
Elliptic Curves
Exercises set II

For Exercises 1–4, let Λ = Z𝜔1 + Z𝜔2 ⊂ C be a lattice, 𝑇 = C/Λ, and 𝑂 = 0 + Λ. An elliptic
function is a meromorphic Λ-periodic function. We use the Weierstrass functions
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Recall that 𝜎′/𝜎 = 𝜁 . A divisor is principal if it is div(𝑔), the divisor of zeros minus poles of a
nonzero elliptic function 𝑔.

Exercise 1. Let 𝑎1, . . . , 𝑎𝑟 be distinct modulo Λ, and let 𝑐1, . . . , 𝑐𝑟 ∈ C satisfy
∑

𝑖 𝑐𝑖 = 0. Show
that

𝑓 (𝑧) =
𝑟∑︁
𝑖=1

𝑐𝑖𝜁 (𝑧 − 𝑎𝑖)

is elliptic, has residue 𝑐𝑖 at 𝑎𝑖 + Λ, and has no other poles. Show that every elliptic function with at
most these simple poles and these residues differs from 𝑓 by a constant.

Exercise 2. Let 𝑃 = 𝑎 + Λ ∈ 𝑇 and 𝑛 ≥ 1. Prove that 𝑛[𝑃] − 𝑛[𝑂] is principal exactly when
𝑛𝑃 = 𝑂. When 𝑛𝑎 = 𝑚𝜔1 + ℓ𝜔2, with 𝑚, ℓ ∈ Z, construct a function with this divisor using the
chosen lift 𝑎, without changing it.

Exercise 3. Prove the sigma addition identity

℘(𝑢) − ℘(𝑣) = −𝜎(𝑢 + 𝑣)𝜎(𝑢 − 𝑣)
𝜎(𝑢)2𝜎(𝑣)2 , 𝑢, 𝑣 ∉ Λ,

interpreting the equality meromorphically.
Hint. Fix 𝑣 ∉ Λ. Show that the right-hand side is elliptic in 𝑢, compare its divisor with that of
℘(𝑢) − ℘(𝑣), and determine the constant by examining the leading Laurent coefficient at 𝑢 = 0.

Exercise 4. For fixed 𝑎 ∉ Λ, logarithmically differentiate the identity in Exercise 3 with 𝑢 = 𝑧 and
𝑣 = 𝑎 to show

𝜁 (𝑧 + 𝑎) + 𝜁 (𝑧 − 𝑎) − 2𝜁 (𝑧) = ℘′(𝑧)
℘(𝑧) − ℘(𝑎) .

Interpret the equality meromorphically, including when 𝑎 is a nonzero half-period, that is, 𝑎 ∉ Λ

and 2𝑎 ∈ Λ.
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For Exercises 5–7, fix 𝜏 ∈ C with ℑ𝜏 > 0, and set Λ𝜏 = Z + Z𝜏 and 𝑇𝜏 = C/Λ𝜏.

Exercise 5. Recall the theta function

𝜗(𝑧, 𝜏) =
∑︁
𝑘∈Z

𝑒𝜋𝑖𝑘
2𝜏+2𝜋𝑖𝑘𝑧 .

Suppose 𝑓 is entire and satisfies

𝑓 (𝑧 + 1) = 𝑓 (𝑧), 𝑓 (𝑧 + 𝜏) = 𝑒−𝜋𝑖𝜏−2𝜋𝑖𝑧 𝑓 (𝑧).

Show that 𝑓 is a scalar multiple of 𝜗(𝑧, 𝜏) as follows: consider 𝑓 /𝜗, show that it is elliptic with at
most one simple pole modulo Λ𝜏, and use the impossibility of an elliptic function with just one
simple pole. You may use that 𝜗 has the same two transformation laws as 𝑓 , and that its zeros are
precisely (1 + 𝜏)/2 + Λ𝜏, all simple.

Exercise 6. For 𝑑 ∈ Z and 𝑎 ∈ C, recall the factors of automorphy

𝑗
(𝑑,𝑎)
𝑚+𝑛𝜏 (𝑧) = 𝑒−𝜋𝑖𝑑𝑛

2𝜏−2𝜋𝑖𝑑𝑛𝑧+2𝜋𝑖𝑛𝑎, 𝑚, 𝑛 ∈ Z.

The corresponding line bundle L𝑑,𝑎 on 𝑇𝜏 is the quotient of C × C by the identifications

(𝑧, 𝑣) ∼
(
𝑧 + 𝜆, 𝑗

(𝑑,𝑎)
𝜆

(𝑧)𝑣
)
, 𝜆 ∈ Λ𝜏 .

Its holomorphic sections are represented by entire functions 𝑠 with

𝑠(𝑧 + 1) = 𝑠(𝑧), 𝑠(𝑧 + 𝜏) = 𝑒−𝜋𝑖𝑑𝜏−2𝜋𝑖𝑑𝑧+2𝜋𝑖𝑎𝑠(𝑧).

We denote this vector space by 𝐻0(𝑇𝜏,L𝑑,𝑎).
Check the cocycle identity in full:

𝑗
(𝑑,𝑎)
𝜆+𝜇 (𝑧) = 𝑗

(𝑑,𝑎)
𝜆

(𝑧 + 𝜇) 𝑗 (𝑑,𝑎)𝜇 (𝑧), 𝑗
(𝑑,𝑎)
0 (𝑧) = 1.

For 𝑑, 𝑒 ∈ Z and 𝑎, 𝑏 ∈ C, show that

L𝑑,𝑎 ⊗ L𝑒,𝑏 ≃ L𝑑+𝑒,𝑎+𝑏 .

Verify directly that multiplication of representing functions induces the corresponding multiplication
of sections.

Exercise 7. Determine 𝐻0(𝑇𝜏,L0,𝑎) for all 𝑎 ∈ C. Show that it is one-dimensional if 𝑎 ∈ Λ𝜏 and
zero otherwise. Identify a nonzero section when 𝑎 = 𝑚 + 𝑛𝜏, with 𝑚, 𝑛 ∈ Z.
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