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Abstract

We classify all pairs of reductive maximal connected subgroups of a classical algebraic
group G that have a dense double coset in GG. Using this, we show that for an arbitrary
pair (H, K) of reductive subgroups of a reductive group G satisfying a certain mild
technical condition, there is a dense H, K-double coset in G precisely when G = HK is
a factorization.

Introduction

In this paper, we consider the problem of classifying certain orbits of algebraic groups —
double cosets. Let H and K be closed subgroups of a reductive algebraic group G, defined
over an algebraically closed field of characteristic p > 0. Then, H x K acts on G by
(z,y).g = zgy~ ", for (z,y) € H x K, g € G, and the orbits are the H, K -double cosets in G.
We shall be concerned with the following properties:

(D1) G = HK is a factorization of G.

(D2) There are finitely many H, K-double cosets in G.

(D3) There is a dense H, K-double coset in G.

Notice that (D1)=-(D2)=-(D3). A primary aim motivating our work is to classify all triples
(G, H, K) satisfying (D2) or (D3). Factorizations — property (D1) — of simple algebraic
groups, with H and K either reductive or parabolic, are classified in [LSS].

For example, take H to be semisimple and G = GL(V'), where V is some rational
irreducible H-module. Let K be the stabilizer in G of a 1-subspace of V. Then, the H, K-
double cosets in GG correspond naturally to the orbits of H on 1-subspaces of V. This special
case of the problem has been studied in some detail by a number of authors, both for p = 0
and p > 0. The irreducible modules on which H has finitely many orbits have been classified
[Kac, GLMS]. Similarly, the irreducible modules on which H has a dense orbit have been
classified [SK, Chl, Ch2]. More generally, if K is the stabilizer in G of an i-dimensional
subspace of V', the H, K-double cosets correspond to H-orbits on ¢-subspaces of V', also
studied in [GLMS]; or if H preserves a non-degenerate bilinear form on V', Guralnick and
Seitz [GS] consider orbits of H on degenerate i-subspaces of V', and this problem can also
easily be reformulated as a problem about double cosets.

In all the cases just mentioned, H is reductive and the subgroup K in the double coset
formulation of the problem is a parabolic subgroup of GG. In this paper, we are concerned
instead with the case that H and K are both reductive subgroups of GG. For example, this



includes as a special case the study of orbits of a semisimple group H on non-degenerate
i-subspaces of a rational irreducible H-module possessing an H-invariant bilinear form. We
now state the main results of this paper.

If G is a connected reductive algebraic group, define M(G) to be the set of all maximal
connected reductive subgroups of GG that are either Levi factors or maximal connected
subgroups of G. Let R(G) be the set of reductive subgroups H < G for which there is a
chain of connected subgroups H' = Hy < H; < --- < H,, = G such that for all 0 < i < n,
H; € M(H;+1). So in particular, R(G) contains all reductive maximal subgroups of G and
all Levi factors, and if p = 0, R(G) contains all reductive subgroups of G. Our main result
is as follows:

Theorem A. Let G be a connected reductive algebraic group, and take H, K € R(G). Then,
either G = HK or there is no dense H, K-double coset in G.

This shows that, under the hypothesis of Theorem A, properties (D1)—(D3) are equiv-
alent. This contrasts with the case when we allow one of H or K to be parabolic, when
there are examples (even if p = 0) where each of the implications (D2)=(D1) or — more
unexpectedly — (D3)=-(D2) fails.

In [Lu], Luna shows that over algebraically closed fields of characteristic 0, the union of
the closed H, K-double cosets in G is dense in G, for arbitrary reductive subgroups H, K of
a connected reductive group G. In particular, this implies that a dense H, K-double coset in
G must be closed, so that G = HK is a factorization. Thus, Luna’s stronger result implies
Theorem A in characteristic 0 only. Luna’s inductive proof depends on the construction of
étale slices, which is always possible in characteristic zero thanks to complete reducibility
of representations but can often fail in small positive characteristic. It is possible to prove
a partial version of Theorem A using Luna’s methods — see [B1, chapter 1].

The approach here is quite different, based on knowledge of the maximal subgroups of
simple algebraic groups. In the case that G is simple of exceptional type, Theorem A follows
from [B2]. The bulk of the work in this paper is in proving Theorem A in the case that G
is simple of classical type, which will follow from the next result:

Theorem B. Let G be a simple classical algebraic group and H, K € M(G). Then, either

G = HK 1is a factorization or there is no dense H, K-double coset in G. In the former case,
the triple (G, H, K) is listed in table 1.

The existence of every factorization in table 1 follows from [LSS, Section 1]. Notation
in the table will be explained in section 1. The layout of the remainder of the paper is
as follows. In section 1, we review some results on maximal subgroups of simple algebraic
groups and the techniques developed in [B2]. The proof of Theorem B is given in sections
2, 3 and 4, and this is applied to prove Theorem A in section 5.

1 Preliminaries

Throughout, k will be an algebraically closed field of characteristic p > 0 and G will denote
an affine algebraic group defined over k. Subgroups of G will always be assumed to be closed



Table 1: Maximal reductive factorizations of simple algebraic groups

‘GzCl(V)‘n,p ‘H ‘K
SLoy, n>2 Span Ly or Lap—1
SOs, n>4 Ny L,_1o0r L,
SOun (n,p) # (2,2) | N1 Spa ® Span
Span p=2 N; SO0,
Spe p=2 N2,50¢ | G2,V |g= Lx(w1)
SO7 p#2 Ly, Ny G2,V | k= Lk (w1)
SOS B3 Ll,L4,N1 or TB3
SOg TBg Ll,Lg,Nl or Bg
SOxg pF£2 Bs or "By | N3 or Sps ® Spy
SO13 p=3 Ny C3,V | k= Lg(w2)
SO16 N B4,V | k= Lk (w4)
S0 p=2 Ny A5,V | k= L (ws3)
S0a5 p=3 Ny Fy, V| k= Li(ws)
5032 P = N1 DG, VlK: LK(W5) or LK(L‘JG)
5056 p=2 N E7,VlK: LK(UJ7)

without further notice. By a G-module, we mean a rational kG-module, and by a G-variety
we mean an algebraic variety X defined over k on which G acts morphically.

By a reductive algebraic group, we mean a (not necessarily connected) algebraic group
G with trivial unipotent radical. If G is a connected reductive algebraic group, we define
a root system of G to be a quadruple (T, B; 3, II) where T is a maximal torus of G and B
is a Borel subgroup containing 7. Let X(7') = Hom(T', k) be the character group of 7.
The choice of T' determines a set of roots ¥ C X (T'). For o € ¥, we shall write U, for the
corresponding T-root subgroup of G. The choice of B determines a set of positive roots
¥t ={a € X |U, < B} and hence a base II for X.

Given a fixed root system (T, B; ¥, 1II), we will adopt the following conventions.

Write IT = {ag, ..., a,} where n = rank ¥ and if G is simple, label the simple roots «;
as in [H2]. Let W = Ng(T')/T be the Weyl group of G and choose a W-invariant inner
product (.,.) on R®, X(T'). Then, W is generated by si,..., sy, where s; is the simple
reflection of R ®, X(7T') in the hyperplane orthogonal to «;. Fix fundamental dominant
weights wi,...,w, € R®, X(T) such that <<°ji’aaj>> = §;5. Let U be the unipotent radical

of B,so B=TU. Let B~ =TU~ be the opposite Borel subgroup to B. For w € W, let
U, < U be the subgroup generated by root subgroups U, such that « is a positive root
sent to a negative root by w.

If V is an arbitrary G-module and p € X (T'), we shall write V,, for the weight space
{veV]|tv=pt)forallt € T}. When G is semisimple and X is a dominant weight
relative to some fixed root system of G, we shall write Lg(\) for the irreducible G-module
of highest weight A\, and Ag(A) for the corresponding Weyl module. Finally, we use T; (resp.




U;) to denote a torus (resp. a connected unipotent subgroup) of dimension 1.
For the first lemma, recall the properties (D1)—(D3) introduced in the introduction.

1.1. Lemma. Let H and K be subgroups of a connected algebraic group G. Let (D) be one
of the properties (D1), (D2) or (D3).

(i) (D) holds for (G, H, K) if and only if it holds for (G, H°, K°).

(ii) (D) holds for (G, H, K) if and only if it holds for (G, H9, K") for any g,h € G.

(iii) Let 0 : G — G be a surjective morphism of algebraic groups and set H = 0~ H, K =
0~ K. Then (D) holds for (G, H, K) if and only if it holds for (G,H, K).

Proor. This is proved for (D1) in [LSS, Lemma 1.1]. The proof for (D2) and (i), (ii) for
(D3) are straightforward. So consider (iii) for (D3). Morphisms of algebraic groups are open
maps so any closed subset of G which is a union of ker f-cosets has closed image. Now, the
closure of an H, K-double coset is a union of double cosets, hence a union of ker f-cosets
since ker § < H. Hence, its image is also closed, and (iii) follows easily from this observation.
O

Now we review some results from invariant theory. Let G be an arbitrary algebraic
group. If X is a G-variety, the algebra of G-invariants on X is defined to be

kX9 :={f €k[X]|g.f=fforallge G},

where k[X] is the algebra of regular functions on X. Here, the action of G on k[X] is defined
by (9.f)(x) := f(¢g ') for g € G, f € k[X],z € X. If in addition X is irreducible, we write
k(X) for the algebra of rational functions on X. The action of G on X also induces an action
on k(X), and we shall write k(X)® for the corresponding algebra of rational invariants.

In the case that G is reductive and X is an affine G-variety, the Mumford conjecture,
proved in [Hab], plays a crucial role. For us, the most important consequence of the Mumford
conjecture is the following lemma. We shall frequently use it to verify that there is no dense
double coset in a given case in the proof of Theorem B.

1.2. Lemma ([B2, Lemma 2.1]). Suppose G is reductive and X is an affine G-variety. If
A and B are disjoint closed G-stable subsets of X, then there exists an invariant f € k[X]%
with f(a) =0 for alla € A and f(b) =1 for all b € B. In particular, if G has at least two
disjoint closed orbits in X, then there is no dense G-orbit in X.

To apply Lemma 1.2, we need to be able to prove that certain orbits are closed. Our
main technique for this is the next elegant lemma, which is an easy consequence of the
definition of a complete variety.

1.3. Lemma ([S2, p68, Lemma 2]). Let G act on a variety X, and let P < G be a
subgroup of G such that G/P is complete. If U C X s closed and P-stable, then G.U is
also closed.

Combining this with Lemma 1.2, it is easy to obtain the following results. See [B2,
Section 2] for details.



1.4. Lemma. Let T be a mazimal torus of G. Let X be an affine G-variety, and suppose
that © € X is fized by T'. Then, G.x is closed in X.

1.5. Lemma. Let H and K be reductive subgroups of G with maximal tori S,T respectively,
such that S <T. Then, HnK is closed in G for alln € Ng(T).

1.6. Theorem. Let H be a proper reductive subgroup of a connected reductive algebraic
group G. Then, there is no dense H, H-double coset in G.

Given a reductive group G with root system (7', B; 3, II), there is a well-defined action
of W on the zero weight space Vj of any G-module V. For later use, we record two useful
lemmas:

1.7. Lemma ([B2, Lemma 4.1]). Let V be a G-module and let v,v" € Vy. Then, v and
v' are conjugate under G if and only if they are conjugate under W .

1.8. Lemma. LetV be an irreducible G-module. Suppose that G preserves a non-degenerate
bilinear form on V. If u,v are weights of V', then the weight spaces V), and V,, are orthogonal
unless 4 = —v. Hence, the restriction of the bilinear form to Vy is non-degenerate.

Proor. Take u € V,,,v € V, such that (u,v) # 0. Then, for all t € T, (u,v) = (tu,tv) =
w(t)v(t)(u,v). Hence, u(t)v(t) = 1, so p = —v as required for the first part of the lemma. In
particular, this shows that VOl contains all non-zero weight spaces, and hence V) + VOL =V.
So, Vj is indeed non-degenerate. O

Next, we need some results of Seitz [Se] and Liebeck [L] on maximal subgroups of classical
algebraic groups. Recall the notation M(G) from the introduction. We highlight at this
point the difference between mazimal connected reductive subgroups of G and reductive
mazximal connected subgroups of G; the latter are maximal connected subgroups of G that
are also reductive, whereas the former may lie in some proper parabolic subgroup of G. If
G is connected and p = 0 every maximal connected reductive subgroup of G lies in M, as a
consequence of complete reducibility of representations. However, this need not be the case
in arbitrary characteristic: there may be reductive subgroups of some parabolic P of GG that
lie in no Levi factor of P. This complication explains the need for the technical restriction
that subgroups lie in R(G) or M(G) in Theorems A and B (though we believe that in fact
no restriction is necessary).

We use the notation G = CI(V) to indicate that G is a connected classical algebraic
group with natural module V. If (G, p) = (B, 2), take V' to be the associated 2n-dimensional
symplectic module. When G = SO(V) or Sp(V), let N; denote the connected stabilizer in
G of a non-degenerate subspace of V' of dimension ¢ with i < %dim V; and when (G, p) =
(Dy,2), let N7 denote the connected stabilizer of a non-singular 1-space.

1.9. Theorem ([Se, Theorem 3]). Let G = CI(V), and suppose that H is a reductive
mazimal connected subgroup of G. Then one of the following holds:
(i) H = N; for some i;



(i) V=U&W and H = Cl(U) © CL(W);
(iii) (G, H) = (SL(V), Sp(V)), (SL(V), SO(V))(p # 2) or (Sp(V), SO(V))(p = 2);
(iv) H is simple, and V' | g is irreducible and tensor indecomposable, with H # Cl(V).

When G = Cl(V), we let S = S(G) be the set of all reductive maximal connected
subgroups H < G given by part (iv) of the theorem; so if H € S, H is a simple maximal
connected subgroup of G = CI(V) and V' | g is irreducible and tensor indecomposable.

We introduce the notation P; to denote the maximal parabolic subgroup obtained by
deleting the ith node from the Dynkin diagram of G, and L; to denote a Levi factor of P;.
Explicitly, if (T, B; ¥,1I) is a root system for G, then we may take P; = (B,U_q, | j # 1)
and L; = (T, Usq, | § # 1)

We have now explained most of the notation in table 1. There are some finer points still
to be explained. In G = SOg, there are three classes of subgroup of type Bs. We denote
representatives of these classes by B3,”Bs and N; in table 1. Here, B3 denotes a subgroup of
G of type Bs such that Lg(wi) | Bs= Lg(ws) | Bs= Lp,(ws), whilst "Bs denotes a subgroup
of G of type Bs such that Lg(w1) |-B,= Lg(wa) l7Bs= Lp,(ws). If in PSOg, we let T be a
triality automorphism that induces the permutation (w; wswy) on the fundamental weights
{w1,...,wq} then 7 induces the permutation (Bs "Bs Ni) on the images of B3,”B3 and N
in PSOg. Later, we shall refer to B3 < SOg = G such that Lg(w1) | ;= Lp,(ws). This
is ambiguous and should be taken to mean either B3 or "Bs. In a similar fashion, we shall
refer to GL, < SO,. By this we mean either of the two classes L,,_1 or L, of subgroups
of SOy, of type GL,,. Likewise Sps ® Spa, < SOyy,.

To list the subgroups in S(G) for G classical, of large dimension relative to dim G, we
require some known information on modules for simple algebraic groups of small dimension
relative to the dimension of the group. Let GG denote a simple algebraic group with fixed
root system (7', B;¥,1II). If p = 2, we assume in addition that G is not of type B,; we
may make this assumption without loss of generality because of the existence of bijective
morphisms (which are not isomorphisms of algebraic groups) B,, — C, and C,, — B, in
characteristic 2. We define numbers eqg to be

G | A, B, Ch, D, Gy F, Es E; Ejs
e |m+3 m+n+1 m+2 m+n 18 96 80 192 1024

where m = dimG.
If V is an irreducible G-module, we define C1(V') to be the smallest classical group on
V' containing the image of G in GL(V') (this is well-defined as V' is irreducible).

1.10. Theorem. Let V' = Lg(\) be an irreducible, tensor indecomposable G-module such
that 1 < dimV < eg. Then, up to duals and field twists, (G, \,dim V, CI(V)) is listed in
table 2.

We remark that some care is needed interpreting table 2 if G = C, and p = 2. In
this case, the image of G in GL(V) according to the representations in table 2 need not
be of type C;,. For example, the image of C, in a spin representation in characteristic 2 is
isomorphic to B,, as an algebraic group.



Table 2: Modules of small dimension

IE A d=dimV Cuv)
An n Z 1 wy n+ 1 G = SLd
As wWo 6 G = S0
Ay n>4 ws gn(n+1) SLa
Spo  p# 2
As w3 20 S0 p=2
Av n=6,7 |uws gn—1n(n+1) SLa
A, n>1,p#2| 2w g(n+1)(n+2) SLq
n2 4+ 2n ptn+1 Spg p=2,n=14
A, n>1 w1 + wn {n2+2n—1 an+1 {SOd otherwise w
Al p>5 3wy 4 Sp4
A3 p= W1 + wa 16 Slag
B, n>3,p#2|w 2n +1 G =504
Bn n>3,p#2 | ws 2n% +n SOq
B, 3<n<6, |wp 2" {gOd Z:?;’l
bt o Pd =9,
C, n>2 w1 2n G = Spa
m2 —m—1 pin Spg p=2,n=24
C, n>2 w2 { m2 _n—9 pj‘(n { S04 otherwise w
Cn n2>22,p#2| 2w 2n® +n 504
Co 3<n<6, |wn 2" 504
p=
C3 p#2 w3 14 5P
D, n>4 w1 2n G =504
m2—n D F£2 _
D, n>4 w9y 2nz —n—1 p=2ptn { ggdd ﬁthef\’zv?sg 2
2n*—n—2 p=2p|n
D4 w3, Wy 23 G = SOs
Ds ws 2! SLi
Dg ws, We 2° { gzggjg Z;i;
Dy wr 20 SLea




Table 2: Modules of small dimension (continued)

IR d=dimV CI(V) |
_ SO7 p#2
GQ w1 7 527;,) { SPG p= 9
GQ w2 7(2 - 5p73) SOd
Fy o |w 26(2 — 6,.2) S04
Fy | wy 26 — 83, SO0y
E6 w1 27 SLZ?
E6 w2 78 — (53717 SOd
SO133 p#2
E 133 -6
N 2P Spiz2 p=2
Spse p # 2
Er wr 56 { SOs6 p=2
Es | ws 248 S04

Apart from the information on CI1(V'), this theorem follows immediately from [L, Section
2]. To compute CI(V), the methods of [LSS, Section 2| suffice unless p = 2 and V is a self-
dual composition factor of Lie(G). The result for this final possibility follows from results

of Gow and Willems [GW] (or see [B1, chapter 2]).
We now give a first application of the information in table 2.

1.11. Lemma. Let G = Cl(V) be a classical algebraic group and H < G be a reductive
mazimal connected subgroup with dim H > %dim G. Then (G, H) are listed below:

G H Conditions
IV N,

SL(V) Sp(V)

Sp(V) SO(V)|p=2

SOg Bs V ln= Lg(ws)
SO7(p #2),Spe(p = 2) | G2 Vin= Lg(w1)

PrRoOOF. We apply Theorem 1.9, to see that either (G, H) is as in the conclusion or H €
S(G). In the latter case, note that dim H > %dimG > dim V so the pair (H,V | p) is listed
in table 2. Also, G is the group CI(V) listed in the table, since H is maximal in G. Thus,
checking dimensions for each possibility in table 2 gives the conclusion. O

2 Proof of Theorem B: maximal reductive subgroups

We are now ready to prove Theorem B. The strategy is as follows. We first use the
information on maximal subgroups and modules of small dimension in section 1 to list all
pairs (H, K) of subgroups in M(G) satisfying the dimension bound dim H +dim K > dim G.



We then verify each case in turn using Lemma 1.2. We divide the case analysis into two
halves. In this and the next section, we consider the possibilities when both H and K
are maximal reductive connected subgroups, and in section 4 we consider the remaining
possibilities when one of H or K is a Levi factor.

2.1. Proposition. Let G be simple and H, K € M(G) with both H, K reductive maximal
connected subgroups. To prove Theorem B for the triple (G, H, K) it is sufficient to show
that it holds for (G, H, K) in table 3. (In the table we reference the lemma in which we treat
these subgroups.)

PrOOF. Let G = Cl(V) and H, K be reductive maximal connected subgroups of G. If
H, K are conjugate, then there is no dense H, K-double coset in G by Theorem 1.6, and
if dim H + dim K < dim G then there can be no dense double coset by dimension. Thus,
we may assume H, K are not conjugate and that dim H + dim K > dim G. Moreover, if
(G,p) = (B, 2), then we can apply a bijective morphism B,, — C,, to deduce the result for
B,, from the corresponding result for C),. Hence, we will assume (G, p) # (Bp,2). We now
apply Theorem 1.9 to list all possibilities meeting these conditions. This is easy, but rather
lengthy, so we sketch the argument.

We may assume dim H > dim K, so dim H > %dim G. Hence, (G,H) is given by
Lemma 1.11; we consider the possibilities one by one.

(a) (G,H) = (CI(V),N;). List the possibilities for K using Theorem 1.9 to see one of
the following holds: (i) (G, K) = (Cl(V),N;); (i) (G, K) = (Cl(V),Cl(U) ® Cl(W)) where
V =U®W,; (iii) (G,K) = (Sp(V),SO(V))(p = 2); (iv) K € §(G). Cases (i)-(iii) are all
listed in table 3. So, consider case (iv). First, suppose i = 1, so (G,H) = (SO(V), Ny)
and K € §(G) with dimK > dimG —dim H = dimV — 1. So, (K,V |g,dimV,G) is in
table 2. Hence, either V' | is a composition factor of Lie(K) or (K, \) = (4s5,ws)(p = 2),
(Bn,wn)(n = 3,4), (Bn,wn)(p = 2,n = 5,6), (Dg,we)(p = 2), (G2,w1)(p # 2), (Fi,ws)(p #
2) or (E7,w7). All of these are included in table 3 except for Bs in p = 2 which lies in Dg
so is not maximal.

Now suppose i > 2. Note if G = SO(V), then i # 2 as Ny is not maximal in SO(V).
Hence, dim K > dimG — dim H implies either dim K > 2dimV — 4 if G = Sp(V) or
dim K > 3dimV —9if G = SO(V). In particular, (K,V | x,dimV,G) is in table 2. Listing
the possibilities that meet the dimension bound on dim K, we deduce (K,\) = (Ga,w1)
(or (Ga,ws) if p = 3 which yields the same embedding), (Bs,ws), (Dg,ws)(p # 2), or
(E7,w7)(p # 2). Now for each of these cases, one computes the values of ¢ permissible,
to obtain the entries in table 3: (G, H,K) = (SO7, N3,G2)(p # 2), (Sps, N2, G2)(p = 2),
(SOg, N3, Bg), (Sp32, No, DG)(p 75 2) and (Sp56, No, E7)(p 75 2).

(b) (G,H) = (SL(V),Sp(V)). List the possibilities for K to obtain: (i) K = SO(V);
(ii) K = CY(U) @ CY(W) where V = U @ W; (ili) K € S(G). Case (i) is listed in the
table, and case (ii) does satisfy the dimension bound dim H + dim K > dim G. In case (iii),
dim K > dim G — dim H implies dim K > %d(d— 1) — 1 where d = dim V', which is even. So,
(K,V |k,d,G) is as in table 2. Considering the cases in the table one by one, none satisfy
the requirements.



Table 3: Case list involving maximal subgroups

G [ p | H | K | Ref |
Cl(V) N; N; (2.2)
ClL(V) N; ClU)@CI(W),V=UW (3.1)
SL(V) p#£2|Sp(V) SO(V) (2.4)
Sp(V) p=2|N; SO(V) [LSS]
SO(V) Ny K € §(G),V |k a composition (2.5)

factor of Lie(K)
SO(V) |p#2| M Cn,V | k= Lk (w2) (2.5)
Sp(V) p=2|SO(V) Cn,V]Ik= Li(we) and n = 2(4) (2.6)
Sp(V) p=2|SO(V) Ap,Vi]k=Lg(w +wy) and n =1(4) | (2.6)
Spe p=2|80¢ or Ny | G2,V | k= Lg(w1) [LSS]
507 p?é2 N1 or N3 GQ,VlK: LK(wl) (2.3)
SOg N1 or N3 B3, VlK: LK(u)g) [LSS]
SO016 Ny By, V | k= Lk (ws) [LSS]
SOQO P = 2 N1 A5, Vl[{z LK(W3) [LSS]
5026—61,,3 N F4, VlK: LK(QJ4) (2.5)
Sps2 p#2| No D¢,V | k= Li(we) (2.7)
SO3; p=2|M D,V | k= Lx(we) [LSS]
Spse p#2| No E7,V | k= Lk (wr) (2.7)
SOs6 p=2|MN E7,V | k= Lk (wr) [LSS]
SOg4 p=2|M Bg,V | k= L (ws) (2.8)
Sp132 p=2]5013 E7,V | k= Lk (w1) (2.6)
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(¢) (G,H) = (Sp(V),SO(V))(p = 2). By (a), we may assume K # N;. Listing the
remaining possibilities, we see: (i) K = Cl(U) ® CI(W) where V =U @ W; (ii) K € S(G).
Case (i) does not occur as Cl(U) @ Cl(W) preserves a quadratic form on V if p = 2,
so is not maximal. In case (ii), dimK > dimG — dim H implies dim K > dimV, so
(K,V |k,dimV,G) is in table 2. Listing the possibilities, we see V' |xg= Lg(\) where
(K, A) = (Ap,w1 +wp)(n=1(4)), (Cn/Dyp,w2)(n =2(4)), (G2,w1) or (E7,w;i). All of these
are included in table 3 except for D,, which is not maximal.

(d) (G, H) = (SO0s, B3) where V | g= Lp,(w3), (SO7,G2)(p # 2) or (Spe, G2)(p = 2). If
H = Bs, we can deduce the result from the case H = Ny by applying a triality automorphism
to send Bg — Njp ; one needs to work in PSOg here since triality is not defined in SOg if
p # 2. Otherwise, H = G2 and K € S(G), and listing the possibilities for K using table 2
one concludes K is conjugate to a subgroup of H in all cases. O

Recall the definition of transporter: if V is a G-variety and A, B C V are subsets with
B closed, then Trang(A, B) = {g € G| g.A C B} is a closed subset of G.

We now prove Theorem B for all cases in table 2 except (Cl(V), N;, Cl(U) ® Cl(W)),
which we postpone to section 3.

2.2. Lemma. There is no dense H, K-double coset in G if
(G,H,K) = (Cl(V), Nj, Nj).

PrOOF. We may assume j # i since otherwise H and K are conjugate and the result holds
by Theorem 1.6. So, let dimV =n and 1 < j <i < n. Then, G = Sp(V) or SO(V), H is
the stabilizer of a non-degenerate subspace Vi of dimension 4, and K is the stabilizer of a
non-degenerate subspace Vi of dimension j (or if G = SO(V), p =2 and j = 1, K is the
stabilizer of a non-singular line V). Conjugating, we may assume that Vi < Vp.

We claim HK = Trang(Vk, V). One inclusion is obvious, so take g to be an element
of Trang(Vk, V). Then, gVi is a non-degenerate (or non-singular) subspace of Vi of
dimension j; H acts transitively on these, so we can find x € H such that zgVx = Vk.
Hence, zg € K and g € HK. Thus, HK = Trang(Vk,Vy), and in particular, HK is
closed.

Now, pick h € G such that hVg < Vﬁ. Then, hKh~! is the stabilizer of the sub-
space hVk, and an identical argument shows HhKh™! = Trang(hVK,Vﬁ), so HhK =
Trang(Vi, Vi), which is closed. Also, Trang(Vi, Vir) and Trang(Vi, Vi) are clearly dis-
joint. So, HK and HhK are disjoint closed H, K-double cosets in G, and the result follows
by Lemma 1.2. O

2.3. Lemma. Theorem B holds if

(G) H7 K) = (5077N17G2)7
(G, H,K) = (507, N3, G>)

where V | g,= Lg,(w1) and p # 2.
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PrOOF. The case (G, H,K) = (SO7, N1,G3) is a factorization by [LSS]. So, we just need
to consider (G, H, K) = (SO7, N3, G3).

Let V be the spin module for G = B3, so V = Lp,(w3). Fixing a maximal torus T of
G, we will write a base for G relative to T' as {e1 — €2,62 — €3,£3} in the usual way. Then,
the non-zero weight spaces in V' correspond to weights {4 (e & €2 + £3)}; we abbreviate
%(-1-51 +ey+e3) as + + + ete ... Let H = N3, a maximal rank subgroup of G which
may be chosen to be generated by root subgroups Uy(c, —c,)s Ut (e, 4e,) and Usey. Let Vg
be the span of weight spaces corresponding to weights + + +,+ 4+ —, — — —, — — +, which
is H-stable since each of the root group generators of H stabilizes V. The restriction of
the form on V' to Vg is non-degenerate by Lemma 1.8 so V = Vg @ Vﬁ is a direct sum of
H-modules. Let Vi be a non-degenerate line in V7, and set K = stabg(Vk), a subgroup of
type G2 as Go = B3N Ny in SO(V).

We know SO(V) = B3Ny, so G acts transitively on non-degenerate lines in V' and we
may pick h € G such that hVx < Vg. Then, as in Lemma 2.2, HK C Trang(Vk, Vi)
whilst HhK C Trang(VK,Vﬁ). These transporters are closed and disjoint, so contain
disjoint closed H, K-double cosets to complete the proof by Lemma 1.2. 0O

2.4. Lemma. There is no dense H, K-double coset in G if
(G, H,K) = (SL(V),Sp(V), SO(V))(p # 2).

PROOF. The proof of this case is identical to the proof for (G, H, K) = (Eg, Fy, C4) in [B2,
Lemma 6.1]. O

2.5. Lemma. Theorem B holds if G = SO(V),H = Ny and K € S, where V | = Lk (\)
is either a composition factor of the adjoint module of K or (K,\) = (Fy,ws) or (Cp,w2).

PROOF. Notice here we are excluding K = A,(n = 1(4)),Cr(n = 2(4)) and E7 when
p = 2, as then K is not a subgroup of G by [GW]. Let T be a maximal torus of K.
If (G,H,K,p) = (SO25, N1, Fy,3) or (SO13,N1,C3,3), then G = HK is a factorization
by [LSS]. Otherwise, dimVy > 2. Hence, since by Lemma 1.8, the restriction of the
bilinear form to V{ is non-degenerate, there are infinitely many vectors of length 1 in Vj.
By Lemma 1.7, there must therefore be infinitely many non-conjugate vectors of length 1
in Vy. Furthermore, by Lemma 1.4, these all have closed K-orbits. Thus, under the usual
identification between H, K-double cosets in G and K-orbits on vectors of length 1 in V', we
have found infinitely many closed H, K-double cosets and the result follows by Lemma 1.2
again. 0O

2.6. Lemma. There is no dense H, K-double coset in G if p =2 and

(G,H,K,\) = (Sp(V),SO(V), Ap,w1 + wn)(n =1(4)),
(G,H,K,\) = (Sp(V),SO(V), Cy,ws)(n =2(4)),
(G’ H, K, /\) = (Sp(V), SO(V)vE%wl)

where V' | = L (A).
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PrROOF. Let d=dimV. Let W be a (d + 2)-dimensional orthogonal space with quadratic
form @, and fix a non-singular line (w) where Q(w) = 1. Let G = SOy, 1 be the stabilizer
of (w) in SO(W). Then, V = (w)*/(w) is a d-dimensional symplectic space, and the map
(w)* — V induces a bijective morphism G — G = Spy. Let H,K be the pre-images of
H, K respectively. It will be sufficient to show that there are disjoint closed H, K-double
cosets in G, because of Lemma 1.1(iii). As H = SOy, it stabilizes some complement U to
(w) in (w)*. Let Z = ((w)*)* and note that H is the stabilizer in G of the vector fo € Z
where fo(w) =1, fo(U) = 0. Hence, it is sufficient to show that K has disjoint closed orbits
in @fo

We claim G.fo = {f € Z| f(w) =1}. To prove this, it is sufficient to show G acts
transitively on complements to (w) in (w)*, or equivalently that G acts transitively on
non-degenerate 2-spaces in W containing (w). This follows easily by Witt’s lemma.

Let T be a maximal torus of H. Then, dim Zy = dim((w)1)o = dim Vg + 1. Hence, since
K # Ay or Cy (when K = @), dim Zy > 2. So there are infinitely many vectors of weight 0
in G.fy, and the result follows by Lemma 1.4 and Lemma 1.7. O

The proof of the next lemma is based on the proof that A; Dg (resp. A1Er;) has infinitely
many orbits on L4, (w1) ® Lp,(ws) (resp. La, (w1)® Lg,(wr)) in [GLMS]. We also treat the
case Ny in SO(V') here for later use, even though it is not maximal.

2.7. Lemma. There is no dense H, K-double coset in G if

(G, H,K) = (Sp(V), N2, Dg) or (Sp(V), N2, E7) and p # 2,
(G,H,K) = (SO(V), N2, Dg) or (SO(V), Na, E7) and p =2

where V | k= Lk (wg) if K = Dg or Lg(w7) if K = Ex.

PrOOF. Let d=dimV. Let U be a 2-dimensional symplectic space, and set W =U ® V,
a 2d-dimensional orthogonal space. Write (.,.) for the bilinear forms on U,V,W. Let
L=5SplU)® K = A1Dg or A1 E7, a subgroup of SO(W). Let A be the A;-factor of L. Let
Q1 = {we W |(w,w) =1} and Qy = {v1 Ava € A2V | (v1,v2) = 1}. To prove the lemma,
it will be sufficient to show that K has at least two disjoint closed orbits in .

Let e, f be a basis for U with (e, f) = 1. Any vector w € W with (w,w) = 1 can be
written uniquely as e ® v; + f ® vg where v1,v9 € V and (v1,v2) = 1. So, we can define a
surjective morphism 6 : 21 — Qo by e®v1 + f ® vo — v1 Ave. Letting A act on s trivially,
f is L-equivariant. It is easy to check that the fibres of § are A-orbits so that 6 is an orbit
map for the action of A on Q;. Moreover, 6 is separable so by [Borel, 6.6], (Q22,6) is the
quotient of 1 by A in the sense of [Borel, 6.3]. Hence, as 6 is L-equivariant and K = L/A,
there is a bijection between closed L-orbits in £2; and closed K-orbits in 5. Thus, it is
sufficient to show that L has at least two disjoint closed orbits in ;.

Let G be a simply connected group of type F; (resp. Eg) if K = Dg (resp. E7). Let
(T, B; X,1I) be a root system for G. The maximal rank subgroup obtained by deleting ay
(resp. ag) from the extended Dynkin diagram of G is of type A;Dg (resp. A1 Er), and we
identify this with L. Let {H,, X | o € I, € £} be a Chevalley basis for g = Lie(G).
We now claim that we may identify W with the L-submodule of g spanned by X, such
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that « = ajon + -+ + aya, a1,...,a, € Z and a3 = %1 (resp. ag = £1). To prove this,
observe that L certainly stabilizes this subspace since each of the root group generators of
L stabilizes it. Also, —a; (resp. —ag) is equal to the weight w; ® wg (resp. w1 ® wy) when
written in terms of fundamental dominant weights for a root system of L, so this subspace
must be isomorphic to W as an L-module.

Now, there is a well defined bilinear form on g (defined by reduction modulo p from
a scalar multiple of the Killing form on the corresponding Lie algebra over C) satisfying
(Xay X_q) = 1 for @ € ¥. Under the identification, this is precisely the bilinear form
preserved by L on W. Choose a,3 € Xt such that X,, Xg € W and o + 3 ¢ X. Let
Xop =a(Xog+X_o)+b(Xg+X_g) for a,b € k. Consider the infinite set Qy = {X,|a,b €
k,(Xap, Xap) =1} C Q4. Now, as a, b vary, we obtain elements in the fundamental sly x sly
generated by Xi., Xy with infinitely many different eigenvalues. Hence, if p # 2 (when
Xap is semisimple) there are infinitely many closed G-orbits intersecting Q. If p = 2, there
are infinitely many elements in )y with non-conjugate semisimple parts, so again there are
infinitely many G-orbits intersecting 2o with disjoint closures. Hence, there are infinitely
many closed L-orbits in {2; completing the proof. 0O

2.8. Lemma. There is no dense H, K-double coset in G if
(GaHa K7p) = (SO(V)aB&Nl’Q)
where V | .= Lp,(ws).

PrROOF. Let L = D7 and V = Lp.(wy) with p = 2. Then, Bg is a subgroup of L and
V |Bs= Lps(ws). Note that Bg preserves a quadratic form @ on V', but L does not preserve
Q. Let L; be the product of L and a one dimensional torus which acts on V' by scalars.

We first show that L; has a dense orbit in V' with generic stabilizer GoG2. To prove
this, it is sufficient by dimensions to show that there is v € V' with stabr(v) = G2G2. Now,
V loses= Loy (ws) ® Leog(ws). As GaGa < C3C3 and Lo, (ws) lg, has a fixed 1-space, it
follows that there is some vector v € V with stabilizer containing GoGs. But if the connected
stabilizer of v is any larger than GoG5 it must contain GoC3, which is impossible as C fixes
no vector in V.

Now we show that k[V]Y # k. Since k[V] is a unique factorization domain and L has
no rational characters, (V)" is the field of fractions of k[V]¥. Hence, it is sufficient to
show k(V)¥ # k, which by Rosenlicht’s theorem [Ros] is equivalent to L having no dense
orbit in V. But if L has a dense orbit in V, then it lies in the dense Li-orbit in V and
so the generic stabilizer is G2G2 by the previous paragraph, which is a contradiction as
dim D7/G2G2 =63 7'5 dimV.

So, we can find a homogeneous invariant f € k[V]* —k of degree d say. Since Bg < L, we
just need to show that f is not constant on Q@ = {v € V' |Q(v) = 1}, for then f will separate
infinitely many closed Bg-orbits in 2 = SO(V')/N;. So, suppose by way of contradiction that
f is constant on this set. Consider the regular function 6 € k[L] defined by h — Q(h.vg)?
for h € L, where vy € V is some fixed vector with Q(vg) = 1. Since L does not preserve @,
we can choose vy so that 6 is not constant on L and f(vg) # 0.
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Suppose h lies in the dense subset of L defined by the non-vanishing of 6. Then,
A2 = Q(h.vp) is non-zero and so wy = yh.vy satisfies Q(wo) = 1, hence f(wo) = f(vo)
by assumption. But then f(vg) = f(h.vo) = f(Awo) = A f(wo) = A% f(vo), so A = 1 and
0(h) = Q(h.vg)? = Q(Mwy)? = A?¢ = 1. This implies that # is constant on a dense subset of
L, hence constant on all of L, which is a contradiction. O

3 Proof of Theorem B: tensor embeddings

In this section, we verify Theorem B for the remaining case in table 3. We fix some notation
throughout the section. Let U and W be non-degenerate symplectic or orthogonal spaces
with dimU = a,dimW = b. Let H be the group CI(U) ® Cl(W), a central product of
the classical groups on U and W. Writing (.,.) for the bilinear forms on U and W, H
preserves the non-degenerate form on V = U ®W defined by (u®@w, v @w'") = (u, u')(w,w’)
for u,u’ € U,w,w’" € W, so embeds into the corresponding classical group G = CI(V).
In characteristic 2, we assume that H = Sp(U), K = Sp(W); here, H ® K embeds into
G = SO(V). Fix 1 < i < fab, where we assume that i is even if G = Sp(V) and that i is
even or equal to 1 if (G,p) = (SO(V),2). Let K = N; < G.

3.1. Proposition. With above notation, Theorem B holds for the triple (G, H, K).

We prove Proposition 3.1 with a series of lemmas. Recall that by Lemma 1.2, we just
need to show that there are two disjoint closed H, K-double cosets in G.

3.2. Lemma. Theorem B holds for the triple (G, H,K) if i = 1.
PrROOF. Here, G = SO(V). We need to consider the following cases.

(i) H=Sp(U) @ Sp(W),2 < a <
(i) H=SO(U)® SO(W),3 <a <band p# 2.

Pick bases ui,...,u, and wy,...,wy, for U, W respectively with respect to which the
. 0 I . . .
bilinear forms on U, W correspond to < I 61 ) if the form is symplectic (where n = §
—4in

or %) or to the identity matrix if the form is orthogonal (possible as p # 2). Denote the

matrices corresponding to the forms on U, W by Jp, Js respectively. We realise V' as the set
of a x b matrices over k, with the matrix m corresponding to the vector Y mg us @ w; in V.
If z = 1 ® x2 is an element of H written as a pair of matrices in terms of the chosen bases
(so 2l Jszs = Js for s = 1,2), the action of z on V is given by = : m +— zymazl. Writing
M, (k) for the set of a x a matrices over k, define § : V. — M, (k) by 6 : m +— JymJom?T.
Then, 6 : zymad — xl_T(JlmJQmT)xlT, so H-orbits in V' are send to H-conjugacy classes
in M, (k).

We first claim that the set © of matrices of the form mJom? for some a x b matrix m
is just the set of all symmetric matrices in case (ii) or the set of all alternating matrices in
case (i). As b > a, it is sufficient to prove the claim in the case b = a. Any symmetric (resp.
alternating) matrix F' can be regarded as the matrix for a symmetric (resp. alternating)
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bilinear form on V. Any such form can be reduced to a canonical form by change of basis,
which corresponds to the matrix operation F' — mEFm” for some matrix m. Since € is
closed under this operation, one just needs to check that the matrices corresponding to
one’s favourite canonical form for symmetric (resp. alternating) bilinear forms lie in €,
which is straightforward. Hence, the image of 6 is the set of all symmetric matrices in case

(ii) or
{(e )

in case (i).

Now, if p # 2, we can realise K as the stabilizer of a vector v € V with (v,v) = 1. Then,
0(G.v) is just the set of all matrices in 6(V') of trace 1. We now claim that there are at least
two disjoint closed H-orbits in (G.v) if a > 2 (the case a = 2 is a factorization by [LSS]).
The result will then follow with an application of Lemma 1.2, for on taking pre-images,
we see that there are at least two disjoint closed H-orbits in G.v = G/K. To prove the
claim, note that the action of H on M, (k) is conjugation. There are clearly non-conjugate
diagonal matrices in (G.v) for the action of all of GL,(k) on M,(k) providing a > 2. Each
G Ly (k)-conjugacy class of a diagonal matrix is closed, hence always contains at least one
closed H-conjugacy class. Hence, H has disjoint closed orbits in §(G.v) as required.

If p = 2, one needs to argue further. The quadratic form preserved by G on V is given
explicitly, in terms of the basis, by Q(us ® w;) = 0 for all s,¢. Given this, it is not hard to
exhibit vectors v,v" € V with Q(v) =1 = Q(v') such that 6(v) and #(v') are non-conjugate
diagonal matrices, and then the preceeding argument completes the proof. O

Now assume ¢ > 1. Some of the arguments here break down for the case of Ny in SO(V)
(which is a Levi subgroup), so we shall divide into five cases:

(i) H=SO(U)® SO(W),p# 2 and 3 < a < b;

(ii) H = Sp(U) ® SO(W),p # 2 and either2<a <b,3<bori=2,3<b<aq;

(iii) H =SO(U) @ Sp(W),p # 2 and 3 < a < b with i # 2;

(iv) H=Sp(U) ® Sp(W),2<a <b,4<bandi#2

(v) H=Sp(U)® Sp(W),2<a<b,4<bandi=2.

for all my, ma, ms € M, (k) with ma, ms alternating}

3.3. Lemma. There is no dense H, K-double coset in G if i > b.

Proor. We show that in this case, dim H + dim K < dim G. This is just an elementary
(but messy) manipulation of inequalities. Note a < b (the second possibility in (ii) does not
occur as ¢ > b). The inequality dim H 4 dim K > dim G is then equivalent to

Tab— %\/(a2b2 —2a% — 2b% + 2a +2b) case (i)

tab— $\/(a?b* — 2a® — 2b — 2a + 2b) case (ii)
] jab— %\ﬂaQbQ —2a? — 2b% + 2a — 2b) case (iii)

sab—1./(a®b? — 2a® — 2b? — 2a — 2b) case (iv).

Hence, in all cases, it is sufficient to show that

1 1
(1) b> ab-— 5\/(a2b2 —2a% — 20> — 2a — 2b).
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First, if a = b, then this inequality reduces to b > %b2 — %\ﬂb‘l — 4b* — 4b), which is
easily seen to be true providing b > 3. Otherwise, a < b. Then, a(a + 1) < b(b —1). So,
0 < 2b% — 2a% — 2b — 2a. Hence, a?b? — 4b*> < a?b? — 2b®> — 2a® — 2b — 2a. Making this
substitution in (1), the inequality is then easy to verify. O

Thus, from now on, we assume that we are in one of cases (i)-(iv) — we will treat case
(v) separately in Lemma 3.7 — and that 1 < ¢ < b. We now fix standard bases for U, W.
Let A=[3],B = [%] Let e1,...,ea, f1,--., fa, together with d if a is odd, be a basis for U

such that
(esser) = (fs,ft) = 0, (es, fr) = Ost,
(dv 65) = (d7 fs) = 0, (d, d) =1
for all s,t. Similarly, let €],...,€5, f1,..., 5, together with d' if b is odd, be a basis for W.
Let Vi = (v1,...,v;) be a non-degenerate i-subspace of V', where vy,...,v; are chosen

so that the determinant of the i x 7 matrix with st-entry equal to (vs,v¢) is 1. Let K =
stabg(V4); equivalently, K = stabg(vi A« -+ Av;), the stabilizer of a vector in A" V. The G-
orbit containing vy A--- Awv; is just {wy A--- Aw; | ws € V,det(ws, wy) = 1}. Define a linear
map 0: \'V — SUQN' W by 0 : (ug @wi)A---A(u; @w;) — (ug..... ;) @ (wy A Aw;)
for us € U,wy € W. Then, 6 is H-equivariant, so the morphism § : G — S'U ® /\iW,
defined by 0 : g — 0(g.v1 A --- Av;) for g € G, sends H, K-double cosets in G to H-orbits
in S°U @ \'W. Tt is sufficient to show that there are two H-orbits in §(G) with disjoint
closures, since their pre-images then contain two disjoint closed H, K-double cosets in G
and Lemma 1.2 then implies Theorem B holds in this case. The first closed orbit is easy to
find (this is the reason we chose the conditions in cases (i)-(iv) with some care).

3.4. Lemma. In cases (i)-(iv), 0 € 0(G).

PRrROOF. If i >4, we may choose V; such that v; = e; @€}, ve = f1® fl,v3 =€1® f,v4 =
fi ®¢€}. Then, (1) = O(vy A --- A v;) which is zero as every term in the expression will
contain €] Ae}. If i = 3, so p # 2, we may choose V; so that v; = e; ® e},ve = f1 ® f],v3 =
%(61 ® fi + f1 ® €}), whence it is easily checked that #(1) = 0. Finally, if i = 2 then
Cl(W) = SO(W) and p # 2. Let w be a non-singular vector in W. Then, we may choose
Vi so that v; = e; @ w,v2 = fi ®w, and (1) =0. O

Thus, it is sufficient in cases (i)-(iv) to show that there is v € (G) with 0 ¢ H.v (except
for case (v)). Let T be the maximal torus of H that acts diagonally on the standard bases
for U, W chosen above.

3.5. Lemma. In cases (i)—(iv) with i even, there is no dense H, K-double coset in G.

PROOF. Let V3 be the non-degenerate k-space spanned by e1®e}, fi®f1,...,e1®@¢}, f1@f},
where j = %. Then, the image of this in 6(G) is v = (e1.f1)? @ (L A f{ A+ -Aej A f7). This is
a non-zero vector of S'U ® /\1 W which is fixed by T. Hence, by Lemma 1.4, H.v is closed,
hence H.v is disjoint from 0 as required. O

To treat the remaining cases, we have to do rather more work. Suppose that U; and Wy
are Hqi-modules for some algebraic group Hj, and that Hj preserves a bilinear form (.,.) on
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W1. We now define an Hi-equivariant morphism Uy ® W7 — Uy ® Uy, which we shall use a
number of times in the remainder of the section. Fix bases uq,...,uy and wq,...,wys for
Uy and Wy respectively. Define the morphism ¢ : Uy @ W1 — Uy ® Uy by

(*) ¢ : Z AstlUs @ Wy Z AstQgrt! <wta wt’>us X Uy

st s,t,s’t’

where s,s’ sum between 1 and N and ¢, sum between 1 and M. This is certainly a
morphism. A routine (if slightly gruesome) check shows that the definition of ¢ does not
depend on the choice of basis. Using this observation, it is easy to check that ¢ is H-
equivariant.

3.6. Lemma. In cases (i)-(iv) with i odd, there is no dense H, K-double coset in G.

PROOF. Asiisodd and i # 1, either H = SO(U) ® SO(W) or H = Sp(U) ® Sp(W), and
p # 2. Let V5 be the non-degenerate i-space spanned by e; ® e, fi® f{, e ®el f1®

flher@e  + i f! wherej—— Its image in S'U @ \' W is v = €/ ]+1®e A 1A
j j+1 j+1 1 1N
CANEGNFIN i+ e]Jrl fl @eYNfIN-Nes A fiNnes . Weshow 0 ¢ H.v which will
complete the proof.
Let N = d1mSZU M = dlm/\ W and let uy,...,un (vesp. wi,...,wyr) be bases for
SiU (resp. \'W) such that uy = ] ™' f] ug = €. f“ and w1 =€) A fi A Ael A fiA
ey W2 =€y AN fiA - Nes N FIN fig

Now, H preserves the canonical form on /\’ W, defined by

(a1 A~ ANagj, by A--- A bl> = Z E(O’)(al,bgl) ..... (az,bgz)
og€S;

for as, by € W. We now construct an H-equivariant morphism ¢ : SU® /\l W — S'U®SU
as in (*) (taking (Hy, Uy, Wh) = (H, S?U, \' W)). Explicitly,

(b : § AstUs Q Wy F— E AstAglt! <wt7 wt’>us X Ut

st s,t,s’ !

Now, one computes the image of v = 13 ®@w +us@ws, to show ¢(v) = (—1)7 (u1 Dua+us@u1)
or U1 QU — U Uy accordlng to Whether H = SO(U)®SO(W) or Sp(U)oSp(W) respectively.
Now, u; ® ug = el+ fl & el ! Wwhich is fixed by T', and similarly for uo ® u;. Hence,
o(v) is fixed by T, so its H- orblt is closed by Lemma 1.4, and disjoint from 0. Hence, the
pre-image of H.¢(v) = ¢(H.v) will be closed and disjoint from zero, and contains H.v. But
this shows 0 ¢ H.v as required. O

It remains to treat case (v). Here, we have to proceed slightly differently.

3.7. Lemma. There is no dense H, K-double coset in G in case (v).
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PROOF. Let @ be the quadratic form associated to (.,.) on V preserved by G. Let 2 =
{v1 ®@v2 € VRV |(v,v2) = 1,Q(v1) = 0 = Q(v2)}. Then, G acts transitively on 2
and K is the stabilizer of a vector in €2, so we just need to show H has at least two
disjoint closed orbits in §2. Let (.,.) be the H-invariant bilinear form on W @ W defined
by (w1 @ wa, w] @ wh) = (wy,wh)(we,w)). Now, we define an H-equivariant morphism
V®V — S?(U ®U) by composition

0. VoV —-UUeaWeW 2 UeUeUslU — S3U e U)

where the first and last maps are canonical and ¢ is as defined in () with (Hy, Uy, Wq) =
(H,U®U,W @W). Compute the image of (ne; @€ +(1—n)f1 @ f5) @ (f1® f] +e1®€h) € Q.
It is —n?(e1 ® f1)? +2n(1 —n)e1 @ e1.f1 ® f1 — (1 —n)(f1 ® e1)?. In particular, the image
consists of infinitely many elements of weight zero as 7 varies. Hence, there are infinitely
many closed H-orbits in #(€2) by Lemma 1.7 and Lemma 1.4, and the conclusion follows by
Lemma 1.2. O

This completes the proof of Proposition 3.1.

Finally, we consider a case in SL(V'), using the same argument as Lemma 3.7.

3.8. Lemma. There is no dense H, K-double coset in G if
(G, H, K) = (SLab, SL, ® SLy, GLabfl).

ProOOF. LetV =U®W withdimV = ab,dimU = a,dimW = b, andlet G = SL(V), H =
SL(U) ® SL(W). Fix bases u1,...,u, for U and wy, ..., wy for W and let @y, ..., u, (resp.
Wy, ..., W) be the corresponding dual basis for U* (resp. W*).

Note that K is the stabilizer of an element vy ® 79 € V ® V* where vp(vo) = 1. Hence,
define @ = {v®@v € V@ V*|u(v) =1}, the G-orbit of vy ® 9. We need to prove that H
has at least two disjoint closed orbits in 2, by Lemma 1.2.

Let (.,.) be the H-equivariant bilinear form on W @ W* defined by (ws ® wy, wy @ wy) =
Wy (wg )Wy (wg) for 1 < 5,8, ¢, ¢ <b. Now, V@V*isjust U® W @ U* @ W*. Define an
H-equivariant morphism 0 : V ® V* — S%(U ® U*) by the composition

VoV —UU eWeW* SUeU U U* — S2(UeUY)

where the first and last maps are canonical, and ¢ is as defined in (%) with (Hy,U;, W1) =
(H,UxU*, W@W?*). Compute the image of (nui @w;+(1—n)uz@ws)® (1 W1 +us@Ws) €
Q. Tt is n?(ur @ 11)? + 2n(1 — ) (u1 ® U2 @ ug ® 1) + (1 — 1n)?(uz ® 42)%. The important
thing is that the image is of weight zero with respect to the maximal torus T of H that acts
diagonally on the basis, and as n varies we obtain infinitely many distinct elements. Hence,
there are infinitely many closed H-orbits in 6(€2) by Lemma 1.7 and Lemma 1.4. O

4 Proof of Theorem B: Levi factors

We now consider Theorem B when one or both of H or K is a Levi factor. So, let G be a
connected reductive algebraic group. We fix a root system (7', B; 3, II) for G for the remain-
der of this section. Let P = Pj be the standard parabolic subgroup of G corresponding to
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the subset J of I = {1,...,n}. So, P =(B,U_q,|j € J) and L = (T,Uq, | j € J) is a Levi
factor of P. Let W = Np(T)/T be the Weyl group of L, a subgroup of W.

4.1. Lemma ([B2, Lemma 3.2]). Let H be a connected reductive subgroup of G with maz-
imal torus S < T'; let Wy = Ng(S)/S be the Weyl group of H. Suppose Ni(S) = Ny (T),
so that Wy can be identified with a subgroup of W. If there is a dense H, L-double coset in
G, then W = WyxWy is a factorization of W.

The condition Ny (S) = Ny(T') in Lemma 4.1 is obviously satisfied if H is of maximal
rank, for then we can take S =T. As an immediate application, we have the following:

4.2. Corollary. Let Ly and Ly be standard Levi factors corresponding to proper subsets
J,J' C I. Then, there is no dense Ly, L j-double coset in G.

Proor. Let Wy, Wy be the corresponding parabolic subgroups of W. By Lemma 4.1, we
just need to show that W #£ W ;W ;. which is well known. 0O

To apply Lemma 4.1 to subgroups H which are not of maximal rank, we need to verify
the condition Ny (S) = N (T). We now consider this problem. We write t and g for the
Lie algebras of T" and G respectively. We shall need the next known lemma:

4.3. Lemma ([B2, Lemma 3.6]). Suppose G is simple, simply connected and (G,p) is
not (Cp,2) for anyn > 1. Then, Ng(t) = Ng(T).

4.4. Corollary. Let G be as in the lemma and H be a connected reductive subgroup with
mazimal torus S < T. Suppose the zero weight space of g relative to S is equal to t. Then,
Ny (S) = Ng(T).

PROOF. By assumption, Ng(S) normalizes g. Hence, by Lemma 4.3, Ng(S) < H N
Ng(t) = HN Ng(T) = Nu(T). Conversely, let n € Ng(T) and let s € S =T N H. Then,
nsn~! € TN H =S, son normalizes S. 0O

4.5. Lemma. Let G = Cl(V) and H < G be a connected reductive subgroup with mazimal
torus S < T. Then, the zero weight space of g relative to S equals t if and only if the
following hold:

(i) for every p € X(S), dim(V |g), < 1;

(i) if G = Cy, or Bp(p = 2), then (V [g)o = 0.

PrROOF. We prove this for the case G = Sp(V); other types of G are similar. Let
€1, €n, fn,..., f1 be a symplectic basis for V, where (e;,e;) =0 = (f;, f;) and (e;, fj) =
0ij. Let T be the maximal torus of G which acts diagonally on this basis, so elements
of T have the form t = diag(t1,...,tn, ", . .. ,tfl) when written with respect to the ba-
sis. Let ¢; be the character of T sending t — ¢; for 1 < i < n. Then, the weights of
e;, fi are g;, —e; respectively. Let p; be the restriction of ; to S. The weights of g are
{07, +2¢;, £e;+¢5|1 < i < j < n}. We therefore require the weights 2p; and p; £ pj to S to
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Table 4: Case list involving a Levi factor

|G |p | H | K |  Ref |
SL(V) SLU)®SLW),V=UoW | L; | (47),(38)
SL(V) Sp(V) L; (4.7)
SL(V) |p#2]|SOWV) Li | (47)(4.8)
SO(V) ClO)@CIW),V=UaW | N (3.1)
Spgn P 75 2 Ni GLn (49)
SOsy, N; GL, | (4.7), (4.9)
507 p;ﬁ 2 GQ,VlH: LH(wl) N2 [LSS]
SOS B3, VlHI LH(wl) NQ [LSS]
SOg Ny Ny (2.2)
5016 By No (4.11)
5026—(517,3 F4, VlH: LH(LU4) NQ (414)
5032 p= 2 D6, VlH: LH(W6) NQ (2.7)
5056 P = 2 E7, VlH: LH(LU7) Ng (27)

be non-zero for each 1 < ¢ < j < n. This is clearly if and only if no u; =0, so (V [g)o =
and no p; = £pj, so dim(V |g), < 1forall pe€ X(5). O

Now we apply these results to the remaining cases in the proof of Theorem B, when one
of H, K is a Levi factor. We begin by obtaining a case list as before.

0,

4.6. Proposition. Let G be simple and H, K € M(G) with K a Levi factor. To prove
Theorem B for the triple (G, H, K) it is sufficient to show that it holds for for (G, H, K) in
table 4. (In the table we reference the lemma in which we treat these subgroups.)

PROOF. The possibilities for (G, K) are easy to compute. Moreover, it is sufficient to list
the possibilities for H, K up to graph automorphisms of G. Hence, (G, K) = (A4,,L;)(1 <
i < 5), (Bn,L1), (Cn,Lyn), (Dn,L1) or (Dp, Ly)(n > 4). Next, note that we can exclude
(G,K,p) = (Cpn, Lyp,2) as then L, lies in a subgroup D,, so that K ¢ M(G). Then, by
Corollary 4.2, H is not a Levi factor, so H is a reductive maximal connected subgroup
of G with dimH > dimG/K. Now the possibilities can be listed, copying the proof of
Proposition 2.1. O

We begin the proof of these cases by considering factorizations in the Weyl group, ap-
plying Lemma 4.1 when possibile.

4.7. Lemma. Theorem B holds if

(G,H,K) = (SL(V),SL(U)® SL(W), L;)(i # 1),
(G,H,K) = (SO2,, N;, GL,,) (i even),
(G,H,K) = (SL(V),Sp(V), L),

(G,H,K) = (SL(V),S0(V), Li)(p # 2).
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PrROOF. First observe that for each case the condition in Lemma 4.5 is satisfied. Thus, we
may apply Corollary 4.4 to deduce that the condition Ny (S) = Ny(T') is satisfied in every
case. Thus, it suffices to show W # WyW;, where W and Wy are the Weyl groups of H
and L = K respectively by Lemma 4.1. We consider this for each case in turn.

(i) (G,H,K) = (SL(V),SL(U) ® SL(W),L;)(i # 1). Let n = dimG, r = n — 1. By
applying a graph automorphism, we may assume i < 5. We shall show that W # Wy W/,

Choose bases u1, . .., u, and wy, . .., wp for U, W respectively, and assume a < b. An easy
dimension argument shows that we may assume ¢ < b. Let Ty ® Ty be the corresponding
maximal torus of H that acts diagonally on these basis elements. Let vy, ..., v, be the basis
for U @ W such that v;_qy1; = u; @ wj where 1 <i <a,1 <j <b. Let T be the maximal
torus of GG that acts diagonally on this basis, so Ty ® Ty < T'. Writing €; for the element of
X(T) that sends t — t; when ¢ € T is written as diag(t1, ..., t.) with respect to the basis
V1, ..., Vb Let pij be the element of X (Ty ® Ty ) obtained by restricting e(;_1)p4-

Now, by the proof of [B2, Lemma 3.2], Wi, is the stabilizer of w; in X (7)), and w; =

€1+ - +e¢e. Hence, Ww; = {ej, +---+¢5, |1 <51 < < ji < ab} of order (aib).
On the other hand, we are assuming ¢ < b, so w; |1, 0Ty = 11 + -+ + p1s. So, Whp.w; =
{wjry + -+ e, |1 <5 <a,1 <k < -+ <k < b} of order a( ) Hence, Wy .w; # W.w;

unless ¢ = 1, and the result follows.

(ii) (G,H,K) = (SOap, Noj, GLy). Again W # WgWp. Let e1,...,epn, fn,..., f1 be a
basis for V' such that (es,e;) = 0 = (fs, ft), (es, ft) = 0s¢ and Q(es) = Q(f;) = 0 where
Q is the associated quadratic form if p = 2. Let e1,...,&, be the corresponding weights
of the maximal torus 71" that acts diagonally on this basis. Then, Wy, is the stabilizer of
wy, = 3(e1 + - +¢e,) in X(T). Also, W acts on +ey,..., =+, as all permutations of
1,...,n and all sign changes of even signature. Hence, |W.w,| = 2"~1. On the other hand,
\WH wy| = 2i712n=i=1 = 9n=2 Hence, W # WyWyp.

(iii) (G,H,K) = (SLgn,Spgn, L;)(i #1). If i = 1, this is a factorization by [LSS]. So,
suppose 1 < i < n. Let T be a maximal torus of G and €1, . ..,&9, be the weights of T" as in
(i). Then, we may choose Ty and weights p1, . .., i, as usual such that ¢; |7, = —epti 7, =
pi for 1 < i < n. Then, L; is the stabilizer of w; = €1 + --- + &;. Hence, |W.w;| = (22")
as in (i). Now, Wy acts as all permutations and sign changes on +pu1,...,+u,. Hence,
(W .w;| = 2 (TZL) Hence, W # Wy W, providing 7 # 1.

(iv) (G,H,K) = (SL(V),SO(V),L;)(p # 2). If dimV is even and i > 1, the argument
of (iii) shows W # Wy W, to complete the proof. We shall prove the result if dim V' is even
and ¢ = 1 in Lemma 4.8. So, we may assume dimV = 2n + 1 is odd and 1 < ¢ < n. Let
Ty < T be maximal tori of H, G respectively and g; the usual weights of T'. We can ensure
that €; |7, = —€n+yi Iy = i for 1 <i < n and €241 |7, = 0. Then, Wy, is the stabilizer of
wi=¢e1+ - +¢ and |[Ww;| = (Z"Z.H). Now, Wy acts as all permutations and sign changes
on +pu1,...,+u,. Hence, [Wy.w;| = 2¢ (TZ) Hence, W # WyWy, for all i. O

However, in all remaining cases in table 4 (except (G, H,K) = (SOa, F1, N2) when
the condition of Lemma 4.5 fails) one can show that W = WyWp is a factorization. So,
Lemma 4.1 is of no use here and we must treat them explicitly.
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4.8. Lemma. There is no dense H, K-double coset in G if
(G7 H, K) = (SLZna SO2p, Ll)(p # 2)

PrROOF. Let G=GL(V), H=SO(V) and vy, ..., v2, be an orthonormal basis for V' with
respect to the bilinear form (.,.) preserved by H on V. Let f1,..., fo, be the corresponding
dual basis for V*. Then, the homomorphism defined by ¢ : f; — v; is H-equivariant. Let
K be the stabilizer of vy ® fi. Then, G.(11 ® fi) = {v® f € V®V*| f(v) = 1}. Define
0:VeV* — S2V by v® f — v.¢(f), an H-equivariant morphism. Let 0(g) = 0(g.(v1® f1))
so that 0 : G — S?V is constant on H, K-double cosets. Also, §(G) = {v.w € S?V | (v,w) =
1}. Now, we can construct S?V as symmetric matrices, the matrix M corresponding to the
vector Z” M;;v;.v;. The action of H on S2V is then just z : M — zMazT = xMz~" as
7 = 27! for x € H when written as a matrix in terms of the orthonormal basis. So, the
action is just conjugation. Now, one checks that as 1) varies, the elements (v +nvs).v; € 0(G)
give infinitely many non-conjugate semisimple matrices, and the proof is completed as usual
applying Lemma 1.2. O

4.9. Lemma. Theorem B holds if

(G7H7 K) = (SOQ%?NQZ'Jrl?GLn)?
(GvH’ K) = (SpQTLaNQi)GLn)(p 75 2)

Proor. If (G,H,K) = (SO2y,,GLy, N1) then G = HK is a factorization by [LSS]. Ex-
cluding this case, we may assume that ¢ > 1 and p # 2.

Let e1,...,en, fi,..., fn be a basis for the natural G-module V' with (e;, f;) = d;j,
(ei,ej) = 0 = (fi, f;) for all 4,5. Let K be the connected stabilizer of the direct sum
decomposition decomposition V' = (e1,...,en) ® (f1,..., fn). Let H be the connected
stabilizer of the non-degenerate subspace U = (ey,...,€;, f1,..., fi) if G = Sp(V) or U =
(1, e f1yo oy fisen+ ) fG=SOV). Let L=V@Vandz=e1® f1+ - +e,® fn;
observe that in either case, K fixes z. Moreover, L |g= UUaUQUeULtUeUU™L.
Let m: L — U®U = M be projection along this direct sum decomposition, an H-equivariant
morphism.

Now, the morphism 6 : G — M defined by g — m(gz) sends H, K-double cosets in G
to H-orbits in M, so it suffices to show that there exist two closed H-orbits in w(Gz). Let
gx € G be the map sending

er1— e EAfiyr,eip1 = Afi e, fi— e+ A+ D) f1L firn— A+ 1) fiq1 e

where the ambiguous sign is chosen to be + if G = Sp(V), — if G = SO(V'). Now note that
m(gaz) = m(z) + AMe1 ® f1 £ f1 ® e1). So as A varies, we obtain infinitely many elements
of weight zero with respect to the maximal torus of H which acts diagonally on the given
basis. So Lemma 1.7 and Lemma 1.4 imply that there are infinitely many closed H-orbits
in 7(Gz) to complete the proof. O

The next case will follow easily from the next general lemma.
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4.10. Lemma. Suppose H, K, L < G are all connected algebraic groups. Suppose HL and
KL are dense in G. Then, there is a dense H N K, H N L-double coset in H if and only if
there is a dense H N K, K N L-double coset in K.

PROOF. Suppose (H N K)z(H N L) is dense in H for some z € H. Then, (H N K)xzL is
dense in HL by Lemma 5.1, hence in G as HL is dense in G. So, it meets KL as G is
an irreducible variety and KL is dense in G. Therefore, it actually lies in KL as KL is
stable under the action of (H N K) x L and (H N K)xL is a single (H N K) x L orbit. So,
(HNK)xL = (H N K)yL for some y € K, and this is dense in K L. Hence by Lemma 5.1
again (H N K)y(K N L) is dense in K. The converse is the same. O

4.11. Corollary. There is no dense H, K-double coset in G if
(Gaﬁvk) = (SO(V)7N27B4)
where V | gk= Lg(wy).

PrROOF. Let V be a spin module for D5 and By; V possesses a non-degenerate By-invariant
bilinear form. To apply Lemma 4.10, let G = SL(V), H = D5, K = SO(V),so HNK = By
as Dy does not preserve the bilinear form and By is maximal in D5. We show that there is a
non-degenerate 2-space with Ds-stabilizer A1Gs. For, let A1Gs < SO3 x SO7 < SO19 = D5
be the usual subgroup of Ds. Then, V' | 4,G,= La, (w1) ® A7, where A7 is the 7-dimensional
Weyl module for G3. Now, G4 fixes a 1-space in A7, hence A;G4 fixes a 2-space in V. But,
the only connected subgroup of D5 containing A1Gy is N3, and V' | y,= La, (w1) ® Lp,(ws),
so this fixes no 2-space. Hence, there is some 2-space w in P?(V') with Ds-stabilizer A;G5.
Hence by dimension, Dj.w is dense in P2(V'). But the non-degenerate 2-spaces are also dense
in P2(V'), hence there is some non-degenerate 2-space wy in Dj.w; this will have Ds-stabilizer
A1G5 as required.

Let L = stabg(w1), a parabolic subgroup of G. Then, K N L is the group Na in SO(V),
and H N L is A1Gy. Hence, by dimensions, HL and KL are dense in G. Now, there is no
dense H N K, H N L-double coset in H by Lemma 2.2 HN K is Ny in H = SO1gand HN L
lies in N3). Hence, by Lemma 4.10 there is no dense H N K, K N L-double coset in K which
is the required result. O

It just remains to verify the last case

(G,H,K) = (50265, 5, F'1, N2)

to complete the proof of Theorem B. This seems to be rather harder than the other cases,
especially if p = 3. For the remainder of the section, we work with the 27-dimensional
module V for £ = Eg. The construction of V' described here is taken originally from Cohen
and Cooperstein’s paper [CC]. We shall use the notation defined in [B2, Section 4], and
refer the reader to [B2] for fuller details.

Let V' be a 27-dimensional vector space over k whose elements are triples z = [z1, T2, 3]
with x; € M3(k). We set

E ={g e GL(V) | there is A € k* such that, for all z € V, D(g.z) = \D(z)},
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where D : V — k is the cubic form D(x) = detz; + detzg + det x3 — tr(zizexs). Then,
E = E’ is a simply connected simple algebraic group of type Eg, and E is an extension of
E by a 1-dimensional torus. Let eé.k be the element [z1, z2, 23] of V all of whose entries are
0 except the jk-entry of x; which is 1. Let e; = eili fori=1,2,3 and e = e; + e5 + e3. Let
G = E., a simple algebraic group of type Fy (by [CC]).

Note G preserves the non-degenerate symmetric bilinear form (.,.) given by (z,y) =
tr(x1y1 + z2ys + w3y2) for x = [x1, 22, 23],y = [y1,¥2,y3] € V. Finally, the G-equivariant
map # : V — V, x — 2 is defined by the identity

D(z + ty) = D(z) + (=7, y)t + (z,y7)t2 + D(y)t3,

for z,y € V and t an indeterminate. Explicitly, the map # is given by

_ [ # #
¥ = (7 — woxs, xf — x122, 25 — T371]

where for ¢ € M3(k), ¢ is the adjoint of ¢ (the matrix whose ij-entry is the ji-cofactor of
c).

We begin by defining a certain subgroup of G of type T1G2U14. Here, we exclude p = 2
so that there are no degeneracies in the commutator relations. Let P be the Bs-parabolic
of GG obtained by deleting (4 from the Dynkin diagram of G, labelling the simple roots
of G by B1,...,0s4 as in [B2, 4.6]. So P = (B1,K g, |j = 1,2,3). Let P = LQ where
L =(T1,Kip, | j =1,2,3) is a Levi factor and @ is the unipotent radical. Let L = L'R
where R is the 1-dimensional radical. Observe that the subgroup Z = G, constructed in
[B2, Lemma 4.10] is a subgroup of L'.

By [ABS], @ has an L-composition series Q@ = @1 > Q2 > Q3 = 0 such that the
factors V; = Q;/Qi+1 are the L'-modules Lp,(w3) and Lp,(w1) for i = 1,2 respectively. As
Lp,(w3)lg,= Lag,(w1) @ k, there is a unique Z-invariant subgroup Qo <1 @) of dimension 14.
We have thus defined a subgroup H = RZQq of type T1GU14. Let

(yﬁl (3)7 YB2+2B3+04 (t)) = YB1+B2+263+P4 (ASt)
(Y35(5), Y1+ 8o+ 85 +64 (1)) = YB1+Ba+285+54 (Bst)

for some A, B € k*, applying Chevalley’s commutator formula. Let

U(t) = YB2+2B3+p54 (Bt)yﬁl +B2+63+04 (_At)'

Then a routine check using the commutator formula and the known action of root subgroups
K, in [B2, 4.6] shows that each of the generators of Z defined in [B2, Lemma 4.10] centralizes
V ={v(t) | t € k}. In particular, the image VQ2/Q2 in Vi must be the 1-space fixed by Z.
So, Q@ = QoV.

4.12. Lemma. Let H be the subgroup of G = Fy of type T1GoU14 defined above. Then,
there is no dense H, H-double coset in G.
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PrROOF. Recall H < P where P is a Bs-parabolic. Let ng be a coset representative for
the longest element of the Weyl group N¢(T1)/T1. Suppose HgH is dense in G for some
g € G; in particular, dim H N gHg~' = 6. Now, PngP is dense in G so it must intersect
HgH. Hence, as H < P, HgH < PngP and g = pingp2 for some pi,ps € P. Hence,
dimP'H NP2 H~ = 6 where py =""pa € P, the opposite parabolic, and H~ ="H < P~.
However, PH NP2 H~ < PN P~ = L so we consider PH N L. Write p; = lvz for | € L,z €
Qo < H,v € V. Then, we showed above that v centralizes Z, so PH N L >'Z. Arguing
similarly for P2H~ N L, we deduce that there are conjugates of Z in L with intersection of
dimension < 6. But this implies that there is a dense GG, Ga-double coset in 17 B3 which is
not the case by Theorem 1.6. O

We can now describe the orbits of G on e'/(e) when p = 3, in terms of our basis
{efp 11 <4,5,k <3} for V.

4.13. Lemma. Suppose p = 3 and W = e*/(e) is the 25-dimensional module Lg,(wy).
Then, G = Fy has 3 orbits on the 1-subspaces of W with orbit representatives ly, lo,l3 where
li = (ui + (e)) and uy = €3}, uy = €3y + e§3,u3 = e1 — ea. Moreover, Gy, = Gy = P, a
Bs-parabolic, and Gy, = G,y = H of type T1G2Ui4.

ProOOF. We first prove the result on stabilizers. Observe I; and (u;) are spanned by
highest weight vectors of weight w4 in both V, W from the computation of weights, hence
both stabilizers equal P = L@, a Bs-parabolic with Levi factor L and unipotent radical Q).
A direct calculation using the definition in [B2] shows that (e, us)? C (e, u1,u2). Now, Gy,
stabilizes (e, us) hence (e, us)? hence (e,uy,us). But (up) is the only line L in (e,u1, us)
with L# = {0}. As # is G-equivariant, Gy, therefore stabilizes (u1), so lies in P. Now,
suppose g € Gy,. Then, g.us = puz + ve for some p,v. The weights of €3, and e§3 are
B1+ B2 + B3 + B4 and By + 203 + B4 in terms of the roots (i,..., 084 of G, by restricting
weights in [B2, Table 3]. In particular, they both involve (34, whilst the weight of e is 0 so
does not. But then, g € P forces v = 0. This shows G, = G(y,)-

We now show that H = RZQo = G y,). For, Z fixes ug by [B2, Lemma 4.10] and R acts
by scalars. A direct check shows that Kg, fixes ug; this corresponds to the lowest weight
vector of Lg,(w1) = Qo/Q2. Moreover, this extension is not split (it is not even abelian),
so Kpg, generates all of ()p as an RZ-group. So, H < G,,). Conversely, take lg € G,,)
where l € L,q € Q. If | ¢ RZ, then G (uy) contains a conjugate of L as RZQ/Q is maximal
in LQ/Q. But this implies that the unipotent radical of G|,,), which contains Qy, is all of
Q. An explicit computation (using the commutator formula) shows that Kz, yg,+8,+3, does
not stabilize (u2), so this is a contradiction. Hence, | € T1Z, so ¢ € G,), 50 ¢ € Qo, s0
lg € T'ZQo. Hence, H = G,,) as required.

It is now straightforward to deduce that there are just three orbits with representatives
as given. Observe [y, [y are non-conjugate degenerate 1-spaces, whilst I3 is non-degenerate.
As SO95 = FyNi(p = 3) by [LSS], G has just one orbit on non-degenerate lines, and I3 is a
representative. So, we need to show that there are precisely two orbits on degenerate lines.
This is proved in [CC] over finite fields by a counting argument. Copying [B2, Lemma 4.7],
it is easy to deduce from the finite fields case that G can therefore have no more than two
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orbits on degenerate lines. But we have exhibited two disjoint orbits, and the result follows.
O

4.14. Proposition. There is no dense G, K-double coset in L if
(Lan K) = (SO(W)7F47N2)
where W |g= Lg(wa).

PRrROOF. Let G be the group Fy constructed above.

First, suppose p # 3. Then W is just the module e*, and K is the stabilizer in L of a
vector a @ b € V @ V where (a,a) = 0 = (b,b),(a,b) = 1 and a,b € e*+. By [CC], we can
define a G-equivariant map * : V@V — V by v; ®vg — (v1 +U2)# — vfﬁ —vf. It is sufficient
to show that there are at least two disjoint closed G-orbits in L.(a ®b). Consider the vector
(€35 +ne3s) @ ((1—n)e3y +e33) € L.(a®Db). Its image under * is (n — 1)eg — nea. This is of
weight 0 relative to the maximal torus 77 of G (by [B2, Table 3]), so as n varies we obtain
infinitely many O-weight vectors. Hence, by Lemma 1.7 and Lemma 1.4 there are infinitely
many closed G-orbits in L.(a ® b) as required.

So, now suppose p = 3. Let H be the group of type T1G2U14 constructed above. Let W =
et /{e), which is isomorphic to Lg(ws). Choose a,b € W with (a,a) = 0 = (b,b), (a,b) = 1.
Suppose there is a dense G, K-double coset in L. As K is the stabilizer of a@be W @ W,
this implies by dimension (conjugating if necessary) that Gugp = G(q) N G p) 1s of dimension
6.

Suppose one of a,b is G-conjugate to u; + (e) as in Lemma 4.13; let it be a. Then,
G(ay = P, a Bs-parabolic of dimension 37, and P lies in the parabolic subgroup P of L
that stabilizes (a). Hence, the P-orbit of (a) is of dimension at most dim P;.(a) = 23. So,
stabp((b)) is certainly of dimension at least 37 — 23 > 6, a contradiction.

Hence, we may assume both a and b are G-conjugate to uz + (¢) by Lemma 4.13. But
then, G4y and G ;) are conjugate to the subgroup H of type T1GaU14 by Lemma 4.13, and
G ay N Gy of dimension 6 implies there is a dense H, H-double coset in G. This is not the
case by Lemma 4.12. O

This completes the proof of Theorem B.

5 Proof of Theorem A

We now deduce Theorem A from Theorem B and [B2]. Recall the notation R(G) from the
introduction. Observe initially that if H € R(G) and K € R(H) then K € R(G). Of
course, in characteristic 0, R(G) contains all reductive subgroups of G. In general, R(G)
will contain very many but not necessarily all reductive subgroups of G. The main difficulty
in deducing Theorem A is to show that R(G) is “closed under intersections” in the following
sense: if H, K € R(G) give rise to a factorization G = HK then HNK is in both R(H) and
R(K). This need not be the case if HK is not a factorization of G, even if the intersection
is reductive.
We begin with an elementary lemma.
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5.1. Lemma. Let HH K <G and Z < H. If x € H, then Zz(H N K) is dense in H if and
only if ZxK is dense in HK .

ProOOF. The bijective morphism H/H N K — HK/K defined by z(H N K) +— zK for
x € H is a homeomorphism; for [H1, p56, ex. 4] implies that it is an open map. Hence,
Zx(HNK) is dense in H if and only if ZzK is dense in HK. O

We say a semisimple group G is of length n if G can be written as Gj..... G, as a
commuting product of n simple factors. If G = G1G2 as a commuting product of reductive
(but not necessarily simple) factors, we say a subgroup H < G is diagonally embedded if the
projections m; : H — G; are bijective for each 7. Note that if H is diagonally embedded in
G, then H € R(G) — if the G; are simple then H is maximal in G and in the general case
it is easy to write down a chain H = Hy < H; < --- < H, = G with H; maximal in H;
from this observation. We now consider diagonally embedded subgroups. The first lemma
is well known.

5.2. Lemma ([B3, Lemma 4.4]). Let G be a semisimple algebraic group of adjoint type
of length at least 2. If H € M(G) then one of the following holds:

(i) Some simple factor 1 # G1 QG is contained in H.

(ii) G is of length 2 and H is diagonally embedded in G.

We now consider double cosets of diagonally embedded subgroups as in Lemma 5.2(ii).
We begin with a preliminary lemma.

5.3. Lemma. Let G,G1 and Go be simple algebraic groups, where G1 and Go are of adjoint
type. Suppose that m; : G — G; is a bijective morphism (but not necessarily an isomorphism
of algebraic groups) for i =1,2. Then, one of w1 o mo Gy — Gy or my o 7r1_1 :G1 — Gy
s a morphism.

ProOoOF. Let (T, B;%,1I) be a root system for G. For each i, let B; = m;i(B),T; = m(T)
for each i, hence defining a root system (7;, B;; ¥;,11;) for G;. Let £ = X(T) ®, R and
E; = X(T;) ®, R, and fix inner products on E and E; invariant under the corresponding
Weyl group. Given non-zero vectors v and w in either of these spaces, let R(v,w) denote
the ratio of their lengths.

Denote the root subgroups of G and G; by U, (v € X) and U; o (a0 € %;) respectively. The
map 7; : G — G; sends the set of root subgroups of G bijectively onto the root subgroups
of G;, hence induces a bijection ; : X — ¥; such that m;(U,) = §,05(c)) for all o € 3.
Let 71; : T — T; denote the restriction of m; to T, and let 7} : X(7;) — X(T') denote
the associated comorphism. Since 7; is surjective, 7 is injective. Fix parametrizations
zo + k = Uyla € ¥) and x4 : b — Ujn(a € X;) of the root subgroups. As 7; is a
morphism, 7;(z4(t)) = ¥ g,(a)(Ci,at?) for coefficients c; o € k™ and certain powers g; o of
p, depending on a € X [if p =0, g; o = 1 always].

We claim that either g1 o > g2« foralla € 3, or g1, < g2,o for all e € 3. Well, otherwise,
p # 0 and we can find o, 3 € ¥ such that 1o > ¢2.« and g1 8 < g2,3. A simple calculation
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shows that 7} (6;(c)) = i oo for all @ € X, so R(6;(c), 6;(8)) = R(gi.ac, ¢ p0) = (Z—';R(a, B)

for each 7. So, ’
R _qip Qo

— 2 = R(01(a),01(8)) = —=R(02(), 02(5)) =

P 92,5 42,0

Sl

where R is the ratio of a long root to a short root in ¥. This implies that R? > p? > 4
which is a contradiction as R? equals 1,2 or 3.

So, without loss of generality, assume that qi o > g2, for all @ € ¥. We claim in that
case that mjomy s a morphism. Arguing as in [LS, Lemma 1.2], it suffices to check that the
restriction of mj omy ! o each root subgroup and to 75 is a morphism. On the root subgroup
Us bs(a) for a € B, m o772_1 is the map x5 g,(q)(t) = T1,6,(a)(Cat?) Where cq = c¢1,0/c2,q and
do = q1,0/92,0, Which is a morphism as ¢j o > g2,, and both are powers of p [or 1 if p = 0].
It remains to check that the restriction of m o my ! %o Ty is a morphism. Now, q1,o 1 an
integer multiple of g2 . So, 77 (X1) is contained in 75(X2). As G is of adjoint type, X (17) is
generated as an abelian group by ¥; so in fact 7} (X (77)) is a subgroup of 75 (X (72)). Hence,
there is a well-defined homomorphism of abelian groups (73) ‘o7t : X(T1) — X (T3). This
induces a morphism 75 — T} of tori, which necessarily equals the restriction of m o 7y L to
T5. Consequently, this restriction is a morphism, completing the proof. O

5.4. Proposition. Suppose G = G1Gs is a semisimple, adjoint algebraic group of length 2.
If H K < G are diagonally embedded subgroups, then either G = HK or there is no dense
H, K-double coset in G.

PrROOF. We may conjugate to assume that the double coset H K is closed. Let w; : H — G;
and §; : K — G; be the projections, bijective morphisms for each i. By Lemma 5.3, one
of mom, Lor m o T !'is a morphism; assume without loss of generality that mo o 7 Lig
a morphism. Then, either ; o 65 lis a morphism, in which case 1 o 65 Lomgo T 1
morphism, or both s o 7r1_1 and dg o 51_1 are bijective morphisms from G; to Ga. In the
latter case, Lemma 5.3 again implies that either s o 711_1 0010 62_1 or 09 o 51_1 om0 7r2_1 is
a morphism. We have shown that at least one of the maps

1S a

7T107T2_10520(51_1,7'(207'(’1_1051052_1,51052_107T207T1_1 01"520(51_107r107r2_1

is a morphism.

Now assume without loss of generality that wjom, 10520(51_ is a morphism, the other three
cases being entirely similar. Let § = 75 0 7r1_1 :G1 — Gy and ¢ = dg 0 51_1 : G1 — (s, both
isomorphisms of abstract groups. Then, H = {¢0(g) | g € G1} and K = {g¢(9) | g € G1}.
Hence, HN K = {g0(g) | g € G1,0(9) = ¢(g9)} = G where 0 = 071 o ¢ is an abstract
automorphism of GG; which by assumption is a morphism of algebraic groups. So now we
can apply [S1, 10.13] to deduce that there are two distinct possibilities:

(i) GY is finite. Then, dimHK = dimH +dim K —dimH N K = dimG. So HK is
dense and closed, so G = HK is a factorization.

(ii) o is an algebraic automorphism of G;. Consider an arbitrary double coset HhK
with h € Gy, with stabilizer A 'HhN K = {g0(g) | g € G1,0(hgh™') = ¢(g)}. Let Int(h) be
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the inner automorphism of G defined by h € G1. Then, h~'Hh N K is isomorphic to the
fixed points of Int(h) ™! oo in G. But this is an algebraic automorphism of G, so again by
[S1, 10.13], the set of fixed points h~'Hh N K is of positive dimension. Hence, HhK is not
dense in G, forall h € G;. O

5.5. Remark. This proof gives rise to some interesting ‘diagonal’ factorizations. For ex-
ample, let G = G1G2 be a product of two isomorphic simple factors, where 0 : G; — G
is an isomorphism. Let o : G; — G; be a Frobenius automorphism of Gy (p # 0). Then,
G = HK is a factorization if H = {¢6(g9) | g € G1} and K = {g0(c(g9)) | g € G1}. The
existence of these factorizations can also be proved using Lang’s theorem.

5.6. Lemma. Let G be simple, and suppose G = HK where H K € M(G). Then HN K
is in both R(H) and R(K).

PrOOF. We verify this explicitly for each entry in table 1. First, we claim that if H < G is
a connected reductive subgroup normalized by some maximal torus 7" of G then H € R(G).
For, clearly H € R(HT), so we may assume T' < H. Moreover, by induction, we may assume
H is a maximal connected reductive subgroup. Then, either H has some central torus, so
that H is a Levi factor, or H is a maximal connected subgroup. In either case H € M(G),
proving the claim. In particular, this observation proves the lemma if G is exceptional, when
the possible factorizations are determined in [B2], or if (G, H, K,p) = (Span, N;, SO2p, 2),
since in either case both H, K are maximal rank, so H N K is of maximal rank in both
H, K. We now consider the remaining cases in table 1; it is sufficient to do this up to graph
automorphisms of G.

(i) We first consider the first three entries in table 1. Here the intersections are given in
the table below.

G H K (HNK)°
SLap  Spop GLap—1 T1Sp2n—2
SOz, S02,-1 GL, GLj—1

SO4n SOuan—1 Sp2 ® Span  Sp2 X Span—2

In the first two cases, H N K and its embedding in H and K is straightforward to compute
and the result follows. In the third case, we can find a subgroup Z =2 Spy X Spo,—_2 of G
such that, if V' is the natural module for G,

Vg Lz(w1,0) ® (Lz(w1,0) & Lz(0,w1))

(Lz(wl, 0) & Lz<wl, 0)) SV, (Lz(wl,()) & LZ(O,wl)).

[l 112

From the first isomorphism here, we see that Z is a subgroup of K = Sps ® Spay,, and there
is a chain of embeddings Spa X Spap_2 < Spa ® (Sp2Span—2) < Sp2 ® Spy,, each maximal
in the next, proving that Z € R(K). On the other hand, from the second isomorphism,
we see that Z < S04504,_4. Now, the diagonal subgroup Sps < Sps ® Sps < SOy fixes
a non-singular line in the 4-dimensional orthogonal space (if e, f is a symplectic basis then
Spy fixes e ® f — f ® e), and this identifies Spy with the subgroup SO3 < SO,4. Hence, we
have a chain of embeddings Spy X Span—2 < Sp2(Sp2 ® Spap—2) = SO3(Sp2 & Span—2) <
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S0O35045,—4 < SOyp—1 proving that Z € R(H). Finally, dimension implies Z is indeed
equal to (H N K)°.

(ii) We next consider the factorizations involving G or Bs in table 1. By applying graph
automorphisms to G = PSOs, it is sufficient to prove the lemma for the cases in the table
below — we have already treated the cases (G, H, K) = (SOs, N1, GL4) and (SOg, N1, Spa ®

Spa) in (i).

G p H K (HNK)°
Spﬁ P = 2 506 G2 A2

SO7 p#2 N1 Gy As

Spg p=2 Ny Go A1 Ay
SO7 p#2 Ny Go AT
508 N1 Bg or TBg GQ

In the first two cases, the intersection must have dimension 8, so the only possibility is the
long root subgroup Ay of Gy (or possibly Ay if p = 3); this is of maximal rank in Gg so
certainly lies in R(K). The embedding Ay < SOg is well known; it is Ay < GL3 < SOg, so
HNK € R(H). In the final case, G2 fixes a non-singular 1-space in Lp,(w3) so N1 N B3
contains G, hence equals G5 by dimension. Here, H N K is maximal in both H and K, so
the result follows.

To consider the third and fourth cases, let V' be the natural module for G and compute
the restriction V'| , 7 , where A; A is the maximal subgroup of Gs. By considering weights,
the restriction splits as L (2w1) ® (La, (w1) ® L1 (w1)). Hence, if p = 2, A1A; < NaN Gy,
hence equals the intersection by dimension. This is of maximal rank in Gg, so we just need to
show HNK € R(H). For this, there is a chain of subgroups A1 Ay < SpaSO4 < SpaSps = No
with each maximal in the next, proving the result. Finally, if p # 2 then the subgroup
ATy < Ay Ay is of the correct dimension to be the intersection (HNK)°, and is a maximal
rank subgroup of Ga. So we just need to show that A7y € R(H). Here it is clear from the
structure of VlAlAl that A1T) < GL2T1 < SO4Ty < SOs5Ty = N> is a chain of embeddings
proving ATy € R(H).

(iii) For remaining cases, the intersection is computed in [LSS, Proposition 1.9].

G p H K (HNK)°
5056 P = 2 E7 Nl Eﬁ

5032 P = 2 D6 N1 A5

5025 D= 3 F4 Nl D4

SOQO P = 2 A5 N1 A2A2
SOlﬁ B4 Nl BS

5013 P = 3 03 N1 A1A1A1

In each case, it is shown in [LSS] that (H N K) is normalized by some maximal torus of H,
so it just remains to show H N K € R(K). For this, we just exhibit a chain of subgroups
proving that H N K € R(K), leaving the details to the reader; for this, the embeddings are
explained in more detail in [LSS, Proposition 1.9].

FEs w<1 SLo7 < GLy7 < SOs54 < SO55 = Ny,
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As 2 SLis < GLis < SO30 < SO3; = Ny,
Dy T 808505805 < S0gS016 < SOg4 = Ny,

w1 Qwa2

As Ay < SLg < GLg < SOq8 = Ny,

By <7 807507 < 807805 < SO15 = Ny,

A1A1A1 < 504504504 < 504505 < SO19 = Nj.
In the last case here, the embedding A1 A1 A1 < §0450450y is such that the highest weights
of A1A1A;1 on the SOy factors are w1 ® w1 ® 0, w1 ® 0 ® wy,0 ® wy ® wy respectively. 0O

5.7. Lemma. Suppose G is a connected reductive algebraic group and H, K € M(G) are
such that G = HK is a factorization. Then, H N K is in both R(H) and R(K).

PrOOF. We prove that HNK € R(K) by induction on dim G, the case G = 1 being trivial.
First suppose G is semisimple. If G is of length 1, then the result is precisely Lemma 5.6.
So, G is of length greater than 1. Also, we may replace G by the corresponding adjoint
group AdG as AdR(K) = R(Ad K). So by Lemma 5.2 there are two cases:

(i) Some simple factor 1 # G1 < G is contained in H. Then, H/G; € M(G/G1). Notice
that either KG1/G1 = G/G; (which will not cause problems) or KG1/G1 € M(G/Gh).
By induction, (H/Gl) N (KGl/Gl) € R(KGl/Gl) Now, H N (KGl) = (HﬂK)Gl. Let
A= HNK and B = AG1/G1. Then as B € R(KG1/G1), there is a chain of subgroups B® =
By < By < --- < B, = KG1/G1 with B; € M(B;41) for each i. Let A; be the connected
pre-image of B; under ¢ : K — KG1/Gy. Then, Ay = ((AG1)NK)? = (HN(KG1)NK)? =
(HNK)? = A. So, we obtain a chain of subgroups A = Ag < A; < --- < A, = K with each
A; € M(Ait1). So, HN K € R(K) as required.

(ii) G is of length 2 and H is diagonally embedded in G. Again by Lemma 5.2 there
are two cases for K. First, suppose K is also diagonally embedded. Then, dim H N K =
dim H 4+dim K —dim G = 0 so HN K is finite and the result follows. Otherwise, some simple
factor of GG is contained in K. Without loss of generality, suppose G = G1G> with G; simple
and that G < K. Then, K = K1G2 with K; € M(G}). Let m; : H — G; be the projections,
bijective morphisms. Then, H N K = WflKl. Let Ko = {m(z1)m2(x2) | 21,20 € HN K}.
Then, H N K is diagonally embedded in Kj, so that H N K € R(K3), and Ky € M(K).
Hence, H N K € R(K).

Finally, suppose G is reductive and not semisimple. Let R # 1 be the radical of G. If
HR =G then G’ < Hso K' < HNK < K and it is clear from this that H N K € R(K).
So, we may assume HR # G, so that by maximality, HR = H. Then the argument of (i)
(with G; = R) gives the result. 0O

We are finally in a position to prove that R(G) is closed under intersections in full
generality.

5.8. Proposition. Suppose G is a reductive algebraic group and H,K € R(G) are such
that G = HK is a factorization. Then, H N K is in both R(H) and R(K).

PrROOF. Again we use induction on dim GG, the case G finite being trivial. We may assume
G, H, K are connected, so let H, K € R(G) be connected. We may embed H < Hy, K < K;
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with Hy, K1 € M(G) and H € R(H;), K € R(K1). Then, G = HK implies
H, = H(Hl ﬁK),Kl = (HﬁKl)K

In particular, H; = H(H; N K;). By Lemma 5.7 Hy N Ky € R(H1), and H € R(H;) by
definition, so induction implies that H N K is in both R(H) and R(H; N K7). Similarly,
Hy N K is in both R(K) and R(H; N K7).

Now, Hy = H(H; N K) implies Hy N K; = (H N K;)(Hy N K). We have shown that
HNK; and Hy N K are in R(H; N K7). Hence, by induction, H N K is in both R(H N K1)
and R(H; N K). The result follows as H N K is in R(H) and Hy N K isin R(K). O

Now we can prove Theorem A. For convenience, we restate the theorem:

5.9. Theorem. Let G be a connected reductive algebraic group, and take H, K € R(G).
Then, either G = HK or there is no dense H, K-double coset in G.

PrROOF. We prove this by induction on dim G; the induction starts with G = 1. So, let G
be a connected reductive group of dimension d and suppose the result holds for all groups
of dimension less than d.

(i) We first show that the result holds if H, K € M(G) and G is semisimple. If G is of
length 1, then the result holds by Theorem B or by [B2] if G is exceptional. So suppose G is
of length greater than 1. By Lemma 1.1, we may assume G is adjoint, so Lemma 5.2 applies.
Suppose first that some simple factor 1 # G of G is contained in H. Then, if G1 K = G,
G = HK and the result follows. Otherwise, maximality implies G; K = K and the result
follows by induction from the case (G/G1, H/G1, K/G1). A similar argument applies if some
simple factor of GG is contained in K. Hence, both H, K are diagonally embedded and G is
of length 2. Now the result follows by Proposition 5.4.

(ii) We now show that the result holds if H, K € M(G) and G is reductive. Let R be
the radical of G and conjugate to assume that HK is closed. Then, if HKR = G either
HK = @G, as required, or we can find r € R— HK. In this case, HrK = HKr is also closed
and disjoint from H K. Hence, there are at least two disjoint closed H, K-double cosets in
G and the result follows by Lemma 1.2. So, we may assume HKR # G. Then, HR # G
and KR # @, so by maximality, HR = H, KR = K. Then, the result follows by induction
from the case (G/R, H/R, K/R).

(iii) We now show that the result holds if H, K € R(G) and G is reductive. Observe that
by Lemma 1.1, we may assume H, K are connected. So, let H, K € R(G) be connected.
Then, we may embed H < Hy, K < Ky with Hy, K1 € M(G) such that H € R(H;),K €
R(K1). If G # Hi K, then there is no dense Hy, Ki-double coset in G by (ii) so the result
holds. So, suppose G = H1Ky; if H = H|,K = K7, then G = HK and we are done. So,
assume without loss of generality that H # H;. Since G = H; K1, Proposition 5.8 implies
HiNK; € R(H;). So by induction either Hy = H(H; N K7) or there is no dense H, H; N K-
double coset in Hj. In the latter case Lemma 5.1 implies there is no dense H, Ki-double
coset in H1 K7 = GG and the result follows. In the former case, G = H1 K1 = HK;. Hence,
by Proposition 5.8, H N K; € R(K1), and also K € R(K1) by definition. So by induction,
either K7 = (H N K;)K or there is no dense H N K7, K-double coset in K;. But the former
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case implies G = HK; = HK, and in the latter case there is no dense H, K-double coset in
HK; =G by Lemma 5.1. O
This completes the proof of the main results of the paper.
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