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20. Elementary obstruction theory

20.1. Eilenberg-MacLane spaces and cohomology operations. Let π and G be abelian
groups, n, m be nonnegtive integers.

Definition 20.1. A family of maps

θX : Hn(X; π) → Hn′

(X; π′)

is called a cohomology operation θ of the type (π, n; π′, n′) if it is determined for every topo-
logical space X and such that for any map f : X → Y the diagram

Hn(X; π) Hn′

(X; π′)!θX

Hn(Y ; π)

"
f∗

Hn′

(Y ; π′)

"
f∗

!θY

commutes, i.e. f ∗θY = θXf ∗ . In different terms, we say that the operation θ is natural. The
set of all cohomological operations of the type (π, n; π′, n′) is denoted by O(π, n; π′, n′).

Example. For each n and any π the operation a "→ a2 is a cohomology operation. Notice
that a cohomology operation is not, in general, a homomorphism.

Our next goal is to idendify the set O(π, n; π′, n′) with cohomology groups of the Eilenberg-
McLane spaces.

Let X be a space. We recall that there is Hurewicz homomorphism h : πq(X) → Hq(X;Z)
defined as follows. Let ιq ∈ Hq(Sq) be a canonical generator. Then for an element ϕ ∈ πq(X)
and its represenative f : Sq → X , the image h(ϕ) ∈ Hq(X;Z) is given by f∗(ιq).

Now assume that X is (n−1)-connected. Then Hq(X;Z) = 0 for q ≤ n−1 and the Hurewicz
homomorphism h : πn(X) → Hn(X;Z) is isomorphism. Then the universal coefficient for-
mula

0 → Ext(Hn−1(X;Z), π) → Hn(X; π) → Hom(Hn(X;Z), π) → 0

shows that Hn(X; π) ∼= Hom(Hn(X;Z), π) since Hn−1(X;Z) = 0.

Let π = πn(X). Thus the group Hom(Hn(X;Z), π) contains the inverse h−1 to the Hurewicz
homomorphism h.

Definition 20.2. For an (n− 1)-connected space X , we denote by ιX the cohomology class

ιX := h−1 ∈ Hom(Hn(X;Z), π) ∼= Hn(X; π).

Sometimes the class ιX is called as fundamental class of (n − 1)-connected space X .

In particular, the Eilenberg-McLane space K(π, n) has a canonical class

ιn ∈ Hom(Hn(K(π, n);Z), π).

Below we will prove the following result.
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Theorem 20.3. There is a bijection

[X, K(π, n)] ↔ Hn(X; π).

given by the formula [f ] "→ f ∗ιn .

Here [f ] means a homotopy class of a map f : X → K(π, n). Before proving Theorem 20.3,
we derive several important corollaries of Theorem 20.3.

Corollary 20.4. Let π , π′ be abelian groups. There is a bijection

[K(π, n), K(π′, n)] ↔ Hom(π, π′).

Proof. We combine the statement of Theorem 20.3 with the universal coefficient theorem
and Hurewicz isomorphism to see that

[K(π, n), K(π′, n)] ↔ Hn(K(π, n); π′) ∼= Hom(Hn(K(π, n);Z), π′) ∼= Hom(π, π′).

This proves Corollary 20.4.

Corollary 20.5. Let π be an abelian group. The homotopy type of the Eilenberg-McLane
space K(π, n) is completely determined by the group π and the integer n.

Proof. According to Corollary 20.4, any isomorphism π → π is induced by some map f :
K(π, n) → K(π, n). Since all other groups are trivial, the map f induces isomorphism in all
homotopy groups. Then Whitehead Theorem 14.10 implies that f is homotopy equivalence.

Now let θ be a cohomology operation of the type (π, n; π′, n′). Then we have en element
θ(ιn) ∈ Hn′

(K(π, n), π′).

Theorem 20.6. There is a bijection

O(π, n; π′, n′) ↔ Hn′

(K(π, n), π′)

given by the formula θ ↔ θ(ιn).

Proof. Let ϕ ∈ Hn′

(K(π, n), π′). We define an operation ϕ ∈ O(π, n; π′, n′) as follows. We
should describe the action

Hn(X; π)
ϕX−−→ Hn′

(X; π′)

for any space X . Let u ∈ Hn(X; π), then, according to Theorem 20.3, there exists a map
f : X → K(π; n) such that [f ] "→ f ∗(ιn) = u . Then we define

ϕ(u) = f ∗(ϕ) ∈ Hn′

(X; π′).

Thus we have the maps

O(π, n; π′, n′) → Hn′

(K(π, n), π′), ϕ "→ ϕ(ιn)

Hn′

(K(π, n), π′) → O(π, n; π′, n′), ϕ(u) = f ∗(ϕ), where f ∗(ιn) = u.

Let X = K(π, n) and u = ιn , then f : K(π, n) → K(π, n) is homotopic the identity. Thus
ϕ(ιn) = f ∗(ϕ) = ϕ . In the other direction, let ϕ = θ(ιn). Then

ϕ(u) = f ∗(ϕ) = f ∗(θ(ιn)) = θ(f ∗(ιn)) = θ(u)

for any u ∈ Hn(X; π).
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Theorems 20.3 and 20.6 imply the following result:

Corollary 20.7. There is a bijection

O(π, n; π′, n′) ↔ [K(π, n), K(π′, n′)].

Now we have to prepare some tools to prove Theorem 20.3.

20.2. Obstruction theory. Let Y be a space with a base point y0 ∈ Y . We recall that
the fundamental group π1(Y, y0) acts on the group πn(Y, y0) for each n. We will say that
a space Y is homotopically simple if this action is trivial. In the case when the space Y is
homotopically simple, we may (and will) ignore a choice of the base point. In particular, any
map f : Sn → Y gives well-defined element in the group πn(Y ).

Now let B be a CW -complex and A ⊂ B be its subcomplex. We denote Xn = B(n) ∪ A,
where B(n) is the n-th skeleton of B . Let σ = en+1 be an (n + 1)-cell of B , which does not
belong to A. We denote by ϕσ : Sn → Xn be the attaching map corresponding to the cell
σ . We consider the cells σ as generators of the cellular chain group En+1(B, A).

For any map f : Xn → Y , where Y is homotopically simple, we define a cochain

c(f) ∈ En+1(B, A; πn(Y )) = Hom(En+1(B, A), πn(Y ))

as follows. The value c(f) on the generator σ is given by

c(f)(σ) = [f ◦ ϕσ] ∈ πn(Y ), where

f ◦ ϕσ : Sn ϕσ−→ Xn f−→ Y.

Lemma 20.8. The cochain c(f) is a cocycle, i.e. δc(f) = 0.

Proof. We recall that if (K, L) is a CW -pair with π1K = π1L = 0, and pi1(K, L) = 0 for
q = 0, 1, . . . , n − 1, then the Hurewicz homomomorphism h : πn(K, L) → Hn(K, L;Z) is an
isomorphism. This is the relative version of the Hurewicz Theorem, see Theorem 14.9. We
will use this result below. Consider the following commutative diagram:

(91)

########################$

i

En+2(B, A)

%

∂
#

n+2

Hn+2(X
n+2, Xn+1;Z)

%

∂
#

n+2

πn+2(X
n+2, Xn+1)

%

∂̃

!∼= !h−1

πn+1X
n+1

%

j∗

En+1(B, A) Hn+1(X
n+1, Xn;Z) πn+1(X

n+1, Xn)

%

∂

!∼= !h−1

πnX
n πnY!f∗
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Here the horizontal homomorphisms are given by the inverses to the Hurewicz isomorphisms.
By definition, the boundary operator

∂
#

n+2 : Hn+2(X
n+2, Xn+1;Z) −→ Hn+1(X

n+1, Xn;Z)

is given by the boundary operator in the long exact sequence of the triple (Xn+2, Xn+1, Xn)
and thus by Hurewicz isomorphism is reduced to the boundary operator in the long exact
sequence in homotopies for the same triple:

∂ : πn+2(X
n+2, Xn+1) −→ πn+1(X

n+1, Xn)

which coincides with the composition:

πn+2(X
n+2, Xn+1)

∂̃−→ πn+1X
n+1 j∗−→ πn+1(X

n+1, Xn).

by construction. Here ∂̃ is the boundary operator in the long exact sequence in homotopy
groups for the pair (Xn+2, Xn+1). Then we identify the cochain c(f) : En+1(B, A) → πnY ;
clearly it coinsides with the composition f∗ ◦ i. Now let σ ∈ En+2(B, A). By definition,
δn+1c(f)(σ) = c(f)(∂

#

n+2σ). On the other hand, we can first take σ to σ̄ ∈ πn+2(Xn+2, Xn+1)
via the Hurewicz isomorphism and then down the right column of the diagram (91). Then
we have ∂ ◦ f∗ ◦ ∂̃(σ̄) = 0 since ∂ ◦ f∗ = 0 by exactness.

Exercise 20.1. Prove the following Lemma 20.9.

Lemma 20.9. The map f : Xn → Y can be extended to a map f̃ : Xn+1 → Y if and only if
c(f) = 0.

Now let f, g : Xn → Y be two maps which coincide on Xn−1 , i.e. f |Xn−1 = g|Xn−1 . Then
for each n-cell ω , we define a map hω : Sn → Y as follows. We decompose Sn as union of
the hemispheres: Sn = Dn

+ ∪Sn−1 Dn
− . Then for each n-cell ω , we have the attaching map

ψω : Sn−1 → Xn−1 = B(n−1) ∪ A and characteristic map Ψω : Dn → Xn = B(n) ∪ A. Then
we define hω : Sn = Dn

+ ∪Sn−1 Dn
− → Y by

hω|Dn
+

= g ◦Ψω : Dn
+

Ψω−→ Xn g−→ Y,

hω|Dn
−

= f ◦Ψω : Dn
−

Ψω−→ Xn f−→ Y.

Clearly hω|Sn−1 = (f ◦ Ψω)|Sn−1 = (g ◦ Ψω)|Sn−1 since f |Xn−1 = g|Xn−1 . This construction
defines the distinguishing cochain d(f, g) in the cochain group En(B, A; πn(Y )).

Lemma 20.10. There are the following properties of the cochain d(f, g):

(1) Let f, g : Xn → Y be two maps which coincide on Xn−1 , then

δd(f, g) = c(g) − c(f).

(2) Let f, g, h : Xn → Y be three maps which coincide on Xn−1 , then

d(f, g) + d(g, h) = d(f, h).
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Proof. We prove (1) leaving (2) as an exercise. For simplicity, we assume that the maps
f, g : Xn → Y are different only on a single n-cell ω of Xn . Let σ be any (n + 1)-cell of
Xn+1 . Then, by definition,

δd(f, g)(σ) = d(f, g)(∂
#

n+1σ),

where ∂
#

n+1 : En+1(B, A) → En(B, A) is the boundary operator in the cellular chain complex.

Let Φσ a characteristic map and ϕσ be an attaching map coresponding to the cell σ :

Dn+1 Xn+1!Φσ

Sn

"

Xn

"

!ϕσ

We consider the following diagram:

Sn

&&&&&&&&&'

ζ

Xn Xn/Xn−1

(
(

(
(()

=

!ϕσ !pr

Sn
e

∨

j

Sn
j*pe

Here Sn
e is the sphere corresponding to the cell e and pe the projection on Sn

e . Since f and
g are the same on all cells but e, we obtain

δd(f, g)(σ) = d(f, g)(∂
#

n+1σ) = [σ : e]d(f, g)(e),

where [σ : e] = deg ζ , where ζ : Sn → Sn
e is the map from the above diagram. Now we recall

Sn

ζ0

ζ−1
0 (Dn

e )

Dn
j

Dn
i

Dn
e

Ψe
Xn

Xn/Xn−1 =
∨

k

Sn
k

Sn
e

Figure 30

that a map ζ : Sn → Sn
e of degree [σ : e] is homotopic to a map ζ0 : Sn → Sn

e which satisfies
the following properties:
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(1) there are disjoint disks Dn
1 , . . . , Dn

s ⊂ Sn such that

(a) ζ0|Dn
j

: Dn
j → Sn

e is a map of degree ±1;

(b) ζ0|Sn\(Dn
1 %...%Dn

s ) : Sn \ (Dn
1 + . . . + Dn

s ) → Sn
e is a constant map;

(2) the degree [σ : e] is the algebraic number of such disks counting ±1’s.

Now we can take a close look at the cell en ⊂ Xn , see Fig. 30. It shows that

(c(f) − c(g))(σ) = [σ : e]d(f, g)(e)

This proves the result.

It turns out that any cochain in En(B, A; πn(Y )) could be realized as a distinguishing cochain:

Lemma 20.11. For any map f : Xn → Y and a cochain d ∈ En(B, A; πn(Y )) there exists a
map g : Xn → Y such that f |Xn−1 = g|Xn−1 and d(f, g) = d.

Exercise 20.2. Prove Lemma 20.11.

We denote by [c(f)] ∈ Hn+1(B, A; πnY ) the cohomology class of c(f).

Theorem 20.12. Let Y be a homotopy simple space, (B, A) a CW -pair and Xn = B(n) ∪A
for n = 0, 1, . . .. Assume f : Xn −→ Y is a map. Then there exists a map g : Xn+1 −→ Y
such that g|Xn−1 = f |Xn−1 if and only if [c(f)] = 0 in Hn+1(B, A; πnY ).

Proof. Let δd = c(f). Then we find g : Xn −→ Y such that g|Xn−1 = f |Xn−1 and d(f, g) =
−d . Since

c(f) = δd = −δd(f, g) = c(f) − c(g),

we obtain that c(g) = 0. Thus there exists an extension of g to Xn+1 .

Let K be a CW -complex. Then we let B = K × I , A = K × {0, 1}. To illustrate the
technique, we give another proof of the following simple fact.

Lemma 20.13. Let Y be n-connected space and K be a CW -complex of dimension n. Then
[K, Y ] = ∗.

Proof. Let h : K → Y be a map. We define a map f : K × {0, 1} → Y as

f |K×{0} = h, f |K×{1} = ∗
We choose a CW -structure of K × I to be a product-structure. In particular, all zero cells
of K × I are located inside of K × {0, 1}. Thus the map

f (0) : X0 = (K × I)(0) ∪ K × {0, 1} → Y

is already defined. Assume that its exension

f (k) : Xk = (K × I)(k) ∪ K × {0, 1} → Y

to the space Xk = (K × I)(k) ∪K ×{0, 1} for k = 0, . . . , +− 1 is defined, where + ≤ n. Then
the obstruction c(f (')) ∈ E '(K × I, K × {0, 1} ; π'(Y )) vanishes since π'(Y ) = 0. This shows
that a homotopy between h and the constant map extends to K × I , i.e. we have proved
that [K, Y ] = ∗ .

Next, we would like to prove a result concerning exension of a homotopy in more general
setting.
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Theorem 20.14. Let f, g : K −→ Y be two maps, where K is a CW -complex and Y
is homotopy-simple space. Assume that f |K(n−1) = g|K(n−1) . Then the cohomology class
[d(f, g)] ∈ Hn(K, πnY ) vanishes if and only if there exists a homotopy between the maps
f |K(n) and g|K(n) relative to the skeleton K(n−2) .

Proof. We have that f |K(n−1) = g|K(n−1) . We would like to construct a homotopy between
f |K(n) and g|K(n) relative to the skeleton K(n−2) . We consider the pair

(B, A) = (K × I, K × {0, 1}).
Here again we choose a standard CW -structure on the interval I : two zero cells ε00 , ε01 and
one 1-cell ε1 . Then we denote Xk = (K × I)(k) ∪ (K ×{0, 1}). Since f |K(n−1) = g|K(n−1) , and
an n-cell of K × I is a product en−1 × ε1 , where en−1 is an (n− 1)-cell of K , we have a map

H : (K × I)(n) ∪ (K × {0, 1})
such that H|K×{0} = f , H|K×{1} = g , and

H|K(n−1)×I = f |K(n−1) × Id = g|K(n−1) × Id.

Consider the obstruction cocycle c(H). Again, we notice that every (n + 1)-cell σn+1 of
(K × I)\ (K×{0, 1}) has a form en × ε1 . Then we can easily identify the obstruction cocycle
c(H) ∈ En+1(K × I, K × {0, 1} ; πnY ) with the distinguishing cochain

d(f, g) ∈ En(K; πnY ).

Indeed, each n-cell en of K gives a map

h : Sn = Dn × {0} ∪ Sn−1 × I ∪ Dn × {1} → Y

where h|Dn×{0} is given by f and h|Dn×{1} is given by g . A homotopy class of h gives nothing
but the value of d(f, g) on the same cell en .

In this case, we have that c(f |K(n)) = 0 and c(g|K(n)) = 0 since f and g both are defined on
all K . Thus we have

δd(f, g) = c(g) − c(f) = 0.

Thus δd(f, g) = 0 and determines an element in cohomology [d(f, g)] ∈ Hn(K, πnY ). Now
Theorem 20.12 implies the result.

Exercise 20.3. Show details that Theorem 20.12 indeed implies the result at the end of the
above proof.

20.3. Proof of Theorem 20.3. Let ιn ∈ Hn(K(π, n); π) be the fundamental class. We
would like to prove that the map [f ] "→ f ∗ιn gives a bijection

[X, K(π, n)] ↔ Hn(X; π)

for a CW -complex X . Let α ∈ Hn(X; π), we have to find a map f : X → K(π, n) such that
f ∗ιn = α . We choose a cocycle a : En(X) → π which represents α ∈ Hn(X; π). In particular,
a assigns an element a(σn

i ) ∈ πnK(π, n) = π . We choose representatives hi : Sn
i → K(π, n)

of the elements a(σn
i ) ∈ πnK(π, n). Now we define a map f (n) : X(n) → K(π, n) as follows.

We let f (n)|X(n−1) to be a constant map. Then we define f (n) as the composition

f (n) : X(n) → X(n)/X(n−1) =
∨

i

Sn
i

W
i hi−−−→ K(π, n).
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We notice that by construction, a coincides with the distinguishing cochain d(∗, f (n)). Since
a is a cocycle, we have:

0 = δa = δd(∗, f (n)) = c(f (n)) − c(∗) = c(f (n)).

Thus c(f (n)) = 0 and there exists an extension of the map f (n) : X(n) → K(π, n) to a map
f (n+1) : X(n+1) → K(π, n). Then we notice that the further obstructions to extend the map
f (n+1) : X(n+1) → K(π, n) to the skeletons X(n+q) live in the corresponding groups

En+q(X; πn+q−1K(π, n)) = 0 for q ≥ 2.

This proves that the map [f ] "→ f ∗ιn is surjective.

Now we assume that f, g : X → K(π, n) are such that f ∗ιn = g∗ιn in the cohomology group
Hn(X; π). By Cellular aproximation Theorem, we may assume that f |X(n−1) = g|X(n−1) =
∗ . Then as we have seen, the element f ∗ιn coincides with the cohomology class of the
distiguishing cocycle d(∗, f). Thus f ∗ιn = [d(∗, f)] and g∗ιn = [d(∗, g)]. Then

[d(f, g)] = [d(f, ∗)] + [d(∗, g)] = −f ∗ιn + g∗ιn = 0.

Thus by Theorem 20.14, there exists a homotopy f |X(n) ∼ g|X(n) relative to the skeleton
X(n−2) . Clearly all obstructions to extend this homotopy to the skeletons X(n+q) vanish. If
X is a CW -complex of infinite dimension, then we should use the intervals

[
2k−1
2k , 2k+1−1

2k+1

]
=

[
1 − 1

2k , 1 − 1
2k+1

]

to construct a homotopy between f |X(n+k) and g|X(n+k) . This proves Theorem 20.3.

Theorem 20.15. (Hopf) Let X be an n-dimensional CW -complex. Then there is a bijection:

Hn(X;Z) ∼= [X, Sn].

Exercise 20.4. Prove Theorem 20.15.

Consider a k -torus T k . We identify T k with the quotient space Rk/ ∼, where two vectors
.x ∼ .y if and only if all coordinates of the vector .x − .y are integers. It is easy to see that a
linear map f̄ : Rk → R' given by an k× +-matrix A with integral entries descends to a map
f : T k → T ' . In that case a map f : T k → T ' is called linear.

Exercise 20.5. Prove that any map f : T k → T ' is homotopic to a linear map.


