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Ilm going to assume from now on that we've faxed a choice

of fundamental
chamber C ) hence , a

base D= be .

Wife D= Edi . - -he } so l -- rank CR)
= doin E

--

simple root

Let I= { I , -→ l )
so D= { di lie I 3 .

Let R -

- Rtu R
-

posture oooh negative Nob

Lemma 3 Every LER belong, to at least one base .

Proof Take her . Pecci TE Lt that's not on any other Pt (Peta)

Then move a big but for T to 8
'
so (8

'

,
d) = E SO

and µ 's B) Iss for Ro p FIL . Then let d be the chamber antaig 81



This ensures Lt is banding hyperplane for C
'
,
so LE Da ,y

Weyl group Let W e O CE
) be subgroup generated by

all the reflections Sa (the R )
-

Sak I

SL fries hpepkue
Lt pointwise

By axiom ③ , SIR)
= R

,
ie W G R

faithfully as R soars
E

.
Here

,
W → Sync R)

Had, p
fait groep !

So W is finite .

The reputation.
F- of W

is called the reflection representation of 0

Let se = Sq. for short , call s, , - , se Soysa reflections

Note frilly that w sa w
' '
= Swan , Cheh , we w )



Def for her , let htt) = ¥.ci if X -

- €7 cedi .

height

Lemma 4 Every heat is an IN-huai combination of Supa
rob . In fact,

L : hi
,
t - - - t din ( in - - ich EI ) in such a way that

Licit . - t din C-Rt t Ifk f h .

Proof If his rupa ,
there's nothing to prove , so take Le Rt- A .

Note that Cd , Li) >0 for some ie F .

Else
,
L -

- Eal
,

cedi aid (Gdi ) so Hi, you
'd get

02cL,d) = €7 .ci Chidi )
Eo Eo

EO #

Pick such an i . Thee L-hier by Leanna I
,
it aunt

be positive as there's some j # i so L-Li has Lj with positive effort



Now ht (L
- di ) is one smaller than L

- - - repeat
a

pet Si

Lemma 5 If if I , the senile reflection permutes Rt- Edi 3
,

and sick ) -- - Li .
Hence

,
si Cf ) = f - Li

F- a S = I £aF

Food Take the Rt- Sdi 3 .

So he IR hi, so
d has

some other Lj with positive coeffeceeit . Ther sich ) =L
- CALI ) di

is a root , it be positive by its Lj - coeffcceit .

.

as
h # sik)

--4 .

Remains to note sik) # di f



Lemma 6 Take in . . .ie C- I . If Si
,

- - - sit
. .

Hit ) E R
-

>
then

there exit Isu at such that Sc;
- - - see = Si

,

- - - Siu
. , Siu;;

- sie . ,
.

- --

t reflection t-2 reflections

food Let u be minimal so Siu ,

- - - site
,
Hit ) C- Rt

Whee apply Siu ,
this positive root becomes negative , so Lema S

tell us that Soun . . . See , Kit ) = Liu

Genji -sit
.

? See sit .)
"

= Swan,
= Sin

w u-

w
d-hit w

r

'

. Sii - - Siu
. ,Siu+ .

--- see. , sit
= Sii " Siu

,
Siu Siu ,

- - - site ,

Now right multiply by sie to finish proof
#



Theorem The Weyl group W is generated by its Supa reflectors 9 .
. > se .

Mcneer , there are bijection
w w ←

C aid A

f
W

are critically chosen

we & o⇒web) fundamental chaebolbase

{ chambers) t { bases }
P
constructed already

,
Ct Ac

peg Let w
'
= es" . . .se > EW . Prove IT with

W replaced by W1 , then shew W --W
' at the ad .

Note that the chagrin Canute, obnocily .

To show f n

' cub
,

take TE E
- Ifad

±

in some chamber .

We'll show I we w
'
so co E C .

That shows W
'
aeb

Housing or chante , giving £ .



Pick we w '
so (WCM, f ) is manorial

T t Ex
for c'EI : test

(works ) Z ( sewer) ,s) = (wer) ,
sits ) ) = Cw CH , S

-di )

= Cw S ) - Cw CD, di )

Shows Cuoco), di) 70
ti .

Sui 8 is not on any hyperplanes, nor is w (H,
so Gorki)

.

Here wer) E C .

Now show Iv is icyeitui .
Take l # we w

' with west-S .

Write w : Sii . - Sir with r minimal .

Ther Si
,

- - - Sir Kir) c- Rt
,
here

, Sir . - Sir
. ,

Kir ) E R?



By Lemma 6
,
we deduce that

w -

- Si
,

. -
- . Sir = Si

,

- -
- Siu

. ,
Sint . -

- - Sir
- ,

but that contradict the muniality of r .

←
W' acts taisdmeb on bases

Here £ Is both bijection .

facility must show W - w
f
.

Take DER
,
need to show SL E W

'
. By lemma 3,

there's a base containing L , so get we w
'
with Lew CA) .

So w ' CL) = Li for some ie I .

.

.

. w si w
"

= Swan ,
= Sd E W

'

µ



W =
Es , . .

. . se > is
es , . .

..se/siZl,sisj.rr=sjsi---iFj >

COXETER Group
4mF Tej

T finite, crystallographic
follows by uspedici

What are relations between there ? of rule
2 patios !

si =L Hi ✓
Take it 's , sisjsi - - - .

= Sjsisj - - -

-- -
-

mij mij

where

nzdoK%ftp.q#ah2syskm-3 I Az
4 2 Bz
6 I 3

Gz

In fact these give ALL relations for W


