [Cinl = [Bin(A)].

Let A = (h..n) \ C and k = max[h..i) \ A. Note ¢ ;(A) = 0 so by Lemma 4.9,

Sh,n(A).ZA = 5]@75@'5}1,71({]{} UA \ {Z})Z)\ + Sh,i(Ah.,i)Si,n(Az’..n)-Z)\-

If k =i, the first term on the right hand side is zero. If k # i then |By, ;(\)| is greater than
|Ch..i \ {k}| so that By () | {i} UC \ {k} is false. So by Lemma 5.2, the first term on the
right hand side lies in rad W.

By the proof of Theorem 5.3, v(h) := Spn(A).2x + rad W and v(i) := S;n(Ain).2x +
rad W are U(n — 1)-high weight vectors in L, () of weights A(h), A\(7) respectively. We have
just shown that v(h) = Sy i(Ap.i).v(i). Hence, v(h) € U(n — 1).v(i) and U(n — 1).v(i) C
L, ()\) is reducible.

(=). Suppose that U(n — 1).v(i) is reducible. Then for some weight pu,

Homys(y,—1) (Ln—1(p), U(n — 1).v(i))
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is non-zero for some p < A(¢) in the dominance order. By Theorem 5.3, we must have that
i = A(h) for some normal h, with h < i since A(h) < A(¢). This implies that L,,—1(A(h)) is
a composition factor of A, _1(\(7)), hence that A(h) and A(i) are in the same block.

Now we appeal to the block structure of the g-Schur algebra S(n — 1,7 — 1) from [10,
6.7) (if r —1 <m—1) or [7] (in the general case), to deduce that, as A(i), A(h) are in the
same block, A\(¢7) and A(h) have the same residue content. Since the diagrams only differ by
one node, this implies that resy(i, A\;) = res¢(h, A\) (mod ). Hence, ¢, ;(A\) = 0, as required.

5.5 It just remains to deduce Theorem 2.5 and Theorem 2.6 from these two theorems. The
argument here is due to Kleshchev in [22], and generalizes easily to the quantum case. The
argument depends on two functors defined by J. A. Green in [14, Chapter 6]; all the facts
about these functors that we use below are well-known generalizations of this classical case.

Fix A r asin (2.1), and choose n so that n > 7. Let S(n,r) denote the g-Schur algebra
over F. Let e € S(n,r) be the idempotent corresponding to the partition (1"). Let S(n,r)-
mod and H(r)-mod denote the categories of (left) finite dimensional S(n,r)-modules and
H(r)-modules respectively. It is known that eS(n,r)e = H(r). So, we can define functors
far : S(n,r)-mod — H(r)-mod and hy, : H(r)-mod — S(n,r)-mod by f,, : V +— eV and
By : W= S(n,7)e @eg(n e W, for Vo€ S(n, r)-mod, W € H(r)-mod respectively, with the
obvious definitions on morphisms. The functor f,,, is exact, and h,, , is left adjoint to fi, ..

For any S(n,r)-module V, define V) to be the sum of all S(n,r)-submodules of V'

annihilated by e and V(¢ to be the intersection of all S(n,r)-submodules with quotient
annihilated by e.

5.6 Lemma (i) Given V € S(n,r)-mod, the natural map hy, o fn (V) — V has image
V(€ and kernel contained in (hy,, o T (V) (e)-

(i) If V,W € S(n,r)-mod are such that W) =W, Viey = 0, then
HomS(n,r)(VVa V) = HomH(r) (fn,rVVa fn,rv)-

PRrOOF. (i) is [20, 2.11(ii)]. For (ii), note that by left adjointness,
HomH(r) (fnﬂ”vva fn,rv) = HomeS(n,r)e(ewv €V) = HomS(n,T’) (S(nv 7“)6 ®eS(n,7’)e e, V)

By part (i) and the fact that W) = W, the module W = S(n,r)e ®@e(n,rye €W is an
extension of some S(n,r)-module K with eK = 0 by W. The assumption that Viey =0
implies that any S(n, r)-homomorphism from W to V annihilates K, so factors through W.
So, Homg,, (W, V) = Homg, . (W, V) and the lemma follows.

We also need the following observation, which also has a more conceptual proof; see [21,
Theorem B].

5.7 Lemma Let V = L,()\), and let V! denote the first level of V.. If X is {-restricted, then
the socle of the restriction of V' to U(n — 1) is {-restricted.
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PrOOF. By Theorem 5.4, the socle is precisely @ Ly—1(A(7)). So, it suffices to show
1€ Rgo0d ()

that if A is f-restricted and i € Rgo0d(A), then A(4) is also f-restricted. Suppose not, and
choose an (-restricted A and i € Rgo04(A) such that A(7) is not l-restricted. Then, ¢ > 1 and
Ai—1 —Aj = £ — 1. But this implies that resg(i — 1, \;_1) = resy(i, A;), hence that i — 1 is also
normal. But now this contradicts the minimality of ¢ in the definition of good.

Now we can deduce Theorem 2.5 from Theorem 5.3. Let A, 4 be as in Theorem 2.5. Let
W = A,_1(i),V = Ly()\). Let V! denote the first level of V, and note that V! is naturally
a module for S(n — 1,7 — 1). We use the known facts that f,, (A, (X)) = 53 = (S))# and
far(Ln(X) = (Dy))#, where # is the involution of (2.9). An argument involving weights
shows that fr—1,-1(V') = fur(V) lpr—1). Hence, fr1,-1(V') = (D)\)# L3(r—1)- So,

Homyy(,—1)(Sus Dx Lr(r—1y) = Homypy 1y ((Su)#, (DA)* L3gr—1))
= Homy(r—1)(fa—1,-1(W), faz1,,—1 (V1))
= Homg(y—1,0—1)(W, V')
= Homy(n—1)(W,V lum-1))
using Lemma 5.6 and the fact that the head of W and the socle of V! are both f-restricted
(the latter being Lemma 5.7). Theorem 2.5 now follows directly from Theorem 5.3. The

deduction of Theorem 2.6 from Theorem 5.4 is entirely similar. This completes the proof of
the branching rules.

Acknowledgements

I would like to thank Andrew Mathas and Gordon James, with whom I have had many
invaluable discussions during the course of this work, and Alexander Kleshchev and Steve
Donkin for some helpful comments on early versions of this paper. This work was supported
by the EPSRC.

References
[1] H. Andersen, P. Polo, and Wen K. Representations of quantum algebras. Invent. Math., 104:1—
59, 1991.

[2] S. Ariki. On the decomposition numbers of the Hecke algebra of G(m,1,n). J. Math. Kyoto
Univ., 36:709-808, 1996.

[3] C. Bessenrodt and J. B. Olsson. On residue symbols and the Mullineux conjecture. J. Alg.
Comb., to appear.

[4] J. W. Brundan. Double cosets in algebraic groups. PhD thesis, Imperial College, University of
London, 1996.

32



[5]

(6]

[7]

J. W. Brundan. Lowering operators for GL(n) and quantum GL(n). In: Seattle conference on
representations, cohomology and actions of finite groups (1996), Proc. Symp. Pure Math., to
appear.

R. W. Carter. Raising and lowering operators for sl,,, with applications to orthogonal bases
of sl,-modules. In: Arcata conference on representations of finite groups (1987), Proc. Symp.
Pure Math., volume 47, pages 351-366, Providence, 1987.

A. Cox. The blocks of the g-Schur algebra, preprint, Queen Mary and Westfield College, London,
1997.

R. Dipper and G. James. Representations of Hecke algebras of general linear groups. Proc.
London Math. Soc., 52:20-52, 1986.

R. Dipper and G. James. Blocks and idempotents of Hecke algebras of general linear groups.
Proc. London Math. Soc., 54:57-82, 1987.

R. Dipper and G. James. The ¢—Schur algebra. Proc. London Math. Soc., 59:23-50, 1989.

R. Dipper and G. James. ¢—Tensor space and g—Weyl modules. Trans. Am. Math. Soc., 327:251—
282, 1991.

J. Du. A note on quantized Weyl reciprocity at roots of unity. Alg. Collog., 2:363-372, 1995.
B. Ford and A. S. Kleshchev. A proof of the Mullineux conjecture. Math. Z., to appear.

J. A. Green. Polynomial representations of GL,,, volume 830 of Lecture Notes in Math. Springer-
Verlag, 1980.

J. A. Green. Combinatorics and the Schur algebra. J. Pure Appl. Alg., 88:290-316, 1993.

R. M. Green. q-Schur algebras and quantized enveloping algebras. PhD thesis, Warwick Univer-
sity, 1995.

I. Grojnowski. Representations of affine Hecke algebras (and affine quantum GL,) at roots of
unity. Math. Research Notes, pages 215-217, 1994.

J. C. Jantzen. Representations of Algebraic Groups. Academic Press, Florida, 1987.

J. C. Jantzen. Lectures on Quantum Groups, volume 6 of Graduate studies in math. Am. Math.
Soc., 1996.

J. C. Jantzen and G. M. Seitz. On the representation theory of the symmetric groups. Proc.
London Math. Soc. 65:475-504, 1992.

A. S. Kleshchev. On restrictions of irreducible modular representations of semisimple algebraic
groups and symmetric groups to some natural subgroups. Proc. London Math. Soc., 69:515-540,
1994.

A. S. Kleshchev. Branching rules for modular representations of symmetric groups, 1. J. Alg.,
178:493-511, 1995.

A. S. Kleshchev. Branching rules for modular representations of symmetric groups, II. J. reine
angew. Math., 459:163-212, 1995.

A. S. Kleshchev. Branching rules for modular representations of symmetric groups III: some
corollaries and a problem of Mullineux. J. London Math. Soc., 54:25-38, 1996.

33



[25] A. Lascoux, B. Leclerc, and J-Y. Thibon. Hecke algebras at roots of unity and crystal bases of
quantum affine algebras. Comm. Math. Phys., 181:205-263, 1996.

[26] G. Lusztig. Finite dimensional Hopf algebras arising from quantized universal enveloping alge-
bras. J. Am. Math. Soc., 3:257-297, 1990.

[27] G. Mullineux. Bijections of p-regular partitions and p-modular irreducibles of the symmetric
groups. J. London Math. Soc., 20:60-66, 1979.

[28] M. J. Richards. Some decompostion numbers for Hecke algebras of general linear groups. Math.
Proc. Camb. Phil. Soc., 119:383-402, 1996.

34



