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Abstract. We prove odd analogs of results of Chuang and Rouquier on sl2-categorification. Combined
also with recent work of the second author with Livesey, this allows us to complete the proof of Broué’s
Abelian Defect Conjecture for the double covers of symmetric groups. The article also develops the
theory of odd symmetric functions initiated a decade ago by Ellis, Khovanov and Lauda. A key role in
our approach is played by a 2-category consisting of odd Grassmannian bimodules over superalgebras
which are odd analogs of equivariant cohomology algebras of Grassmannians. This is the odd analog
of the category of Grassmannian bimodules which was at the heart of Lauda’s independent approach to
categorification of sl2. We also construct an action of the odd Kac-Moody 2-category U(sl2) on the 2-
category of odd Grassmannian bimodules, and use this to give a new proof of its non-degeneracy.
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1. Introduction

This paper establishes “odd” analogs of results of Chuang and Rouquer [CR]. The motivating prob-
lem is to prove Broué’s Abelian Defect Group Conjecture for the double covers of symmetric groups. In
the ordinary even theory, Broué’s conjecture for symmetric groups was proved in two steps. First came
the work of Chuang and Kessar [CK], which established a Morita equivalence reducing the proof of
Broué’s conjecture to proving that all blocks of symmetric groups in characteristic p > 0 with the same
defect are derived equivalent. Then the second part of the proof came in Chuang and Rouquier’s work
which deduced this assertion from a special case of a remarkable general theory of sl2-categorification.
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Their theory has had many other significant applications and generalizations, especially following the
works of Rouquier [R1, R2] and Khovanov and Lauda [KL], which upgraded from sl2 to an arbitrary
symmetrizable Kac-Moody algebra g.

The analogous story for the double covers of symmetric groups has an equally long history, being ini-
tiated of course by Schur soon after the ordinary representation theory of symmetric groups was worked
out. In [BK], we uncovered a connection in the same spirit as Grojnowski’s work [G]—an important
predecessor of [CR]—between modular representations of spin symmetric groups in odd characteristic
p = 2l + 1 and the Kac-Moody group of type A(2)

2l . A few years later, the odd theory was given new life
by work of Ellis, Khovanov and Lauda [EK, EKL, EL, E], whose motivation came from the completely
different direction of the categorification program related to odd Khovanov homology. They developed
a substantial theory of odd symmetric functions which plays a key role in this article. Soon after the
work of Ellis, Khovanov and Lauda, a major breakthrough was made in work of Kang, Kashiwara, Oh
and Tsuchioka [KKT, KKO1, KKO2]. They introduced so-called quiver Hecke superalgebras, which
are the odd analogs of the Khovanov-Lauda-Rouquier algebras that underpin all current approaches to
categorification of Kac-Moody algebras. In fact, quiver Hecke superalgebras categorify the positive part
of the so-called covering quantum group Uq,π(g) associated to a super Kac-Moody datum with underly-
ing symmetrizable Kac-Moody algebra g. These covering quantum groups were defined independently
and studied in great detail by Clark, Wang and Hill [CW, CHW, CHW2, C]. Then there was a lull in
activity, until work of the first author with Ellis [BE2] which simplified the definition of the odd analog
of the 2-category associated to sl2 made originally by Ellis and Lauda [EL] and extended it to an arbi-
trary super Kac-Moody datum. Recently, Dupont, Ebert and Lauda [DEL] have used “rewriting theory”
to prove that the odd sl2 2-category from [BE2] is non-degenerate, but this is still an open problem for
other odd types.

It has in fact been expected for long time that there should exist a comprehensive odd analog of the
Chuang and Rouquier theory, and that this should play a role in constructing the derived equivalences
required to prove Broué Conjecture for spin symmetric groups. However, due in part to the lack of
an appropriate analog of the first part of the proof for symmetric groups—the part provided by the
work of Chuang and Kessar—it was not investigated seriously until now. This analog has recently been
established, in work of the second author with Livesey [KLi], and is in fact highly non-trivial. The
arguments in [KLi] depend essentially on the Morita equivalence between cyclotomic quiver Hecke
superalgebras and group algebras of spin symmetric groups constructed in [KKT], and also rely on the
new approach to the study of RoCK blocks developed by the second author and Evseev in [EvK].

This article completes the second step of this program for spin symmetric groups. In order to do this,
one needs to be able to compute explicitly with some realization of the categorification of the analog
V(−ℓ) of the sl2-module of lowest weight −ℓ for the covering quantum group Uq,π(sl2). We do this in
this article by developing a non-trivial theory of odd Grassmannian bimodules. These are bimodules
over pairs of algebras which we refer to as the equivariant odd Grassmannian cohomology algebras
since they are analogous to the GLℓ(C)-equivariant cohomology algebras of the usual Grassmannian of
n-dimensional subspaces of Cℓ. The specialized versions of these algebras with the word “equivariant”
removed were worked out already by Ellis, Khovanov and Lauda [EKL], but the generalization to the
equivariant setting is not obvious due to the non-commutativity of the algebra OSym of odd symmetric
functions. The definition of equivariant odd Grassmannian cohomology algebras—which are purely
algebraic in nature rather than coming from any known cohomology theory—is given in Definition 8.1,
and then the all-important 2-category OGBim ℓ of bimodules over these algebras is introduced in Defini-
tion 10.6. The key property of this, its rigidity, is established in Theorems 11.3 and 11.5.

With this theory in place, in Definition 12.2, we are able to write down the odd analog of the sin-
gular Rouquier complex in the category OGBim ℓ, proving the necessary homological properties of this
needed to be able to obtain derived equivalences between the module categories over odd Grassmannian
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cohomology algebras. After that, we digress to explain the relationship between the odd sl2 2-category
U(sl2) from [EL, BE2] (Definition 13.1) and the category OGBim ℓ, namely, there is a 2-functor from
the former to the latter (Theorem 13.2). This is the odd analog of the main result about the ordinary
sl2 2-category obtained by Lauda in [L1, L2]. We use this 2-functor to give another proof of the non-
degeneracy of the odd sl2 2-category established originally in [DEL]; see Theorem 13.5. This implies
that the Grothendieck ring of the super Karoubi envelope of U(sl2) is isomorphic to the appropriate in-
tegral form of the covering quantum group Uq,π(sl2). Then, in Section 14, we develop some of the basic
theory of 2-representations of the odd sl2 2-category, following [R1] quite closely. This is applied in the
next section to prove Theorem 15.5, which may be paraphrased as follows:

Theorem. The bounded homotopy category Kb(V ) of any integrable Karoubian 2-representation V of
the odd sl2 2-category U(sl2) admits an auto-equivalence categorifying the action of the simple reflection
in the associated Weyl group.

In the final Section 16, we apply this, together with its even analog from [CR], to establish the key
derived equivalences between blocks of double covers of symmetric and alternating groups predicted
by Kessar and Schaps [KS]. In fact, we establish derived equivalences between the corresponding
cyclotomic quiver Hecke superalgebras of type A(2)

2l , which were shown to be Morita equivalent to spin
blocks of symmetric groups up to Clifford twists in [KKT]. Our arguments here also rest crucially
on the results of [KKO1, KKO2] in order to check that representations of cyclotomic quiver Hecke
superalgebras do admit the structure of a super Kac-Moody 2-representation. Combined with the results
in [KLi], this is sufficient to complete the proof of the Broué Conjecture for double covers of symmetric
and alternating groups.

We would finally like to discuss some significant overlaps between the results of this article and
the independent work of Ebert, Lauda and Vera [ELV]. Their work also introduces the equivariant odd
Grassmannian cohomology algebras studied here, relating them to deformed odd cyclotomic nilHecke
algebras in exactly the same way as in Theorem 9.2 below, and they also establish the derived equiva-
lences necessary to complete the proof of Broué’s Conjecture for spin symmetric groups. We view their
general approach as complementary to ours, and it is reassuring to have an independent proof of this
difficult place in the theory. The strategy adopted by Ebert, Lauda and Vera is modelled on Vera’s new
treatment of derived equivalences in the ordinary even case developed in [V]. In particular, it uses a
version of the results of Kang, Kashiwara and Oh [KKO1, KKO2] to construct the universal categorifi-
cation of the Uq,π(sl2)-module V(−ℓ) in terms of representations of deformed odd cyclotomic nil-Hecke
algebras. This is the place where we use instead the theory of odd Grassmannian bimodules developed
in this article, making our article more self-contained.

We expect the results here will have further applications, notably, to the representation theory of the
Lie superalgebra qn(C). This article also initiates the study of 2-representations of super Kac-Moody
2-categories in the spirit of Rouquier’s 2-representation theory for ordinary Kac-Moody 2-categories.

Acknowledgements. We would like to thank Aaron Lauda for his generosity in discussing the results of
[ELV] and all of its authors for patiently waiting for our much less concise text to be completed.

General conventions. With the exception of Section 3, we work over an algebraically closed field F
of characteristic different from 2, and all categories, functors, etc. are assumed to be F-linear without
further comment. The symbol ⊗ with no additional subscript denotes tensor product over F. We use the
shorthand X ∈ C to indicate that X is an element of the object set of a category C .

Let Λ+ be the set of all partitions λ = (λ1 ≥ λ2 ≥ · · · ). We adopt standard notations such as
λt = (λt1, λ

t
2, . . . ) for the transpose partition and ht(λ) for the number λt1 of non-zero parts. The usual

dominance ordering is denoted ≤. The lexicographic ordering ≤lex is a total order refining ≤. We use
the English convention for Young diagrams and tableaux, so rows and columns are indexed like for
matrices. Let Λ+n := {λ ∈ Λ+ | ht(λ) ≤ n} be the set of partitions of height at most n and Λ+m×n be the set
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of partitions λ whose Young diagram fits into an m × n rectangle, i.e. ht(λ) ≤ m and λ1 ≤ n. Note that∣∣∣Λ+m×n

∣∣∣ = (
m + n

n

)
.

For λ ∈ Λ+, the following will be needed in various formulae for signs, following [E, Sec. 2.2]:
• N(λ) is the number of pairs (A, B) such that B is strictly north of A (strictly above in any column);
• NE(λ) is the number of pairs of boxes (A, B) such that B is strictly northeast of A (strictly above

and strictly to the right);
• NE(λ) is the number of pairs of boxes (A, B) such that B is weakly northeast of A ([above or in

the same row] and [to the right or in the same column]);
• dN(λ) is the number of pairs (A, B) of boxes in the Young diagram of λ such that B is due north

of A (strictly above and in the same column);
• dE(λ) is the number of pairs of boxes (A, B) in the Young diagram such that B is due east of A

(strictly to the right and in the same row).

Some equivalent definitions: N(λ) =
∑

1≤i< j λiλ j; dN(λ) =
∑

i≥1(i − 1)λi; dE(λ) =
∑

i≥1

(
λi
2

)
= dN(λt);

NE(λ) = |λ| + dN(λ) + dE(λ) + NE(λ).
Let Λ(k, n) be the set of all compositions of n with k parts, that is, k-tuples α = (α1, . . . , αk) of non-

negative integers such that |α| := α1 + · · · + αk = n. Let N(α) :=
∑

1≤i< j≤k αiα j (like for partitions). The
reversed composition is αr := (αk, . . . , α1). Also α ⊔ β denotes concatenation of compositions α and β.

We denote the symmetric group by Sn acting on the left on {1, . . . , n}. The ith basic transposition is
si = (i i+1) and ℓ : Sn → N is the associated length function. We use the notation wn to denote the
longest element of Sn of length ℓ(wn) =

(
n
2

)
. We will often use the identities(

r + s
2

)
=

(
r
2

)
+

(
s
2

)
+ rs,

(
−r
2

)
=

(
r + 1

2

)
for r, s ∈ Z. For α ∈ Λ(k, n), there is a corresponding parabolic subgroup Sα of Sn; it is the subgroup
generated by all si for i ∈ {1, . . . , n} − {α1, α1 + α2, . . . , α1 + · · · + αk}. We use [Sn/Sα]min and [Sα\Sn]min
to denote the sets of minimal length left and right coset representatives, respectively. Also let wα be the
longest element of Sα and wα be the longest element of [Sn/Sα]min, so that wn = wαwα. For example,
S(n−1,1) is Sn−1 embedded into Sn as the permutations that fix n. These natural embeddings define a tower
of subgroups S0 < S1 < S2 < · · · . There is also the shifted embedding shn : Sn′ ↪→ Sn+n′ , s j 7→ sn+ j for
n, n′ ≥ 0.

We may implicitly identify λ ∈ Λ+ with the “dominant” composition (λ1, . . . , λk) ∈ Λ(k, n) where
n := |λ| and k := ht(λ). Note then that NE(λ) defined combinatorially above is the length of the unique
minimal length Sλt\Sn/Sλ-double coset representative w such that

∣∣∣S λt ∩wS λw−1
∣∣∣ = 1. For n ∈ Z, r ≥ 0,

we let
n#r := n + (n + 1) + · · · + (n + r − 1) = nr +

(
r
2

)
.

2. Graded superalgebra

In this section, we review some basic language, referring the reader to the exposition in the introduc-
tion of [BE1] for more details; see also [BE1, Sec. 6] which discusses gradings. For a commutative ring
R, we write Rπ for the ring R[π]/(π2 − 1). Assuming that 2 is invertible in R, the Chinese Remainder
Theorem gives a ring isomorphism Rπ

∼
→ R × R, a 7→ (a+, a−) for a± ∈ R defined by evaluating π at ±1.

Then we have that a ∈ (Rπ)× if and only if both a+ ∈ R× and a− ∈ R×. For example, πq − q−1 ∈ Q(q)π is
invertible because both q − q−1 and −q − q−1 are invertible in Q(q).

A graded vector superspace is a Z × Z/2-graded vector space V =
⊕

d∈Z,p∈Z/2 Vd,p. We may also
write Vp for

⊕
d∈Z Vd,p, so V0̄ is the even part and V1̄ is the odd part of A. For a homogeneous vector
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v ∈ Vd,p, we write deg(v) for its degree d (the Z-grading) and par(v) for its parity p (the Z/2-grading). We
write gsVec for the closed symmetric monoidal category of graded vector superspaces with morphisms
that preserve both degree and parity of vectors. Its symmetric braiding is defined on graded vector
superspaces V and W by

BV,W :V ⊗W → W ⊗ V, v ⊗ w 7→ (−1)par(v) par(w)w ⊗ v. (2.1)

This only makes sense if v and w are homogeneous, but we adopt the usual abuse of notation by sup-
pressing this assumption. We use the notation Π for the parity switch functor and Q for the upward
grading shift functor, using π and q for the induced maps at the level of Grothendieck groups.

A graded superalgebra is an associative, unital algebra in gsVec. Any graded superalgebra A has the
parity involution

p : A→ A, a 7→ (−1)par(a)a. (2.2)

For graded superalgebras A and B, their tensor product A ⊗ B is the tensor product of the underlying
graded vector superspaces viewed as a graded superalgebra so that

(a1 ⊗ b1)(a2 ⊗ b2) = (−1)par(b1) par(a2)a1a2 ⊗ b1b2

for a1, a2 ∈ A, b1, b2 ∈ B. We also write Asop for the opposite superalgebra, whose multiplication is
defined from a · b := (−1)par(a) par(b)ba.

Very important in this article is the graded superalgebra OPoln of odd polynomials. By definition,
this is the tensor product

OPoln := OPol1 ⊗ · · · ⊗ OPol1︸                    ︷︷                    ︸
n times

, (2.3)

where OPol1 := F[x] is the usual commutative polynomial algebra in an indeterminate x, viewed as a
graded superalgebra so that x is odd of degree 2. We let xi := 1 ⊗ · · · ⊗ x ⊗ · · · ⊗ 1 where x is in the ith
tensor position from the left. Here are some further observations.

• For α ∈ Λ(k, n), the tensor product OPolα1 ⊗ · · · ⊗ OPolαk is canonically identified with OPoln
so that 1⊗( j−1) ⊗ xi ⊗ 1⊗(k− j) ≡ xα1+···+α j−1+i.
• The elements x1, . . . , xn generate OPoln subject to the relations x jxi = −xix j for 1 ≤ i < j ≤ n.
• There are no (non-zero) zero divisors in OPoln, although it does not have unique factorization,

e.g., (x1 − x2)2 = (x1 + x2)2.
• The monomials xκ := xκ1

1 · · · x
κn
n ∈ OPoln for κ = (κ1, . . . , κn) ∈ Nn give a linear basis for OPoln.

From the last point, it follows that

dimq,π OPoln =
1

(1 − πq2)n ∈ Z⟦q⟧
π, (2.4)

meaning that the coefficient of qdπp in this generating function is the dimension of the homogeneous
component in degree d ∈ Z and parity p ∈ Z/2.

A graded supercategory is a category enriched in gsVec, and a graded superfunctor is an enriched
functor. In particular, graded superfunctors preserve degrees and parities of morphisms. Given graded
supercategories A and B , we use the notation gsHom(A ,B) for the graded supercategory of graded
superfunctors and graded supernatural transformations in the sense of [BE1, Ex. 1.1]. In particular,
gsEnd (A) := gsHom(A ,A) is a strict graded monoidal supercategory; see [BE1, Ex. 1.5(ii)]. More
generally, there is a strict graded 2-supercategory gsCat consisting of (small) graded supercategories,
graded superfunctors and graded supernatural transformations; see [BE1, Sec. 6]. For graded superfunc-
tors F,G : A → B , we denote the morphism space HomgsHom(A ,B)(F,G), that is, the graded superspace
consisting of all graded supernatural transformations from F to G, simply by gsHom(F,G). If F = G
we denote it by gsEnd(F), this being a graded superalgebra.
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For any graded supercategory A , we denote the underlying ordinary category consisting of the same
objects and the morphisms that are even of degree 0 by A . We will systematically write � to denote
the existence of an isomorphism that is not necessarily homogeneous, and ≃ to denote the existence of
an isomorphism that preserves parities and degrees. For example, the category gsVec is the underlying
ordinary category of a graded monoidal supercategory gsVec. In gsVec, a linear map f : V → W is
homogeneous of degree d ∈ Z and parity p ∈ Z/2 if f (Vd′,p′) ⊆ Wd+d′,p+p′ for all d′ ∈ Z, p′ ∈ Z/2. Then
an arbitrary morphism in gsVec is a graded linear map, that is, a linear map with the property that it can
be written as a finite sum of homogeneous linear maps of different degrees.

In fact, gsVec is a graded monoidal (Q,Π)-supercategory; see [BE1, Def. 1.12, Def. 6.5] for the
formal definition. The unit object is the field F viewed as a graded superspace so that it is even in degree
0, the parity shift functor is ΠF ⊗ − where ΠF is F in degree 0 and odd parity, and grading shift functor
is QF ⊗ − where QF is F in degree one and even parity. For any graded (Q,Π)-supercategory V , its
underlying ordinary category is a (Q,Π)-category in the sense of [BE1, Def. 6.12]. In fact, gsVec is a
monoidal (Q,Π)-category in the sense of [BE1, Def. 1.14, Def. 6.14].

Given two graded superalgebras A and B, we write A-gsMod-B for the graded supercategory of
graded (A, B)-superbimodules and graded (A, B)-superbimodule homomorphisms; such a homomor-
phism is a finite sum of homogeneous (A, B)-superbimodule homomorphisms of different degrees and
parities. We adopt the usual sign convention for morphisms as in [BE1, Ex. 1.8]. So a morphism
f : V → W in A-gsMod-B satisfies f (avb) = (−1)par( f ) par(a)a f (v)b for a ∈ A, b ∈ B, v ∈ M. The
category A-gsMod-B is a graded (Q,Π)-supercategory in the sense of [BE1, Def. 1.7, Def. 6.4]. We use
the notation HomA-B(V,W) to denote a morphism space in this category, which is a graded vector super-
space. The parity switching functor Π takes a graded (A, B)-superbimodule V to the same underlying
graded vector space viewed as a superspace with the opposite parities and actions of a ∈ A and b ∈ B on
v ∈ ΠV defined in terms of the original action so that

a · v · b := (−1)par(a)avb. (2.5)

On a morphism f : V → W, Π f : ΠV → ΠW is defined so that (Π f )(v) = (−1)par( f ) f (v). The grading
shift functor Q takes V to the same underlying superbimodule with the new grading (QV)d := Vd−1.
This is less delicate since it does not introduce any additional signs. The definition of graded (Q,Π)-
supercategory also involves some additional data of supernatural isomorphisms ζ : Π

∼
⇒ Id, σ : Q

∼
⇒ Id

and σ̄ : Q−1 ∼
⇒ Id, which in this case all come from the identity function on the underlying vector space.

We will not need these in any significant way, so refer the reader to [BE1] for the details.
The graded (Q,Π)-supercategories A-gsMod and gsMod-B of graded left A-supermodules and right

B-supermodules can now be defined to be A-gsMod-F and F-gsMod-B, respectively. We use the no-
tation HomA-(V,W) and Hom-B(V,W) to denote the morphism spaces in these categories. We use
A-gsmod, A-pgsMod and A-pgsmod to denote the full subcategories of A-gsMod consisting of the
finite-dimensional, projective and finitely generated projective left A-supermodules, respectively. The
underlying ordinary categories are A-gsMod, A-gsmod, A-pgsMod and A-pgsmod.

For graded supercategories A ,B , an adjoint pair (E, F) of graded superfunctors E : A → B and
F : B → A means an adjoint pair of F-linear functors in the usual sense, such that in addition the unit
and the counit of the adjunction are both even supernatural transformations of degree 0. It follows that
the restrictions of E and F to the underlying ordinary categories also form an adjoint pair.

Now suppose that A and B are graded superalgebras such that A is a (unital) subalgebra of B. Then
there is an adjoint triple of graded superfunctors (IndB

A,ResB
A,CoindB

A):

IndB
A := B ⊗A − : A-gsMod→ B-gsMod, (2.6)

ResB
A := HomB-(B,−) ≃ B ⊗B − : B-gsMod→ A-gsMod, (2.7)

CoindB
A := HomA-(B,−) : A-gsMod→ B-gsMod. (2.8)
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Following [PS] (which explicitly treats graded superalgebras), we say that B is a Frobenius extension
of A of degree d ∈ Z and parity p ∈ Z/2 if there exists a trace map tr : B → A that is a homogeneous
graded (A, A)-superbimodule homomorphism of degree −d and parity p, together with homogeneous
elements b1, . . . , bm, b∨1 , . . . , b

∨
m of B such that

deg(bi) + deg(b∨i ) = d, par(bi) + par(b∨i ) = p, (2.9)
m∑

i=1

bi tr(b∨i b) = b,
m∑

i=1

(−1)p par(b)+p par(b∨i ) tr(bbi)b∨i = b (2.10)

for any b ∈ B. The associated comultiplication is the homogeneous graded (B, B)-superbimodule homo-
morphism

∆ : B→ B ⊗A B, 1 7→
m∑

j=1

(−1)p par(b∨j )b j ⊗ b∨j , (2.11)

which is of degree d and parity p. In the adjoint pair (IndB
A,ResB

A), the unit and counit of the canonical
adjunction making (IndB

A,ResB
A) into an adjoint pair are induced by the superbimodule homomorphisms

η : A → B and µ : B ⊗A B → B given by the canonical inclusion and multiplication, respectively.
Assuming that we have a Frobenius extension, there is also an adjunction making (ResB

A,Q
−dΠp IndB

A)
into an adjoint pair, with unit and counit of adjunction induced by the superbimodule homomorphisms
tr and ∆ viewed now as homogeneous graded supermodule homomorphisms tr : Q−dΠpB → A and
∆ : B → QdΠpB ⊗A B that are even of degree 0. This adjunction induces a canonical even degree 0
isomorphism IndB

A ≃ QdΠp CoindB
A Conversely, if there exists such an isomorphism of graded super-

functors then B is a Frobenius extension of A of degree d ∈ Z and parity p ∈ Z/2; see [PS, Th. 6.2].
We will only use the definitions from the previous paragraph in situations in which B is positively

graded and connected (i.e., B0 = F). In that case, the trace map is unique up to multiplication by a
non-zero scalar; see [PS, Prop. 4.7] for a more general uniqueness statement. Moreover, the elements
b1, . . . , bm (resp., b∨1 , . . . , b

∨
m) can be chosen so that they give a basis for B as a free right (resp., left)

A-supermodule, in which case (2.10) can be replaced simply by the condition

tr(b∨i b j) = δi, j (2.12)

for all i, j, i.e., the two bases are dual to each other.
Now suppose that A is a supercommutative graded superalgebra, i.e., its multiplication satisfies ab =

(−1)par(a) par(b)ba for all a, b ∈ A. A graded A-superalgebra B is a graded superalgebra together with
a structure map η : A → Z(B) which is a (unital) graded superalgebra homomorphism from A to the
supercenter

Z(B) =
{
c ∈ B

∣∣∣ bc = (−1)par(b) par(c)cb for all b ∈ B
}
. (2.13)

In particular, such a superalgebra B is a graded A-supermodule, by which we mean a graded (A, A)-
superbimodule such that the left and right actions of a ∈ A on a vector v are related by

av = (−1)par(a) par(v)va. (2.14)

We say that a graded A-superalgebra B is a graded Frobenius superalgebra over A of degree d and parity
p if the structure map η : A→ Z(B) is injective, and B is a Frobenius extension of η(A) of degree d and
parity p in the sense from the previous paragraph.

By the graded super Karoubi envelope gsKar(A) of a graded supercategory A we mean the graded
(Q,Π)-supercategory obtained by first passing to its (Q,Π)-envelope Aq,π (see the next paragraph), then
to the additive envelope of Aq,π, then finally to the completion of that at all homogeneous idempotents.
The underlying ordinary category gsKar(A), which is an additive and idempotent complete (Q,Π)-
category, is what is called the graded super Karoubi envelope in the final paragraph of [BE1, Sec. 6].
Any graded superfunctor F : A → B to an additive graded (Q,Π)-supercategory B whose underlying
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ordinary category is idempotent complete induces a canonical graded superfunctor Fq,π : gsKar(A) →
B; this follows from [BE1, Th. 6.3] combined with the usual universal properties of additive envelopes
and idempotent completions. The split Grothendieck group K0

(
gsKar(A)

)
is naturally a Z[q, q−1]π-

module. For example, if A is the graded supercategory with one object whose endomorphisms are
given by some graded superalgebra A then, by Yoneda Lemma, gsKar(A) is contravariantly graded
superequivalent to A-pgsmod. In this case, we denote K0

(
gsKar(A)

)
� K0(A-pgsmod) simply by K0(A).

The only part of the construction of gsKar(A) just outlined which is not standard is the notion of the
(Q,Π)-envelope of A . According to [BE1, Def. 6.8], this is the graded supercategory Aq,π with objects
given by the symbols QdΠpX for d ∈ Z, p ∈ Z/2 and X ∈ A , with

HomAq,π(Q
dΠpX,QeΠqY) := Qe−dΠp+q HomA (X,Y),

where Q and Π on the right hand side are the grading and parity shift functors on gsVec. Denoting f ∈
HomA (X,Y) viewed as a morphism in HomAq,π(Q

dΠpX,QeΠqY) by f e,q
d,p as in [BE1], the composition

law in Aq,π is induced by the composition law in A in the obvious way:

ge,r
d,q ◦ f d,q

c,p := (g ◦ f )e,r
c,p. (2.15)

The grading and parity shift functors making Aq,π into a graded (Q,Π) are defined on objects so that
Q(QdΠpX) = Qd+1ΠpX and Π(QdΠpX) = QdΠp+1̄X, and on morphisms so that Q( f e,q

d,p) = f e+1,q
d+1,p and

Π f e,q
d,p = (−1)par( f )+p+q f e,q+1̄

d,p+1̄
. For a more complete account (including also the definitions of the required

supernatural isomorphisms ζ, σ and σ̄) we refer to [BE1, Def. 6.8]. We will always identify A with
the full subcategory of Aq,π via the obvious graded superfunctor A → Aq,π, X 7→ Q0Π0̄X, f 7→ f 0,0̄

0,0̄
.

The graded supercategory A is called (Q,Π)-complete if this functor is a graded superequivalence;
equivalently, for every object X ∈ A , d ∈ Z and p ∈ Z/2 there is another object Y and an isomorphism
f : Y

∼
→ X that is homogeneous of degree d and parity p; cf. [BE1, Lem. 4.1].

It also makes sense to take the graded super Karoubi envelope gsKar(A) of a graded 2-supercategory
A, which is a graded (Q,Π)-2-supercategory. The split Grothendieck ring K0

(
gsKar(A)

)
is naturally a

locally unital Z[q, q−1]π-algebra equipped with a distinguished collection of mutually orthogonal idem-
potents indexed by the objects of A. We just explain the non-trivial step here, which is the construction
of the (Q,Π)-envelope Aq,π of a graded 2-supercategory, referring to [BE1, Def. 6.10] and the subse-
quent discussion for a fuller account. In the case that A is a strict graded 2-supercategory, Aq,π is a
strict graded (Q,Π)-2-supercategory with the same objects as A and morphism supercategories that are
the (Q,Π)-envelopes of the morphism supercategories in A. For 1-morphisms X,Y : λ → µ in A, we
represent the 2-morphism QdΠpX ⇒ QeΠqY in Aq,π associated to the 2-morphism α : X ⇒ Y by αe,q

d,p,
which is of parity par(α)+ p+q and degree deg(α)+e−d. Vertical composition is defined in the obvious
way as in (2.15). Horizontal composition is defined in terms of horizontal composition in A but there
are some surprising signs:

α
e,q
d,p(α′)e′,q′

d′,p′ := (−1)p(par(α′)+p′+q′)+par(α)q′(αα′)e+e′,q+q′

d+d′,p+p′ (2.16)

These signs play an important role in the following lemma, which when p = 1̄ is the idea of “odd
adjunction”.

Lemma 2.1. Let A be a strict graded 2-supercategory. Suppose that E : λ → µ and F : µ → λ are
1-morphisms and ε : E ◦ F ⇒ 1µ and η : 1λ ⇒ F ◦ E are 2-morphisms of parity p and degrees d and
−d, respectively, such that (ε1E) ◦ (1Eη) = 1E and (1Fε) ◦ (η1F) = (−1)p1F .

(1) The degree 0 even 2-morphisms ε0,0̄
d,p : E ◦ (QdΠpF)⇒ Id and ηd,p

0,0̄
: Id⇒ (QdΠpF) ◦ E give the

unit and counit of an adjunction making QdΠpF into a right dual of E in Aq,π.
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(2) For a supernatural transformation α : E ⇒ E in A, its mate
(
1QdΠpFε

0,0̄
d,p

)
◦
(
1QdΠpFα1QdΠpF

)
◦(

η
d,p
0,0̄

1QdΠpF

)
: QdΠpF ⇒ QdΠpF with respect to the adjunction constructed in (1) is equal to

(−1)p((1Fε) ◦ (1Fα1F) ◦ (η1F)
)d,p
d,p.

Proof. (1) We need to show that
(
ε0,0̄

d,p1E
)
◦
(
1Eη

d,p
0,0̄

)
= 1E and

(
1QdΠpFε

0,0̄
d,p

)
◦
(
η

d,p
0,0̄

1QdΠpF

)
= 1QdΠpF .

We just check the second of these (the signs are more interesting!). We have that 1QdΠpF = QdΠp1F =

(1F)d,p
d,p. So(

1QdΠpFε
0,0̄
d,p

)
◦
(
η

d,p
0,0̄

1QdΠpF

)
=

(
(1F)d,p

d,pε
0,0̄
d,p

)
◦
(
η

d,p
0,0̄

(1F)d,p
d,p

)
= (1Fε)d,p

2d,0̄
◦
(
η

d,p
0,0̄

(1F)d,p
d,p

)
= (−1)p(1Fε)d,p

2d,0̄
◦ (η1F)2d,0̄

d,p = (−1)p((1Fε) ◦ (η1F)
)d,p
d,p

= (1F)d,p
d,p = 1QdΠpF .

(2) This is another such explicit calculation. We just note that 1QdΠpFα1QdΠpF = (1Fα1F)2d,0̄
2d,0̄

regardless
of the parity of α. □

3. Combinatorics of (q, π)-binomial coefficients and odd quantum sl2

In this section, we recall briefly the definition of the enveloping algebra of “odd quantum sl2” dis-
covered by Clark and Wang [CW] and developed in much greater generality in [CHW]. We work
initially over Q(q)π; cf. the opening paragraph of Section 2. The most significant difference compared
to [CHW, C] is that our q is q−1 in [CHW] and ν−1 in [C]. We define the (q, π)-integers

[n]q,π :=
(πq)n − q−n

πq − q−1 =

{
q1−n + πq3−n + · · · + πn−1qn−1 if n ≥ 0,
−πn(qn+1 + πqn+3 + · · · + π−n−1q−n−1) if n ≤ 0 (3.1)

for any n ∈ Z. This is exactly the same as the definition given in [CHW, Sec. 1.6]—but because our q
is the q−1 in [CHW] it is actually a different convention! For n , 0, the (q, π)-integer [n]q,π is invertible
in the ring Q(q)π; this follows because the elements of Q(q) obtained from [n]q,π by setting π = ±1 are
both non-zero. Note also that

[−n]q,π = −π
n[n]q,π. (3.2)

There are corresponding (q, π)-factorials [n]!
q,π for n ≥ 0:

[n]!
q,π := [n]q,π[n − 1]q,π · · · [1]q,π = q−(

n
2)

∑
w∈Sn

(πq2)ℓ(w), (3.3)

where the last equality is a consequence of the well-known factorization of the Poincaré polynomial for
the symmetric group. Then we have the (q, π)-binomial coefficients

[
n
r

]
q,π

, which make sense as written
for any n ∈ Z and r ≥ 0: [

n
r

]
q,π

:=
[n]q,π[n − 1]q,π · · · [n − r + 1]q,π

[r]!
q,π

. (3.4)

We also adopt the convention that
[
n
r

]
q,π
= 0 for any n ∈ Z and r < 0. Note by (3.2) that[

−n
r

]
q,π
= (−1)rπnr+(r

2)
[
n + r − 1

r

]
q,π
. (3.5)

We also need quantum trinonomial coefficients for n ∈ Z and r, s ≥ 0:[
n

r, s

]
q,π

:=
[n]q,π[n − 1]q,π · · · [n − r − s + 1]q,π

[r]!
q,π[s]!

q,π
=

[
n
r

]
q,π

[
n − r

s

]
q,π
. (3.6)
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Again we interpret
[

n
r,s

]
q,π

as zero if r < 0 or s < 0. More generally, for α ∈ Λ(k, n), let[
n
α

]
q,π

:=
[n]!

q,π

[α1]!
q,π · · · [αk]!

q,π
(3.7)

be the (q, π)-multinomial coefficient. The identity (3.3) implies that[
n
α

]
q,π
= q−N(α)

∑
w∈[Sn/Sα]min

(πq2)ℓ(w). (3.8)

We let − : Q(q)π → Q(q)π be theQπ-algebra involution with q = q−1. We use the word anti-linear for
a Z-module homomorphism f : V → W between Q(q)π- or Z[q, q−1]π-modules such that f (cv) = c f (v).
We have that

[n]q,π = π
n−1[n]q,π, [n]!

q,π = π
(n

2)[n]!
q,π, (3.9)[

n
r

]
q,π
= π(n−r)r

[
n
r

]
q,π
,

[
n

r,s

]
q,π
= π(n−r)(r+s)+s

[
n

r,s

]
q,π
. (3.10)

We stress that our bar involution is not the same as the bar involution introduced in [CHW, C]; the latter
takes q to πq−1 and fixes the (q, π)-integers, (q, π)-factorials and (q, π)-binomial. Some further properties
of (q, π)-binomial and trinomial coefficients are proved in the next two lemmas.

Lemma 3.1. The (q, π)-binomial and trinomial coefficients have the following properties.
(1) For n ∈ Z and r ≥ 0, we have that[

n
r

]
q,π
= q−r

[
n − 1

r

]
q,π
+ (πq)n−r

[
n − 1
r − 1

]
q,π
= (πq)r

[
n − 1

r

]
q,π
+ qr−n

[
n − 1
r − 1

]
q,π
.

(2) For n ∈ Z and r, s ≥ 0, we have that[
n

r, s

]
q,π
= πsqs−r

[
n − 1
r, s

]
q,π
+ (πq)n−r

[
n − 1

r − 1, s

]
q,π
+ qs−n

[
n − 1

r, s − 1

]
q,π
.

(3) For n ∈ Z and r ≥ 0, we have that∑
s+t=r

π( t
2)(−q)−t

[
n + s
s, t

]
q,π
= (πq)nr.

Proof. (1) The first equality follows from the definition of (q, π)-binomial coefficient by replacing the
[n]q,π in the numerator with q−r[n − r]q,π + (πq)n−r[r]q,π and then splitting the result into two fractions.
The second follows by replacing it instead with πrqr[n − r]q,π + qr−n[r]q,π.
(2) Using (1) twice, we have that

πsqs−r
[
n − 1
r, s

]
q,π
+ qs−n

[
n − 1

r, s − 1

]
q,π
= q−r

[
n − 1

r

]
q,π

(πq)s
[
n − r − 1

s

]
q,π
+ qr+s−n

[
n − r − 1

s − 1

]
q,π


= q−r

[
n − 1

r

]
q,π

[
n − r

s

]
q,π
=

[nr
]
− (πq)n−r

[
n − 1
r − 1

]
q,π

 [n − r
s

]
q,π

=

[
n

r, s

]
q,π
− (πq)n−r

[
n − 1

r − 1, s

]
q,π
.

(3) Let an(r) :=
∑

s+t=r π
( t

2)(−q)−t
[
n+s
s,t

]
q,π

. The goal is to show that an(r) = (πq)nr. It is easy to check that
this is true when nr = 0. This gives the base of an induction. For the induction step, we also need the
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identity
an(r) = πnr(πq)−r an−1(r) + (πq)nan(r − 1) − πnr(πq)1−n−r an−1(r − 1),

which will be verified in the next paragraph. Using this, it is easy to complete the proof for all n ≥ 0
and r ≥ 0 by induction on n + r. The proof for n ≤ 0 and r ≥ 0 goes instead by induction on r − n using
the following:

an(r) = πnrq−r an+1(r) − πnr(πq)−n−1q−r an+1(r − 1) + (πq)nan(r − 1)

This follows by applying − to the previous identity, then replacing n by n + 1 and rearranging.
It remains to prove the first identity. Using (2), we have that

an(r) =
∑

s+t=r

π(t
r)(−q)−t

πtqt−s
[
n + s − 1

s, t

]
q,π
+ (πq)n

[
n + s − 1
s − 1, t

]
q,π
+ qt−s−n

[
n + s − 1
s, t − 1

]
q,π

 .
Moving the sum inside the parentheses produces three terms which we simplify separately, reindexing
the second sum by replacing s by s + 1 and the third sum by replacing t by t + 1. We also use

an(r) = πnr
∑

s+t=r

π(t+1
2 )(−q)t

[
n + s
s, t

]
q,π
,

which follows by (3.10). In this way, the three terms become:

q−r
∑

s+t=r

π(t+1
2 )(−q)t

[
n + s − 1

s, t

]
q,π
= π(n−1)rq−r an−1(r),

(πq)n
∑

s+t=r−1

π( t
2)(−q)−t

[
n + s
s, t

]
q,π
= (πq)nan(r − 1),

−q1−n−r
∑

s+t=r−1

π(t+1
2 )(−q)t

[
n + s − 1

s, t

]
q,π
= −q1−n−rπ(n−1)(r−1)an−1(r − 1).

The sum of these three produces the right hand side of the identity we are proving. □

Corollary 3.2. For 0 ≤ r ≤ n, we have that

q(n−r)r
[
n
r

]
q,π
=

∑
λ∈Λ+r×(n−r)

(πq2)|λ|.

Proof. This is an induction exercise using Lemma 3.1(1). □

Recall from the General conventions that n#r denotes n + (n + 1) + · · · + (n + r − 1).

Lemma 3.3. For m, n ∈ Z and r ≥ 0, we let

bm,n(r) := (πq−2)(n−r)#r
r−1∑
s=0

(πq2)n−r+m(r−s−1)q(m−n+r−1)(n−r+s+1)+(n−r)s
[

m + s
n − r + s + 1

]
q,π

[
n − r + s

s

]
q,π
,

cm,n(r) := (πq−2)(n−r)#rq(m−n+r)n+(n−r)r
[
m + r

n

]
q,π

[
n
r

]
q,π
.

Then we have that cm,n(r) = bm,n(r) + bm,n(r + 1) for any m, n ∈ Z and r ≥ 0.

Proof. Proceed by induction on r. The base case r = 0 is easily checked. For the induction step, take
r > 0. We have that

bm,n(r) = (πq−2)n−m−1bm,n−1(r − 1) + (πq−2)(n−r)#r−n+rq(m−n+r−1)n+(n−r)(r−1)
[
m + r − 1

n

]
q,π

[
n − 1
r − 1

]
q,π
,
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bm,n(r + 1) = (πq−2)n−m−1bm,n−1(r) + (πq−2)(n−r−1)#(r+1)−n+r+1q(m−n+r)n+(n−r−1)r
[
m + r

n

]
q,π

[
n − 1

r

]
q,π
.

Note that (n − r)#(r − 1) = (n − r)#r − n + 1 and (n − r − 1)#(r + 1) − n + r + 1 = (n − r)#r. Adding the
above equations and using the induction hypothesis gives that

bm,n(r) + bm,n(r + 1) = (πq−2)(n−r)#r−mq(m−n+r)(n−1)+(n−r)(r−1)
[
m + r − 1

n − 1

]
q,π

[
n − 1
r − 1

]
q,π

+ (πq−2)(n−r)#r−n+rq(m−n+r−1)n+(n−r)(r−1)
[
m + r − 1

n

]
q,π

[
n − 1
r − 1

]
q,π

+ (πq−2)(n−r)#rq(m−n+r)n+(n−r−1)r
[
m + r

n

][
n − 1

r

]
q,π
.

Using the identity (πq)m−n+r
[
m+r−1

n−1

]
q,π
+ q−n

[
m+r−1

n

]
q,π
=

[
m+r

n

]
q,π

from Lemma 3.1(1), the first two terms
combine into one leaving us with

(πq−2)(n−r)#r−n+rq(m−n+r)n+(n−r)(r−1)
[
m+r

n

]
q,π

[
n−1
r−1

]
q,π
+ (πq−2)(n−r)#rq(m−n+r)n+(n−r−1)r

[
m+r

n

]
q,π

[
n−1

r

]
q,π
.

Then we use the identity (πq)n−r
[
n−1
r−1

]
q,π
+ q−r

[
n−1

r

]
=

[
n
r

]
q,π

to see finally that this is equal to cm,n((r). □

Corollary 3.4. q(n−r)r
[
n
r

]
q,π
=

r∑
s=0

(πq2)(n−r)(r−s)q(n−r−1)s
[
n − r + s − 1

s

]
q,π

for 0 ≤ r ≤ n.

Proof. Take m = n − r in Lemma 3.3. □

Let Uq,π(sl2) denote the locally unital Q(q)π-algebra with distinguished idempotents {1k | k ∈ Z} and
generators E1k = 1k+2E, F1k = 1k−2F subject to the relations

EF1k − πFE1k = [k]q,π1k (3.11)

for all k ∈ Z. Note there is some flexibility in writing the idempotents 1k—in any given monomial one
just needs to include one idempotent somewhere in the word for the notation to be unambiguous. Let

E(d)1k = 1k+2dE(d) :=
Ed1k

[d]!
q,π
, 1kF(d) = F(d)1k+2d :=

Fd1k

[d]!
q,π
, (3.12)

E
(d)

1k = 1k+2dE
(d)

:=
Ed1k

[d]!
q,π

, 1kF
(d)
= F

(d)
1k+2d :=

Fd1k

[d]!
q,π

. (3.13)

By (3.10), we have that

E
(d)

1k = π
(d

2)E(d)1k, 1kF
(d)
= π(d

2)1kF(d). (3.14)

There is an anti-linear involution

ϖ : Uq,π(sl2)→ Uq,π(sl2), 1k 7→ 1−k, E1k 7→ F1−k, F1k 7→ E1−k. (3.15)

This sends E(d)1k 7→ F
(d)

1−k and F(d)1k 7→ E
(d)

1−k. We warn the reader that this is different from the
involution ω in [CHW].

By a Uq,π(sl2)-module we mean a locally unital left module V =
⊕

k∈Z 1kV . We call 1kV the k-weight
space of V . We say that V is integrable if any weight vector v ∈ 1kV for k ∈ Z is annihilated by En1k and
Fn1k for n ≫ 0 (depending on v). For ℓ ∈ N—a dominant weight for sl2—there is a Uq,π(sl2)-module
V(−ℓ) which is free as a Q(q)π-module with basis {bℓn | 0 ≤ n ≤ ℓ} such that

• bℓn is of weight 2n − ℓ, i.e., 12n−ℓbℓn = bℓn;
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• bℓ
ℓ

is a highest weight vector and bℓ0 is a lowest weight vector, i.e., Ebℓ
ℓ
= Fbℓ0 = 0;

• for 0 ≤ n < ℓ, we have that Ebℓn = [n + 1]q,πbℓn+1 and Fbℓn+1 = π
n[ℓ − n]q,πbℓn.

We visualize the action with the familiar sl2-type picture showing how the operators E and F raise and
lower basis vectors to multiples of basis vectors:

bℓ
ℓ

bℓ
ℓ−1

...

bℓ1

bℓ0

πℓ−1[1]q,π

F

[ℓ]q,π

πℓ−2[2]q,π[ℓ−1]q,π

π[ℓ−1]q,π[2]q,π

[ℓ]q,π

E

[1]q,π

(3.16)

For 0 ≤ n ≤ ℓ − d, we have that

E(d)bℓn =
[
n + d

d

]
q,π

bℓn+d, F(d)bℓn+d = π
(d

2)+nd
[
ℓ − n

d

]
q,π

bℓn. (3.17)

There is an anti-linear involution

ϖ : V(−ℓ)→ V(−ℓ), bℓn 7→ πn(ℓ−n)bℓℓ−n. (3.18)

This has the key property that
ϖ(uv) = ϖ(u)ϖ(v) (3.19)

for all u ∈ Uq,π(sl2), v ∈ V(−ℓ).
Let V±(−ℓ) := 1

2 (1 ± π)V(−ℓ). These are irreducible Uq,π(sl2)-modules generated by the highest
weight vectors 1

2 (1 ± π)bℓ
ℓ

of weight ℓ on which π acts by the scalar ±1. In particular, these modules are
not isomorphic for different ℓ or different choices of sign.

Theorem 3.5 ([CHW, Cor. 3.3.3]). Any integrable Uq,π(sl2)-module decomposes as a direct sum of the
modules V±(−ℓ) for ℓ ∈ N.

Now we can prove the main result of the section.

Theorem 3.6. Let V be an integrable Uq,π(sl2)-module. There is a linear automorphism T : V
∼
→ V

sending 1−kV to 1kV for each k ∈ Z such that

T (v) =
∑

d≥max(0,−k)

(−q)dE(k+d)F(d)v

on a vector v ∈ 1−kV. The inverse is given explicitly by the formula

T−1(vk) =
∑

d≥max(0,−k)

(−q)−dF
(k+d)

E
(d)

v

on a vector v ∈ 1kV.
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Proof. In view of Theorem 3.5, it suffices to check this when V = V(−ℓ) for ℓ ∈ N. Take −ℓ ≤ k ≤ ℓ
with k ≡ ℓ (mod 2) and set n := ℓ+k

2 and n′ := ℓ−k
2 , so n′ + n = ℓ and n′ − n = k. The space 1−kV(−ℓ) is

spanned by bℓn and 1kV(−ℓ) is spanned by bℓn′ . Since F(d)bℓn = 0 for d > n, we have by the definition in
the statement of the theorem that T (bℓn) = ubℓn where

u :=
n∑

d=max(0,−k)

(−q)dE(k+d)F(d) ∈ Uq,π(sl2).

In the next paragraph, we show that

ubℓn = (−1)nπ(n
2)+nn′qn+nn′bℓn′ . (3.20)

Assuming this, the proof can be completed as follows. Applying ϖ to (3.20) using (3.18) and (3.19),
we also have that

ϖ(u)bℓn′ = (−1)nπ(n
2)+nn′q−n−nn′bℓn. (3.21)

From (3.20) and (3.21), it follows that ϖ(u)ubℓn = bℓn and uϖ(u)bℓn′ = bℓn′ . Hence, T : 1−kV(−ℓ) →
1kV(−ℓ) is an isomorphism with inverse T−1 defined by multiplication by ϖ(u). Finally we observe that
E

(d)
bℓn′ = 0 for d > n so

ϖ(u)bℓn′ =
∑

d≥max(0,−k)

(−q)−dF
(k+d)

E
(d)

bℓn′ ,

which agrees with the formula for T−1(bℓn′) in the statement of the theorem.
It remains to prove (3.20). First we make some elementary computations using (3.17):

ubℓn =
n∑

d=max(0,n−n′)

(−q)dE(n′−n+d)F(d)bℓn

=

n∑
d=max(0,n−n′)

π(d
2)+(n−d)d(−q)d

[
n′ + d

n′

]
q,π

E(n′−n+d)bℓn−d

=

n∑
d=max(0,n−n′)

π(d
2)+(n−d)d(−q)d

[
n′ + d

n′

]
q,π

[
n′

n−d

]
q,π

bℓn′

=

n∑
d=0

π(d
2)+(n−d)d(−q)d

[
n′ + d

n′

]
q,π

[
n′

n − d

]
q,π

bℓn′ ,

noting in the last step that
[

n′
n−d

]
q,π
= 0 if d < n − n′ so that we can remove the restriction on the

summation. Then we switch to another variable s := n − d and sum instead over d, s ≥ 0 with d + s = n
to get that

ubℓn =
∑

d+s=n

π(n−s
2 )+s(n−s)(−q)n−s

[
n′ + d

n′

]
q,π

[
n′

s

]
q,π

bℓn′ = π
(n

2)(−q)n
∑

d+s=n

π(s
2)(−q)−s

[
n′ + d

d, s

]
q,π

vn′,n.

Now an application of Lemma 3.1(3) completes the proof of (3.20). □

Remark 3.7. The specialization of Uq,π(sl2) at π = 1, that is, the algebra Uq(sl2) := Uq,π(sl2)⊗Q(q)πQ(q)
where Q(q) is viewed here as a Q(q)π-module so that π acts as 1, is the usual quantized enveloping
algebra of S L2. Theorem 3.6 is well known in this case. The specialization at π = −1 is the quantized
enveloping algebra Uq(osp1|2) of Clark and Wang [CW].

The algebra Uq,π(sl2) has a Z[q, q−1]π-form we denote by Uq,π(sl2), namely, the Z[q, q−1]π-algebra
generated by the divided powers E(r)1k, F(r)1k for r ≥ 1, k ∈ Z. The module V(−ℓ) is also defined over
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Z[q, q−1]π, with its integral form V(−ℓ) being the Z[q, q−1]π-submodule of V(−ℓ) generated by the basis
vectors chosen above.

Theorem 3.8 ([C, Lem. 3.5]). The algebra Uq,π(sl2) is free as a Z[q, q−1]π-module with basis given by
the monomials

{
F(r)E(s)1k

∣∣∣ r, s ≥ 0, k ∈ Z
}
.

We say that a Z[q, q−1]π-free Uq,π(sl2)-module V is integrable if any weight vector v ∈ 1kV is anni-
hilated by E(n)1k and F(n)1k for n ≫ 0 (depending on v). Equivalently, the Q(q)π-free Uq,π(sl2)-module
Q(q)π⊗Z[q,q−1]π V is integrable in the earlier sense. It is clear that the automorphism T from Theorem 3.6
descends to an automorphism of any integrable Uq,π(sl2)-module that is free as a Z[q, q−1]π-module.

4. Odd symmetric functions

This section is largely an exposition of results from [EK, EKL], and assumes the reader is already
familiar with the classical theory of symmetric functions as in [Mac]. However, we have made one
substantial modification to the setup: instead of the elementary odd symmetric functions denoted εr
in [EKL], we usually prefer to work with the renormalized odd elementary symmetric functions er :=
(−1)(

r
2)εr. We will explain the implications of this more thoroughly as we proceed. We also warn the

reader that in [EK] the notation er is used for the same thing as the element denoted εr in [EKL], so the
er of [EK] is not the one here.

The algebra OSym of odd symmetric functions is the graded superalgebra over the ground field F
generated by elements hr (r ≥ 1) of degree 2r and parity r (mod 2) subject to the relations of [EK,
Cor. 2.13]:

hrhs = hshr if r ≡ s (mod 2) (4.1)

hrhs + (−1)rhshr = (−1)rhr+1hs−1 + hs−1hr+1 if r . s (mod 2) (4.2)

for r ≥ 0, s ≥ 1, interpreting h0 as 1. We also define elements er (r ≥ 0) so that the infinite Grassmannian
relation

r∑
s=0

(−1)seshr−s = δr,0 (4.3)

holds for all r ≥ 0. The element hr is exactly the rth complete odd symmetric function from [EK]. We
call er the rth elementary odd symmetric function.

In [EK, Cor. 2.13, Prop. 2.10], it is shown that their elements {εr | r ≥ 1} generate OSym subject to
exactly the same relations as the hr. Noting that

(
r
2

)
+

(
s
2

)
≡

(
r+1

2

)
+

(
s−1
2

)
(mod 2) when r . s (mod 2),

this means that our elements {er | r ≥ 1} also generate OSym subject to the same relations

eres = eser if r ≡ s (mod 2) (4.4)

eres + (−1)reser = (−1)rer+1es−1 + es−1er+1 if r . s (mod 2) (4.5)

for r ≥ 0, s ≥ 1, again interpreting e0 as 1. There are also mixed relations, which are derived in [EK,
Prop. 2.11]. These look slightly different with our modified odd elementary symmetric functions:

erhs = hser if r ≡ s (mod 2) (4.6)

erhs + (−1)rhser = er+1hs−1 + (−1)rhs−1er+1 if r . s (mod 2) (4.7)

for r ≥ 0, s ≥ 1. The following is equivalent to [EK, (2.6)]:

er = det
(
hi− j+1

)
i, j=1,...,r

(4.8)

where det should be interpreted as the usual Laplace expansion of determinant ordering monomials in
the same way as the elements appear in the rows of the matrix. For example:

e0 = 1, e1 = h1, e2 = h2
1 − h2, e3 = h3

1 − h1h2 − h2h1 + h3 = h3
1 − h3.
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In fact, (4.8) is a formal consequence of the infinite Grassmannian relation which does not require any
commutativity. The same thing holds for ordinary symmetric functions, indeed, (4.3) is the same relation
as for the algebra Sym of symmetric functions from [Mac, (I.2.6’)], and (4.8) is [Mac, Ex. I.2.8].

It is often useful to work with the generating functions

e(t) =
∑
r≥0

(−1)rert−r, h(t) =
∑
r≥0

hrt−r, (4.9)

which are elements of OSym⟦t−1⟧ for a formal even variable t. Now the infinite Grassmannian relation
becomes the first of the following:

e(t)h(t) = 1, h(t)e(t) = 1. (4.10)

Since h(t) is invertible in the formal power series ring, its left inverse e(t) is also its right inverse, proving
the second equality. In other words, we have that

r∑
s=0

(−1)shser−s = δr,0 (4.11)

for all r ≥ 0. Consequently,
hr = det

(
ei− j+1

)
i, j=1,...,r

. (4.12)

The evident symmetry between complete and elementary odd symmetric functions is best expressed in
terms of the algebra automorphism

ψ :OSym→ OSym, hr 7→ (−1)rer. (4.13)

Extending ψ trivially to OSym⟦t−1⟧, we have that ψ(h(t)) = e(t). As e(t) is the two-sided inverse of h(t),
it follows that ψ(e(t)) = ψ2(h(t)) is the two-sided inverse of ψ(h(t)) = e(t). Hence, ψ2(h(t)) = h(t), and
we have shown that ψ is an involution. So we also have that

ψ(er) = (−1)rhr. (4.14)

For λ ∈ Λ+, we let

hλ := hλ1hλ2 · · · , eλ := eλ1eλ2 · · · . (4.15)

Similarly, we define hα and eα for a composition α ∈ Λ(k, n). As in [EKL, (2.25)], the relations (4.1)
and (4.2) imply for r < s that

hrhs =



hshr if r and s have the same parity

hshr + 2
r∑

t=1

(−1)(
t
2)hs+thr−t if r is even and s is odd

−hshr − 2
r∑

t=1

(−1)(
t+1
2 )hs+thr−t if r is odd and s is even.

(4.16)

Similarly, by (4.4) and (4.5), we have for r < s that

eres =



eser if r and s have the same parity

eser + 2
r∑

t=1

(−1)(
t
2)es+ter−t if r is even and s is odd

−eser − 2
r∑

t=1

(−1)(
t+1
2 )es+ter−t if r is odd and s is even.

(4.17)

Consequently, any monomial hα or eα for α ∈ Λ(k, n) can be rearranged into decreasing order modulo
a linear combination of lexicographically greater monomials of the same degree. This proves the easy
spanning part of the next theorem.
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Theorem 4.1 ([EK, Cor. 2.12]). The set {hλ | λ ∈ Λ+} is a linear basis for OSym. Equivalently, applying
ψ, the set {eλ | λ ∈ Λ+} is a basis.

There is a comultiplication ∆− : OSym→ OSym ⊗ OSym making OSym into a graded Hopf superal-
gebra such that

∆−(hr) =
r∑

s=0

hs ⊗ hr−s (4.18)

for all r ≥ 0. This can be written more concisely in terms of generating functions as

∆−(h(t)) = h(t) ⊗ h(t). (4.19)

By [EK, Prop. 2.17], the antipode S − : OSym → OSym, which we remind the reader is both a su-
peralgebra anti-automorphism and a cosuperalgebra anti-automorphism, satisfies S −(hr) = (−1)rer or,
equivalently, S −(h(t)) = e(t).

So far, apart from a lack of commutativity, there have been many similarities between OSym and
the ordinary theory for Sym, but now some more significant differences come into view. Unlike in the
ordinary theory, S − is not an involution; indeed, we have that S −(h1) = −h1 and S −(h2) = h2

1−h2, hence,
S −n(h2) = (−1)n(h2 − nh2

1) for any n ≥ 0. Another important point is that OSym is not a cocommutative
cosuperalgebra, e.g., ∆−(h2) = h2 ⊗ 1 + h1 ⊗ h1 + 1 ⊗ h2 is not invariant under the braiding BOSym,OSym.
So the opposite comultiplication

∆+ := BOSym,OSym ◦ ∆
− : OSym→ OSym ⊗ OSym (4.20)

gives a second graded Hopf superalgebra structure on OSym (the multiplication is the same as before).
Remembering that our er is (−1)(

r
2)εr, [EK, Prop. 2.5] implies that

∆+(er) =
r∑

s=0

es ⊗ er−s (4.21)

or, equivalently,
∆+(e(t)) = e(t) ⊗ e(t). (4.22)

It follows that

∆− ◦ ψ = (ψ ⊗ ψ) ◦ ∆+, ∆+ ◦ ψ = (ψ ⊗ ψ) ◦ ∆−, (4.23)

because both sides of the left hand equation agree on e(t) and both sides of the right hand equation agree
on h(t). This shows that ψ is a cosuperalgebra anti-involution. The antipode S + for the second Hopf
superalgebra structure is the inverse of S −, so it takes er to (−1)rhr.

We will use two more useful symmetries

γ :OSym→ OSym, er 7→ (−1)(
r
2)er, (4.24)

∗ :OSym→ OSym, er 7→ er, (4.25)

the first of which is an algebra involution, and the second is a superalgebra anti-involution. It is a routine
check using (4.4) and (4.5) to see that these make sense. Note in particular that γ takes our er to the εr
of [EK, EKL]. The symmetries γ and ∗ commute. Neither γ nor ∗ commutes with ψ, but it is still true
that ∗ ◦ γ commutes with ψ; see Lemma 4.10 below for the proof of this. We have that

∆− ◦ γ = (γ ⊗ γ) ◦ ∆+, ∆+ ◦ γ = (γ ⊗ γ) ◦ ∆−, (4.26)

∆+ ◦ ∗ = (∗ ⊗ ∗) ◦ ∆+, ∆− ◦ ∗ = (∗ ⊗ ∗) ◦ ∆−. (4.27)

To justify these, it suffices to check the left hand equations, then the right hand ones follow because
BOSym,OSym ◦ (γ⊗ γ) = (γ⊗ γ) ◦ BOSym,OSym and BOSym,OSym ◦ (∗ ⊗ ∗) = (∗ ⊗ ∗) ◦ BOSym,OSym. To check the
left hand equation from (4.26), one instead shows that BOSym,OSym ◦ ∆

+ ◦ γ = (γ ⊗ γ) ◦ ∆+ by checking
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that both sides do the same thing on er. The left hand equation form (4.27) holds because both sides
take e(t) to e(t) ⊗ e(t).

Lemma 4.2. For λ ∈ Λ+, γ(eλ)∗ = (−1)dN(λ)+dE(λ)eλ+(a Z-linear combination of eµ for µ >lex λ).

Proof. Let k := ht(λ). By the definitions, we have that γ(eλ)∗ = (−1)(
|λ|
2 )eλk · · · eλ1 . Then we use (4.17)

to rewrite eλk · · · eλ1 as ±eλ plus a sum of lexicographically higher eµ. It remains to compute the sign.
We get a sign change each time we commute eλ j with eλi for 1 ≤ i < j ≤ k such that λ j is odd and λi is

even. So the overall sign is (−1)(
|λ|
2 )+∑1≤i< j≤k(λi−1)λ j . This simplifies to (−1)dN(λ)+dE(λ). □

Remark 4.3. In [EK, Sec. 2.3], symmetries denoted ψ1, ψ2 and ψ3 are introduced. These are related to
our ψ, γ and ∗ by ψ1 = γ◦p ◦ψ (because the latter takes hr to εr = (−1)(

r
2)er), ψ2 = ψ◦p ◦ γ◦ψ (because

the latter sends hr to (−1)(
r+1

2 )hr), and ψ3 = ψ ◦ ∗ ◦ψ (because the latter is a superalgebra anti-involution
taking hr to hr). We emphasize that our ψ = ψ1 ◦ ψ2 is an involution, whereas ψ1 is not.

In [EK], the definition of OSym is motivated by the definition of a non-degenerate symmetric1 bilin-
ear form (·, ·)− : OSym⊗OSym→ F. Extending the bilinear form (·, ·)− on OSym to OSym⊗OSym so that
(a1 ⊗ a2, b1 ⊗ b2)− = (a1, b1)−(a2, b2)−, the form is characterized uniquely by the following properties:

(hr, hs)− = δr,s, (ab, c)− = (a ⊗ b,∆−(c))− (4.28)

for r, s ≥ 0, a, b, c ∈ OSym. For symmetry’s sake, one can also consider a form (·, ·)+ which is defined
in a similar way so that

(er, es)+ = δr,s, (ab, c)+ = (a ⊗ b,∆+(c))+ (4.29)

for r, s ≥ 0, a, b, c ∈ OSym. The forms (·, ·)± are related by the first of the following properties:(
ψ(a), ψ(b))± = (a, b)∓,

(
γ(a∗), γ(b∗)

)±
= (a, b)± (4.30)

for any a, b ∈ OSym. This and the second property are both checked by induction on degree, using
(4.13) and (4.23) to (4.27). The first of the next two properties follows from [EK, (2.10)], then the
second follows by applying ψ:

(er, es)− = (−1)(
r
2)δr,s, (hr, hs)+ = (−1)(

r
2)δr,s. (4.31)

The following allows (hλ, eµ)± to be computed:

(hλ, er)− = (−1)(
r
2)δλ,(1r), (hr, eλ)+ = (−1)(

r
2)δλ,(1r). (4.32)

The first equality here is established in [EK, Prop. 2.5], again remembering that our normalization of
the elements er is different; then the second follows on applying ψ. In particular, (4.32) can be used to
show that(

hλ, eµ
)−
=

{
(−1)NE(λ)+dN(λ) if λ = µt

0 if λ ≰lex µ
t

(
hλ, eµ

)+
=

{
(−1)NE(µ)+dN(µ) if λ = µt

0 if λ ≰lex µ
t (4.33)

for λ, µ ∈ Λ+; see [EK, Prop. 2.14] for the first equality. This “semi-orthogonality” is used to complete
the proof of Theorem 4.1 in [EK].

Recall that OPoln is the algebra of odd polynomials from (2.3). Define a superalgebra involution γn
and a superalgebra anti-involution ∗ of OPoln by

γn : OPoln → OPoln, xi 7→ xn+1−i, (4.34)
∗ : OPoln → OPoln, xi 7→ xi. (4.35)

The following theorem gives another way to motivate the definition of OSym, as was explained originally
in [EKL].

1We really do mean symmetric rather than supersymmetric here!



DERIVED EQUIVALENCES FOR SPIN SYMMETRIC GROUPS 19

Theorem 4.4. There is a graded superalgebra homomorphism πn : OSym→ OPoln taking er and hr to
the polynomials

er(x1, . . . , xn) :=
∑

1≤i1<···<ir≤n

xi1 · · · xir (4.36)

hr(xn, . . . , x1) :=
∑

n≥ir≥···≥i1≥1

xir · · · xi1 , (4.37)

respectively. Moreover, πn intertwines the involution γ of OSym with the algebra involution γn of OPoln
from (4.34), and it intertwines the anti-involution ∗ of OSym with the superalgebra anti-involution ∗ of
OPoln from (4.35). Finally, if n = a + b, the diagram

OSym OSym ⊗ OSym

OPoln OPola ⊗ OPolb

πn

∆+

πa⊗πb (4.38)

commutes, where the identification at the bottom is as explained after (2.3).

Proof. Note our xi is the variable x̃i = (−1)i−1xi in the notation of [EKL], hence, our er(x1, . . . , xn) is
the polynomial denoted εr(x1, . . . , xn) in [EKL]. With this in mind, [EKL, Lem. 2.3] checks that the
polynomials er(x1, . . . , xn) ∈ OPoln satisfy the defining relations of OSym from (4.4) and (4.5). Hence,
there is a unique homomorphism πn : OSym→ OPoln such that πn(er) = er(x1, . . . , xn) for all r ≥ 0.

The involution γ of OSym takes er to (−1)(
r
2)er. The involution γn of OPoln takes er(x1, . . . , xn) to

er(xn, . . . , x1) =
∑

n≥ir>···>i1≥1

xin · · · xi2 xi1 .

Rearranging these monomials into increasing order of xi produces a sign of (−1)(
r
2). Hence, γn takes

er(x1, . . . , xn) to (−1)(
r
2)er(x1, . . . , xn). This checks that πn ◦ γ = γn ◦ πn. Similarly, we see that πn ◦ ∗ =

∗ ◦ πn because ∗ on OSym fixes er and ∗ on OPoln fixes er(x1, . . . , xn).
In [EKL, Lem. 2.8], again using that our xi is x̃i in [EKL], it is checked that the polynomials

hr(x1, . . . , xn) =
∑

1≤i1≤···≤ir≤n

xi1 xi2 · · · xin

satisfy
∑r

s=0(−1)(
s+1
2 )es(x1, . . . , xn)hr−s(x1, . . . , xn) = δr,s for all r ≥ 0. Applying γn, it follows that∑r

s=0(−1)(
s+1
2 )es(xn, . . . , x1)hr−s(xn, . . . , x1) = δr,s. We already know that es(xn, . . . , x1) = (−1)(

s
2)πn(es),

so this shows that
∑r

s=0(−1)sπn(es)hr−s(xn, . . . , x1) = δr,s.Comparing with (4.3), this proves that πn(hr) =
hr(xn, . . . , x1).

Finally, to see that (4.38) commutes, use (4.21) and the definition of er(x1, . . . , xn). □

Now we define OSymn, the algebra of odd symmetric polynomials, to be the subalgebra of OPoln that
is the image of the homomorphism πn from Theorem 4.4. For any a ∈ OSym, we use the notation a(n) to
denote its canonical image in OSymn. Note from (4.36) that e(n)

r = 0 for r > n. For λ ∈ Λ+, we have that

e(n)
λt
=

{
(−1)NE(λ)xλ + (a Z-linear combination of xκ for κ ∈ Nn with κ < λ) if ht(λ) ≤ n
0 if ht(λ) > n, (4.39)

where xκ = xκ1
1 · · · x

κn
n and xλ is defined similarly, identifying λ ∈ Λ+ with ht(λ) ≤ n with (λ1, . . . , λn) ∈

Nn. This is easily checked from the definition and gives the clearest explanation for the sign NE(λ).

Theorem 4.5. The set
{
e(n)
λt

∣∣∣∣ λ ∈ Λ+n} is a basis for OSymn.



20 J. BRUNDAN AND A. KLESHCHEV

Proof. The set
{
e(n)
λt

∣∣∣∣ λ ∈ Λ+n} spans OSymn since the images of all other eµ in the basis for OSym from
Theorem 4.1 are zero. Linear independence is clear from (4.39). □

Corollary 4.6. The quotient maps πn : OSym↠ OSymn induce an isomorphism

OSym
∼
→ lim
←−−

OSymn,

where on the right we have the inverse limit of the inverse system · · · ↠ OSym1 ↠ OSym0 taken in
the category of graded superalgebras, with the map OSymn+1 ↠ OSymn taking e(n+1)

r to e(n)
r . Moreover,

OSymn may be identified with the quotient OSym
/
⟨er | r > n⟩.

Corollary 4.7 ([EKL, (2.20)]). dimq,π OSymn =

n∏
r=1

1
1 − (πq2)r .

Proof. Theorem 4.5 shows that OSymn has the same graded superdimension as a commutative polyno-
mial algebra with generators x1, . . . , xn such that xr is of degree 2r and parity r (mod 2). □

Corollary 4.8. dimq,π OPoln = dimq,π OSymn × q(n
2)[n]!

q,π = dimq,π OSymn ×
∑
w∈Sn

(πq2)ℓ(w).

Proof. The second equality follows from the first by (3.3). To obtain the first equality, we use Corol-
lary 4.7 to see that

dimq,π OSymn × q(n
2)[n]!

q,π =q(n
2)[n]!

q,π

n∏
r=1

1
1 − (πq2)r =

q(n
2)[n]!

q,π

(1 − πq2)n

n∏
r=1

1 − πq2

1 − (πq2)r

=
[n]!

q,π

(1 − πq2)n

n∏
r=1

πq − q−1

(πq)r − q−r =
1

(1 − πq2)n
(2.4)
= dimq,π OPoln.

□

The next technical lemma about relations in OSymn+1 will be needed at a key place later on; see
Lemma 11.2 which is used to prove Theorem 11.3.

Lemma 4.9. For any 0 ≤ p, q, k ≤ n with p + q ≤ n, we have that
n−p−q∑
m=1

(−1)(n+k)(m+p+k)e(n+1)
n−k+me(n+1)

n−p−q−m =

n−p−q∑
m=1

(−1)(n+k)(m+q)e(n+1)
n−p−q−me(n+1)

n−k+m

in OSymn+1.

Proof. If p + q + k is even then (−1)(n+k)(m+p+k) = (−1)(n+k)(m+q), and e(n+1)
n−k+m commutes with e(n+1)

n−p−q−m
by the relation (4.4). The result obviously follows in this situation since corresponding terms on each
side are equal.

Next, assume that p + q + k is odd and n ≡ p + q (mod 2), in which case n + k is odd. There are an
even number of terms in the summations in the identity we are trying to prove. It suffices to show that
sums of consecutive pairs of terms on each side are equal, i.e.,

(−1)(n+k)(m+p+k)e(n+1)
n−k+me(n+1)

n−p−q−m + (−1)(n+k)(m+1+p+k)e(n+1)
n−k+m+1e(n+1)

n−p−q−m−1 =

(−1)(n+k)(m+q)e(n+1)
n−p−q−me(n+1)

n−k+m + (−1)(n+k)(m+1+q)e(n+1)
n−p−q−m−1e(n+1)

n−k+m+1

for every odd m with 1 ≤ m < n − p − q. Multiplying both sides by (−1)(n+k)(m+p+k) = (−1)(n+k)(m+q+1),
this simplifies to

e(n+1)
n−k+me(n+1)

n−p−q−m − e(n+1)
n−k+m+1e(n+1)

n−p−q−m−1 = −e(n+1)
n−p−q−me(n+1)

n−k+m + e(n+1)
n−p−q−m−1e(n+1)

n−k+m+1.
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This follows because when m is odd, n − k + m is even, so we have that

en−k+men−p−q−m + en−p−q−men−k+m = en−k+m+1en−p−q−m−1 + en−p−q−m−1en−k+m+1

by (4.5).
Finally we treat the case that p + q + k is odd and n . p + q (mod 2), when n + k is even. Now the

signs on both sides of the identity we are trying to prove are always + so can be omitted. There are an
odd number of terms in the summations. The m = n− p−q terms in both summations are equal, indeed,
they both equal e(n+1)

2n−p−q−k as e(n+1)
0 = 1. To see that the remaining terms in the summations are equal, we

show that sums of consecutive pairs of terms are equal like in the previous paragraph, i.e.,

e(n+1)
n−k+me(n+1)

n−p−q−m + e(n+1)
n−k+m+1e(n+1)

n−p−q−m−1 = e(n+1)
n−p−q−me(n+1)

n−k+m + e(n+1)
n−p−q−m−1e(n+1)

n−k+m+1

for each odd m with 1 ≤ m < n − p − q − 1. This follows because when n − k + m is odd we have that

en−k+men−p−q−m − en−p−q−men−k+m = −en−k+m+1en−p−q−m−1 + en−p−q−m−1en−k+m+1

by (4.5) again. □

It is time to say a little more about variants of the odd complete and elementary symmetric func-
tions. The following lemma, which is another application of Theorem 4.4, is helpful to understand the
possibilities.

Lemma 4.10. We have that γ(hr) = (−1)(
r
2)h∗r and γ(er) = (−1)(

r
2)e∗r for any r ≥ 0. Hence, ∗ ◦ γ ◦ ψ =

ψ ◦ ∗ ◦ γ.

Proof. It is immediate from the definitions that γ(er) = (−1)(
r
2)e∗r . To see the analogous thing for hr, it

suffices to show that γn
(
h(n)

r
)∗
= (−1)(

r
2)h(n)

r for all r ≥ 0. This follows from the explicit descriptions
of these polynomials and maps given in Theorem 4.4. To deduce finally that ∗ ◦ γ and ψ commute, it
suffices to check that (∗ ◦ γ ◦ ψ)(er) = (ψ ◦ ∗ ◦ γ)(er) for all r ≥ 0, which is clear at this point. □

As we have said before, our odd complete symmetric function hr is the same as the hr in [EK, EKL],
but our odd elementary symmetric function er is different from the one there, which is

εr := γ(er) = (−1)(
r
2)e∗r = (−1)(

r
2)er, (4.40)

where the non-trivial equality follows by Lemma 4.10. There is also a natural variant on the odd com-
plete symmetric function hr, namely,

ηr := γ(hr) = (−1)(
r
2)h∗r . (4.41)

Since h∗r , hr for r > 1, it is not the case that ηr = (−1)(
r
2)hr. We call εr and ηr the dual odd elementary

and complete symmetric functions. Applying γ to (4.10) gives that

ε(t)η(t) = η(t)ε(t) = 1. (4.42)

where ε(t) :=
∑

r≥0(−1)rεrt−r and η(t) :=
∑

r≥0 ηrt−r. These should make it clear that e and h belong
together as do ε and η. It is not so easy to relate e to η or h to ε in terms of generating functions; cf.
(10.29).

Consider again the truncation OSymn. Let ε(n)
r and η(n)

r be the images εr and ηr in OSymn. From
Theorem 4.4, it is clear that

e(n)
r =

∑
1≤i1<···<ir≤n

xi1 · · · xir h(n)
r =

∑
n≥ir≥···≥i1≥1

xir · · · xi1 (4.43)

ε(n)
r =

∑
n≥ir>···>i1≥1

xir · · · xi1 , η(n)
r =

∑
1≤i1≤···≤ir≤n

xi1 · · · xir . (4.44)
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This gives an explanation for the existence of the four basic familes of odd symmetric functions er, hr, εr
and ηr. When working in OSymn with generating functions, we prefer to modify the definitions slightly,
working not exactly with the images of e(t), h(t), ε(t) and γ(t) in OSymn⟦t−1⟧, but incorporating a shift
in t:

e(n)(t) :=
n∑

r=0

(−1)re(n)
r tn−r, h(n)(t) :=

∑
r≥0

h(n)
r t−n−r, (4.45)

ε(n)(t) :=
n∑

r=0

(−1)rε(n)
r tn−r, η(n)(t) :=

∑
r≥0

η(n)
r t−n−r. (4.46)

The advantage of this is that e(n)(t) and ε(n)(t) are polynomials OSymn[t], indeed, we have that

e(n)(t) = (t − x1) · · · (t − xn), ε(n)(t) = (t − xn) · · · (t − x1). (4.47)

Also, noting that (t − x)−1 = t−1 + xt−2 + x2t−3 + · · · ∈ F[x]⟦t−1⟧, we have that

h(n)(t) = (t − xn)−1 · · · (t − x1)−1, η(n)(t) = (t − x1)−1 · · · (t − xn)−1 (4.48)

in OSymn⟦t−1⟧. Now we have that

h(n)(t)e(n)(t) = e(n)(t)h(n)(t) = 1, η(n)(t)ε(n)(t) = ε(n)(t)η(n)(t) = 1, (4.49)

equality in the ring OSymn((t−1)) of formal Laurent series in t−1.
The next result is elementary but does not appear in the existing literature. Observe by (4.3) that

z2r :=
r∑

s=0

e2sh2r−2s = δr,0 +

r−1∑
s=0

e2s+1h2r−2s−1. (4.50)

The element z2r is central: it commutes with all even et by the first form of the definition, and it
commutes with all odd et by the second one. Also let omicron be the special element

o := e1 = h1, (4.51)

noting that z2 = o2. The relations (4.2) and (4.5) imply that

e2r+1 =
1
2
(
oe2r + e2ro

)
, h2r+1 =

1
2
(
oh2r + h2ro

)
, (4.52)

so that OSym is generated already by o and all even e2r (r ≥ 1).

Theorem 4.11. The graded superalgebra OSym is generated by o and e2r (r ≥ 1) subject only to the
relations

[e2r, e2s] = 0 (4.53)

[o2, e2r] = 0 (4.54)

[o, e2r+2] =
[

1
2
(
oe2r + e2ro

)
, e2

]
(4.55)

for r, s ≥ 1.

Proof. Let A be the graded superalgebra generated by an odd element o of degree 2 and even elements
e2r (r ≥ 1) of degree 4r subject to the relations (4.53) to (4.55). For r ≥ 0, we set e1 := o and
e2r+1 := 1

2
(
oe2r + e2ro

)
∈ A for r ≥ 1; cf. (4.52).

We first construct a homomorphism α : A→ OSym by mapping o 7→ o and er 7→ er. To see that this
makes sense, we need to check that the relations (4.53) to (4.55) hold in OSym. The first is immediate,
and the second follows because we have observed already that z2 = o2 is central in OSym. For the third,
in OSym, we have that [o, e2r+2] = [e2r+1, e2] by (4.5), and also 1

2 (oe2r + e2ro) = e2r+1 by (4.52). Now
the relation is clear.
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Next we construct a homomorphism β : OSym → A in the other direction so that on generators it
sends er 7→ er for each r ≥ 1. To show this is well defined, we must again check relations, this time
showing that (4.4) and (4.5) hold in A. The first one is immediate if r and s are both even. When r is
odd and s is even, (4.5) is equivalent to the relation

[e2r−1, e2s] = [e2s−1, e2r] (4.56)

for r, s ≥ 1. To check it holds in A, we must show that the expression [e2r−1, e2s] ∈ A is symmetric in r
and s. We have that

4[e2r−1, e2s] = 2[oe2r−2 + e2r−2o, e2s]
= 2oe2r−2e2s + 2e2r−2oe2s − 2e2soe2r−2 − 2e2se2r−2o
= 2(oe2s − e2so)e2r−2 + 2e2r−2(oe2s − e2so)
= 2[o, e2s]e2r−2 + 2e2r−2[o, e2s]
= [oe2s−2 + e2s−2o, e2]e2r−2 + e2r−2[oe2s−2 + e2s−2o, e2]
= [o, e2]e2s−2e2r−2 + e2s−2[o, e2]e2r−2 + e2r−2[o, e2]e2s−2 + e2r−2e2s−2[o, e2],

which is indeed symmetric in r and s. When r is even and s is odd, (4.5) is equivalent to the relation

[e2r, e2s+1]+ = [e2s, e2r+1]+ (4.57)

for r, s ≥ 0, where [x, y]+ here denotes xy+yx. So again we must show that [e2r, e2s+1]+ ∈ A is symmetric
in r and s. We have that

2[e2r, e2s+1]+ = e2roe2s + e2re2so + oe2se2r + e2soe2r.

This is symmetric in r and s because e2re2s = e2se2r. It remains to check the relation (4.4) when r and s
are both odd. Equivalently, we show that [e2r+1, e2s+1] = 0 for r, s ≥ 0 by induction on s. The base case
s = 0 follows because

2[e2r+1, o] = [oe2r + e2ro, o] = oe2ro + e2ro2 − o2e2r − oe2ro = −
[
o2, e2r

]
= 0.

The following establishes the induction step: for s > 0 we have in A that

2[e2r+1, e2s+1] = [e2r+1, oe2s + e2so] = o[e2r+1, e2s] + [e2r+1, e2s]o
= o[e2s−1, e2r+2] + [e2s−1, e2r+2]o = [e2s−1, oe2r+2 + e2r+2o]
= 2[e2s−1, e2r+3] = −2[e2r+3, e2s−1] = 0,

using the s = 0 case for the second and fourth equalities, (4.56) for the third equality, and the induction
hypothesis for the final equality.

It remains to observe that α and β are two-sided inverses. This is obviously the case on generators
by the way we have defined the maps. □

In the corollaries, we use the following notation:
• Sym is the algebra of symmetric functions over F as in [Mac] viewed as a graded superalgebra

so that the rth elementary and complete symmetric functions are even of degree 4r;
• Symn is the usual algebra of symmetric polynomials in n variables, i.e., it is the quotient of Sym

obtained by setting the rth even elementary symmetric polynomials to zero for all r > n;
• Sym[c] and Symn[c] are the supercommutative graded superalgebras obtained from Sym and

Symn by adjoining an odd element c of degree 2 with c2 = 0.

Corollary 4.12. The largest supercommutative quotient of OSym is the graded superalgebra

R := OSym
/〈

o2, [o, e2]
〉
. (4.58)
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Writing ȧ for the canonical image of a ∈ OSym in R, we have that

ė2r+1 = ė2rȯ, ḣ2r+1 = ḣ2rȯ, ε̇2r+1 = ε̇2rȯ, η̇2r+1 = η̇2rȯ, ż2r = δr,0 (4.59)

for all r ≥ 0. Moreover, there is an isomorphism of graded superalgebras θ : R
∼
→ Sym[c] taking ȯ

to c, ε̇2r = (−1)rė2r to the rth even elementary symmetric function and ḣ2r = (−1)rη̇2r to the rth even
complete symmetric function.

Proof. In any supercommutative quotient of OSym, we must have that o2 = 0 and [o, e2] = 0. Now we let
I be the two-sided ideal of OSym generated by o2 and [o, e2] and show that OSym/I is supercommutative.
Since OSym is generated by the elements e2r (r ≥ 1) and o, the proof of this reduces at once to checking
that [o, e2r] ∈ I for all r ≥ 1, which holds because

2[o, e2r] = 2[e2r−1, e2] = [e2r−2o + oe2r−2, e2] = e2r−2[o, e2] + [o, e2]e2r−2 ∈ I.

Thus, we have shown that R := OSym/I is the largest supercommutative quotient of OSym. Next we
observe that ė2r+1 = ė2rȯ, ḣ2r+1 = ḣ2rȯ and ż2r = δr,0 for all r ≥ 0. The first two of these follow from
(4.52) and the supercommutativity of OSym/I, then the final equality follows using the first two together
with the second form of the definition of z2r in (4.50). The superalgebra anti-involution ∗ : OSym →
OSym induces an anti-involution of R. Since it fixes the generators ėr (r ≥ 1) and R is supercommutative,
this induced anti-involution is actually the identity. So by (4.40) and (4.41), we have that ε̇r = (−1)(

r
2)ėr

and η̇r = (−1)(
r
2)ḣr. The remaining identities in (4.59) follow using this.

Finally, we construct the isomorphism θ. We start by observing that there is a homomorphism
OSym → Sym[c] taking o 7→ c and ε2r = (−1)re2r to the rth even elementary symmetric function
for r ≥ 1. To see this, we apply Theorem 4.11 to reduce to checking that the relations (4.53) to (4.55)
all hold in Sym[c], which is clear because it is supercommutative. Now this homomorphism factors
through the quotient to induce θ : R → Sym[c]. Moreover, R is spanned by the monomials ėλ and ėλȯ
for partitions λ with all parts even. The images under θ of these elements give a linear basis for Sym[c].
This shows that θ is an isomorphism. It just remains to check that θ takes ḣ2r = (−1)rη̇2r to the rth even
complete symmetric function. This follows from the usual infinite Grassmannian relation relating even
complete symmetric functions to even elementary symmetric functions in Sym providing we can show
that

r∑
s=0

ė2sḣ2r−2s = δr,0 (4.60)

for all r ≥ 0. This is true because the sum on the left hand side is ż2r by the first form of the definition
(4.50), which we have already shown is zero for r ≥ 1. □

Corollary 4.13. The largest supercommutative quotient of OSymn is

Rn := OSymn
/ 〈(

o(n))2,
[
o(n), e(n)

2
]〉
. (4.61)

The isomorphism θ from Corollary 4.12 induces an isomorphism θn from Rn to Sym(n−1)/2[c] if n is odd,
or to the quotient of Symn/2[c] obtained by setting the product of c and the (n/2)th even elementary
symmetric polynomial to zero if n is even.

Proof. This follows from Corollary 4.12 since a supercommutative quotient of OSymn is a supercom-
mutative quotient of OSym in which the images of all er (r > n) are zero. □

5. Odd nil-Hecke algebras

This section is largely an exposition of results from [EKL]. The odd nil-Hecke algebra is the graded
superalgebra ONHn with generators xi (i = 1, . . . , n) and τ j ( j = 1, . . . , n − 1) which are odd of degrees
2 and −2, respectively, subject to the following relations:

xix j = −x jxi (i , j) (5.1)
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τiτ j = −τ jτi (|i − j| > 1) (5.2)
xiτ j = −τ jxi (i , j, j + 1) (5.3)

τ2
j = 0 (5.4)

τ jτ j+1τ j = −τ j+1τ jτ j+1 (5.5)
xiτi − τixi+1 = 1 = τixi − xi+1τi. (5.6)

We warn the reader that the above is not the standard form of the presentation for this algebra which
appears in all of the existing literature. The difference is in the relations (5.5) and (5.6), in which our
minus signs become plus signs in the standard presentation. To obtain the above presentation from the
standard one, note that our generators xi and τ j are equal to the elements denoted (−1)i−1xi and (−1) j−1τ j
elsewhere in the literature. This change certainly impacts many other formulae below, but it is usually
straightforward to make the appropriate adaptation. One advantage of our modified sign convention
can already be seen in the definitions (4.36) and (4.37) above—the corresponding formulae in [EKL]
involve some additional signs.

Let Sn act on the left on OPoln by graded superalgebra automorphisms so that wxi = (−1)ℓ(w)+w(i)−ixw(i)
for w ∈ Sn, 1 ≤ i ≤ n. In particular:

s j xi =


x j+1 if i = j
x j if i = j + 1
−xi otherwise.

(5.7)

The odd Demazure operator ∂ j : OPoln → OPoln is the linear map defined on f ∈ OPoln by

∂ j( f ) =
(x j + x j+1) f − (s j f ) (x j + x j+1)

x2
j − x2

j+1

, (5.8)

which makes sense because the denominator is central. This formula first appeared in [KKO1, (4.10)]
remembering, of course, our modified choice of signs. We actually never use this form of the definition
of ∂ j, preferring the following recursive definition: ∂ j is the unique odd linear map of degree −2 such
that

∂ j(xi) = δi, j − δi, j+1, ∂ j( f g) = ∂ j( f )g +
(s j f

)
∂ j(g) (5.9)

for f , g ∈ OPoln. Now we make the graded vector superspace OPoln into a left ONHn-supermodule so
that xi ∈ ONHn acts on f ∈ OPoln by xi · f := xi f , and τ j ∈ ONHn acts by τ j · f := ∂ j( f ). A tedious
relation check shows that this definition makes sense. It is straightforward to show by induction on r
that

τi · xr+1
i =

r∑
s=0

xs
i+1xr−s

i , τi · xr+1
i+1 = −

r∑
s=0

xs
i xr−s

i+1 . (5.10)

One can rewrite (5.10) as the generating function identities:

τi · (t − xi)−1 = (t − xi+1)−1(t − xi)−1, τi · (t − xi+1)−1 = −(t − xi)−1(t − xi+1)−1, (5.11)

equalities in OPoln⟦t−1⟧. From the former, we get that

τn−1 · · · τ1 · (t − x1)−1 = (t − xn)−1 · · · (t − x1)−1. (5.12)

Hence, recalling (4.48), we get that

τn−1 · · · τ1 · xn+r−1
1 = h(n)

r (5.13)

on computing t−n−r-coefficients.
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By the relations (5.1) to (5.6), ONHn admits an algebra involution γn and a superalgebra anti-
involution ∗ defined by

γn : ONHn → ONHn, xi 7→ xn+1−i, τ j 7→ −τn− j, (5.14)
∗ : ONHn → ONHn, xi 7→ xi, τ j 7→ −τ j. (5.15)

These definitions are consistent with (4.34) and (4.35). Note also that γn and ∗ commute with each other.
Mirroring the notation for symmetric groups from General conventions, there is also a homomorphism

shn : ONHn′ → ONHn+n′ , xi 7→ xi+n, τ j 7→ τ j+n. (5.16)

We will show shortly that this is injective, but this is not yet clear. Similarly, there is a homomorphism
shn : OPoln′ → OPoln+n′ , xi 7→ xi+n, which is obviously injective. We have that

γn(a) · γn( f ) = γn(a · f ), shn(a) · shn( f ) = shn(a · f ), (5.17)

for a ∈ ONHn, f ∈ OPoln, or a ∈ ONHn′ , f ∈ OPoln′ , respectively.
For each w ∈ Sn, we pick a reduced expression w = s j1 · · · s jl then set τw := τ j1 · · · τ jl . For the longest

element wn, we choose the reduced expression (sn−1sn−2 · · · s1)(sn−1sn−2 · · · s2) · · · (sn−1sn−2)sn−1, and
adopt the shorthands

ωn := τwn = τn−1τn−2 · · · τ1 sh1(ωn−1), ξn := xn−1x2
n−2 · · · x

n−1
1 = sh1(ξn−1)xn−1

1 . (5.18)

These elements have the following desirable property.

Lemma 5.1. ωn · ξn = 1.

Proof. When n = 1, this is clear as ωn = 1 = ξn. The result for n > 1 follows by induction:

ωn · ξn = τn−1 · · · τ1 sh1(ωn−1) · sh1(ξn−1)xn−1
1

= τn−1 · · · τ1 · sh1(ωn−1 · ξn−1)xn−1
1 = τn−1 · · · τ1 · xn−1

1 = 1,

using (5.13) for the final equality. □

It is also clear that

γn(ωn) = ζnωn (5.19)

for some ζn ∈ {±1}. One can verify explicitly that ζn = (−1)(
n+1

3 ); the calculation is similar to the proof
of [EKL, Lem. 3.2]. However, the only place this sign is used is in the proof of Theorem 6.12, and in
that place we actually do not need to know its acual value.

An important role will be played by the odd Schubert polynomials

p(n)
w := τw−1wn

· ξn ∈ OPoln. (5.20)

For example, we have that p(3)
1 = 1, p(3)

s1 = −x1, p(3)
s2 = x1 + x2, p(3)

s2 s1 = x2
1, p(3)

s1 s2 = −x2x1 and
p(3)

s2 s1 s2 = x2x2
1. In general, p(n)

w depends up to sign on the choice of reduced expression for w−1wn, but
we always have that p(n)

wn = ξn and p(n)
1 = 1 thanks to Lemma 5.1. Note also that deg

(
p(n)

w

)
= 2ℓ(w) and

par
(
p(n)

w

)
≡ ℓ(w) (mod 2).

Theorem 5.2 ([EKL, Prop. 2.11]). The elements
{
xκτw = xκ1

1 · · · x
κn
n τw

∣∣∣ w ∈ Sn, κ ∈ N
n} give a basis for

ONHn. Moreover, OPoln is a faithful ONHn-module.

Proof. First one shows using (5.2), (5.4) and (5.5) that any word in τ j ( j = 1, . . . , n − 1) can be reduced
to 0 or ±τw for some w ∈ Sn. It follows that the set in Theorem 5.2 spans ONHn. Then to establish the
linear independence, suppose that we have some non-trivial linear relation∑

w∈Sn

∑
κ∈Nn

cw,κxκτw = 0
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between the elements of this set. Pick w of minimal length such that cw,κ , 0 for some κ. Then we act
on p(n)

w . For w′ , w with ℓ(w′) ≥ ℓ(w), we have that τw′ · p
(n)
w = 0 by the relations (5.2), (5.4) and (5.5),

and τw · p(n)
w = ±1 by Lemma 5.1. So we deduce that

∑
κ∈Nn cw,κxκ = 0, which is a contradiction. This

also shows OPoln is faithful. □

Corollary 5.3. dimq,π ONHn = dimq,π OSymn × q(n
2)[n]!

q,π × q−(
n
2)[n]

!
q,π,

Proof. The theorem gives that

dimq,π ONHn = dimq,π OPoln ×
∑
w∈Sn

(πq2)−ℓ(w).

Now replace dimq,π OPoln by the first formula for it from Corollary 4.8, and replace the summation by
a product using (3.3). □

The basis theorem just established implies that the obvious homomorphism OPoln → ONHn is
injective. Henceforth, we identify OPoln with a subalgebra of ONHn via this map. Another application
of the basis theorem shows that the homomorphism ONHn ↪→ ONHn+1 taking xi to xi and τ j to τ j
is injective. Thus, we have a tower of graded superalgebras ONH0 ⊂ ONH1 ⊂ ONH2 ⊂ · · · . The
basis theorem also shows that the homomorphism shn : ONHn′ → ONHn+n′ from (5.16) is injective, as
promised earlier. For α ∈ Λ(k, n), we let ONHα be the subalgebra

{
xκτw

∣∣∣ w ∈ Sα, κ ∈ Nn} of ONHn.
Finally, let ONHfin

n be the subalgebra of ONHn with basis {τw | w ∈ Sn}. As an algebra, ONHfin
n is

generated by the elements τ j ( j = 1, . . . , n − 1) subject just to (5.2), (5.4) and (5.5). There is a unique
way to make the ground field F into a purely even graded left ONHfin

n -supermodule concentrated in
degree 0; each τ j acts as zero. There is then a canonical isomorphism of graded ONHn-supermodules

ONHn ⊗ONHfin
n
F
∼
→ OPoln, xκ ⊗ 1 7→ xκ. (5.21)

This isomorphism explains the origin of the polynomial representation of ONHn.
Now recall the subalgebra OSymn of OPoln which was defined just after Theorem 4.4—it is the sub-

algebra of OPoln generated by the odd symmetric polynomials e(n)
r from (4.36). A different formulation

of the definition of OSymn was adopted in [EKL], where OSymn was defined from the outset to be⋂n−1
i=1 ker ∂i, which is a subalgebra of OPoln. We will deduce the equality of OSymn with this subalgebra

in Corollary 5.5, but one containment is obvious: we have that

OSymn ⊆

n−1⋂
i=1

ker ∂i. (5.22)

To see this, it suffices to check that ∂i(e
(n)
r ) = 0 for all i and r = 1, . . . , n, which follows from the

definitions since ∂i(xi + xi+1) = ∂i(xixi+1) = 0.

Theorem 5.4 ([EKL, Prop. 2.13, Cor. 2.14]). The graded right OSymn-supermodule OPoln is free of
graded rank q(n

2)[n]!
q,π with basis

{
p(n)

w | w ∈ Sn} given by the odd Schubert polynomials from (5.20). So
we have that

OPoln =
⊕
w∈Sn

p(n)
w OSymn with p(n)

w OSymn ≃ (ΠQ2)ℓ(w)OSymn (5.23)

as graded right OSymn-supermodules. Moreover, the action of ONHn on OPoln induces a graded su-
peralgebra isomorphism

ONHn
∼
→ End-OSymn(OPoln). (5.24)
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Proof. We claim that the polynomials p(n)
w (w ∈ Sn) are linearly independent over OSymn. To see this,

take a non-trivial linear relation ∑
w∈Sn

p(n)
w bw = 0

for bw ∈ OSymn. Choose w of maximal length such that bw , 0. Then we act with τw. We have
that τw · p(n)

w′ bw′ = 0 for w′ , w by the relations (5.2), (5.4) and (5.5), and τw · p(n)
w bw = ±bw, so we

deduce that bw = 0, a contradiction. The claim implies that the OSymn-submodule of OPoln generated by
p(n)

w (w ∈ Sn) is of graded superdimension dimq,π OSymn×
∑

w∈Sn(πq2)ℓ(w), which is equal to dimq,π OPoln
by Corollary 4.8. Hence, the p(n)

w (w ∈ Sn) also span OPoln as an OSymn-module, and we have proved
(5.23).

To establish (5.24), we first note by (5.23) that

dimq,π End-OSymn(OPoln) =
∑

x,y∈Sn

(πq2)ℓ(x)−ℓ(y) =

∑
x∈Sn

(πq2)ℓ(x)


∑

y∈Sn

(πq2)−ℓ(y)

 = q(n
2)[n]!

q,π × q−(
n
2)[n]

!
q,π,

applying (3.3). The homomorphism ρ : ONHn → End-OSymn(OPoln) is injective by Theorem 5.2.
Therefore it is an isomorphism because the graded superdimensions are the same thanks to Corollary 5.3.

□

Corollary 5.5. We have that OSymn =

n−1⋂
i=1

ker ∂i =

n−1⋂
i=1

im ∂i.

Proof. It is easy to see that ker ∂i = im ∂i for each i, hence, the second equality holds. For the first one,
we have already noted in (5.22) that OSymn ⊆

⋂n−1
i=1 ker ∂i. Conversely, take f ∈

⋂n−1
i=1 ker ∂i and write it

as f =
∑

w∈Sn p(n)
w bw for bw ∈ OSymn. We need to show that bw = 0 except when w = 1. Suppose for a

contradiction that this is not the case, and pick w of maximal length such that bw , 0. Then we act on f
with τw to see that bw = 0, contradiction. □

Remark 5.6. As well as the basis F :=
{
p(n)

w

∣∣∣ w ∈ Sn
}

of odd Schubert polynomials from Theorem 5.4,
the monomials G :=

{
xκn

n · · · x
κ1
1

∣∣∣κ ∈ Nn with 0 ≤ κi ≤ n− i
}

form a basis for OPoln as a free right OSymn-
module. To see this, it suffices to show that FF = FG. The elements of F are linearly independent over
F by Theorem 5.4, so dimFF = n!. Also dimFG = n! obviously. So we are reduced to checking that
FF ⊆ FG. To see this, we note first that FG is invariant under the action of each τi, as may be seen
directly using (5.10) plus τi · xr

i+1xr
i = 0. Since ξn ∈ FG, it follows that p(n)

w = τw−1wn
· ξn ∈ FG for each

w ∈ Sn as claimed.

Let Mq(n
2)[n]!

q,π
(OSymn) denote the usual algebra of matrices A = (aw,w′)w,w′∈Sn with entries in OSymn

viewed as a graded superalgebra so that the matrix with a ∈ (OSymn)i,p in its (w,w′)-entry and zeros
elsewhere is of degree i+ 2ℓ(w)− 2ℓ(w′) and parity p+ ℓ(w)− ℓ(w′) (mod 2). This graded superalgebra
may be identified with End-OSymn(OPoln) so that the matrix A just described corresponds to the unique
right OSymn-supermodule endomorphism of OPoln taking p(n)

w′ to
∑

w∈Sn p(n)
w aw,w′ for every w′ ∈ Sn.

Thus, Theorem 5.4 shows that ONHn � Mq(n
2)[n]!

q,π
(OSymn). It follows that the graded superfunctors

− ⊗ONHn OPoln : gsMod-ONHn → gsMod-OSymn, (5.25)
HomONHn(OPoln,−) : ONHn-gsMod→ OSymn-gsMod (5.26)

are equivalences of graded (Q,Π)-supercategories.

Theorem 5.7 ([EKL, Prop. 2.15]). The even center Z(ONHn)0̄ of ONHn is the graded algebra consist-
ing of symmetric polynomials in x2

1, . . . , x
2
n. This coincides with the even center Z(OSymn)0̄ of OSymn

embedded into ONHn in the natural way.
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Proof. This is proved in [EKL] but we give a slightly different argument since there are some minor
issues in the first paragraph of the original proof, which does not restrict attention to the even center.
Take z ∈ Z(ONHn). Using Theorem 5.2, we have that

z =
∑
w∈Sn

fwτw

for unique fw ∈ OPoln. The first step is to show that fw = 0 unless w = 1. To see this, suppose for a
contradiction that it is not the case. Let w be of maximal length such that fw , 0. Pick i ∈ {1, . . . , n}
such that j := w(i) , i. We have that

xiz =
∑
w∈Sn

xi fwτw.

Now we use the relations to express zxi as a linear combination
∑

v∈Sn gvτv for gv ∈ OPoln. Since
τwxi = ±x jτw plus a linear combination of τw′ for w′ with ℓ(w′) < ℓ(w), we see that gw = ± fwx j.
Thus, we must have that xi fw = ± fwx j. Since i , j, it is easy to see that this implies that fw = 0. So
now we have proved that z ∈ OPoln. Next, assuming also that z is even, we show that z is in fact in
F[x2

1, . . . , x
2
n] essentially following the idea from the proof in [EKL]. Take any 1 ≤ i ≤ n and suppose

that z =
∑

k≥0 fkxk
i for fk belonging to the subalgebra of OPoln generated by x1, . . . , xi−1, xi+1, . . . , xn.

Since xiz = zxi, we get that each fk must be even. Since z is even too it follows that fk = 0 unless k is
even. This shows that z only involves even powers of xi. This is true for each i, so z ∈ F[x2

1, . . . , x
2
n] as

claimed. To complete the proof that z is actually a symmetric polynomial in x2
1, . . . , x

2
n, and to show that

any such polynomial is central, we can now refer the reader to the argument given in the second two
paragraphs of the proof of [EKL, Prop. 2.15].

Finally we explain how to see that Z(ONHn)0̄ coincides with Z(OSymn)0̄. The supercenter of the
matrix algebra Mq(n

2)[n]!
q,π

(OSymn) is isomorphic to Z(OSymn) via the map taking z ∈ Z(OSymn) to the
matrix diag(z, . . . , z). It follows that the even centers are isomorphic too. Given z in the even center
of ONHn, we have just shown that it is a polynomial in x2

1, . . . , x
2
n, so we have that zp(n)

w = p(n)
w z for

all w ∈ Sn. It follows that z acts on OPoln in the same way as the matrix diag(z, . . . , z) under the
identification of ONHn with matrices described above. This shows that the natural embedding of OSymn
into ONHn restricts to give an isomorphism between the even centers of OSymn and ONHn. □

The idempotents in ONHn corresponding to the diagonal matrix units ew,w ∈ Mq(n
2)[n]!

q,π
(OSymn), that

is, the elements which act on OPoln as the projections onto the indecomposable summands in (5.23),
give a complete set of primitive idempotents in ONHn. It is clear from Theorem 5.2 that the component
of ONHn of smallest degree is 1-dimensional spanned by ωn. Since ωnξnωn is of the same degree as
ωn, it follows that ωnξnωn is a scalar multiple of ωn. Moreover, both ωnξnωn and ωn map ξn to 1 by
Lemma 5.1, hence, we actually have that

ωnξnωn = ωn. (5.27)

From this it follows that the following are both idempotents:

(ξω)n := ξnωn, (ωξ)n := ωnξn. (5.28)

The first of these, (ξω)n, is exactly the matrix unit ewn,wn which projects OPoln onto the top degree
component p(n)

wn OSymn. This follows almost immediately since Lemma 5.1 shows that ξnωn · p
(n)
wn = p(n)

wn

and ξnωn · p
(n)
w = 0 for all other w ∈ Sn as ωn · p

(n)
w = 0 by degree considerations. In particular, this shows

that (ξω)n is a primitive idempotent. The second one, (ωξ)n, is also primitive since we have that

(ωξ)n = (ξω)∗n. (5.29)

To see this, it is clear from the definitions that (ξω)∗n = ±(ωξ)n, and the sign must be plus since (ωξ)n is
an idempotent. Note also that (ωξ)nOPoln = OSymn. To see this, every ∂i annihilates (ωξn) · OPoln, so
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(ωξ)n · OPoln ⊆ OSymn thanks to Corollary 5.5, and it is easy to see directly that (ωξ)n · f = f for any
f ∈ OSymn giving the other containment. Thus, we have shown that

(ξω)n · OPoln = ξnOSymn, (ωξ)n · OPoln = OSymn. (5.30)

For n ≥ 2, (ωξ)n is not the idempotent corresponding to the matrix unit e1,1 in the matrix algebra
Mq(n

2)[n]!
q,π

(OSymn), i.e., it is a projection of OPoln onto OSymn, but along a different direct sum decom-
position to (5.23). It is convenient to work with since left multiplication by ωn defines a homogeneous
isomorphism (ξω)n · OPoln

∼
→ (ωξ)n · OPoln, with inverse defined by left multiplication by ξn.

Lemma 5.8. We have that ONHn ≃
⊕
w∈Sn

(ΠQ2)ℓ(w) (ωξ)nONHn ≃
⊕
w∈Sn

(ΠQ2)−ℓ(w) (ξω)nONHn as a

graded right ONHn-supermodule.

Proof. Left multiplication by ωn defines an isomorphism (ξω)nONHn ≃ (ΠQ2)(
n
2)(ωξ)nONHn with

inverse given by left multiplication by ξn. Therefore it suffices to prove the first isomorphism. Since
(5.25) is a graded superequivalence, we can apply it to reduce the problem to proving that

OPoln ≃
⊕
w∈Sn

(ΠQ2)ℓ(w) OSymn

as graded right OSymn-supermodules, where we have used that (ωξ)nOPoln = OSymn by (5.30). This
follows from (5.23). □

Lemma 5.9. The map ı : OPoln → ONHn(ωξ)n, f 7→ f (ωξ)n is an even degree 0 isomorphism of
graded left ONHn-supermodules. The map ȷ : OSymn → (ωξ)nONHn(ωξ)n defined by the composition
of the natural inclusion of OSymn into ONHn followed by the projection a 7→ (ωξ)na(ωξ)n is a graded
superalgebra isomorphism. Moreover, we have that ı( f a) = ı( f ) ȷ(a) for all f ∈ OPoln and a ∈ OSymn.

Proof. Since τ j(ωξ)n = 0 by degree considerations, there is a unique graded left ONHn-supermodule
homomorphism OPoln → ONHn(ωξ)n taking 1 to (ωξ)n thanks to (5.21). This is ı. Also (ωξ)n · 1 = 1,
so there is a supermodule homomorphism ONHn(ωξ)n → OPoln, a 7→ a · 1. These two maps are mutual
inverses, hence, ı is an isomorphism.

The restriction of ı gives an isomorphism (ωξ)n · OPoln
∼
→ (ωξ)nOPoln(ωξ)n. Since (ωξ)na(ωξ)n =

a(ωξ)n for a ∈ OSymn and (ωξ)n · OPoln = OSymn by (5.30), this restriction is the isomorphism ȷ from
the statement of the lemma. □

Corollary 5.10. Using ȷ to identify OSymn with (ωξ)nONHn(ωξ)n, the superfunctors − ⊗ONHn OPoln
and HomONHn(OPoln,−) from (5.25) and (5.26) are isomorphic to the idempotent truncation functors
defined by right and left multiplication by the idempotent (ωξ)n, respectively.

We note finally that there is also a right action of ONHn on OPoln, and everything in this section
could be reformulated in terms of this viewed as an (OSymn,ONHn)-superbimdule. This right action
may be defined succinctly from

f · a := (−1)par(a) par( f )(a∗ · f ∗
)∗ (5.31)

for f ∈ OPoln, a ∈ ONHn. The following more explicit description similar to (5.9) can easily be derived
from this:

xi · τ j = δi, j − δi, j+1, ( f g) · τ j = f (g · τ j) + ( f · τ j)
(s jg

)
. (5.32)

for f , g ∈ OPoln. The right action of ONHn on OPoln obviously commutes with the natural action of
OSymn by left multiplication. Theorem 5.4 and (5.29) imply that

OPoln ≃
⊕
w∈S n

(ΠQ2)ℓ(w)OSymn (5.33)
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as a graded left OSymn-supermodule, with the “bottom” summand that is OSymn itself being the image
of the idempotent (ξω)n acting on the right. We stress that the action (5.31) is different from the right
action defined via f · a := (−1)par(a) par( f )a∗ · f ; the latter action does not commute with the left action of
OSymn. When we talk about OPoln as a right ONHn-supermodule, we always mean the action defined
via (5.31).

Lemma 5.11. (t + x2)−1xr
1 · τ1 = (t + x2)−1xr

2

(
t + (−1)r x1

)−1
+

r−1∑
q=0

(−1)qr(t + x2)−1xq
2xr−q−1

1 .

Proof. Similarly to (5.10) and (5.11), one shows that (t + x2)−1 · τ1 = (t + x2)−1(t + x1)−1 and xr
1 · τ1 =∑r−1

q=0 xr−q−1
1 xq

2. These combine using (5.32) to give the final formula; one also needs to commute all x2
to the left of all x1 producing some additional signs. □

6. Odd Schur polynomials

Another important basis of OSym is introduced in [EK, Sec. 3.3]: the basis of odd Schur functions
{sλ | λ ∈ Λ+}. As explained after [EK, Cor. 3.9], this is the basis of OSym characterized uniquely by the
properties that (sλ, hµ)− = 0 if µ >lex λ and sλ = hλ+(a Z-linear combination of other hµ for µ >lex λ).
Some examples can be found in the appendix of [EK]. The key property of odd Schur functions is that
they are signed-orthonormal:

Theorem 6.1 ([EK, Cor. 3.9]). For λ, µ ∈ Λ+, we have that (sλ, sµ)− = (−1)dN(λ)δλ,µ.

The odd Kostka matrix (Kλ,µ)λ,µ∈Λ+ is the transition matrix defined from

hµ =
∑
λ∈Λ+

Kλ,µsλ. (6.1)

There is an explicit formula for the entries of this matrix derived in [EK, (3.7)], as follows. For a
λ-tableau T (=a function from the Young diagram of λ to Z), we let N(T ) be the number of pairs of
boxes (A, B) such that B is strictly north of A and also T (B) ≥ T (A). For example, if T is the unique
semistandard λ-tableau of content λ (so all entries on row i are equal to i) then N(T ) = 0. Then

Kλ,µ =
∑

T

(−1)N(T ) (6.2)

summing over semistandard λ-tableaux T of content µ. Note from this description that Kλ,µ = 0 unless
λ ≥ µ in the dominance order. So we actually have that

sλ = hλ + (a Z-linear combination of other hµ for µ > λ) (6.3)

in the dominance rather than merely lexicographic ordering.
Since the involution ψ1ψ2 in [EK] is our ψ by Remark 4.3, [EK, Lem. 3.11] shows that

ψ(sλ) = (−1)NE(λ)+|λ|sλt (6.4)

for any λ ∈ Λ+. Hence, applying ψ to (6.3), we have that

sλt = (−1)NE(λ)eλ + (a Z-linear combination of other eµ for µ > λ). (6.5)

From (6.3) and (6.5), we see in particular that

s(r) = hr, s(1r) = er. (6.6)

Using also (4.30) and (6.4), Theorem 6.1 implies:

Corollary 6.2. For λ, µ ∈ Λ+, we have that (sλ, sµ)+ = (−1)dE(λ)δλ,µ.
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Applying (6.4) one more time, this time combined with the first identity from (4.30), it follows that
sλ can also be characterized as the unique element of OSym such that

(
sλ, eµ

)+
= 0 for µ >lex λ

t and
sλ = (−1)NE(λ)eλt+(a Z-linear combination of eµ for µ >lex λ

t). This characterization plus Lemma 4.2
and the second identity from (4.30) implies that

γ(sλ)∗ = (−1)dN(λ)+dE(λ)sλ. (6.7)

We define the dual odd Schur function

σλ := γ(sλ) = (−1)dN(λ)+dE(λ)s∗λ. (6.8)

In particular, applying γ to (6.6) and using the definitions (4.40) and (4.41), we have that

σ(r) = ηr, σ(1r) = εr. (6.9)

The odd Schur polynomial s(n)
λ and the dual odd Schur polynomial σ(n)

λ are the images of sλ and σλ
under the quotient map πn : OSym → OSymn, respectively. The dual odd Schur polynomials coincide
with the polynomials introduced in [EKL, Def. 4.10] and play an important role in Theorem 6.12 below.

Theorem 6.3. The set
{
s(n)
λ

∣∣∣ λ ∈ Λ+n} is a basis for OSymn. Moreover, for any λ ∈ Λ+, we have that

s(n)
λ =

{
xλ + (a Z-linear combination of xκ for κ ∈ Nn with κ < λ) if ht(λ) ≤ n
0 if ht(λ) > n. (6.10)

Proof. This follows from (6.5) and Theorem 4.5 plus (4.39). □

Corollary 6.4. The set
{
σ(n)
λ

∣∣∣λ ∈ Λ+n} is a basis for OSymn. Moreover, σ(n)
λ = 0 for λ ∈ Λ+ with ht(λ) > n.

Proof. Apply γn to the results established in the theorem. □

Corollary 6.5. The set
{
h(n)
λ

∣∣∣ λ ∈ Λ+n} is a basis for OSymn.

Proof. By graded dimension considerations, it suffices to show that
{
h(n)
λ

∣∣∣ λ ∈ Λ+n} spans OSymn. This
follows from the theorem using (6.3) and also the observation that µ > λ ∈ Λ+n ⇒ µ ∈ Λ+n. □

The next result was originally formulated as a conjecture in [EKL, Conj. 5.3], and the conjecture was
proved in [E, Th. 3.8]. However, we also need to reformulate it using our sign conventions, and for this
we need a preliminary lemma.

Lemma 6.6. For f ∈ OSymn−1, m ≥ 0 and k = 1, . . . , n, we have that

τk−1 · · · τ1xm+k−1
1 · sh1( f ) =

k−1∑
i=0

shi
(
h(k−i)

m+i
)
τi · · · τ1 · sh1( f ),

equality in the ONHn-supermodule OPoln.

Proof. We prove this by induction on k, the case k = 1 being trivial. For the induction step, we have by
induction that τk−1 · · · τ1xm+k

1 · sh1( f ) =
∑k−1

i=0 shi
(
h(k−i)

m+i+1
)
τi · · · τ1 · sh1( f ). Applying τk to both sides, we

deduce that

τk · · · τ1xm+k
1 · sh1( f ) =

k−1∑
i=0

(
τk · shi

(
h(k−i)

m+i+1
))
τi · · · τ1 · sh1( f ) +

k−1∑
i=0

sk shi
(
h(k−i)

m+1+i
)
τkτi · · · τ1 · sh1( f ).

By (5.10), we have that τk−i · h
(k−i)
m+i+1 = h(k−i+1)

m+i , so the ith term in the first summation becomes

shi
(
τk−i · h

(k−i)
m+i+1

)
τi · · · τ1 · sh1( f ) = shi

(
h(k+1−i)

m+i
)
τi · · · τ1 · sh1( f ).

The second summation gives zero except when i = k − 1, when it gives shk
(
h(1)

m+k
)
τk · · · τ1 · sh1( f ). In

total, we obtain the desired
∑k

i=0 shi
(
h(k+1−i)

m+i
)
τi · · · τ1 · sh1( f ). □
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Recall for λ ∈ Nn that xλ denotes xλ1
1 · · · x

λn
n .

Theorem 6.7 ([E, Th. 3.8]). For λ ∈ Λ+n, we have that s(n)
λ = (ωξ)n · xλ.

Proof. The original formula from [EKL] took the form

sλ = (−1)(
n
3)

[
∂w0

(
xλ1

1 · · · x
λn
n xn−1

1 · · · x2
n−2xn−1

)]w0
, (6.11)

using their notation everywhere. The result was proved in [E] with exactly this in place of our (ωξ)n · xλ.
In (6.11), the conjugation by w0 corresponds up to a sign to an application of our involution γn, which
commutes with the action of ∂w0 , again up to a sign, due to (5.17) and (5.19). This shows that the right
hand side of (6.11) is equal to (ωξ)n · xλ up to a sign. Hence, (ωξ)n · xλ = ±s(n)

λ . Presumably, one could
see that the sign is actually a plus by carefully keeping track of all of the sign changes in this translation.
However, this is rather prone to error, so we give an alternative approach. It suffices by (6.10) to check
that the xλ-coefficient of (ωξ)n · xλ is 1. From (5.18), we have that ωn = τn−1 · · · τ1 sh1(ωn−1) and
ξn = sh1(ξn−1)xn−1

1 . Also xλ = xλ1
1 sh1(xµ) where µ = (λ2, . . . , λn). Using these and induction on n, we

get that

(ωξ)n · xλ = τn−1 · · · τ1xλ1+n−1
1 · sh1

(
ωn−1ξn−1 · xµ

)
= τn−1 · · · τ1xλ1+n−1

1 · sh1
(
s(n−1)
µ

)
=

n−1∑
i=0

shi
(
h(n−i)
λ1+i

)
τi · · · τ1 · sh1

(
s(n−1)
µ

)
,

the last equality being an application of Lemma 6.6. Now we express this in terms of the monomial
basis for OPoln. The only place a monomial whose x1-exponent is ≥ λ1 can arise is from the i = 0 term,
which is h(n)

λ1
sh1

(
s(n−1)
µ

)
. This has leading term exactly xλ, as required. □

Now we are going to discuss a graded superalgebra which may be interpreted as the odd analog of the
equivariant cohomology algebra of the Grassmannian. We set things up initially in greater generality.
Switching our default choice of variable from n to ℓ for reasons that will become clear shortly, suppose
that α ∈ Λ(k, ℓ). This represents the “shape” of a partial flag variety, Grassmannians being the special
case that k = 2. Let

OSymα :=
⋂

i∈{1,...,ℓ}
i<{α1,α1+α2,...,α1+···+αk}

ker ∂i =
⋂

i∈{1,...,ℓ}
i<{α1,α1+α2,...,α1+···+αk}

im ∂i, (6.12)

which is a subalgebra of OPolℓ containing OSymℓ. We think of OSymα as being the odd analog of the
ring of “partial” invariants F[x1, . . . , xℓ]Sα . For example, we have that OSymα = OSymℓ if α = (ℓ),
and OSymα = OPolℓ if α = (1ℓ). Note also that the superalgebra anti-involution ∗ of OPolℓ leaves
OSymα invariant, whereas the involution γℓ takes OSymα to OSymwk(α) where wk(α) = (αk, . . . , α1) is
the reversed composition.

Consider the following diagram:

OSym
k times︷                   ︸︸                   ︷

OSym ⊗ · · · ⊗ OSym

OSymℓ OSymα OSymα1 ⊗ · · · ⊗ OSymαk

OPolℓ OPolα1 ⊗ · · · ⊗ OPolαk

πℓ

∆+k

πα1⊗···⊗παk
(6.13)

The top horizontal map ∆+k is the (k−1)th iteration of the comultiplication ∆+ : OSym→ OSym⊗OSym.
The bottom equality is the canonical identification explained just after (2.3), and the outside square
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commutes thanks to (4.38). In view of Corollary 5.5, the subalgebra OSymα of OPolℓ is identified with
the subalgebra OSymα1 ⊗ · · · ⊗ OSymαk of OPolα1 ⊗ · · · ⊗ OPolαk . This shows that the natural inclusion
of OSymℓ into OSymα is induced by the comultiplication ∆+.

Recall that wα is the longest element of Sα and wα is the longest element of [Sℓ/Sα]min, so that
wℓ = wαwα. Noting that wα = wα1 shα1

(
wβ

)
where β := (α2, . . . , αk), we recursively define

ωα := ωα1 shα1

(
ωβ

)
( = ±τwα), ξα := shα1

(
ξβ

)
ξα1 . (6.14)

We get from Lemma 5.1 and induction on k that

ωα · ξα = 1 (6.15)

for any α. The following identity is proved in the same way as (5.27):

ωαξαωα = ωα. (6.16)

Similarly to (5.28), it follows that the elements

(ξω)α := ξαωα, (ωξ)α := ωαξα (6.17)

are primitive idempotents in ONHα such that

(ξω)α · OPolℓ = ξαOSymα, (ωξ)α · OPolℓ = OSymα. (6.18)

Also let ωα := ±τwα for the particular sign chosen so that

ωℓ = ω
αωα (6.19)

and let
ξα := ωα · ξℓ ∈ OSymα. (6.20)

We have that

ωα · ξα = 1, ξℓ = ξα ξ
α. (6.21)

The first of these equalities follows because ωα · ξα = ωαωα · ξℓ = ωℓ · ξℓ = 1 by (6.19) and Lemma 5.1.
To establish the second, one first checks that ξαξα = ±ξℓ for some choice of sign, and the sign is plus
because ωℓ · ξαξα = ωαωα · ξαξα = ωα · ξα = 1 = ωℓ · ξℓ. Finally, we have that

ωαξαωℓ = ωℓ = ωℓξαωα. (6.22)

This follows because all three expressions act in the same way on ξℓ ∈ OPolℓ due to Lemma 5.1
and (6.15), (6.20) and (6.21).

Theorem 6.8. For α ∈ Λ(k, ℓ), the graded superalgebra OSymα is free as a right OSymℓ-supermodule
with basis

{
p(ℓ)

w | w ∈ [Sℓ/Sα]min}. Each p(ℓ)
w in this basis belongs to the subalgebra OSymα ∩ OPolℓ−αk .

Proof. By Corollary 4.8 and (3.8), we have that

dimq,π OSymα

dimq,π OSymℓ
=

q(ℓ2)[ℓ]!
q,π∏k

i=1 q(αi
2 )[αi]!

q,π

= qN(α)
[
ℓ

α

]
q,π
=

∑
w∈[Sn/Sα]min

(πq2)ℓ(w). (6.23)

This is the graded rank of a free graded right OSymℓ-supermodule with basis
{
p(ℓ)

w | w ∈ [Sℓ/Sα]min}.
So, to prove the theorem, it just remains to show that the elements p(ℓ)

w (w ∈ [Sℓ/Sα]min) belong to
OSymα ∩ OPolℓ−αk and are linearly independent over OSymℓ. The linear independence is immediate
from Theorem 5.4.

To show that p(ℓ)
w ∈ OSymα, we need to show that ∂i(p(ℓ)

w ) = 0 for all i such that si ∈ Sα. We have
that w−1wℓ = wαw′ for some w′ ∈ [Sα\Sℓ]min. So p(ℓ)

w = τw−1wℓ
· ξℓ = ±ωατw′ · ξℓ. Since ℓ(siwα) < ℓ(wα)

when si ∈ Sα, the relations in ONHℓ now imply that τi · p
(ℓ)
w = 0.
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To show that p(ℓ)
w ∈ OPolℓ−αk , we again use w−1wℓ = wαw′ to deduce that τw−1wℓ

= ± shℓ−αk (ωαk )τw′′

for some w′′ ∈ Sℓ. By the argument explained in the last sentence of Remark 5.6, it follows that p(ℓ)
w is

a linear combination of terms of the form shℓ−αk (ωαk ) · x
κ for κ ∈ Nℓ with 0 ≤ κi ≤ ℓ − i for all i. It is

now clear that p(ℓ)
w ∈ OPolℓ−αk since shℓ−αk (ωαk ) · xκℓ

ℓ
· · · x

κℓ−αk+1

ℓ−αk+1 is a scalar by Lemma 5.1 and degree
considerations. □

Corollary 6.9. Suppose that α ∈ Λ(k, ℓ) for k ≥ 1.
(1) The graded superalgebra OSymα is a free as a graded right OSym(α1,ℓ−α1)-supermodule with

basis
{

shα1(p(ℓ−α1)
w )

∣∣∣∣ w ∈ (Sℓ−α1/S(α2,...,αk))min
}
.

(2) The graded superalgebra OSymα is free as a graded right OSym(ℓ−αk ,αk)-supermodule with basis{
γℓ−αk

(
p(ℓ−αk)

w
) ∣∣∣∣ w ∈ (Sℓ−αk/S(αk−1,...,α1))min

}
.

All vectors in the bases described in (1)–(2) belong to the subalgebra shα1

(
OSym(α2,...,αk−1)

)
.

Proof. (1) This follows immediately from the theorem.
(2) This follows by applying the involution γℓ to the the result from (1) with α replaced by the reverse
composition αr. □

Continuing with α ∈ Λ(k, ℓ), we need a few more pieces of notation. For i = 1, . . . , k, we define

h(α;i)
r := shα1+···+αi−1

(
h(αi)

r
)
, e(α;i)

r := shα1+···+αi−1

(
e(αi)

r
)
. (6.24)

Under the identication of OSymα with OSymα1⊗· · ·⊗OSymαk from (6.13), these are 1⊗(i−1)⊗h(αi)
r ⊗1⊗(k−i)

and 1⊗(i−1) ⊗ e(αi)
r ⊗ 1⊗(k−i), respectively. We use similar notation for other elements of OSymα such as

e(α;i)
λ , h(α;i)

λ and s(α;i)
λ for λ ∈ Λ+. From (4.36) and (4.37), we get that

e(ℓ)
r =

∑
r1,...,rk≥0

r1+···+rk=r

e(α;1)
r1 · · · e(α;k)

rk , h(ℓ)
r =

∑
r1,...,rk≥0

r1+···+rk=r

h(α;k)
rk · · · h(α;1)

r1 . (6.25)

These are more convenient when written in terms of the generating functions

e(α;i)(t) :=
αi∑

r=0

(−1)re(α;i)
r tαi−r, h(α;i)(t) :=

∑
r≥0

h(α;i)
r t−αi−r. (6.26)

Now the identities (6.25) become

e(ℓ)(t) := e(α;1)(t)e(α;2)(t) · · · e(α;k)(t), h(ℓ)(t) := h(α;k)(t) · · · h(α;2)(t)h(α;1)(t). (6.27)

These identities, which generalize (4.47) and (4.48), together with the infinite Grassmannian relation
(4.49) are useful when moving between different families of generators, as illustrated by the following
lemma.

Lemma 6.10. Suppose that ℓ = n + n′ and r ≥ 0.

(1) We have that
r∑

s=0

(−1)sh(n)
r−se

(ℓ)
s = (−1)r shn

(
e(n′)

r
)
, which is zero for r > n′.

(2) We have that
r∑

s=0

(−1)se(ℓ)
s shn

(
h(n′)

r−s
)
= (−1)re(n)

r , which is zero for r > n.

Proof. (1) The first identity from (6.27) when α = (n, n′) plus (4.49) gives that

shn
(
e(n′)(t)

)
= h(n)(t)e(ℓ)(t).

Now equate the coefficients of tn′−r on both sides.
(2) Similar. □
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Lemma 6.11. Suppose that n ≥ 0. The following hold in OPoln+1 for any m ≥ 0:

(1) xm+n+1
n+1 = −

n∑
q=0

 m∑
r=0

(−1)m+n+1−q−rh(n+1)
r e(n+1)

m+n+1−q−r

 xq
n+1;

(2) xm+n+1
1 = −

n∑
p=0

xp
1

 m∑
s=0

(−1)m+n+1−p−se(n+1)
m+n+1−p−sh

(n+1)
s

 .
Proof. (1) Induction on m. The base case m = 0 follows as

∑n+1
q=0(−1)n+1−qe(n+1)

n+1−qxq
n+1 = 0 due to

Lemma 6.10(2) with ℓ, n, n′ and r replaced with n+ 1, n, 1 and n+ 1, respectively. Now take the identity
we are trying to prove for some m ≥ 0 and multiply on the right by xn+1 to obtain

xm+1+n+1
n = −

n∑
q=0

 m∑
r=0

(−1)m+n+1−q−rh(n+1)
r e(n+1)

m+n+1−q−r

 xq+1
n+1. (6.28)

The q = n term of the summation here is −
∑m

r=0(−1)m+1−rh(n+1)
r e(n+1)

m+1−r xn+1
n+1, which equals h(n+1)

m+1 xn+1
n+1 by

the infinite Grassmannian relation (4.11). Using the m = 0 case of the identity we are proving this can
then be rewritten as

−

n∑
q=0

(−1)n+1−qh(n+1)
m+1 e(n+1)

n+1−qxq
n+1.

For the terms of (6.28) with 0 ≤ q ≤ n − 1, we reindex the summation replacing q by q − 1 to obtain

−

n∑
q=1

 m∑
r=0

(−1)m+1+n+1−q−rh(n+1)
r e(n+1)

m+1+n+1−q−r

 xq
n+1.

The expression in brackets is zero for q = 0 since e(n+1)
m+1+n+1−r = 0 for all 0 ≤ r ≤ m, so we can sum

instead from q = 0 to n. Thus, we have shown that

xm+1+n+1
n+1 = −

n∑
q=0

(−1)n+1−qh(n+1)
m+1 e(n+1)

n+1−qxq
n+1 −

n∑
q=0

 m∑
r=0

(−1)m+1+n+1−q−rh(n+1)
r e(n+1)

m+1+n+1−q−r

 xq
n+1

= −

n∑
q=0

(−1)n+1−qh(n+1)
m+1 e(n+1)

n+1−q +

m∑
r=0

(−1)m+1+n+1−q−rh(n+1)
r e(n+1)

m+1+n+1−q−r

 xq
n+1

= −

n+1∑
q=1

m+1∑
r=0

(−1)m+1+n+1−q−rh(n+1)
r e(n+1)

m+1+n+1−q−r

 xq
n+1.

This is just what is needed for the induction step.
(2) This is similar, or may be proved by applying γn+1 ◦ ∗ to (1). □

Now we focus on the most important case k = 2, so α = (n, n′) ∈ Λ(2, ℓ) for some n, n′ ≥ 0. Then
ξα = ξ(n,n′) = shn(ξn′)ξn.

Theorem 6.12. Suppose that ℓ = n + n′ for n, n′ ≥ 0. Then OSym(n,n′) has the following two bases as a
free graded right OSymℓ-supermodule:

(1)
{
s(n)
λ

∣∣∣ λ ∈ Λ+n×n′
}
;

(2)
{
shn

(
σ(n′)
µ

) ∣∣∣ µ ∈ Λ+n′×n

}
.
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Also let Tr : OSym(n,n′) → OSymℓ be the linear map a 7→ ωℓ ξ(n,n′) · a. This map is a homogeneous
homomorphism of graded right OSymℓ-supermodules of degree −2nn′ and parity nn′ (mod 2), and the
bases (1)–(2) satisfy

Tr
(
s(n)
λ shn

(
σ(n′)
µ

))
=

{
sgn(µ) if µti = n′ − λn+1−i for i = 1, . . . , n
0 otherwise (6.29)

for sgn(µ) ∈ {±1} with sgn(∅) = 1; see Corollary 7.6 below for a formula for sgn(µ) for general µ.

Proof. The main work here is to prove (6.29). This turns out to be significantly harder than the analogous
formula in the ordinary even theory; see [EKL, Rem. 4.12] for an illuminating example. Fortunately, the
details are already worked out in [EKL, Prop. 4.11] up to an undetermined sign since our conventions
are different. To keep track of this sign, we repeat the first few steps of the proof in [EKL] in our set up.
By Theorem 6.7 and (5.17), (5.19), (6.8) and (6.22), we have that

Tr
(
s(n)
λ shn

(
σ(n′)
µ

))
= ωℓ ξ(n,n′) · s

(n)
λ shn

(
γn′

(
s(n′)
µ

))
= ωℓ ξ(n,n′) ·

(
ωnξn · xλ

)
shn

(
γn′(ωn′ξn′ · xµ)

)
= ζn′ωℓ ξ(n,n′)ω(n,n′) · shn

(
γn′(ξn′)

)
ξnxλ shn

(
γn′(xµ)

)
= ζn′ωℓ · shn

(
γn′(ξn′)

)
ξnxλ shn

(
γn′(xµ)

)
. (6.30)

Up to another sign, the monomial appearing after the · in (6.30) is as considered in [EKL, Lem. 4.9],
so applying that lemma gives that Tr

(
s(n)
λ shn

(
σ(n′)
µ

))
is ±1 if µti = n′ − λn+1−i for i = 1, . . . , n, and it is

zero otherwise. It remains to check that (6.30) equals +1 in the special case that λ = (n′n) and µ = ∅.
To see this, one first checks that ξnxn′

1 · · · x
n′
n = xn′

n xn′+1
n−1 · · · x

n+n′−1
1 . Hence, letting ωℓ = τ shn(ωn′) for

τ ∈ ONHℓ, (6.30) simplifies in this case to give

Tr
(
s(n)

(n′n)

)
= ζn′τ shn(ωn′) · shn

(
γn′(ξn′)

)
xn′

n xn′+1
n−1 · · · x

n+n′−1
1 = τ shn

(
γn′(ωn′ · ξn′)

)
· xn′

n xn′+1
n−1 · · · x

n′+n−1
1

= τ · xn′
n xn′+1

n−1 · · · x
n+n′−1
1 = τ shn(ωn′) · shn(ξn′)xn′

n xn′+1
n−1 · · · x

n+n′−1
1 = ωℓ · ξℓ = 1.

Now (6.29) is proved.
It is clear from the definition that Tr is a homogeneous homomorphism of graded right OSymℓ-

supermodules of degree −2nn′ and parity nn′ (mod 2). It remains to show that the elements (1) and
(2) are bases. To see that the elements (1) are linearly independent over OSymℓ, take a linear relation∑
λ s(n)

λ aλ for aλ ∈ OSymℓ. To see that aλ = 0 for any given λ, let µ ∈ Λ+ be defined so that µti = n′−λn+1−i
for i = 1, . . . , n and µti = 0 for i > n. Then we have using (6.29) that

0 = Tr
(

shn
(
σ(n′)
µ

)∑
λ′

s(n)
λ′ aλ′

)
=

∑
λ′

(−1)|λ
′ ||µ| Tr

(
s(n)
λ′ shn

(
σ(n′)
µ

))
aλ′ = (−1)|λ||µ| sgn(µ)aλ.

This establishes the linear independence. As s(n)
λ is of degree 2|λ| and parity |λ| (mod 2), we deduce

from Corollary 3.2 that the elements (1) generate a free graded right OSymℓ-supermodule of graded
rank qnn′

[
ℓ
n

]
q,π

. In view of Theorem 6.8, it follows that this submodule is all of OSym(n,n′). This proves
that (1) is a basis. A similar argument gives that (2) is a basis too. □

Corollary 6.13. Suppose that ℓ = n+d+n′ for n, d, n′ ≥ 0. Then OSym(n,d,n′) is a free right OSym(n,n′+d)-
supermodule with basis

{
shn

(
s(d)
λ

) ∣∣∣∣λ ∈ Λ+d×n′
}
, and it is a free right OSym(n+d,n′)-supermodule with basis{

shn
(
σ(d)
λ

) ∣∣∣∣ λ ∈ Λ+d×n

}
.



38 J. BRUNDAN AND A. KLESHCHEV

7. The odd analog of cohomology of Grassmannians

Continue with ℓ = n + n′. In the purely even theory, when all of the algebras involved are commuta-
tive, the analog of the map Tr from Theorem 6.12 is actually a graded bimodule homomorphism, so that
it gives a trace making Sym(n,n′) into a graded Frobenius algebra over Symℓ. However, in the odd case,
OSym(n,n′) is usually not a Frobenius extension of OSymℓ, e.g., it is already false in the case n = n′ = 1
since one can check directly that OSym2 < OPol2 has no complement as a graded (OSym2,OSym2)-
superbimodule. This is a significant obstruction to the development of the odd theory. At this point in
[EKL, Sec. 5], the obstruction is avoided by passing to the finite-dimensional graded superalgebra

OH
ℓ

n := OSymn
/ 〈

h(n)
r

∣∣∣ r > n′
〉 (
= OSym

/ 〈
hr, es

∣∣∣ r > n′, s > n
〉 )
. (7.1)

This is called the odd Grassmannian cohomology algebra since it is an odd analog of the cohomology
algebra H∗

(
Grℓn;F

)
of the Grassmannian Grℓn of n-dimensional subspaces of Cℓ.

We denote the image of a ∈ OSymn in OH
ℓ

n by ā. The first part of following theorem is [EKL,
Prop. 5.4], but we give a different argument which gives extra information.

Theorem 7.1. Suppose that ℓ = n + n′. The odd Schur polynomials s̄(n)
λ for λ ∈ Λ+n×n′ give a linear

basis for OH
ℓ

n , and all other s̄(n)
λ are zero. Moreover, viewing F as a graded OSymℓ-supermodule in the

obvious way, there is a commuting diagram

OH
ℓ

n OSym(n,n′) ⊗OSymℓ F

OH
ℓ

n′ F ⊗OSymℓ OSym(n,n′)

ā7→a⊗1

ψ
ℓ
n

ā7→(−1)n par(a)1⊗shn(a)

1⊗a7→a∗⊗1
(7.2)

of isomorphisms in which

(1) the top map is an even degree 0 isomorphism of graded left OSymn-supermodules;
(2) the bottom map is an even degree 0 isomorphism of graded right OSymn′-supermodules for the

action on F ⊗OSymℓ OSym(n,n′) defined by restriction along shn ◦ pn : OSymn′ → OSym(n,n′);
(3) the right hand map is an even linear isomorphism of degree 0;
(4) the left hand map ψ

ℓ
n is the graded superalgebra isomorphism induced by the involution ψ ◦ pn

of OSym.

Remark 7.2. The inclusion of the parity involution pn in the definition of the left and bottom maps in
(7.2) is hard to justify at this point—it could simply be omitted in both places and the simplified result
is also true. The signs have been included for consistency with Theorem 8.5 below, in which they are
essential.

Proof of Theorem 7.1. (1) To construct the top map so that it is a homomorphism of graded left OSymn-
supermodules, we must show that OSym(n,n′) ⊗OSymℓ F can be made into a graded left OH

ℓ

n-supermodule
so that ā · (b ⊗ 1) = ab ⊗ 1 for all a ∈ OSymn, b ∈ OSym(n,n′). Since it is already a graded left OSymn-

supermodule, and OH
ℓ

n is the quotient of OSymn by the relations h(n)
r = 0 for r > n′, it suffices to check

that h(n)
r acts as zero on OSym(n,n′) ⊗OSymℓ F for all r > n′. By Theorem 6.12(2), any homogeneous

element of OSym(n,n′) ⊗OSymℓ F can be written as shn(b) ⊗ 1 for b ∈ OSymn′ . Now we must show that
h(n)

r shn(b) ⊗ 1 = 0 for r > n′. This follows from the calculation

h(n)
r shn(b) ⊗ 1 = (−1)r par(b) shn(b)h(n)

r ⊗ 1 = (−1)r par(b) shn(b)
r∑

s=0

(−1)sh(n)
r−se

(ℓ)
s ⊗ 1
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= (−1)r par(b) shn(b) shn
(
(−1)re(n′)

r

)
⊗ 1 = 0.

The second equality here is just the observation that e(ℓ)
s ⊗ 1 is zero in OSym(n,n′) ⊗OSymℓ F for s > 0. The

penultimate equality follows from Lemma 6.10(1).
Now consider s̄(n)

λ ∈ OH
ℓ

n. If ht(λ) > n, we already know this is zero by Theorem 6.3. We have
by (6.1) that s̄(n)

λ = h̄(n)
λ + (a linear combination of h̄(n)

µ for µ > λ). We deduce that s̄(n)
λ = 0 if λ1 > n′

since h̄(n)
λ and all of the h̄(n)

µ appearing in this expansion are zero by the defining relations of OH
ℓ

n. This

shows that OH
ℓ

n is spanned by the elements s̄(n)
λ

(
λ ∈ Λ+n×n′

)
. To see that these elements are linearly

independent, hence, a basis for OH
ℓ

n, we act on the vector 1 ⊗ 1 ∈ OSym(n,n′) ⊗OSymℓ F to obtain the
vectors s(n)

λ ⊗ 1 (λ ∈ Λ+n×n′) which constitute a basis for OSym(n,n′) ⊗OSymℓ F by Theorem 6.12(1). This
argument also shows that the map (1) is an isomorphism.

(2) Similarly, to construct the bottom map, we must make F ⊗OSymℓ OSym(n,n′) into a graded right OH
ℓ

n′-
supermodule so that (1 ⊗ b) · ā = (−1)n par(a)1 ⊗ b shn(a) for b ∈ OSym(n,n′) and a ∈ OSymn′ . To do
this, one first applies ∗ to Theorem 6.12 to deduce that F ⊗OSymℓ OSym(n,n′) is spanned by vectors of the
form 1 ⊗ a for a ∈ OSymn. This plus Lemma 6.10(2) are then used establish the well-definedness of the
action. The fact that the bottom map is an isomorphism could be deduced using Theorem 6.12(2) like
in the previous paragraph, but it also follows once we have checked the commutativity of the diagram
using that the other three maps (1), (3) and (4) are all isomorphisms.

(3) To obtain the map (3), we start with the isomorphism OSym(n,n′)
∼
→ OSym(n,n′), a 7→ a∗ where ∗

here is the restriction of the superalgebra anti-involution ∗ : OPolℓ → OPolℓ. Since we have that
(ab)∗ = (−1)par(a) par(b)b∗a∗ for any b ∈ OSym(n,n′) and a ∈ OSymℓ with a∗ ∈ OSymℓ again, this induces
the desired isomorphism F ⊗OSymℓ OSym(n,n′)

∼
→ OSym(n,n′) ⊗OSymℓ F.

(4) By definition, OH
ℓ

n is the quotient of OSym by the two-sided ideal generated by {er |r > n}∪{hr |r > n′}
and OH

ℓ

n′ is the quotient of OSym by the two-sided ideal generated by {hr | r > n} ∪ {er | r > n′}.
The involution ψ ◦ pn interchanges these two ideals so it factors through the quotients to induce an
isomorphism ψ

ℓ
n : OH

ℓ

n
∼
→ OH

ℓ

n′ . This gives the graded superalgebra isomorphism (4).

To complete the proof, it just remains to show that the diagram commutes. Consider h̄(n)
r1 · · · h̄

(n)
rk ∈

OH
ℓ

n for r1, . . . , rk > 0 and k ≥ 0. The map (1) takes it to h(n)
r1 · · · h

(n)
rk ⊗ 1. As in the opening paragraph

of the proof, we have that

f h(n)
r ⊗ 1 = (−1)r f shn

(
e(n′)

r
)
⊗ 1 = (−1)r+par( f )r shn

(
e(n′)

r
)
f ⊗ 1

for any r and f ∈ OSymn. By induction, it follows that

h(n)
r1 · · · h

(n)
rk ⊗ 1 = (−1)r1+···+rk+

∑
i< j rir j shn

(
e(n′)

rk · · · e
(n′)
r1

)
⊗ 1 = (−1)r1+···+rk shn

(
e(n′)

r1 · · · e
(n′)
rk

)∗
⊗ 1.

This is the same as the image of h̄(n)
r1 · · · h̄

(n)
rk going around the other three sides of the square. □

Corollary 7.3. For ℓ = n + n′, OH
ℓ

n is of graded superdimension qnn′
[
ℓ
n

]
q,π

.

Proof. This follows from the basis described in Theorem 7.1 plus Corollary 3.2. □

Corollary 7.4. In OSym(n,n′) ⊗OSymℓ F, we have that shn
(
σ(n′)
µ

)
⊗ 1 = (−1)NE(µ)s(n)

µt
⊗ 1 for every µ ∈ Λ+.

Proof. Note that (−1)NE(µ)s(n)
µt
⊗ 1 is the image of (−1)NE(µ) s̄(n)

µt
under the top map in the commuting

square (7.2). Now we compute the image of (−1)NE(µ) s̄(n)
µt

around the other three edges of this square.
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Using that NE(µ) = |µ|+ dN(µ)+ dE(µ)+NE(µ), it maps first to (−1)dN(µ)+dE(µ)+n|µ| s̄(n′)
µ thanks to (6.4),

then to (−1)dN(µ)+dE(µ)1 ⊗ shn
(
s(n′)
µ

)
, then to shn

(
σ(n′)
µ

)
⊗ 1 thanks to (6.8). □

Corollary 7.5. For ℓ = n + n′, there is a unique (up to scalars) trace map tr : OH
ℓ

n → F making
OH

ℓ

n into a graded Frobenius superalgebra over F of degree 2nn′ and parity nn′ (mod 2). Moreover,
normalizing tr so that tr

(
s̄(n)

(n′n)
)
= 1 and recalling the definition of Tr from Theorem 6.12, we have that

Tr(a) ⊗ 1 = 1 ⊗ tr(ā) in OSym(n,n′) ⊗OSymℓ F for any a ∈ OSymn.

Proof. If it exists, the trace map is unique up to a non-zero scalar; cf. the discussion after (2.10). Now
we define tr : OH

ℓ

n → F so that Tr(a) ⊗ 1 = 1 ⊗ tr(ā) and check that is a trace map sending s̄(n)
(n′n)

to 1. The latter statement follows because we know in (6.29) that sgn(∅) = 1. To show that tr is a
trace map, we need to show that there exist linear bases b1, . . . , bm and b∨1 , . . . , b

∨
m for OH

ℓ

n satisfying
(2.9) and (2.12). We take b∨1 , . . . , b

∨
m and b1, . . . , bm to be the elements s̄(n)

λ and (−1)NE(µ) sgn(µ)s̄(n)
µt

for

λ ∈ Λ+n×n′ and µ ∈ Λ+n′×n, respectively, enumerated so that b∨r = s̄(n)
λ and br = (−1)NE(µ) sgn(µ)s̄(n)

µt
if and

only if µti = n′ − λn+1−i for each i = 1, . . . , n. The properties (2.9) obviously hold, and we have a pair of
dual bases as in (2.12) thanks to Corollary 7.4 and Theorem 6.12. □

Corollary 7.6. Let λ, µ ∈ Λ+ be related as in the first case of (6.29). Then sgn(µ) = (−1)NE(µ)LRν
λ,µt

where ν := (n′n) and LRν
λ,µt

denotes the odd Littlewood-Richardson coefficient, that is, the coefficient of
sν when sλsµt is expanded in terms of odd Schur functions.

Proof. By the previous two corollaries and the definition (6.29), we have that

sgn(µ) = (−1)NE(µ)tr
(
s̄(n)
λ s̄(n)

µt

)
= (−1)NE(µ)LRνλ,µt .

□

Some very special odd Littlewood-Richardson coefficients arise in the odd analog of the Pieri for-
mula proved in [EKL, (2.72)]:

sλhr =
∑
µ

(−1)NE(λ)+NE(µ)+S (λ,µ)sµ. (7.3)

The sum here is over all partitions µ whose Young diagram is obtained by adding one box to the bottom
of r different columns of the Young diagram of λ, and S (λ, µ) :=

∑
1≤ j≤r

∑λ1
k=i j+1 λ

t
k assuming these

columns are indexed by i1 < · · · < ir. The ghastly signs appearing in (7.3) and in the next lemma
fortunately play no significant role.

Lemma 7.7. The inclusion OSymn ↪→ OSym(n−1,1) maps

s(n)
µ 7→

∑
r,λ

(−1)NE(λ)+dE(λ)+NE(µ)+dE(µ)+S (λ,µ)+(r
2)s(n−1)

λ xr
n

where the sum is over all r ≥ 0 and partitions λ whose Young diagram is obtained by removing one box
from the bottom of r different columns of the Young diagram of µ, including all boxes from its nth row
since s(n−1)

λ = 0 if λn > 0.

Proof. From (6.13), it follows that the coefficient of s(n−1)
λ xr

n when s(n)
µ is expanded in terms of the Schur

basis for OSym(n−1,1) is equal to the sλ ⊗ hr-coefficient of ∆+(sµ). Using Corollary 6.2 and (6.6), this is

(−1)dE(λ)+(r
2)(sλ ⊗ hr,∆

+(sµ))+
(4.29)
= (−1)dE(λ)+(r

2)(sλhr, sµ)+.

Now use (7.3) plus Corollary 6.2 once again. □
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Remark 7.8. A general formula for odd Littlewood-Richardson coefficients is derived in [E, Th. 4.8],
showing that they can be computed by counting the same set of semi-standard skew tableaux that appear
in the ordinary Littlewood-Richardson rule, but counting each one with a sign ±. A useful consequence
of this is that if an ordinary even Littlewood-Richardson coefficient is zero then so is the corresponding
odd Littlewood-Richardson coefficient. This, together with the odd Pieri rule, is all that we actually use
below.

8. Equivariant odd Grassmannian cohomology algebras

Recall from Corollary 4.13 that Rℓ denotes the largest supercommutative quotient of OSymℓ. We are
now going to work over this as our base ring. We use the notation ċ to denote the image of c ∈ OSymℓ in
Rℓ. Note that OSymn⊗Rℓ is a graded Rℓ-superalgebra with structure map η : Rℓ → OSymn⊗Rℓ, ċ 7→ 1⊗ċ.

Definition 8.1. For ℓ = n + n′, the equivariant odd Grassmannian cohomology algebra is the graded
Rℓ-superalgebra

OHℓ
n := OSymn ⊗ Rℓ

/ 〈 r∑
s=0

(−1)sh(n)
r−s ⊗ ė(ℓ)

s

∣∣∣∣∣∣ r > n′
〉
. (8.1)

For a ∈ OSymn and c ∈ OSymℓ, we denote the canonical image of a ⊗ ċ ∈ OSymn ⊗ Rℓ in the quotient
OHℓ

n by a ⊗̄ ċ.

As the name suggests, this is an odd analog of the GLℓ(C)-equivariant cohomology algebra of the
Grassmannian of n-dimensional subspaces of Cℓ. Given any graded supercommutative Rℓ-superalgebra
A, one can specialize to obtain the graded A-superalgebra OHℓ

n ⊗Rℓ A. In particular, the ordinary
odd Grassmannian cohomology algebra OH

ℓ

n from (7.1) is naturally identified with the specialization
OHℓ

n ⊗Rℓ F.

Example 8.2. We have that OH2
1 � OPol2

/
⟨x2

1 + x2
2, x

3
1 + x2

1x2⟩ via the isomorphism h(1)
r ⊗̄ 1 7→ xr

1,
1 ⊗̄ ė(2)

1 7→ x1 + x2, 1 ⊗̄ ė(2)
2 7→ x1x2. A linear basis is given by the elements {xr

1, x2, x1x2 | r ≥ 0}.

Lemma 8.3. For ℓ = n + n′, there is a surjective graded superalgebra homomorphism αℓn : OHℓ
n ↠ Rn′

taking a ⊗̄ 1 to zero for a ∈ OSymn of positive degree and 1 ⊗̄ ċ(ℓ) to ċ(n′) for c ∈ OSym.

Proof. This is clear from the nature of the defining relations (8.1). □

Lemma 8.4. The two-sided ideal
〈∑r

s=0(−1)sh(n)
r−s ⊗ ė(ℓ)

s

∣∣∣∣ r > n′
〉

of OSymn ⊗ Rℓ contains the elements∑r
s=0 h(n)

r−s ⊗ ė(ℓ)
s for all r > n′ + 1. Also the two-sided ideal

〈∑r
s=0(−1)(r−n′)sh(n)

r−s ⊗ ė(ℓ)
s

∣∣∣∣ r > n′
〉

contains

the elements
∑r

s=0(−1)(r−n′)s+sh(n)
r−s ⊗ ė(ℓ)

s for all r > n′ + 1. Hence, these two ideals are equal.

Proof. By (4.16), we have that h1hr = hrh1 if r is odd and h1hr = −hrh1 + 2hr+1 if r is even. Suppose
that r > n′ + 1. The ideal contains a :=

∑r−1
s=0(−1)sh(n)

r−1−s ⊗ ė(ℓ)
s . Hence, it contains

(−1)r(h1 ⊗ 1)a − a(h1 ⊗ 1) =
r∑

s=0

(1 − (−1)r−s)h(n)
r−s ⊗ ė(ℓ)

s .

Adding this to
∑r

s=0(−1)r−sh(n)
r−s ⊗ ė(ℓ)

s , which is also in the ideal, gives the claimed elements for the
first assertion of the lemma. The second assertion is proved similarly. To deduce that these ideals
are the same, the facts established so far show that both are generated by the lowest degree generator∑n′+1

s=0 (−1)sh(n)
n′+1−s ⊗ ė(ℓ)

s together with the higher degree generators
∑r

s=0(−1)sh(n)
r−s ⊗ ė(ℓ)

s and
∑r

s=0 h(n)
r−s ⊗

ė(ℓ)
s for all r > n′ + 1. □
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For any α ∈ Λ(k, ℓ), OSymα ⊗OSymℓ Rℓ is a graded left OSymα-supermodule, and it is a graded Rℓ-
supermodule for the left action that is induced by the natural right action. Thus, for a ∈ OSymα and
c ∈ OSymℓ, we have that

ac ⊗ 1 = a ⊗ ċ = (a ⊗ 1) · ċ = (−1)par(a) par(c)ċ · (a ⊗ 1). (8.2)

However this is in general not equal to ca ⊗ 1. Note also that OSymα ⊗OSymℓ Rℓ is not itself a graded su-
peralgebra in any apparent way. Indeed, Rℓ is the quotient of OSymℓ by the two-sided ideal Iℓ generated
by

(
o(ℓ))2 and

[
o(ℓ), e(ℓ)

2
]
, so

OSymα ⊗OSymℓ Rℓ = OSymα ⊗OSymℓ OSymℓ/Iℓ ≃ OSymα/OSymαIℓ.

However, in general, OSymαIℓ is merely a left ideal, not a two-sided ideal of OSymα. Similar remarks
apply to Rℓ ⊗OSymℓ OSymα, which is a graded right OSymα-supermodule, and a graded Rℓ-supermodule
for the right action that is induced by the natural left action.

Theorem 8.5. For ℓ = n + n′, OHℓ
n is free as a graded Rℓ-supermodule with basis given by the odd

Schur polynomials s(n)
λ ⊗̄ 1 for λ ∈ Λ+n×n′ . Moreover, there is a commuting diagram

OHℓ
n OSym(n,n′) ⊗OSymℓ Rℓ

OHℓ
n′ Rℓ ⊗OSymℓ OSym(n,n′)

a ⊗̄ ċ 7→a⊗ċ

ψℓn

a ⊗̄ ċ 7→(−1)par(a)(n+par(c))ċ⊗shn(a)

ċ⊗a7→(−1)par(a) par(c)a∗⊗ċ (8.3)

of isomorphisms in which
(1) the top map is an even degree 0 isomorphism of graded (OSymn,Rℓ)-superbimodules;
(2) the bottom map is an even degree 0 isomorphism of graded (Rℓ,OSymn′)-superbimodules for

the right action of OSymn′ on Rℓ ⊗OSymℓ OSym(n,n′) defined by restricting the natural right action
of OSym(n,n′) along shn ◦ pn : OSymn′ → OSym(n,n′);

(3) the right hand map is an even degree 0 graded Rℓ-supermodule isomorphism;
(4) the left hand map ψℓn is a graded Rℓ-superalgebra isomorphism such that

ψℓn
(
a ⊗̄ 1

)
=

p∑
i=1

ai ⊗̄ ċi (8.4)

for a ∈ OSymn such that a =
∑p

i=1(−1)n par(ai) shn(ai)∗ci for ai ∈ OSymn′ , ci ∈ OSymℓ.

Proof. (1) To construct the top map, we must show that OSym(n,n′) ⊗OS ymℓ Rℓ can be made into a graded
left OHℓ

n-supermodule so that

a ⊗̄ ċ · (b ⊗ 1) = (−1)par(c) par(b)ab ⊗ ċ

for a ∈ OSymn, b ∈ OSym(n,n′) and c ∈ OSymℓ. To see this is well defined, we know by Theorem 6.12(2)
that OSym(n,n′) ⊗OSymℓ Rℓ is generated as a Rℓ-supermodule by vectors of the form shn(b) ⊗ 1 for b ∈
OSymn′ , so it suffices to check that

∑r
s=0(−1)sh(n)

r−s ⊗̄ ė(ℓ)
s acts as zero on shn(b) ⊗ 1 for b ∈ OSymn′ and

r > n′. This follows by Lemma 6.10(1):
r∑

s=0

(−1)sh(n)
r−s ⊗̄ ė(ℓ)

s · (shn(b) ⊗ 1) =
r∑

s=0

(−1)s+s par(b)h(n)
r−s shn(b) ⊗̄ ė(ℓ)

s

= (−1)r par(b) shn(b)
r∑

s=0

(−1)sh(n)
r−se

(ℓ)
s ⊗ 1 = 0.

Thus, we have defined the top map.
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Next, we show that the elements
{
s(n)
λ ⊗̄ 1

∣∣∣ λ ∈ Λ+n×n′
}

generate OHℓ
n as a graded Rℓ-supermodule.

This is not quite as easy as before since it is no longer the case that s(n)
λ ⊗̄ 1 = 0 in OHℓ

n when λ1 > n.
Instead, one shows by induction on |λ| that any s(n)

λ ⊗̄ 1 for λ with λ1 > n can be written as an Rℓ-linear
combination of other s(n)

µ ⊗̄ 1 for µ with µ1 ≤ n and |µ| < |λ|.
Now the proof of the first part of the theorem can be completed. The spanning set for OHℓ

n just
constructed is also linearly independent because it becomes the basis for OS ym(n,n′) ⊗OSymℓ Rℓ arising
from Theorem 6.12(1) when we act on the vector 1 ⊗ 1. This also shows that the top map (1) is an
isomorphism.
(2) We need to make Rℓ ⊗OSymℓ OSym(n,n′) into a graded right OHℓ

n′-supermodule so that

(1 ⊗ b) · a ⊗̄ ċ = (−1)(par(a)+par(b)) par(c)+n par(a)ċ ⊗ b shn(a)

for a ∈ OSymn′ , b ∈ OSym(n,n′) and c ∈ OSymℓ. To check that this action is well defined, we know from
Lemma 8.4 that the ideal defining OHℓ

n′ is generated by the elements
∑r

s=0(−1)(r−n)sh(n′)
r−s ⊗ ė(ℓ)

s for r > n.
It suffices to check that the image of each such element in OHℓ

n′ acts as zero on 1 ⊗ b for b ∈ OSymn.
This follows by Lemma 6.10(2):

(1 ⊗ b) ·
r∑

s=0

(−1)(r−n)sh(n′)
r−s ⊗̄ ė(ℓ)

s = (−1)rn
r∑

s=0

(−1)s+s par(b)ė(ℓ)
s ⊗ b shn

(
h(n′)

r−s
)

= (−1)r(par(b)+n)1 ⊗
r∑

s=0

(−1)se(ℓ)
s shn

(
h(n′)

r−s
)
b = 0.

Applying ∗ to the basis from Theorem 6.12(2), we deduce that Rℓ ⊗OSymℓ OSym(n,n′) is a free graded
Rℓ-supermodule with basis

{
1⊗ shn(s(n′)

µ )
∣∣∣∣µ ∈ Λ+n′×n

}
. Also the elements

{
s(n′)
µ ⊗̄ 1

∣∣∣µ ∈ Λ+n′×n
}

span OHℓ
n′

as in the previous paragraph. Acting on 1 ⊗ 1 shows finally that these elements form a basis for OHℓ
n′

and that the bottom map is an isomorphism.
(3) To construct the right hand map, we start with the map

Rℓ ⊗ OSym(n,n′) → OSym(n,n′) ⊗OSymℓ Rℓ, ċ ⊗ a 7→ (−1)par(a) par(c)a∗ ⊗ ċ

for c ∈ OSymℓ, a ∈ OSym(n,n′). Using that Rℓ is supercommutative, this is easily checked to be a graded
Rℓ-supermodule homomorphism. Also this map is balanced. To see this, we need to show that the
images of ċ1ċ2 ⊗ a and ċ1 ⊗ c2a are the same for a ∈ OSym(n,n′) and c1, c2 ∈ OSymℓ. Note that the
superalgebra anti-involution ∗ of OSymℓ descends to a superalgebra anti-involution ∗ of Rℓ. Since Rℓ is
supercommutative and each of its generators ė(ℓ)

r (r ≥ 1) is fixed by ∗, this is induced anti-involution is
equal to the identity. So ċ2 = ċ∗2, and the image of ċ1ċ2 ⊗ a is

(−1)par(a)(par(c1)+par(c2))a∗ ⊗ ċ1ċ2 = (−1)par(a) par(c1)+par(a) par(c2)+par(c1) par(c2)a∗ ⊗ ċ∗2ċ1

= (−1)par(a) par(c1)+par(a) par(c2)+par(c1) par(c2)a∗c∗2 ⊗ ċ1

= (−1)(par(a)+par(c2)) par(c1)(c2a)∗ ⊗ ċ1

which is equal to the image of ċ1 ⊗ c2a. So this map induces the required graded Rℓ-supermodule
isomorphism.
(4) We define ψℓn to be the unique graded Rℓ-supermodule isomorphism making the diagram commute.
If a =

∑p
i=1(−1)n par(ai) shn(ai)∗ci for ai ∈ OSymn′ , ci ∈ OSymℓ then the image of a ⊗̄ 1 under the top

map is equal to
∑p

i=1(−1)n par(ai) shn(ai)∗ ⊗ ċi. It follows that ψℓn(a ⊗̄ 1) =
∑p

i=1 ai ⊗ ċi because the latter
expression also maps to

∑p
i=1(−1)n par(ai) shn(ai)∗ ⊗ ċi when the bottom map followed by the right hand

map is applied.



44 J. BRUNDAN AND A. KLESHCHEV

We still need to show that ψℓn is actually a graded Rℓ-superalgebra isomorphism. For this, we take
a, b ∈ OSymn such that a =

∑p
i=1(−1)n par(ai) shn(ai)∗ci and b =

∑q
j=1(−1)n par(b j) shn(b j)∗d j for ai, b j ∈

OSymn′ and ci, d j ∈ OSymℓ. We have that

ab =
q∑

j=1

(−1)n par(b j)a shn(b j)∗d j =

q∑
j=1

(−1)(par(a)+n) par(b j) shn(b j)∗ad j

=

p∑
i=1

q∑
j=1

(−1)n par(ai)+(par(ai)+par(ci)+n) par(b j) shn(b j)∗ shn(ai)∗cid j

=

p∑
i=1

q∑
j=1

(−1)n(par(ai)+par(b j))+par(ci) par(b j) shn(aib j)∗cid j.

So

ψℓn(ab) =
p∑

i=1

q∑
j=1

(−1)par(ci) par(b j)aib j ⊗ ċiḋ j =
( p∑

i=1

ai ⊗̄ ċi
)( q∑

j=1

b j ⊗̄ ḋ j
)
= ψℓn(a)ψℓn(b).

□

Corollary 8.6. For ℓ = n + n′, OHℓ
n is a free graded Rℓ-supermodule of graded rank qnn′

[
ℓ
n

]
q,π

.

Proof. This follows by the basis theorem that is the first assertion of Theorem 8.5 plus Corollary 3.2. □

Corollary 8.7. For ℓ = n + n′, there is a unique (up to scalars) trace map tr : OHℓ
n → Rℓ making

OHℓ
n into a graded Frobenius superalgebra over Rℓ of degree 2nn′ and parity nn′ (mod 2). Moreover,

normalizing tr so that tr
(
s(n)

(n′n) ⊗̄ 1
)
= 1 and recalling the definition of Tr from Theorem 6.12, we have

that Tr(a) ⊗ 1 = 1 ⊗ tr(a ⊗̄ 1) in OSym(n,n′) ⊗OSymℓ Rℓ for any a ∈ OSymn.

Proof. The uniqueness follows from the general principles discussed after (2.10) since
(
OHℓ

n
)
0 = F.

For existence, define tr : OHℓ
n → Rℓ to be the unique graded Rℓ-supermodule homomorphism such that

Tr(a)⊗1 = 1⊗tr(a ⊗̄ 1) for a ∈ OSymn. Noting that
(
n
2

)
+
(
n′
2

)
−
(
ℓ
2

)
= −nn′, the definition of Tr implies that

this is a homogeneous linear map of degree −2nn′ and parity nn′ (mod 2) such that tr
(
s(n)

(n′n) ⊗̄ 1
)
= 1. It

remains to check (2.9) and (2.12). We take b∨1 , . . . , b
∨
m, b1, . . . , bm ∈ OHℓ

n to be the elements s(n)
λ ⊗̄ 1 and(

ψℓn
)−1

(
(−1)dN(µ)+dE(µ)+n|µ| sgn(µ)s(n′)

µ ⊗̄ 1
)

for λ ∈ Λ+n×n′ and µ ∈ Λ+n′×n, respectively, enumerated in such

a way that b∨r = s(n)
λ ⊗̄ 1 and ψℓn(br) = (−1)dN(µ)+dE(µ)+n|µ| sgn(µ)s(n′)

µ ⊗̄ 1 if and only if µti = n′ − λn+1−i
for each i = 1, . . . , n. By (6.8) and the commutativity of the diagram (8.3), the top horizontal map in
the diagram takes b∨r to s(n)

λ ⊗ 1 and br to (−1)dN(µ)+dE(µ) sgn(µ) shn
(
s(n′)
µ

)∗
⊗ 1 = sgn(µ) shn

(
σ(n′)
µ

)
⊗ 1.

Now Theorem 6.12 implies that b∨1 , . . . , b
∨
m and b1, . . . , bm give dual bases for OHℓ

n as a free graded
Rℓ-supermodule, as required for (2.12). □

The next lemma investigates the graded Rℓ-superalgebra isomorphism ψℓn : OHℓ
n
∼
→ OHℓ

n′ constructed
in Theorem 8.5(4).

Lemma 8.8. For ℓ = n + n′, the isomorphism ψℓn : OHℓ
n → OHℓ

n′ maps

h(n)
r ⊗̄ 1 7→

r∑
s=0

(−1)(n+1)(r−s)e(n′)
r−s ⊗̄ ḣ(ℓ)

s , e(n)
r ⊗̄ 1 7→

r∑
s=0

(−1)(n+r)(r−s)h(n′)
r−s ⊗̄ ė(ℓ)

s (8.5)

for r ≥ 0. The inverse isomorphism
(
ψℓn

)−1 : OHℓ
n′ → OHℓ

n maps

h(n′)
r ⊗̄ 1 7→

r∑
s=0

(−1)(n+r)(r−s)+nse(n)
r−s ⊗̄ ḣ(ℓ)

s , e(n′)
r ⊗̄ 1 7→

r∑
s=0

(−1)(n+1)(r−s)+nsh(n)
r−s ⊗̄ ė(ℓ)

s (8.6)
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for r ≥ 0.

Proof. We first observe that h(n)(t) = shn
(
e(n′)(t))h(ℓ)(t) and ε(n)(t) = shn

(
η(n′)(t))ε(ℓ)(t) in OSym(n,n′).

This follows from (4.49) using the identities h(ℓ)(t) = shn
(
h(n′)(t)

)
h(n)(t) and ε(ℓ)(t) = shn

(
ε(n′)(t)

)
ε(n)(t).

Hence, using (8.4), we deduce that ψℓn maps

h(n)(t) ⊗̄ 1 7→ (−1)nn′e(n′)((−1)nt
)∗
⊗̄ ḣ(ℓ)(t), ε(n)(t) ⊗̄ 1 7→ (−1)nn′η(n′)((−1)nt

)∗
⊗̄ ε̇(ℓ)(t).

The first formula in (8.5) follows from the first of these identities on equating t−n−r-coefficients, remem-
bering that e(n′)

r is fixed by ∗. Similarly, equating tn−r-coefficients in the second identity gives that

ψℓn
(
ε(n)

r ⊗̄ 1
)
=

r∑
s=0

(−1)(n+1)(r−s)(η(n′)
r−s

)∗
⊗̄ ε̇(ℓ)

s .

Replacing ε(n)
r with (−1)(

r
2)e(n)

r ,
(
η(n′)

r−s
)∗ with (−1)(

r−s
2 )h(n′)

r−s and ε̇(ℓ)
s with (−1)(

s
2)ė(ℓ)

s using (4.40) and (4.41)
gives the second formula in (8.5). The formulae in (8.6) are easily deduced from (8.5) together with the
infinite Grassmannian relation in Rℓ. □

The following composition defines a graded Rℓ-superalgebra automorphism:

δℓn := ψℓn′ ◦ ψ
ℓ
n : OHℓ

n
∼
→ OHℓ

n. (8.7)

Using Lemma 8.8, this can be described explicitly on generators, as follows.

Corollary 8.9. The automorphism δℓn maps

h(n)
r ⊗̄ 1 7→ (−1)ℓrh(n)

r ⊗̄ 1 + (−1)ℓ(r−1)(1 + (−1)n+r)h(n)
r−1 ⊗̄ ȯ(ℓ), (8.8)

e(n)
r ⊗̄ 1 7→ (−1)ℓre(n)

r ⊗̄ 1 + (−1)(ℓ+1)(r−1)(1 + (−1)n+r)e(n)
r−1 ⊗̄ ȯ(ℓ), (8.9)

ε(n)
r ⊗̄ 1 7→ (−1)ℓrε(n)

r ⊗̄ 1 + (−1)ℓ(r−1)(1 + (−1)n+r)ε(n)
r−1 ⊗̄ ȯ(ℓ), (8.10)

η(n)
r ⊗̄ 1 7→ (−1)ℓrη(n)

r ⊗̄ 1 + (−1)(ℓ+1)(r−1)(1 + (−1)n+r)η(n)
r−1 ⊗̄ ȯ(ℓ) (8.11)

for any r ≥ 1. In particular, δℓn
(
o(n) ⊗̄ 1

)
= (−1)ℓo(n) ⊗̄ 1 +

(
1 − (−1)n)1 ⊗̄ ȯ(ℓ).

Proof. We first prove (8.8). Using (8.5), we compute (ψℓn′ ◦ ψ
ℓ
n)
(
h(n)

r ⊗̄ 1
)
: it equals

r∑
p=0

r−p∑
q=0

(−1)(n+1)(r−p)+(n′+r−p)(r−p−q)h(n)
r−p−q ⊗̄ ė(ℓ)

q ḣ(ℓ)
p =

r∑
s=0

(−1)ℓr+(n′+r)sh(n)
r−s ⊗̄

( s∑
t=0

(−1)(n+r−s+1)tė(ℓ)
s−tḣ

(ℓ)
t

)
.

Now we claim that the expression in the brackets here is equal to δs,0 if n + r − s + 1 is odd, and it is
equal to δs,0 + 2δs,1ȯ(ℓ) is n + r − s + 1 is even. The formula (8.8) is easily deduced using this claim.
To prove the claim, it follows immediately for odd n + r − s + 1 by the infinite Grassmannian relation.
When n + r − s + 1 is even, it follows from the relation

s∑
t=0

ės−tḣt = δs,0 + 2δs,1ȯ (8.12)

in R, which is easily checked in the cases s = 0 and s = 1 and follows for s ≥ 2 using (4.59) and (4.60).
The proof of (8.9) is a similar calculation.
Then (8.10) follows easily since ε(n)

r = (−1)(
r
2)e(n)

r and ε(n)
r−1 = (−1)(

r
2)+r+1e(n)

r−1.
Finally, to deduce (8.11), we first write (8.10) in terms of generating functions:

δℓn
(
ε(n)(t) ⊗̄ 1

)
= (−1)ℓnε(n)((−1)ℓt

)
⊗̄ 1 − (−1)ℓnt−1

[
ε(n)((−1)ℓt

)
− ε(n)((−1)ℓ+1t

)]
⊗̄ ȯ(ℓ). (8.13)
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This can be checked by equating coefficients of tn−r on both sides. Then we formally invert both sides
of (8.13) using (4.49) to obtain the identity

δℓn
(
η(n)(t) ⊗̄ 1

)
= (−1)ℓnη(n)((−1)ℓt

)
⊗̄ 1 + (−1)(ℓ−1)nt−1

[
η(n)((−1)ℓ+1t

)
− η(n)((−1)ℓt

)]
⊗̄ ȯ(ℓ). (8.14)

To see that the right hand of this is indeed the inverse of the right hand side of (8.13), one just has to mul-
tiply together using

(
ȯ(ℓ))2

= 0 then simplify the result to see that it equals 1, which is straightforward.
Finally, we equate coefficients of t−n−r on both sides of (8.14) to obtain (8.11). □

9. Deformed odd cyclotomic nil-Hecke algebras

The odd cyclotomic nil-Hecke algebra ONH
ℓ

n is the quotient of ONHn by the two-sided ideal gener-
ated by the element xℓ1. This algebra was introduced originally in [EKL, Sec. 5]. In particular, in [EKL,

Prop. 5.2], it is shown that ONH
ℓ

n is zero unless 0 ≤ n ≤ ℓ, in which case it is isomorphic to the graded
matrix superalgebra Mqn/2[n]!

q,π

(
OH

ℓ

n
)
, notation as explained after Remark 5.6.

Definition 9.1. The deformed odd cyclotomic nil-Hecke algebra is the quotient algebra

ONHℓ
n := ONHn ⊗ Rℓ

/ 〈 ℓ∑
r=0

(−1)r xℓ−r
1 ⊗ ė(ℓ)

r

〉
(9.1)

for n > 0. We also let ONHℓ
0 := ONH0 ⊗ Rℓ � Rℓ so that ONHℓ

n makes sense for all n ≥ 0. We denote
the image of a ⊗ ċ in ONHℓ

n by a ⊗̄ ċ.

The graded Rℓ-superalgebra ONHℓ
n is the odd analog of the algebras defined for sl2 in [R1, Sec. 5.2.1]

and for other Cartan types in [R2, Sec. 4.4.1]; our definition (9.1) looks more like the latter formulation.

Theorem 9.2. The deformed odd cyclotomic nil-Hecke algebra ONHℓ
n is zero unless 0 ≤ n ≤ ℓ. As-

suming 0 ≤ n ≤ ℓ, the natural left action of ONHn ⊗ Rℓ on OPoln ⊗OSymn OHℓ
n factors through the

quotient ONHℓ
n to make OPoln⊗OSymn OHℓ

n into a graded (ONHℓ
n,OHℓ

n)-superbimodule. The associated
representation

ρ : ONHℓ
n → End-OHℓ

n

(
OPoln ⊗OSymn OHℓ

n

)
is an isomorphism of graded superalgebras. Moreover, OPoln ⊗OSymn OHℓ

n is free as a graded right
OHℓ

n-supermodule with basis
{
xκn

n · · · x
κ1
1 ⊗̄ 1

∣∣∣ κ ∈ Kn} where

Kn :=
{
κ = (κ1, . . . , κn) ∈ Nn

∣∣∣ 0 ≤ κi ≤ n − i for i = 1, . . . , n
}
.

Theorem 9.2 shows that ONHℓ
n is isomorphic to the graded matrix superalgebra Mq(n

2)[n]!
q,π

(
OHℓ

n

)
. We

will prove the theorem later in the section, ultimately deducing it from Theorem 5.4 which showed that
ONHn is isomorphic to Mq(n

2)[n]!
q,π

(
OSymn

)
. First, we state some corollaries. The first is the analog of

Corollary 5.10 for ONHℓ
n.

Corollary 9.3. The element (ωξ)n := (ωξ)n ⊗̄ 1 is a primitive idempotent in ONHℓ
n. Moreover, the maps

ı and ȷ from Lemma 5.9 induce an isomorphism OHℓ
n � (ωξ)nONHℓ

n(ωξ)n, of graded superalgebras and
an isomorphism OPoln ⊗OSymn OHℓ

n ≃ ONHℓ
n(ωξ)n of graded (ONHℓ

n,OHℓ
n)-superbimodules. Making

these identifications, the idempotent truncation functor

(ωξ)n− : ONHℓ
n-gsMod→ OHℓ

n-gsMod

is an equivalence of graded (Q,Π)-supercategories.

Corollary 9.4. For 0 ≤ n ≤ ℓ, ONHℓ
n is a free graded Rℓ-supermodule of graded rank

qn(ℓ−n)[ℓ]!
q,π[n]!

q,π
/
[ℓ − n]!

q,π.
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Proof. This follows using the final part of the theorem and Corollary 8.6. □

Corollary 9.5. For 0 ≤ n ≤ ℓ, the monomials{
xκτw ⊗̄ 1

∣∣∣ w ∈ Sn, κ ∈ N
n with 0 ≤ κi ≤ ℓ − i for i = 1, . . . , n

}
form a basis for ONHℓ

n as a free Rℓ-supermodule.

Proof. The free graded Rℓ-supermodule with basis given by elements of the same degrees and parities
as these monomials is graded rank qn(ℓ−n)[ℓ]!

q,π[n]
!
q,π/[ℓ − n]!

q,π, which is the same as the graded rank
of ONHℓ

n according to Corollary 9.4. Therefore it suffices to show that the monomials
{
xκτw ⊗̄ 1

∣∣∣ w ∈
Sn, κ ∈ N

n with 0 ≤ κi ≤ ℓ − i for i = 1, . . . , n
}

are linearly independent over Rℓ.
We first prove this linear independence in the special case that n = ℓ, in which case we have simply

that OHℓ
ℓ
= Rℓ. Suppose we have a linear relation

∑
w,κ xκτw ⊗̄ ċw,κ = 0 in ONHℓ

ℓ
for ċw,κ ∈ OSymℓ that

are not all zero, summing over w ∈ S ℓ, κ ∈ N
ℓ with 0 ≤ κi ≤ ℓ − i for all i = 1, . . . , ℓ. Pick w of minimal

length such that ċw,κ , 0 for some κ. Then we act on the vector p(ℓ)
w ⊗̄ 1 ∈ OPolℓ ⊗OSymℓ Rℓ to deduce

as in the proof of Theorem 5.2 that
∑
κ(−1)par(cw,κ)ℓ(w)xκ ⊗̄ ċw,κ = 0. The elements xκ ⊗̄ 1 for κ ∈ Nℓ with

0 ≤ κi ≤ ℓ − i for all i = 1, . . . , ℓ are linearly independent over Rℓ thanks to Remark 5.6. So this implies
that ċw,κ = 0 for all κ, which is a contradiction.

Now we treat the general case. The inclusion ONHn ⊗Rℓ ↪→ ONHℓ ⊗Rℓ induces an Rℓ-superalgebra
homomorphism ı : ONHℓ

n → ONHℓ
ℓ
. The monomials in ONHℓ

n which we are trying to show are
linearly independent map to a subset of the monomials shown to be linearly independent in the previous
paragraph. This completes the proof (and also shows that ı is injective). □

Corollary 9.6. For 0 ≤ n < ℓ, the graded superalgebra homomorphism ONHℓ
n → ONHℓ

n+1 induced by
the natural embedding ONHn ⊗ Rℓ ↪→ ONHn+1 ⊗ Rℓ is injective.

Proof. This follows immediately from the basis theorem in the previous corollary. □

Corollary 9.7. The graded superalgebra ONHℓ
n is a graded Frobenius superalgebra over Rℓ of degree

2n(ℓ − n) and parity n(ℓ − n) (mod 2).

Proof. This follows from Theorem 9.2 and Corollary 8.7. □

Remark 9.8. Since ONH
ℓ

n � ONHℓ
n ⊗Rℓ F and OH

ℓ

n � OHℓ
n ⊗Rℓ F, Corollary 9.4 implies that ONH

ℓ

n

is isomorphic to the graded matrix superalgebra Mq(n
2)[n]!

q,π

(
OH

ℓ

n

)
, recovering [EKL, Prop. 5.2]. Also

Corollary 9.5 implies that ONH
ℓ

n has basis given by the canonical images of the monomials{
xκτw

∣∣∣ w ∈ Sn, κ ∈ N
n with 0 ≤ κi ≤ ℓ − i for i = 1, . . . , n

}
,

recovering [HS, Th. 4.10]. The proof that these monomials span given in [HS] gives an explicit algo-
rithm to “straighten” arbitrary monomials into this form.

In the remainder of the section, we prove Theorem 9.2. The approach is based on the proof of [EKL,
Prop. 5.2] (the result which we are generalizing). First we record some preliminary lemmas.

Lemma 9.9. Suppose that n ≥ 1. Let y be a non-zero homogeneous element of sh1(OPoln−1) and
consider the (free) right OSymn-submodule of OPoln with basis v1, . . . , vn defined from vi := yxi−1

1 . The
matrix of the endomorphism of this subspace defined by the left action of (−1)par(y)x1 is equal to the
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(non-commutative) companion matrix

0 0 · · · 0 (−1)n−1e(n)
n

1 0 · · · 0 (−1)n−2e(n)
n−1

...
. . .

. . .
...

...

0 · · · 1 0 −e(n)
2

0 · · · 0 1 e(n)
1


(9.2)

of the polynomial (t − x1) · · · (t − xn) ∈ OPoln[t].

Proof. We have that (−1)par(y)x1yxi−1
1 = yxi

1. This gives all but the last column of the matrix already. For
the last column, use Lemma 6.10(1), taking n and n′ there to be 1 and n − 1 in the current setup, noting
that h(1)

r−s = xr−s
1 . □

Lemma 9.10. Let C be the n × n companion matrix from (9.2). For any 1 ≤ i, j ≤ n and k ≥ 0, the
(i, j)-entry of Ck is equal to

ci, j;k :=
min(k+ j−i,n−i)∑

t=0

(−1)te(n)
t h(n)

k+ j−i−t, (9.3)

which is zero if k < i − j and 1 if k = i − j.

Proof. This goes by induction on k = 0, 1, . . . . When k = 0, we have that

ci, j;k =

j−i∑
t=0

(−1)te(n)
t h(n)

j−i−t

which is zero if i > j as it is the empty sum, and it is δi, j if i ≤ j by the infinite Grassmannian relation.
This checks the induction base. Then we take k ≥ 0 and consider the (i, j)-entry of Ck+1 = CCk. Since
C has at most two non-zero entries in its ith row, namely, its (i, i − 1)-entry 1 if i > 1 and its (i, n)-entry
(−1)n−ie(n)

n+1−i, we get by induction that the (i, j)-entry of Ck+1 is equal to ci−1, j;k + (−1)n−ie(n)
n+1−icn, j;k

where the first term should be omitted in the case that i = 1. This is equal to
min(k+1+ j−i,n+1−i)∑

t=0

(−1)te(n)
t h(n)

k+1+ j−i−t + (−1)n−ie(n)
n+1−ih

(n)
k+ j−n,

interpreting h(n)
k+ j−n as zero if k < n − j and noting in the case that i = 1 that the first term here is zero

by the infinite Grassmannian relation (so there is no need to omit it). To complete the proof, we need to
show that

min(k+1+ j−i,n−i)∑
t=0

(−1)te(n)
t h(n)

k+1+ j−i−t =

min(k+1+ j−i,n+1−i)∑
t=0

(−1)te(n)
t h(n)

k+1+ j−i−t + (−1)n−ie(n)
n+1−ih

(n)
k+ j−n.

If k+ 1+ j− i ≤ n− i both sums are over 0 ≤ t ≤ k+ 1+ j− i and the second term on the right hand side
is zero by convention since k + j − n < 0, so the equality is true. If k + 1 + j − i > n − i then the sum on
the right hand side has one extra term when t = n+ 1− i compared to the sum on the left hand side. But
this extra term is (−1)n+1−ie(n)

n+1−ih
(n)
k+ j−n which cancels with the final term on the right hand side. □

Proof of Theorem 9.2. Let A := ONHn ⊗ Rℓ, B := OSymn ⊗ Rℓ and V := OPoln ⊗ Rℓ, which is a
graded (A, B)-superbimodule. By Remark 5.6, V is free as a graded right B-supermodule with basis{
xκn

n · · · x
κ1
1 ⊗ 1

∣∣∣ κ ∈ Kn
}
. Also, by Theorem 5.4, A � End-B(V) so that A can be identified with the

graded matrix superalgebra consisting of matrices (aκ,κ′)κ,κ′∈Kn , for aκ,κ′ ∈ B, this matrix representing
the endomorphism xκ

′

⊗ 1 7→
∑
κ∈Kn(xκ ⊗ 1)aκ,κ′ . In this situation, Morita theory implies that there are

bijections between the sets of graded superideals of A, graded sub-superbimodules of V and graded
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superideals of B so that I ↔ IV = V J ↔ J. For I ⊴ A corresponding to J ⊴ B in this way, a set
of generators for J is given by the matrix entries of a set of generators of I, and we have that A/I �
End-B/J(V/IV). Thus, to prove the theorem, we start from the two-sided ideal I of A from (9.1), which
may be described equivalently as the two-sided ideal generated by the elements

∑r
s=0(−1)sxr−s

1 ⊗ ė(ℓ)
s (r ≥

ℓ). We must show that the two-sided ideal J of B generated by the matrix entries of the generators of I
is equal to B if n > ℓ and it is equal to the two-sided ideal of B from (8.1) if n ≤ ℓ.

Consider the matrix associated to the generator
∑r

s=0(−1)sxr−s
1 ⊗ ė(ℓ)

s of I for r ≥ ℓ. Lemma 9.9
implies that it is a block diagonal matrix with n × n blocks parametrized by all κ ∈ Kn with κ1 = 0, the
(i, j)-entry of this block being the xκn

n · · · x
κ2
2 xi−1

1 ⊗1-coefficient of
∑r

s=0(−1)sxr−s
1 ⊗ė(ℓ)

s ·(xκn
n · · · x

κ2
2 x j−1

1 ⊗1)
for 1 ≤ i, j ≤ n. Denote this matrix entry by f (κ)

i, j;r. Using Lemmas 9.9 and 9.10, we have that

f (κ)
i, j;r = (−1)r|κ|

r∑
s=0

(−1)s j
min(r+ j−i−s,n−i)∑

t=0

(−1)te(n)
t h(n)

r+ j−i−s−t ⊗ ė(ℓ)
s . (9.4)

Apart from the leading sign which is irrelevant for the problem in hand, this does not depend on κ, so
we may as well assume from now on that κ = 0 = (0, . . . , 0). If n > ℓ, we take r = ℓ, j = 1 and i = ℓ + 1,
in which case the summations collapse and we deduce that f (0)

ℓ+1,1;ℓ = 1 ∈ J. So J = B as required in this
case.

Now assume that n ≤ ℓ and set n′ := ℓ − n. It remains to show that the elements

F :=
{

f (0)
i, j;r

∣∣∣∣ 1 ≤ i, j ≤ n, r ≥ ℓ
}
, G :=

 r∑
s=0

(−1)sh(n)
r−s ⊗ ė(ℓ)

s

∣∣∣∣∣∣ r > n′


generate the same two-sided ideal of B. We switch the summations in (9.4) to deduce that

f (0)
i, j;r =

min(r+ j−i,n−i)∑
t=0

(−1)te(n)
t

min(r,r+ j−i−t)∑
s=0

(−1)s jh(n)
r+ j−i−t−s ⊗ ė(ℓ)

s

 .
We have that r + j − i ≥ ℓ + 1 − i > n − i so the first summation is over 0 ≤ t ≤ n − i. Since ė(ℓ)

s = 0 for
s > ℓ we can change the second summation so that it is over 0 ≤ s ≤ r+ j− i− t. Taking i = n and j = 1
gives us the elements

∑r−n+1
s=0 (−1)sh(n)

r−n+1−s ⊗ ė(ℓ)
s for all r ≥ ℓ. Since we have all r so that r − n + 1 > n′,

these already give us all of the elements of G, demonstrating one containment. It remains to show that
all f (0)

i, j;r for 1 ≤ i, j ≤ n and r ≥ ℓ also lie in ⟨G⟩. In fact, given that t ≤ n − i, we have that

r+ j−i−t∑
s=0

(−1)s jh(n)
r+ j−i−t−s ⊗ ė(ℓ)

s ∈ ⟨G⟩

because r + j − i − t ≥ n′ + j, the sign is (−1)s if j ≥ 1 is odd or 1 if j ≥ 2 is even, and we know all of
these elements lie in ⟨G⟩ by Lemma 8.4. □

10. The 2-category OGBim ℓ of odd Grassmannian bimodules

Throughout the section, ℓ is fixed. We will work always over the ground ring Rℓ, but note that
everything in this section also makes sense on base change from Rℓ to any graded supercommutative
Rℓ-superalgebra, including the most important case when the ground ring is the field F. For 0 ≤ n ≤ ℓ,
we denote the element of OHℓ

n formerly denoted by a ⊗̄ 1 simply by ā (a ∈ OSymn), and identify Rℓ with
a subalgebra of OHℓ

n via the embedding Rℓ ↪→ Z(OHℓ
n), ċ 7→ 1 ⊗̄ ċ (c ∈ OSymℓ).

Suppose that n, d, n′ ≥ 0 with n + d + n′ = ℓ and α ∈ Λ(k, d). The cases α = (d) and α = (1d) will be
particularly important. Let

Ṽℓ
n;α := OSym(n,α1,...,αk ,n′) ⊗OSymℓ Rℓ, Uℓ

α;n := Rℓ ⊗OSymℓ OSym(n′,α1,...,αk ,n). (10.1)
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These are graded Rℓ-supermodules, with the action of Rℓ on Ṽℓ
n;α coming from the natural right action

and the action of Rℓ on Uℓ
α;n coming from the natural left action. We refer to Ṽℓ

n;α and Uℓ
α;n as odd

Grassmannian bimodules. According to the following lemma, they are graded superbimodules over
equivariant odd Grassmannian cohomology algebras.

Lemma 10.1. Let ℓ = n + d + n′ and α ∈ Λ(k, d) be fixed as above.

(1) There is a unique way to make Ṽℓ
n;α into a graded

(
OHℓ

n,OHℓ
n+d

)
-superbimodule so that the left

action of ā (a ∈ OSymn) is defined by ā(b ⊗ 1) := ab ⊗ 1 for b ∈ OSym(n,α1,...,αk ,n′), and the right
action of ā (a ∈ OSymn+d) is defined by (b ⊗ 1)ā := ba ⊗ 1 for b ∈ OSym(n,α1,...,αk). Moreover:
(a) Ṽℓ

n;α has basis
{
γn+d

(
p(n+d)

w
)
⊗ 1

∣∣∣∣ w ∈ [Sn+d/S(αk ,...,α1,n)]min
}

as a right OHℓ
n+d-supermodule;

(b) Ṽℓ
n;α has basis

{
shn

(
p(n′+d)

w
)
⊗ 1

∣∣∣∣ w ∈ [Sn′+d/S(α1,...,αk ,n′)]min
}

as a left OHℓ
n-supermodule.

(2) There is a unique way to make Uℓ
α;n into a graded

(
OHℓ

n+d,OHℓ
n
)
-superbimodule so that the

right action of ā (a ∈ OSymn) is defined by (1 ⊗ b)ā := (−1)(n′+d) par(a)1 ⊗ b shn′+d(a) for
b ∈ OSym(n′,α1,...,αk ,n), and the left action of ā (a ∈ OSymn+d) is defined by ā(1 ⊗ shn′(b)) :=
(−1)n′ par(a)1 ⊗ shn′(ab) for b ∈ OSym(α1,...,αk ,n). Moreover:
(a) Uℓ

α;n has basis
{
1⊗γn′+d

(
p(n′+d)

w
)∗ ∣∣∣∣w ∈ [Sn′+d/S(αk ,...,α1,n′)]min

}
as a right OHℓ

n-supermodule;

(b) Uℓ
α;n has basis

{
1 ⊗ shn′

(
p(n+d)

w
)∗ ∣∣∣∣ w ∈ [Sn+d/S(α1,...,αk ,n)]min

}
as a left OHℓ

n+d-supermodule.

Proof. (1) By Theorem 6.8, OSym(n,α1,...,αk ,n′) is generated by the elements of OSym(n,α1,...,αk) as a right
OSymℓ-supermodule. Hence, Ṽℓ

n;α is generated as an Rℓ-supermodule by elements of the form b ⊗ 1
for b ∈ OSym(n,α1,...,αk). In view of this, provided that it is well defined, there is a unique way to make
Ṽℓ

n;α into a graded right OHℓ
n+d-supermodule such that (b ⊗ 1)ā = ba ⊗ 1 for all b ∈ OSym(n,α1,...,αk) and

a ∈ OSymn+d. It is also clear that the right action of OHℓ
n+d defined in this way and the left action of

OHℓ
n from the statement of the lemma commute with each other, again assuming that both actions are

well defined.
To see that the right action is well defined, we have that

Ṽℓ
n;α ≃ OSym(n,α1,...,αk ,n′) ⊗OSym(n+d,n′) OSym(n+d,n′) ⊗OSymℓ Rℓ.

By Corollary 6.9(2), we deduce that

Ṽℓ
n;α =

⊕
w∈

[
Sn+d/S(αk ,...,α1 ,n)

]
min

γn+d
(
p(n+d)

w
)
⊗

(
OSym(n+d,n′) ⊗OSymℓ Rℓ

)
with each summand being a copy of OSym(n+d,n′) ⊗OSymℓ Rℓ shifted in degree and parity. Hence, each
of these subspaces is isomorphic to OHℓ

n+d via the isomorphism from Theorem 8.5(1). The right action
of OHℓ

n+d we are defining is just the natural right action of OHℓ
n+d on itself transported through these

isomorphisms. So it is well defined. We have also proved (1a).
For the left action, we have that

Ṽℓ
n;α ≃ OSym(n,α1,...,αk ,n′) ⊗OSym(n,n′+d) OSym(n,n′+d) ⊗OSymℓ Rℓ.

By Corollary 6.9(1), we deduce that

Ṽℓ
n;α =

⊕
w∈

[
Sn′+d/S(α1 ,...,αk ,n

′)

]
min

shn
(
p(n′+d)

w

)
⊗

(
OSym(n,n′+d) ⊗OSymℓ Rℓ

)
with each summand being a graded left OSymn ⊗ Rℓ-submodule isomorphic to OSym(n,n′+d) ⊗OSymℓ Rℓ
(shifted in parity and degree). It remains to apply Theorem 8.5(1) to see that the left action of OHℓ

n is
well defined. This also establishes (1b).
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(2) This is similar to the proof of (1), using the isomorphism from Theorem 8.5(2) in place of the one
from Theorem 8.5(1), and the left supermodule analogs of Theorem 6.8 and Corollary 6.9 obtained by
applying γℓ ◦ ∗ to those assertions. □

More often than not, we will work with a degree- and parity-shifted version of Ṽℓ
n;α and, very oc-

casionally, of Uℓ
α;n. These have been chosen to ensure that the adjunctions in Theorems 11.3 and 11.5

below are even of degree 0, and to eliminate any additional shifts in the definition of the singular Rouqi-
uer complex in the next section. Recall that n#d denotes n+ (n+ 1)+ · · ·+ (n+ d− 1). For ℓ = n+ d+ n′

and α ∈ Λ(k, d) as before, we define

Vℓ
n;α := (ΠQ−2)n#dṼℓ

n;α, Ũℓ
α;n := (ΠQ−2)n′#dUℓ

α;n, (10.2)

recalling (2.5). We also refer to these as odd Grassmannian bimodules. Of course, the bases for Ṽℓ
n;α

and Uℓ
α;n from Lemma 10.1 are also bases for Vℓ

n;α and Ũℓ
α;n.

We proceed to develop the properties of odd Grassmannian bimodules in a systematic way. Take
ℓ = n + d + n′ and α ∈ Λ(k, d). There are even degree 0 isomorphisms of graded Rℓ-supermodules

∗ : Ṽℓ
n;α

∼
→ Uℓ

α;n′ and ∗ : Vℓ
n;α

∼
→ Ũℓ

α;n′ , a ⊗ ċ 7→ (−1)par(a) par(c)ċ ⊗ a∗, (10.3)

∗ : Uℓ
α;n

∼
→ Ṽℓ

n′;α and ∗ : Ũℓ
α;n

∼
→ Vℓ

n′;α, ċ ⊗ a 7→ (−1)par(a) par(c)a∗ ⊗ ċ. (10.4)

The first pair of these with the roles of n and n′ switched are two-sided inverses of the second pair.

Lemma 10.2. Continue with ℓ = n + d + n′ and α ∈ Λ(k, d).
(1) The isomorphisms from (10.3) satisfy

(ā1vā2)∗ = ψℓn(ā1)v∗ψℓn+d(ā2)

for a1 ∈ OSymn, a2 ∈ OSymn+d and v ∈ Ṽℓ
n;α or v ∈ Vℓ

n;α.
(2) The isomorphisms from (10.4) satisfy

(ā1uā2)∗ =
(
ψℓn′

)−1(ā1)u∗
(
ψℓn′+d

)−1(ā2)

for a1 ∈ OSymn, a2 ∈ OSymn+d and u ∈ Uℓ
α;n or u ∈ Ũℓ

α;n.

Proof. (1) It suffices to prove this for v ∈ Ṽℓ
n;α, then the identity for v viewed instead as a vector in

Vℓ
n;α follows as the same parity shifts are used to define Vℓ

n;α from Ṽℓ
n;α as Ũℓ

α;n′ from Uℓ
α;n′ . We first

consider right actions. Take a ∈ OSymn+d. By (8.4), we have that ψℓn+d(ā) =
∑p

i=1 āiċi where a =∑p
1=1(−1)(n+d) par(ai) shn+d(ai)∗ci. We saw in the proof of Lemma 10.1(1) that Ṽℓ

n;α is spanned as an Rℓ-
supermodule by vectors of the form b ⊗ 1 for b ∈ OSym(n,α1,...,αk). So we may assume that v = b ⊗ 1 for
such a b. We have that

(vā)∗ = (ba ⊗ 1)∗ =

 p∑
i=1

(−1)(n+d) par(ai)b shn+d(ai)∗ci ⊗ 1

∗ =  p∑
i=1

(−1)(n+d+par(b)) par(ai) shn+d(ai)∗b ⊗ ċi

∗

=

p∑
i=1

(−1)(n+d) par(ai)+(par(b)+par(ai)) par(ci)ċi ⊗ b∗ shn+d(ai) = (1 ⊗ b∗) ·
p∑

i=1

āiċi = v∗ψℓn+d(ā).

For left actions, take a ∈ OSymn with a =
∑p

i=1(−1)n par(ai) shn(ai)∗ci, so that ψℓn(ā) =
∑p

i=1 āiċi. We may
assume that v = shn(b) ⊗ 1 for b ∈ OSym(α1,...,αk ,n′). Then we have that

(āv)∗ = (a shn(b) ⊗ 1)∗ = (−1)par(a) par(b)(shn(b)a ⊗ 1)∗

=

 p∑
i=1

(−1)(par(ai)+par(ci)) par(b)+n par(ai) shn(ba∗i ) ⊗ ċi

∗ = p∑
i=1

(−1)par(ai)(n+par(ci))ċi ⊗ shn(aib∗)
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=

 p∑
i=1

aiċi

 · (1 ⊗ shn(b∗)) = ψℓn(ā)v∗.

(2) By (1), we have that
[((
ϕℓn′

)−1(ā1))
)
u∗

((
ϕℓn′+d

)−1(ā2)
)]∗
= ā1uā2 for a1 ∈ OSymn, a2 ∈ OSymn+d and

u ∈ Uℓ
α;n or u ∈ Ũℓ

α;n. Now apply ∗ to both sides. □

Assuming still that ℓ = n + d + n′ and α ∈ Λ(k, d), we next introduce a convenient shorthand for
special elements of odd Grassmannian bimodules. Recall that αr denotes the reversed composition
(αk, . . . , α1), and note that the involution γd : OSymd → OSymd interchanges the subalgebras OSymα

and OSymαr . For f ∈ OSymα and g ∈ OSymαr , we let

ṽn;α( f ) := shn( f ) ⊗ 1 ∈ Ṽℓ
n;α, vn;α( f ) := shn( f ) ⊗ 1 ∈ Vℓ

n;α, (10.5)

uα;n(g) := (−1)n′ par(g)1 ⊗ shn′
(
γd(g)

)
∈ Uℓ

α;n, ũα;n(g) := (−1)n′ par(g)1 ⊗ shn′
(
γd(g)

)
∈ Ũℓ

α;n. (10.6)

The vectors ṽn;α( f ) and uα;n(g) are of the same degrees and parities as f and g, respectively. The vector
vn;α( f ) is equal to ṽn;α( f ) but it is being viewed as an element of a different superbimodule—the left
action of OHℓ

n is different due to the parity shift in (10.2). Also, vn;α( f ) is of degree deg( f ) − 2(n#d)
and parity par( f ) + n#d (mod 2). Similarly, ũα;n(g) is equal to uα;n(g) but with a different left action of
OHℓ

n+d, and ũα;n(g) is of degree deg(g) − 2(n′#d) and parity par(g) + n′#d (mod 2). The isomorphisms
∗ from (10.3) and (10.4) satisfy

ṽn;α( f )∗ = (−1)n par( f )uα;n′
(
γd( f )∗

)
, vn;α( f )∗ = (−1)n par( f )ũα;n′

(
γd( f )∗

)
, (10.7)

uα;n(g)∗ = (−1)n′ par(g)ṽn′;α
(
γd(g)∗

)
, ũα;n(g)∗ = (−1)n′ par(g)vn′;α

(
γd(g)∗

)
. (10.8)

We point out also that the basis vectors in both of the bases constructed in Lemma 10.1(1) are of the
form ṽn( f ) for f ∈ OSymα. So the vectors ṽn( f ) (resp., vn( f )) for all f ∈ OSymα generate Ṽℓ

n;α (resp.,
Vℓ

n;α) either as a left OHℓ
n-supermodule or as a right OHℓ

n+d-supermodule. Similarly, the bases vectors
in Lemma 10.1(2) are of the form un(g) for g ∈ OSymαrev . So the vectors un(g) (resp., ũn(g)) for
all g ∈ OSymαrev generate Uℓ

α;n (resp., Ũℓ
α;n) either as a left OHℓ

n+d-supermodule or as a right OHℓ
n-

supermodule.

Lemma 10.3. Let ℓ = n + d + d′ + n′, α ∈ Λ(k, d) and α′ ∈ Λ(k′, d′).
(1) There are unique isomorphisms of graded

(
OHℓ

n,OHℓ
n+d+d′

)
-superbimodules

c̃α,α′ : Ṽℓ
n;α⊔α′

∼
→ Ṽℓ

n;α ⊗OHℓ
n+d

Ṽℓ
n+d;α′ , (10.9)

ṽn;α⊔α′
(
f shd( f ′)

)
7→ ṽn;α( f ) ⊗ ṽn+d;α′( f ′)

and

cα,α′ : Vℓ
n;α⊔α′

∼
→ Vℓ

n;α ⊗OHℓ
n+d

Vℓ
n+d;α′ , (10.10)

vn;α⊔α′
(
f shd( f ′)

)
7→ (−1)((n+d)#d′) par( f )vn;α( f ) ⊗ vn+d;α′( f ′)

for f ∈ OSymα, f ′ ∈ OSymα′ .
(2) There are unique isomorphisms of graded

(
OHℓ

n+d+d′ ,OHℓ
n
)
-superbimodules

bα′,α : Uℓ
α′⊔α;n

∼
→ Uℓ

α′;n+d ⊗OHℓ
n+d

Uℓ
α;n (10.11)

uα′⊔α;n
(

shd( f ′) f
)
7→ (−1)d′ par( f )uα′;n+d( f ′) ⊗ uα;n( f )

and

b̃α′,α : Ũℓ
α′⊔α;n

∼
→ Ũℓ

α′;n+d ⊗OHℓ
n+d

Ũℓ
α;n (10.12)

ũα′⊔α;n
(

shd( f ′) f
)
7→ (−1)d′ par( f )+((n′+d′)#d) par( f ′)ũα′;n+d( f ′) ⊗ ũα;n( f )
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for f ∈ OSymαr , f ′ ∈ OSym(α′)r .

Proof. In each case, the uniqueness is clear since the vectors specified are superbimodule generators.
(1) Let γ := (n, α1, . . . , αk, α

′
1, . . . , α

′
k′ , n

′). Consider the surjective F-linear map

OSymγ → Ṽℓ
n;α ⊗OHℓ

n+d
Ṽℓ

n+d;α′ , b1 shn+d(b2) 7→ (b1 ⊗ 1) ⊗ (shn+d(b2) ⊗ 1)

for b1 ∈ OSym(n,α1,...,αk), b2 ∈ OSym(α′1,...,α
′

k′ ,n
′). It is easy to check that it is a right OSymℓ-supermodule

homomorphism, so it induces a surjective Rℓ-supermodule homomorphism c̃α,α′ : OSymγ ⊗OSymℓ Rℓ →
Ṽℓ

n;α ⊗OHℓ
n+d

Ṽℓ
n+d;α′ . This is the map (10.9).

The domain and range of c̃α,α′ are free graded Rℓ-supermodules, so to see that c̃α,α′ is an isomorphism
it suffices to check that they have the same graded ranks. By Lemma 10.1(1a) and (3.8), Ṽℓ

n;α is a
free graded right OHℓ

n+d-supermodule of graded rank qN(α)+nd
[

n+d
(n,α1,...,αk)

]
q,π

. By Lemma 10.1(1b) and

(3.8), Ṽℓ
n+d;α′ is a free graded left OHℓ

n+d-supermodule of graded rank qN(α′)+n′d′
[

n′+d′
(α′1,...,α

′

k′ ,n
′)

]
q,π

. By

Corollary 8.6, OHℓ
n+d is a free graded Rℓ-supermodule of graded rank q(n+d)(n′+d′)

[
ℓ

n+d

]
q,π

. Multiplying
these together and using the identity

N(γ) = N(α) + N(α′) + nd + n′d′ + (n + d)(n′ + d′)

gives that Ṽℓ
n;α ⊗OHℓ

n+d
Ṽℓ

n+d;α′ is a free graded Rℓ-supermodule of graded rank qN(γ)
[
ℓ
γ

]
. This is also the

graded rank of Ṽℓ
n;α⊔α′ as a free graded Rℓ-supermodule, as follows from Theorem 6.8 and (6.23).

We still need to show that c̃α,α′ is a graded
(
OHℓ

n,OHℓ
n+d+d′

)
-supermodule homomorphism. We just

go through the details for the right action whose definition is slightly more complicated than the left
action. We restrict to considering just to vectors b1 shn+d(b2) ⊗ 1 ∈ Ṽℓ

n;α⊔α′ for b1 ∈ OSym(n,α1,...,αk)

and b2 ∈ OSym(α′1,...,α
′

k′ )
. We can do this because these vectors generate Ṽℓ

n;α⊔α′ as an Rℓ-supermodule.
Then we take a ∈ OSymn+d+d′ , write it as a =

∑p
i=1 a′i shn+d(a′′i ) for a′i ∈ OSym(n,α1,...,αk) and a′′i ∈

OSym(α′1,...,α
′

k′ )
, and calculate:

c̃α,α′ ((b1 shn+d(b2) ⊗ 1)ā) =
p∑

i=1

c̃α,α′
(
b1 shn+d(b2)a′i shn+d(a′′i ) ⊗ 1

)
=

p∑
i=1

(−1)par(b2) par(a′i )c̃α,α′
(
b1a′i shn+d(b2a′′i )) ⊗ 1

)
=

p∑
i=1

(−1)par(b2) par(a′i )(b1a′i ⊗ 1) ⊗ (shn+d(b2) shn+d(a′′i ) ⊗ 1),

c̃α,α′ (b1 shn+d(b2) ⊗ 1) ā = ((b1 ⊗ 1) ⊗ (shn+d(b2) ⊗ 1))ā =
p∑

i=1

(b1 ⊗ 1) ⊗ (shn+d(b2)a′i shn+d(a′′i ) ⊗ 1)

=

p∑
i=1

(−1)par(b2) par(a′i )(b1 ⊗ 1) ⊗ ā′i(shn+d(b2) shn+d(a′′i ) ⊗ 1)

=

p∑
i=1

(−1)par(b2) par(a′i )(b1 ⊗ 1)ā′i ⊗ (shn+d(b2) shn+d(a′′i ) ⊗ 1)

=

p∑
i=1

(−1)par(b2) par(a′i )(b1a′i ⊗ 1) ⊗ (shn+d(b2) shn+d(a′′i ) ⊗ 1).
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These are equal so c̃α,α′ is a right OHℓ
n+d+d′-supermodule homomorphism. We have now established the

existence of (10.9).
To obtain (10.10), we define a superbimodule isomorphism cα,α′ so that the following diagram com-

mutes:
Vℓ

n;α⊔α′ Vℓ
n;α ⊗OHℓ

n+d
Vℓ

n+d;α′

Ṽℓ
n;α⊔α′ Ṽℓ

n;α ⊗OHℓ
n+d

Ṽℓ
n+d;α′

id

cα,α′

c̃α,α′

id⊗ id

The vertical maps here arise from identity maps on the underlying vector spaces, which are graded super-
bimodule isomorphisms but they are not even of degree 0. It remains to compute cα,α′

(
vn;α⊔α′( f shd( f ′))

)
explicitly by tracing it around the other three sides of the square to see that it is exactly the map cα,α′
from (10.10). The complicated sign arises because the right hand map takes ṽn;α( f ) ⊗ ṽn+d;α′( f ′) to
(−1)((n+d)#d′) par( f )vn;α( f ) ⊗ vn+d;α′( f ′) since id : Ṽℓ

n+d;α′ → Vℓ
n+d;α′ is of parity (n + d)#d′.

(2) Writing ∗ for the appropriate one of the isomorphisms from (10.3) and (10.4), we define bα′,α to be
the composition (∗ ⊗ ∗) ◦ c̃α′,α ◦ ∗. The appropriate diagram is

Uℓ
α′⊔α;n Uℓ

α′;n+d ⊗OHℓ
n+d

Uℓ
α;n

Ṽℓ
n′;α′⊔α Ṽℓ

n′;α′ ⊗OHℓ
n′+d′

Ṽℓ
n′+d′;α

bα′ ,α

∗

c̃α′ ,α

∗⊗∗

The resulting isomorphism bα′,α is a graded
(
OHℓ

n+d+d′ ,OHℓ
n
)
-superbimodule homomorphism thanks to

Lemma 10.2(1). It remains to compute bα′,α
(

shd( f ′) f
)

for f ∈ OSymαr , f ′ ∈ OSym(α′)r . Note that
shd( f ′) f = (−1)par( f ) par( f ′) f shd( f ′) ∈ OSym(α′⊔α)r . Using (10.7) and (10.8), we have that

c̃α′,α
(
uα′⊔α;n

(
shd( f ′) f

)∗)∗⊗∗
= (−1)n′ par( f )+n′ par( f ′)+par( f ) par( f ′)c̃α′,α

(
ṽn′;α′⊔α

(
γd+d′

(
f ∗ shd(( f ′)∗)

)))∗⊗∗
= (−1)n′ par( f )+n′ par( f ′)c̃α′,α

(
ṽn′;α′⊔α

(
γd′( f ′)∗ shd′

(
γd( f )∗

)))∗⊗∗
= (−1)n′ par( f )+n′ par( f ′) (ṽn′;α′

(
γd′( f ′)∗

)
⊗ ṽn′+d′;α

(
γd( f )∗

))∗⊗∗
= (−1)d′ par( f )uα′;n+d( f ′) ⊗ uα;n( f ),

which is the formula for bα′,α
(
uα′⊔α;n

(
shd( f ′) f

))
from (10.11). This establishes the existence of bα′,α.

Finally, the existence of (10.12) can now be deduced in the same way that (10.10) was deduced from
(10.9) in the proof of (1). □

The next lemma gives “Schur bases” for Vℓ
n;(d) and Uℓ

(d);n, and for various specializations in which we
are viewing F as a graded supermodule concentrated in degree 0 and even parity in the unique possible
way. Similar statements hold for Ṽℓ

n;(d) and Ũℓ
(d);n, but these will not be needed.

Lemma 10.4. Suppose that ℓ = n + d + n′.

(1) The supermodule Vℓ
n;(d) has basis

{
vn;(d)

(
s(d)
λ

) ∣∣∣∣ λ ∈ Λ+d×n′
}

as a free left OHℓ
n-supermodule,

and basis
{
vn;(d)

(
σ(d)
λ

) ∣∣∣∣ λ ∈ Λ+d×n

}
as a free right OHℓ

n+d-supermodule. Hence, the vectors{
vn;(d)

(
σ(d)
λ

)
⊗ 1

∣∣∣∣ λ ∈ Λ+d×n

}
give a linear basis for Vℓ

n;(d) ⊗OHℓ
n+d
F. Moreover, for λ ∈ Λ+ and any

f ∈ OSymd, we have that

vn;(d)
(
fσ(d)

λ

)
⊗ 1 = (−1)NE(λ)+|λ|(par( f )+n#d) s̄(n)

λt
vn;(d)( f ) ⊗ 1 (10.13)
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in Vℓ
n;(d) ⊗OHℓ

n+d
F. In particular, vn;(d)

(
σ(d)
λ

)
⊗ 1 = 0 unless λ ∈ Λ+d×n.

(2) The supermodule Uℓ
(d);n has basis

{
u(d);n

(
s(d)
λ

) ∣∣∣∣ λ ∈ Λ+d×n

}
as a free left OHℓ

n+d-supermodule,

and basis
{
u(d);n

(
σ(d)
λ

) ∣∣∣∣ λ ∈ Λ+d×n′
}

as a free right OHℓ
n-supermodule. Hence, the vectors{

1 ⊗ u(d);n
(
s(d)
λ

) ∣∣∣∣ λ ∈ Λ+d×n

}
give a linear basis for F ⊗OHℓ

n+d
Uℓ

(d);n. Moreover, for λ ∈ Λ+ and any
f ∈ OSymd, we have that

1 ⊗ u(d);n
(
s(d)
λ f

)
= (−1)NE(λ)+|λ|(par( f )+d)1 ⊗ u(d);n( f )s̄(n)

λt
(10.14)

in F ⊗OHℓ
n+d

Uℓ
(d);n. In particular, 1 ⊗ u(d);n

(
s(d)
λ

)
= 0 unless λ ∈ Λ+d×n.

Proof. (1) The existence of the two families of Schur bases for Vℓ
n;(d) follow in the same way as the

bases in Lemma 10.1(1) were constructed, using Corollary 6.13 in place of Corollary 6.9. To prove
(10.13), we have in OSym(n,d) ⊗OSymn+d F that shn

(
σ(d)
λ

)
⊗ 1 = (−1)NE(λ)s(n)

λt
⊗ 1 thanks to Corollary 7.4.

Multiplying this identity on the left by shn( f ) for f ∈ OSymd gives that

shn
(
fσ(d)

λ

)
⊗ 1 = (−1)NE(λ)+|λ| par( f )s(n)

λt
shn( f ) ⊗ 1.

This implies (10.13).
For the final assertion, it remains to observe that if λ < Λ+d×n then we either have that λ1 > n, in

which case s(n)
λt
= 0 by Theorem 6.3, or ht(λ) > d, in which case σ(d)

λ = 0 by Corollary 6.4. Hence,
ṽn;(d)

(
σ(d)
λ

)
⊗ 1 = ±ṽn;(d)(1) ⊗ 1 = 0 for such λ.

(2) The existence of the two families of bases follows by applying ∗ to the bases in (1), using also
Lemma 10.2(1), (10.7) and (6.7). To prove (10.14) (which is not what one gets by applying ∗ to (10.13)),
we start from the identity s(d)

λ ⊗ 1 = (−1)NE(λ) shd
(
σ(n)
λt

)
⊗ 1 in OSymd,n ⊗OSymn+d F from Corollary 7.4.

Applying the isomorphism ∗ that is the right hand map of (7.2) gives 1 ⊗ σ(d)
λ = (−1)NE(λ)1 ⊗ shd

(
s(n)
λt

)
in F ⊗OSymn+d OSymd,n. This we multiply on the right by γd( f ) ∈ OSymd to obtain 1 ⊗ σ(d)

λ γd( f ) =
(−1)NE(λ)+par( f )|λ|1 ⊗ γd( f ) shd

(
s(n)
λt

)
. This implies that

1 ⊗ shn′
(
σ(d)
λ γd( f )

)
= (−1)NE(λ)+par( f )|λ|1 ⊗ shn′(γd( f )) shn′+d

(
s(n)
λt

)
in F ⊗OHℓ

n+d
Uℓ

(d);n. Using the definition of the right action in Lemma 10.1(2) and (10.6), this implies
(10.14).

The final assertion follows as in (1). □

From this point onwards, we will denote Ṽℓ
n;(1),V

ℓ
n;(1),U

ℓ
(1);n and Ũℓ

(1);n by Ṽℓ
n,V

ℓ
n,U

ℓ
n and Ũℓ

n, re-
spectively. We denote the generators ṽn;(1)( f ), vn;(1)( f ), u(1);n(g) and ũ(1);n(g) from (10.5) and (10.6) by
ṽn( f ), vn( f ), un(g) and ũn(g) for f , g ∈ OSym1. It is also convenient to write simply x in place of x1 when
working in rank 1, i.e., we identify OSym1 with the graded polynomial superalgebra F[x] generated by
the variable x that is odd of degree 2 so that x1 ∈ OSym1 is identified with x ∈ F[x]. So, for f (x) ∈ F[x],
we have that

ṽn
(
f (x)

)
= f (xn+1) ⊗ 1 ∈ Ṽℓ

n, vn
(
f (x)

)
= f (xn+1) ⊗ 1 ∈ Vℓ

n, (10.15)

un
(
f (x)

)
= (−1)n′ par( f )1 ⊗ f (xn′+1) ∈ Uℓ

n, ũn
(
f (x)

)
= (−1)n′ par( f )1 ⊗ f (xn′+1) ∈ Ũℓ

n (10.16)

for n′ defined from ℓ = n+1+n′. For further motivation for the significance of the graded
(
OHn,OHn+1

)
-

superbimodule Vℓ
n and the graded

(
OHn+1,OHn

)
-superbimodule Uℓ

n, see Corollaries 11.4 and 11.6.
Applying a sequence of the isomorphisms from (10.10) and (10.11) in any way that makes sense, we

obtain even degree 0 isomorphisms

c(1)d : Vℓ
n;(1d)

∼
→ Vℓ

n ⊗OHℓ
n+1

Vℓ
n+1 ⊗OHℓ

n+2
· · · ⊗OHℓ

n+d−1
Vℓ

n+d−1 (10.17)
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vn;(1d)

(
xκ1

1 · · · x
κd
d

)
7→ (−1)

∑d
i=1((n+i)#(d−i))κivn

(
xκ1

)
⊗ · · · ⊗ vn+d−1

(
xκd

)
of

(
OHℓ

n,OHℓ
n+d

)
-superbimodules, and

b(1)d : Uℓ
(1d);n

∼
→ Uℓ

n+d−1 ⊗OHℓ
n+d−1
· · · ⊗OHℓ

n+2
Uℓ

n+1 ⊗OHℓ
n+1

Uℓ
n (10.18)

u(1d);n

(
xκd

d · · · x
κ1
1

)
7→ (−1)

∑d
i=1(d−i)κiun+d−1

(
xκd

)
⊗ · · · ⊗ un

(
xκ1

)
of

(
OHℓ

n+d,OHℓ
n
)
-superbimodules.

The parity shifts incorporated into the definitions of the actions in the next lemma have been included
to ensure that the actions agree with (13.32) and (13.33) below.

Lemma 10.5. Suppose that ℓ = n + d + n′.
(1) There is a left action of ONHd on Vℓ

n;(1d)
making it into an

(
OHℓ

n⊗ONHd,OHℓ
n+d

)
-superbimodule

so that a · vn;(1d)( f ) = (−1)(n#(d−1)) par(a)vn;(1d)(a · f ) for a ∈ ONHd and f ∈ OPold. Moreover, the
inclusion OSymd ↪→ OPold induces an isomorphism Vℓ

n;(d)
∼
→ (ωξ)d · Ṽℓ

n;(1d)
of

(
OHℓ

n,OHℓ
n+d

)
-

superbimodules taking vn;(d)( f ) 7→ vn;(1d)( f ) for f ∈ OSymd. Hence, we have that

Vℓ
n;(1d) ≃

⊕
w∈S d

(ΠQ2)ℓ(w)Vℓ
n;(d) (10.19)

as graded (OHℓ
n,OHℓ

n+d)-superbimodules.
(2) There is a right action of ONHd on Uℓ

(1d);n
making it an

(
OHℓ

n+d,OHℓ
n ⊗ONHd

)
-superbimodule

so that u(1d);n( f ) · a = (−1)(d−1) par(a)u(1d);n( f · a) for a ∈ ONHd and f ∈ OPold; the right
action of ONHd on OPold being used here is the one from (5.31). Moreover, the inclusion
OSymd ↪→ OPold induces an isomorphism Uℓ

(d);n
∼
→ Uℓ

(1d);n
· (ξω)d taking u(d);n( f ) 7→ u(1d);n( f )

for f ∈ OSymn. Hence, we have that

Uℓ
(1d);n ≃

⊕
w∈S d

(ΠQ2)ℓ(w)Uℓ
(d);n (10.20)

as graded (OHℓ
n+d,OHℓ

n)-superbimodules.

Proof. (1) Since Ṽℓ
n;(1d)

= OSym(n,1d ,n′) ⊗OSymℓ Rℓ and OSym(n,1d ,n′) = OSymn ⊗ OPold ⊗ OSymn′ , the

left action of ONHd on OPold from Section 5 twisted by the automorphism pn+d−1 : ONHd → ONHd

induces a left action of ONHd on Ṽℓ
n;(1d)

such that a·vn;(1d)( f ) = (−1)(n+d−1) par(a)vn;(1d)(a· f ) for a ∈ ONHd

and f ∈ OPold. This supercommutes with the left action of OHℓ
n and commutes with the right action of

OHℓ
n+d, so it makes Ṽℓ

n;(1d)
into an

(
OHℓ

n⊗ONHd,OHℓ
n+d

)
-superbimodule. We get the action of ONHd on

Vℓ
n;(1d)

in the statement of the lemma on incorporating the additional sign of (−1)(n#d) par( f ) into the action,

which comes from the parity shift Πn#d in the definition (10.2) of Vℓ
n;(1d)

. Since OSymd = (ωξ)d ·OPold,

the inclusion OSymd ↪→ OPold induce an isomorphism Vℓ
n;(d)

∼
→ (ωξ)d · Vℓ

n;(1d)
. The decomposition

(10.19) follows from Theorem 5.4.
(2) This is similar, starting from the right action of ONHd on OPold discussed at the end of Section 5
composed with pd−1. The last assertions in (2) follow because OSymd = OPold · (ξω)d, and (10.20)
follows from (5.33). □

In view of Lemmas 10.3 and 10.5, all of the odd Grassmannian bimodules Ṽℓ
n;α, Vℓ

α;n, Uℓ
α;n and

Ũℓ
α;n are isomorphic to 1-morphisms in the 2-supercategory OGBim ℓ introduced in the next important

definition.
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Definition 10.6. The category OGBim ℓ of odd Grassmannian bimodules is the full additive graded sub-
(Q,Π)-2-supercategory of the (weak) graded (Q,Π)-2-supercategory of graded superalgebras, graded
superbimodules and superbimodule homomorphisms consisting of objects that are the graded superal-
gebras OHℓ

n for 0 ≤ n ≤ ℓ plus a distinguished object that is a trivial (zero) graded superalgebra, and
1-morphisms that are generated by the odd Grassmannian bimodules Vℓ

n ∈ HomOGBimℓ
(OHℓ

n+1,OHℓ
n)

and Uℓ
n ∈ HomOGBimℓ

(OHℓ
n,OHℓ

n+1) for 0 ≤ n < ℓ.

Remark 10.7. Although not a strict 2-supercategory, we often work with OGBim ℓ as though it was in
fact strict. More formally, when we do this, we are replacing it with its strictification. The latter can
be realized as a 2-subcategory of the strict graded 2-supercategory of graded supercategories, graded
superfunctors and graded supernatural transformations in such a way that the graded 2-superequivalence
from OGBim ℓ takes the graded superalgebra OHℓ

n to the graded supercategory OHℓ
n-gsMod, a graded(

OHℓ
m,OHℓ

n
)
-superbimodule M in OGBim ℓ to the graded superfunctor M ⊗OHn − : OHℓ

n-gsMod →
OHℓ

m-gsMod, and a graded superbimodule endomorphism f : M → M′ to the graded supernatural
transformation f ⊗ id : M ⊗OHn − ⇒ M′ ⊗OHn −.

The next lemma gives explicit presentations for the generating odd Grassmannian bimodules Vℓ
n and

Uℓ
n. In formulating the result, we also incorporate an indeterminate t into our notation, working in the

Rℓ((t−1))-supermodules Vℓ
n((t−1)) and Uℓ

n((t−1)), this being a natural extension of the generating function
formalism developed already for odd symmetric functions.

Lemma 10.8. Suppose that ℓ = n + 1 + n′.
(1) Let V := OHℓ

n⊗RℓRℓ[x]⊗RℓOHℓ
n+1, which is the free graded

(
OHℓ

n,OHℓ
n+1

)
-superbimodule on the

graded Rℓ-supermodule Rℓ[x]. For f (x) ∈ F[x] ⊂ Rℓ[x], we denote 1 ⊗ f (x) ⊗ 1 ∈ V by v
(
f (x)

)
.

Let T be the sub-bimodule of V generated by either of the following equivalent relations2:

v
(
xr)ē(n+1)(t) = (−1)n(r+1)ē(n)((−1)n+rt

)
v
(
(t − x)xr), (10.21)

ε̄(n)(t)v
(
xr) = (−1)n(r+1)v

(
((−1)n+rt − x)−1xr) ε̄(n+1)((−1)n+rt

)
, (10.22)

for r ≥ 0. There is an isomorphism of graded
(
OHℓ

n,OHℓ
n+1

)
-superbimodules

V
/

T
∼
→ Vℓ

n, v
(
f (x)

)
+ T 7→ vn

(
f (x)

)
. (10.23)

Moreover:
(a) Vℓ

n is free as a graded left OHℓ
n-supermodule with basis {vn(xr) | 0 ≤ r ≤ n′};

(b) Vℓ
n is free as a graded right OHℓ

n+1-supermodule with basis {vn(xr) | 0 ≤ r ≤ n};
(c) the vector vn(1) generates Vℓ

n as a graded
(
OHℓ

n,OHℓ
n+1

)
-superbimodule.

(2) Let U := OHℓ
n+1 ⊗Rℓ Rℓ[x] ⊗Rℓ OHℓ

n, which is the free graded
(
OHℓ

n+1,OHℓ
n
)
-superbimodule on

the graded Rℓ-supermodule Rℓ[x]. For f ∈ F[x] ⊆ Rℓ[x], we denote 1 ⊗ f ⊗ 1 ∈ U by u( f ). Let
S be the sub-bimodule of U generated by either of the following equivalent relations:

ē(n+1)(t)u
(
xr) = (−1)n(r+1)u

(
(t − x)xr)ē(n)((−1)r+1t

)
, (10.24)

u
(
xr)ε̄(n)(t) = (−1)n(r+1)ε̄(n+1)((−1)r+1t

)
u
(
((−1)r+1t − x)−1xr), (10.25)

for r ≥ 0. There is an isomorphism of graded
(
OHℓ

n+1,OHℓ
n
)
-superbimodules

U
/

S
∼
→ Uℓ

n, u
(
f (x)

)
+ S 7→ un

(
f (x)

)
. (10.26)

Moreover:
(a) Uℓ

n is free as a right OHℓ
n-supermodule with basis {un(xr) | 0 ≤ r ≤ n′};

(b) Uℓ
n is free as a graded left OHℓ

n+1-supermodule with basis {un(xr) | 0 ≤ r ≤ n};

2We mean the relations obtained by equating coefficients of powers of t on both sides.
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(c) the vector un(1) generates Uℓ
n as a graded

(
OHℓ

n+1,OHℓ
n
)
-superbimodule.

Proof. Note to start with that (1a)–(1b) and (2a)–(2b) follow immediately from Lemma 10.4.
(1) In this paragraph, we prove the equivalence of the relations (10.21) and (10.22) by some formal
manipulation with power series. Replacing t by (−1)n+rt, the relations (10.21) are equivalent to

ē(n)(t)v(((−1)n+rt − x
)
xr) = (−1)n(r+1)v

(
xr)ē(n+1)((−1)n+rt

)
(10.27)

for all r ≥ 0. We first show that the relations (10.27) are equivalent to the relations

ē(n)(t)v
(
xr) = (−1)(n+1)rv

(
t(t2 + x2)−1xr)ē(n+1)((−1)n+rt

)
− (−1)nrv

(
x(t2 + x2)−1xr)ē(n+1)((−1)n+r+1t

)
(10.28)

for all r ≥ 0. To deduce (10.27) from (10.28), we take the left hand side of (10.27), which equals
(−1)n+rē(n)(t)v

(
txr) − ē(n)(t)v

(
xr+1). Then we use (10.28) to commute ē(n)(t) to the right to obtain

(−1)n(r+1)v
(
t2(t2 + x2)−1xr)ē(n+1)((−1)n+rt

)
+ (−1)(n+1)(r+1)v

(
tx(t2 + x2)−1xr)ē(n+1)((−1)n+r+1t

)
− (−1)(n+1)(r+1)v

(
tx(t2 + x2)−1xr)ē(n+1)((−1)n+r+1t

)
+ (−1)n(r+1)v

(
x2(t2 + x2)−1xr)ē(n+1)((−1)n+rt

)
.

After making obvious cancellations, this is equal to the right hand side of (10.27). The reverse impli-
cation, that is, the deduction of (10.28) from (10.27) is similar: one starts with the right hand side of
(10.28) then uses (10.27) to commute the ē(n+1)(±t) term to the left. So the relations (10.21) and (10.28)
are equivalent. Then we prove that (10.28) and (10.22) are equivalent using the identities

ε(n)(t) =
i1−ne(n)(it) + ine(n)(−it)

1 + i
, e(n)(t) =

i1−nε(n)(it) + inε(n)(−it)
1 + i

(10.29)

where i ∈ F denotes a square root of −1, which may be verified by equating coefficients on each side.
To pass from (10.28) to (10.22), we replace ε(n)(t) in (10.22) with this linear combination of e(n)(±it),
then use (10.28) with t replaced by ±it to commute e(n)(±it) to the right. At the end, a linear factor in
the denominator t2 − x2 = (t− x)(t+ x) cancels, and after that one converts back to ε(n)(±t) using (10.29)
again. This calculation is quite lengthy but elementary. The argument can be reversed to obtain (10.28)
from (10.22), hence, the equivalence.

Next, we first check that the images of the relations (10.21) and (10.22) hold3 for the actions of OHℓ
n

and OHℓ
n+1 on Vℓ

n. For (10.21), it suffices to check that vn(1)ē(n+1)(t) = (−1)nē(n)((−1)nt
)
vn(t − x), i.e.,

the r = 0 case, for then we can act on the left with xr
1 ∈ ONH1 using Lemma 10.5 to deduce the more

general formulae. This follows because

ṽn(1)ē(n+1)(t) = ē(n)(t)ṽn(t − x) (10.30)

in Ṽℓ
n[t] = OSym(n,1,n′) ⊗OSymℓ Rℓ[t] since, by the definition of the actions and (4.47), both sides are

equal to (t − x1) · · · (t − xn)(t − xn+1) ⊗ 1. Similarly, for (10.22), it suffices to check that ε̄(n)(t)vn(1) =
(−1)nvn

((
(−1)nt − x

)−1)ε̄(n+1)((−1)nt
)

or, equivalently, (−1)nε̄(n)((−1)nt
)
vn(1) = vn

(
(t − x)−1)ε̄(n+1)(t).

This follows because
ε̄(n)ṽn(1) = ṽn

(
(t − x)−1)ε̄(n+1)(t) (10.31)

in Ṽℓ
n[t] = OSym(n,1,n′) ⊗OSymℓ Rℓ[t] since both sides are equal to (t − xn) · · · (t − x1) ⊗ 1 thanks to (4.47).

The relations check made in the previous paragraph implies that there is a well-defined graded su-
perbimodule homomorphism V/T → Vℓ

n taking v
(
f (x)

)
+ T to vn

(
f (x)

)
for all f (x) ∈ F[x]. Moreover,

this map is surjective by (1a)–(1b). To show that it is an isomorphism, it suffices to show that V/T
is generated as a right OHℓ

n+1-module by the vectors v(1) + T, v(x) + T, . . . , v(xn) + T . It is gener-
ated as a superbimodule by all v(xr) + T (r ≥ 0). The relation (10.22) implies that any āv

(
f (x)

)
for

a ∈ OSymn, f (x) ∈ F[x] can be expanded as a linear combination of vectors of the form v(g(x))b̄ for

3Since (10.21) and (10.22) are equivalent, we really only need to check one of these. We check both because it is easy and
explains how we discovered the relations in the first place.
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b ∈ OSymn+1, g(x) ∈ F[x]. Hence, V/T is generated just as a right OHℓ
n+1-supermodule by the vec-

tors v(xr) + T (r ≥ 0). Now we let V ′ be the right OHℓ
n+1-submodule of V generated by T and the

vectors v(1), v(x), . . . , v(xn), and complete the argument by showing that v(xn+r) ∈ V ′ by induction on
r = 0, 1, 2, . . . . The base r = 0 is vacuous. For the induction step, take r > 0. Consider the relation
arising from the t−1-coefficients in (10.22). The left hand side is a polynomial, so this coefficient is zero
on the left hand side. Hence, the t−1-coefficient of the right hand side belongs to T ⊆ V ′. Working out
this coefficient explicitly reveals that it equals ±v(xn+1+r) plus a linear combination of terms of the form
v(xs)ā for 0 ≤ s ≤ n + r and a ∈ OSymn+1 of positive degree. All of these “lower terms” are in V ′ by
induction, hence, v(xn+1+r) ∈ V ′.

Finally, to establish (1c), looking at the tn-coefficients of (10.21) shows that v(xr+1) + T lies in the
sub-bimodule generated by v(xr)+T for any r ≥ 0. Hence, by another induction on r, the sub-bimodule
of V/T generated by v(1) + T contains all v(xr) + T .
(2) This follows by a similar argument to the proof of (1). We just explain how to see that the relations
(10.24) and (10.25) both hold for the actions of OHℓ

n and OHℓ
n+1 on Uℓ

n. For (10.24), it suffices to check it
in the case that r = 0, then one can act on the right with xr using Lemma 10.5 to get the general result. To
prove it when r = 0, it suffices to show that ē(n+1)(t)un(1) = (−1)nun(t− x)ē(n)(−t). This follows because,
in view of the signs in the definition of the left and right actions in Lemma 10.1(2) and also (10.6), both
sides are equal to

(
t−(−1)n′ xn′+1

)(
t−(−1)n′ xn′+2

)
· · ·

(
t−(−1)n′ xℓ

)
. Similarly, to prove (10.25), it suffices

to check the case r = 0, which amounts to showing that un(1)ε̄(n)(t) = (−1)n+1ε̄(n+1)(−t)un
(
(t + x)−1).

This follows because both sides are equal to
(
t + (−1)n′ xℓ

)
· · ·

(
t + (−1)n′ xn′+2

)
. □

The final lemma in this section is an application of the presentation for Vℓ
n derived in Lemma 10.8(1).

Recall the graded Rℓ-superalgebra automorphism δℓn : OHℓ
n → OHℓ

n from (8.7). In terms of generating
functions, we have that

δℓn
(
ē(n)(t)

)
= (−1)ℓnē(n)((−1)ℓt

)
− (−1)ℓnt−1ȯ(ℓ)ē(n)((−1)ℓt

)
+ (−1)ℓnt−1ȯ(ℓ)ē(n)((−1)ℓ+1t

)
. (10.32)

This follows from (8.9) on equating coefficients of t.

Lemma 10.9. There is a unique even degree 0 graded Rℓ-supermodule automorphism ϕℓn : Vℓ
n
∼
→ Vℓ

n
such that ϕℓn

(
vn(1)

)
= vn(1) and ϕℓn

(
avb

)
= δℓn(a)ϕℓn(v)δℓn+1(b) for all a ∈ OHℓ

n, b ∈ OHℓ
n+1 and v ∈ Vℓ

n.
Moreover, we have that

ϕℓn
(
vn(xr)

)
= (−1)ℓrvn(xr) + (−1)(ℓ+1)(r−1)(1 − (−1)r)ȯ(ℓ)vn(xr−1) (10.33)

for all r ≥ 0.

Proof. The uniqueness is clear since Vℓ
n is a cyclic superbimodule thanks to Lemma 10.8(1c). To prove

existence, consider the
(
OHℓ

n,OHℓ
n+1

)
-superbimodule V that is Vℓ

n with the left and right actions of OHℓ
n

and OHℓ
n+1 defined by twisting the usual actions with the automorphisms δℓn and δℓn+1, respectively. We

are trying to show that there is a superbimodule homomorphism ϕℓn : Vℓ
n → V satisfying (10.33). We

can check this using the presentation for the superbimodule Vℓ
n from Lemma 10.8(1) with the defining

relations (10.21). This reduces the proof to checking that the identity

ϕℓn
(
vn(xr)

)
δℓn+1

(
ē(n+1)(t)

)
= (−1)n(r+1)δℓn

(
ē(n)((−1)n+rt

))
ϕℓn

(
vn

(
(t − x)xr)) (10.34)

is satisfied in the superbimodule Vℓ
n for any r ≥ 0. Substituting the formulae from (10.32) and (10.33)

into (10.34) and cancelling (−1)ℓr+ℓ(n+1) from both sides, this expands to the equation(
vn(xr)− (−1)ℓ+r(1− (−1)r)ȯ(ℓ)vn(xr−1)

)(
ē(n+1)((−1)ℓt

)
− t−1ȯ(ℓ)ē(n+1)((−1)ℓt

)
+ t−1ȯ(ℓ)ē(n+1)((−1)ℓ+1t

))
=

(
(−1)n(r+1)ē(n)((−1)ℓ+n+rt

)
− (−1)(n+1)rt−1ȯ(ℓ)ē(n)((−1)ℓ+n+rt

)
+ (−1)(n+1)rt−1ȯ(ℓ)ē(n)((−1)ℓ+n+r+1t

))
×

(
vn

((
(−1)ℓt − x)xr) − (−1)r(1 − (−1)r)tȯ(ℓ)vn(xr−1) − (−1)ℓ+r(1 + (−1)r)ȯ(ℓ)vn(xr)

)
.



60 J. BRUNDAN AND A. KLESHCHEV

Now we expand both sides using that
(
ȯ(ℓ))2

= 0. Commuting ȯ(ℓ) then ē(n+1)(±t) to the left with (10.21),
the left hand side contributes the sum of the following four terms:

vn(xr)ē(n+1)((−1)ℓt
)
= (−1)n(r+1)ē(n)((−1)ℓ+n+rt

)
vn

((
(−1)ℓt − x)xr),

−(−1)ℓ+r(1 − (−1)r)ȯ(ℓ)vn(xr−1)ē(n+1)((−1)ℓt
)
= −(−1)(n+1)r+ℓ(1 − (−1)r)ȯ(ℓ)ē(n)((−1)ℓ+n+r+1t

)
× vn

((
(−1)ℓt − x

)
xr−1),

−(−1)n+rt−1ȯ(ℓ)vn(xr)ē(n+1)((−1)ℓt
)
= −(−1)(n+1)rt−1ȯ(ℓ)ē(n)((−1)ℓ+n+rt

)
vn

(
((−1)ℓt − x)xr),

(−1)n+rt−1ȯ(ℓ)vn(xr)ē(n+1)((−1)ℓ+1t
)
= −(−1)(n+1)rt−1ȯ(ℓ)ē(n)((−1)ℓ+n+r+1t

)
vn

(
((−1)ℓt + x)xr).

Commuting ȯ(ℓ) to the left, the right hand side contributes the sum of the following five terms:

(−1)n(r+1)ē(n)((−1)ℓ+n+rt
)
vn

((
(−1)ℓt − x)xr),

−(−1)(n+1)rt−1ȯ(ℓ)ē(n)((−1)ℓ+n+rt
)
vn

((
(−1)ℓt − x)xr),

(−1)(n+1)rt−1ȯ(ℓ)ē(n)((−1)ℓ+n+r+1t
)
vn

((
(−1)ℓt − x)xr),

−(−1)(n+1)r(1 − (−1)r)tȯ(ℓ)ē(n)((−1)ℓ+n+r+1t
)
vn(xr−1),

−(−1)(n+1)r+ℓ(1 + (−1)r)ȯ(ℓ)ē(n)((−1)ℓ+n+r+1t
)
vn(xr).

From this, without making any further commutations, it follows that the two sides are equal. □

11. Rigidity of OGBim ℓ

In this section, we prove that the 2-supercategory OGBim ℓ from Definition 10.6 is rigid in the sense
that all of its 1-morphisms have left and right duals. Given a formal Laurent series f (t), we use the
notation

[
f (t)

]
tr to denote its tr-coefficient. Similarly, we use

[
f (t)

]
t≤r ,

[
f (t)

]
t≥r , etc. for the formal

Laurent series obtained by keeping only the terms with the specified powers of t. Note also the following
elementary identity: we have that

f (x) =
[
(t − x)−1 f (t)

]
t−1 (11.1)

for any polynomial f (x) ∈ F[x]. For the first lemma, recall the notation (10.15) and (10.16).

Lemma 11.1. Suppose that ℓ = n + 1 + n′ and 0 ≤ r, s ≤ n.

(1) vn
(
(t − x)−1xr) = n∑

p=r

vn(xp)
[
ε̄(n+1)(t)

]
>tp η̄

(n+1)(t)tr−p−1 −

r−1∑
p=0

vn(xp)
[
ε̄(n+1)(t)

]
≤tp η̄

(n+1)(t)tr−p−1.

(2) un
(
(t − x)−1xs) = n∑

q=s

η̄(n+1)(t)
[
ε̄(n+1)(t)

]
>tq

un(xq)ts−q−1 −

s−1∑
q=0

η̄(n+1)(t)
[
ε̄(n+1)(t)

]
≤tq

un(xq)ts−q−1.

Proof. (1) Remembering (10.15) and the definition of the right action of OHℓ
n+1 from Lemma 10.1(1),

the identity obtained by applying γn+1 to Lemma 6.11(2) implies for any m ≥ 0 that

vn
(
xm+n+1) = − n∑

p=0

vn
(
xp) m∑

s=0

(−1)m+n+1−p−sε̄(n+1)
m+n+1−p−sη̄

(n+1)
s .

We multiply this by tr−m−n−2 and sum over m ≥ 0 to obtain∑
m≥0

vn
(
xm+n+1)tr−m−n−2 = −

n∑
p=0

vn
(
xp) ∑

m≥0

m∑
s=0

(−1)m+n+1−p−sε̄(n+1)
m+n+1−p−sη̄

(n+1)
s tp−m−n−1

 tr−p−1.
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The expression in brackets is equal to
[
ε̄(n+1)(t)

]
≤tp η̄

(n+1)(t), as may be checked by comparing tp−m−n−1-
coefficients for all m ∈ Z. Using this and (4.49), we obtain

vn
(
(t − x)−1xr) = n∑

p=r

vn
(
xp)tr−p−1 +

∑
m≥0

vn
(
xm+n+1)tr−m−n−2

=

n∑
p=r

vn
(
xp)ε̄(n+1)(t)η̄(n+1)(t)tr−p−1 −

n∑
p=0

vn
(
xp) [ε̄(n+1)(t)

]
≤tp γ̄

(n+1)(t)tr−p−1.

It remains to write the first ε̄(n+1)(t) as
[
ε̄(n+1)(t)

]
>tp +

[
ε̄(n+1)(t)

]
≤tp and make some obvious cancellations

to obtain the desired formula.
(2) Remembering the sign in (10.16) and the matching sign in the definition of the left action of OHℓ

n+1
from Lemma 10.1(2), the identity obtained by applying pn′ ◦ shn′ ◦γn+1 to Lemma 6.11(1) gives

un
(
xm+n+1) = − n∑

q=0

m∑
r=0

(−1)m+n+1−q−rη̄(n+1)
r ε̄(n+1)

m+n+1−q−run
(
xq)

for any m ≥ 0. We multiply this by ts−m−n−2 and sum over m ≥ 0 to obtain∑
m≥0

un
(
xm+n+1)ts−m−n−2 = −

n∑
q=0

∑
m≥0

m∑
r=0

(−1)m+n+1−q−rη̄(n+1)
r ε̄(n+1)

m+n+1−q−rt
q−m−n−1

 un
(
xq)ts−q−1.

The expression in brackets is equal to γ̄(n+1)(t)
[
ε̄(n+1)(t)

]
≤tq

. Now the proof is completed as in (1). □

Lemma 11.2. Suppose that ℓ = n + 1 + n′. The element

z :=
∑
r,s≥0
r+s≤n

(−1)r+svn
(
xr)ε̄(n+1)

n−r−s ⊗ un
(
xs) ∈ Vℓ

n ⊗OHℓ
n+1

Uℓ
n

is central in the sense that az = za for all a ∈ OHℓ
n.

Proof. By Lemma 10.8(b), any element of Vℓ
n ⊗OHℓ

n+1
Uℓ

n can be written as
∑n

p,q=0 vn
(
xp) fp,q ⊗ un

(
xq)

for unique fp,q ∈ OHℓ
n+1. So there are unique Lp,q(t) =

∑n
k=0 Lp,q;ktk,Rp,q(t) =

∑n
k=0 Rp,q;ktk ∈ OHℓ

n+1[t]
such that

ε̄(n)(t)z =
n∑

p,q=0

(−1)p+qvn
(
xp)Lp,q(t) ⊗ un

(
xq), zε̄(n)(t) =

n∑
p,q=0

(−1)p+qvn
(
xp)Rp,q(t) ⊗ un

(
xq).

To prove the lemma, it suffices to show that ε̄(n)(t)z = zε̄(n)(t), which we do by computing Lp,q(t) and
Rp,q(t) explicitly then checking that Lp,q;k = Rp,q;k for all 0 ≤ p, q, k ≤ n. For brevity, we adopt the
convention that ε(n+1)

r = 0 for r < 0; this allows the restriction r + s ≤ n on the summation in the
definition of z to be omitted.

To compute Lp,q(t), we expand ε̄(n)(t)z using (10.22), Lemma 11.1(1) and (4.49):

ε̄(n)(t)z =
∑
r,q≥0

(−1)r+qε̄(n)(t)vn
(
xr)ε̄(n+1)

n−r−q ⊗ un
(
xq)

=
∑
r,q≥0

(−1)r+q+n(r+1)vn
(
((−1)n+rt − x)−1xr) ε̄(n+1)((−1)n+rt

)
ε̄(n+1)

n−r−q ⊗ un
(
xq)

=
∑
r,q≥0

n∑
p=r

vn(xp)
(
(−1)r+q+n(r+1)+(n+r)(r−p−1)

[
ε̄(n+1)((−1)n+rt

)]
>tp ε̄

(n+1)
n−r−qtr−p−1

)
⊗ un

(
xq)
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−
∑
r,q≥0

r−1∑
p=0

vn(xp)
(
(−1)r+q+n(r+1)+(n+r)(r−p−1)

[
ε̄(n+1)((−1)n+rt

)]
≤tp ε̄

(n+1)
n−r−qtr−p−1

)
⊗ un

(
xq).

Hence, using r + q+ n(r + 1)+ (n+ r)(r − p− 1)+ p+ q ≡ pr + pn+ p+ r (mod 2) to simplify the sign,
we have that

Lp,q(t) =
p∑

r=0

(−1)pr+pn+p+r
[
ε̄(n+1)((−1)n+rt

)]
>tp ε̄

(n+1)
n−r−qtr−p−1

−
∑

r≥p+1

(−1)pr+pn+p+r
[
ε̄(n+1)((−1)n+rt

)]
≤tp ε̄

(n+1)
n−r−qtr−p−1 (11.2)

for 0 ≤ p, q ≤ n. Similarly, we compute Rp,q(t) using (10.25), Lemma 11.1(2) and (4.49):

zε̄(n)(t) =
∑
p,s≥0

(−1)p+svn
(
xp)ε̄(n+1)

n−p−s ⊗ un
(
xs)ε̄(n)(t)

=
∑
p,s≥0

(−1)p+s+n(s+1)vn
(
xp)ε̄(n+1)

n−p−sε̄
(n+1)((−1)s+1t

)
⊗ un

(
((−1)s+1t − x)−1xs)

=
∑
p,s≥0

n∑
q=s

vn
(
xp) ((−1)p+s+n(s+1)+(s+1)(s−q−1)ε̄(n+1)

n−p−s

[
ε̄(n+1)((−1)s+1t

)]
>tq

ts−q−1
)
⊗ un(xq)

−
∑
p,s≥0

s−1∑
q=0

vn
(
xp) ((−1)p+s+n(s+1)+(s+1)(s−q−1)ε̄(n+1)

n−p−s

[
ε̄(n+1)((−1)s+1t

)]
≤tq

ts−q−1
)
⊗ un(xq).

From this, we get that

Rp,q(t) =
q∑

s=0

(−1)ns+qs+n+1ε̄(n+1)
n−p−s

[
ε̄(n+1)((−1)s+1t

)]
>tq

ts−q−1

−
∑

s≥q+1

(−1)ns+qs+n+1ε̄(n+1)
n−p−s

[
ε̄(n+1)((−1)s+1t

)]
≤tq

ts−q−1 (11.3)

for 0 ≤ p, q ≤ n.
Now we use (11.2) and (11.3) to compute the tk-coefficients Lp,q;k and Rp,q;k for 0 ≤ k ≤ n:

Lp,q;k =

k∑
r=0

(−1)(n+k)(r+k)ε̄(n+1)
n+r−p−kε̄

(n+1)
n−r−q −

∑
r≥p+1

(−1)(n+k)(r+k)ε̄(n+1)
n+r−p−kε̄

(n+1)
n−r−q, (11.4)

Rp,q;k =

k∑
s=0

(−1)(n+k)sε̄(n+1)
n−p−sε̄

(n+1)
n+s−q−k −

∑
s≥q+1

(−1)(n+k)sε̄(n+1)
n−p−sε̄

(n+1)
n+s−q−k. (11.5)

The details of these two computations are very similar, so we just elaborate on the first one. Note that

(−1)pr+pn+p+rε̄(n+1)((−1)n+rt
)
ε̄(n+1)

n−r−qtr−p−1 =
∑
j∈Z

(−1)pr+pn+p+r+(n+r) j+n+1+ jε̄(n+1)
n+1− jε̄

(n+1)
n−r−qt j+r−p−1.

To get a contribution of tk from this, we must have that j = k + p − r + 1, in which case

(−1)pr+pn+p+r+(n+r) j+n+1+ jε̄(n+1)
n+1− jε̄

(n+1)
n−r−q = (−1)(n+k)(r+k)ε̄(n+1)

n+r−p−kε̄
(n+1)
n−r−q.

Using these observations, it follows that the tk-coefficients from the first summation in (11.2) contribute∑
(−1)(n+k)(r+k)ε̄(n+1)

n+r−p−kε̄
(n+1)
n−r−q summing over r with 0 ≤ r ≤ p such that j := k+ p− r+ 1 satisfies j > p,

i.e., 0 ≤ r ≤ min(k, p). Similarly, the tk-coefficients from the second summation in (11.2) contribute
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−
∑

(−1)(n+k)(r+k)ε̄(n+1)
n+r−p−kε̄

(n+1)
n−r−q summing over r with r ≥ p + 1 such that j := k + p − r + 1 satisfies

j ≤ p, i.e., r ≥ max(k, p) + 1. Thus, we have shown that

Lp,q;k =

min(k,p)∑
r=0

(−1)(n+k)(r+k)ε̄(n+1)
n+r−p−kε̄

(n+1)
n−r−q −

∑
r≥max(k,p)+1

(−1)(n+k)(r+k)ε̄(n+1)
n+r−p−kε̄

(n+1)
n−r−q.

This is exactly as in (11.4) when k ≤ p. To see that it is also equal to (11.4) when k > p, one just has to
cancel the overlapping terms when p + 1 ≤ r ≤ k in the first and second summations from (11.4).

It remains to see that Lp,q;k = Rp,q;k for every 0 ≤ p, q, k ≤ n. In fact, the first summation in (11.4)
is equal to the first summation in (11.5). This is easily seen on making the substitution s = k − r in one
of them. To see that the second summation in (11.4) is equal to the second summation in (11.5), we
substitute m = r − p in (11.4) and m = s − q in (11.5), and the problem reduces to showing that∑

m≥1

(−1)(n+k)(m+p+k)ε̄(n+1)
n−k+mε̄

(n+1)
n−p−q−m =

∑
m≥1

(−1)(n+k)(m+q)ε̄(n+1)
n−p−q−mε̄

(n+1)
n−k+m

for all 0 ≤ p, q, k ≤ n. In fact this equality already holds in OSymn+1 thanks to Lemma 4.9 or, rather, the
identity obtained from that by applying the involution γn+1. □

Theorem 11.3. Suppose that ℓ = n + 1 + n′. There are unique even degree 0 superbimodule homomor-
phisms

coevn : OHℓ
n → Vℓ

n ⊗OHℓ
n+1

Uℓ
n

1 7→
∑
r,s≥0
r+s≤n

(−1)n−r−svn
(
xr)ε̄(n+1)

n−r−s ⊗ un
(
xs) (11.6)

and

evn : Uℓ
n ⊗OHℓ

n
Vℓ

n → OHℓ
n+1

un
(
xr) ⊗ vn

(
xs) 7→ {

η̄(n+1)
r+s−n if r + s ≥ n

0 otherwise,
(11.7)

the latter being true for all r, s ≥ 0. Moreover, the following compositions are identities:

Uℓ
n Uℓ

n ⊗OHℓ
n

OHℓ
n Uℓ

n ⊗OHℓ
n

Vℓ
n ⊗OHℓ

n+1
Uℓ

n OHℓ
n+1 ⊗EOHℓ

n+1
Uℓ

n Uℓ
n,

can id⊗ coevn evn ⊗ id can

(11.8)

Vℓ
n OHℓ

n ⊗OHℓ
n

Vℓ
n Vℓ

n ⊗OHℓ
n+1

Uℓ
n ⊗OHℓ

n
Vℓ

n Vℓ
n ⊗OHℓ

n+1
OHℓ

n+1 Vℓ
n.

can coevn ⊗ id id⊗ evn can (11.9)

Hence, coevn and evn are the unit and counit of an adjunction making
(
Uℓ

n,V
ℓ
n

)
into a dual pair of

1-morphisms in OGBim ℓ.

Before proving the theorem, we write down several equivalent formulations of the definitions of
coevn and evn, assuming that such superbimodule homomorphisms do indeed exist. For the unit of
adjunction, the element coevn(1) in the statement of Theorem 11.3 is equal to (−1)nz where z is the
central tensor from Lemma 11.2. In terms of generating functions, we have that

coevn(1) =
[
vn((t − x)−1)ε̄(n+1)(t) ⊗ un

(
(t − x)−1)]

t−1 . (11.10)

This is easily checked by computing coefficients of t. Using (10.22) and (10.25) with r = 0, we have
that

vn
(
(t − x)−1)ε̄(n+1)(t) = ε̄(n)((−1)nt

)
vn

(
(−1)n), (11.11)

ε̄(n+1)(t)un
(
(t − x)−1) = un

(
(−1)n)ε̄(n)(−t). (11.12)
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Hence, we can rewrite the right hand side of (11.10) to obtain

coevn(1) =
[
vn((t − x)−1) ⊗ un

(
(−1)n)ε̄(n)(−t)

]
t−1 =

[
ε̄(n)((−1)nt

)
vn

(
(−1)n) ⊗ un

(
(t − x)−1)]

t−1 . (11.13)

Equating coefficients in (11.13) gives two more formulae:

coevn(1) =
n∑

r=0

vn
(
xr) ⊗ un(1)ε̄(n)

n−r =

n∑
s=0

(−1)(n+1)sε̄(n)
n−svn(1) ⊗ un

(
xs). (11.14)

For the counit evn, we have the following two equivalent formulations:

evn
(
un

(
(t − x)−1 f (x)

)
⊗ vn

(
g(x)

))
=

[
η̄(n+1)(t) f (t)g(t)

]
<t0

(11.15)

evn
(
un

(
f (x)

)
⊗ vn

(
g(x)(t − x)−1)) = [

η̄(n+1)(t) f (t)g(t)
]
<t0

(11.16)

for any f (x), g(x) ∈ F[x]. This can be checked by assuming that f (x) = xr, g(x) = xs then equating
coefficients of t.

Proof of Theorem 11.3. We split the proof up into six steps.
Step one. We first construct the maps coevn and evn. For coevn, we define coevn(a) := (−1)naz for any
a ∈ OHℓ

n, where z is as in Lemma 11.2. This is an even degree 0 homomorphism of graded left OHℓ
n-

supermodules. Since (−1)naz = (−1)nza according to Lemma 11.2, it is also a right OHℓ
n-supermodule

homomorphism, so it is a superbimodule homomorphism. Thus, we have defined the superbimodule
homomorphism coevn, and (11.6) holds. For evn, Uℓ

n ⊗OHℓ
n

Vℓ
n is a free graded right OHℓ

n+1-supermodule
with basis un(xr)⊗ vn(xs) (0 ≤ r ≤ n′, 0 ≤ s ≤ n) by Lemma 10.8(1b) and (2a). So there is a unique even
degree 0 graded right OHℓ

n+1-supermodule homomorphism evn such that (11.7) holds for 0 ≤ r ≤ n′ and
0 ≤ s ≤ n. It is not yet clear that (11.7) holds for other values of r and s, or that evn is a graded left
OHℓ

n+1-supermodule homomorphism.
Step two. Next we use induction to show that (11.7) also holds for 0 ≤ r ≤ n′ and all s > n. Fix
a choice of r with 0 ≤ r ≤ n′. We know by our definition that (11.7) holds for 0 ≤ s ≤ n. For
the induction step, we take some s ≥ n, assume that (11.7) holds for this and all smaller values of s,
and show that it also holds when s is replaced by s + 1. The m = 0 case of Lemma 6.11(2) shows
that xn+1

1 =
∑n

p=0(−1)n−pxp
1e(n+1)

n+1−p. Multliplying on the left by xs−n
1 then applying γn+1, we deduce that

xs+1
n+1 =

∑n
p=0(−1)n−pxp+s−n

n+1 ε(n+1)
n+1−p. So

un
(
xr) ⊗ vn

(
xs+1) = n∑

p=0

(−1)n−pun
(
xr) ⊗ vn

(
xp+s−n)ε̄(n+1)

n+1−p.

Now we apply the right supermodule homomorphism evn using the induction hypothesis to see that

evn
(
un

(
xr) ⊗ vn

(
xs+1)) = n∑

p=max(0,2n−r−s)

(−1)n−pη̄(n+1)
p+r+s−2nε̄

(n+1)
n+1−p.

This is equal to η̄(n+1)
r+s+1−n by (4.49), which is what we wanted.

Step three. Since evn is a right supermodule homomorphism by definition, the composition of maps in
(11.8) makes sense and is a right OHℓ

n-supermodule homomorphism4. To show that the composition is
equal to the identity map, it suffices to show that it takes un( f (x)) to un( f (x)) for any f (x) ∈ F[x] of
degree ≤ n′, since these elements generate Uℓ

n as a right OHℓ
n-supermodule by Lemma 10.8(2a). Using

(11.10), we apply the even map id⊗ coevn to un( f (x)) ⊗ 1 to obtain[
un

(
f (x)

)
⊗ vn

(
(t − x)−1) ⊗ ε̄(n+1)(t)un

(
(t − x)−1)]

t−1 .

4However, (11.9) does not make sense at this point since id⊗ evn is not defined until we can shown that evn is a left
supermodule homomorphism.
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By step two, (11.16) holds for f (x) of degree ≤ n′. We use it to apply evn ⊗ id, then multiply out the
tensor, to obtain [[

η̄(n+1)(t) f (t)
]
<t0 ε̄

(n+1)(t)un
(
(t − x)−1)]

t−1 .

Now, (11.12) shows that ε̄(n+1)(t)un
(
(t − x)−1) is a polynomial in t, so we can omit the inside square

brackets. Then the η and ε cancel by (4.49), leaving us with[
f (t)un

(
(t − x)−1)]

t−1 = un
(
f (x)

)
,

where we applied (11.1) for the final equality. Hence, the composition (11.8) is the identity.
Step four. We prove that evn is a left supermodule homomorphism. Since vn(1) generates Vℓ

n as a
superbimodule (Lemma 10.8(1c)) and evn is a right supermodule homomorphism, it suffices to show
that a evn(u ⊗ vn(1)) = evn(au ⊗ vn(1)) for all a ∈ OHℓ

n+1 and u ∈ Uℓ
n. By step three, we have that

a ((evn ⊗ id) ◦ (id⊗ coevn)(u ⊗ 1)) = a(1 ⊗ u) = (1 ⊗ au) = (evn ⊗ id) ◦ (id⊗ coevn)(au ⊗ 1)

in OHℓ
n+1 ⊗OHℓ

n+1
Uℓ

n. Using the formula for coevn(1) from (11.14), this shows that

n∑
s=0

(−1)(n+1)sa evn
(
u ⊗ ε̄(n)

n−svn(1)
)
⊗ un

(
xs) = n∑

s=0

(−1)(n+1)s evn
(
au ⊗ ε̄(n)

n−svn(1)
)
⊗ un

(
xs).

By Lemma 10.8(2b), Uℓ
n is a free left OHℓ

n+1-supermodule with basis un(xs) (0 ≤ s ≤ n), so we can
project to − ⊗ un(xn)-components in the identity just proved to obtain the desired equality a evn

(
u ⊗

vn(1)
)
= evn

(
au ⊗ vn(1)

)
.

Step five. We know already that (11.7) holds for 0 ≤ r ≤ n′ and s ≥ 0. We now show that it holds for all
remaining r > n′ and s ≥ 0. Take r ≥ n′ and assume by induction that (11.7) holds for this value of r and
all s ≥ 0. Equating tn-coefficients in (10.24) gives that un

(
xr+1) = ō(n+1)un

(
xr) + (−1)run

(
xr)ō(n). Equat-

ing tn-coefficients in (10.21) (with r replaced by s) gives that vn
(
xs+1) = vn

(
xs)ō(n+1)− (−1)n+sō(n)vn

(
xs).

Making these substitutions, it is then easy to check that

un
(
xr+1)⊗ vn

(
xs) = (−1)n+r+s+1un

(
xr)⊗ vn(xs+1)+ (−1)n+r+sun

(
xr)⊗ vn

(
xs)ō(n+1) + ō(n+1)un

(
xr)⊗ vn

(
xs).

Now we compute evn
(
un

(
xr+1)⊗ vn

(
xs)) by applying the superbimodule homomorphism evn to the right

hand side of the equation just derived and using the induction hypothesis. If r + s+ 1 < n the right hand
side evaluates to 0 so evn

(
un

(
xr+1)⊗vn

(
xs)) = 0 as required. If r+ s+1 = n the right hand side evaluates

to η̄(n+1)
r+1+s−n as required. If r + s + 1 > n the right hand side evaluates to

(−1)n+r+s+1η̄(n+1)
r+1+s−n + (−1)n+r+sη̄(n+1)

r+s−nō(n+1) + ō(n+1)η̄(n+1)
r+s−n.

If n+ r + s is odd then η̄(n+1)
r+s−n and ō(n+1) commute by the image of the defining relation (4.1) under γ, so

this simplifies to the desired η̄(n+1)
r+1+s−n. If n+ r + s is even then η̄(n+1)

r+s−nō(n+1) + ō(n+1)η̄(n+1)
r+s−n = 2η̄(n+1)

r+1+s−n by
the image of the second relation from (4.52) under γ, so again the expression simplifies to η̄(n+1)

r+1+s−n.
Step six. It remains to check that the composition (11.9), which makes sense as evn is a left supermodule
homomorphism, is the identity. We do this by showing that it takes vn( f (x)) to vn( f (x)) for any f (x) ∈
F[x]. The argument is similar to step three. By (11.10), the map coevn ⊗ id takes 1 ⊗ vn( f (x)) to[

vn
(
(t − x)−1)ε̄(n+1)(t) ⊗ un

(
(t − x)−1) ⊗ vn

(
f (x)

)]
t−1 .

Then we apply the even map id⊗ evn using (11.15) (whose validity relies on the conclusion of step five)
to get [

vn
(
(t − x)−1)ε̄(n+1)(t)

[
η̄(n+1)(t) f (t)

]
<t0

]
t−1 .
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Since vn
(
(t− x)−1)ε̄(n+1)(t) is a polynomial in t by (11.11), we can omit the inside square brackets. After

doing that, ε and η cancel using (4.49), so we obtain[
vn

(
(t − x)−1

)
f (t)

]
t−1 = vn

(
f (x)

)
,

where we used (11.1) for the final equality. □

For the following corollary, recall from Corollary 9.6 that ONHℓ
n is a subalgebra of ONHℓ

n+1 in a
natural way for 0 ≤ n < ℓ.

Corollary 11.4. For 0 ≤ n < ℓ, the following diagrams of graded superfunctors commute up to even
degree 0 isomorphisms:

ONHℓ
n+1-gsMod ONHℓ

n-gsMod

OHℓ
n+1-gsMod OHℓ

n-gsMod

(ωξ)n+1−

(ΠQ−2)n Res
ONHℓn+1
ONHℓn

(ωξ)n−

Vℓ
n⊗OHℓn+1

−

ONHℓ
n-gsMod ONHℓ

n+1-gsMod

OHℓ
n-gsMod OHℓ

n+1-gsMod

(ΠQ2)n Ind
ONHℓn+1
ONHℓn

(ωξ)n− (ωξ)n+1−

Uℓ
n⊗OHℓn

−

(The vertical arrows are the equivalences of graded supercategories from Corollary 9.3.)

Proof. Note that (ΠQ2)n Ind
ONHℓ

n+1

ONHℓ
n

is left adjoint to (ΠQ−2)n Res
ONHℓ

n+1

ONHℓ
n

. Also Uℓ
n ⊗OHℓ

n
− is left adjoint

to Vℓ
n ⊗OHℓ

n+1
− by Theorem 11.3. Hence, using the uniqueness of left adjoints, it suffices to prove that

the first square commutes. We show equivalently that the following commutes up to even degree 0
isomorphism:

ONHℓ
n+1-gsMod ONHℓ

n-gsMod

OHℓ
n+1-gsMod OHℓ

n-gsMod

Res
ONHℓn+1
ONHℓn

(ωξ)n−OPoln+1⊗OSymn+1 OHℓ
n+1⊗OHℓn+1

−

Ṽℓ
n⊗OHℓn+1

−

Here, we have removed the degree and parity shifts on the horizontal arrows and we have replaced the
equivalence (ωξ)n+1− ≃ HomONHℓ

n+1

(
ONHℓ

n+1(ωξ)n+1,−
)

on the left hand vertical arrow with the quasi-

inverse equivalence ONHℓ
n+1(ωξ)n+1 ⊗OHℓ

n+1
− ≃ OPoln+1 ⊗OSymn+1 OHℓ

n+1 ⊗OHℓ
n+1
−. To prove this new

diagram commutes, it suffices to show that

(ωξ)nOPoln+1 ⊗OSymn+1 OHℓ
n+1 ≃ Ṽℓ

n

as (OHℓ
n,OHℓ

n+1)-superbimodules. As the proof of Lemma 10.1(1) in the case d = 0 shows, the isomor-
phism OHℓ

n+1
∼
→ OSym(n+1,n′)⊗OSymℓRℓ of Theorem 8.5(1) is an isomorphism of graded (OHℓ

n+1,OHℓ
n+1)-

superbimodules. So (ωξ)nOPoln+1 ⊗OSymn+1 OHℓ
n+1 ≃ (ωξ)nOPoln+1 ⊗OSymn+1 OSym(n+1,n′) ⊗OSymℓ Rℓ. By

(5.30), we have that (ωξ)nOPoln+1 ≃ OSym(n,1), so this is ≃ OSym(n,1,n′) ⊗OSymℓ Rℓ, which is exactly the
definition of Ṽℓ

n. □

The next theorem, which we prove by twisting Theorem 11.3 with some automorphisms, gives the
second adjunction. The explicit formulae for this are not as nice as for the first adjunction.

Theorem 11.5. Suppose that ℓ = n + 1 + n′. There are unique even degree 0 superbimodule homomor-
phisms

c̃oevn : OHℓ
n+1 → Ũℓ

n ⊗OHℓ
n

Ṽℓ
n
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1 7→
n′∑

s=0

(−1)ℓs+(s
2)(ψℓn+1

)−1
(
ε̄(n′)

n′−s

)
ũn(1) ⊗ ṽn(xs)

and

ẽvn : Ṽℓ
n ⊗OHℓ

n+1
Ũℓ

n → OHℓ
n

ṽn(xr) ⊗ ũn(xs) 7→


(−1)n(r+s)+(r

2)+(s+1
2 )

[(
ψℓn

)−1
(
η̄(n′+1)

r+s−n′ + (−1)n+1(1 − (−1)s)η̄(n′+1)
r+s−n′−1ȯ(ℓ)

)]
if r + s > n′

(−1)n(r+s)+(r
2)+(s+1

2 ) if r + s = n′

0 otherwise

giving the unit and counit of an adjunction making
(
Ṽℓ

n, Ũ
ℓ
n

)
into another dual pair of 1-morphisms in

OGBim ℓ.

Proof. Let † := ϕℓn′ ◦ ∗ : Ũℓ
n → Vℓ

n′ , where ϕℓn′ is the map from Lemma 10.9. Since ψℓn+1 = δ
ℓ
n′ ◦

(
ψℓn′

)−1

and ψℓn = δ
ℓ
n′+1 ◦

(
ψℓn′+1

)−1 according to the definition (8.7), Lemma 10.9 and Lemma 10.2(2) imply that(
b̄1ub̄2

)†
= ψℓn+1(b̄1)u†ψℓn(b̄2) (11.17)

for u ∈ Ũℓ
n, b1 ∈ OSymn+1 and b2 ∈ OSymn. Now we define even degree 0 graded Rℓ-supermodule

homomorphisms c̃oevn and ẽvn so that the following diagrams commute:

OHℓ
n+1 Ũℓ

n ⊗OHℓ
n

Ṽℓ
n

OHℓ
n′ Vℓ

n′ ⊗OHℓ
n′+1

Uℓ
n′

ψℓn+1

c̃oevn

†⊗∗

coevn′

Ṽℓ
n ⊗OHℓ

n+1
Ũℓ

n OHℓ
n

Uℓ
n′ ⊗OHℓ

n′
Vℓ

n′ OHℓ
n′+1

ẽvn

∗⊗† ψℓn

evn′

To see that the vertical maps † ⊗ ∗ and ∗ ⊗ † in these diagrams make sense, one needs to check that they
are balanced, which follows using Lemma 10.2(1) and (11.17). In fact, c̃oevn and ẽvn defined in this
way are superbimodule homomorphisms. This again follows using Lemma 10.2(1) and (11.17) since
coevn′ and evn′ are superbimodule homomorphisms.

The zig-zag identities for c̃oevn and ẽvn follow from their definitions using the zig-zag identities
(11.8) and (11.9) for coevn′ and evn′ . Hence they give the unit and counit of an adjunction.

It just remains to compute the explicit formulae for the maps given in the statement of the corollary.
To see that c̃oevn(1) =

∑n′
s=0(−1)ℓs+(s

2)
[(
ψℓn+1

)−1
](
ε̄(n′)

n′−s
)
ũn(1)⊗ ṽn(xs), the image of 1 under the southwest

pair of maps in the diagram defining c̃oevn is
∑n′

s=0(−1)(n′+1)sε̄(n′)
n′−svn′(1)⊗un′(xs) thanks to (11.14). This

is also the image of
∑n′

s=0(−1)ℓs+(s
2)
[(
ψℓn+1

)−1(ε̄(n′)
n′−s

)]
ũn(1) ⊗ ṽn(xs) under the right hand map † ⊗ ∗ by

(10.7), (10.8), (10.33) and (11.17).
To compute ẽvn

(
ṽn(xr) ⊗ ũn(xs)

)
, we use the diagram defining ẽvn. From (10.7), (10.8) and (10.33),

one sees that

(∗ ⊗ †)
(
ṽn(xr) ⊗ ũn(xs)

)
= (−1)(

r
2)+(s+1

2 )+n(r+s)un′(xr) ⊗
[
vn′(xs) + (−1)n+1(1 − (−1)s)vn′(xs−1)ȯ(ℓ)

]
.

Using (11.7), the image of this under the homomorphism
(
ψℓn

)−1
◦ evn′ is easily seen to be equal to the

formula for ẽvn
(
ṽn(xr) ⊗ ũn(xs)

)
given in the statement of the lemma. □
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Corollary 11.6. For 0 ≤ n < ℓ, the following diagrams of graded superfunctors commute up to even
degree 0 isomorphisms:

ONHℓ
n+1-gsMod ONHℓ

n-gsMod

OHℓ
n+1-gsMod OHℓ

n-gsMod

(ωξ)n+1−

Res
ONHℓn+1
ONHℓn

(ωξ)n−

Ṽℓ
n⊗OHℓn+1

−

ONHℓ
n-gsMod ONHℓ

n+1-gsMod

OHℓ
n-gsMod OHℓ

n+1-gsMod

Coind
ONHℓn+1
ONHℓn

(ωξ)n− (ωξ)n+1−

Ũℓ
n⊗OHℓn

−

(The vertical arrows are the equivalences of graded supercategories from Corollary 9.3.)

Proof. The commutativity of the first diagram follows from Corollary 11.4, then the second follows
using Theorem 11.5 and the uniqueness of right adjoints. □

The following generalizes Corollary 9.7.

Corollary 11.7. For 0 ≤ n < ℓ, we have that Ind
ONHℓ

n+1

ONHℓ
n
≃ (ΠQ2)ℓ−2n−1 Coind

ONHℓ
n+1

ONHℓ
n
. Hence, ONHℓ

n+1

is a graded Frobenius extension of ONHℓ
n of degree 2(ℓ − 2n − 1) and parity ℓ − 2n − 1 (mod 2).

Proof. The second statement follows from the first statement by the general theory of Frobenius ex-
tensions explained after (2.11). To prove the first statement, Corollaries 11.4 and 11.6 show that under

the Morita equivalence Ind
ONHℓ

n+1

ONHℓ
n

corresponds to (ΠQ2)−nUn ⊗OHℓ
n
− and Coind

ONHℓ
n+1

ONHℓ
n

corresponds to

Ũn ⊗OHℓ
n
−. Now the result follows because (ΠQ2)−nUn ≃ (ΠQ2)ℓ−2n−1Ũn according to (10.2). □

The final task in this section is to compute various mates of the endomorphisms of Uℓ
(1d);n

defined
by the action of ONHd from Lemma 10.5(2). Specifically, we need to work out the endomorphisms
in OGBim ℓ that correspond to the diagrams (13.4) and (13.8) in the graphical calculus to be introduced
later in the article. Suppose that ℓ = n+d+n′ for d ≥ 0. We define graded superalgebra homomorphisms

ρ(1d);n : ONHd → EndOHℓ
n+d-OHℓ

n

(
Uℓ

n+d−1 ⊗OHℓ
n+d−1
· · · ⊗OHℓ

n+1
Uℓ

n
)sop (11.18)

λn;(1d) : ONHd → EndOHℓ
n-OHℓ

n+d

(
Vℓ

n ⊗OHℓ
n+1
· · · ⊗OHℓ

n+d−1
(Vℓ

n+d−1)
)

(11.19)

as follows. For a ∈ ONHd, ρ(1d);n(a) is defined to be the top map the following diagram commute:

Uℓ
n+d−1 ⊗OHℓ

n+d−1
· · · ⊗OHℓ

n+1
Uℓ

n Uℓ
n+d−1 ⊗OHℓ

n+d−1
· · · ⊗OHℓ

n+1
Uℓ

n

Uℓ
(1d);n

Uℓ
(1d);n

(
b(1)d

)−1

ρ(1d );n(a)

u(1d );n( f )7→(−1)par(a) par( f )u(1d );n( f )·a

b(1)d (11.20)

Also λn;(1d)(a) is the top map making the following commute:

Vℓ
n ⊗OHℓ

n+1
· · · ⊗OHℓ

n+d−1
Vℓ

n+d−1 Vℓ
n ⊗OHℓ

n+1
· · · ⊗OHℓ

n+d−1
Vℓ

n+d−1

Vℓ
n;(1d)

Vℓ
n;(1d)

(
c(1)d

)−1

λn;(1d )(a)

vn;(1d )( f )7→a·vn;(1d )( f )

c(1)d (11.21)

The vertical maps in (11.20) and (11.21) come from (10.17) and (10.18). We also remind the reader that
u(1d);n( f ) · a = (−1)(d−1) par(a)u(1d);n( f · a) and a · vn;(1d)( f ) = (−1)(n#(d−1)) par(a)vn;(1d)(a · f ).
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Lemma 11.8. For 0 ≤ n < ℓ, the mate of the
(
OHℓ

n+1,OHℓ
n
)
-superbimodule endomorphism ρ(1);n(x1)

under the adjunction from Theorem 11.3, that is, the composition

Vℓ
n OHℓ

n ⊗OHℓ
n

Vℓ
n Vℓ

n ⊗OHℓ
n+1

Uℓ
n ⊗OHℓ

n
Vℓ

n
can coevn ⊗ id id⊗ρ(1);n(x1)⊗id

Vℓ
n ⊗OHℓ

n+1
Uℓ

n ⊗OHℓ
n

Vℓ
n Vℓ

n ⊗OHℓ
n+1

OHℓ
n+1 Vℓ

n,
id⊗ evn can

is equal to λn;(1)(x1).

Proof. Since Vℓ
n is generated as a superbimodule by vn(1) by Lemma 10.8(1c), it suffices to show that

(id⊗ evn) ◦ (id⊗ρ(1);n(x1) ⊗ id) ◦ (coevn ⊗ id)
(
1 ⊗ vn(1)

)
= λn;(1)(x1)

(
vn(1)

)
⊗ 1.

This is a calculation from the definitions. The right hand side is vn(x) ⊗ 1 by the definition (11.21). For
the left hand side, we first apply coevn ⊗ id using (11.13) to get[

ε̄(n)((−1)nt
)
vn

(
(−1)n) ⊗ un

(
(t − x)−1) ⊗ vn(1)

]
t−1
.

Then we apply the odd endomorphism id⊗ρ(1);n(x1) ⊗ id defined by (11.20) to get[
ε̄(n)((−1)n+1t

)
vn

(
(−1)n) ⊗ un

(
(t + x)−1x

)
⊗ vn(1)

]
t−1
.

Finally we apply id⊗ evn using (11.15) with t replaced by −t to get[
ε̄(n)((−1)n+1t

)
vn

(
(−1)n)[η̄(n+1)(−t)t

]
<t0

]
t−1
⊗ 1.

Computing the coefficients explicitly, this is equal to vn(1)η̄(n+1)
1 − (−1)nε̄(n)

1 vn(1). Since η(n+1)
1 = x1 +

· · · + xn+1 and ε(n)
1 = x1 + · · · + xn (and (−1)n cancels when ε(n)

1 acts on vn(1) due to the parity shift) this
is vn(x) ⊗ 1. □

Lemma 11.9. For 0 < n < ℓ, the
(
OHℓ

n,OHℓ
n
)
-superbimodule endomorphism σn that is defined by the

composition

Uℓ
n−1 ⊗OHℓ

n−1
Vℓ

n−1 OHℓ
n ⊗OHℓ

n
Uℓ

n−1 ⊗OHℓ
n−1

Vℓ
n−1

can coevn ⊗ id⊗ id

Vℓ
n ⊗OHℓ

n+1
Uℓ

n ⊗OHℓ
n

Uℓ
n−1 ⊗OHℓ

n−1
Vℓ

n−1 Vℓ
n ⊗OHℓ

n+1
Uℓ

n ⊗OHℓ
n

Uℓ
n−1 ⊗OHℓ

n−1
Vℓ

n−1

id⊗ρ(12);n−1(τ1)⊗id

Vℓ
n ⊗OHℓ

n+1
Uℓ

n ⊗OHℓ
n

OHℓ
n Vℓ

n ⊗OHℓ
n+1

Uℓ
n

id⊗ id⊗ evn−1 can

maps un−1
(
xr) ⊗ vn−1

(
xs) to

(−1)nr+rs+r+s+n+1vn
(
xs) ⊗ un

(
xr) + n∑

p=0

r+s−n∑
q=0

(−1)nq+pq+rq+r+qvn
(
xp) ⊗ un

(
xq)ε̄(n)

n−pη̄
(n)
r+s−n−q (11.22)

for any r ≥ 0 and 0 ≤ s ≤ n − 1.

Proof. First, we show that ρ(12);n−1(τ1)
(
un

(
(t − x)−1) ⊗ un−1

(
xr)) equals

− un
(
(t + x)−1xr) ⊗ un−1

((
t − (−1)r x

)−1
)
+

r−1∑
q=0

(−1)q+r+rqun
(
(t + x)−1xq) ⊗ un−1

(
xr−q−1). (11.23)
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To do this, according to the definition (11.20), we first use the inverse of the map b(1)2 from (10.18) to
pass to Uℓ

(12);n−1
. This maps un

(
(t − x)−1) ⊗ un−1

(
xr) to (−1)ru(12);n−1

(
(t − x2)−1xr

1
)
. The application of

ρ(12);n−1(τ1) takes this to −u(12);n−1
(
(t + x2)−1xr

1 · τ1
)
. This we can compute with Lemma 5.11 to get

−u(12);n−1

(
(t + x2)−1xr

2
(
t + (−1)r x1

)−1
)
−

r−1∑
q=0

(−1)rqu(1)2;n−1

(
(t + x2)−1xq

2xr−q−1
1

)
.

After that we apply b(1)2 to obtain the vector in Uℓ
n ⊗OHℓ

n
Uℓ

n−1 displayed in (11.23).
Now to prove the lemma, we again calculate with generating functions. Start with the vector

un−1
(
xr) ⊗ vn−1

(
xs) for 0 ≤ s ≤ n − 1 (this assumption on s will be crucial shortly). By (11.10),

the map coevn ⊗ id⊗ id takes it to[
vn((t − x)−1)ε̄(n+1)(t) ⊗ un

(
(t − x)−1) ⊗ un−1

(
xr) ⊗ vn−1

(
xs)]

t−1
. (11.24)

Then we apply the odd homomorphism id⊗ρ(12);n−1(τ1) ⊗ id using (11.23) to obtain[
vn((t + x)−1)ε̄(n+1)(−t) ⊗ un

(
(t + x)−1xr) ⊗ un−1

((
t − (−1)r x

)−1
)
⊗ vn−1

(
xs)]

t−1

+

r−1∑
q=0

(−1)q+r+rq+1
[
vn((t + x)−1)ε̄(n+1)(−t) ⊗ un

(
(t + x)−1xq) ⊗ un−1

(
xr−q−1) ⊗ vn−1

(
xs)]

t−1
. (11.25)

It just remains to apply id⊗ id⊗ evn−1. We treat the two terms in (11.25) separately. For the first term,
we have that evn−1

(
un−1

((
t − (−1)r x

)−1
)
⊗ vn−1

(
xs)) = (−1)rs+r

[
η̄(n)((−1)rt

)
ts
]
<t0

by (11.15) (with t
replaced by (−1)rt). The assumption that s ≤ n − 1 means that we can omit the truncation to < t0 here.
So the first term contributes

(−1)rs+r
[
vn((t + x)−1) ⊗ ε̄(n+1)(−t)un

(
(t + x)−1xr) ⊗ η̄(n)((−1)rt

)
ts
]
t−1
.

Now we use (10.25) to rewrite this as

(−1)nr+rs+r+n+1
[
vn((t + x)−1) ⊗ un

(
xr)ε̄(n)((−1)rt

)
η̄(n)((−1)rt

)
ts ⊗ 1

]
t−1
.

The ε and η cancel by the infinite Grassmannian relation to leave

(−1)nr+rs+r+n+1
[
vn((t + x)−1ts) ⊗ un

(
xr) ⊗ 1

]
t−1

(11.1)
= (−1)nr+rs+r+s+n+1vn

(
xs) ⊗ un

(
xr) ⊗ 1.

It remains to consider the term obtained by applying id⊗ id⊗ evn−1 to the second term from (11.25).
Using (10.25) and (11.7), this contributes

r+s−n∑
q=0

(−1)q+r+rq+1
[
vn((t + x)−1) ⊗ ε̄(n+1)(−t)un

(
(t + x)−1xq) ⊗ η̄(n)

r+s−q−n

]
t−1
=

r+s−n∑
q=0

(−1)q+r+rq+nq+n
[
vn

(
(t + x)−1) ⊗ un

(
xq)ε̄(n)((−1)qt

)
η̄(n)

r+s−q−n ⊗ 1
]
t−1
.

It remains to work out the t−1-coefficient explicitly to complete the proof. □

Lemma 11.10. For 0 < n < ℓ, the mate of ρ(12);n−1(τ1) under the adjunction from Theorem 11.3, that is,
the composition

Vℓ
n−1 ⊗OHℓ

n
Vℓ

n OHℓ
n−1 ⊗OHℓ

n−1
Vℓ

n−1 ⊗OHℓ
n

Vℓ
n

can coevn−1 ⊗ id⊗ id

Vℓ
n−1 ⊗OHℓ

n
Uℓ

n−1 ⊗OHℓ
n−1

Vℓ
n−1 ⊗OHℓ

n
Vℓ

n Vℓ
n−1 ⊗OHℓ

n
Vℓ

n ⊗OHℓ
n+1

Uℓ
n ⊗OHℓ

n
Vℓ

n
id⊗σn⊗id
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Vℓ
n−1 ⊗OHℓ

n
Vℓ

n ⊗OHℓ
n+1

OHℓ
n+1 Vℓ

n−1 ⊗OHℓ
n

Vℓ
n

id⊗ id⊗ evn can

where σn is the superbimodule homomorphism5 defined in Lemma 11.9, is equal to λn−1;(12)(τ1).

Proof. By Lemma 10.8(1b)–(1c), Vℓ
n−1 ⊗OHℓ

n
Vℓ

n is generated as an
(
OHℓ

n−1,OHℓ
n+1

)
-superbimodule by

the vectors vn−1(1) ⊗ vn(xs) (0 ≤ s ≤ n). Therefore it suffices to show that

(id⊗ id⊗ evn)◦ (id⊗σn⊗ id)◦ (coevn−1 ⊗ id⊗ id)
(
1⊗vn−1(1)⊗vn(xs)

)
= λn−1;(12)(τ1)

(
vn−1(1)⊗vn(xs)

)
⊗1

for 0 ≤ s ≤ n. The right hand side may be computed directly from (10.17) and (11.21). It equals

(−1)nc(1)2

(
vn−1;(12)

(
τ1 · xs

2
))
⊗ 1

(5.10)
= (−1)n+1c(1)2

(
vn−1;(12)

(
η(2)

s−1
))
⊗ 1.

So to complete the proof we must show that(
c(1)2 ⊗ id

)−1(
(id⊗ id⊗ evn) ◦ (id⊗σn ⊗ id) ◦ (coevn−1 ⊗ id⊗ id)

(
1 ⊗ vn−1(1) ⊗ vn(xs)

))
= (−1)n+1vn−1;(12)

(
η(2)

s−1
)
⊗ 1. (11.26)

To compute the left hand side, we first use (11.14) to get

(coevn−1 ⊗ id⊗ id)
(
1 ⊗ vn−1(1) ⊗ vn(xs)

)
=

n−1∑
r=0

(−1)nrε̄(n−1)
n−1−rvn−1(1) ⊗ un−1

(
xr) ⊗ vn−1(1) ⊗ vn(xs).

Then we apply id⊗σn ⊗ id using (11.22), noting also that σn is odd. Since r ≤ n − 1 in this expression,
the summation over q on the right hand side of (11.22) is actually an empty sum, so zero, and we get
simply

(−1)n+1
n−1∑
r=0

ε̄(n−1)
n−1−rvn−1(1) ⊗ vn(1) ⊗ un

(
xr) ⊗ vn

(
xs).

Next we apply id⊗ id⊗ evn. We must have that r + s ≥ n so r ≥ n − s, and the final expression is

(−1)n+1
n−1∑

r=n−s

ε̄(n−1)
n−1−rvn−1(1) ⊗ vn(1)η̄(n+1)

r+s−n = (−1)n+1
s−1∑
r=0

ε̄(n−1)
r vn−1(1) ⊗ vn(1)η̄(n+1)

s−1−r.

Applying
(
c(1)2 ⊗ id

)−1 as is required for (11.26), we get

(−1)n+1
s−1∑
r=0

ε̄(n−1)
r vn−1;(12)(1)η̄(n+1)

s−1−r.

There is a sign change of (−1)r due to the parity shift (n − 1)#2 ≡ 1 (mod 2). Also we have that∑s−1
r=0(−1)rε(n−1)

r η(n+1)
s−1−r = shn−1

(
η(2)

s−1
)

by a similar argument to the proof of Lemma 6.10. So this is
(−1)n+1vn−1;(12)

(
η(2)

s−1
)

exactly as in (11.26). □

12. Singular Rouquier complex

Throughout the section, we fix ℓ ∈ N. The graded (Q,Π)-2-supercategory OGBim ℓ categorifies the
locally unital Z[q, q−1]π-algebra that is the image of Uq,π(sl2) in its representation on V(−ℓ), notation as
at the end of Section 3. To make this statement precise, let K0(OHℓ

n) be the Grothendieck group of OHℓ
n;

recall this means the split Grothendieck group of the category OHℓ
n-pgsmod. Since OHℓ

n is positively

5Diagrammatically, we have rotated through 180◦ by rotating by 90◦ twice, see (13.4) and (13.8).
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graded with degree 0 component that is the ground field F, this is nothing more than the free Z[q, q−1]π-
module generated by the isomorphism class [OHℓ

n] of the regular module, with the actions of π and q
induced by the parity and degree shift functors Π and Q, respectively. So we can identify

V(−ℓ) ≡
ℓ⊕

n=0

K0(OHℓ
n), bℓn ≡ [OHℓ

n]. (12.1)

The following matches up the action of generators of Uq,π(sl2) on V(−ℓ) with endomorphisms of the
Grothendieck group induced by tensoring with odd Grassmannian bimodules.

Theorem 12.1. Under the identification (12.1) of
⊕ℓ

n=0 K0(OHℓ
n) with V(−ℓ), the Z[q, q−1]π-module

endomorphisms induced by tensoring with odd Grassmannian bimodules correspond to endomorphisms
defined by actions of elements of Uq,π(sl2) according to the following dictionary:

(1)
[
Uℓ

n ⊗OHℓ
n
−
]
≡ qnE12n−ℓ and, more generally,

[
Uℓ

(d);n ⊗OHℓ
n
−
]
≡ qndE(d)12n−ℓ;

(2)
[
Vℓ

n ⊗OHℓ
n+1
−
]
≡ qℓ−3n−112n−ℓF and

[
Vℓ

n;(d) ⊗OHℓ
n+d
−
]
≡ qd(ℓ−3n−2d+1)12n−ℓF(d).

Also, for −ℓ ≤ k ≤ ℓ with k ≡ ℓ (mod 2), the map T : 1−kV(−ℓ) → 1kV(−ℓ) from Theorem 3.6
corresponds to the Z[q, q−1]π-module homomorphism

T : K0(OHℓ
n)→ K0(OHℓ

n′),
[
OHℓ

n
]
7→ (−1)n(πq2)(

n+1
2 )+nkq−nk[OHℓ

n′
]

(12.2)

where n := ℓ−k
2 and n′ := ℓ+k

2 .

Proof. (1) Note here we are assuming implicitly that 0 ≤ n ≤ ℓ − 1 and 0 ≤ n ≤ ℓ − d, respectively so
that Uℓ

n and Uℓ
(d);n are defined. By Lemma 10.8(2b), we have that

[
Uℓ

n⊗OHℓ
n
OHℓ

n
]
= qn[n+1]q,π

[
OHℓ

n+1
]
.

Also Ebℓn = [n + 1]q,πbℓn. It follows that
[
Uℓ

n ⊗OHℓ
n
−
]

and qnE12n−ℓ define the same endomorphisms
of V(−ℓ). For the more general assertion, take d ≥ 1. By Lemma 10.5(2) and (3.3), we have that[
Uℓ

(1d);n
⊗OHℓ

n
−
]
= q(d

2)[d]!
q,π

[
Uℓ

(d);n ⊗OHℓ
n
−
]
. Also Uℓ

(1d);n
≃ Uℓ

n+d−1 ⊗OHℓ
n+d−1
· · · ⊗OHℓ

n+1
Uℓ

n by (10.18), so
we deduce using the special case already treated that

q(d
2)[d]!

q,π
[
Uℓ

(d);n ⊗OHℓ
n
−
]
= qnd+(d

2)Ed12n−ℓ = qnd+(d
2)[d]!

q,πE(d)12n−ℓ.

Cancelling q(d
2)[d]!

q,π gives the required conclusion.
(2) Again we are assuming that 0 ≤ n ≤ ℓ − 1 and 0 ≤ n ≤ ℓ − d, respectively. The first step is to
show that

[
Ṽℓ

n ⊗OHℓ
n+1
−
]
= qℓ−n−1πn12n−ℓF, which follows from Lemma 10.8(1a) like in the proof of (1).

Hence, since Vℓ
n = (ΠQ−2)nṼℓ

n, we get that
[
Vℓ

n ⊗OHℓ
n+1
−
]
= qℓ−3n−112n−ℓF. The passage from this to the

more general result about Vℓ
n;(d) follows in a similar way to the argument given in (1).

Now consider the final statement about T . Take k and n = ℓ−k
2 , n′ = ℓ+k

2 as in the statement of the
theorem. We saw in (3.20) that T (bℓn) = (−1)nπ(n

2)+nn′qn+nn′bℓn′ . Using the identification (12.1), it follows
that T

([
OHℓ

n
])
= (−1)nπ(n

2)+nn′qn+nn′[OHℓ
n′
]
. On replacing n′ by k + n, this becomes the formula in the

statement of the theorem. □

The goal in the remainder section is to categorify T : 1−kV(−ℓ) → 1kV(−ℓ) for all −ℓ ≤ k ≤ ℓ with
k ≡ ℓ (mod 2). Throughout, we let n := ℓ−k

2 and n′ := ℓ+k
2 = n + k so that 2n − ℓ = −k and 2n′ − ℓ = k.

Since n + n′ = ℓ, Theorem 8.5(4) shows that the graded superalgebras OHℓ
n and OHℓ

n′ are isomorphic.

Definition 12.2. For 0 ≤ d ≤ n, let

Cd :=
{

Uℓ
(k+d);n−d ⊗OHℓ

n−d
Vℓ

n−d;(d) if d ≥ −k,
0 otherwise.

(12.3)
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The singular Rouquier complex for odd Grassmannian bimodules is the following sequence of graded(
OHℓ

n′ ,OHℓ
n
)
-superbimodules and even degree 0 superbimodule homomorphisms in OGBim ℓ:

0
∂n+1
−→ Cn

∂n
−→ · · ·

∂d+1
−→ Cd

∂d
−→ Cd−1

∂d−1
−→ · · ·

∂2
−→ C1

∂1
−→ C0

∂0
−→ 0 (12.4)

where ∂d = 0 unless max(0,−k) < d ≤ n, in which case ∂d : Cd → Cd−1 is the even degree 0
superbimodule homomorphism defined by the composition

Uℓ
(k+d);n−d ⊗OHℓ

n−d
Vℓ

n−d;(d) Uℓ
(k+d−1,1);n−d ⊗OHℓ

n−d
Vℓ

n−d;(1,d−1)
inc c′(k+d−1),(1)⊗ c(1),(d−1)

Uℓ
(k+d−1);n−d+1 ⊗OHℓ

n−d+1
Uℓ

n−d ⊗OHℓ
n−d

Vℓ
n−d ⊗OHℓ

n−d+1
Vℓ

n−d+1;(d−1)
id⊗ evn−d ⊗ id

Uℓ
(k+d−1);n−d+1 ⊗OHℓ

n−d+1
OHℓ

n−d+1 ⊗OHℓ
n−d+1

Vℓ
n−d+1;(d−1) Uℓ

(k+d−1);n−d+1 ⊗OHℓ
n−d+1

Vℓ
n−d+1;(d−1).

can

Theorem 12.3. The singular Rouquier complex (12.4) is a chain complex with homology that is zero in
all except for the top (nth) homological degree. Moreover, as a graded

(
OHℓ

n′ ,OHℓ
n)-superbimodule the

top homology is ≃ (ΠQ2)(
n+1

2 )+nkOHℓ
n′ viewed as a graded left OHℓ

n′-supermodule by the natural action
and as a graded right OHℓ

n-supermodule by restricting the natural right action of OHℓ
n′ along some

graded superalgebra isomorphism OHℓ
n
∼
→ OHℓ

n′ .

To formulate a corollary, let Kb(OHℓ
n-pgsmod) be the bounded homotopy supercategory of the graded

supercategory of finitely generated projective graded left OHℓ
n-supermodules; in the definition of this

we require that differentials and chain homotopies are even of degree 0 but chain maps between cochain
complexes can be constructed using arbitrary morphisms in OHℓ

n-pgsmod. By Euler characteristic (e.g.,
see [R]), the triangulated Grothendieck group of the underlying ordinary category is identified with
K0(OHℓ

n), hence, via (12.1), with 1−kV(−ℓ).

Corollary 12.4. The graded superfunctor Kb(OHℓ
n-pgsmod) → Kb(OHℓ

n′-pgsmod) defined by tensor-
ing with the singular Rouquier complex (12.4) (viewed now as a cochain complex) then taking the total
complex is an equivalence of triangulated graded supercategories. The induced Z[q, q−1]π-module iso-
morphism 1−kV(−ℓ)

∼
→ 1kV(−ℓ) at the level of Grothendieck groups is equal to qnkT for T as in (12.2).

Proof. The theorem shows that the singular Rouquier complex is quasi-isomorphic to the cochain
complex which is the graded superbimodule (ΠQ2)(

n+1
2 )+nkOHℓ

n′ in cohomological degree −n and zero
elsewhere. So it defines an equivalence of triangulated graded supercategories D−(OHℓ

n-gsMod) →
D−(OHℓ

n′-gsMod) between the bounded-above derived categories. Since D−(OHℓ
n-gsMod) is equi-

valent to K−(OHℓ
n-pgsMod) and similarly for OHℓ

n′ , we deduce that the functor arising from tensor-
ing with the singular Rouquier complex defines an equivalence of triangulated graded supercategories
K−(OHℓ

n-pgsMod) → K−(OHℓ
n′-pgsMod). The first part of the corollary follows on restricting this

equivalence to Kb(OHℓ
n-pgsmod). The second part follows using also (12.2) because the functor takes

the cochain complex that is OHℓ
n concentrated in cohomological degree 0 to a cochain complex with the

same Euler characteristic as (ΠQ2)(
n+1

2 )+nkOHℓ
n′ concentrated in cohomological degree −n. □

The remainder of the section is devoted to the proof of Theorem 12.3, which will be carried out with a
series of lemmas. We assume for simplicity of notation that k ≥ 0, although with obvious modifications
the arguments work for negative k too.

Lemma 12.5. We have that ∂d−1 ◦ ∂d = 0 for d = 1, . . . , n + 1, hence, (12.4) is a chain complex.
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Proof. By the super interchange law, ∂d−1 ◦ ∂d factorizes as the composition first of the embedding

Cd = Uℓ
(k+d);n−d ⊗OHℓ

n−d
Vn−d;(d) Uℓ

(k+d−2,2);n−d ⊗OHℓ
n−d

Vn−d;(2,d−2)
inc b(k+d−2),(2)⊗ c(2),(d−2)

Uℓ
(k+d−2);n−d+2 ⊗OHℓ

n−d+2
Uℓ

(2);n−d ⊗OHℓ
n−d

Vℓ
n−d;(2) ⊗OHℓ

n−d+2
Vℓ

n−d+2;(d−2)

then the map id⊗(∂ ◦ ι) ⊗ id from there to Cd−2 = Uℓ
(k+d−2);n−d+2 ⊗OHℓ

n−d+2
Vℓ

n−d+2;(d−2), where

ι : Uℓ
(2);n−d ⊗OHℓ

n−d
Vℓ

n−d;(2) Uℓ
(1,1);n−d ⊗OHℓ

n−d
Vℓ

n−d;(1,1)
inc b(1),(1)⊗ c(1),(1)

Uℓ
n−d+1 ⊗OHℓ

n−d+1
Uℓ

n−d ⊗OHℓ
n−d

Vℓ
n−d ⊗OHℓ

n−d+1
Vℓ

n−d+1,

∂ :Uℓ
n−d+1⊗OHℓ

n−d+1
Uℓ

n−d ⊗OHℓ
n−d

Vℓ
n−d⊗OHℓ

n−d+1
Vℓ

n−d+1 Uℓ
n−d+1⊗OHℓ

n−d+1
OHℓ

n−d+1⊗OHℓ
n−d+1

Vℓ
n−d+1

id⊗ evn−d ⊗ id

Uℓ
n−d+1 ⊗OHℓ

n−d+1
Vℓ

n−d+1 OHℓ
n−d+2.

evn−d+1

Thus, we are reduced to proving that ∂ takes vectors in the image of ι to zero. By Lemma 10.5, the image
of ι is equal to the image of the projection ρ(12);n−d

(
(ξω)2

)
⊗ λn−d;(12)

(
(ωξ)2

)
. This projection equals

ρ(12);n−d(x1τ1) ⊗ λn−d;(12)(τ1x1) =
(
ρ(12);n−d(τ1) ⊗ λn−d;(12)(τ1)

)
◦
(
ρ(12);n−d(x1) ⊗ λn−d;(12)(x1)

)
.

Finally, to complete the proof, we observe that ∂ ◦
(
ρ(12);n−d(τ1) ⊗ λn−d;(12)(τ1)

)
= 0 because

∂ ◦
(
ρ(12);n−d(τ1) ⊗ id⊗ id

)
= ∂ ◦

(
id⊗ id⊗λn−d;(12)(τ1)

)
thanks to Lemma 11.10, and λn−d;(12)(τ1) ◦ λn−d;(12)(τ1) = λn−d;(12)

(
τ2

1
)
= 0. □

Now we need to understand the “numerology” of (12.4). In fact, the combinatorial Lemma 3.3
derived long ago is just what we need for this. Recall the definitions of bm,n(r), cm,n(r) ∈ Z[q, q−1]π

made in the statement of that lemma. The following shows that cn+k,n(d) is the graded superrank of Cd
either as a free graded right OHd

n -supermodule or a free graded left OHd
n′-supermodule. We will also

see in a bit that bn+k,n(d) is the graded rank of im ∂d for d = 0, 1, . . . , n.

Lemma 12.6. The vectors{
u(k+d);n−d

(
σ̄(k+d)
λ

)
⊗ vn−d;(d)

(
σ̄(d)
µ

) ∣∣∣∣∣ (λ, µ) ∈ Λ+(k+d)×n × Λ
+
d×(n−d)

}
(12.5)

give a basis for Cd as a free right OHℓ
n-supermodule. Hence, as a graded right OHℓ

n-supermodule, Cd

is free of graded superrank c(d)
n+k,n. It is also free as a graded left OHℓ

n′-superbimodule with the same
graded superrank.

Proof. Lemma 10.4 implies that it is free as a graded right OHℓ
n-supermodule with basis (12.5). The

formula for its graded superrank then follows using Corollary 3.2. It is also free as a graded left OHℓ
n′-

supermodule thanks to Lemma 10.4 again. Since OHℓ
n′ � OHℓ

n, its graded superrank for OHℓ
n′ is the

same as for OHℓ
n. □

Recall that OHℓ
n is positively graded with degree 0 component isomorphic the ground field F. We

apply the functor − ⊗OHℓ
n
F to (12.4) to obtain the chain complex

0
∂n+1
−→ Cn

∂n
−→ · · ·

∂d+1
−→ Cd

∂d
−→ Cd−1

∂d−1
−→ · · ·

∂2
−→ C1

∂1
−→ C0

∂0
−→ 0 (12.6)

of graded left OH
ℓ

n′-supermodules. Lemma 12.6 implies that Cd is of graded superdimension cn+k,n(d).
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Lemma 12.7. Suppose we are given that dim im ∂̄d ≥ |bn+k,n(d)| for d = 1, . . . , n, where |bn+k,n(d)|
denotes the natural number obtained by applying the evaluation map Z[q, q−1]π → Z, q 7→ 1, π 7→ 1 to
bn+k,n(d). Then Theorem 12.3 is true.

Proof. We first consider the specialized complex (12.6), showing that im ∂d = ker ∂d−1 and that it is of
graded superdimension bn+k,n(d) for each d = 1, . . . , n. This follows by induction on d, defining ∂−1 to be
the zero map so that we can start the induction at d = 0. The induction base holds because bn+k,n(0) = 0.
For the induction step, take 0 ≤ d < n and assume that im ∂d = ker ∂d−1 is of graded superdimension
bn+k,n(d). We have that Cd = B

′

d ⊕ Zd where Zd := ker ∂d and B
′

d ≃ im ∂d is a complementary graded
superspace. By induction, dimq,π B

′

d = bn+k,n(d). We have that dim Cd = dim im ∂d + dim ker ∂d so,
using Lemma 3.3 for the final equality, get that

|cn+k,n(d)| = |bn+k,n(d)|+dim ker ∂d ≥ |bn+k,n(d)|+dim im ∂d+1 ≥ |bn+k,n(d)|+|bn+k,n(d + 1)| = |cn+k,n(d)|.

This means that equality holds throughout, thereby proving that im ∂d+1 = ker ∂d. The same sequence
of equalities without evaluating at q = π = 1 now gives that dimq,π im ∂d+1 = bn+k,k(d + 1), and the
argument is complete.

Next we show that im ∂d = ker ∂d−1 and that it is free as a graded right OHℓ
n-supermodule of graded

superrank bn+k,n(d) for each d = 1, . . . , n. This is a similar induction to the one in the previous paragraph.
For the induction step, we take 0 ≤ d < n and assume that we have shown already that im ∂d is free of
graded superrank bn+k,n(d). Consider the short exact sequence

0 −→ Zd −→ Cd −→ im ∂d −→ 0

where Zd := ker ∂d. Since im ∂d is free, this short exact sequence splits, so we have that Cd = B′d ⊕ Zd

where B′d ≃ im ∂d is a complement to Zd in Cd as a graded right OHℓ
n-supermodule. Moreover, Zd from

the previous paragraph is Zd ⊗ 1. As it is a summand of Cd, which is free, we deduce that Zd is a free
graded right OHℓ

n-supermodule with rkq,π Zd = dimq,π Zd = bn+k,k(d + 1). The map ∂d+1 : Cd+1 → Zd is
surjective because id⊗∂d+1 : Cd+1 → Zd is surjective according to the previous paragraph. We deduce
that im ∂d+1 = ker ∂d is free of graded superrank bn+k,k(d + 1), and the argument is complete.

So now we have shown that im ∂d = ker ∂d−1 is free as a graded right OHℓ
n-supermodule of graded

superrank bn+k,n(d) for d = 1, . . . , n. The same is true as a graded left OHℓ
n′-supermodule since OHℓ

n′ �

OHℓ
n and all of the numerology is the same.
To complete the proof of Theorem 12.3, it just remains to prove the assertion about the top degree

homology. As OHℓ
n′ � OHℓ

n, it suffices to show that it is free of graded superrank (πq2)(
n+1

2 )+nk both as
a graded right OHℓ

n- and as a graded left OHℓ
n′-supermodule. We have already shown that the image

of ∂n is free of graded superrank bn+k,k(n). Hence, since Cn is free of graded superrank cn+k,n(n) by
Lemma 12.6, we deduce that ker ∂n is free of graded superrank cn+k,n(n)−bn+k,k(n). Thus, we are reduced
to showing that cn+k,n(n) − bn+k,k(n) = (πq2)(

n+1
2 )+nk. This follows from the following calculation:

cn+k,n(n) − bn+k,k(n) = (πq−2)(
n
2)q(n+k)n

[
2n + k

n

]
q,π

− (πq−2)(
n
2)

n−1∑
s=0

(πq2)(n+k)(n−s−1)q(n+k−1)(s+1)
[
n + k + s

s + 1

]
q,π

= (πq−2)(
n
2)

n∑
s=0

(πq2)(n+k)(n−s)q(n+k−1)s
[
n + k + s − 1

s

]
q,π

− (πq−2)(
n
2)

n∑
s=1

(πq2)(n+k)(n−s)q(n+k−1)s
[
n + k + s − 1

s

]
q,π
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= (πq2)(n+k)n−(n
2) = (πq2)(

n+1
2 )+nk.

Here, we have used the definitions in Lemma 3.3 for the first equality and Corollary 3.4 for the second.
□

Remark 12.8. From Theorem 12.1(1)–(2), tensoring with the dth term Uℓ
(k+d);n−d ⊗OHℓ

n−d
Vℓ

n−d;(d) in the

singular Rouquier complex corresponds at the level of Grothendieck groups to the Z[q, q−1]π-module
homomorphism 1−kV(−ℓ)→ 1kV(−ℓ) defined by the action of

q(n−d)(k+d)+d(ℓ−3(n−d)−2d+1)E(k+d)F(d)12n−ℓ = qnk
(
qdE(k+d)F(d)12n−ℓ

)
.

From the original definition of the map T in Theorem 3.6, it follows that multiplication by the Eu-
ler characteristic of (12.4) corresponds to qnkT : 1−kV(−ℓ) → 1kV(−ℓ). Given that the homology
of the complex vanishes in all but the top degree, it then follows by (12.2) that the top homology is
(πq2)(

n+1
2 )+nk

[
OHℓ

n′
]

which, reassuringly, agrees with the final assertion of Theorem 12.3.

Proof of Theorem 12.3. Fix d with 1 ≤ d ≤ n. Define an initial pair to be (λ, µ) ∈ Λ+(k+d)×n × Λ
+
d×(n−d)

such that λk+d = d − 1 − s and µd−s = n − d for some 0 ≤ s ≤ d − 1. This condition is illustrated by the
following picture:

λ =

n

k+d

d−s−1

?
k+d−1 µ =

?

n−d

n−d

d
d−s

Let I be the set of all initial pairs. Note that

|I| = |bn+k,n(d)|. (12.7)

To see this, the number of (λ, µ) ∈ I with λk+d = d−1−s and µd−s = n−d is |Λ+(k+d−1)×(n−d+s+1)×Λ
+
s×(n−d)|,

which is
(

n+k+s
n−d+s+1

)(
n−d+s

s

)
. Summing6 over s = 0, 1, . . . , d − 1 gives |bn+k,n(d)| by the original definition

of this natural number.
Also define a terminal pair to be (κ, ν) ∈ Λ+(k+d−1)×n ×Λ

+
(d−1)×(n−d+1) such that κk+d−1 ≥ d − 1 − s and

νd−s < νd−s−1 = n − d + 1 for some 0 ≤ s ≤ d − 1:

κ =

n

k+d−1

d−s−1

?
k+d−1 ν =

?

n−d+1

n−d

d−1
d−s−1

Let T be the set of all terminal pairs. Our final combinatorial observation is that there is a bijection

f : I
∼
→ T (12.8)

6This is all we need here, but with a little more care using also Corollary 3.2, this argument can be used to show that the
coefficient of q2rπr in bn+k,n(d) is equal to the number of (λ, µ) ∈ I with |λ|+ |µ| = 2r, explaining the definition of bn+k,n(d) itself
rather than merely its evaluation at q = π = 1.
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taking (λ, µ) ∈ I to (λ−, µ+) ∈ T where λ− is obtained from λ by removing the bottom row of its Young
diagram, and µ+ is obtained from µ by adding one box to the end of the first (d − s) rows then removing
completely the top row.

Now we are going to make an explicit computation of the differential ∂̄d in terms of the basis for
Cd = Cd ⊗OHℓ

n
F consisting of the vectors

w(λ, µ) := un−d;(k+d)
(
σ̄(k+d)
λ

)
⊗ vn−d;(d)

(
σ̄(d)
µ

)
⊗ 1 ∈ Uℓ

(k+d);n−d ⊗OHℓ
n−d

Vℓ
n−d;(d) ⊗OHℓ

n
F (12.9)

for (λ, µ) ∈ Λ+(k+d)×n × Λ
+
d×(n−d); cf. Lemma 12.6. Order pairs (κ, ν) ∈ Λ+(k+d−1)×n × Λ

+
(d−1)×(n−d+1) so that

(κ′, ν′) < (κ, ν) if either |κ′| < |κ|, or |κ′| = |κ| and ν′ <lex ν. We claim for (λ, µ) ∈ I that

∂d(w(λ, µ)) = ±w(λ−, µ+) + (a linear combination of w(κ, ν) for (κ, ν) < (λ−, µ+)). (12.10)

Given the claim, it follows by (12.7) and (12.8) that | im ∂d | ≥ |bn+k,n(d)|, so that the theorem follows by
Lemma 12.7.

It remains to prove (12.10). Take (λ, µ) ∈ Λ+(k+d)×n × Λ
+
d×(n−d) and consider ∂d(w(λ, µ)). According

to the definition of ∂d, we have to apply three different maps to w(λ, µ) arising from b(d+k−1),(1), c(1),(d−1)
and evn−d. We apply these maps one by one.

• First, the map b(d+k−1),(1) comes from the embedding

OSymk+d ↪→ OSym(k+d−1,1)
∼
→ OSymk+d−1 ⊗ F[x].

Lemma 7.7 shows that this embedding takes s(k+d)
λ to

∑
κ ±s(k+d−1)

κ ⊗ x|λ|−|κ| summing over all κ ∈
Λ+(k+d−1)×n whose Young diagram is obtained by removing boxes from the bottoms of different
columns of the Young diagram of λ, necessarily including all λk+d boxes on its (k + d)th row.
We say simply “κ obtained by removing a row strip from λ” for this from now on.
• Next, we apply the map c(1),(d−1), which comes from the embedding

OSymd ↪→ OSym(1,d−1)
∼
→ F[x] ⊗ OSymd−1,

plus some extra signs due to the parity shift. The version of Pieri obtained by applying γd to
Lemma 7.7 (using also (6.8)) shows that this takes σ(d)

µ to
∑
δ ±x|µ|−|δ| ⊗ σ(d−1)

δ summing over
δ ∈ Λ+(d−1)×(n−d) whose Young diagram is obtained by removing boxes from the bottoms of
different columns of the Young diagram of µ, necessarily including all µd boxes on its dth row,
to obtain the Young diagram of partition δ. We say simply “δ obtained by removing a row strip
from µ” for this from now on.
• So far, remembering (10.6), we have shown that

(
b(k+d−1),(1) ⊗ c(1),(d−1) ⊗ id

)
◦ (inc⊗ id) takes

w(λ, µ) to∑
(κ,δ)

±u(k+d−1);n−d+1
(
σ(k+d−1)
κ

)
⊗ un−d

(
x|λ|−|κ|

)
⊗ vn−d

(
x|µ|−|δ|

)
⊗ vn−d+1;(d−1)

(
σ(d−1)
δ

)
⊗ 1

summing over (κ, δ) ∈ Λ+(k+d−1)×n × Λ
+
(d−1)×(n−d) such that κ is obtained by removing a row

strip from λ and δ is obtained by removing a row strip from µ. Then we use the definition in
Theorem 11.3 to apply (can⊗ id) ◦ (id⊗ evn−d ⊗ id⊗ id), giving

∂d(w(λ, µ)) =
∑
(κ,δ)

±u(k+d−1);n−d+1
(
σ(k+d−1)
κ

)
⊗ η̄(n−d+1)

(|λ|−|κ|)+(|µ|−|δ|)−(n−d)vn−d+1;(d−1)
(
σ(d−1)
δ

)
⊗ 1.

summing over all (κ, δ) ∈ Λ+(k+d−1)×n × Λ
+
(d−1)×(n−d) obtained by removing a row strip from

(λ, µ) ∈ Λ+(k+d)×n × Λ
+
d×(n−d).

It remains to commute the elements η̄(n−d+1)
(|λ|−|κ|)+(|µ|−|δ|)−(n−d) to the right hand side in this expression. In

view of Lemma 10.4(1) and degree considerations, this will produce some linear combination of basis
vectors of the form w(κ, ν) for ν ∈ Λ+(d−1)×(n−d+1) with |ν| = |µ| + (|λ| − |κ|) − (n − d). We just need to
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show that w(λ−, µ+) appears with coefficient ±1 and all other w(κ, ν) that arise satisfy (κ, ν) < (λ−, µ+).
This is clearly the case if |κ| < |λ−|, so we may assume from now on that κ, like λ−, is obtained from
λ by removing the minimal number of boxes, i.e., just its bottom row. So we have that κ = λ− and
|λ|− |κ| = λk+d, which equals d− s−1 for a unique 0 ≤ s < d. Also let p := (d− s+1)+ (|µ|− |δ|)− (n−d)
for short and consider

η̄(n−d+1)
p vn−d+1;(d−1)

(
σ(d−1)
δ

)
⊗ 1.

By Theorem 6.3, we have that η(n−d+1)
p = s(n−d+1)

(p) plus a linear combination of other s(n−d+1)
τ for partitions

τ with |τ| = p and ht(τ) > 1. Also σ(d−1)
(1p) = ε

(d−1)
p . Using (10.13), we deduce that

η̄(n−d+1)
p vn−d+1;(d−1)

(
σ(d−1)
δ

)
⊗ 1 = ±vn−d+1;(d−1)

(
σ(d−1)
δ ε(d−1)

p
)
⊗ 1 + (∗) (12.11)

where (∗) is a linear combination of terms of the form vn−d+1;(d−1)
(
σ(d−1)
δ σ(d−1)

τ
)
⊗ 1 for partitions τ with

|τ| = p and τ1 > 1. We can compute all of these products of dual Schur polynomials by conjugating
with γd−1 and using the odd Littlewood-Richardson rule; see Remark 7.8. Remembering also that
vn−d+1;(d−1)

(
σ(d−1)
ν

)
⊗ 1 = 0 unless ν ∈ Λ+(d−1)×(n−d+1) by Lemma 10.4(1) again, we obtain a linear

combination of basis vectors vn−d+1;(d−1)
(
σ(d−1)
ν

)
⊗ 1 for ν ∈ Λ+(d−1)×(n−d+1) obtained from δ by adding p

boxes in particular ways. If p < d− s−1 then we cannot have ν = µ+ since that has d− s+1 boxes in the
rightmost column, whereas that column is empty in δ. Now suppose that p = d − s − 1; then δ is µ with
all (n − d) boxes in its first row removed. In this case, the leading term ±vn−d+1;(d−1)

(
σ(d−1)
δ ε(d−1)

p
)
⊗ 1

computed via the odd Littlewood-Richardson rule does produce ±vn−d+1;(d−1)
(
σ(d−1)
µ+

)
⊗1 when a column

strip of p boxes is added at the top right of the Young diagram of δ. All other basis vectors coming from
this leading term are of the form vn−d+1;(d−1)

(
σ(d−1)
ν

)
⊗ 1 for ν <lex µ

+. The basis vectors coming from
the lower terms vn−d+1;(d−1)

(
σ(d−1)
δ σ(d−1)

τ
)
⊗ 1 for τ with |τ| = p and τ1 > 1 must also all be of the form

vn−d+1;(d−1)
(
s(d−1)
ν

)
⊗ 1 for ν <lex µ+ since when τ1 > 1 the odd Littlewood-Richardson rule does not

allow all p boxes to be added to the same column of the Young diagram of δ. □

13. Non-degeneracy of the odd 2-category U(sl2)

In this section, we will use the string calculus for strict graded monoidal supercategories and 2-
supercategories adopting all of the conventions from [BE1]. In particular, f ◦ g is vertical composition
( f on top of g) and f ⊗ g or simply f g is horizontal composition ( f to the left of g). The following
definition originated in [EL] and was reformulated in the present terms in [BE2].

Definition 13.1. The odd sl2 2-category is the strict graded 2-supercategory U(sl2) with object set Z,
generating 1-morphisms E1k = 1k+2E : k → k+2 and 1kF = F1k+2 : k+2 → k for each k ∈ Z
whose identity 2-morphisms are represented graphically by

x k = k+2
x and k

y = y k+2, respectively, and
generating 2-morphisms

•◦ k : E1k ⇒ E1k k : E21k ⇒ E21k k : FE1k ⇒ 1k k : 1k ⇒ EF1k (13.1)

which are odd of degree 2, odd of degee −2, even of degree k+ 1, and even of degree 1− k, respectively.
Then there are three families of relations. First we have the odd nil-Hecke relations (in the standard
formulation rather than the modified version from (5.1) to (5.6)):

k = 0 k = k
•◦

k +
•◦

k =
•◦

k +
•◦

k = k (13.2)
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Next we have the right adjunction relations asserting that Q−k−11kF is right dual to E1k in the (Q,Π)-
envelope of U(sl2) (cf. Lemma 2.1(1)):

k = k k = k (13.3)

Finally there are some inversion relations. To formulate these, we first introduce new 2-morphisms

k := k : EF1k → FE1k. (13.4)

Then, denoting powers of the dot generator by labelling it with a natural number, we require that the
following (not necessarily homogeneous) 2-morphisms are isomorphisms:(

k k k•◦ · · · kk−1•◦
)T

: EF1k
∼
→ FE1k ⊕ 1⊕k

k for k ≥ 0 (13.5) k
k

•◦
k

· · ·
k

−k−1•◦

 : EF1k ⊕ 1⊕(−k)
k

∼
→ FE1k for k ≤ 0. (13.6)

The morphisms depicted in (13.5) and (13.6) represent a (k + 1) × 1 matrix and a 1 × (1 − k) matrix
of 2-morphisms in U(sl2), respectively, i.e., they are 2-morphisms in the additive envelope of U(sl2).
Saying that they are isomorphisms means that there are some further generating 2-morphisms in U(sl2)
which provide the matrix entries of two-sided inverses to these morphisms.

The defining relations (13.1) to (13.3), (13.5) and (13.6) look quite innocent but they imply many
further relations. In order to record some of these, we first need to introduce some further shorthand
for generating 2-morphisms whose existence is provided by the inversion relation. First, we have the
leftward crossing and the leftward cups and caps

k : FE1k ⇒ EF1k k
: 1kEF ⇒ 1k k : 1k ⇒ FE1k (13.7)

which are defined as follows.

• We let k : FE1k ⇒ EF1k be the negation of the leftmost entry of the 1 × (k + 1) matrix that
is the two-sided inverse of (13.5) if k ≥ 0, or the negation of the top entry of the (1 − k) × 1
matrix that is the two-sided inverse of (13.6) if k ≤ 0; cf. [BE2, (2.8)–(2.9)].
• We let

k
be the rightmost entry of the 1 × (k + 1) matrix that is the two-sided inverse of

(13.5) if k > 0, or (−1)k+1
−k k•◦ if k ≤ 0; cf. [BE2, (2.10)].

• We let k be the bottom entry of the (1− k)× 1 matrix that is the two-sided inverse of (13.6)

if k < 0, or (−1)k+1 kk•◦ if k ≥ 0; cf. [BE2, (2.11)]

Finally, we have the downward dot and the downward crossing, which are the right mates of the upward
dot and the upward crossing:

•◦k := •◦k : 1kF ⇒ 1kF k := k : 1kF2 ⇒ 1kF2. (13.8)
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The following table summarizes the parity and degree information about all of the 2-morphisms defined
thus far.

Generator Degree Parity Generator Degree Parity
•◦ k 2 1̄ •◦ k 2 1̄

k −2 1̄ k 0 1̄

k −2 1̄ k 0 1̄
k k + 1 0̄ k 1 − k k̄ + 1̄
k 1 − k 0̄ k k + 1 k̄ + 1̄

(13.9)

The following relations are derived from the defining relations in [BE2].
• Downward odd nil-Hecke relations; cf. [BE2, (3.7),(3.9),(3.5)–(3.6)].

k = 0 k = k
•◦

k +
•◦

k =
•◦

k +
•◦

k = − k (13.10)

• Left adjunction relations; cf. [BE2, (6.6)].

k = k k = (−1)k+1 k (13.11)

Recalling Lemma 2.1(1), these imply that Qk+1Πk+1E1k is right dual to 1kF in the (Q,Π)-
envelope of U(sl2).
• Infinite Grassmannian relation; cf. [BE2, (5.3)–(5.7)]. Recall that R is the largest supercommu-

tative quotient of OSym described explicitly in Corollary 4.12. For each k ∈ Z, there is a graded
superalgebra homomorphism7

βk : R→ EndU(sl2)(1k), (13.12)

ε̇r 7→ (−1)(k+1)r
k•◦r+k−1 if r ≥ 1 − k,

η̇r 7→ (−1)(k+1)r
k •◦ r−k−1 if r ≥ k + 1.

Following Lauda’s convention from [L1, L2], we introduce new shorthands for endomorphisms
of 1k called “fake bubbles”: we have clockwise bubbles decorated by r + k − 1 dots on their
left boundary for all r ≤ −k which denote (−1)(k+1)rβk(ε̇r) if r ≥ 0 or 0 if r < 0, and we have
counterclockwise bubbles decorated by r− k−1 dots on their right boundary for all r ≤ k which
denote (−1)(k+1)rβk(η̇r) if r ≥ 0 or 0 if r < 0.
• Centrality of the odd bubble; cf. [BE2, (7.15)]. The “odd bubble” k is shorthand for •◦k k

if k ≥ 0 or k•◦−k if k ≤ 0. So it is (−1)k+1βk(ȯ) ∈ EndU(sl2)(1k). These are odd 2-morphisms
whose square is zero. Moreover, they are strictly central:

k = k k = k (13.13)

• Pitchfork relations; cf. [BE2, (2.4)–(2.5), (7.5)–(7.6)].

k = k k = k k = k k = k (13.14)

k = k k = k k = − k k = − k (13.15)

• Dot slides; cf. [BE2, (2.3),(4.3)–(4.4)].

•◦ k = k •◦ •◦ k = k •◦ (13.16)

7There is some freedom in defining βk—it is unique only up to an automorphism of R. The specific choice here has been
made to facilitate Corollary 13.4.
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k •◦ = (−1)k
•◦ k + 2 k k•◦ = (−1)k •◦k + 2 k (13.17)

• Almost pivotal structure8; cf. [BE2, (1.27)–(1.28)].

•◦k = 2 k − k •◦ k = − k (13.18)

• Bubble slides; cf. [BE2, (7.10)].

r+k+1 •◦ k =
∑
s≥0

(2s + 1)
r+k−2s−1•◦

2s•◦ k (13.19)

• Curl relations; cf. [BE2, (5.21)].

r
•◦

k
=

∑
s≥0

(−1)s s •◦
r−s−1•◦

k (13.20)

• Alternating braid relation; cf. [BE2, (7.20)].

k − k =
∑

q,r,s≥0

(−1)k+r+s
k•◦−q−r−s−3

•◦ r

•◦s

•◦q

−
∑

q,r,s≥0

(−1)k+r+s

k
•◦−q−r−s−3

•◦r

•◦s

•◦q

(13.21)

The following theorem is an odd analog of [L2, Th. 4.12]. Our proof is shorter since we are using the
more efficient presentation of Definition 13.1 (although afterwards there is still work to do to determine
the images of the leftward cups and caps).

Theorem 13.2. Fix ℓ ≥ 0. There is a graded 2-superfunctor Ψℓ : U(sl2) → OGBim ℓ with the following
properties.

(1) On objects, Ψℓ takes 2n − ℓ to the graded superalgebra OHℓ
n for 0 ≤ n ≤ ℓ. All other objects of

U(sl2) go to the trivial graded superalgebra.
(2) On generating 1-morphisms, Ψℓ takes E12n−ℓ to the graded superbimodule Q−nUℓ

n and 12n−ℓF
to the graded superbimodule Q3n−ℓ+1Vℓ

n, respectively, both for 0 ≤ n < ℓ. All other generating
1-morphisms necessarily go to trivial graded superbimodules.

(3) On generating 2-morphisms, Ψℓ takes

•◦ 2n−ℓ 7→
(
ρ(1);n(x1) : Q−nUℓ

n → Q−nUℓ
n

)
(0 ≤ n ≤ ℓ − 1)

2n−ℓ 7→
(
− ρ(12);n(τ1) : Q−2n−1Uℓ

n+1 ⊗OHℓ
n+1

Uℓ
n → Q−2n−1Uℓ

n+1 ⊗OHℓ
n+1

Uℓ
n

)
(0 ≤ n ≤ ℓ − 2)

2n−ℓ 7→
(

coevn : OHℓ
n → Q2n−ℓ+1Vℓ

n ⊗OHℓ
n+1

Uℓ
n

)
(0 ≤ n ≤ ℓ − 1)

2n−ℓ+2 7→
(

evn : Q2n−ℓ+1Uℓ
n ⊗OHℓ

n
Vℓ

n → OHℓ
n+1

)
(0 ≤ n ≤ ℓ − 1)

Here, ρ(1d);n(a) is the superbimodule endomorphism from (11.20), and evn and coevn are as in
Theorem 11.39. All other generating 2-morphisms are taken to zero.

8Here, we have corrected a sign error in [BE2, (1.28)], and another one is corrected in (13.21) below. These mistakes were
uncovered in [DEL].

9We mean the same underlying linear maps—in some places we have applied some degree shifts (but no parity shifts) so
that they are not now being viewed as homomorphisms between exactly the same graded superbimodules as before.
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Proof. Note to start with that the assignments in (3) are superbimodule homomorphisms of the correct
degrees and parities; cf. (13.9). Viewing OGBim ℓ as a strict graded 2-supercategory as explained
in Remark 10.7, we will simply construct Ψℓ as a strict graded 2-superfunctor by checking that the
defining relations from Definition 13.1 are all satisfied. There are three sets of relations, (13.2), (13.3)
and (13.5)–(13.6).

The right adjunction relations (13.3) follow immediately from Theorem 11.3.
Let us check the odd nil-Hecke relations from (13.2). The formulation of these relations in (13.2) dif-

fers by signs from the formulation in (5.1) to (5.6). This discrepancy is explained by the signs in formula
(10.18). To be clear about this, for a ∈ ONHd, let ρ(1d);n(a) be the

(
OHℓ

n+d,OHℓ
n
)
-superbimodule endo-

morphism from (11.20) viewed now as an endomorphism of the degree-shifted Q−nd−(d
2)Uℓ

n+d−1⊗OHℓ
n+d−1

· · · ⊗OHℓ
n+1

Uℓ
n, for 0 ≤ d ≤ n and 0 ≤ n ≤ ℓ − d. The definition from (3) implies more generally that

Ψℓ

(
· · ·· · ·

i 1d

•◦ 2n−ℓ
)
= (−1)i−1ρ(1d);n(xi), (13.22)

Ψℓ

(
· · ·· · ·

jj+1 1d

2n−ℓ
)
= −(−1) j−1ρ(1d);n(τ j). (13.23)

We check (13.23), leaving the easier (13.22) to the reader. We must show that

id⊗ · · · ⊗ ρ(12);n+ j−1(τ1) ⊗ · · · ⊗ id = (−1) j−1ρ(1d);n(τ j).

We do this by checking that both sides take the same value on un+d−1
(
xκd

)
⊗ · · · ⊗ un

(
xκ1

)
for any κ ∈ Nd.

Let
∑
κ′ denote summation over κ′ ∈ Nd with κ′i = κi for i , j, j + 1. Suppose that xκ j+1

j+1 xκ j
j · τ j =∑

κ′ cκ′ x
κ′j+1

j+1 x
κ′j
j . Then, using (10.18), the left hand side gives∑

κ′

(−1)1+(κ j−κ
′
j)+κ j+···+κd cκ′un+d−1

(
xκ
′
d
)
⊗ · · · ⊗ un(xκ

′
1
)

and the right hand side gives

(−1) j−1
∑
κ′

(−1)d−1+(d− j)(κ j−κ
′
j)+(d− j−1)(κ j+1−κ

′
j+1)+κ j+···+κd cκ′un+d−1

(
xκ
′
d
)
⊗ · · · ⊗ un

(
xκ
′
1
)
.

These are equal because κ j − κ
′
j + κ j+1 − κ

′
j+1 = 1 whenever cκ′ , 0.

With (13.22) and (13.23) in hand, the relations (13.2) are easily checked. For example, to check the
length three braid relation, we must show that

ρ(13);n(τ2) ◦
(
− ρ(13);n(τ1)

)
◦ ρ(13);n(τ2) =

(
− ρ(13);n(τ1)

)
◦ ρ(13);n(τ2) ◦

(
− ρ(13);n(τ1)

)
.

Translating to Uℓ
(13);n

using the isomorphism b(1)3 , the left hand side becomes the map u(13);n( f ) 7→

(−1)par( f )u(13);n( f · τ2τ1τ2) and the right hand side becomes u(13);n( f ) 7→ −(−1)par( f )u(13);n( f · τ1τ2τ1).
These are equal due to the sign in the relation (5.5). To check the third relation in (13.2), we must show
that

ρ(12);n(x1) ◦
(
− ρ(12);n(τ1)

)
+ ρ(12);n(τ1) ◦ ρ(12);n(x2) = ρ(12);n(id).

The left hand side corresponds to the map u(12);n( f ) 7→ u(12);n( f · τ1x1 − f · x2τ1), which equals u(12);n( f )
by (5.6).

Next we check (13.5) and (13.6). There is nothing to do if ℓ = 0 (the zero map is an isomorphism
between zero superbimodules!) so assume that ℓ > 0. Take a weight k = 2n − ℓ of V(−ℓ) for some
0 ≤ n ≤ ℓ. Setting n′ := ℓ − n− 1, we have that k = n− n′ − 1. For brevity, we will ignore grading shifts
since they play no role in this place, i.e., we work with ordinary rather than graded superbimodules.
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We first check (13.5), so k ≥ 0 or, equivalently, n ≥ n′ + 1. We need to show that the superbimodule
homomorphism f defined by the (n − n′) × 1 matrix(
σn evn−1 · · · evn−1 ◦

(
ρ(1);n−1(x)n−n′−2 ⊗ id

))T
: Un−1⊗OHℓ

n−1
Vℓ

n−1 → Vℓ
n⊗OHℓ

n+1
Uℓ

n⊕(OHℓ
n)⊕(n−n′−1)

is an isomorphism where σn, the image of the rightward crossing, is the superbimodule homomor-
phism described explicitly in Lemma 11.9, or the zero map in the extremal case n = ℓ, n′ = −1. By
Lemma 10.8, the domain of f is free as a right OHℓ

n-supermodule with basis
{
un−1(xr) ⊗ vn−1(xs)

∣∣∣ 0 ≤
r ≤ n′ + 1, 0 ≤ s ≤ n − 1

}
, and the codomain of f is free as a right OHℓ

n-supermodule with basis{
vn(xs) ⊗ un(xr)

∣∣∣ 0 ≤ r ≤ n′, 0 ≤ s ≤ n
}
∪

{
b1, . . . , bn−n′−1

}
where bi is the identity element in the ith

copy of OHℓ
n. Both of these sets are of size nn′ + 2n, so it suffices to show that f is surjective. To prove

this, since OHℓ
n is graded local, it is enough to show that the homomorphism f̄ := f ⊗ 1 obtained by

applying the functor −⊗OHℓ
n
F is surjective. Let uv(r, s) denote un−1(xr)⊗vn−1(xs)⊗1 and vu(s, r) denote

vn(xs) ⊗ un(xr) ⊗ 1. Thus, the domain of f̄ has linear basis {uv(r, s) | 0 ≤ r ≤ n′ + 1, 0 ≤ s ≤ n − 1} and
the codomain has linear basis {vu(s, r) | 0 ≤ r ≤ n′, 0 ≤ s ≤ n} ∪ {b1 ⊗ 1, . . . , bn−n′−1 ⊗ 1}. By (11.22)
and Theorem 11.3, we have that

f̄
(
uv(r, s)

)
= ±vu(n, r + s − n) ± bn−r−s ⊗ 1 ± vu(s, r) (13.24)

for 0 ≤ r ≤ n′ + 1 and 0 ≤ s ≤ n − 1, where the first term should be interpreted as zero if r + s − n < 0
and the middle term should be interpreted as zero if n − r − s < 1 or n − r − s > n − n′ − 1. Note also
that the last term vu(s, r) is zero for r > n′ by degree considerations. The argument is completed with
the following observations.

• We get the vectors vu(n, r) for 0 ≤ r ≤ n′ from the images of the basis vectors uv(n′ + 1, s) for
n − n′ − 1 ≤ s ≤ n − 1. Indeed, in the formula (13.24) for f̄ (uv(n′ + 1, s)) for these values of s,
the second and third terms on the right hand side are both zero.
• Modulo the span of vectors already obtained, we get the vectors b1 ⊗ 1, . . . , bn−n′−1 ⊗ 1 from

the images of the basis vectors uv(n′ + 1, s) for 0 ≤ s ≤ n − n′ − 2. Indeed, in the formula for
f (uv(n′ + 1, s)) for these values of s the third term on the right hand side is zero.

• Modulo the span of vectors already obtained, we get the vectors vu(s, r) for 0 ≤ r ≤ n′ and
0 ≤ s ≤ n− 1 from the images of the remaining basis vectors uv(r, s) for these values of r and s.

Now consider (13.6), so k ≤ 0 and n′ ≥ n − 1. We need to show that the superbimodule homomor-
phism f defined by the 1 × (n′ − n + 2) matrix(
σn coevn · · ·

(
id⊗ρ(1);n(x)n′−n) ◦ coevn

)
: Un−1 ⊗OHℓ

n−1
Vℓ

n−1 ⊕ (OHℓ
n)⊕(n′−n+1) → Vℓ

n ⊗OHℓ
n+1

Uℓ
n

is an isomorphism, where σn is as in Lemma 11.9 or the zero map in the extremal case n = 0, n′ = ℓ−1.
By Lemma 10.8, the domain of f is free as a right OHℓ

n-supermodule with basis
{
un−1(xr)⊗vn−1(xs)

∣∣∣0 ≤
r ≤ n′ + 1, 0 ≤ s ≤ n− 1

}
∪

{
b1, . . . , bn′−n+1

}
, where bi is the identity element in the ith copy of OHℓ

n, and
the codomain of f is free as a right OHℓ

n-supermodule with basis
{
vn(xs)⊗un(xr)

∣∣∣0 ≤ r ≤ n′, 0 ≤ s ≤ n
}
.

Both of these sets are of size nn′ + n + n′ + 1, so it suffices to see that f is surjective. Again, we apply
−⊗OHℓ

n
F and show that the resulting map f̄ := f ⊗ 1 is surjective. Let uv(r, s) := un−1(xr)⊗ vn−1(xs)⊗ 1

and vu(s, r) := vn(xs)⊗un(xr)⊗1 for short. So the domain of f̄ has linear basis {uv(r, s)|0 ≤ r ≤ n′+1, 0 ≤
s ≤ n − 1} ∪ {b1 ⊗ 1, . . . , bn′−n+1 ⊗ 1} and the codomain has linear basis {vu(s, r) | 0 ≤ r ≤ n′, 0 ≤ s ≤ n}.
By (11.22) and (11.14), we have that

f̄
(
uv(r, s)

)
= ±vu(n, r + s − n) ± vu(s, r), f̄ (bi ⊗ 1) = vu(n, i − 1), (13.25)

for 0 ≤ r ≤ n′ + 1, 0 ≤ s ≤ n− 1 and 1 ≤ i ≤ n′ − n+ 1, interpreting vu(r + s− n) as zero if r + s− n < 0
and s. The proof is completed by the following.

• We get vu(n, r) for 0 ≤ r ≤ n′ − n from the images of the vectors bi ⊗ 1 for i = 1, . . . , n′ − n + 1.
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• We get vu(n, r) for n′−n+1 ≤ r ≤ n′ from the images of the vectors uv(n′+1, r) for 0 ≤ r ≤ n−1.
This uses the observation that vu(r, n′ + 1) = 0.
• Modulo the span of vectors already obtained, we get the remaining vu(s, r) for 0 ≤ s ≤ n − 1

and 0 ≤ r ≤ n′ from the images of the vectors uv(r, s) for the same values of r and s.
□

In the next theorem, we give explicit descriptions of the images of the leftward cups and caps under
the graded 2-superfunctor Ψℓ from Theorem 13.2, that is, the superbimodule homomorphisms

coev′n := Ψℓ
(

2n−ℓ+2
)

: OHℓ
n+1 → Q2n−ℓ+1Uℓ

n ⊗OHℓ
n

Vℓ
n, (13.26)

ev′n := Ψℓ
(

2n−ℓ
)

: Q2n−ℓ+1Vℓ
n ⊗OHℓ

n+1
Uℓ

n → OHℓ
n (13.27)

for 0 ≤ n ≤ ℓ − 1 (these maps are zero for all other n). Let n′ be defined so that ℓ = n + 1 + n′. Then, by
(13.9), coev′n is a superbimodule homomorphism of degree n′ − n and parity n′ − n (mod 2), and ev′n is
of degree n − n′ and parity n − n′ (mod 2). Recall also the maps ẽvn and c̃oevn from Theorem 11.5.

Theorem 13.3. For ℓ = n + 1 + n′ as above, we have that

coev′n = (−1)(
n
2)+(n+1)n′(p−1

n′ ⊗ qn) ◦ c̃oevn, ev′n = (−1)(
n+1

2 )+(n+1)n′ ẽvn ◦ (q−1
n ⊗ pn′),

where pn′ : Q−nUℓ
n → Ũℓ

n and qn : Ṽℓ
n → Q3n−ℓ+1Vℓ

n are the superbimodule isomorphisms that are the
identity maps on the underlying vector spaces. Moreover:

Ψℓ
(

n−n′+1•◦n−n′+r
)

(1) =
r∑

s=0

(−1)(n′+1)r+(n+1)s+(s
2)
[(
ψℓn+1

)−1(ε̄(n′)
r−s

)]
η̄(n+1)

s if r ≥ n′ − n, (13.28)

Ψℓ
(

n−n′−1 •◦ n′−n+r
)

(1) =
r∑

s=0

(−1)(n′+s)r+(n+1)s+(s
2)
[(
ψℓn

)−1(η̄(n′+1)
r−s

)]
ε̄(n)

s if r ≥ n − n′. (13.29)

Proof. Recalling (10.2), the map pn′ is of degree n − 2n′ and parity n′ (mod 2), and qn is of degree
n − ℓ + 1 and parity n (mod 2). The inverse of the map p−1

n′ ⊗ qn is (−1)nn′ pn′ ⊗ q−1
n . With this in mind,

we let

ĉoevn := (−1)(
n
2)+n′(pn′ ⊗ q−1

n
)
◦ coev′n, êvn := (−1)(

n+1
2 )+n′ ev′n ◦

(
qn ⊗ p−1

n′
)
.

These are both even of degree 0. To prove the first part of the lemma, we must show that ĉoevn = c̃oevn
and êvn = ẽvn.

We first show that ĉoevn and êvn are the counit and unit of an adjunction. This follows from the left
adjunction relations (13.11):(

id⊗êvn
)
◦
(
ĉoevn ⊗ id

)
= (−1)(

n
2)+(n+1

2 )(id⊗ ev′n) ◦
(

id⊗qn ⊗ p−1
n′

)
◦
(
pn′ ⊗ q−1

n ⊗ id
)
◦ (coev′n ⊗ id)

= (−1)n+n′(id⊗ ev′n) ◦
(
pn′ ⊗ id⊗ id

)
◦
(

id⊗ id⊗p−1
n′

)
◦ (coev′n ⊗ id)

= (−1)ℓ−1 pn′ ◦ (id⊗ ev′n) ◦ (coev′n ⊗ id) ◦ p−1
n′ = id,(

êvn ⊗ id
)
◦
(

id⊗ĉoevn
)
= (−1)(

n
2)+(n+1

2 )(ev′n ⊗ id) ◦
(
qn ⊗ p−1

n′ ⊗ id
)
◦
(

id⊗pn′ ⊗ q−1
n

)
◦ (id⊗ coev′n)

= (ev′n ⊗ id) ◦
(

id⊗ id⊗q−1
n

)
◦
(
qn ⊗ id⊗ id

)
◦ (id⊗ coev′n)

= q−1
n ◦ (ev′n ⊗ id) ◦ (id⊗ coev′n) ◦ qn = id .

Here, for brevity, we are implicitly assuming that OGBim ℓ is strict as in Remark 10.7.
So now we have two adjunctions making (Ṽℓ

n, Ũ
ℓ
n) into a dual pair, one A1 with unit êvn and counit

ĉoevn just constructed, and the other A2 with unit ẽvn and counit c̃oevn coming from Theorem 11.5.
Any such adjunction A induces a degree 0 even

(
OHℓ

n,OHℓ
n+1

)
-superbimodule isomorphism α : Ũℓ

n
∼
→
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HomOHℓ
n-(Ṽ

ℓ
n,OHℓ

n). So from A1 and A2 we get isomorphisms α1 and α2, hence, an even degree 0
automorphism α−1

2 ◦α1 of Ũℓ
n. By Lemma 10.8(2c), Ũℓ

n is cyclic generated by the vector ũn(1). Moreover,
this vector spans the (one-dimensional) graded component of Ũℓ

n of lowest degree. So we must have
that α−1

2 ◦ α1 = cn id for cn ∈ F
×.

The argument in the previous paragraph shows that ĉoevn = cn c̃oevn and êvn = c−1
n ẽvn for some

cn ∈ F
×. To complete the proof of the first part of the lemma, we must show that cn = 1. To see this, we

will show that

Ψℓ
(

n−n′+1•◦n−n′+r
)

(1) = cn

r∑
s=0

(−1)(n′+1)r+(n+1)s+(s
2)
[(
ψℓn+1

)−1(ε̄(n′)
r−s

)]
η̄(n+1)

s if r ≥ n′ − n, (13.30)

Ψℓ
(

n−n′−1 •◦ n′−n+r
)

(1) = c−1
n

r∑
s=0

(−1)(n′+s)r+(n+1)s+(s
2)
[(
ψℓn

)−1(η̄(n′+1)
r−s

)]
ε̄(n)

s if r ≥ n − n′. (13.31)

Given this, taking r = 0 in one of these equations and using that the “bottom bubbles” n−n′+1•◦n−n′ and
n−n′−1 •◦n′−n are identities if n ≥ n′ or n ≤ n′, respectively, gives that cn = 1, and the lemma follows.

In this paragraph, we prove (13.30). We need to apply evn ◦
(
ρ(1);n(x)n−n′+r⊗ id

)
◦coev′n to 1 ∈ OHℓ

n+1
using that coev′n = (−1)(

n
2)+(n+1)n′cn

(
p−1

n′ ⊗ qn
)
◦ c̃oevn. Applying c̃oevn to 1 using the second formula

for that in Theorem 11.5 gives

n′∑
s=0

(−1)ℓs+(s
2)
[(
ψℓn+1

)−1(ε̄(n′)
n′−s

)]
ũn(1) ⊗ ṽn(xs).

Then we scale by (−1)(
n
2)+(n+1)n′cn and apply (p−1

n′ ⊗ qn) to get

cn

n′∑
s=0

(−1)(
n
2)+(n+1)n′+ℓs+(s

2)+ns+n′(n′−s)
[(
ψℓn+1

)−1(ε̄(n′)
n′−s

)]
un(1) ⊗ vn(xs).

This is coev′n(1). Then we apply ρ(1);n(x)n−n′+r ⊗ id (the dots on the left boundary of the bubble) using
(11.20) to get

cn

n′∑
s=0

(−1)(
n
2)+(n+1)n′+ℓs+(s

2)+ns+n′(n′−s)+(n−n′+r)(n′−s)+(n−n′+r
2 )[(ψℓn+1

)−1(ε̄(n′)
n′−s

)]
ũn(xn−n′+r) ⊗ ṽn(xs).

Finally we apply evn using the formula from (11.7) to obtain

cn

n′∑
s=n′−r

(−1)(
n
2)+(n+1)n′+ℓs+(s

2)+ns+n′(n′−s)+(n−n′+r)(n′−s)+(n−n′+r
2 )[(ψℓn+1

)−1(ε̄(n′)
n′−s

)]
η̄(n+1)

r+s−n′ .

It remains to reindex the summation replacing s by s+(n′−r) and to simplify the signs to obtain (13.30).
To prove (13.31), we first note that n−n′−1 •◦ n′−n+r = (−1)(

n′−n+r
2 ) n−n′−1•◦n′−n+r by (13.16) and

the super interchange law. Also Ψℓ
(

•◦n−n−′1

)
= λn;(1)(x1) by the definition (13.8), Theorem 13.2 and

Lemma 11.8. Now we calculate by applying (−1)(
n′−n+r

2 ) ev′n ◦
(
λn;(1)(x)n′−n+r ⊗ id

)
◦ coevn to 1 ∈ OHℓ

n

using that ev′n = (−1)(
n+1

2 )+(n+1)n′c−1
n ẽvn ◦

(
q−1

n ⊗ pn′
)
. By (11.14), we have that

coevn(1) =
n∑

s=0

vn
(
xs) ⊗ un(1)ε̄(n)

n−s.
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Then we scale by (−1)(
n′−n+r

2 )+(n+1
2 )+(n+1)n′c−1

n and apply λn;(1)(x)n′−n+r ⊗ id to obtain

c−1
n

n∑
s=0

(−1)(
n′−n+r

2 )+(n+1
2 )+(n+1)n′vn

(
xn′−n+r+s) ⊗ un(1)ε̄(n)

n−s.

Next q−1
n ⊗ pn′ gives

c−1
n

n∑
s=0

(−1)(
n′−n+r

2 )+(n+1
2 )+(n+1)n′+n′(n′+r+s)ṽn

(
xn′−n+r+s) ⊗ ũn(1)ε̄(n)

n−s.

Finally we apply ẽvn using the formula in Theorem 11.5 to obtain

c−1
n

n∑
s=n−r

(−1)(
n′−n+r

2 )+(n+1
2 )+(n+1)n′+n′(n′+r+s)+n(n′−n+r+s)+(n′−n+r+s

2 )[(ψℓn)−1
(
η̄(n′+1)

r+s−n

)]
ε̄(n)

n−s.

It remains to replace s by n − s and simplify the sign to obtain (13.31). □

The formulae for the positively dotted bubbles in (13.28) and (13.29) are rather complicated. To
simplify, one can apply the homomorphism αℓn from Lemma 8.3, to obtain the following.

Corollary 13.4. For ℓ = n + n′ and k = n − n′, the graded superalgebra homomorphism defined by the
composition

R EndU(sl2)(1k) EndOHn-OHn(OHn) OHn Rn′
βk Ψℓ θ 7→θ(1) αℓn

is equal to the canonical quotient map R↠ Rn′ , ċ 7→ ċ(n′).

Proof. We note first that this composition is indeed a graded superalgebra homomorphism. Now we use
(13.28) and (13.29) to show for all r ≥ 1 that it takes ε̇r 7→ ε̇(n′)

r in the case k ≥ 0 and η̇r 7→ η̇(n′)
r in the

case k ≤ 0. The arguments are similar in the two cases, so we just give the details for k ≥ 0, i.e., n ≥ n′.
If ℓ = 0 the result is trivial, so we may assume ℓ > 0, hence, n ≥ 1. Remembering the definition of
βk(ε̇r) from (13.12), we apply (13.28) with n replaced by n − 1 to get that

Ψℓ(βk(ε̇r))(1) = (−1)(n−n′+1)r
r∑

s=0

(−1)(n′+1)r+ns+(s
2)
[(
ψℓn

)−1(ε̄(n′)
r−s

)]
η̄(n)

s .

From (8.6), it follows that αℓn
((
ψℓn

)−1(ē(n′)
r

))
= (−1)nrė(n′)

r , hence, αℓn
((
ψℓn

)−1(ε̄(n′)
r

))
= (−1)nrε̇(n′)

r . So

αℓn
(
Ψℓ(βk(εr))(1)

)
= (−1)(n−n′+1)r+(n′+1)r+nrε̇(n′)

r = ε̇(n′)
r . □

The results so far in this section have an application to prove the non-degeneracy of U(sl2), which
was conjectured in [EL, BE2]. This asserts that the 2-morphism spaces in U(sl2) have the expected
graded dimensions. The result may be formulated as follows. For any k, ℓ ∈ Z and 1-morphisms
X,Y ∈ HomU(sl2)(k, ℓ) (i.e., words consisting of m letters E and n letters F such that ℓ = k + 2m − 2n)
we view the 2-morphism space HomU(sl2)(X,Y) as a graded right R-supermodule so that ċ ∈ R acts by
horizontally composing on the right with βk(ċ).

Theorem 13.5. For k, ℓ ∈ Z and X,Y ∈ HomU(sl2)(k, ℓ), the 2-morphism space HomU(sl2)(X,Y) is free
as a graded right R-supermodule with basis given by a set of representatives for equivalence classes
of decorated reduced (X,Y)-matchings in the sense defined in [BE2, Sec.8]. In particular, βk : R →
EndU(sl2)(1k) is an isomorphism for all k ∈ Z.

Proof. The “easy” step in the proof is to show that HomU(sl2)(X,Y) is spanned as a right R-supermodule
by the 2-morphisms that are the representatives for equivalence classes of decorated reduced (X,Y)-
matchings. This is proved by exhibiting an explicit straightening algorithm going by induction on the
number of crossings. See [BE2, Th. 8.1], which simply cites [KL, Prop. 3.11] as the argument is the
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same as in the purely even setting, or [DEL] for a more systematic treatment. Note the straightening
algorithm requires all of the relations described above, including the alternating braid relation.

The “hard” step is to establish the linear independence. By a standard reduction, which is again the
same as in the ordinary even setting as in [KL, Rem. 3.16], it suffices to treat the case that X = Y = Ed

for some d ≥ 0. In this case, the decorated reduced (X,Y)-matchings consist of d strings oriented from
bottom to top decorated with some dots close to the top boundary. We index them by pairs (κ,w) for
κ ∈ Nd and w ∈ S d. For such a pair, the corresponding 2-morphism f (κ,w) has κi dots at the top of
the ith string, with the strings below arranged so that they represent some reduced expression for w.
Consider some linear relation

f :=
∑

κ∈Nd ,w∈S d

f (κ,w)βk(ċκ,w) = 0

for ċκ,w ∈ R. Each ċκ,w is an F-linear combination of basis vectors ḣλ of R for λ in some finite set Pκ of
partitions. Pick 0 ≤ n ≤ ℓ with k = 2n − ℓ in such a way that n and ℓ − n are both very large relative to
|κ| and |λ| for all λ ∈ Pκ, κ ∈ Nn with ċκ,w , 0 for some w ∈ S n. Then we apply the 2-superfunctor Ψℓ to
f to obtain the relation

Ψℓ( f ) =
∑

κ∈Nd ,w∈S d

Ψℓ( f (κ,w))Ψℓ(βk(ċκ,w)) = 0

in EndOHℓ
n+d-OHℓ

n

(
Un+d−1⊗OHℓ

n+d−1
· · ·⊗OHℓ

n+1
Uℓ

n
)
. Conjugating with the isomorphism b(1)d;n from (10.18),

we get from Ψℓ( f ) a superbimodule endomorphism f̃ = 0 of Uℓ
(1d);n

. Using (13.22) and (13.23), it
follows that

f̃ =
∑

κ∈Nd ,w∈S d

±xκτw ⊗ Ψℓ(βk(ċκ,w))

for some signs, where this is being viewed as an endomorphism of the free right OHℓ
n-superbimodule

Uℓ
(1d);n

using the right action of ONHd from Lemma 10.5(2). By the large choice of n and ℓ, the endo-
morphisms defined by each xκτw are linearly independent; cf. the proof of Theorem 5.2. We deduce that
Ψℓ

(
βk(ċκ,w)

)
= 0 for all κ and w.

It remains to show that Ψℓ
(
βk(ċκ,w)

)
= 0 implies that ċκ,w = 0 for sufficiently large n and ℓ. Assume

that Ψℓ
(
βk(ċκ,w)

)
= 0. Remembering that ċκ,w is an F-linear combination of ḣλ for λ with |λ| small, this

follows on evaluating at 1 ∈ OHℓ
n then applying the homomorphism αℓn : OHℓ

n → Rℓ−n. The point here
is that by Corollary 13.4 we have that

αℓn
(
Ψℓ

(
βk(ḣλ)

)
(1)

)
= ḣ(ℓ−n)

λ .

These elements of Rℓ−n are linearly independent for small λ, so we can conclude that the coefficients of
all ḣλ in ċκ,w are zero. □

The following corollary is well known; see also [BE2, Th. 11.7] for the explicit definition of the
isomorphism. We just note a different convention for (q, π)-integers is used in [BE2, Sec. 9] compared
to (3.1). This accounts for the difference in the defining relation [BE2, (9.2)] for Uq,π(sl2) compared to
the relation (3.11) being used for it here.

Corollary 13.6. The split Grothendieck ring K0
(

gsKar(U(sl2))
)

is isomorphic as a Z[q, q−1]π-algebra
to the integral form Uq,π(sl2) of Uq,π(sl2) defined at the end of Section 3. Under the isomorphism, the
isomorphism classes of the 1-morphisms E1k and F1k correspond to the elements of Uq,π(sl2) denoted
by the same notation.

Proof. See [BE2, Th. 12.1], which explains how to deduce this from the non-degeneracy given by
Theorem 13.5. □
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Remark 13.7. Theorem 13.5 is not new—it was already been established in [DEL] by a completely dif-
ferent technique. Also a version of Corollary 13.6 already appeared in [EL]. The proof of Theorem 13.5
given here is in the same spirit as the proof of non-degeneracy of the ordinary sl2 2-category given in
[L1, Prop. 8.2] and the more general proof of non-degeneracy for sln given in [KL].

For d ≥ 1 and k ∈ Z, there are graded superalgebra homomorphisms

ρ(k)
d : ONHd → EndU(sl2)(Ed1k)sop, (13.32)

xi 7→ (−1)i−1 · · ·· · ·

i 1d

•◦ k
, τ j 7→ −(−1) j−1 · · ·· · ·

jj+1 1d

k

λ(k)
d : ONHd → EndU(sl2)(1kFd), (13.33)

xi 7→ (−1)d−i
· · ·· · ·

i1 d
•◦k , τ j 7→ −(−1)d− j

· · ·· · ·

j+1j d1
k

This follows from the relations (13.2) and (13.10), with the signs in (13.32) and (13.33) accounting
for the difference between these and our preferred relations for ONHn from (5.1) to (5.6). Another
consequence of Theorem 13.5 is that both ρ(k)

d and λ(k)
d are injective.

Remark 13.8. On comparing with (13.22) and (13.23), it follows that the composition of ρ(2n−ℓ)
d with

the homomorphism EndU(sl2)(Ed1k)sop → EndOHℓ
n+d-OHℓ

n

(
Q−nd−(d

2)Uℓ
n+d−1 ⊗OHℓ

n+d−1
· · · ⊗OHℓ

n+1
Uℓ

n
)sop in-

duced by the 2-superfunctor Ψℓ is equal to the anti-homomorphism ρ(1d);n from (11.18) (up to a degree
shift). One can check similarly starting from Lemma 11.8 that the composition of λ(2n−ℓ)

d with the
homomorphism induced by Ψℓ is equal to the homomorphism λn;(1d) from (11.19) (up to degree shift).

To conclude the section, we explain how to define divided powers. In gsKar(U(sl2)), there are 1-
morphisms

E(d)1k := Q(d
2)
(
Ed1k, ρ

(k)
d ((ξω)d)

)
: k → k + 2d, (13.34)

1kF(d) := Q(d
2)
(
1kFd, λ(k)

d ((ωξ)d)
)

: k + 2d → k. (13.35)

By Lemma 5.8 plus (5.29), we have that

Ed1k ≃
⊕
w∈S d

Q2ℓ(w)−(d
2)Πℓ(w)E(d)1k, 1kFd ≃

⊕
w∈S d

Q2ℓ(w)−(d
2)Πℓ(w)1kF(d). (13.36)

In view of (3.3), it follows that E(d)1k and F(d)1k categorify the divided powers (3.12), i.e., the isomor-
phism classes of the former 1-morphisms under the isomorphism from Corollary 13.6 give the latter
elements of Uq,π(sl2). Note E(d)1k and 1kF(d) are obtained by upshifting the bottom degree summands
of Ed1k and 1kFd. It is also useful to have available the following, which are downshifts of the top
degree summands:

E
(d)

1k := Q−(
d
2)
(
Ed1k, ρ

(k)
d ((ωξ)d)

)
: k → k + 2d, (13.37)

1kF
(d)

:= Q−(
d
2)
(
1kFd, λ(k)

d ((ξω)d)
)

: k + 2d → k. (13.38)

These categorify the elements E
(d)

1k and 1kF
(d)

of Uq,π(sl2) from (3.13) since, by Lemma 5.8 plus (5.29)
again, we have that

Ed1k ≃
⊕
w∈S d

Q(d
2)−2ℓ(w)Πℓ(w)E

(d)
1k, 1kFd ≃

⊕
w∈S d

Q(d
2)−2ℓ(w)Πℓ(w)1kF

(d)
. (13.39)
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Mirroring (3.14), we have that

E
(d)

1k ≃ Π
(d

2)E(d)1k, 1kF
(d)
≃ Π(d

2)1kF(d). (13.40)

This follows because the idempotents (ωξ)d and (ξω)d are conjugate as discussed after (5.30)10.

Lemma 13.9. In gsKar(U(sl2)), the 1-morphism Q−d(k+d)Π(d
2)1kF(d) is right dual to E(d)1k, and the

1-morphism Qd(k+d)Πd(k+d)+(d
2)E(d)1k−2d is right dual to F(d)1k.

Proof. We first show that Q−d(k+d)1kF(d) is right dual to E(d)1k in the (Q,Π)-envelope gsKar(U(sl2)). By
(13.3), Q−k−11kF is right dual to E1k. Hence, Q−d(k+d)Q−(

d
2)1kFd is right dual to Q(d

2)Ed1k. By defini-
tion, E(d)1k is the summand of Q(d

2)Ed1k defined by the idempotent Q(d
2)ρ(k)

d
(
(ξω)d

)
and Q−d(k+d)1kF

(d)

is the summand of Q−d(k+d)Q−(
d
2)1kFd defined by the the idempotent Q−d(k+d)Q−(

d
2)λ(k)

d
(
(ξω)d

)
. Now

we observe using Lemma 2.1(2), (13.8) and (5.29) that Q−d(k+d)Q−(
d
2)λ(k)

d
(
(ξω)d

)
is the right mate of

Q(d
2)ρ(k)

d
(
(ξω)d

)
. Hence, we get that Q−d(k+d)1kF

(d)
is right dual to E(d)1k. It remains to apply (13.40) to

pass from Q−d(k+d)1kF
(d)

to Q−d(k+d)Π(d
2)1kF(d).

The proof that Qd(k+d)Πd(k+d)+(d
2)E(d)1k is right dual to 1kF(d) is similar using (13.11) instead of

(13.3). By (13.11) and Lemma 2.1(1), Qk+1Πk+1E1k is right dual to 1kF. Hence, Qd(k+dx)−(d
2)Πd(k+d)Ed1k

is right dual to Q(d
2)1kFd. Since (13.18) is more complicated than (13.8), it is no longer true that the

idempotent Qd(k+d)−(d
2)Πd(k+d)ρ(k)

d
(
(ξω)d

)
is equal to the right mate of the idempotent Q(d

2)λ(k)
d

(
(ξω)d

)
,

but these two idempotents are conjugate via even degree 0 units. This follows by the Krull-Schmidt
theorem applied to the finite-dimensional algebra that is the even degree 0 component of ONHd ⊗ R.
Hence, Qd(k+d)Πd(k+d)E

(d)
1k is right dual to 1kF(d). It remains to appeal to (13.40) one more time. □

14. Some graded 2-representation theory

In this section, we develop some 2-representation theory of the sl2 2-category U(sl2) from Defini-
tion 13.1. We work throughout in the graded setting, but all the definitions and results here have analogs
with the Z-grading forgotten. The following is modelled on [R1, Def. 5.1.1].

Definition 14.1. By a graded 2-representation V of U(sl2), we mean a strict graded 2-superfunctor
V : U(sl2)→ gsCat . Decoding the definition, V consists of the following data:

• a graded supercategory V with a given decomposition into weight subcategories V =
∐

k∈Z Vk
(or V =

⊕
k∈Z Vk when V is additive);

• graded superfunctors E : V → V and F : V → V such that E|Vk
: Vk → Vk+2 and F|Vk

:
Vk → Vk−2 for each k ∈ Z;
• graded supernatural transformations x : E ⇒ E and τ : E2 ⇒ E2 which are odd of degrees 2

and −2, respectively;
• (inhomogeneous) graded supernatural transformations η : Id ⇒ FE and ε : EF ⇒ Id whose

restrictions η : IdVk
⇒ FE|Vk

and ε : EF|Vk+2 ⇒ IdVk+2 are even of degrees k + 1 and −k − 1,
respectively.

Then there are the axioms:

• the relations from (13.2) hold: τ ◦ τ = 0, (τE) ◦ (Eτ) ◦ (τE) = (Eτ) ◦ (τE) ◦ (Eτ) and (Ex) ◦ τ +
(xE) ◦ τ = (xE) ◦ τ + τ ◦ (Ex) = E2;

10It could also be deduced from (13.36) and (13.39) using Krull-Schmidt, but we prefer the argument given since it
constructs the isomorphism explicitly.



90 J. BRUNDAN AND A. KLESHCHEV

• η and ε satisfy the zig-zag relations: (Fε) ◦ (ηF) = F and (εE) ◦ (Eη) = E (equivalently, they
define units and counits of adjunctions making Q−k−1F|Vk+2 into a right adjoint to E|Vk

for each
k ∈ Z);
• letting σ := (FEε) ◦ (FτF) ◦ (ηEF) : EF ⇒ FE be the image of the rightward crossing under

V , the following inhomogeneous matrices of supernatural transformations are isomorphisms:(
σ ε ε ◦ (xF) · · · ε ◦ (xF)k−1

)T
: EF|Vk

⇒ FE|Vk
⊕ Id⊕k

Vk
for k ≥ 0(

σ η (Fx) ◦ η · · · (Fx)−k−1 ◦ η
)

: EF|Vk
⊕ Id⊕(−k)

Vk
⇒ FE|Vk

for k ≤ 0

There are natural notations of (full) sub-2-representations (which are called “invariant ideals” in [BD,
S4.2]), quotient 2-representations, and morphisms of graded 2-representations. The latter definition,
which is the super analog of [R1, Def. 2.3], is equivalent to the following, which is similar to the
formulation adopted in [CR, Sec. 5.2.1]; the terminology being used is the same as in [BD, Def. 4.6]
(and actually goes back to Ben Webster).

Definition 14.2. Let V and W be two graded 2-representations of U(sl2). A strongly equivariant graded
superfunctor Ω : V → W is a graded superfunctor such that Ω|Vk

: Vk → Wk for each k ∈ Z, plus a
degree 0 even graded supernatural isomorphism ζ : EΩ

∼
⇒ ΩE, such that the following holds

• the supernatural transformation (FΩε) ◦ (FζF) ◦ (ηΩF) : ΩF ⇒ FΩ is invertible;
• we have that (Ωx) ◦ ζ = ζ ◦ (xΩ);
• we have that (Ωτ) ◦ (ζE) ◦ (Eζ) = (ζE) ◦ (Eζ) ◦ (τΩ).

A strongly equivariant graded superequivalence is a strongly equivariant graded superfunctor which is
also a superequivalence of supercategories.

Remark 14.3. For strongly equivariant graded superequivalences, the first axiom in Definition 14.2
actually holds automatically; see [BD, Rem. 4.8] where this is explained (in the purely even setting).
Also in [BD], the diagrammatic interpretation of these definitions is discussed, which we still find
helpful.

Remark 14.4. There is an obvious way to make the composition of two strongly equivariant graded
superfunctors into a strongly equivariant graded superfunctor in its own right. Also the identity functor
Id is strongly equivariant with ζ := 1E . So there is a category Rep(U(sl2)) consisting of graded 2-
representations and strongly equivariant graded superfunctors.

Usually, the graded supercategories Vk in a graded 2-representation V will have some extra struc-
ture, such as being additive or (Q,Π)-complete. We are mainly interested here in what we call graded
Karoubian 2-representations. By definition, this means a graded 2-representation V such that, for each
k ∈ Z, the weight subcategory Vk is additive and (Q,Π)-complete, and the underlying ordinary category
V k is idempotent complete. Any graded 2-representation V can be upgraded to a Karoubian graded
2-representation by passing to its graded super Karoubi envelope gsKar(V ).

Given a graded Karoubian 2-representation V , the underlying graded 2-superfunctor from U(sl2) to
V extends canonically to a graded 2-superfunctor from the graded super Karoubi envelope gsKar(U(sl2))
to V . The direct sum over all k ∈ Z of the images under this graded 2-superfunctor of the 1-morphisms
E(d)1k and F(d)1k from (13.34) and (13.35) give graded superfunctors

E(d), F(d) : V → V . (14.1)

By (13.36), we have that

Ed ≃
⊕
w∈S d

Πℓ(w)Q2ℓ(w)−(d
2)E(d), Fd ≃

⊕
w∈S d

Πℓ(w)Q2ℓ(w)−(d
2)F(d). (14.2)
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Lemma 13.9 implies that Q−d(k+d)Π(d
2)F(d)|Vk+2d

is right adjoint to E(d)|Vk
and Qd(k+d)Πd(k+d)+(d

2)E(d)|Vk−2d

is right adjoint to F(d)|Vk
, with units and counits of adjunction that are defined by images of 2-morphisms

in gsKar(U(sl2)).
A graded 2-representation V is said to be integrable if E and F are locally nilpotent, i.e., for any

k ∈ Z and any M ∈ Vk there is some n ≥ 0 such that EnM = FnM = 0. Also, for ℓ ∈ N, a lowest weight
object of weight −ℓ means an object M ∈ V−ℓ such that FM = 0.

Example 14.5. Suppose that ℓ ∈ N. By Theorem 13.2, there is an integrable graded Karoubian 2-
representation

OHℓ-pgsmod :=
ℓ⊕

n=0

OHℓ
n-pgsmod (14.3)

with the weight k subcategory (OHℓ-pgsmod)k equal to OHℓ
n-pgsmod if k = 2n − ℓ for 0 ≤ n ≤ ℓ, or the

trivial (zero) graded supercategory otherwise. Other data is as follows.
• The graded superfunctors E and F are Q−nUℓ

n ⊗OHℓ
n
− on the weight subcategory OHℓ

n-pgsmod
and Q3n+1−ℓVℓ

n ⊗OHℓ
n+1
− on the weight subcategory OHℓ

n+1-pgsmod, respectively, assuming 0 ≤
n < ℓ. On all other weight subcategories, E and F are zero.
• The graded supernatural transformations x and τ are defined by the supernatural transformations
ρ(1);n(x1)⊗ id viewed as elements gsEnd

(
Q−nUℓ

n⊗OHℓ
n
−
)
2,1̄ and the supernatural transformations

−ρ(12);n(τ1) ⊗ id viewed as elements of gsEnd
(
Q−2n−1Uℓ

n+1 ⊗OHℓ
n+1

Q−nUℓ
n ⊗OHℓ

n
−
)
−2,1̄, respec-

tively, for all admissible n.
• The graded supernatural transformations η and ε are given by the appropriate counit and unit

from Theorem 11.3.
• The homomorphisms induced by (13.32) and (13.33) are equal to (11.18) and (11.19) thanks to

Remark 13.8.
• For 0 ≤ n ≤ n + d ≤ ℓ, we have that E(d)|OHℓ

n-pgsmod ≃ Q−dnUℓ
(d);n ⊗OHℓ

n
− and F(d)|OHℓ

n+d-pgsmod ≃

Q−d(ℓ−3n−2d+1)Vℓ
n;(d) ⊗OHℓ

n+d
−; cf. Theorem 12.1.

We point out also by Theorem 12.1 that K0(OHℓ-pgsmod
)

is naturally identified with the Uq,π(sl2)-
module V(−ℓ), and OHℓ

0 is a lowest weight object of weight −ℓ.

Now we come to one of the key constructions introduced by Rouquier in [R1] in the purely even
case, the construction of cyclotomic quotients. For any ℓ ∈ Z, there is a graded 2-representation R (ℓ)
with

R (ℓ)k := HomU(sl2)(ℓ, k) (14.4)
for k ∈ Z, viewed as a graded 2-representation of the graded 2-supercategory U(sl2) in an obvious way.
For example, the graded superfunctor E|R (ℓ)k : R (ℓ)k → R (ℓ)k+2 is defined by horizontally composing
on the left with the 1-morphism E1k, and the supernatural transformation x : E|R (ℓ)k ⇒ E|R (ℓ)k is
induced by the 2-endomorphism •◦ k : E1k ⇒ E1k. The graded 2-representation R (ℓ) has the following
universal property.

Lemma 14.6. Given any graded 2-representation V and any M ∈ Vℓ there is a canonical strongly
equivariant graded superfunctor ωM : R (ℓ)→ V taking the object 1ℓ of R (ℓ)ℓ to M.

We define the universal graded 2-representation of lowest weight −ℓ ∈ Z, denoted V (−ℓ), to be
the quotient 2-representation R (−ℓ)/I , where I here is the sub-2-representation of R (−ℓ) generated byy −ℓ (the identity endomorphism of the object F1−ℓ). We denote the lowest weight object of V (−ℓ)−ℓ
arising from the object 1−ℓ ∈ R (−ℓ)−ℓ by 1−ℓ, and call this the canonical lowest weight object. It is
a generating object for V (−ℓ). The identity endomorphism of 1−ℓ is equal to the image of the bottom
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bubble −ℓ•◦−ℓ−1 , i.e., the image of 1 ∈ R under the homomorphism (13.12). If ℓ < 0, this bubble is
not a fake bubble, so it belongs to I . This shows that the graded supercategory V (−ℓ) is trivial if ℓ < 0.
Thus, V (−ℓ) is only interesting if ℓ ∈ N, i.e., it is a dominant weight for sl2. The following, the universal
property of V (−ℓ), follows immediately from Lemma 14.6 and the universal property of quotients.

Lemma 14.7. Let V be any graded 2-representation of U(sl2), ℓ ∈ N and M ∈ V−ℓ be a lowest weight
object. The superfunctor ωM : R (−ℓ) → V from Lemma 14.6 induces a strongly equivariant graded
superfunctor ΩM : V (−ℓ)→ V taking 1−ℓ to M.

There is a more sophisticated version of Lemma 14.7, which is analogous to [R1, Prop. 5.6]. To
formulate this, we need one more preliminary lemma.

Lemma 14.8. The homomorphism11 β−ℓ : R → EndR (−ℓ)(1−ℓ) from (13.12) induces an isomorphism
β̄−ℓ : Rℓ

∼
→ EndV (−ℓ)(1−ℓ).

Proof. The bubble −ℓ•◦r−ℓ−1 belongs to I for r > ℓ. Up to a sign, the composition of β−ℓ with the
canonical map EndR (−ℓ)(1−ℓ) ↠ EndV (−ℓ)(1−ℓ) takes ε̇r ∈ R to the the image of this bubble, which is
zero. We deduce that this homomorphism factors through the quotient Rℓ of R to induce β̄−ℓ. Moreover,
β̄−ℓ is surjective since β−ℓ is surjective by the “easy” part of Theorem 13.5.

To show that β̄−ℓ is also injective, we use the following diagram of graded supercategories and
superfunctors:

End U(sl2)(−ℓ) OHℓ
0-gsMod-OHℓ

0

V (−ℓ)−ℓ OHℓ
0-gsMod

Ev1−ℓ

Ψℓ

−⊗OHℓ0
OHℓ

0

ΩOHℓ0

Here, the top map comes from Theorem 13.2, the left hand vertical superfunctor is given by evaluating
on the object 1−ℓ, and the right hand vertical superfunctor is given by tensoring with the lowest weight
object OHℓ

0. The way the bottom superfunctor ΩOHℓ
0

is defined in Lemma 14.7 ensures that this diagram
commutes strictly. It follows that the middle square in the following diagram commutes:

R EndR (−ℓ)−ℓ(1−ℓ) EndOHℓ
0-OHℓ

0
(OHℓ

0)

Rℓ EndV (−ℓ)−ℓ(1−ℓ) EndOHℓ
0-(OHℓ

0) OHℓ
0 Rℓ

can

β−ℓ

can

Ψℓ

θ 7→θ⊗id

β̄−ℓ ΩOHℓ0
ϕ 7→ϕ(1)

∼

αℓ0

Corollary 13.4 shows that the composition R → Rℓ around the northeast boundary of this diagram is
equal to the canonical quotient map. Hence, the composition Rℓ → Rℓ of the three maps at the bottom
of the diagram is the identity. This implies that β̄−ℓ is injective. □

Any morphism space HomR (−ℓ)(X,Y) in R (−ℓ) can be viewed as a right R-supermodule so that
◦c ∈ R acts by horizontally composing on the right with β−ℓ(

◦c). This induces a structure of right Rℓ-
supermodule on any morphism space HomV (−ℓ)(X,Y); cf. the first paragraph of the proof of Lemma 14.8.
Given a graded Rℓ-superalgebra A, we let V (−ℓ) ⊗Rℓ A be the graded supercategory with the same ob-
jects as V (−ℓ) and morphism spaces HomV (−ℓ)⊗RℓA(X,Y) := HomV (−ℓ)(X,Y) ⊗Rℓ A. This is naturally a
graded 2-representation of U(sl2) in its own right.

11In fact, β−ℓ is itself an isomorphism thanks to Theorem 13.5, but this is not relevant for the present lemma.
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Theorem 14.9. Let V be any graded 2-representation of U(sl2), ℓ ∈ N and M ∈ V−ℓ be any lowest
weight object. The strongly equivariant graded superfunctor ΩM : V (−ℓ) → V from Lemma 14.7
extends to a fully faithful strongly equivariant graded superfunctorΩM⊗id : V (−ℓ)⊗Rℓ EndV (M)→ V .

Proof. Let A := EndV (M) for short. The graded superfunctor ΩM extends to ΩM ⊗ id by the universal
property of tensor product. To see that the resulting graded superfunctor is fully faithful, we must
show that it defines an isomorphism HomV (−ℓ)⊗RℓA(X,Y)

∼
→ HomV (X,Y) for objects of any weight

subcategory of V (−ℓ) ⊗Rℓ A. This is clear if X = Y = 1−ℓ. The result in general then follows by the
(now standard) technique explained in the proof of [R1, Lem. 5.4, Prop. 5.6]. □

Corollary 14.10. For ℓ ∈ N, let OHℓ-pgsmod be the graded Karoubian 2-representation from Ex-
ample 14.5, and let gsKar(V (−ℓ)) be the graded super Karoubi envelope of V (−ℓ), which is another
graded Karoubian 2-representation. The strongly equivariant graded superfunctor ΩOHℓ

0
: V (−ℓ) →

OHℓ-pgsmod associated to the lowest weight object OHℓ
0 induces a strongly equivariant graded su-

perequivalence Ξℓ : gsKar(V (−ℓ))→ OHℓ-pgsmod.

Proof. In view of Lemma 14.8 and Theorem 14.9, ΩOHℓ
0

is fully faithful. This extends by the universal
property of the graded super Karoubi envelope to give a fully faithful strongly equivariant graded super-
functor Ξℓ : gsKar(V (−ℓ)) → OHℓ-pgsmod. To see that Ξℓ is a graded superequivalence, it remains to
check that it is dense. This follows because

E(n)OHℓ
0 ≃ Uℓ

(n);0 ⊗OHℓ
0

OHℓ
0 ≃ OHℓ

n,

the last isomorphism following since Uℓ
(n);0 is free of rank 1 as a graded left OHℓ

n-supermodule by
Lemma 10.4(2). □

We record one more basic lemma, which is analogous to the first part of [R1, Lem. 5.2].

Lemma 14.11. Let V be an integrable Karoubian graded 2-representation of U(sl2). Let N be an object
of Vk for some k ∈ Z. If HomVk

(EnM,N) = 0 for all ℓ ∈ N, n ≥ 0 such that k = 2n − ℓ and all lowest
weight objects M ∈ V−ℓ, then N = 0.

Proof. Suppose that N , 0. By integrability, there exists n ≥ 0 such that FnN , 0 and Fn+1N = 0. This
means that M := FnN is a non-zero lowest weight object of V−ℓ for ℓ = k − 2n ∈ N. By assumption, we
have that HomVk

(EnM,N) = 0. Hence, by adjunction,

EndV−ℓ(M) = HomV−ℓ(M, FnN) ≃ HomVk
(EnM,N) = 0.

It follows that 1M = 0, so M = 0, which is a contradiction. □

Remark 14.12. There is more still to be done here. For example, Rouquier continues in [R1, Sec. 5.1.4]
to construct a Jordan-Hölder series in an arbitrary integrable Karoubian 2-representation, and this re-
sult assuredly carries over to our setting. There is also a good theory of locally finite Abelian 2-
representations of U(sl2), including an analog of [CR, Prop. 5.20] which implies that the irreducible
objects of such a 2-representation can be given the structure of a crystal in the sense of Kashiwara. It
would be worthwhile to extend [CR, Th. 5.27] (which is a special case of Rouquier’s “control by K0”
from [R1, Th. 5.22]) to this setting. This would pave the way to more applications involving repre-
sentations of the supergroup Q(n) and the Lie superalgebra qn(C). In the ordinary case, an alternative
approach by-passing control by K0 was developed in [BSW], which we expect should also have an inter-
esting and non-trivial super analog. Another direction we would like to investigate further is to extend
Theorems 13.2 and 13.5 from odd sl2 to the super Kac-Moody 2-category associated to “odd so2n+1”,
thereby giving an odd analog of the 2-representation of sln constructed in [KL].
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15. The odd analog of the Rickard complex

Let V be a graded 2-supercategory. The notation Chb(V ) denotes the graded supercategory of
bounded cochain complexes and chain maps in V ; differentials in a cochain complex are assumed to be
even of degree 0 but we allow chain maps whose components are inhomogeneous. Also Kb(V ) is the
homotopy category, which is a graded supercategory with the same objects as Chb(V ) and morphisms
that are chain homotopy equivalence classes of chain maps; chain homotopies are again required to be
even of degree 0. If V is an integrable graded Karoubian 2-representation of U(sl2) as in the previ-
ous section, both Chb(V ) and Kb(V ) are themselves integrable graded Karoubian 2-representations of
U(sl2) in a natural way.

Fix k ∈ Z. The odd Rickard complex Θk, so-called because it is the odd analog of the complex in
[CR, Sec. 6.2] which was introduced originally by Rickard in the context of symmetric groups, is the
following cochain complex in Ch

(
HomgsKar(U(sl2))(−k, k)

)
: · · · → QdE(k+d)F(d)1−k

∂−d

→ Qd−1E(k+d−1)F(d−1)1−k → · · · → E(k)1−k → 0→ · · · if k ≥ 0

· · · → QdE(k+d)F(d)1−k
∂−d

→ Qd−1E(k+d−1)F(d−1)1−k → · · · → Q−kF(−k)1−k → 0→ · · · if k ≤ 0,

where in both cases E(k+d)F(d)1−k is in cohomological degree −d. The differential

∂−d : QdE(k+d)F(d)1−k → Qd−1E(k+d−1)F(d−1)1−k

is the composition first of the “inclusion” of QdE(k+d)F(d)1−k → Qk+3d−2E(k+d−1)EFF(d−1)1−k as a
summand12 of E(k+d−1)EFF(d−1)1−k, then Qk+3d−2E(k+d−1)εF(d−1) : Qk+3d−2E(k+d−1)EFF(d−1)1−k →

Qd−1E(k+d−1)F(d−1)1−k. Note this is even of degree 0 as required. The following checks that it is a
cochain complex.

Lemma 15.1. We have that ∂−d+1 ◦ ∂−d = 0 for all d.

Proof. Ignoring gradings for brevity, it suffices to show that the composition

E(2)F(2)1−k−2d+4
inc
−→ E2F21−k−2d+4

EεF
−→ E1−k−2d+4F

ε
−→ 1−k−2d+4

is zero. The identity endomorphism of E(2)F(2)1−k−2d+4 is

ρ(−k−2d)
2 (x1τ1)λ(−k−2d)

2 (τ1x1) =
(
ρ(−k−2d)

2 (τ1)λ(−k−2d)
2 (τ1)

)
◦
(
ρ(−k−2d)

2 (x1)λ(−k−2d)
2 (x1)

)
.

The composition of this with ε ◦ (EεF) is zero:

•◦ •◦

−k−2d+4 = −k−2d+4

•◦ •◦

= 0.

□

Remark 15.2. Note Lemma 15.1 plus Theorem 13.2 implies Lemma 12.5. So the proof of that lemma
was actually unnecessary (as, by association, was Lemma 11.10) but we included it to make Section 12
independent of the subsequent material.

Suppose now that V is an integrable graded Karoubian 2-representation of U(sl2). Given any cochain
complex C ∈ Chb(V−k), we can apply the complex of graded superfunctors that is the image under V of
the odd Rickard complex Θk to obtain a double complex. The associated total complex is again bounded

12The idempotent endomorphism defining Qk+3d−2E(k+d−1)EFF(d−1)1−k as a summand of QdEk+dFd1−k decomposes as the
sum of two mutually orthogonal idempotents, one of which is the idempotent defining Qd−1E(k+d)F(d)1−k.
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thanks to the integrability assumption. This construction defines a graded superfunctor Chb(V−k) →
Chb(Vk). Passing to the quotient Kb(V ) of Chb(V ), we obtain from this a graded superfunctor

V (Θk) : Kb(V−k)→ Kb(Vk). (15.1)

Lemma 15.3. Let V be the graded 2-representation OHℓ-pgsmod from Example 14.5. The image of the
odd Rickard complex Θk under V recovers the graded superfunctor defined by tensoring with singular
Rouqiuer complex from (12.4) shifted globally in degree by an application of Q−nk.

Proof. This follows using the explicit identification of the divided powers E(d) and F(d) as endofunctors
of V explained in Example 14.5. We just check that the degree shifts match correctly. Let n = ℓ−k

2
and d be as in Definition 12.2, so k = ℓ − 2n. In the −dth cohomological degree in the odd Rickard
complex, we have QdE(k+d)F(d)1−k. In the 2-representation V , this acts by tensoring with the graded
superbimodule Qd(Q−(ℓ−2n+d)(n−d)Uℓ

(k+d);n−d
)
⊗OHℓ

n−d

(
Q−d(ℓ−3(n−d)−2d+1)Vℓ

n−d;(d)
)
, where the degree shifts

are as described in Example 14.5. The total grading shift here simplifies to Q−nk, so this is equal to the
graded superbimodule U(k+d);n−d ⊗OHℓ

n−d
Vn−d;(d) in the dth homological degree of the singular Rouquier

complex shifted by Q−nk. □

Corollary 15.4. For ℓ ∈ N,
(

gsKar(V (−ℓ)
)
)(Θk) : Kb( gsKar(V (−ℓ))−k

)
→ Kb( gsKar(V (−ℓ))k

)
is a

graded superequivalence inducing T : 1−kV(−ℓ)
∼
→ 1kV(−ℓ) at the level of the Grothendieck groups.

Proof. This follows from Lemma 15.3 together with Corollary 12.4 and Corollary 14.10. □

The proof of the following theorem is based on the argument in [R1, Th. 5.18], the main step really
being [R1, Lem. 5.5]. This was itself a generalization of [CR, Th. 6.4] which constructed equivalences
between bounded derived categories of locally finite Abelian 2-representations.

Theorem 15.5. Let V be an integrable graded Karoubian 2-representation of U(sl2). For k ∈ Z, the
graded superfunctor V (Θk) : Kb(V−k) → Kb(Vk) induced by the odd Rickard complex is a graded
superequivalence.

Proof. By Lemma 13.9, the 1-morphism QdE(k+d)F(d)1−k has a right dual in gsKar(U(sl2)). Hence,
we can form the right dual Θk to Θk, which is a cochain complex in Ch

(
HomgsKar(U(sl2))(k,−k)

)
. The

1-morphism in the dth cohomological degree of Θk is the right dual of the 1-morphism in the (−d)th
cohomological degree of Θk, and the differentials in Θk are the right mates of the corresponding dif-
ferentials in Θk. Let Θk ◦ Θk and Θk ◦ Θ

k be the total complexes associated to the double complexes
obtained by composing these cochain complexes. The complexΘk is bounded above, andΘk is bounded
below, but neither is bounded. Consequently, in each cohomological degree, the total complexes Θk ◦Θk
and Θk ◦Θ

k involve infinite direct sums of 1-morphisms in gsKar(U(sl2)), so in fact, one needs to pass to
a completion of this graded (Q,Π)-supercategory for it to make sense. This does not cause issues since,
on a given object in an integrable graded Karoubian 2-representation, the superfunctors arising from all
but finitely many of the summands of these infinite direct sums are zero.

Like Θk, the complex Θk defines a graded superfunctor denoted V (Θk) : Kb(Vk)→ Kb(V−k). More-
over, V (Θk) is right adjoint to V (Θk), with counit and unit of adjunction denoted

V (ε) :V (Θk) ◦ V (Θk)⇒ IdKb(Vk), V (η) : IdKb(V−k) ⇒ V (Θk) ◦ V (Θk).

This is explained in more detail in [CR, Sec. 4.1.4]. As the notation V (ε) and V (η) suggests, if we
identify V (Θk) ◦V (Θk) with V (Θk ◦Θ

k) and V (Θk) ◦V (Θk) with V (Θk ◦Θk) then these even degree 0
supernatural transformations are induced by corresponding chain maps denoted simply by ε : Θk◦Θ

k ⇒

1k and η : 1−k → Θ
k ◦Θk between cochain complexes in the completion of gsKar(U(sl2)). Although not

needed here, these chain maps can be seen quite explicitly; the matrix coefficients of their components
are 2-morphisms in gsKar(U(sl2)) that arise from the counits and units defining the duality between the
1-morphisms QdE(k+d)F(d)1−k and their right duals.
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To prove the theorem, it suffices to show that V (ε) and V (η) are isomorphisms. We just explain
the argument to see this in the case of V (ε), since the case of V (η) is similar. Since a chain map is an
isomorphism in Kb(Vk) if and only if its cone is zero in Kb(Vk), the even degree 0 graded supernatural
transformation V (ε) is an isomorphism if and only if Cone(V (ε)C) � 0 in Kb(Vk) for all C ∈ Kb(Vk).
Now we observe that Cone(V (ε)C) = V (Z)(C) where Z := Cone(ε) is the cone of ε : Θk ◦ Θ

k ⇒ 1k.
Thus, it suffices to show that the graded superfunctor V (Z) : Kb(Vk)→ Kb(Vk) is zero.

Consider Kb(V ) as an integrable Karoubian graded 2-representation in its own right. In this para-
graph, we show that V (Z)(EnC) = 0 in Kb(Vk) for all ℓ ∈ N, n ≥ 0 such that k = 2n − ℓ, and all lowest
weight objects C ∈ Kb(V−ℓ). To see this, we apply Lemma 14.7 (with V replaced by Kb(V )) to get
a strongly equivariant graded superfunctor ΩC : V (−ℓ) → Kb(V ) taking 1̄−ℓ to C. This extends to a
strongly equivariant graded superfunctor Ω̂C : gsKar(V (−ℓ)) → Kb(V ) by the universal property of
graded super Karoubi envelope. Let Kb(Ω̂C) : Kb(gsKar(V (−ℓ)k)) → Kb(Vk) be the graded superfunc-
tor defined by applying Ω̂C to a complex in Kb(gsKar(V (−ℓ)k)) to obtain a double complex then taking
the associated total complex. Since Ω̂C is strongly equivariant, we have that

Kb(Ω̂C) ◦ (gsKar(V (−ℓ)))(Z) ◦ inc ≃ V (Z) ◦ Ω̂C , (15.2)

where inc : gsKar(V (−ℓ)) → Kb(gsKar(V (−ℓ)) is the canonical graded superfunctor sending objects
to complexes concentrated in cohomological degree 0. By Corollary 15.4, (gsKar(V (−ℓ)))(Z) = 0 in
Kb(gsKar(V (−ℓ)k)), hence, the graded superfunctor on the left hand side of (15.2) takes En1̄−ℓ to 0. So
the graded superfunctor on the right hand side takes En1̄−ℓ to 0 too. Since we have that Ω̂C(En1̄−ℓ) ≃
EnC, it follows that V (Z)(EnC) = 0 as required.

To complete the proof, we let V (Z)∨ be a right adjoint to V (Z) : Kb(Vk) → Kb(Vk), which exists
by the general discussion in [CR, Sec. 4.1.4] again. We must show that V (Z)(D) = 0 for any D ∈
Kb(Vk), which we do by showing that V (Z)∨

(
V (Z)(D)

)
= 0; this is sufficient since it implies that

EndKb(Vk)
(
V (Z)(D)

)
= 0. Using Lemma 14.11, we just need to show that

HomKb(Vk)

(
EnC,V (Z)∨

(
V (Z)(D)

))
= 0

for C and n as in the previous paragraph. This follows because by adjunction we have that

HomKb(Vk)

(
EnC,V (Z)∨

(
V (Z)(D)

))
≃ HomKb(Vk)

(
V (Z)(EnC),V (Z)(D)

)
which is zero by the previous paragraph. □

16. Application to representations of spin symmetric groups

Theorem 15.5 can be applied to obtain graded superequivalences between homotopy/derived catego-
ries of supermodules over the cyclotomic quiver Hecke superalgebras from [KKT, KKO1, KKO2]. In
explaining this, we will mainly cite [KKO2, Sec. 8] which presents the results needed to do this rather
concisely. However, we need to reverse the roles of E and F compared to [KKO2] to be consistent with
our convention for U(sl2) in Section 13, in which we preferred lowest weight modules to highest weight
modules.

Fix a Cartan superdatum (A, P,Π,Π∨) as in [KKO2, Sec. 4.1]. So:
• I is an index set with given decomposition I = Ieven ⊔ Iodd;
• A = (ai, j)i, j∈I is a symmetrizable Cartan matrix such that ai, j ∈ 2Z for all i ∈ Iodd, j ∈ I;
• P is the weight lattice;
• Π = {αi | i ∈ I} is the set of simple roots;
• Π∨ = {hi | i ∈ I} is the set of simple coroots.

Let di (i ∈ I) be positive integers chosen so that diai, j = d ja j,i for all i, j ∈ I. Let P+ be the corresponding
set of dominant weights and Q+ :=

⊕
i∈I Nαi be the non-negative part of the root lattice. Finally, let

W < Aut(P) be the Weyl group.
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Let k =
⊕

d≥0 kd be a positively graded commutative ground ring with k0 = F (our usual alge-
braically closed ground field) and dimF kd < ∞ for all d. We view k as a purely even graded F-
superalgebra. Given any α ∈ Q+, there is a corresponding quiver Hecke superalgebra Rα which is de-
fined by generators and relations as in [KKO2, Sec. 8.1]; the definition depends on an additional choice
of parameters as explained in [KKO2]. Let Rλα be the deformed cyclotomic quotient from [KKO2,
Def. 8.10] associated to a dominant weight λ ∈ P+ and a choice of monic polynomials aλi (i ∈ I) as in
[KKO2, (8.12)]. We are interested in the graded (Q,Π)-supercategory

Rλ-pgsmod :=
⊕
α∈Q+

Rλα-pgsmod. (16.1)

The constructions in [KKO2, Sec. 8.3] make Rλ-pgsmod into a “supercategorification” of the integrable
lowest weight module V(−λ) for the covering quantum group Uq,π(g) with the given Cartan superda-
tum. From this, it can be seen that Rλ-pgsmod has the structure of a graded 2-representation of the
corresponding graded Kac-Moody 2-supercategory as defined in [BE2], with the Grothendieck group
K0(Rλ-pgsmod) being identified with the Kostant Z[q, q−1]π-form for V(−λ).

To be more precise, we focus now on some fixed i ∈ I and consider the corresponding sl2-subalgebra
of Uq,π(g). In this generality, we actually need to work now with qi := qdi and the grading shift functor
Qi := Qdi rather than q and Q used in previous sections. This means that when di > 1 definitions such
as Definition 14.1 earlier in the paper should be modified by replacing Q with Qi and scaling all degrees
by di too, e.g., x and τ are now of degrees 2di and −2di rather than of degrees 2 and −2. Since the Z-
and Z/2-gradings are independent this does not cause any problems. There are graded superfunctors

Ei : Rλ-pgsmod→ Rλ-pgsmod, Fi : Rλ-pgsmod→ Rλ-pgsmod.

In terms of the induction and restriction functors denoted Fλ
i and Eλ

i in [KKO2, Sec. 8.3], our Ei is
Fλ

i =
⊕

α∈Q+
Fλ

i |Rλα-pgsmod and our Fi is
⊕

α∈Q+ Q⟨hi,α−λ⟩−1
i Eλ

i |Rλα-pgsmod. As well as switching the roles
of E and F we have incorporated an additional grading shift into the restriction functors compared to
[KKO2]. This is needed because [KKO2] does not follow the standard conventions for covering quan-
tum groups. It ensures that the graded supernatural transformations ε : EiFi|Rλα+αi

-pgsmod ⇒ IdRλα+αi
-pgsmod,

η : IdRλα-pgsmod ⇒ FiEi|Rλα-pgsmod defined on a graded supermodule by exactly the same underlying func-
tions as for the natural adjunction between restriction and induction are of the correct degree to match the
degrees of the rightward cups and caps in (13.9) (also now scaled by di). Also in [KKO2, Sec. 8.3], one
finds the definition of graded supernatural transformations x : Ei ⇒ Ei of degree 2di and τ : E2

i ⇒ E2
i

of degree −2di, both of which are even if i ∈ Ieven and odd if i ∈ Iodd. (A further complication is
that the language of supercategory, superfunctor and supernatural transformation is used differently in
[KKO2] compared to here, but the appropriate translation is easy to make; see the table at the end of the
introduction in [BE1].)

This construction makes Rλ-pgsmod into a graded integrable Karoubian 2-representation of the or-
dinary sl2 2-category from [L1, R1] if i is even, or of our reduced odd sl2 2-category U(sl2) as in
Definition 14.1 if i is odd (with the modified convention for degrees when di > 1). The last statement
is not stated explicitly in [KKO2]—the relevant place is [KKO2, Th. 8.13] but one has to work through
the proof which goes back to [KK, Th. 5.2] to see that the isomorphisms are given by the appropriate
matrices of supernatural transformations needed to check the difficult relations (13.5) and (13.6). In the
odd case, the fact that the odd bubbles act as zero (as required by the final axiom in Definition 14.1)
follows because they are zero on the generating lowest weight subcategory Rλ0-pgsmod as that is purely
even.

Theorem 16.1. In the above setup, for α ∈ Q+ such that V(−λ)α−λ , 0, the even or odd Rickard complex
Θ⟨hi,λ−α⟩ induces a graded superequivalence Kb(Rλα-pgsmod

)
→ Kb(Rλ

α−⟨hi,α−λ⟩αi
-pgsmod

)
.
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Proof. This follows from [R1, Th. 5.18] if i is even, with the graded superequivalence being induced by
the even analog of the Rickard complex, or from Theorem 15.5 if i is odd. □

There is also a “dual version” of this theorem with Rλ-pgsmod replaced with

Rλ-gsmod :=
⊕
α∈Q+

Rλα-gsmod. (16.2)

The underlying ordinary category is a locally finite Abelian (Q,Π)-category. The results from [KKO2,
Sec. 8.3] show that this categorifies the dual Kostant Z[q, q−1]π-form for V(−λ). For fixed i ∈ I again,
Rλ-gsmod can be made into a graded 2-representation of the even or reduced odd sl2 2-category exactly
as above.

Theorem 16.2. In the above setup, for α ∈ Q+ such that V(−λ)α−λ , 0, the even or odd Rickard complex
Θ⟨hi,λ−α⟩ induces a graded superequivalence Db(Rλα-gsmod

)
→ Db(Rλ

α−⟨hi,α−λ⟩αi
-gsmod

)
.

Proof. Like in the previous theorem, the even or odd Rickard complex Θ⟨hi,λ−α⟩ induces a graded su-
perequivalence Kb(Rλα-gsmod

)
→ Kb(Rλ

α−⟨hi,α−λ⟩αi
-gsmod

)
. The result for derived categories follows

since they are localizations of these homotopy categories. □

For a graded superalgebra A, we write A⊗C1 for the graded superalgebra obtained by tensoring with
the rank one Clifford superalgebra generated by an odd degree 0 involution. There is also a variation of
Theorem 16.2 with Rλ-gsmod replaced by

Rλ ⊗C1-gsmod :=
⊕
α∈Q+

Rλα ⊗C1-gsmod. (16.3)

This can be made into a graded 2-representation which also categorifies the dual Kostant Z[q, q−1]π-
form for V(−λ), just as Rλ-gsmod did earlier. In particular, for each i ∈ I, we can make Rλ ⊗ C1-gsmod
into a graded 2-representation of the even or reduced odd sl2 2-category exactly as above. This follows
by the construction explained in the next paragraph.

There is a general notion of the Clifford twist ACT of a graded supercategory A , which goes back
to [KKT, Lem. 2.3]. By definition, this is the graded supercategory whose objects are pairs (X, ϕ) for
X ∈ A and an odd degree 0 involution ϕ ∈ EndA (X). A morphism f : (X, ϕ) → (Y, θ) is a morphism
f : X → Y in A such that θ ◦ f = (−1)par( f )ϕ ◦ f . Degree and parity of morphisms in ACT are induced
by the ones for A . There are obvious ways to define the Clifford twist FCT : ACT → BCT of a graded
superfunctor F : A → B , and also the Clifford twist αCT : FCT ⇒ GCT of a graded supernatural
transformation α : F ⇒ G between two graded superfunctors. This makes CT into a strict graded 2-
superfunctor CT : gsCat → gsCat . Now if V is any graded 2-representation of the even or the reduced
odd 2-supercategory U(sl2), its Clifford twist V CT can be made into a graded 2-representation in its own
right, with the required graded superfunctors E and F on V CT being the Clifford twists of the ones for
V , and all of the required graded supernatural transformations being the Clifford twists of the one for
V too. If V is integrable and Karoubian then so is V CT.

Theorem 16.3. In the above setup, for α ∈ Q+ such that V(−λ)α−λ , 0, the even or odd Rickard complex
Θ⟨hi,λ−α⟩ induces a graded superequivalence Db(Rλα ⊗C1-gsmod

)
→ Db(Rλ

α−⟨hi,α−λ⟩αi
⊗C1-gsmod

)
.

Proof. This follows by the same arguments as Theorem 16.2. □

Assume henceforth that the characteristic of the ground field F is p = 2l + 1 > 2, and that the Cartan
superdatum fixed above is of type A(2)

2l , with the shortest simple root α0 being odd and all other simple
roots being even. We consider the cyclotomic quiver Hecke superalgebras Rλα for α ∈ Q+ and λ := Λ0,
taking the ring k to be the ground field F, and all other choices made as explained in [KLi, Sec. 3.1].
Let Rλα ⊗C1 be the superalgebra tensor product of Rλα with the rank one Clifford superalgebra generated
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by an odd involution. Now we forget both the Z- and Z/2-gradings on Rλα and Rλα ⊗ C1 to view them as
ordinary finite-dimensional algebras. For such an algebra A, we write A-mod for the Abelian category
of finite-dimensional left A-modules and Db(A-mod) for its ordinary bounded derived category.

In view of [KLi, Lem. 3.1.39], the following proves [KLi, Conj. 2].

Theorem 16.4. Suppose that α, β ∈ Q+ are such that α − λ and β − λ are weights of V(−λ) in the same
W-orbit. The categories Db(Rλα-mod

)
and Db(Rλβ-mod

)
are equivalent as are Db(Rλα ⊗ C1-mod

)
and

Db(Rλβ ⊗C1-mod
)
.

Proof. Since the simple reflections generate W, it suffices to prove the theorem in the special case that
α − λ is a weight of V(−λ) and β = α − ⟨hi, α − λ⟩αi for some i ∈ I. The graded superequivalences in
Theorems 16.2 and 16.3 are obtained by taking the derived tensor product with the complex of graded
superbimodules arising from the appropriate Rickard complex. Similarly, the quasi-inverse graded su-
perequivalences are obtained from the right adjoint of this complex. Now we are forgetting both the Z-
and Z/2-gradings, viewing these complexes of graded superbimodules as complexes of ordinary bimod-
ules. The resulting complexes define functors between the ordinary derived categories. Since they are
quasi-inverse with all gradings present, they are obviously quasi-inverse without these gradings. □

Corollary 16.5. Broué’s Abelian Defect Group Conjecture holds for double covers of symmetric and
alternating groups over any algebraically closed field of positive characteristic.

Proof. See [KLi, Th. 5.4.12] where this is deduced from [KLi, Conj. 2]. □
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[M] A. Marcus, Broué’s Abelian defect group conjecture for alternating groups, Proc. Amer. Math. Soc. 132 (2003),

7–14.
[PS] J. Pike and A. Savage, Twisted Frobenius extensions of graded superrings, Algebr. Represent. Theory 19 (2016),

113–133.
[R] D. Rose, A note on the Grothendieck group of an additive category, Vestn. Chelyab. Gos. Univ. Mat. Mekh. Inform.,

3 (2015), 135–139.
[R1] R. Rouquier, 2-Kac-Moody algebras; arXiv:0812.5023.
[R2] , Quiver Hecke algebras and 2-Lie algebras, Algebra Colloq. 19 (2012), 359–410.
[V] L. Vera, Faithfulness of simple 2-representations of sl2; arXiv:2011.13003.

Department ofMathematics, University of Oregon, Eugene, OR 97403, USA
Email address: brundan@uoregon.edu

Department ofMathematics, University of Oregon, Eugene, OR 97403, USA
Email address: klesh@uoregon.edu


	1. Introduction
	2. Graded superalgebra
	3. Combinatorics of binomial coefficients and odd quantum sl(2)
	4. Odd symmetric functions
	5. Odd nil-Hecke algebras
	6. Odd Schur polynomials
	7. The odd analog of cohomology of Grassmannians
	8. Equivariant odd Grassmannian cohomology algebras
	9. Deformed odd cyclotomic nil-Hecke algebras
	10. The 2-category  of odd Grassmannian bimodules
	11. Rigidity 
	12. Singular Rouquier complex
	13. Non-degeneracy of the odd 2-category U(sl(2))
	14. Some graded 2-representation theory
	15. The odd analog of the Rickard complex
	16. Application to representations of spin symmetric groups
	References

