
There are a few loose ends -
- -
I wait * expand these in the last

three lectures .

PLAN ① A glimpse of representation theory

So I can discuss Weyl demeiain formula
which is needed

in proof of Lemma from L9 - 2 .

③ More about exponentrating
The cunning tick in

the proof of
Sene 's theorem ' ci L 9-3 .

Needs more discussion !

③ Construction of semisupli algebraic groups starting from

Seuisupli Lie
'

algebras .



A gknpie of representation theory ✓
EXTEND IT ALL TO

GENERAL of
we developed Rep ( se , ) in detail already :

• Every fad . she - module is Cor.

• Irreducible ones fan are labelled by their highest weight ne
IN

[(n) = S
"
V where V -- Q2 is natural 2-D rep .

•

et to
.
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• h acts diagonahtabh on any fool . rep .

ntm

a L (a) ④ Um) I ⑦ Llp) Clebsih - Gordon formula

F- In-ml Hw 5- Q1
P Entm (mod 2)



Let y be a f -d . semisepa Lce algebra - - . D= og

a
←
a Carton

matrix
D= Eh .

-he } CR CE root system Lei
,
hi

, fi lie I>
base Sene presentation
2- = Eh , . -

-

, he > max . tonal subalgebra

D= n
-

to 7 to nt 3 = 2-⑤Nt Boel subalgebra

^ T Tae ,> corresponding to Rt
CR .

<
fi?

- hi>

We know already :

• Any claret he 7 is Semple ,
here , it cut semiswig

on oxy

f.d . reputation of g (
Jordan decompose lion) . As 2- is Abehai

ay VE Rep (g) decomposes as V = ,*Vq
• Any f. d - reputation is c. r. . 3

{v e-VI hv -- Nh ) v g
the 2-



Def X e 2-
*

.
A highest weight module of hlw X is a

of -module generated by a non - zero hgheitpwegtit
vector Vt of weight h .

There's a universal such module
,
the eiV+=0 If e-=/ . . . . L

Verma module ← A
- D hi Vt = XChi )Vt )

MCD = Ucg) ④ Cl
II

X Mtv+ =
O

UCH
p hut Chlvt the h .

Vt -- (④ I hlw vector I-D b -module

generated by a vector salncpjiig Fall that stuff .

{ fpm! - fpmnnv +3 give a basis for MH)

Eas#basis : UCD) is a free right Ulb)
- module on basis

→ fpf
,

'
- - - f- pm! where pi . . .

. p, are positive nots
PBW theorem

fp is
"

standard
" bats vector for Ip .



Then you show : - ←
EL HE 2*3 gaie
all cried - hlw modules

• MCX) has a unique medium quoted
LCX) up A = .

• my cried hlw module of hlw
X is E L (X )

• any f- od Cme'd . g
-module is obviously a

hlw module

So the fd . amid 's age amongst the LA)
's

.

⇒

• LCX) is fool . ⇐
X is a dominant weight

⇐
HARD

If is f. d ; concede Si -- Eec; hi.fi > Esk

ii. :c::
"

¥::*!



Notation
. Let co

, ,
coz , . - , we be the dual basis

-
war pi to hi , hi , . . , hi .

Another bani for E C Z
't

.

Let P -

- { Xe 't
't l ( x ,ai ) c-27 V-i-t.ie 3

×
weight lattice

zoo
,

④ . . - ⑦ 27 We
'

Let Pt : Ex et
't l Gdi) c- IN fist . . . . I }

×

The co.is are fundamental weights .
IN w

,
to - - - to Wwe .

Elements of Pt are the dominant weights .

They label the hlw 's of the f -d . creeps of og .



see R -

- SIL 3 D= 523

E= IRL
"

Ch,dY=2

De pie W EE so (co , T ) = I

co -

- Iz d

Ther Pt -. IN w

Un w) for new . . .

h V+= noch) ut
= (noo ,d) Vt

Ill
= nut

(( n ) for before



Xe Pt as data X -

- ¥
,

ai wi a
, .
. . .ae C- IN

ai ( x, Liv )
=
X Chi )

( ( X) f - d . inept .

• Weyl character formula tells you
din L (Hn de Pt

Caller so L to are of form
X - ⇐mini ME P

wth Mie IN
- - - true ever f - MH) )

In particular , you see exactly Whicker
have LCH #O .

Denote this by Q EP E P

y
Twagh't lattice

root latke {xeZHCxinTe2Vi32dl@r.r④ 27 de 270 ,④ --
-⑤ Doe



←
hi O# Xept

• Weyl diversion formula

den.
LIE!) =

a!It
( + tbh

") and dri LH)

is menial .

- better have 7=0 ,

IT (5. T ) for some i

dfat

f = I §a+L ⇐ (5,2T ) -

- I ti ⇐ f- Witwer
. - toe .

adjoiity
,

representation
14=2+1 RI

San of fundamental pad's .

④ G
,
¥5 duilio , ) =

= 14

in union) =

oath •
3hAM

Go,t2wa , LV )
• akita IT - thermal

heat (witch .

N ) dimension for

L
,

03ham table in 29-2



• Tensor products X
que Pt

UH ④ LG) E ④ LH

ve p p
Multiplicities

My favorite way to calculate CI 's goes via
the

theory of crystals ( Kashiwairon ,
1991 ) . O

Yuu?,%A÷e
.
.

4T -

-

littlewood - Richardson coepaca
Quartiere'd enveloping algebras Uq (g)


