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20. ELEMENTARY OBSTRUCTION THEORY

20.1. Eilenberg-MacLane spaces and cohomology operations. Let m and G be abelian
groups, n, m be nonnegtive integers.

Definition 20.1. A family of maps
Ox : H"(X;7) — H" (X; 7

is called a cohomology operation 0 of the type (w,n;n’',n') if it is determined for every topo-
logical space X and such that for any map f: X — Y the diagram

0 '

H"(X;m) = H™ (X;7')
I I
0 )

H™(Y ;) d H" (Y;7")

commutes, i.e. f*0y = 0x f*. In different terms, we say that the operation 6 is natural. The
set of all cohomological operations of the type (m,n;7n’,n’) is denoted by O(m,n;n’',n’).

Example. For each n and any 7 the operation a — a? is a cohomology operation. Notice

that a cohomology operation is not, in general, a homomorphism.

Our next goal is to idendify the set O(m,n;n’,n') with cohomology groups of the Eilenberg-
McLane spaces.

Let X be a space. We recall that there is Hurewicz homomorphism h : m,(X) — H,(X;Z)
defined as follows. Let ¢, € H,(S?) be a canonical generator. Then for an element ¢ € 7 ,(X)
and its represenative f: 5% — X, the image h(p) € H,(X;Z) is given by f.(¢4).

Now assume that X is (n—1)-connected. Then H,(X;Z) = 0 for ¢ < n—1 and the Hurewicz
homomorphism h : 7,(X) — H,(X;Z) is isomorphism. Then the universal coefficient for-
mula

0 — Ext(H,—1(X;Z),7) - H'(X;7) — Hom(H,(X;Z),7) — 0
shows that H™(X;7) = Hom(H,(X;Z), ) since H, 1(X;Z)=0.

Let m = m,(X). Thus the group Hom(H,,(X;Z),n) contains the inverse h~! to the Hurewicz
homomorphism 5.

Definition 20.2. For an (n — 1)-connected space X, we denote by tx the cohomology class
1x = h"' € Hom(H,(X;Z),7) = H"(X; 7).

Sometimes the class tx is called as fundamental class of (n — 1)-connected space X .

In particular, the Eilenberg-McLane space K (m,n) has a canonical class
tn, € Hom(H, (K (m,n);Z), ).

Below we will prove the following result.
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Theorem 20.3. There is a bijection
X, K (m,n)] > H"(X; 7).
given by the formula [f] — f*ip.

Here [f] means a homotopy class of a map f : X — K(m,n). Before proving Theorem 20.3,
we derive several important corollaries of Theorem 20.3.

Corollary 20.4. Let 7, ©' be abelian groups. There is a bijection
K (m,n), K(7',n)] <> Hom(m, 7).
Proof. We combine the statement of Theorem 20.3 with the universal coefficient theorem
and Hurewicz isomorphism to see that
[K(m,n), K(7',n)] < H"(K(m,n);7") 2 Hom(H,(K(m,n); Z), ") = Hom(m, 7).
This proves Corollary 20.4. O

Corollary 20.5. Let m be an abelian group. The homotopy type of the Filenberg-McLane
space K(m,n) is completely determined by the group m and the integer n.

Proof. According to Corollary 20.4, any isomorphism m — 7 is induced by some map f :
K(m,n) — K(m,n). Since all other groups are trivial, the map f induces isomorphism in all
homotopy groups. Then Whitehead Theorem 14.10 implies that f is homotopy equivalence.
O

Now let 6 be a cohomology operation of the type (m,n;n’,n’). Then we have en element
(1) € HY (K (m,n), 7).
Theorem 20.6. There is a bijection
O(m,n; 7', n') — H" (K (r,n), )

given by the formula 0 < 0(.,,).
Proof. Let ¢ € H" (K (n,n), 7). We define an operation ¢ € O(m,n;n’,n’) as follows. We
should describe the action

H™(X;m) 25 HY(X;7)
for any space X. Let u € H"(X;7), then, according to Theorem 20.3, there exists a map
f: X — K(m;n) such that [f] — f*(¢,) = u. Then we define

p(u) = f*(p) € H"(X; 7).
Thus we have the maps

O(m,n; 7', n') — H”/(K(W,n),w’), © — (i)

H" (K (m,n),7") — O(m,n;7’,n'), ou) = f*(¢), where f*(1,) = u.

Let X = K(m,n) and u = ¢,,, then f: K(m,n) — K(m,n) is homotopic the identity. Thus
©(tn) = f*(p) = ¢. In the other direction, let ¢ = 6(¢,). Then

p(u) = f*(¢) = [ (0(tn)) = 0(f"(tn)) = O(u)
for any v € H"(X; 7). O
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Theorems 20.3 and 20.6 imply the following result:

Corollary 20.7. There is a bijection
O(m,n; 7', n') « [K(m,n), K(7',n')].

Now we have to prepare some tools to prove Theorem 20.3.

20.2. Obstruction theory. Let Y be a space with a base point yy € Y. We recall that
the fundamental group (Y, yo) acts on the group m,(Y,yo) for each n. We will say that
a space Y is homotopically simple if this action is trivial. In the case when the space Y is
homotopically simple, we may (and will) ignore a choice of the base point. In particular, any
map f:S™ — Y gives well-defined element in the group 7,(Y).

Now let B be a CW -complex and A C B be its subcomplex. We denote X" = B™ U A,
where B(™ is the n-th skeleton of B. Let o = €™ be an (n + 1)-cell of B, which does not
belong to A. We denote by ¢, : S® — X" be the attaching map corresponding to the cell
0. We consider the cells ¢ as generators of the cellular chain group &,.1(B, A).

For any map f: X" — Y, where Y is homotopically simple, we define a cochain
c(f) € E"YB, A;m,(Y)) = Hom(E,41(B, A), mn(Y))
as follows. The value ¢(f) on the generator o is given by
c(f)(o) =[f ops] € ma(Y), where

fogpa:S”&X”LY.
Lemma 20.8. The cochain c(f) is a cocycle, i.e. dc(f) =0.
Proof. We recall that if (K, L) is a CW-pair with m K = m L = 0, and pi; (K, L) = 0 for
q=0,1,...,n— 1, then the Hurewicz homomomorphism h : m,(K,L) — H,(K, L;Z) is an

isomorphism. This is the relative version of the Hurewicz Theorem, see Theorem 14.9. We
will use this result below. Consider the following commutative diagram:

Enia(B,A) ——— H,n(X"2, X" 7) hT Moo (X742, X7
d
Oz Ot 7rn+1‘X”+1
(91) e
Eni1(B, A) - H, (X" X" 7Z) _hr Wn+1(X;z+17Xn)
i 9

T X" LN Y
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Here the horizontal homomorphisms are given by the inverses to the Hurewicz isomorphisms.
By definition, the boundary operator
871—}—2 : Hn+2(Xn+2vXn+1;Z) - n+1(Xn+17Xn;Z)

is given by the boundary operator in the long exact sequence of the triple (X" X" X™)
and thus by Hurewicz isomorphism is reduced to the boundary operator in the long exact
sequence in homotopies for the same triple:

o - 7Tn+2(Xn+2, Xn+1) — 7Tn+1(Xn+1,Xn)

which coincides with the composition:
n+2 n+1 d n+1 Jx n+1 n
T2 (X5 X)) — m X =5 T (X X,

by construction. Here d is the boundary operator in the long exact sequence in homotopy
groups for the pair (X™*2 X"™*!). Then we identify the cochain c(f) : €,41(B, A) — m,Y;
clearly it coinsides with the composition f, oi. Now let o € &,.2(B,A). By definition,
Spi1¢(f)(0) = c(£)(0,,50). On the other hand, we can first take o to & € m,42(X"+2, X"+1)

via the Hurewicz isomorphism and then down the right column of the diagram (91). Then

we have do f, o 5(5) =0 since d o f, = 0 by exactness. O
Exercise 20.1. Prove the following Lemma 20.9.

Lemma 20.9. The map f: X" — Y can be extended to a map f : X Y if and only if
(f) = 0.

Now let f,g : X" — Y be two maps which coincide on X" ! ie. f|xn-1 = g|xn-1. Then
for each n-cell w, we define a map h, : S™ — Y as follows. We decompose S™ as union of
the hemispheres: S™ = D7 Ugn-1 D" . Then for each n-cell w, we have the attaching map
1 S"1 — X1 = B D U A and characteristic map ¥, : D* — X" = B™ U A. Then
we define h, : 8" = D} Ugn—1 D* — Y by

holpr = go W, : DT 22 xm L.y,

Y

hw|D7_z:f0\I’w:D7_Z&>Xni>Y

Clearly hylgn-1 = (f o ¥,)|gn-1 = (g 0 ¥,)|gn-1 since f|xn-1 = g|xn-1. This construction
defines the distinguishing cochain d(f, g) in the cochain group £"(B, A;m,(Y)).

Lemma 20.10. There are the following properties of the cochain d(f,g):

(1) Let f,g: X" — Y be two maps which coincide on X", then

od(f,g) = c(g) — c(f)-
(2) Let f,g,h: X" —Y be three maps which coincide on X" then

d(f,g) +d(g,h) = d(f,h).
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Proof. We prove (1) leaving (2) as an exercise. For simplicity, we assume that the maps
f,g: X" — Y are different only on a single n-cell w of X™. Let o be any (n + 1)-cell of
X"t Then, by definition,

6d(f,9)() = d(f,9)(0,410).
where 0, : E,41(B, A) — &,(B, A) is the boundary operator in the cellular chain complex.

Let ®, a characteristic map and ¢, be an attaching map coresponding to the cell o:

Dn+1 ®s XnJrl
qn Po X"
We consider the following diagram:
qn Yo X" pr X" / anl

e

sr 2 VS
J

Here S is the sphere corresponding to the cell e and p. the projection on S”. Since f and
g are the same on all cells but e, we obtain

3d(f, 9)(0) = d(f,9)(0p10) = [0 = €ld(f, g)(e),

where [0 : e] = deg(, where ( : S — S” is the map from the above diagram. Now we recall

e v \XE/X“ -V
o= &

Ficure 30

that a map ¢ : S™ — S” of degree [0 : €] is homotopic to a map (p : S™ — S which satisfies
the following properties:
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(1) there are disjoint disks D7,..., D? C S™ such that
(a) Colpr : D} — S2 is a map of degree £1;
(b) Colsm\(ru.upmy : S\ (DY U... LU D7) — ST is a constant map;

(2) the degree [0 : €] is the algebraic number of such disks counting +1’s.

Now we can take a close look at the cell e” C X", see Fig. 30. It shows that

(e(f) = c(9)) (o) = [o : €e]d(F, g)(e)

This proves the result. O

It turns out that any cochain in £"(B, A; 1,(Y")) could be realized as a distinguishing cochain:

Lemma 20.11. For any map f: X" — Y and a cochain d € E"(B, A;m,(Y)) there exists a
map g: X" — Y such that f|xn—1 = g|xn— and d(f,g) =d.

Exercise 20.2. Prove Lemma 20.11.

We denote by [c(f)] € H"™ (B, A;7,,Y) the cohomology class of c(f).

Theorem 20.12. Let Y be a homotopy simple space, (B, A) a CW -pair and X" = B™WUA
forn=0,1,.... Assume f: X" — Y is a map. Then there exists a map g : X" — Y
such that g|xn-1 = f|xn—1 if and only if [c(f)] =0 in H"™(B, A;7,Y).

Proof. Let dd = ¢(f). Then we find g : X™ — Y such that g|xn-1 = f|xn»-1 and d(f,g) =
—d. Since

c(f) =dd = —od(f,g) = c(f) —clg),

we obtain that ¢(g) = 0. Thus there exists an extension of g to X"+, O
Let K be a CW-complex. Then we let B = K x I, A = K x {0,1}. To illustrate the
technique, we give another proof of the following simple fact.
Lemma 20.13. Let Y be n-connected space and K be a CW -complex of dimension n. Then
[K,Y] = .
Proof. Let h: K — Y be a map. We define amap f: K x{0,1} =Y as
flexgoy =h,  flexqy = *

We choose a C'W -structure of K x I to be a product-structure. In particular, all zero cells
of K x I are located inside of K x {0,1}. Thus the map

fO X =(KxDOUK x{0,1} - Y
is already defined. Assume that its exension

fOXP=(Kx MUK x{0,1} - Y

to the space X* = (K x I)® UK x {0,1} for k =0,...,¢—1 is defined, where ¢ < n. Then
the obstruction c(f) € 4K x I, K x {0,1};m,(Y)) vanishes since 7,(Y) = 0. This shows
that a homotopy between h and the constant map extends to K x I, i.e. we have proved
that [K,Y] = x. O

Next, we would like to prove a result concerning exension of a homotopy in more general
setting.
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Theorem 20.14. Let f,g : K — Y be two maps, where K is a CW -complex and Y
is homotopy-simple space. Assume that flxm-—1 = g|xm-1. Then the cohomology class
[d(f,g9)] € H"(K,m,Y) wvanishes if and only if there ezists a homotopy between the maps
fle and g|xw relative to the skeleton K™=2).

Proof. We have that f|xm-1 = g|xm-1. We would like to construct a homotopy between
flgm and g|gm relative to the skeleton K (n=2) " We consider the pair

(B,A) = (K x I, K x{0,1}).
Here again we choose a standard C'W -structure on the interval I: two zero cells €, €] and
one 1-cell €!. Then we denote X* = (K x I)*) U (K x {0,1}). Since f|xm-1 = g|xw-1, and
an n-cell of K x I is a product ¢! x €}, where ¢"~! is an (n —1)-cell of K, we have a map
H:(KxI)™U(K x{0,1})
such that H|K><{0} =f, H|K><{1} =g, and
H|K(n—l)XI = f|K(n—1) x Id = glK(n—l) x Id.
Consider the obstruction cocycle ¢(H). Again, we notice that every (n + 1)-cell o™ of
(K xI)\ (K x{0,1}) has a form e" x €. Then we can easily identify the obstruction cocycle
c(H) € EYK x I, K x {0,1};7,Y) with the distinguishing cochain
d(f,g) € E"(K;mY).
Indeed, each n-cell e” of K gives a map
h:S"=D"x{0}UuS" ' xITuD"x {1} =Y
where h|pny oy is given by f and h|pny 1y is given by g. A homotopy class of h gives nothing
but the value of d(f,g) on the same cell e".
In this case, we have that ¢(f|xm) =0 and ¢(g|gm) = 0 since f and g both are defined on
all K. Thus we have
od(f,g) = c(g) — c(f) = 0.
Thus 0d(f,g) = 0 and determines an element in cohomology [d(f,g)] € H"(K,m,Y). Now
Theorem 20.12 implies the result. O

Exercise 20.3. Show details that Theorem 20.12 indeed implies the result at the end of the
above proof.

20.3. Proof of Theorem 20.3. Let ¢, € H"(K(m,n);7) be the fundamental class. We
would like to prove that the map [f] — f*, gives a bijection
X, K (m,m)] = H"(X;7)

for a CW-complex X. Let a € H"(X; ), we have to find amap f: X — K(m,n) such that
f*tn = a. We choose a cocycle a : €,(X) — 7 which represents o € H"(X ;7). In particular,
a assigns an element a(ol) € 7, K(m,n) = m. We choose representatives h; : S — K(m,n)
of the elements a(o?) € 7, K (m,n). Now we define a map f™ : X — K(7,n) as follows.
We let f™]|wm-1 to be a constant map. Then we define f(™ as the composition

L xm X(n)/X(nfl) — \/Szn Vit K(m,n).
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We notice that by construction, a coincides with the distinguishing cochain d(x, f™). Since
a is a cocycle, we have:

0= da = bd(x, ) = e(f*) = () = e(/).
Thus ¢(f™) = 0 and there exists an extension of the map f™ : X — K(x,n) to a map

foHl) . X () K(7,n). Then we notice that the further obstructions to extend the map
fO+D s X+ K (7, n) to the skeletons X ™9 live in the corresponding groups

EMYX; g1 K(m,n)) =0 for ¢ > 2.
This proves that the map [f] — f*u, is surjective.

Now we assume that f,g: X — K(m,n) are such that f*., = ¢g*t, in the cohomology group
H™(X;7). By Cellular aproximation Theorem, we may assume that f|ym-1 = g|xm-1 =
x. Then as we have seen, the element f*i, coincides with the cohomology class of the
distiguishing cocycle d(x, f). Thus f*u, = [d(*, f)] and g*t, = [d(*, g)]. Then

[d(f,9)] = [d(f, )] + [d(x, 9)] = =f"tn + g"tn = 0.
Thus by Theorem 20.14, there exists a homotopy f|yxm ~ g|xm relative to the skeleton

X (®=2) " Clearly all obstructions to extend this homotopy to the skeletons X9 vanish. If
X is a C'W-complex of infinite dimension, then we should use the intervals

5 Gt = 1 g1 - ]
to construct a homotopy between f|xm+r and g|xm+x . This proves Theorem 20.3. O
Theorem 20.15. (Hopf) Let X be an n-dimensional CW -complex. Then there is a bijection:
H"(X;Z) = [X,S"].
Exercise 20.4. Prove Theorem 20.15.
Consider a k-torus T%. We identify T* with the quotient space R¥/ ~ where two vectors
Z ~ 3/ if and only if all coordinates of the vector ¥ — 1/ are integers. It is easy to see that a

linear map f : R* — R! given by an k x f-matrix A with integral entries descends to a map
f:T* — T In that case a map f:T% — T is called linear.

Exercise 20.5. Prove that any map f : T* — T* is homotopic to a linear map.



