INTRODUCTION

Motivation: study of the derived categories of coherent sheaves on algebraic varieties
and similar algebraic invariants; what happens when the variety moves in a family? Do
we get some kind of algebraic period map?

History: Beilinson/Mukai discovered that 1) derived category of coh. sheaves can be
"affine”, i.e., described by the endomorphism algebra of an object; 2) derived categories
of nonisomorphic varieties can be equivalent.

Structure: it was realized early on that the triangulated structure axiomatics is some-
what deficient, e.g., no functorial cones. Bondal-Kapranov, then Toen: need to consider
enhancements, i.e., dg-categories.

Homological mirror symmetry (Kontsevich): when W and M are mirror dual CY-
varieties then D’ Coh(W) is equivalent to the Fukaya category of M. The latter is an
A-category.

What is an A-algebra (aka strong homotopy algebra)? Have m; differential, ms
double product and higher products m,, of degree 2 — n, obeying some axioms, such that
the product on H* induced by my is associative.

A-algebras are closely related to dg-algebras. At least over a field, one can pass from
an A.-algebra to an equivalent dg-algebra. There is also a construction called homological
perturbation lemma that constructs an A..-structure on cohomology of a dg-algebra.

Remark: there are results about uniqueness of enhancements of derived categories of
interest but they require to consider the entire derived category, i.e., all objects and
morphisms between them. A.-enhancements allow to consider only endomorphisms of a
generator.

Bondal-Van den Bergh, Kontsevich: existence of generator. E.g., for a quasiprojective
variety, there exists a vector bundle F, such that the entire derived category is recovered
from the dg-algebra of endomorphisms of E. For example, on a curve can take O & L,
where L is a line bundle of positive degree.

Idea: start with a nice generator of D”Coh(X), then compute the associated A.-
algebra, then study the corresponding moduli of A.-algebras. The hope is that there
will be only finitely many data on which the A..-algebra depend, so typically will get
some affine scheme of finite type with a reductive group action, so that the corresponding
GIT-picture will provide notions of stability and the modular compactifications.

Applications: homological mirror symmetry; derived equivalences on coherent side (in-
volving noncommutative orders); geometric realization of solutions of the Associative
Yang-Baxter equation.

Plan: 0. Background. A-infinity algebras, homological perturbation, Massey products,
twisted complexes, derived categories and their enhancements.

1. Computations for elliptic curves
General results on moduli spaces of A-infinity structures.
Moduli of curves and A-infinity structures.
Homological mirror symmetry for punctured tori.
Moduli of A-infinity structures, Yang-Baxter equation and noncommutative orders
on curves.
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1. HOMOLOGICAL BACKGROUND

1.1. A, and A,-structures. For a graded associative S-algebra A (where S is a com-
mutative ring and A is flat as S-module), we denote the terms of the Hochschild cochain
complex of A over S as follows: CH*™*(A/S), denotes the space of S-multilinear maps
A% — A of degree t (where tensoring is over S). We have the induced bigrading
HH*'(A/S); of the Hochschild cohomology. The corresponding grading by the upper
index is compatible with the definition of the Hochschild cohomology for A..-algebras.

Below we use the notion of A,,-structure which is a truncated version of an A..-structure
defined by Stasheff (see [57, Def. 2.1]). For a moment let A be a graded S-module. Recall
that an S-linear A,-structure is given by a collection of S-multilinear maps

(M1, .., mp) € CHX(A/S); % ... x CH*(A/S)s

satisfying the standard A.-identities involving only my,...,m, (see below). Follow-
ing [57, (2.4)], A,-structures can be described conveniently in terms of truncated bar-
construction

Bare,,(A) = @Té(fl[l])-

It has a natural structure of a graded coalgebra over S (without counit), such that it
is a sub-coalgebra of the full bar-construction Bar(A) = @®;>1T&(A[1]). Here we take as
a primary grading on Bar<,(A) the grading induced by the one on A. We also have a
bar-grading for which TE(A[1]) has degree 1.

For each cochain ¢ € CH*'(A/S);, where s > 1, we denote by D, the corresponding
coderivation of Bar(A) of degree s+t — 1, preserving each sub-coalgebra Bar<,(A) (we
recover ¢ from the component Bar<,(A) — A[1] of D.). Explicitly,

(1.1.1) D1 ®...®a,) = Z ta1®...®a;_1 (A, ..., 05151) R Girs... D ay

(for the signs, see [12, Prop. 1.4]).
Definition 1.1.1. We say that m = (my,...,m,) € CH?*(A/S); x ... x CH?*(A/S)s_,,

define an (S-linear) A, -algebra structure on A if
D2 |Bar<, (a) = 0.
An A,-algebra (resp., As-algebra) is called minimal if it has m; = 0.

Considering components of this identity with respect to the bar-grading, we can rewrite
this as a collection of identities

(1.1.2) >  Dw.Di,., .

i=1

where r = 1,...,n. Note that since m € CH*(A/S), the degree of D,, is 1.
We denote by [D, D'] = DD’ — (—1)s(P)dee(D') D' ) the supercommutator of coderiva-
tions. By definition,

Bar<,(A) = 07

[Dca Dc’] = D[c,c’}a
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where [c, /] is the Gerstenhaber bracket. Also, if D. has degree 1 then D? is still a
coderivation, so it corresponds to some cochain ([c,c]/2 when 2 is invertible). Thus, we
can view the identity (1.1.2) as the linear equation for coderivations associated with some
Hochschild cochains in C H3(A/S)s_,. Since such cochains c are uniquely determined from
the restriction Dc|gar.,(a), We see that rth identity (1.1.2) can be checked on Bar<,(A).
Also, we deduce the following result.

Lemma 1.1.2. The elements (my,...,my,) as above define an S-linear A, -structure on

A if and only if

i sz‘DmrHﬂ' =0,
i=1

forr=1,... ,n. If 2 is invertible in S then this is equivalent to
'
> mi,myy1-i] =0,
i=1
r=1,...,n.

The first few identities (1.1.2) are easy to interpret. First, D2 = Dz, so we get
m? = 0. The next identity [my, my] = 0 is simply the Leibnitz identity for the differential
my. The next identity

D72n2 + Dimymz) = 0

implies that my induces an associative product on the cohomology with respect to m;.

Examples 1.1.3. 1. By definition, a dg-algebra is the same as As-algebra. It is also the
same as an A,.-algebra that has m; = 0 for ¢ > 3.
2. Here is a simple example of a minimal A.-algebra with nontrivial ms. Let us consider
the quiver with three vertices X7, X5, X3 and three arrows aio : X7 — X5, a0z : X9 — X3,
and ag; : X3 — X;. Let A be the quotient of the path-algebra of this quiver (over some
field) by the relations stating that the product of any two composable arrows is zero (so
the only nontrivial ms is given by the product with idempotents e, e, e3 corresponding
to vertices). Equip A with grading by deg(ais) = deg(azs) = 0 and deg(as;) = 1. We
define mg by

mS(ai-i—Q,ia Q41542 ai,i—i—l) =€
fori € Z/3, and set m; = 0 for ¢ > 3. It is easy to check that this is indeed an A..-algebra.
In fact, it is a “model” A, .-algebra for an exact triangle.

Definition 1.1.4. The group of gauge transformations & is the group of degree-preserving
coalgebra automorphisms « : Bar(A) — Bar(A) such that the component Bar(A) — A[l]
is given by a collection

(fi =id, fo,...) € CH'(A/S)_y x CHY(A/S) 5 x ...

The group of extended gauge transformations is defined similarly by requiring f; just to be
invertible. Note that any such automorphism automatically preserves any sub-coalgebra
Bar<, (A) and the condition f; = id is equivalent to the condition that « acts as identity
on every quotient Bar<;(A)/ Bar<;_1(A).
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We usually identify elements of & with the corresponding collections f = (f; =
id, f5...) and denote by a; the corresponding automorphism of Bar(A). Note that the
group & acts on the set of A,-structures for every n: for f € & and an A,-structure m,
the new A, -structure f xm is determined by

Df*m = oszmoz]Tl,

where in the right-hand side we restrict ay to Bar<,(A). This action is compatible with
the projection from the set of A, i-structures to that of A,-structures and preserves
minimality.

Exercise. Define a notion of an A,-morphism between A..-algebras A and B as a
sequence of maps f,, : A®™ — B, n > 1, where deg(f,,) = 1 — n, satisfying natural axioms
(use bar-constructions). Further, define the composition of A.,-morphisms and show that
f = (fn) is invertible if and only if f; is invertible (the identity A..-morphism has f; = id
and f-; = 0). Similarly, define A,-morphisms between A, -algebras looking at Bar,,.

Definition 1.1.5. An A -morphism from A to B is called a quasi-isomorphism if f;
(which commutes with m,) is such.

In fact, there is a notion of homotopy between A,,-morphisms and hence, the notion of
a homotopy equivalence. By a theorem of Prouté [44], every quasi-isomorphism between
A-algebras over a field is a homotopy equivalence. In particular, whenever there is
a quasi-isomorphism of A.-algebras, A — B, there is also a quasi-isomorphism in the
opposite direction, B — A. This is very different from the situation with the dg-algebras
where a similar statement is not true.

Definition 1.1.6. An A_-structure on A is called (strictly) unital if there is an element
1 € Ay such my(1) = 0, ma(l,2) = mo(z,1) = z, and m;(xy,...,2z;) = 0, for i > 2
whenever one of x; is equal to 1.

In fact, it turns out that any A..-algebra for which there is a cohomological unit in
H°A is quasi-isomorphic to a strictly unital one (this is due to Fukaya).

A-categories and A,-functors are discussed similarly. Quasi-equivalence: the induced
cohomology functor should be an equivalence.

Convention: denote morphisms in an A.-category as hom™(X,Y’), and denote by
Hom™(X,Y") the cohomology with respect to m;.

1.2. Homological perturbation. There is a general construction of the A, -structure
on the cohomology of a dg-algebra (A, d) over a field k, equipped with a projector IT :
A — B onto a subspace of ker(d) and a homotopy operator () such that 1 —II = dQ + Qd.

This goes back to Kadeishvili’s work [15]. Merkulov’s formula for this A.-structure
(see [29]) was rewritten in [18] as a sum over trees:

(1.2.1) M (b1, bo) = =Y e(T)mr(b, ..., by).

T
Here T runs over all oriented planar rooted 3-valent trees with n leaves (different from the
root) marked by by, ..., b, left to right, and the root marked by Il (we draw the tree in

such a way that leaves are above, and every vertex has two edges coming from above and
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one from below). The expression mr(by,...,b,) is obtained by going down from leaves to
the root, applying the multiplication in A at every vertex and applying the operator @)
at every inner edge (see [18, sec. 6.4] for details). The sign €(7") has form

e(T) = 1_[(_1)Iel(v)\Jr(Iez(v)\*l)deg(el(v))7
where v runs through vertices of 7' (we do not count the root or leaves as vertices),
(e1(v), ea(v)) is the pair of edges above v, for an edge e we denote by |e| the total number
of leaves above e and by deg(e) the sum of degrees of all leaves above e (recall that leaves
are marked by b;).
The standard way of choosing @ for a given subspace B C ker(d) of cohomology repre-
sentatives is to pick a subspace C' C A complementary to ker(d) and define @ by

(d|lc) H(z), x€im(d),
Qx) =10, x € B,
0, xeC.

Example.
m3<b17 by, b3) = H[Q(ble)bs - (_1>deg(b1)le<b2b3)]'

Next, construct a quasi-isomorphism of A.-algebras H*B — B, using similar tree-
formula: the only difference, is @ replace II at the end. E.g., fo(ai,az) = £Q(aras),
etc. Thus, B is quasi-isomorphic to the original A.-algebra. This implies that the
obtained A,-structure does not depend on choices up to a gauge equivalence (using
Prouté’s theorem).

Lemma 1.2.1. Assume in addition that IIQ = QII = Q* = 0. Then the A -structure
on B given by the homological perturbation is unital.

Proof. Tt is convenient to use Merkulov’s original formula (equivalent to (1.2.1))
Ma(brs . by) = (b, - .., by),

where A, : A®™ — A are defined for n > 2 by the following recursion: A\s(aq, az) = ajas,

Anlar, ... an) = £Q(N1(ay, ..., an-1)) - an £a; - Q(Ay_1(az, ..., a,))+

> Qa1 ar) - QN(akar, - an)).

k+l=n;k,1>2
Since, I1Q) = 0, it is enough to prove that A\, (b1,...,b,) € Q(A). Let us use induction in
n. In the case n = 3 we have

A3(b1, ba, b3) = Q(b1b2)bs & b1 Q(bab3)

and the assertion follows immediately from the fact that Q(B) = 0. Suppose now that
n > 4 and the assertion holds for all n’ < n. Since Q? = 0, the induction assumption easily
implies that the first two terms in the recursive formula for A, belong to Q(A). Similarly,
all the remaining terms vanish if n > 5. In the case n = 4 the term Q(b1bs) - Q(bsby) also
vanishes because either b1b, € B or b3by € B and Q(B) = 0. O

Note that the assumptions of Lemma 1.2.1 hold for the standard choice of () associated

with the choice of a complementary subspace to ker(d).
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Remark 1.2.2. The homological perturbation construction can be generalized in several
ways. First, it works for dg-categories and the output becomes an A,,-caegory. Secondly,
one can start with an A,.-algebra A, and B can be any homotopically equivalent complex
to A. Then B can be equipped with an A.-algebra structure, such that the obtained
A-algebra is Ay -equivalent to A.

We will need a version of the homological perturbation lemma for a dg-algebra (A, d)
over a commutative ring R. It is straightforward to see that the construction still works
once we have a homotopy (). Thus, it is enough to know that embeddings im(d) < ker(d)
and ker(d) <— A are splittable, or more generally that A is homotopy equivalent to a
complex of R-modules with the trivial differential. To this end we will use the following
simple observation.

Lemma 1.2.3. (i) Let (C*®,d) be a bounded above complex of projective R-modules, where
R is a commutative ring. Assume in addition that every cohomology H'(C*®) is a projective
R-module. Then for each i the embeddings im(d"~') C ker(d") and ker(d') C C* are
splittable, where d* : C* — C*1.

(ii) Let C** be a bicomplex of R-modules such that C** = 0 for i & [—N,N] for some
N >0 (i.e., bounded in horizontal direction). Assume that each complex C** is homotopy
equivalent to a bounded above complex of projective R-modules. Assume also that the
cohomology modules of the total complex tot(C) are projective. Then tot(C') is homotopy
equivalent to a complex of R-modules with the trivial differential.

Proof. (i) The exact sequences
(1.2.2) 0 — im(d") — ker(d"*") = H™ =0, 0— ker(d') — C* — im(d") — 0

show that it is enough to prove that ker(d’) and im(d’) are projective R-modules. We can
check this by the descending induction on 7. The base of induction holds since C* = 0 for
sufficiently large 7. Assuming that ker(d’™) is projective, we use exact sequences (1.2.2)
to deduce first that im(d’) is projective and then that ker(d’) is projective. This gives the
induction step.

(i) Without loss of generality we can assume that C** = 0 for i ¢ [0, N|. We can represent
the total complex (up to a shift) as an iterated cone

Cone(. .. Cone(Cone(C”* — CH*) — C**) ... — CN*),

where we view the horizontal differentials as chain maps d : C** — C*t1*. Note that
the above maps between iterated cones are well defined since d‘ o d~! = 0 as maps of
complexes. By assumption, for every ¢ we have a homotopy equivalence of C** with a
bounded above complex P»® whose terms are projective R-modules. We can define chain

maps d : P** — P (uniquely up to a homotopy) so that they correspond to d’ under
these homotopy equivalences. Note that for a chain map f : A — B, the homotopy
class of Cone(F') depends only on an isomorphism class of the arrow f : A — B in the
homotopy category of complexes. This implies, that tot(C') is homotopy equivalent to
some iterated cone

tot(P) := Cone(...Cone(Cone(P"* — P'*) — P?*) ... — PN*).
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(Note that P** acquires a structure of a twisted complex in the sense of [5].) Note tot(P) is
bounded above and has projective terms. Its cohomology groups are also projective, since
they are the same as for tot(C'). Therefore, by part (i), tot(P) is homotopy equivalent to
a complex with the trivial differential. Hence, the same is true for tot(C'). g

Remark 1.2.4. The situation of Lemma 1.2.3(ii) sometimes occurs when trying to run
the homological perturbation for the functor RI'(X,-) (derived global sections) applied
to a sheaf of dg-algebras A®* on X. The standard way of calculating RI'(X,.A°) leads
to a bicomplex, and Lemma 1.2.3(ii) amounts to imposing suitable assumptions on the
complexes RT'(AY) and on the hypercohomology of A®. For an example, see Lemma 4.3.1.

1.3. Relation of A, -structures to Hochschild cohomology. When we discuss min-
imal A.-structures, i.e., A, -structures with m; = 0, the product m, ., plays no role
in the identity (1.1.2) with 7 = n + 1, so it makes sense to make the following shift in
numbering .

Definition 1.3.1. A minimal A, -structure is an A, -structure with m; = m,+; = 0.
Equivalently, this is a minimal A,-structure which extends to an A, ;-structure, i.e.,
satisfies one extra equation [mgq, m,| + ... =0.

When we talk about minimal S-linear A/ -structures on a graded associative S-algebra
A, unless otherwise specified, we always assume that my is the given product on A. Note
that for a Hochschild cochain ¢ € CH***(A/S); we have

[sza DC] = szDc + (_1)S+tDcDm2 = D5(c)7

where 6(c) = [mag, ¢] is the Hochschild differential.
For example, a minimal Aj-algebra is an associative algebra together with any ms €
CH2(A)_1 satisfying [mg, ms] = 0. In other words, ms should be a Hochschild cocycle.
For a graded associative algebra A let us denote by A,,(A) (resp., A/ (A)) the set of all
minimal S-linear A,-structures (resp., A/ -structures) on E. Note that (mag, ..., My, Myi1)
is in A,+1(A) if and only if (mag,...,m,) is in A/ (A), so we have the natural projection

Ani1(4) = A, (A)
which realizes A/,(A) as the quotient of A, 1(A) by the free action of CH?*(A/S);_, (by

addition in the last component).

Lemma 1.3.2. Let m andm’ be two minimal A!,-structures on the same graded associative
algebra (A, ms), such that m; = m} for i <n, where n > 3.

(1) 6(m!, — m,) = 0, i.e., m), —m, is a Hochschild cocycle for (A,msy), so it defines a
cohomology class in HH?*(A)y_p,.

(ii) Suppose m’ = f xm, where f is a gauge equivalence with f; =0 for 1 <i <mn —1.
Then m!, —m,, = £6(fn—1). Thus, there exists a gauge equivalence f with m_, = f*xm<,
and f<,_1 = id if and only if the cohomology class [m!, — m,] in HH?(A)y_,, is trivial.

n [38, Sec. 4] there is an error in this respect: wherever minimal A, -structures are mentioned, they
should be replaced by minimal A/ -structures in the sense of Definition 1.3.1
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Proof. (i) The A.-axiom gives an expression of both [mg, m,] and [mg, m/,] in terms of
m; and m} with i < n.
(ii) This is easily obtained by evaluating both sides of the equation D,ya; = arD,, on
a1 ® ...® a, and using the explict form of ay:
(1.3.1)

af(m ®...Qa,) =

Zil-l—...—f—ik:n :tf“ (al, c. ,ail) X fig (CLZ'1+1, Ce 7ai1+i2) XR...Q ka (an_ik+1, .. ,an).

g

Definition 1.3.3. For each n let us denote by &>, C & the subgroup of f = (f; =
id, fo,...) with f; = 0 for 2 < i < n. To see that this is a subgroup we observe that
this vanishing condition is equivalent to the condition that a; acts as identity on all the
quotients Bar<;(A)/Bar<;_,41. In particular, &>, = &.

Let A be a graded associative algebra. Lemma 1.3.2(ii) implies that the subgroup

&>, acts trivially on the set A,(A) of minimal A,-structures, while an element f =
(id,0,...,0, f—1) of &>, 1 acts on m = (mq,...,m,) € A,(A) by

f *xm = (mg, ey, Myp 1, My, + (5(fn_1))

Thus, the action of ® on A, (A) factors through an action of &/®-,,. Furthermore, since
the projection A, 11(A) — A,(A) is -equivariant, we get a well defined action of & /&,
on the closed subscheme A’ (A) C A,(A) (which is the image of the projection from
A (4)).

Any minimal A] -structure induces a minimal Aj-structure by forgetting m,4;. The
following well-known result states that an obstacle to extending an A/ -structure to an
Al -structure lies in HH?(A)y_, (it is stated without proof as [1, Lem. 2.3]).

Lemma 1.3.4. (i) Let A be an associative algebra with generators Dy, ..., D, and defin-
ing relations

i DD,y =0,
i=1

forr=1,....n. Set S=3",D;Dyo;. Then

DS —SD; =0.
(i1) For a minimal A, -structure m = (maq, ..., my,) on A there exists a Hochschild cocycle
bn(m) € CH3(A)1_, (so 8(¢pn(m)) =0) such that
(1.3.2) D)= Din. Dy
i=3
The Aj -structure m is extendable to an Aj,,,-structure (mso, ..., My, Myir) if and only if

on(m) is a coboundary.

Proof. (i) Let us give A the grading by deg D; = 1 and use the corresponding supercom-

mutators. Then we have
n

(D1, 8] = [D1,Di]Dyssi — > Di[Dy, Dy,
i—2 =
8



Applying the relations we can rewrite the sums in the right-hand side as

n

E (D1, Di]Dpygi = — E DiD;Dyy3ij,
=2 i>2,>2,itj<n+1

n

E D;[Dy, Dypya_i] = E Dyy3—i 3D D;.
i=2 i>2,j>2,i+j<n+1

Thus, both sums are equal to

> D;D; Dy,

i>2,5>2,k>2,i+j+k=n+3

so they cancel out.

(ii) The existence of the Hochschild cochain ¢,,(m) follows from the fact that the expression
in the right-hand side of (1.3.2) is a coderivation. The fact that ¢, (m) is d-closed follows
from (i). By Lemma 1.1.2; the condition on m,; to extend m = (mg,...,m,) to an
Ay y1-structure is

[Dm27 Dmn+1] = - Z Dmi‘Dmn+3—i’
=3

i.e., 0(myi1) = —Pn(m), which implies the assertion. O

Due to the above results, HH?(A) and HH?3(A) play an important role in classifying
minimal A.-structures on A. The cohomology space HH'(A) also shows up in connection
with the notion of a homotopy between gauge transformations (see [16] and [35, Sec. 2.1],
where these are called homotopies between strict A,-isomorphisms).

Definition 1.3.5. (i) Let f, f' : A — B be a pair of A.-morphisms between A..-algebras.
A homotopy h from f to f’ is given by a collection of maps h; : A% — B of degree —i,
where ¢ > 1, satisfying some equations. These equations are written as follows: there
exists a unique linear map H : Bar(A) — Bar(B) of degree —1 with the component
Bar(A) — B given by (h;), such that

(1.3.3) AoH=(af®@H+H®ap)oA,

where ay, oy @ Bar(A) — Bar(B) are coalgebra homomorphisms corresponding to f and
/', A denotes the comultiplication. Then the equation connecting h, f and f’ is

(134) Oéf—Oéf/:DBOH—l—HODA,

where D4 (resp., Dp) is the coderivation of Bar(A) (resp., Bar(B)) corresponding to the
Ago-structure on A (resp., B).

(ii) If A and B are only A,-algebras and f, f' : A — B are A,-morphism, then we can
consider homotopies h from f to f’ defined by a collection of maps (h;) as above for
i < n and satisfying euqations (1.3.3), (1.3.4) for the corresponding maps Bar<,(A) —
Bar<,(B).

Note that if we only know that f: A — B is an A-morphism, i.e., ay is a homomor-
phism of dg-coalgebras, then one can easily check that equations (1.3.3) and (1.3.4) imply

that o is a homomorphism of dg-coalgebras, i.e., f’ is an A, -morphism from A to B.
9



Lemma 1.3.6. Let A and B be Ay-algebras and f = (f;) be an As-morphism from
A to B. For every collection (h;);>1, where h; : A®™ — B has degree —i, there exists a
unique Aso-morphism f' from A to B such that h is a homotopy from f to f'. The similar
assertion holds for homotopies (h;)1<i<n between A,-morphisms of A, -algebras.

Proof. We are going to construct the maps H|gar(4) “n and a|Bar(a) “n recursively, so that
at each step the equations (1.3.4) and (1.3.5) are satisfied when restricted to Bar(A)<,.
Also, we want H to have (h;) as components. Then the uniqueness will be clear.

It is easy to see that equation (1.3.3) is equivalent to the following formula
(1.3.5)

H[all s |CLn] = Zi1<...<ik<m<j1<...<jl:n :l:[fh (ah s ’ai1)| s |fik—ik—1(aik—1+17 s 7aik)|
hm—ik (aik-i-h e am)|fj/-rm(am+1, e ,aj1)| e ’fj/'lfjl,l(a’jl—l‘i‘l? . ,ajl)],
where ay,...,a, € A, n > 1 (one can have k = 0 or [ = 0 in this sum). Note that H|p

is given by hy and ayp|ap) is given by f{ = fi —mq o hy — hy o m,y. Now assume that the
restrictions of H and oy to Bar(A)<,_; are already constructed, in particular, the maps
[l : A®" — B are defined for i < n — 1. Then the formula (1.3.5) defines uniquely the
extension of H to Bar(A)<, (note that in the RHS of this formula only f/ withi <n —1
appear). It remains to apply formula (1.3.4) to define a|gar(a).,,- O

There is an analog of Lemma 1.3.2 for gauge equivalences and homotopies between
them.

Lemma 1.3.7. Let m and m' be minimal Ay-structures on the associative algebra A,
f, f be a pair of gauge equivalences from m to m’. Assume that f; = f! fori < n, where
2<n<N.

(i) Set c(ay, ... ,a,) = (f), — fu)(a1,...,a,). Then c is a Hochschild n-cocycle (defining a
cohomology class in HH*(A)1_,,).

(i) If h = f — f' is a homotopy such that h; = 0 for i < n — 1, then one has f! — f, =
+0h, 1. Thus, f<, and fL, are homotopic if and only if the class [f — f.] in HH*(A)1_,
15 trivial.

1.4. Triple Massey products for A, -structures. Note that for a minimal A.-structure,
mg is Hochschild cocycle, and a gauge equivalence can change it by a coboundary (see
Lemma 1.3.2). Thus, to any gauge-equivalence class of a minimal A.-structure one can
associate a Hochschild cohomology class [m3] of the corresponding associative algebra.
However, this class is often hard to compute. Massey products provide invariants which
are easier to compute.

Let us consider a more general notion for a not necessarily minimal A..-category A.

We start with a triple of composable morphisms [a;] € Hom(Z,T'), [as] € Hom(Y, Z),
[az] € Hom(X,Y') represented by some mi-closed elements aq,as, a3. Assume that the
compositions [a;][as] and [ay][as] vanish in H°(A). Then we can find a;» € hom™ (Y, T),
ags € hom™ (X, Z) such that

m1<a12) = m2(a1,a2), ml(a23) = 7712(@2,(13)-
Now let us set

(].4].) MP([CLl], [GQL [a,g]) = [mg(ali(;lg, a3) + mg(alg, a3) — m2<a1, agg)].



It is easy to check that the expression in the right-hand side is m;-closed: this follows
from

myms(ay, az, ag) = ma(ay, ma(az, ag))—ma(ma(ar, az), as) = ma(ay, myass)—ms(myas, as)

and from the Leibnitz identity.

Furthermore, if we change a5 or ass or representatives for [a;], then the right-hand
side of (1.4.1) would change by adding summands of the form [a;][bes] and [by3][as]
for some by € Hom '(Y,T), bys € Hom '(X,Z). Thus, the triple Massey product
M P([[a1], [as], [as]) is a well defined element in

coker(Hom (X, Z) ® Hom (Y, T) [oaJor Poleg) Hom (X, T).

When mgs = 0 this definition coincides with the usual definition given in the dg-context.
On the other hand, if m; = 0 then the triple Massey product is the class represented
by [mgs(a1, as,as)]. Finally, we claim that this Massey product is preserved under any
equivalence of A..-categories. This is a consequence of the following result (proved in [34,
Prop. 1.1] with different sign conventions).

Proposition 1.4.1. Let F': C — C' be an A-functor between Ay -categories, let [F] :
H*C — H*C' be the functor between the corresponding graded categories inducced by F;.
Then for a triple of composable arrows as above, one has

[FA]M P([a], [as], las]) = M P([F1][a1], [F1][az], [F1]as)).
Proof. We have by the A,-functor axioms,
m2(F1(11, F1a2) = Fl(m2((11, Gz)) - m1F2(&17 612) = Fimyap — m1F2(611, az)
= ml(F1a12 - F2(a1, a2)),
and similarly
m2(F1a27 F1a3) = ml(F1G23 - F2(G2, Gs))-
Thus, M P([Fia1], [Fias], [F1as)) is represented by the element
ms(Fray, Fras, Fiaz) + mo(Frais — Fy(ay, az), Fraz) — ma(Fiay, Fiass — Fy(ag, az)).
Now from the A,.-functor axioms we get the congruence modulo im(m;),
ms(Fiay, Fias, Frag) + ma(Fiay, Fo(ag, az)) — mo(Fa(aq, as), Fras)
= Fims(ay, ag, a3) + Fa(ma(ay, as), as) — Fa(ar, ma(as, as)).
Thus, we can rewrite the above representative as
Fymg(ay, ag, az) + mo(Fraia, Frasz) — mo(Frar, Fiags) + Fa(maais, az) — Fa(ar, miags)
= Fy(ms(a1, az, a3) + mao(ara, as) — ma(as, ass)),

where we used again the A, -functor axioms. O

The above definition of triple Massey products can be slightly generalized: instead of
considering a decomposable tensor f ® g ® h one can take any tensor in the appropriate
subspace of Hom(X,Y) ® Hom(Y, Z) ® Hom(Z,T).

1.5. Triangulated structure and generators.
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1.5.1. Enhancements. Standard dg-enhancement of the derived category: dg-category of
complexes.
For perfect complexes easier to use

hom(E*®, F*) = R(Hom(E*, F'*)),

where R is some functorial multiplicative chain model for computing cohomology, e.g.,
one can use Cech or Dolbeault resolutions.

Lunts-Orlov: uniqueness of enhancements for D’(Coh X) and for perfect complexes,
where X is a projective scheme over a field.

1.5.2. Triangulated A, -categories and twisted complexes. Definition of the A..-category
of twisted objects over an A, -category A.

Flrst take closure under shifts and under direct sums. Then consider pairs (X, §), where
X is an object of A, § € hom' (X, X) is strictly upper-triangular with respect to a finite
split filtration, such that

S )G ms.....8) =0,
¢
Note that here the left-hand side is well defined and takes values in hom?(X, X). The
hom-space between two such objects (X,dx) and (Y, dy) is simply hom(X,Y’). There
are natural A,-products (m!) for the twisted objects (in particular, the differential m!
on hom(X,Y)), which are obtained by inserting the twisting elements § in any number
wherever possible.

Definition 1.5.1. An A-category is called triangulated if A — Tw.A is a quasi-equivalence.

The category Tw.A is always triangulated and can be characterized as a universal
triangulated envelope of A.

1.5.3. FEzxact triangles in an A -category. Start with a : X — Y a closed morphism of
degree 0. Then we can view a as a morphism X[1] — Y of degree 1. We define Cone(f) to
be the twisted complex (X [1]@Y, a). We have natural closed maps b : Y — Cone(f) and ¢ :
Cone(f) — X[1]. Note that cob = 0 while boa = d(a), where o € hom ™" (X[1], Cone(f))
with the component idx. We have ms(c,b,a) = 0. However, the triple Massey product
MP(c,b,a) is the class of ma(c, ) = idx (it is not necessarily univalued).

This construction of the cones shows that if A is a triangulated A..-category then H°(A)
is triangulated in the usual sense. Any A..-functor between triangulated A..-categories
gives an exact functor.

Example 1.5.2. Note that triple Massey products can be computed using the triangu-
lated structure on H°(Tw.A). Consider the cone of the middle arrow (which is a twisted
complex),

Cy := Cone(az) = (Y[1] & Z, az).

Then the pair @3 := (as, ags) gives a closed morphism in Hom (X, C5), while the pair
@y := (ay3,a;) gives a closed morphism in Hom®(Cy, T). Now the Massey product is the

class of the composition a; o as.
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1.5.4. Generators. Recall that an object G of a triangulated category T is called a classical
generator (aka split-generator) if the minimal triangulated subcategory of T closed under
passing to direct summands and containing G is the entire category.

Sometimes, one also uses a more restricted notion of G generating 7 as a triangulated
category (i.e., not allowing passing to direct summands).

Proposition 1.5.3. (see [48, Lemma 3.34] If the image of cohomological full and faithful
Axo-functor F : A — B generates B (as a triangulated Ay -category) then F' extends to a
quasi-equivalence F : TwA — B.

An additive category is called split-closed if every idempotent in it splits. A triangulated
Ao-category A is called split-closed if H°A is such. Every triangulated A, -category has
a canonical split-closure, which can be constructed using the Yoneda embedding into
the Ay-category of A,-modules. Typically, A,-categories arising in geometry, such as
derived categories of coherent sheaves (or their perfect subcategories), are split-closed.

We say that an object GG generates a triangulated A..-category A if the split-closed
triangulated A..-subcategory containing G is the entire A.

Proposition 1.5.4. (see [48, Cor. 4.9]) if A C B full subcategory in a split-closed tri-
angulated A.-category, such that A split-generates B, then B is equivalent to the split
closure of TwA.

1.6. Cyclic A -structures.

Definition 1.6.1. Let (A, m,) be an A -structure over a field &, equipped with a bilinear
form (-,-) — k. We say that (A, m,) is cyclic with respect to this bilinear form if

(Mplay, ... an), Gnyr) = (—1)™M@HD (41 m (ag, ... anst).

We say that a bilinear form has degree N if (x,y) = 0 for homogeneous elements x, y such
that deg(z) + deg(y) # N.

It is often convenient to have a cyclic structure since it cuts down the number of higher
products to be considered. On a conceptual level these cyclic symmetries should be viewed
as an algebraic version of a Calabi-Yau condition. Cyclic A-structures play a central
role in Costello’s construction of a Gromov-Witten type potential (see [8]).

It is a natural question what data should be given on a dg-algebra, so that the corre-
sponding minimal A..-algebra given by a homological perturbation is cyclic. Kontsevich-
Soibelman in [19] give the following sufficient criterion which uses cyclic homology HC..

Theorem 1.6.2. ([19, Thm. 10.2.2] Let A be an A-algebra over a field k of charac-
teristic zero with finite dimensional cohomology H*(A) (with respect to my). Suppose
0: HCn(A) — k is a functional such that the induced degree N pairing on H*(A) given
by

(z,y) = 0(u(zy)),
where v : H*(A) — HC.(A) is the natural map, is perfect. Then the corresponding

minimal Au-structure on H*(A) is gauge equivalent to a cyclic A -structure with respect

to the above pairing.
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Corollary 1.6.3. Let (B,d) be a dg-algebra over a field k of characteristic zero such that
H*(B) is finite-dimensional. Suppose we are given a functional 0 : By — k such that
0(dByx_1) = 0, 0(zy) = (—1)3e@deeW)g(yx), and the induced pairing 0(xy) (of degree N)
on H*(B) is perfect. Then the minimal Ay -structure on H*(B) obtained by homological
perturbation is cyclic with respect to 0(zy).

Proof. We just have to observe that 6 extends (trivially) to a functional on HCx(B). O
Here is an example of a geometric setup where the above result can be applied.

Corollary 1.6.4. Let A be a bounded complex of coherent sheaves on a reduced connected
projective curve C over a field k of characteristic zero, equipped with a structure of dg-O-
algebras. Suppose we are given a morphism of coherent sheaves T : Ay — we satisfying
Tod=0, 7(zy) = (—1)%8@ W) (yx) and such that inducing pairing

(1.6.1) A® A= we

is perfect in derived category, i.e., the induced morphisms A — Hom (A, we) — RHom(A, we)
are quasi-isomorphisms. Then there is a minimal Ay -structure on H*(C, A) compatible
with the pairing 0(xy), where 6 : H'(C, A) — H'(C,wc) ~ k is induced by .

Proof. Let B = K*(A) be the Cech complex associated with a covering of C' by two
open subsets U; and Us. We equip B with multiplicative structures using the following
products of Cech 0-cochains and Cech 1-chains:

1 1
(162) (al, CLQ) . b12 = 5(@1 -+ a2)b12, blg . (al, QQ) = 5[)12(&1 -+ a2).

The map 7 induces a morphism of Cech complexes
K*(0): K*(A)[1] - K*(we).

The functional H'(C,we¢) —= k can be viewed as a functional on K'(w¢). Composing
it with K*(0) we get a functional
0 : By — k

which vanishes on the image of d. Also, the condition that 7 vanishes on supercommu-
tators implies the same condition for 6. Finally, the assumption that we get a perfect
pairing (1.6.1) together with Serre duality implies that #(zy) induces a perfect pairing on
H*(B). Thus, all the conditions for applying Corollary 1.6.3 are satisfied. U

Let us point out the following higher-dimensional version of Corollary 1.6.4.

Proposition 1.6.5. Let X be a projective equidimensional CM-scheme of dimension N
over a field k of characteristic zero, (A, d) a complex of coherent sheaves over X , equipped
with a dg-algebra structure (with unit). Assume that we have a morphism T : Ay — wx
such that T od = 0 and 7(xy) = (—1)%e@deW)r(yx). Then T gives rise to a morphism
in derived category

A. ® A. — Wx.

Assume that the induced pairings

H'(C,A) @ H"(C, A)) — H"(C,wx) — k
14



are perfect (where H'(C, A,) are hypercohomology). Then the minimal A -structure on
H*(C, A,) obtained by homological perturbation is gauge equivalent to a one, cyclic with
respect to the pairing 0(xy), where 8 : H"(C, As) — H"(C,we) — k is induced by .

Proof. The Cech complex of A with respect to a finite covering U of X is obtained
from the corresponding cosimplicial dg-algebra C' = Cy(A). Applying instead Thom-
Sullivan normalization N ()75 (see [14, Sec. 5.2, [59, App. A,B]), we get a dg-algebra
B = N(C)T® computing H*(C, A,). Furthermore, by functoriality of the construction,
from the morphism 7, viewed as a chain map of complexes A — wy, we get a chain map

N(t): B — N(C’u(wx))TS,

where the latter complex represents RI'(X,wyx). Note that the product structure on
N(C)T% is induced by the natural morphisms N(C)™¥ @ N(C)TS — N(C®C)T9 together
with the product maps on C. Thus, we derive that N(7) satisfies the same identity
as 7, i.e., it vanishes on supercommutators. Composing N(7) with a chain map T :
N(Cy(wx))T® — k[—N] representing the canonical trace map H"(X,wc) — k, we get a
chain map 6 : B — k[—N] vanishing on supercommutators. By assumption, the induced
pairing on H*(B) is perfect, so we can apply Corollary 1.6.3 again. U

There is a particular case when the cyclic A, -structure can be obtained directly by
homological perturbation (i.e., without using Theorem 1.6.2). Namely, suppose we are
given a dg-algebra (B, d) and a symmetric bilinear form (-, -) on B (the symmetry means

<LIZ‘, y> = (_1)deg(ac) deg(y) <y7 LU>)
Proposition 1.6.6. ([20]) Suppose

(1.6.3) (da,y) + (1) (z,dy) = 0
and the homotopy ) : B — B in the data for the homological perturbation satisfies
(1.6.4) (Qz,y) = (1) (z, Q).

Then the minimal A -structure on H*(B) given by the tree formula is cyclic with respect
to the pairing induced by (-, -).

To get the homotopy operator of this kind one can use complements to ker(d) of a
special kind.

Lemma 1.6.7. Assume that C C B is a subspace such that ker(d) & B = C, and let A C
ker(d) be a subspace of cohomology representatives. Assume (C,C) =0 and (C, A) = 0.
Then the homotopy operator Q) associated with A and C' satisfies (1.6.4) and hence, we
obtain a cyclic As-structure on H*(B).

Using this we get the following direct construction of cyclic A,-structures.

Proposition 1.6.8. Let B = By & B; be a dg-algebra concentrated in degrees [0, 1],
(,-) a symmetric pairing of degree 1 on B satisfying (1.6.3), such that H*(B) is finite-
dimensional and the induced pairing on H*(B) is perfect. Let also A C ker(d) C B be
a subspace of cohomology representatives. Then there exists a subspace C' C By, comple-
mentary to ker(d), such that the corresponding Au.-structure on H*(B), obtained by the

homological perturbation, is cyclic with respect to the pairing induced by (-, -).
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Proof. The condition (C,C) = 0 is automatic since C' C By. The pairing C ® A; — k
can be interpreted as a map C' — A] ~ Ay (where the latter isomorphism is given by
the pairing between Ay and A;). Correcting C' by this map, we get a new subspace in
C' @ Ay, which is still complementary to ker(d), and which is orthogonal to A;. Then we
can apply Lemma 1.6.7 and Proposition 1.6.6. U

Corollary 1.6.9. Let C' be a projective connected reduced curve over a field k of char-
acteristic # 2, and let A be a coherent sheaf of O¢-algebras, equipped with a moprhism
7 : A — wx. Assume that we have a morphism 7 : A — we such that T(xy) = T(yz).
Assume that the induced pairing

AR A — we

is perfect in the derived category. Then the minimal A -structure on H*(C,A) obtained
by homological perturbation is gauge equivalent to a one cyclic with respect to the pairing

O(xy), where 0 : HY(C, A) — H"(C,wc) — k is induced by .

Proof. The corresponding Cech complex K*(.A), equipped with the product (1.6.2), sat-
isfies assumptions of Proposition 1.6.8. O

2. EXAMPLES OF CALCULATIONS FOR ELLIPTIC CURVES

2.1. Some triple Massey products. Let C' be an elliptic curve. Consider composable
arrows

(2.1.1) 00, P,

where z, 2’ € C and P is a line bundle of degree 0. Assume x # z’ and P # O, then have
Hom*(O, P) = 0 and Hom*(O,/,0,) = 0. So this is a perfect setup for triple Massey
products: the double compositions are automatically zero and there is no ambiguity.

By applying translation, can assume that ' = e, the neutral element of the group law.
To compute the Massey product we include the second arrow in the exact triangle

P — P(e) - O, — P[]

Then we have to find a section of P(e) with residue 1 at e and then evaluate at y.

Let L be a fixed line bundle of degree 1 on C' and § € H°(C, L) is a generator, such
that 6 vanishes at a point e € C', which we can take as the neutral element of the group
law. We can realize P uniquely as t;L ® L™". Thus, 6(z +y)/6(z) is a section of P with
a pole of order 1 at e, i.e., a section of P(e). We should normalize it by the value of the

residue at e, so we should consider s(z) = % and then evaluate it at 2 which gives
¢'(0) - 0(x +y)
s(x) = =: F(x,y),
D= e Y

the Kronecker function (also studied by Zagier).

There is a generalization of this picture to higher rank vector bundles, which we sketch
following [34, Sec. 1]. Recall that by the classical result of Atiyah, a vector bundle V/
on an elliptic curve C' is stable if and only if it is simple and for a given pair (r > 0, d),

with ged(r,d) = 1, the moduli space M = M, 4 of stable vector bundles of rank r and
16



degree d is isomorphic to C'. Note that distinct V4,V € M one has Hom(V;,V,) = 0 (by
stability). Hence, using Serre duality, we see that Ext'(Vq,V;) = 0. Thus, for a pair of
points x; # x5 of C'; we again obtain a well defined univalued triple Massey product by
looking at composable arrows

V1—>Om1$VQ—>Ox2.
Note that this Massey product is a map

(Vilz))" ® Valo, ® (Valo,)* ~
Hom(V1, Oy,) ® Ext' (Oy,, V) ® Hom(Va, Oy,) — Hom(V1, Oyy) = (Vilz,)*

(here we use some trivialization of we and the Serre duality for the identification V5|,, ~

Ext'(O,,,V2)). Replacing the middle arrow by a universal map Va|,, ® O, N Vs, we
can compute the Massey product in the same way as before by using the exact triangle

Vo = Va(z1) = Valo, -2 V4

Thus, our Massey product is determined from the commutative diagram

Hom(Vila,, Valo,) <— Hom(Vi, Va(21))

MP
eVgo

Hom(V1|zy, Valay)

where the horizontal arrow is an isomorphism due to the condition Ext*(V3,V;) = 0.
Dualizing, we can view this Massey product as an element

7“VIV2 € IIOIH<‘6|117‘G+11) @DI{OIH(‘GJx27L6|x2»

T1T2

One can apply the A,-axiom of the form ms(ms(fi, g1, f2), g2, f3) + ... = 0 to sequences
of composable arrows

Vi f1 C)zl a v, f2 C)xz 92 Vi f3 C)m37

where deg(f;) = 0, deg(g;) = 1, and (V;) and (x;) are distinct. Using results of Sec. 1.6
one check in addition the following cyclic symmetry:

(f'yms(g1, fa, 92)) = —(ms(f', g1, f2), 92)

where f' € Hom(V3, O,,) and (-, -) denotes the pairing between Hom(V;, O,,) and Ext' (O, V;).

This allows to express all terms of the A, -axiom via 7’;‘,;/;:;2', and leads to the following

equation

(212) (TV3V2>12<TV1V3)13 - (TV1V3)23(7,V1V2>12 4 (TV1V2)13(7,V2V3>23 — 0

12 13 23 12 13 2T3

in Hom (V5|4 , Vilz, ) @Hom(V3| .y, Valz, )@Hom (Vi |4y, Vs|as ), which is called a set-theoretical
Associative Yang-Bazter Equation (AYBE). We will return to this equation later in Sec.
5.

Lifting the points z; to a universal covering C — C' one can choose trivializations of
all vector spaces Vi|,; and express the tensors r}c/j;/j in terms of the Kronecker function

F(z,y) (with C replaced by a finite étale covering), see [34, Sec. 2.2].
17




Remark 2.1.1. There is a partial generalization of this picture to higher genus curves
studied in [36].

2.2. Line bundles of degree 0 and 1: transcendental computation. Let C' = C/A,
where A = Z + Z, be an elliptic curve. We want to compute (following [42]) the A..-
structure, obtained by homological perturbation, on the algebra

E = Ext*(G,G), where G = @H S @Lj7

i=1 j=1

where (P;) are distinct line bundles of degree 0, and (L;) are distinct line bundles of degree
lonC.
Let L be the standard line bundle of degree 1 on C' such that the theta-function

0=0(z,71)= Z exp(miTn® + 2minz)
nez

descends to a global section of L. Then the line bundles (P;), (L;) can be written in the
form

Pi = P(wl), L] = tz,jL,

for some complex numbers (w;), (z;) (unique modulo A), where P(w) :=t5 L ® L™
Note that E is obtained as the cohomology of the Dolbeault dg-algebra

QG := (2°*(End (@), 9).

To construct the cohomology representatives and the homotopy operator () on QG we
use the flat metric on C' and on the relevant line bundles. Namely, the hermitian metric
on L is given by

y?
(f,g9) = /f eXp —27 Im( ))d:pdy,

where 2z = z 4+ 1y. To get metrics on L; we use the translation ts- Also, we get the
induced metrics on P, =t} L® L.

Then we get the required complements to ker(d) and to im(9) in ker(d) as orthogonals
with respect to the metric. In particular, E will be embedded into (G as the subspace
of harmonic forms.

We fix a generator ¢ € H'(C, O) which is represented by the (0,1)-form dz. Let n €
H'(C, L™') denote the unique generator such that no @ = £. Then the space Ext*(G,G)
has the following natural basis:

(1) identity elements in Hom(P;, P;), Hom(L;, L;);
(ii) the elements & € Ext'(P;, P,) and &; € Ext'(L;, L;), corresponding to the canonical
generator £ € HY(C, 0);
(ili) 0y = 1%, _,,0 € Ho(t* L) > Hom(B,Lj);
(iv) mji =5 _m € H'(t: _,,L7") = Ext'(L;, P,).
Note that 0;; are holomorphlc functions, so they are harmonic. The (0,1)-form dz

representing £ is also harmonic. The harmonlc (0, 1)-form with values in L~ representing
18



ne HY(C, L) is

= m(7)-0(z,7)exp(— WIm(z)Q
= /2] - T esp( -2

Aside from multiplications with the identity elements, the only nontrivial compositions
in E are

)dz.

nji 0 i =&, bij omi =&
The FEisenstein-Kronecker-Lerch series (see [60, ch. VIII]) are given by
. o (z+ A"
Ka(z,w,s,A) = Z m<)\,w>/\,
AEA\{—z}
where a € Z>, z,w € C, s is a real number,
(z,w)y = exp[A~ (2w — wZ)],

where A = Im(7)/m. This series converges absolutely for Res > a/2 + 1. It is known
that K}(z,w, s; A) analytically extends (for fixed z,w) to a meromorphic function on the
entire s-plane, with possible poles only at s = 0 (for a = 0, z € A) and at s = 1 (for
a =0, w € A). Using this analytical continuation the Eisenstein-Kronecker numbers
es (2, w; A), for integers a > 0, b > 0, are defined as the following special values:

Cap(z,w) = K (2, w,b;A).

Note that these values are not continuous in z and w (the discontinuity occurs when either
zeANorweA).

Due to different conventions in [42], in the theorem below we actually compute the
Ago-structure (m,,) on E° obtained as the cohomology of the dg-algebra (2G)°P. The
opposite A,-structure on E differs from this by some signs.

Theorem 2.2.1. ([42, Thm. A]) For a,b,c,d > 0 one has
mn((gi)a’ Qijv (5]) it (gz ) 3" (gj ) ) -
1 b+d+1 i1 [0
(AR D G — 2w — ) - L g
fij furye

albleld! " Catebtd+1
where fi; = exp(A~(z; — w; + w;)?/2). Note that here the indices in the pairs (i,i') and
(7,7') are not necessarily distinct.

The remaining m, are determined by the condition that our A..-structure on F =
Ext*(G, Q) is cyclic with respect to a natural pairing (see Sec. 1.6). Note also that one
can get rid of the exponential factor (depending on f;;) by rescaling the basis of E.

For example,
. 1
€,26(0,0) = €2y = Z 2k

AeA\{0}
for K > 2, e3,..,(0,0) =0, and

1 T
(0,0) = _ ,
0. == ; nn#og (m7+n)?2  Im(r)
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We will not give a full proof of Theorem 2.2.1, only a sample calculation. Namely, let
us calculate mg(6;5,n;i, 0y ;). Note that this is a univalued triple Massey product

P—L, - p 1L,

similar to (2.1.1) (in fact it can be obtained from (2.1.1) by an autoequivalence of the
derived category). This time we calculate using the homological perturbation:

m3(01j7 Ny, z 4! ) [QP (wyr —w;) ( Zjnji’)gi’j’ - eijQP(zj/ij)(nji’ei’j’)]-

Here for a holomorphic line bundle M we denote by Qu : QY (M) — QOO(A) our
homotopy operator defined using hermitian metrics. In the case when M = P(w) for
w & A, Qu is simply the inverse of 0.

For w ¢ A, the line bundle P(w) is trivialized as an C'*-line bundle by a nowhere
vanishing section exp(—2miw - v), where we use the real coordinates (u,v) such that
2z = u+ v7. Then the sections

Ywr(2) = (A, 2) - exp(—2miw - v)
form an orthonormal basis of L%-sections of P(w). Furthermore, one has
Opwr = AT N+ w) - puadz,

and QP(’U)) iS Just the iIlV(iI“S(E ‘O a, SO
P( ) ,)\ )\ )\

We need to decompose 6;;n; (resp., 0i;m;i) in the orthonormal bases of sections of
P(wy —w;) (resp., P(zj — zj)) For this we use the identity

(2.2.1) Vv 2Im(7) - 0(2) - 6(z + 0(z + z) exp(—2m Im(7) (v + 19)?) =
exp(2mzov0) Z)\GA ex(—20) - (X, 20) - 90—z n(2),

where zg = ug + voT,
Cmrn(2) = (=1)™ exp(— A" (|A]? + 20z + 2%)/2).

This identity is proved by interpreting the Fourier coefficients of the above product as
integrals; then by rewriting them as hermitian pairings of the form

(0(z +w),0(z) - exp(—27mw - v))

of sections of the line bundle ¢! L ~ L® P(w); and finally using the expansion of the theta-
function to rewrite as a Gaussian integral over R (see [32, Sec. 2]; the above identity also
follows from [52, Prop. 4.1]). Applying (2.2.1) we get

n]z Z pr =W, A (wi’ - wl)</\7 25 — Wy > exp(?m( — Wy )
AEA

and hence,
QP(wy—wy) (Oignji) =

C)\(wi/ — 'LUJ()\, 2. — wi’> ] Im(z . wi/)
4 Z Puy—w; A (2) - Nt — ;} exp(2mi(w; — wi/)lin—r)'
)\EA T 1
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Now computing H[Q p(w, —uw,)(0i;ni )0 ;] is equivalent to calculating the pairings

Im(z + zj — w;)?

(QP(wi/fwi)(eijnji’)ei’j’aeij’) :/CQP(wi/wi)(eijnji’)'ei’j’ﬁj’exp<_2ﬂ- )dxdy-

Imr

Applying (2.2.1) again we get the expansion

) =

Im(z + zj — w;)?

ei’j’?j’ exXp ( —27

Im
LS G ual2) - el — ) - O 2 — ) exp(@iy — ) T
. wi—w, AZ) - ex(w; —wy) - (N, zjp — w;) exp(2mi(wy — w;) —————>).
Valmr A Fome i : g Im(7)
Now we observe that
Im(r) A+XN=0
w —w rdrdy = ,
/Ccp AP N ATAY {0 otherwise.
Hence, the above pairing is equal to
ImT , Im(z; — 2 + w; —wy)
(QP(wy—wy) (Oignjir )0y, Oijr) = A - — exp(2mi(w; — wy) : Ijmr ):
Z ex(wy — w;)e_x(w; —wir ) (N, 25 — zjp + w; — wyr)
A+ Wi — W; 7
AEA

whereas (9@'/, HZJ/) = 1/\/ 2Im .
Computing I1[6;,Q p(zj,_zj)(njiﬂi/j/) in a similar way, we get the following answer

mg(eij, Njirs Hi/j/) =A. (Q)(wzl — Wy, 250 — Z]) — @(Z]/ — 25, Wy — w,)) . 0@'/7 where

1

A+

(29, wp) = exp(A zo(wy — W) - Z

AEA

To get the statement of Theorem 2.2.1 in this case one has to use in addition the identity
eor (2, w) = exp(A™" z(w — ))[®(z, —w) — P(—w, 2)].

On the other hand, our answer is compatible with the computation of the triple Massey
product in Sec. 2.1 because of the identity

(2.2.2) O(z, —w) — ®(—w, z) = 2miF(z,w),

. exp(—A7HN + 2o/ (=, wo).
0

where F'(z, w) is the Kronecker function. The relation between efj; (#, w) and the Kronecker
function is classical (see [60, VIIL.2, Eq.(3), p.70]). On the other hand, the identity (2.2.2)
was discovered in [33]. The main part of the proof is checking that ®(z, —w) — ®(—w, z)
is meromorphic in z and w (this uses the Poisson summation formula).

Note that if we just take the generator G = O@ L then the A -structure on Ext*(G, G)
is expressed in terms of e} ,(0,0). Using the A..-constraints one can show that these are
expressed as some polynomials with Q-coefficients in (e¥) (and hence, as polynomials in
e5, e and eg). Namely, let us set for a,b > 0,

b!
Gab = ﬁez,b—i-l'
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Then gqp = gpa, and gqp = 0 if @ + b is even. Applying the A,-constraint to the string

(€>a7 97 777 07 n? 87 (é)b
one gets the identity

Z a _a+2+5b,0 - Z b _b+2+5a70
a Ga1,09a2,b a1 Ja+1b = by 90,61 9a,bs b——l— 1 Ga,b+1,

a=a1+a2 1 b=b1+b2

which gives a recursive formula for g,+15 in terms of all g,y with o/ < a. Since
gon = nlel,;, we get a procedure to express all g,; as polynomials in (e}) (with ra-
tional coefficients).

Kaneko-Zagier theory states that the ring Cle, ey, 5] is isomorphic to the ring of quasi-
modular forms C[Es, Ey, Eg], where

where o,(n) is the sum of the pth powers of the divisors of n. More precisely, this isomor-
phism sends F4 and Fjg to themselves viewed as modular forms (recall that Eoy(exp(2miT)) =
ear(7)/(2¢(2k))), and it sends E; to the holomorphic part of Ze,, where €5 = e;—m/ Im 7.

Remark 2.2.2. Caldararu and Tu [6] use this to get a purely holomorphic model for
the A,-structure on Ext*(G,G). More precisely, one can view the A-algebra given
by Theorem 2.2.1 (with w; = 2z; = 0) as an Ay-algebra E, over the ring of almost
holomorphic forms, i.e., polynomials in €3, e4, e5. On the other hand, applying the Kaneko-
Zagier isomorphism, one gets an A..-algebra E" over the ring of quasimodular forms.
Extending scalars, we can view both E, and E"! as minimal A,-algebras over the ring
of C*°-functions on the upper-half plane (with the same underlying associative algebra).
Caldararu and Tu show in [6, Thm. 5.14] that there is a gauge equivalence between these
two structures.

Remark 2.2.3. Our formulas also show that in the case G = O @ L one has m,, = 0 for
all odd n. In fact, any minimal A.-algebra structure on the corresponding algebra E is
gauge equivalent to the one with mz = 0 since HH?(E)_; = 0 (see ???). In fact it turns
out that HH?*(E)y_; =0 for i = 3,4,5,7 and i > 9, while HH*(E)_4 and HH?*(E)_¢ are
1-dimensional. Thus, by a gauge equivalence we can turn any A..-structure into the one
with mz = my = ms = 0, so that mg and mg will be Hochschild cocycles. It is not a
priori clear that the classes of [mg] and [msg] in the 1-dimensional spaces HH?(E)_, and
HH?*(E)_g are well defined functions of a gauge equivalence orbit of m. Later we will see
that this is indeed the case, and the relevant moduli space of A, -structures is equivalent
to the affine plane (which can be though of as the space of cubics in the Weierstrass
normal form).

3. MODULI SPACES OF A.,-STRUCTURES

3.1. The moduli problem. We start with a given graded sheaf of O-algebras £ over a
scheme S and would like to define the corresponding moduli problem for A..-structures

on &.
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Note that all the notions related to A..-structures over a commutative ring generalize
readily to the case of sheaves of O-modules over a scheme. Namely, for a graded sheaf
F of locally free O-modules over a scheme S we denote by CH*™(F/S); the sheaf of
homomorphisms of O-modules F®* — F of degree t, and by CH**'(F/S), its space of
global sections over S. We have a natural notion of an A,-structure (resp., A -structure)
on JF, given by a collection of global sections

m = (my,...,m,) € CH*(F/S)1 x ... x CH*(F/S)s_,)

(resp., m = (my, my,...) with m,, € CH*(F/S)2_,), satisfying the standard A..-identities
involving only my,...,m, (resp., all A, -identities). Similarly, the definitions of A.-
morphisms and homotopies between them and the results of Sec. 1.3 immediately gener-
alize to this context.

Since we are interested in minimal A,-structures (resp., A,.-structure), i.e., those with
my = 0, we consider A/ -structures, i.e., A,-structures satisfying one addiitional A.-
identity involving [ms, m,] (see Definition 1.3.1). The action of the group of gauge trans-
formations on the set of minimal A/ -structures also immediately generalizes to the relative
context: we have a sheaf of groups ® over S, where an element of &(U) is a collection of
sections

f=(fi=id, fo,...) € HY(U,CH (F/S)_1 x CH'(F/S)_a x ...),

with the product rule obtained by interpreting f as a coalgebra automorphism of the
bar-coalgebra of F (see Sec. 1.3). We use the notation &[2,n — 1] := & /&, for the
quotient of & acting on the set of minimal A/ -structures on F. We denote the projection
6 — 6[2,71 — 1] by f — fgn—l‘

Remark 3.1.1. The above definition of an A,-algebra over a scheme is a bit naive. A
more flexible notion should involve defining m;’s only over an open covering U; of S, and
the gluing should be given by a collection of higher homotopies defined on intersections
U,N...NU;.. We do not need the most general definition since we only aim at constructing
the usual space as a moduli space of A, -structures (in good situations), not an co-stack.
Even at this level we will need a certain gluing procedure, but a much simpler one.

Now let us fix a scheme S and a sheaf £ of graded associative Og-algebras over S. We
assume also that & is locally free of finite rank over Og. We denote by £|; the fiber of £
over a point s € S. Roughly speaking, we would like to classify families of minimal A.-
algebras, up to gauge equivalence, such that the corresponding family of graded associative
algebras is obtained from &.

Definition 3.1.2. (i) For a sheaf of graded associative Or-algebras E over a scheme T’
we denote by A/ (E/T), where n > 2 (resp., A (E/T)), the set of minimal A/ -structures
(resp., As-structures) on E.

(ii) Now for a fixed (£/S) as above, for n > 2, we have the presheaf A} = A o (resp.,
Ao = Asg) on the category of S-schemes, which associates with ¢ : T — S the set
Al (9*EJT) (resp., Ax(p*E/T)). This functor is represented by an affine scheme of finite
type over S, which we still denote by A;, .. Namely, A; ¢ is the closed subscheme in the
total space of the vector bundle CH*(E/S) 1 & ...® CH?(E/S),_, given by the relevant
A -equations.
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We have a natural projection
(3.1.1) T A= AL imo— ey

Next, we have the sheaf of groups & of gauge transformations acting on each functor
Al through the quotient &[2,n — 1], and the first apporximation to our moduli functo is
obtained by taking the quotient by this action.

Definition 3.1.3. For each n > 2, we define the functor
M,, : Sch? — Sets
where Schg is the category of S-schemes, as follows. For an S-scheme f : T — S, we
define .
Mo(T) = AL(T)/®[2,n — 1)(T).
Similarly, we set

Moo(T) = An(T)/&(T).

In general, the quotient-functor M,, is not representable and (at least) needs to be
sheafified. Let us consider the topology on the category Schg, such that open coverings
of p: T — S are pull-backs under p of Zariski open coverings of S. We call this S-Zarisk:

topology.
Definition 3.1.4. Let us denote by M,, (resp., M) the sheafification of the functor
M,, (resp., M) with respect to the S-Zariski topology.

3.2. Nice quotients. Here we make a digression on a special situation when an action
of a group scheme on a scheme admits a quotient. We work over a fixed base scheme S.

Definition 3.2.1. Let G be a group scheme, X be a G-scheme. We say that a G-invariant
morphism 7 : X — @ is a nice quotient for the G-action on X if locally over S (in Zariski
topology) there exists a section ¢ : ) — X of 7 and a morphism p : X — G, such that

(3.2.1) r = p(x)o(n(x)) and p(o(z)) =1.

In this situation we call o(Q) a nice section for the action of G on X. We say that 7 is a
strict nice quotient if p and o can be defined globally over S.

In the case when S is a point we obtain precisely the situation of [38, Def. 4.2.2].

Note that a nice quotient is automatically a categorical quotient (in the category of
S-schemes). Indeed, let f : X — Z be a G-invariant morphism, where Z has trivial
G-action. Then f(z) = f(o(n(x))), so f is a composition of f oo : Q) — Z with w. This
implies that the existence of a nice quotient is a local quesion in S. Namely, if X; — Q;
are nice quotients for X; = p~!(U;), where (U;) is an open covering of S, p: X — S is a
projection, then we can glue them into a global morphism 7 : X — Q.

Remark 3.2.2. If 7 : X — @ is a nice quotient for the G-action on X then 7 is a universal
geometric quotient (see [30]). Indeed, any base change of 7 is still a nice quotient. The
following properties are clear: 7 is surjective, U C Q is open if and only if 771(U) is open,
geometric fibers are precisely the orbits of geometric points. Finally, we claim that Og
coincides with G-invariants in 7,0x. Indeed, given a G-invariant function f on 7~ (U)

then f(z) = f(o(m(x)), so it descends to the function f oo on U.
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Let us consider the following presheaf of sets on Schg:
T— X(T)/G(T).

Lemma 3.2.3. Let 7 : X — Q is a nice (resp., strict nice) quotient for the G-action then
the sheafification of the above presheaf with respect to the S-Zariski topology (resp., the
presheaf itself) is naturally isomorphic to the functor represented by Q). Thus, a T-point
of Q can be represented by a collection of Vi-points of X, where V; = f~1(U;) for some
open covering (U;) of S, such that for any i, j, the corresponding Vi;-points of X, where
Vi; = ViV, differ by G(Vi;)-action.

Proof. We have a natural morphism from X (7")/G(T) to the sheaf represented by @,
which becomes an isomorphism over an open affine covering of S (due to the existence of
a decomposition (3.2.1)). This immediately implies the assertion. d

The following lemma will help us to construct nice quotients inductively.

Lemma 3.2.4. Let G be a group scheme over S acting on a scheme X over S. Assume
that G fits into an exact sequence of group schemes

1-H—->G—-G =1

and that the projection G — G’ admits a section s : G' — G which is a morphism of
schemes (not necessarily compatible with the group structures). Suppose we have a scheme
X" with an action of G' and a morphism f : X — X' compatible with the G-action via
the homomorphism G — G'. Assume that there exists a nice quotient wy : X — Qp for
the H-action on X and a nice quotient @’ : X' — Q" for the G'-action on X'. Finally,
assume that the following condition holds: for any S-scheme T and any points x € X (T,
g € G(T) such that f(gx) = f(x) there exists an open covering T = UT; and a point
hi € H(T;) for each i, such that gr = h,x. Then there exists a nice quotient for the
G-action on X. The same assertion holds for strict nice quotients.

Proof. 1t is enough to prove the assertion for strict nice quotients. Without loss of
generality we can assume that the section s : G’ — G satisfies s(1) = 1. By assumption,
we have sections o : Qg — X and ¢’ : " — X’ and the corresponding maps pg : X — H
and p' : X’ — G’ satisfying (3.2.1). Let us define morphisms p; : X — Gand 7y : X — X
by
pr=sopof, mi(x)=pslx) e
One immediately checks that
formp=0con'of.

In particular, m;(z) € f~1(0’(Q’)). Let us set Q= fc’(Q")) C X. Note that for z € Q
we have

pi(x) = s(p'(f(x)) = s(1) = 1,

since p'|,(gy = 1. Hence, for z € Q we have mr(x) = x. Now we set

Q = U[_Jl(é) - QH?
and define the maps 7 : X — @ and p : X — G required for the definition of a nice
quotient by

T =THOTy,
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p(x) = ps(x)pu(me(z)).
Note that 7 is well-defined. Indeed, we need to show that (cpmyms)(z) € Q. But
ny(z) € Q. so this follows from the identity
(oumums)(z) = pu(ns(z)) " s ()

and the fact that CNQ is preserved by the action of H. We also have a section ¢ : ) — X
of m given by ¢ = oglg.

It remains to check that our data defines a strict nice quotient for the G-action on X.
We have

z = py(@)ms(x) = pr(x)pu(ns(x))on(n(z)) = p(z)o(n(z)).

Also, by definition, we have o5(Q) C @, so for y € Q one has prlou(y)) = 1 and
my(on(y)) = on(y). Hence,

p(o(y)) = pslou(y)pu(ms(ony)) = pulon(y)) = 1.

It remains to prove that 7 is G-invariant. Given some z € X (7") and an element g € G(7T),
we observe that

f(rp(gz)) = o' (x'(f(g2))) = o' (7' (f(2))) = f(7s(2)).
Thus, our assumption implies that 7¢(gz) and 7¢(x) locally in T belong to the same H-
orbit. Hence, locally in 7" we can find h € H(T') such that 7¢(gz) = hm¢(x). Therefore,

m(gr) = mu(ms(g2)) = mu(hmp(x)) = mn (7f(2)) = 7(2).
U

3.3. Representability theorem. As before, we fix a graded sheaf of Og-algebras £
over a scheme S, such that £ is locally free of finite rank as an Og-module. The following
theorem shows that under the assumption that certain graded components of HH(&|)
vanish, the functor M,, (resp., M) is representable by an affine S-scheme.

For each intervals of integers I and J let us consider the following vanishing condition:

(V]): HH(E]s)—; =0 for i € I and j € J, for every point s € S.

Theorem 3.3.1. (i) Assume that either (V[1§,71L—3]> holds, or S is a regular scheme of
dimension < 1 and (Vﬁ’n{ﬂ) holds. Then there exists a nice quotient Al (E)/&[2,n — 1]
for the action of &[2,n—1] on Al (E). This quotient A,,(E)/B[2,n — 1], which is affine of
finite type over S, represents the functor M,,. If in addition S is affine then there exists
a strict nice quotient A, (€)/®[2,n — 1], and the natural map of functors M, — M,, is
an isomorphism.

(ii) Assume that the condition (VS') holds (resp., S is reqular of dimension < 1 and

(V2,) holds). Then the scheme lgln M., affine over S, represents the functor My,. In

the case when S is affine, the natural map My — M is an isomorphism.

(iii) Assume that there exists a nice quotient M, for the action of B[2,n — 1] on A, (E).
Assume in addition that either (V.=%) holds, or S is regular of dimension <1 and (V2 ))
holds. Then there exists a nice quotient M, 41 for the action of &[2,n] on Al (), and

the natural map M, 1 — M, is a closed embedding.
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Assume in addition that either (V=2,) holds, or S is reqular of dimension < 1 and

(Vgnfl) holds. Then the scheme @n M,, represents the functor My, and the morphism

Mo — M, is a closed embedding. In the case when S is affine, the natural map Moo —
M is an isomorphism.
(111°) Assume that there exists a nice quotient M, for the action of &[2,n— 1] on A/ (E).
Assume in addition that either (V.=>) holds, or S is reqular of dimension < 1 and (VTE?I’})
holds. Then the natural map M, 1 — M,, is an isomorphism.

Assume in addition that either (V=" |) holds, or S is reqular of dimension < 1 and

(Vzpn?jl) holds. Then the natural morphism My, — M,, is an isomorphism.

The statement of the above theorem is a bit long since we aimed at greater generality,
so let us state a useful corollary from it.

Corollary 3.3.2. Assume the for some n > 2 the conditions (V[fi_?)]) and (V;ﬁ_l) hold
(resp., S is regular of dimension < 1 and the conditions (Vﬁ’ni?)]) and (VZ,_,) hold).

Then the functor M, is representable be a scheme, which is affine of finite type over S.

Lemma 3.3.3. (i) Let (V*,d) be a bounded below complex of vector bundles over a scheme
S such that H'(V*®|,) = 0 fori < p for every point s € S. Then for each i < p, the image
im(d’) of the differential d' : V* — V*1 is a subbundle of V™' and H'(V*) = 0.

(ii) Let (V*,d) be a complex of vector bundles over an affine scheme S. Assume that for
some integer i one has H'(V*) = 0 and the image of d* (resp., d~') is a subbundle of
VL (resp., V). Then there exist decompositions of vector bundles

Vi= Bl oK, Vitl=RBitlg K+l
such that d'=! is a surjection V=1 — B, while d* factors as
d:Vi— K'——> B - vt
In particular, for any ¢ : T — S the complex H(T, ¢*V*®) is exact in degree i. For
example, in the situation of (i) with affine S this is true for all i < p.

Proof. (i) Without loss of generality we can assume that V' = 0 for 7 < 0 and p > 0.
Then the map d, : V9|, — V1|, is injective for every s € S. We claim that this implies
that d : V° — V1! is the embedding of a subbundle. Indeed, it is enough to prove the
similar assertion for a morphism f : A™ — A" of free modules over a local ring A, such
that fmodm is injective, where m C A is a maximal ideal. But in this case we can
choose a projection p : A" — A™ to a subset of m coordinates, such that p o f modm is
an isomorphism. This implies that det(p o f) is nonzero mod m, hence it is invertible in
A. Thus, the composition po f : A™ — A™ is an isomorphism, so f is a split embedding.
Also, we see that H°(V*) = 0.

Now since V1/d(V?) is a vector bundle, we can replace our complex with the quasi-
isomorphic complex

V0= VHdWe) - v
and iterate the same argument (note that H*(V"|,) = H*(V*[,)).
(ii) Let us set B* := im(d"" ') = ker(d"), B"*' := im(d"), and let K’ (resp., K'*!) be the
image of any splitting of the projection V' — V*/B" (resp., V™1 — Vi1 /B " which
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exists since S is affine. This gives the required decompositions of bundles over S. These
decompositions carry over to the complex H°(T, f*V'*), which implies its exactness in
degree 1. O

We also have the following version for complexes over regular schemes of dimension
<1

Lemma 3.3.4. Let (V*,d) be a complex of vector bundles over a regular scheme S of
dimension < 1. Assume that for some i one has H(V®|s) = 0 for all s € S. Then
H'(V*) =0, HT(V*) is locally free, and the image of the differential d' : V' — Vi*!
(resp., d") is a subbundle of V1 (resp., V*).

Proof. The question is local, so we can assume that S = Spec(A), where A is a spectrum
of a local ring. If A is a field then the assertion is clear, so we can assume that A is a
dvr. Let m denote the maximal ideal in A. Since m = (), where ¢ is not a zero divisor,
we have a short exact sequence of complexes

0=V — SV S Ve /mV* —0.
Let us consider the corresponding long exact sequence of cohomology,
Lo HI(V®) = HI(V®) = 0= HPY(V®) —> HYY(V®) > ...
By Nakayama lemma, we get H*(V*) = 0 (note that H*(V'*) is finitely generated since A
is Noetherian). Also, multiplication by ¢ is injective on H'*1(V'*), so it is a free A-module.

Note that im(d?) is a free A-module of finite rank for any j, as a submodule of V/*1. Now
the exact sequence

0 — ker(d"™')/im(d") — V'*/im(d") — im(d"t') — 0

shows that V'™ /im(d') is free. Finally, V'/im(d"™') = V'/ker(d') ~ im(d') is also
free. 4

Note that the sheaf of groups &[2,n — 1] is representable by a unipotent affine group
scheme over S which we still denote as &[2,n — 1]. Note also that the projection & —
®[2, n—1] admits a section (not compatible with the group structures) and so is universally
surjective.

Lemma 3.3.5. Let E be a sheaf of graded associative Op-algebras over a scheme T'.

(i) Assume that HHY(E)T)_; = 0 for i = r,...,d — 2, where d > 2, r > 1. Suppose
m = (me) and m' = (m)) are a pair of minimal Al -structures on E, where n > d, such
that m<q = m’; and there exists a gauge transformation f with f+*m =m’' and f<, = id.
Then there exists a gauge transformation f', homotopic to f, such that f'+m =m' and
feq o =id.

(i1) The natural map

Aso(B/T)/&(T) = him A, (E/T)/6[2,n — 1)(T)

is surjective (where & is the group of gauge equivalences associated with E/T ). Assume
that either HHY(E/T)~9 = 0 or for some integer N > 0, one has HH*(E/T)~_n = 0.

Then the above map is an isomorphism.
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Proof. (i) In the case d < r + 2 the assertion holds with ' = f. Now we use induction on
d (with the base case d = r 4+ 1). Assuming the assertion holds for d — 1, we can find a
gauge transformation f’, homotopic to f such that f'+m =m' and f., ; =id. We have
to show that f’ can be improved to make in addition f; ; = 0. By Lemma 1.3.2(ii), we
have

0= mii — Mg = :l:(s(ftlifl)a

so fi_; is a Hochschild cocycle giving a class in HH'(E/T);_;. Since this class is zero by
our assumptions, there exists a Hochschild cochain ¢ in CH(E/T);_; such that f; ; =
[ma, ¢]. By Lemma 1.3.7(ii), we can use ¢ to construct a homotopy from f’ to a gauge
transformation f” with f”, , = fL,_, and f]_, = 0.

(ii) To prove the surjectivity, suppose we have a collection (a;,),>3 of minimal A,-
structures on E/T, and a set of gauge equivalences (u, € &[2,n — 1](T)) such that
(Qnt1)<n = Uy - ay. Then we can recursively construct minimal A,-structures (o), such
that (o), 1)<, = o,, and gauge equivalences (v, € &[2,n — 1](T)) such that o], = v, - a,
and (Vp41)<n_1Un = v,. Namely, if (a}), (v;) for i < n are already constructed, then
we pick a gauge equivalence v,,; € &[2,n](T), such that (v,i1)<n-1 = vpu,’, and set
Q11 7= Upi1 - Qpyr1. Then (o) defines the required minimal A-structure.

For the injectivity part, consider first the case HH'(E/T)-o = 0. Suppose a and (3
are minimal A.-structures such that a<, is gauge equivalent to <, for each n. We are
going to construct recursively a sequence of gauge equivalences u; = id, us, us, ..., such
that (un)<n—1 = id and for every n > 2, one has

n

O<n = (Un—1un—2 .. -Ul)ﬂgn-

Indeed, the induction base n = 2 is clear since a<s = f<3. Assume that n > 2 and (u;)
for i < n — 1 are already constructed and satisfy the above property. Then the A -
structures a<py1 and (Up—1Up—9...u1)B<pi1 agree up to n, and are gauge equivalent.
Hence, by part (i), there exists a gauge equivalence u,, such that (u,)<,—1 = id and

A<n41 = (ununfl cee ul)ﬁgnJrl-

It remains to note that the infinite product ...wususu; converges in & to some element wu,
such that a = up.

In the case HH?*(E/T)y_, = 0 for all n > N, the proof of injectivity is easier: for any
pair of A-structures o and 5 such that a<y is gauge equivalent to <y, we claim that o
is gauge equivalent to (3. Indeed, this follows by iteratively applying Lemma 1.3.2(ii). O

Lemma 3.3.6. Let £/S be a sheaf of graded associative Og algebras over a scheme S,
such that & is locally free of finite rank over S. Assume in addition that the scheme S is
affine.

(i) Let us fiz an integer d > 2. Assume that either (VE;Q]) holds, or S is regular of
dimension <1 and (V[%,d—z]) holds. Let ¢ : T'— S be a morphism of schemes, and let m
and m' be a pair of minimal Al -structures on ©*E for some n > d, such that m is gauge
equivalent to m’ (over T') and m<q = m’-,. Then there ezists a gauge equivalence u over
T, such that u<y_; = id and m' =u-m.
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(i1) Assume that either (V;ll) holds, or for some N > 0, (V;Z\Q,) holds (resp., S is reqular
of dimension < 1, and either (V3,) or (V2y) holds). Then the natural map

Mao(T) = lim M, (T)

is an isomorphism for every S-scheme T'.
Proof. (i) Set E = ¢*E. Note that for each j, the Hochschild complex
(CH*(E/T)-;,0) = (H(T,CH*(E/T)-;,9)

is obtained by taking global sections of the pull-back ¢*CH*(E/S)_;. Thus, applying
Lemmas 3.3.3 and 3.3.4 to the complexes (CH*(£/S)_;,0) (which are bounded below),
we obtain that HH'(¢*€/T)_; =0 for j = 1,...,d — 2. Note that here the assumption
that £ is a vector bundle over S implies that the same is true for the terms of these
complexes. Now the assertion follows from Lemma 3.3.5(i).

(ii) As in part (i), we get one of the vanishings HH'(p*E/T) <o = 0 or HH?*(¢*E/T)<_n =
0. Hence, the assertion follows from Lemma 3.3.5(ii). O

Let us denote the graded components of the Hochschild differential as
5. CH(E)S); — CH™Y(E)Y):.
Proof of Theorem 3.3.1.
(1) It is enough to prove the existence of a strict nice quotient for the &[2,n — 1]-action
on A, = A () in the case when S is affine. Indeed, then it would follow that M,, is

represented by this quotient (see Lemma 3.2.3), and hence, the map M,, — M,, is an
isomorphism.

The existence of a strict nice quotient is proved by the induction on n, using Lemma
3.2.4. Assume that n > 2 and we already have a section S,,_; for the &[2,n — 2]-action
on A/ _,. We have an exact sequence of sheaves of groups over S,

0= CH (E)9p — B2,n—1] = &[2,n—2] = 0.

We want to find a section for the CH'(£)s_,-action on A’ . By Lemma 3.3.3(i), there
exists a complement K2 C CH?()s_, to the subbundle im ) . Let S.A’, denote the
closed subset of A’ given by the condition m,, € K2_, . Since the action of z € CH'(E)y_,,
on (my,...,m,) € A, changes m,, to m,, +4'(x) and does not change (ma, ..., m, 1), we
see that SA/ is a section for the CH'(&)s_p-action on A’. Furthermore, we claim that
the projection A/, — SA’ induced by the projection CH?*(£)y_, — K2, : m +— my is
a strictly nice quotient for the action of CH'(£)s_, on A/. Indeed, let us choosing any
splitting @ of a surjective map of bundles CH*(£),_, i d3_,- Then starting from
any (ma,...,my,) € Al we will have

my = (mn)IC + 5%—nQ(m - (mn)/C)>
so that

(ma,...,my) = Q(m — (my)x) * (Mo, ..., mu_1, (My)x),

as required for a strictly nice quotient.
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Now we can apply Lemma 3.2.4 to the projection (3.1.1) and the compatible actions
of [2,n — 1] — &[2,n — 2]. Note that to apply this Lemma we need to check that the
intersection of an &2, n— 1]-orbit with a fiber of 7, is a CH'(£)s_,-orbit. But this follows
from Lemma 3.3.6(i). Thus, we deduce that

S = SAL A (Suiy)

is a section for the &[2,n — 1]-action on A/,.
(ii) First, assume that S is affine. Then, combining part (i) with Lemma 3.3.6(ii), we

derive that the functor MOO is represented by the scheme lﬁnn M,,, affine over S. Hence,

in this case the map M., — M, is an isomorphism. Thus, in the case of general S the
map of sheaves M, — l&nn M, becomes an isomorphism over an affine open covering of
S, hence, it is an isomorphism.
(iii) We can assume that S is affine and we have a nice section S, for the action of
&[2,n — 1] on A/ (). We claim that there exists a nice section 5,41 for the action of
®[2,n] on A}, (£) and the projection S,4+1 — S, is a closed embedding.

First, recall that A/, is a closed subset of A/, x tot(C'H}_,) given by the equation

& (mn+1> = _¢n (m§n>7

where ¢, : A/ — tot(CH;_,) is a certain morphism (see Lemma 1.3.4(ii)) such that

6% o0 ¢, = 0. Now by Lemmas 3.3.3(i) and 3.3.4, there exist decompositions of vector
bundles

CH €)1, =B & K2, CHYE), = B &K
such that B3 is the image of §* and the restriction §2|c2 : K? — B? is an isomorphism.

Let (¢5, ¢x) be the components of ¢,, with respect to the decomposition of CH?}_ . Then
the equations defining A;,,; become

62(mn+1) = ¢B(m§n>v 0= (blC(mSn)‘

Thus, on the subscheme SA,, | cut out by the condition m,,+1 € K?, we can solve the first
equation for m,,, which shows that the projection SA;,, , — A, is a closed embedding.

Furthermore, SA, ., is a nice section for the action of CH'(£),_, on A/, so we can
apply Lemma 3.2.4 to deduce that the preimage S,4; C SAJ_, is a nice section for the
action of &[2,n] on A, ,(£). Note that here we use the fact that any two A ;-structures
m’ and m over ¢ : T — S, with m’,, = m«,, are in one orbit of CH'(/T);_, by the
triviality of HH?*(E/T)1_n.

Hence, the composition S, <= SA_ | — S, is still a closed embedding .

The remaining assertions follow from this and from Lemma 3.3.6(ii).
(iii") Again it is enough to consider the case when S is affine and there is a nice section
Sy, for the action of gauge transformations on A/ (£). As in part (iii), we have a nice
section S,41 C SA;,,; given as the preimage of S,,. Now, we observe that the additional
vanishing assumption we imposed give the vanishing of the component ¢, (by Lemmas
3.3.3(i) and 3.3.4). Thus, in this case the projection SA/,,; — A’ is an isomorphism, and
hence the same is true for the projection S, .1 — S,.

The last assertion follows from this and from Lemma 3.3.6(ii). U
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3.4. A,-structures with a segment of defining higher products. In the case when
E is a graded associative algebra with HH?(FE),_; # 0 only for 4 in some interval [g, ¢+ p],
any A.-structure on E is equivalent to the one with m; = 0 for 2 < ¢ < ¢ and is
determined by (myg, ..., mgy,). The following result (valid in characteristic zero) gives a
sufficient criterion for the corresponding moduli functor to be representable. Note that
it does not follow from Theorem 3.3.1, as we impose weaker vanishing assumptions on
HH'(E);. In the case p < ¢ — 2 we get a criterion for the moduli space to be a closed
subscheme of the affine space Hf:; HH*(E)y_,,.

Theorem 3.4.1. Let E be a finite-dimensional graded associative algebra over a field k
of characteristic zero. Assume that for some integers p > 0 and q > 3, one has

HHY(E),_; =0 foric[2,p+1].

HHZ(E)Q,Z- =0 fori>2, i1¢[q,q+D]

Then for each n > 3, there exists a strict nice quotient Al /&[2,n — 1], so M, = M,
is representable by an affine scheme over k. Furthermore, if p < q — 2 then My, is
isomorphic to the affine space Hf:fl HH?*(E)y_,, and we have a natural closed embedding

—~

Moo - Moo — Mp+q.

Lemma 3.4.2. (i) Let ¢ be a Hochschild cochain in CH*(E)s_,, and let f be a gauge
transformation, such that fo, = id for some k > 2. Then OszCa]?1 = D, v, where
¢ € CH?*(E) has zero components in CH*(E); fori >3 —k —mn.

(i1) Assume that we are working over a field of characteristic zero. Let m and m’ be
Al -structures on E (with given ms) such that m! = m, for some r, 3 < r < n, and
m; =0 for 3 < i < gq, for some q > 3. Assume also that n < q+ r — 3, and there ezists
a gauge transformation f with fxm = m' and f<,_o = id. Then there exists a gauge
transformation f with f+m =m’' and f<,_; = id.

Proof. (i) This is a straightforward check using the explicit form of D, and a; (see (1.1.1)
and (1.3.1)).
(ii) We have

0=m, —m, = £(fr_1),

so [ma, fr—1] = 0. Hence, Dy, commutes with D,,,. Let us consider the automorphism
exp(Dy, ,) of Bar(E) (which is defined since the characteristic is zero). Then it commutes
with D,,, and its component mapping from (E[1])®*"~! to E is f._;. Thus, we have

ap = agoexp(Dy, )
for some gauge equivalence fsuch that f <r—1 = id. Let us define m from
Dz = exp(Dy, ,) Dy exp(—Dy, ),
so that m’ = f* m. Note that since Dy, commutes with D,,,, we have

eXp(Dfr71)Dm2 eXp<_Dfr71) = sz'
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On the other hand, viewing exp(Dy, ,) as a gauge transformation, from part (i) we get
that for every i, ¢ <7 > n, one has

eXp(Dfrfl)Dmi eXp(_Dfrfl) = DmiJrc(i);

with ¢(7) having zero components in CH?(FE)<,_;_,. Hence, we get m = m (since i > ¢
and n < ¢+ r — 3), and the assertion follows. O

Proof of Theorem 3.4.1. As in Theorem 3.3.1, we prove the existence of a strict nice
quotient by induction on n. Assuming that such a quotient exists for the action of
®[2,n —2] on A/,_,, and arguing as in Theorem 3.3.1, we reduce ourselves to proving the
following assertion for every n > 3. Given a k-scheme T', A/ -structures m and m’ on Er,
and a gauge equivalence f such that f*m = m’, we need to check that m! —m,, is in the
image of 5.

First, we note that without loss of generality we can apply the same element of &[2, n—1]
to both m and m’ to make them simpler (since C'H;_,, is a normal subgroup in &[2, n—1]).
Thus, we can use the vanishing of HH?(E),_; for 3 < i < ¢, to assume that m, =me, =
0.

Further, note that in the case n > p+ ¢ the assertion is automatic, due to the vanishing
of HH?*(E)3_, (see Lemma 1.3.2(ii)). Thus, we can assume that n < p + q.

Next, applying Lemma 1.3.7(ii), we can modify f by a homotopy, so that we have
f<p+1 = id. At this point, if n < p+3 then m), —m,, = £5(f,_1), and we are done. Thus,
we can assume that n > p + 3. In this case we can apply Lemma 3.4.2(ii) with r = p + 2
and replace f by f, such that f*m =m' and f<,;2 =id. We can iterate this procedure
until we get f<,_o = 0, in which case m!, —m,, = £0(f_1).

Now assume that p < ¢ — 2. Let us choose for each n € [q,p + ¢| a subspace Ry_,, C
ZH?*(E)y_, of closed Hochschild cochains projecting isomorphically onto HH?*(E)s_,.
For each n € [q,p + ¢] we have a natural closed embedding

n
H Rg_i — .A;L,
1=q

extending (myg, ..., m,) to an A/ -structure with m; = 0 for 3 < i < ¢. Indeed, we note
that due to the assumption p < ¢ — 2, the A/ -identities in this case reduce to §(m;) = 0
for i = g,...,n. Now we can prove by induction on n € [g,p + ¢] that [[;_, Ra—; is a nice
section for the action of &[2,n — 1] on A/,. Indeed, this follows easily from the inductive
construction of this section used before.

The last assertion follows from Theorem 3.3.1(iii). O

Corollary 3.4.3. Let E be a finite-dimensional graded associative algebra over a field k
of characteristic zero. If for some q > 3 one has HH*(E)y_; = 0 fori > 3, i # q, then
M, is representable by a closed subscheme of the affine space HH?*(E)s—,.

Example 3.4.4. There is an interesting example showing that the characteristic of the
field is important in the above Corollary. Namely, one can consider E to be the algebra
over a field k associated with the following quiver with relations. 777 Seidel in [50]

considers A,-structures on F for k = C and proves that they are classified by the space
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HH?(E)_5 which can be identified with the space of binary quartics over k. It turns
out that in the case when k is a field of characteristic 2, one still has HH*(E)_; =
HH?*(E)._5 = 0, while HH?*(FE)_5 is the space of binary quartics. However, the space
HH'(FE)_y, which is identified with the space of binary quadrics, acts on HH?(E)_, by
q* f=f+q* (where f € HH*(E)_ 5 and ¢ € HH'(E)_;. Geometric meaning???

4. As-STRUCTURES ASSOCIATED TO CURVES

4.1. Moduli of curves with nonspecial divisors. We are going to consider A.-
structures arising on certain special generators of perfect derived categories of projective
curves. Here we describe precisely which curves we consider and study the corresponding
moduli problem.

Let C' be a reduced connected projective curve over a field k£, and let py,...,p, be
distinct smooth k-points of C' (marked points). We assume that there is at least one
marked point on each irreducible component of C', and consider the following generator
of the perfect derived category Perf(C):

(4.1.1) G:=0co@Po,.
=1

The fact that it is a generator is proved in a standard way: it is enough to show that
a sequence of line bundles O(—nD), where D = p; + ... + p, is contained in the thick
subcategory generated by G (see [46, Prop. 7.9]). But this follows easily from the exact
sequences

0— Oc(—(n+1)D) = Oc(—nD) — Op — 0.

In addition, we impose the condition H*(C,O(p; + ...+ p,)) = 0, i.e., we require the
divisor p; + ...+ p, to be nonspecial. This assumption may seem a bit unmotivated at
the moment but it is needed in order to have a nice moduli space, as well as to guarantee
for the algebras Ext*(G, G) to give a nice moduli space of A.-structures.

Definition 4.1.1. We define by U;;, the moduli stack of pointed curves (C,pi,...,ps)

as above (we leave to the reader to define the corresponding groupoids-valued func-
tor). We also consider the Gj, -torsor Uy'; over U;,, obtained by considering the data
(C,p1,. . Pn,v1,...,0,) where v; is a nonzero tangent vector to C at p;.

The choices of nonzero tangent vectors rigidify our moduli problem. We will show
that under mild restrictions on the characteristic, U}, is equivalent to a quasiprojective

scheme. Rescaling (vq,...,v,) we get an action of G, on 1/75‘; The action of the diagonal
subgroup G,, C G7,, will play a special role in our considerations.
We observe that there is a natural morphism

(4.1.2) T ﬂg"fl — G(n—g,n)

to the Grassmannian of (n — g)-dimensional subspaces in the n-dimensional space, asso-
ciating with (C,py,...,pn,v1,...,v,) the kernel of the coboundary homomorphism

H(C,O0(p1+ ... +pn)/O) — HC,O).
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Note that this homomorphism is surjective since H'(O(p; + ...+ p,)) = 0 and that the
tangent vectors give a trivialization of the space H°(C,O(p1+...+p,)/O) = @, O(p:) |-

Recall that the Grassmannian G(n — g,n) is covered by the open cells Ug, isomorphic
to the affine spaces, indexed by subsets S C [1,n] of cardinality g: by definition, W is in
Us if it is a graph of a linear map (u; | 7 € S) — (u; | ¢ € S). Equivalently, W € Ug
means that the elements (u;);es project to a basis of £™/W. This immediately imples
that the preimage m1(Us) is the open substack corresponding to (C,ps,v,) such that

H1(07 O(Zies pz)) =0.

Theorem 4.1.2. ([41, Thm. 1.2.2]) Assume that either n > g > 1, n > 2 and we work
over Spec(Z[1/2]), orn =g =1 and we work over Spec(Z[1/6]), or g =0, n > 2 and the
base is Spec(Z). Then the stack ﬁg”fl is equivalent to a scheme, affine over G(n—g,n) with
respect to the morphism 7 (see (4.1.2)). Furthermore, the push-forward of O under the
projection C'\ D — ﬁ;‘;, where C' is the universal curve, is locally free (of infinite rank).
Let G,,, C G}, be the diagonal subgroup. Then 7 is Gy, -invariant and the action of Gy,
on the sheaf of algebras .0 has nonnegative weights. The subscheme of Gy,-invariants

in Uy, gives a section of the morphism 7.

_In fact, we can describe explicitly the curves corresponding to Gy,-invariant points in
U';, as follows. They are parametrized by the subspaces W C k" of dimension n —g. We
view such a subspace as a subspace of linear forms in independent variables uq, ..., u,,
identifying k™ with €;_; k - v;. Then we define a subalgebra Ay C @), k[u;] by

Aw =k-10W & P ulku].
i=1
This algebra has a natural increasing filtration coming from the grading, and we define
the curve Cyy as

(4.1.3) Cw = Proj(R(Aw)),

where R(Ayw ) is the Rees algebra of Ay,. The Proj of a Rees algebra always comes with
a natural divisor, Proj(gry Aw ), which in our case can be identified with the collection
of n distinct smooth points pq,...,p,. Furthermore, it can be equipped with canonical
tangent vectors v; at p;: the expression #; = u; ' can be viewed as regular function in
a neighborhood of p; and gives rise to a formal parameter at it, so there is a unique
v; such that (v;,dt;) = 1. We will check in the proof of Theorem 4.1.2 below that
T(Cw D1y vy Dny U1y ey Un) = W

Sketch of proof of Theorem 4.1.2. First, we will consider the important particular case
n =g > 1. The case n > g reduces to very similar considerations by considering the
standard open covering of the Grassmannian by affine spaces.

The main part of the proof is the construction of a canonical presentation and a canoni-
cal basis of the ring O(C'\ D), where D = p;+...4p,, for a point (C,p1 ..., pg, v1,...,0y)
in Up% (k). By the Riemann-Roch theorem, the condition H'(O(D) = 0 is equivalent to
the condition H°(O(D)) = k. Furthermore, for any m > 1 and i = 1,...,g, we still
have H*(O(D + mp;)) = 0, so H*(O(D +mp;)) is (m + 1)-dimensional. Let us choose at

each point p; a formal parameter t; such that (v;,dt;) = 1. Then we can choose rational
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functions z; € H(O(D + p;)) (resp., y; € H'(O(D + 2p;))) with the Laurent expansion
at p; starting with 1/t (resp., 1/t3). The ambiguity in choosing z; and y; is the fol-
lowing: we can change x; to x; + a; and y; to y; + b;x; + ¢;, for some constants a;, b;, ¢;.

We will fix this ambiguity later. Note that for each m > 1, the elements z7", ..., z7"
(vesp., 21" 'y, ..., 2" Ly,) project to a basis of H(O(2mD))/H*(O((2m —1)D)) (resp.,

H°(O((2m +1)D))/H°(O(2mD))). Hence, the elements
(4.1.4) (", xy;), form >0, i=1,...,¢,
form a k-basis of the space H°(C'\ D, Q).

Now the functions y?, z;z;, x;y; and y;y;, where i # j, have some expressions as linear
combinations of this basis. By taking into account what we know about the poles of (x;)
and (y;), we obtain equations of the form
TiT; = il + QY5 + Vi + Vi T + Zk?éi’j Cécjl'k + Qij,
xiyj = dw.r? + tﬂy@ + vijyj + rjixi + (51']'%]' + Zk;ﬁi’j 6%‘%;@ + bij7
Yiy; = By + Bijas + ey + €ijy; + Vjiti + Yijr; + Zk#,j 15w + i,
yf = 33? + ¢y + Ti.CE% + u;Y; + Zj;ﬁi gfyj + mix; + Zj;éi ]{?gﬂf] + S;,

(4.1.5)

where i # j. Conversely, any algebra with generators (z;), (y;) and relations of this form
is spanned by the elements (4.1.4). The condition that they are linearly independent is
equivalent to a system of polynomial equations on the coefficients (these equations can
be found explicitly by applying the theory of Grobner bases to an appropriate order on
monomials, see e.g., [11, Thm. 15.8]).

Furthermore, we can use the above equations to normalize our generators (x;), (v;).
Namely, if 2 and 3 are invertible, then we can choose them uniquely so that ¢; = r; =
u; = 0. If only 2 is invertible and g > 2, then we can still make ¢; = u; = 0 and in
addition we can make ~;;,, = 0 for ¢ # iy and 7,,;, = 0 for some fixed indices ¢y and i1,
o # 11 N

It is not hard to check that the obtained affine scheme is equivalent to our stack 4.
We use the natural filtration on the algebra given by the above equations to construct the
corresponding projective curve, and we use z;/y; as a formal parameter at the ith point
at infinity. B

In order to treat the case n > g we consider the covering of U'’;, by the open substacks
7Y (Us), where S C [1,n], |S| = g. Over 77 (Us) we will similarly construct a canonical
basis of H°(C'\ D, O), where now D = p; + ...+ p,. Namely, first we consider generators
x;,y; constructed as above for ¢ € S (where we use only the points (p;) with ¢ € S). Then
for each j ¢ S, we add a generator zg; € H°(C,O(pj+Y_,cqPi)), such that zg; = t17+. -
defined uniquely up to an additive constant. Then it is easy to see that the elements

(x;n’x;nyi?‘xrsrtjl)’ (A S?] g S,TTL >0

form a basis of O(C'\ D). We normalize these elements as before, except in the case g = 1,
n > 2: here we normalize z; by the condition z;(pj,) = 0 for some jy € S.

Furthermore, in addition to relations between (z;, y;)ics as above we will have relations
in the algebra O(C'\ D) describing the expressions of g ;zg 7, for j # j', v,z and y;xg;
in terms of the basis. We can normalize x5 ; by requiring that g ;(p;,) = 0 for some fixed
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ig € S. Applying the theory of Grobner bases we get an identification of 77!(Usg) with an
affine scheme of finite type over Ug.
Note that the Laurent expansion of xg; at p;, where ¢ € §, should have form

(4.1.6) T, = =2 4

It is easy to see that the functions (as;)ies, j¢s are precisely the pull-backs of the standard
affine coordinates on Ug. One checks using the form of the relations in O(C' \ D) that
the remaining coordinates in the affine embedding of 7! (Ug) have positive weights with
respect to G,,. In the case of a curve Cyy, for each j € S, the element

uj; + Z as;;Ui € w
icS
can be viewed as an element of the algebra Ay = O(Cy\ D). Since u; ' are parameters at
pi, we deduce that 7(Cy) is the point of Ug with the coordinates (ag;), i.e., 7(Cw) = W.
The fact that these are the only G,,-invariant points in 7! (Ug) follows from the above
observation about the G,,-weights of the affine coordinates. U

Remark 4.1.3. Let us consider the cuspidal curve C7™" of arithmetic genus 1, with the
affine part given by y? = 22, over a field k of characteristic 2. Then we observe that the
derivation 0, is well-defined on the algebra of functions on the affine part of C7™" (due
to d,(y?) = 0). Furthermore, in terms of the parameter u = y/2 on the normalization we
have 9, = 8,/u®. Thus, at the point u = oo this vector field is regular and has a zero
of order 4. It follows that the curve C{"" x Spec(k[e]/€?) over the dual numbers has an
automorphism preserving the point at infinity and acting trivially on the tangent space
at it. Thus, in characteristic 2 the stack U{'] cannot be equivalent to a scheme.

4.2. Setup for moduli of A -structures. Next, we want to consider a moduli problem
for A,.-structures on a family of graded associative algebras over the Grassmannian G(n—

g,n), which we will then relate to the moduli space of curves Z];‘fl
Let @),, be the quiver with n+1 vertices marked as O, O,,, ..., O,, and with the arrows

A O—=0,, B :0, =-0,1=1,...,n.

We denote by k[Q,] the corresponding path algebra in which we write the paths from
right to left. Let Jy be the two-sided ideal in the path algebra k[Q,] of @,, generated by
the elements

where i # j. For an (n — g)-dimensional subspace W C k™ we define Jy C k[Q,] to be
the ideal generated by .Jy together with the additional relations

Z x;B;A; =0 for every inei e W,
and consider the corresponding quotient algebra

(4.2.1) Ew = k[Qun]/ Jw.

We equip Ey with the Z-grading by deg(A4;) =0, deg(B;) = 1.
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The similar definition makes sense when W is an R-point of the Grassmanian G(n—g,n),
where R is a commutative ring. Then Ey is an algebra over R, which is projective as an
R-module.

Lemma 4.2.1. Let (C,ps,ve) be an R-point of the moduli scheme Urs | where R is a

g?”’
commutative ring. Then there is a natural isomorphism of graded algebras

EXt*(G, G) >~ Ew,

where G is the sheaf (4.1.1) and W = 7(C, pa,vs) is the corresponding R-point of the
Grassmannian.

Proof. For every i we have a natural identification Hom(O, O,,) = R- A;, where A; =1 €
H°(0,,). On the other hand, the tangent vector v; induces a trivialization of O(p;)
and we define B; € Ext'(O,,, ) as the class of the extension

This gives an identification Ext'(O,,, O) = R- B;. The composition B;4; is precisely the
image of the ith basis vector under the coboundary homomorphism

R" = @ O(pi)

This easily leads to the required identification. U

pi»

p; — 0.

pi — Hl(o)

Remark 4.2.2. If we assume that H'(C,O0(>",.¢pi)) = 0for S C [1,n], |S| = g, and use
the corresponding functions ag;; defined by (4.1.6), then the relations in the corresponding
algebra Ext*(G, G) take form

(4.2.2) B;A; = E as,qi; BiAs,
ieS
for every j & S.

The algebras Ey, are fibers of the natural sheaf of O-algebras &,, over G(n — g,n).
Furthermore, the group G?, acts naturally on G(n — g,n) (as diagonal matrices), and for
A= (A1,...,A\y) = G we have a natural isomorphism

This equips the sheaf &, with a G}, -equivariant structure.
We consider the moduli functor M, for minimal A..-structures on the family of alge-
bras &, ., as in Sec.3.1.

4.3. Construction of a morphism. We are going to construct a natural morphism of
functors

(4.3.1) Uy, — M.

The idea is to associate with every curve (C,p1,...,pn,v1,...,v,) the gauge equivalence
class of the minimal A.-structure on Ey ~ Ext*(G,G), obtained by the homological

perturbation.
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Let us explain how this can be done in a family with an affine base Spec(R). Let
m : C — Spec(R) be a flat projective family of curves, p; : Spec(R) — C are disjoint
sections, such that 7 is smooth near p;, and U = C'\ D is affine, where D = p; + ...+ p,.
We use the resolution P = [O¢(—D) — O] of the sheaf Op = @, O,,, so we get a locally
free sheaf of dg-algebras over C,

Ag = E_l’ld(OC @D P)

Now we need to get some dg-model for the cohomology of Ag. One possibility is to
pick a finite affine open covering C' = U;U; and to consider the corresponding Cech (total)
complex (which is equipped with a structure of a dg-algebra in a standard way). However,
the problem is that it is not clear why the obtained complex is homotopy equivalent to
its cohomology, so we can not get the input data needed for the homological perturbation
construction.

Instead we are going to consider a version of the Cech complex which uses the open
subset U = C'\ D together with relative formal disks around p;. Assuming that O¢(U) is
a projective R-module, we will get in this way a complex which is homotopy equivalent to
its cohomology. Note that this projectivity condition is satisfied for the universal family
over an appropriate open covering of the moduli space U5, (over Z[1/2] for n > 2, or over
Z[1/6] for n =g =1).

Then for every quasicoherent sheaf F on C' we can consider the two-term complex
K$(F) with

K} (F) =lmH°(C,F/F(-nD)) © H(U, F),

Kb(F) = lim I H°(C. F(mD)/F(~nD))

and the differential
d(so,s) = Kk(s) — t(so),

where we use natural maps ¢ : H°(C, F/F(-nD)) — K'(F) and x : H*(U, F) — K}(F).

The construction of KJ,(F) immediately generalizes to the case when F is a bounded
complex of vector bundles (by taking the total complex of the corresponding bicomplex).
Furthermore, if A is a complex of quasicoherent sheaves equipped with a structure of an
O-dg-algebra then we can equip the complex K, (A) with a structure of a dg-algebra by
using the natural componentwise multiplication on K% (A) and using the multiplications

KY%(A) @ KH(A) = KL(A) : (s0,8) - u=1(s0) - u,
KHA) @ KY(A) — KLH(A) :u- (so;s) = u- k(s),

where on the right-hand side we use the natural product on K'(A).

Applying this construction to A = Ag we get a dg-model K},(Ag) for the Ext-algebra
of G. We want to show that it is possible to get the input data for the homological
perturbation construction on this dg-algebra. In [38] we constructed explicit cohomology
representative and the homotopy needed for this. Here we will show how this can be
deduced using some simple properties of this setup.

(4.3.2)

Lemma 4.3.1. Let A be a sheaf of dg-algebras over C, which is bounded, i.e., concentrated
in degrees [—N, N] for some N > 0. Assume that every term A" is a direct sum of line

bundles of the form Oc(mD) and that H*(C, A) are projective R-modules. Assume also
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that O(U) is a projective R-module. Then K?3,(A) is homotopy equivalent to a complex of
R-modules with the trivial differential.

Proof. We can think of K} (A) as a total complex associated with the bicomplex
K} (A™") = K (A°%) — Kp(A").

By Lemma 1.2.3(ii), it is enough to check that each K$(.A") is homotopy equivalent to
a complex of projective R-modules. It suffices to prove this for K},(O¢(mD)). Choosing
relative formal parameters at t;, we can identify the latter complex with

O(U) @ Hop "L 2,
where H = @), R((t;)), Hs>—m = D}, t; " R[[t:]. Let usset He_p, = @i, t; " 'R[t; 1],

i=1" i=1"
so that we have a decomposition
H - Hz—m EB H<fm-

Let kK> : O(U) = Hs_pm and ke_p, : O(U) — H<_,, be the components of x with
respect to this decomposition. Then we have a natural projection

K*(Ou(mD)) 2> [ow) reg H<_m] .
We claim that it extends to a homotopy equivalence. Namely, we define the chain map
0W) == Ho | —> K*(Oc(mD))

by i(f) = (f, k>—m(f)), i(v) = v, for f € OU), v € He_y,. Then poi = id, while the
homotopy between iop and id is given by h(v) = vs_,, for v € H. This proves our claim.

It remains to note that H._,, is a free R-module, while O(U) is projective by assump-
tion. U

The terms A% are direct sums of line bundles of the form Og(mD), and the coho-
mology H*(K}(Ag)) ~ Ext*(G, G) are projective R-modules by Lemma 4.2.1. Hence,
assuming that O(U) is a projective R-module, Lemma 4.3.1 is applicable in our case, and
it gives a homotopy equivalence of K%, (Ag) to its cohomology, which is needed to run the
homological perturbation.

Thus, for every standard open affine cell Us C G(n — g,n), we can apply the above
construction to the open affine subset

Uy (Us) = (Us) C U,

and the sheaf of dg-algebras Ag|r-1(vg). Thus, the homological perturbation gives a
minimal A..-structure on 7T*897n|w—1(US). Note that the obtained A..-algebra is equivalent
to the dg-algebra K7, (Ag|.-1(uy)), so its gauge equivalence class does not depend on a
choice of homotopies up to gauge equivalence.

In particular, over the intersections 7=(Ug N Ug:) the restrictions of the minimal A-
structures from 7=!(Usg) and 7=!(Usg/) are gauge equivalent. Thus, the map (4.3.1) is well
defined. B

Next, we recall that there is a Gj,-action on the moduli space U5, and that the open

subsets 7 !(Ug) are invariant under this action. Furthermore, the sheaf of dg-algebras
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Ac is G} -equivariant, and the complexes K7,(Ag|r-1(ug)) still carry the algebraic GJ,-
action (compatible with the action on the base rings). The constructions involved in
choosing a homotopy equivalence to the cohomology can all be made to be compatible
with the G” -action. Thus, as a result we get minimal A,-algebras over 7—!(Ug), which
are G -equivariant, and the gauge equivalences on the intersections are G -invariant.

Lemma 4.3.2. For each S, the canonical isomorphism Ext*(G,G) ~ n*&y of algebras
over Uys (Us) (defined for the universal family as in Lemma 4.2.1) is compatible with the
G -action, where the action on the left comes from the G}, -equivariant structure on G,
while the action on the right is induced by the rescalings

(4.3.3) Ai = Ai, Bi \iB;,
for (A1,...,\,) € G

Proof. This can be easily deduced from the fact that the isomorphism of Ext*(G, G) with
7 Ew sends B; to the generator of Ext'(O,,, 0), defined by the relative tangent vector v;,
and the G,,-action rescales v; by A; Lo, O

Corollary 4.3.3. The map (4.3.1) is compatible with the G -actions, where the G -
action on M is induced by the rescalings (4.3.3).

We will especially care about the action of the diagonal subgroup G,,, C G,, which acts
trivially on G(n — g,n). Note that the action of G,, on &y corresponds to the natural
Z-grading of &y (i.e., it acts on degree m component with the weight m). Note that the
induced action of G,, on A..-structures rescales m,, to \*~2m,,.

4.4. Representability of the moduli of A, -structures. Next, we want to prove that
M, is represented by an affine scheme of finite type over G(n — g,n). For this we
want to apply the criterion of Theorem 3.3.1, which requires some information about the
Hochschild cohomology of the algebras Fy,. We will get this information geometrically
by identifying H H*(Eyw ) with the Hochschild cohomology of the corresponding special
curve Cyy.

Lemma 4.4.1. Let Cy € Zj;j; be the special curve corresponding to W € G(n — g,n)
(see (4.1.3)). Then the minimal As-structure on Ext*(G,G) ~ Eyw coming from the
homological perturbation is homotopically trivial. Hence, we have an equivalence

Perf(Cyy) =~ Perf(Ey)
and therefore, an isomorphism

where W = 7(C,p1,...,pn). The second grading on HH*(Ew ) corresponds to the weights
of the G,-action, coming from the natural G,,-action on Cyy.

Proof. Recall that the point Cyy in the moduli space is G,,-invariant. Hence, by Corollary
4.3.3, the minimal A -structure on Ey, gives a G,,-invariant point of M. But the G,,-
action simply rescales m,, to A"~2m,,. From this we can step by step deduce that all m,,

with n > 2 can be made zero by a homotopy. Indeed, the class of [m3] in HH?*(Ey)_; is
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Gy, -invariant with respect to the weight-1 action, hence, [m3] = 0. Thus, we can choose a
gauge equivalent structure with mg = 0. Next, look at the class of [my] in HH?(Ey)_,
etc.

The equivalence of the perfect derived categories follows since GG is a generator of
Perf(Cw). O

Thus, to apply our criterion of representability of the functor of A..-structures, we need
to calculate HH'(Cyy), or at least, its part of negative weight. For this we need some
geometric information about the curves Cyy.

Lemma 4.4.2. For each W € G(n — g,n)(k), where k is a field, the curve C = Cy is a
union of n irreducible components C;, where p; € C;. These components are joined in a
single point q, which is the only singular point of C' (with p; € C;\ {q}). Each component
C; is either P, or the cuspidal curve of arithmetic genus 1.

Proof. Since the points p; are smooth, it is enough to study the irreducible components of
the affine curve Cy, \ D = Spec(Ayw ). The component C; corresponds to the image of the
natural projections Ay — k[u;]. This image contains k + u?k[u;] = k[u?, u3], so it either

19 7

equal to the latter subring, or is the entire k[u;]. This implies that the corresponding
irreducible component, of Cy \ D is either A! or the cuspidal affine cubic, so that wu; is
the affine coordinate on the normalization. O

Recall that the Hochschild cohomology of a quasi-projective scheme can be calculated
as

HH*(X) - EXt}XX(A*Ox,A*Ox),

where A : X — X x X is the diagonal embedding. It is convenient to consider the
sheafified version H*(X) := Ext"(A.Ox,A.Ox), which is a sheaf on X. There is a
local-to-global spectral sequence

(4.4.1) EY = HY(X, HH*) = HH"(X).
Note that we have HH° = O, and applying Ext*(-, A,Ox) to the exact sequence
0= Jrn = Oxxx = AOx =0,
where Ja is the ideal sheaf of the diagonal, we immediately see that
HH' ~ Homxyx(Ja, AOx) ~ Hom(Qx, Ox) ~ Tx,

where Tx is the tangent sheaf of X. In the case of a quasiprojective curve C' spectral
sequence (4.4.1) degenerates, and we have exact sequences

(4.4.2) 0— HY(C,HH"™") - HH'(C) — H°(C,HH") =0
for every 7. In particular, for i = 1, we get an exact sequence
(4.4.3) 0— HY(C,0)— HH'(C) — H°(C,T) — 0.

Thus, to study HH'(C'), we need some information on the global derivations, as well as
on HY(C,0).
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Lemma 4.4.3. Let C' be a reduced projective curve over a field k with a G,,-action,
which is the union of irreducible components Cy, t = 1,...,n, joined in a single point q.
Assume that C'\ {q} is smooth and that each normalization map C; — C; is a bijection,
with C; ~ P'. Assume also that the action of G, on the Zariski tangent space at q has
negative weights. Then

(i) the action of G,, on H(C,O¢) has positive weights.

(i1) Assume in addition that C' = Cy, for some subspace W C k", where W =0 if n = 1.
Assume also that either W = k™ or char(k) # 2. If n = g = 1 then assume in addition
char(k) # 3. Then H'(C,T) =0, and the action of G,, on H*(C,T) has weights 0 and
1.

(111) Keep the assumptions of (ii). Let p; € C;\ {q} be the unique G,,-invariant point,
and let D =Y. p;. Then one has

H°(C,T(-D)) =H°(C,T)*", H°(C,T(-2D))=0.
Also, the natural map H°(C, T (nD)) — H°(C,T(nD)|p) is surjective for n > 0.

Proof. (i) Let V = C'\ {¢}. We can choose a coordinate u; on an affine part of C; ~ P!
containing ¢ such that u;(¢) = 0 and wu; has some weight w; > 0 with respect to the
Gp,-action. Let U be an affine neighborhood of ¢ obtained by deleting on each C; the
point where u; has a pole. We can calculate H'(C, O¢) as the quotient of O(U \ {¢}) by
O(V) 4+ O(U). Note that U \ {q} is the disjoint union of n copies of A'\ {0}, with the
coordinates (u;). Since every u! with n < 0 extends to a regular function on V', we see
that H'(C, O¢) is spanned by positive powers of u;’s, so G,,, has only positive weights on
it.

(ii) As before, we use the coordinates u; on affine parts of the normalizations C;. The
space H°(C, T¢) embeds into the space of vector fields on V =~ U, (C; \ {¢q}), which are
spanned by u["d,, with m < 2 (this comes from the condition of regularity at oo).

We claim that if a vector field v = (P;(u;, u; *)d,,) on U \ {q} extends to a derivation
of O(U) then P; € w;k[u;] for every i. Indeed, assume first that n > 2 and char(k) # 2.
Then applying v to the function on U corresponding to u? € Ay, we get that v(u?)/2 =
Pi(u;)u; € Aw, which implies that P, € klu;]. Furthermore, let P; = a; mod u;k[u].
Then P;(u;)u; = a;u; mod u?k[u?], so the condition v*(u;) € Ay implies that av(u;) =
a;Pi(u;) € Ay, which is possible only if a; = 0. This proves the claim in this case. In
the case W = k™ and k is arbitrary, we have u; € Ay, so the condition v(u;) € Ay
immediately gives P; € wu;k[u;]. Finally, if n = g = 1 then applying v to uf we get
Py(up)uy € k[u?,u3], so Pi = au; ' moduik[u,]. Now v(u}) = 3au; + ..., so using that
char(k) # 3 we deduce a = 0, and the claim follows.

Thus, if v extends to a global section of 7o then each P; is a linear combination of u;
and u?, which implies that the weights of G,, on H(C, T¢) are 0 and 1. Similarly, we see
that if P; € u?k[u;] for every i then v extends to a derivation of O(U). Thus, H*(U,T)
and H°(V,T) span H°(U \ {q},T), which gives the vanishing of H'(C,7¢).

(iii) A vector field on U \ {gq} has zero (resp., double zero) along D iff each P; € u;k[u; ]

(resp., P; € k[u;']). Together with calculations of (ii) this immediately implies our asser-

tions about H°(C, T(—D)) and H°(C,T(—2D)). Next, similarly to (ii) we can represent

sections of HY(C,T¢(nD)) as vector fields v = (P;(u;)0,,) on U\ {¢q} with deg(P;) < n+2,
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and the last assertion follows from the fact that v extends to a regular derivation of O(U)
whenever P; € uZku;]. O

Corollary 4.4.4. Let k be a field of characteristic # 2 (resp., # 2,3 if n =1). Then for
any subspace W C k™, where W =0 if n =1, one has

HH(Bw)co = HH' (Ew)< = 0.
The same result holds for W = k™, n > 2, with no restrictions on the characteristic.

Proof. By Lemma 4.4.1, we have HH'(Eyw) ~ HH'(Cy), where Cyy is the correspond-
ing special curve, and the second grading is induced by the G,,-action on Cy,. Now
HHY(Cy) = H°(Cy, O) lives in degree 0. For HH"' we use the exact sequence (4.4.3).
Now the assertion follows from Lemma 4.4.3(1)(ii). O

Proposition 4.4.5. Let us work over Z[1/2] if n > 2, or over Z[1/6] if n = 1, or over Z
if g = 0. Assume that either n > 2 or g = 1. Then the functor My of Ax-structures (up
to a gauge equivalence) on the family (Ew ) is represented by an affine scheme of finite
type over G(n — g,n).

Proof. Due to Corollary 4.4.4, the criterion of Theorem 3.3.1(ii) implies that M, (resp.,
M,,) is represented by an affine scheme (resp., of finite type) over G(n — g,n). Next, we
note that by Lemma 4.4.1, H H( Ey) is finite-dimensional for every i. Hence, by Theorem
3.3.1(iii), we derive that M., ~ M, for sufficiently large n, so it is of finite type over

G(n—g,n). O

4.5. Comparison of the moduli spaces via deformation theory.

Theorem 4.5.1. Assume that either

en>g>1,n>2 and we work over Z[1/2];
e n =g =1 and we work over Z[1/6];
e g=0,n2>2 and we work over Z.

Then the map (4.3.1) is an isomorphism of schemes, compatible with the G -action.

Remark 4.5.2. It is plausible that that the (4.3.1) gives an equivalence of stacks over
Z.. However, our method does not show it, since it is based on first proving representabil-
ity of each side. One could imaging constructing the map in the inverse direction that
would recover the affine part of the curve C' as a certain moduli space of 1-dimensional
As-modules over Ext*(G,G): a point p € C'\ D would correspond to the A,-module
Ext*(G, O,).

The crucial part of the proof of Theorem 4.5.1 is the comparison between the deforma-
tion theories of the curves Cy (see (4.1.3)) and that of the trivial A.-structures on the
algebras Eyy.

Let us fix a field £ and consider the category Art(k) of local Artinian S-algebras with
fixed identifications of the residue field with k. Here S is our base ring, which is either Z
or Z[1/2] or Z[1/6]. Morphisms in this category are local homomorphisms inducing the

identity on the residue field.
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We use the following terminology from [27]. A deformation functoris a covariant functor
F : Art(k) — Sets such that F(k) is a set with one element, and for any fibered product
diagram in Art(k),

BXAC%C

|

B——A
with B — A surjective (resp., A = k), the induced map

F(B XAC)—>F<B) XF(A)F(C)

is surjective (resp., an isomorphism).
Given a curve (C,p1,...,Pn,v1,...,0,) with smooth distinct marked points and the
nonzero tangent vectors at them, we have the corresponding deformation functor

Def(C, ps,ve) : Art(k) — Sets

associating with R the set of isomorphism classes of flat proper families of curves 7g :
Cr — Spec(R) with sections pft, ... pE, and trivializations of the relative tangent bundle
along them, such that the induced data over Spec(k) C Spec(R) is (C, pe, Ve).

On the other hand, for any finite-dimensional minimal A.-algebra F we have the
deformation functor

Def(FE) : Art(k) — Sets

of extended gauge equivalence classes of minimal A..-algebras Er over R, reducing to F
over k. Let also, for a fixed n — g-dimensional subspace W C k",

Def(Ey) : Art(k) — Sets

be the functor associating with R the set of pairs (Wg, m,), where Wg is an R-point of
G(n — g,n), reducing to W over k, and m, is a minimal A..-structure on Eyy,,, reducing
to the trivial A-structure on Ey,, viewed up to a gauge equivalence reducing to the
identity modulo the maximal ideal. Note that we have a natural forgetful morphism

Def(Ey) — Def(Ey).

Lemma 4.5.3. (i) Let My, be the functor of As-moduli associated with the family Ew
over the Grassmannian. For every W € G(n—g,n)(k), we have a natural identification of
BE%(EW)(R) with the fiber of Moo(R) — Moo(k) over the equivalence class of the trivial
Ago-structure on Eyy.

(ii) The functor Def(Ey,) is prorepresentable.

Proof. (i) First, we have to check that if a minimal R-linear A,-structure m on Ey,
reduces to an A, -structure on Ey that is gauge equivalent to the trivial one, then there
exists a gauge transformation f over R such that f*m reduces to the trivial A,.-structure
under R — k. This immediately follows from the fact that we can lift any gauge trans-
formation defined over k to a gauge transformation defined over R.

It remains to show that if we have minimal R-linear A, -structures m and m' on Ey,,

reducing to the trivial one on Ey, and a gauge equivalence f such that fxm = m' then
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there exists a gauge equivalence f’ reducing to the identity on Eyr and such that we still
have '« m = m/. Let f, m, etc., denote the reduction with respect to R — k. Thus,
m = m/ is the trivial A, -structure on Ey. Since HH(Ew )< = 0 (see Corollary 4.4.4),
by Lemma 3.3.5, there exists a homotopy h = (h,) over k from the identity to f. We
can lift A to a homotopy h over R from the identity transformation of m’ to some gauge
transformation f; with f; * m’ = m/ and f; = f. Then setting f' = f;' o f gives the
gauge transformation with the required properties. -

(ii) Since M is representable by a scheme, part (i) implies that the functor Def(Ey )
is prorepresentable by the completion of the algebra of functions on M, at the k-point
corresponding to the trivial A-structure on Fyy . O

For each special curve Cy = (Cyw, pe, Ve) € Z:IZ‘?L corresponding to a subspace W &
G(n—g,n)(k), where k is a field, the morphism (4.3.1) induces a morphism of deformation
functors

(4.5.1) Def(Cy) — Def(Ey).

We stress that here Def(Clyy ) denotes the functor of deformations of not just a curve but
a curve with marked points and tangent vectors at them. The key step in the proof of
Theorem 4.5.1 is that under some assumptions on the characteristic of k£, the morphism
(4.5.1) is an isomorphism.

Proposition 4.5.4. Assume that either n > 2 and g = 0, orn > 2 and the characteristic
of k is # 2, orn = g = 1 and the characteristic of k is # 2,3. Then the morphism (4.5.1)
s an isomorphism.

Recall that the tangent space to a functor F : Art(k) — Sets is tp := F(k[e]/(€?)).
A morphism of deformation functors F' — G is called smooth if it satisfies the following
lifting property: for every surjection B — A in Art(k), the induced map

F(B) = G(B) xa F(A)
is surjective. A morphism F' — G is called étale if it is smooth and induces an isomorphism
tp é tg.

The main idea of the proof of Proposition 4.5.4 is that it is enough to check that the
morphism (4.5.1) is étale. Indeed, this is a consequence of the following general result.

Lemma 4.5.5. (¢f. [27, Cor. 2.11]) Let ¢ : F — G be an étale morphism of deformation
functors, where G is prorepresentable. Then ¢ is an isomorphism.

Proof. First, since ¢ is smooth, applying the lifting property to the surjection A — k, we
see that F(A) — G(A) is surjective for every A. Secondly, we claim that the fact that
the induced map tr — tq is injective, together with prorepresentability of G, imply that
F(A) — G(A) is injective. Indeed, it is enough to prove that if we have a small extension

0O0—+M-—=>B—-A—=0
and F(A) — G(A) is injective then F(B) — G(B) is also injective. To this end we
observe that there is an isomorphism of rings

BxiB=~Bx,(k®M): 1) (b0 b)),
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where k@ M is the trivial small extension of k, and we denote by b the reduction of b € B
modulo the maximal ideal. Therefore, we get a canonical morphism

e F(B) x F(k& M) ~ F(B x (k& M)) ~ F(B x4 B) = F(B) X p(1) F(B).

Using this map (which is surjective by the definition of a deformation functor), we can
construct a transitive action of F\(k @ M) ~ tr ®; M on every fiber of the map F(B) —
F(A). Namely, given £ € F(B) and z € F(k @ M) we define z x € F(B), in the fiber
containing &, so that

ne(6,x) = (€2 % €).
These actions for F' and G are compatible but for G we also know that 7ng is an iso-

morphism since G is prorepresentable. This easily implies the required injectivity of
F(B) — G(B). O

Thus, we will need to study the tangent spaces to our deformation functors and also
the smoothness of the map between them. For studying smoothness the following notion
is extremely useful. A complete obstruction theory with values in a k-vector space V for
such a functor is the data, for every small extension e,

(4.5.2) 0—-+M-—=B—+A—=0

in Arty, (this means that M is an ideal in B annihilated by the maximal ideal of B), of
amap v, : F(A) = V @, M such that and element £ € F(A) lifts to F/(B) if and only if
ve(§) = 0. In addition, we require the obstruction map to be compatible with morphisms
of small extensions.

We will use the following standard smootheness criterion for a morphism ¢ : F' — G
of deformation functors: If ¢ extends to a compatible morphism of obstruction theories
Ve — Vg, which is injective, while the induced map of tangent spaces tp — t is surjective,
then ¢ is smooth (see [27, Prop. 2.17]). The proof is an easy exercise using the action
of tp ®; M on the fibers FI(B) — F(A) for a small extension (4.5.2), as in the proof of
Lemma 4.5.5.

We will also need the following standard result (it is proved in [27, Prop. 2.18] using
universal obstruction theories).

Lemma 4.5.6. Let F' — G — H be morphisms of deformation functors, such that F' — H
is smooth and the induced map on tangent spaces tp — tg is surjective. Then F' — G is
smooth.

Proof. Given a small extension (4.5.2), and an element ({p,n¢) € F(A) xg) G(B) we
want to lift it to an element nrp € F(B). Let ny € H(B) be the image of ng. By
smoothness of F' — H we can lift the element ({z,nn) € F(A) X ) H(B) to an element
nr € F(B). The problem is that the image of 7jr in G(B) differs from 7ng. However, it
lies in the same fiber of the map to G(A), so the image of 7 in G(B) differs from ng by
an action of an element in tg ®; M. Thus, using the surjectivity of the map tp — tg, we
can correct g by an action of an element in t5 ®; M, so that the resulting element ng
projects to ¢ (without changing its image in F'(A)). O

We have the following standard obstruction theory for deformations of A, -structures.

For an A.-algebra FE, for every integer n, the Hochschild cochains of internal degree < n
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form a subcomplex CH®*(F)<, in CH*(F). We denote by HH*(FE)<, its cohomology
(note that the map HH*(F)<, — HH*(F) is not necessarily injective).

Lemma 4.5.7. (i) Let Ey be a minimal Ax-algebra over k. Let us consider the functor
on Arty associating with R € Arty the set of deformations of Ey to a minimal A -algebra
structure on a R-algebra Er (where Eg is flat over R) up to extended gauge transfor-
mations (see Definition 1.1.4). Note that here we allow to deform msy as well. Then the
tangent space to this deformation functor is naturally identified with H H*(Ey)<o. Further-
more, there is a complete obstruction theory for this functor with values in HH*(E})<o.
Similar statements hold for deformations of a small minimal Ay -category.

(ii) The tangent space to the functor ]/)\e/f(EW) can be identified with
HH?*(Ew)<o ® TwG(n — g,n).
There is a complete obstruction theory for this functor with values in HH?*(Ew)<o.

Proof. (i) Any A-structure of E ® kle]/(€?) extending m = (m,,) has form m + ec, where
c=(cg,c3,...) € CH*(E)< satisfies [m, ] = 0. It is easy to see that the extended gauge
transformations amount to changing ¢ by a Hochschild coboundary.
Given a small extension
0O—-+M-—=B—+A—=0

in Artg, and a minimal A, -algebra E,, deforming FEj, we can lift each m; to some
Hochschild cochain m; € CH?*(Ep)s—; (such a lifting exists since Ep is free as a B-
module, as any flat module over an Artinian local ring is free, see [56, 051E]). Let D
be the coderivation of Bar(FEpg) associated with m. The A.-equations hold modulo M,
hence
D?* =D,
for some ¢ € M @5 CH?*(Eg)<o = M ®;, CH?(E))<o. We have
[D7D2] = [D7D¢] :07

so ¢ is a Hochschild cocycle. If we choose different liftings of m; then D would change to
D + D' where D’ takes values in M ® Bar(Ej). Then

(D+D')?=Dy+[D,D|+ (D)= Dy + D, D]

since M? = 0, so ¢ would change by a Hochschild coboundary. Thus, the class of ¢ in M ®
HH?3(E}))<o is well defined. Conversely, if this class is zero then we can correct our choice
of m to make ¢ = 0, so that m defines an A, -structure. Thus, ¢ is a complete obstruction
for the functor of A, -structures. Since any extended gauge transformation over A lifts
to the one over B, the same obstruction works for the extended gauge equivalence classes
of A-structures.

(i) The tangent space classifies pairs (f,m.), where f : Spec(k[t]/(t?)) — G(n — g,n) is
a morphism sending the closed point to W, and m, is a minimal A, -structure on f*&,
extending the given may, reducing to the trivial one modulo (¢), up to a gauge equivalence.
Then f corresponds to a tangent vector in Ty G(n— g, n), while the class of (mg, my, ...) is
an element in H H?(FEyy)<o. The obstruction theory is obtained from the usual obstruction
theory for Ay -structures in part (i), using the fact that G(n — g, n) is smooth. O
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Remark 4.5.8. In general the spaces HH'(Ey )y are given by the products of the
components HH'(Ey); for j < 0. However, in our case the spaces HH'(Ey,) are finite-
dimensional, by Lemma 4.4.1, so for each i there is only finitely many j with HH*(Ey); #
0.

For a scheme S over a field k& we denote by Lg the cotangent complex of S over k.
Recall that in the case when S is smooth, this is just the sheaf of Kéhler differentials Q2.
In general, it should be viewed as a nonadditive derived functor of 2. For example, in
the affine case S = Spec(A) it can be computed by taking a simplicial resolution by free
commutative algebras P, — A and setting Ly = Qp, ®p, A (see [56, 08P5]).

It is well known that the deformation theory of S is governed by Ext!(Lg, Og), which is
the tangent space to deformations, and Ext*(L, Og) which is where the obstructions take
values. Thus, we need to understand these spaces for our curves C' = Cyy, or rather the
corresponding map to the same spaces for deformations of A, -structures. One of tricks
will be to reduce to considering the affine curves U = C'\ D. The point is that in this case
there are no higher products, so we just consider the map from deformations of O(U) as a
commutative algebra to its deformations as an associative algebra. One has the following
result about the induced map on the tangent spaces and obstuction theories.

Lemma 4.5.9. Let C be a projective connected reduced curve over a field k, D = p; +
...+ pn C C a finite subset of smooth points, such that U = C'\ D is affine. Then the
natural map

(4.5.3) Ext'(Ly, Oy) — HH™Y(U)
1s an tsomorphism for i =1, and is an injection for i = 2.
Proof. By [45, Thm. 8.1], there is a spectral sequence

By = Ext’(\ 'Ly, Op) = HH"(U)

where A°®(?7) denotes the exterior power functor on bounded above complexes. Since
Ly € D=0, it follows that \' Ly € D=, so E?% # 0 only for p > 0 (and ¢ > 0). Since U
is affine, we also have Ego =0 for p > 0. We claim also that qu =0 for ¢ > 1. Indeed,
we have

Hom(/\ "Ly, Oy) = Hom(H°(/\"Lv), Ov).

Note that the coherent sheaf HY(A? L¢) on C is supported on the singular locus of C
(since ¢ > 1), which is contained in U. Therefore, we have

Hom (H°(/\"Lv), Op) =~ Hom(H°(\"Le), Oc).

But Og cannot have subsheaves with finite support since all global functions on C are
constant, so the above space is zero, and our claim follows.

Thus, the spectral sequence implies that the map (4.5.3) is an isomorphism for i = 1,
while for ¢ = 2 it fits into an exact sequence

2
0 — Ext*(Ly, Oy) = HH*(U) — Ext'(/\ Ly, Oy) = 0.
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The following lemma shows that we do not loose any information on the tangent spaces
and obstruction spaces by passing from the projective curves C' = Cy to the affine curves
U=C\D.

Lemma 4.5.10. Assume that either W = k™ and n > 2, or k has characteristic # 2
(resp., # 2,3 if n =1). Let C' = Cy be a special curve over k, where W =0 if n = 1,
and let D =py + ...+ p,, U=C\ D. Then the natural morphism
(4.5.4) Ext' (Lo, Oc(—2D)) — Ext'(Le, Oc(—D))
15 surjective, while the natural morphism
Ext'(L¢, Oc(—D)) — Ext'(Ly, Oy)
18 an isomorphism. The natural morphism
Ext*(Lo, Oc(—2D)) — Ext*(Ly, Op)
s an isomorphism.
Proof. (i) First, we observe that since L¢ is a locally free sheaf on the smooth part of C,

it follows that
Ext”’(L¢e, Op) = 0.

Thus, applying the functor Ext®(L¢, ) to the exact sequences
0 — Oc(nD) = Oc¢((n+1)D) — Op((n+1)D) = 0
we get that the natural maps
Ext’(Lc, Oc(nD)) — Ext’(Lc, Oc((n + 1)D))

are isomorphisms for ¢ = 2 and are surjective for : = 1. Furthermore, since Lo € D=(C')
and H°(L¢) = Q¢, the map
(4.5.5) Hom(L¢, Oc(nD)) — Hom(Le, Op(nD))
can be identified with the map

H°(C, T (nD)) — H(D,T(nD)|p)

which is surjective for n > 0 by Lemma 4.4.3(iii). This implies that the map Ext'(L¢, Oc(nD)) —
Ext' (Lo, Oc((n + 1)D)) is an isomorphism for n > —1.
It remains to prove that the natural map

@Exti(Lc, Oc(nD)) — Exti(Le, Oy) ~ Exty (L, Oy)

is an isomorphism for any ¢. This would be immediate if Lo were a perfect complex but
we do not know this.> We will show that it is enough to use the fact L¢ is perfect in some
open neighborhood U’ of D. Since C'is smooth near D, we can just take as U’ the smooth
locus in C'. Now C'is covered by U and U’. Now the long exact sequences associated with
Cech resolutions

0— Oc(nD> — OU D OU/ (nD) — OUﬂU/ — 0

2Here we correct a mistake in the proof of [38, Lem. 4.4.5](ii).
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show that it is enough to see that a similar assertion is true with Og(nD) replaced by
Op:(nD). But in this case it reduces to the fact that the map

%ﬂ Ext! (Lc, O (nD)) — EXti(Lc, OUQU/)

is an isomorphism for any 4, which is true since L¢o|y is perfect. O
We also need similar assertions for Hochschild cohomology.

Lemma 4.5.11. (i) Let C be a reduced projective curve over a field k, U C C a comple-
ment to a finite number of smooth points. Then the natural morphism

HH(C) — HH'(U)

s an tsomorphism for i > 3.
(i) Now let C = Cyw and U = C'\ D. Then under the assumptions of Lemma 4.5.10, the
map

HH*(C) = HH*(U)

1 an isomorphism

Proof. (i) Note that for i > 2, the sheaf ' has finite support (since it is zero on the
smooth part of ('), so it does not have higher cohomology. Thus, for i > 3, the horizontal
arrows in the commutative diagram

HH(C) — H°(C,H")

oo

HH(U) — H°(U,H")

are isomorphisms. Since ' has finite support in U, the right vertical arrow is an isomor-
phism, hence, the left vertical arrow is also an isomorphism.

(ii) We have H'(U, H') = 0 since U is affine. On the other hand, H*(C,#") = H'(C,T) =
0 for C = Cy, by Lemma 4.4.3(ii). Thus, the argument of part (i) still applies for i = 2
and C' = Cyy. O

Proof of Proposition 4.5.4 . Let Uy be the affine curve Cy, \ D, where D = p; + ...+ p,.
Let also C be the (non-full) subcategory in the A.-enhancement of the derived category
of Qcoh(Cy) with the objects (G = Oc & O, & ... & O,,, Oy, ), all endomorphisms
(including Ext*) of G, and all morphisms from G to Oy, and all endomorphisms of Oy,
(but we do not include morphisms from Oy, to G). We have the following commutative
diagram of functors

Def(Uyy) <— Def(Cy,) — Def(Ey)

.

Def(O(Upy)) <— Def(C) — Def(Eyw)

where in the lower we consider deformations of A..-algebras (A..-category in the case of

C). Note that since O(Uw ) lives in degree 0, this means that Def(O(Uy)) is the functor
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of deformations of O(Uy/) as an associative algebra. On the other hand, Def(Uy/) can be
thought of as deformations of O(Uy/) as a commutative algebra.

It is easy to see that each functor in this diagram is a deformation functor, as it describes
deformations of some algebraic structure (to check the first condition in the definition one
can use the appropriate obstruction theory).

As was mentioned earlier, the key statement need to prove is that the morphism (4.5.1)
is étale. To this end we will establish the following properties of the functors in our
diagram 4.5.6:

sm (Step 2 isom on ¢(Step 4)

Def (Uyy) ) Def(Cyy) Def (Ew)

ét (Step 2)\L sur on t(Step 3)\L \L

Def(O(Uy)) <—— Def(C) “CERD o Def(By)

where “sm” (resp., “ét”) means “smooth” (resp., “étale”); “isom on t” (resp., “sur on t”)
means isomorphism (resp., surjection) on tangent spaces. Then the fact that (4.5.1) is
étale will follow formally from Lemma (4.5.6) (see Step 5 below).

Step 1. The map Def(C) — Def(Ey ) is étale. To prove that this morphism is étale it is
enough to check that it induces an isomorphism on tangent spaces and an embedding on
obstruction spaces. By Lemma 4.5.7, these spaces are given by HH?2, and HH2, (applied
to C and Eyy ), respectively. Note that our morphism corresponds to the embedding of the
full subcategory on the object G into C. Since O(Uy ) is the algebra of endomorphisms
of the A,,-module Hom(G, Oy, ), it follows that this embedding induces an isomorphism

HH*(C) —> HH*(Ey)

(see [17], [25, Thm. 4.1.1]).
Hence, it is enough to check that the vertical arrows in the commutative diagram

HH(C)<o — HH (Ew)<o

i |

HH!(C) —> HH(Ey)
are isomorphisms for ¢ = 2 and that the map HH?*(C)<o — HH?(C) is an embedding.
We have an exact sequence
HHl(C) — H! (OH(C)Zl) — HHZ(C)SO — HHz(C) — HQ(CH(C)Zl) —
HH?’(C)SO — HH?’(C),
where CH(?)s; == CH(?)/CH(?)<;—1. Since Ey has trivial higher products, we have a

canonical decomposition HH'(Ew) = [[; HH'(Ew);, so the similar exact sequence for
Eyw has trivial connecting homomorphisms. Thus, it is enough to check that

(4.5.8) H*(CH(C)»1) = H*(CH(Ew)»1) =0

and that the map HH'(C) — H'(CH(C)>1) is surjective.
Since C has morphisms only of degree 0 and 1, the only possible cochains in CH***(C),
with s +¢ = 2 and ¢t > 1 correspond to (s,t) = (1,1). But such cochains should have

form Hom®(X,Y) — Hom'(X,Y), so they all vanish (since we exclude the identities in
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the Hochschild complex). The same argument works for Ey, so we get the vanishings
(4.5.8).
Similar considerations with cochains show that

g g
H'(CH(C)s1) = CH'(C), = Ext!(0,0) & @ Ext!(0,,,0,,) & P Ext'(0,,, 0),
=1 =1

and the same formula holds for Ey,. Thus, in the commutative square

HH'(C) —=> H'(CH(C)»1)

| |

HH'(Ew) — H'(CH(Ew)>1)

both vertical arrows are isomorphisms. Since the bottom horizontal arrow is surjective,
the top horizontal arrow is surjective too, as required.
Step 2. The map Def(Cyy ) — Def(Uy ) is smooth, while the map Def(Uy ) — Def(O(Uw))
is étale.

First, we observe that the maps on tangent spaces induced by these maps are

Ext'(Le,,, O(=2D)) — Ext'(Ly,,, Ov,,) — HH*(Uy),

the first of which is surjective by Lemma 4.5.10, while the second is an isomorphism by
Lemma 4.5.9. Similarly the maps of obstruction spaces are

Ext*(L¢,,, O(—=2D)) — Ext?*(Ly,,, Ov,, ) — HH*(Uy),

of which the first is an isomorphism by Lemma 4.5.10, while the second is injective by
Lemma 4.5.9. Hence, the maps Def(Cy,) — Def(Uy/) and Def(Uy) — Def(O(Uw)) are
smooth and the second is étale.
Step 3. The map Def(Cy) — Def(C) induces a surjection on tangent spaces.

Indeed, Step 2, together with the commutativity of diagram (4.5.6), implies that
Def(C) — Def(O(Uw)) induces a surjection on tangent spaces. But

HH*(Uy) ~ HH*(Cy) ~ HH?*(Ey)

by Lemmas 4.5.11 and 4.4.1, so the dimensions of tangent spaces are the same. Hence,
Def(C) — Def(O(Uw)) induces an isomorphism on tangent spaces.

It follows that the maps induced on tangent spaces by Def(Cy) — Def(C) and by
Def(Cy) — Def(O(Uy)) are isomorphic, so the required surjectivity follows from Step 2.
Step 4. The map Def(Cy) — Def(Ey ) induces an isomorphism on tangent spaces.

Note that by Steps 1 and 3, we know that the map Def(Cy/) — Def(Ey ) induces a

surjection on tangent spaces. Hence, the same is true for Def(Ey ) — Def(Ey ). We claim
that there is a commutative diagram with exact rows

Kt — S Ext!(Le,,, O(—2D)) —2 > HH?(C) —= 0

(45.9) =i ) g

k" — HH(Ew)<o ® TwG(n — g,n) 2> HH*(Ew)<o —> 0
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where the arrow « (resp., ') is induced by the GJ.,-action on the functor Def(Cy) (resp.,
Def(Eyw)), while the right commutative square is induced by the right commutative square
in (4.5.6) (flipped about the diagonal). Note that we already know that +' is an isomor-
phism and [’ is surjective. To see the exactness of the top row we observe that by Steps
1 and 2, the map S can be identified with the morphism

Ext'(L¢,,, O(-2D)) = Ext'(L¢,,, O(=D)) —= Ext'(Ly,,, Ou,, ),

where the second arrow is an isomorphism by Lemma 4.5.10. Hence, its kernel is the
image of the coboundary map H°(Cyw, T (—D)|p) — Ext'(L¢,,, O(—=2D)), which can be
identified with o. The exactness of the bottom row in (4.5.9) would follow from the
exactness in the middle of the sequence

k" — TwG(n — g,n) — HH*(Ew)o — 0,

where the second arrow is the tangent map to the map W — Ey,, and the first arrow
corresponds to the GI'-action on G(n — g,n). But this follows from the observation that
a k[t]/(t*)-point of G(n — g,n), W, can be recovered from the isomorphism class of the
corresponding algebra Eyy, up to a GJ),-action.

Note that diagram (4.5.9), together with the fact that 4/ is an isomorphism, immediately
implies that v is surjective. It remains to prove that the restriction of v to im(a) is
injective. To this end we use the fact that each point Cy € 1/79"‘; lies in the section
o(G(n — g,n)) of the projection to G(n — g,n), and that the G -orbit of Cyy still lies in
o(G(n—g,n)). Hence, the tangent space to this orbit maps injectively to Ty G(n — g,n),
which implies our assertion.

Step 5. The composition

Def(Cy) — Def(Uy,) — Def(O(Uy)),

is smooth since both arrows are smooth by Step 2. Hence, applying Lemma 4.5.6 to the
composition
Def(Cy ) — Def(C) — Def(O(Uw))
and using Step 3, we deduce that the morphism Def(Cy) — Def(C) is smooth.
Next, we deduce that the composition

Def(Cy ) — Def(C) — Def(Ew)

is smooth since the second arrow is smooth by Step 1. Hence, applying Lemma 4.5.6 to
the composition

Def(Cy,) — Def(Ey ) — Def(Eyw)
and using Step 4, we deduce that Def(Cy) — f)\e/f(EW) is smooth. Since it induces

an isomorphism on tangent spaces, we get that it is étale. But the functor [f)\e/f(EW) is
prorepresentable (see Lemma 4.5.3), hence, by Lemma 4.5.5, the morphism Def(Cy ) —

Def(Eyw ) is an isomorphism. d

Proof of Theorem 4.5.1. We know that both schemes are affine of finite type over
G(n — g,n) (by Theorem 4.1.2 and Proposition 4.4.5), and that the morphism (4.3.1)
is compatible with G,,-action. Furthermore, the G,,-invariant loci of each scheme provide

a section of the projection to G(n — g,n), and the weights of G,, are non-negative on the
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spaces of functions (locally over G(n—g,n)). Thus, locally over G(n— g, n) our morphism
corresponds to a homomorphism f : A — B of non-negatively graded algebras such that
fo 1 Ay — By is an isomorphism. Furthermore, by Proposition 4.5.4, for every point of
Spec(Ag) =~ Spec(By), the map f induces an isomorphism of deformation functors. Hence,
applying Lemma 4.5.12 below we deduce that f is an isomorphism. U

Lemma 4.5.12. Let f : A — B be a morphism of degree zero of non-negatively graded
algebras such that the induced map Ay — By is an isomorphism. Assume that Aq is
Noetherian, A and B are finitely generated as algebras over Ay ~ By, and for every
maximal ideal m C Ag the map f induces an isomorphism A— B of the completions
with respect to the mazimal ideals m + A<y and m + B, respectively. Then f is an
1somorphism.

Proof. Tt is enough to prove that f induces an isomorphism A/AY, — B/B2; for each
N > 0. Note that A/AY, (resp., B/B2,) is a finitely generated module over Ay (resp.,
By). Note that for any maximal ideal m C Ay ~ By, the (m + A.p)-adic topology on
A/AY, is equivalent to the m-adic topology, and similarly on B/BZ. Thus, we have a
morphism

AJAY, — B/BY,

of finitely generated Ag-modules, inducing an isomorphism of m-adic completions of lo-
calizations at every maximal ideal m C Ay. Since Aj is Noetherian, such a morphism is
an isomorphism. O

4.6. HH? as an invariant of a curve singularity. The isomorphism of Theorem 4.5.1
suggests to look at the stratification of the moduli spaces Uy, given by the ranks of the
Hochschild cohomology groups of the corresponding A..-algebras. The natural question
is whether these strata have some geometric interpretation. Here we show that H H? gives
some interesting information about the singularities of the curve.

Note that when a curve (C, ps, ve) € Uy';, corresponds to an A.-algebra structure m on
Ey then there is an equivalence of categorles

Perf(C') ~ Perf(Ey,m),

where on the right we have the category of perfect A,-modules over the A.-algebra
(Ew,m). Indeed, this follows from the fact that G = Oc @ O,, & ... B O,, is a generator
of Perf(C') (see Sec. 4.1). This implies that the Hochschild cohomology of these two
categories are the same:

HH*(C)~ HH*(Ew,m).
Proposition 4.6.1. (i) For a reduced connected projective curve C over an algebraically
closed field k one has
HHYC)~ @ HH(Oc,).
q€Sing C

Furthermore, for every singular point q, one has HH?*(Oc,) # 0. In particular, C' is
smooth if and only if HH?(C) = 0.
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(i1) For a reduced plane curve singularity g € C' one has
dim HH?*(Oc4) = 7(q),
where 7(q) is the Tyurina number of the singularity.

Lemma 4.6.2. (i) Let C be a reduced curve over a field k. Then for any closed point
q € C one has Ext'(O,, O¢) # 0.
(i) If C is a Gorenstein curve then for any torsion coherent sheaf T on C one has

dim Ext' (T, O¢) = ¢(T).

Proof. (i) This follows immediately from the fact that C'is Cohen-Macaulay and from the
cohomological characterization of depth (see [28, 15.D]). Here is a simple proof. First of
all, we can replace O¢ by the local ring A = O¢,, and O, by its residue field A/M. The
equality Ext'(A/M, A) = 0 would imply that Ext'(T, A) = 0 for any finitely generated
A-module annihilated by some power of M. Now we can take a non-zero-divisor x € M
and set T' = A/(z). Then we get 0 = Ext'(A/(x), A) ~ A/(x), which is a contradiction.
(ii) This immediately follows from Serre duality,

Ext' (T, O¢) ~ H(C,T)*.
O

Proof of Proposition 4.6.1. (i) Since for i > 2 the sheaves HH' are supported on the
singularities of C, the exact sequence (4.4.2) gives an isomorphism

HHY(C)~ H(C,HH') = @ HH*Oc,).
q€Sing C

It remains to prove that if U is a singular affine curve then HH?(U) # 0. As in the
proof of Lemma 4.5.9, we have a surjection

(4.6.1) HH(U) = Ext'(/\ Ly, Op),

so it is enough to prove that Ext'(A\* Ly, Oy) # 0.
Note that /\2 Ly has coherent cohomology supported on the singular locus of U. The
exact triangle

re s\ Lo) = N\ Lo — H(N\ Lo) = ..

leads to an exact sequence
(4.6.2)

0 = Hom(r<1(A\ Lv), Op) = Ext' (H(\ Lv), Op) — Ext'(\ Lu, Ov) — ...

so it is enough to check that Ext'(H°(A” L), Oy) # 0.

Note that for any nonzero sheaf F supported at one point ¢ € U (possibly singu-
lar), one has Ext'(F,Op) # 0. Indeed, any surjection F — O, induces an embedding
Ext'(0,, Oy) — Ext!(F, Oy) (since there are no morphisms from torsion sheaves to Oy),

so this follows from Lemma 4.6.2(i).
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It remains to prove that H°(A*Ly) is nonzero near a singular point ¢. To this end we
observe that Ly can be represented by a complex

P ISP

of vector bundles. Furthermore, since coker(d;) ~ Qp, and ¢ is singular, we deduce that
dim coker(d;(¢)) > 2. Now A’ Ly is represented by the complex

2
.. L@ R~ \ Ry,

where d(py ® po) = d1(p1) A po. Now let us consider the natural surjective map

T /\2P0|q — /\2 coker(di(q)) # 0.

We have 7 o d(q) = 0, so d(q) is not surjective. Hence, H*(A” Ly)|, # 0, as required.

(ii) We follow the same steps as in (i). Note first that in this case Ext*(Ly, Oy) = 0, as
for any locally complete intersection, so the map (4.6.1) is an isomorphism (see the proof
of Lemma 4.5.9). Next, we observe that in the exact sequence (4.6.2) the term

Extl(Tg_l(/\zLU), Oy) ~ Hom(ﬂfl/\zLU, Ov)

. . _ 2 . .
vanishes since H ! /"Ly is a torsion sheaf. Hence, we have

2
2
Eth(/\ LU, OU) >~ Eth(ﬂ()(/\ LU), OU)
Finally, using that O is given by f = 0 in a smooth surface S, we get that

Ly ~ [Oy SN Q%|y], and hence,

2 df df
N Lu = [0y == Qlly =5 Qo).

It follows that H°( /\2 Ly is isomorphic to the quotient of Oy by the ideal generated by
the partial derivatives of f. Hence, {(H°(\” Ly) is exactly the Tyurina number (for U
containing only one singular point ¢). Now the result follows from Lemma 4.6.2(ii). O

Note that if we replace HH?(C') with the obstruction space to commutative deforma-
tions, Ext*(L¢, O¢), then it will not be true that the vanishing of this space is equivalent
to smoothness. For example, Ext*(L¢, O¢) = 0 for any curve which is a locally complete
intersection.

It is interesting to compute hh?(q) := HH?*(O¢,,) for some reduced curve singularities.

Proposition 4.6.3. (i) For the coordinate cross in 3-space, one has hh®(q) =777.
(1) For the elliptic n-fold singularity, one has hh3(q) =n + 1222
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4.7. More on ms. Let M, (€) denote the moduli space of A/ -structures for the family
& = (BEw) over G(n — g,n). We assume that the assumptions of Theorem 4.5.1 are
satisfied, so all M,,(€) and M (€) are affine of finite type over G(n — g,n). Note that
M3(E) is the total space of a coherent sheaf over G(n — g,n) with the fibers HH?(Ey)_;.
More precisely, this coherent sheaf is the kernel of a morphism of vector bundles over

G<n —g,Tl),
CHX(E/G(n — g,n))_1/im(6Y) —> CH}(E/G(n — g,n)).

We have a natural projection Mo (£) — M3(E). It is interesting to study it from the
point of view of the moduli space of curves ﬁ;fl For each subset S C [1,n], |S| = g, let
M (€,5) C My (E) denote the preimage of the open cell Us C G(n — g,n). Recall that
we have a natural affine embedding of M (&, S), obtained by considering a section of the
gauge transformation group on the variety of all A..-structures, or equivalently, certain
normal forms of A, -structures. Among these affine coordinates, those coming from mg
are exactly the coordinates that have weight 1 with respect to the G,,-action (recall that
m,, has weight n — 2). Thus, we have to look at the affine coordinates of weight 1 on
Uy (S) = 71 (Us) C Uy,

In the case n = g, the only coordinates of weight 1 on Z:i;;f; are the functions o;; defined
by the Laurent expansions

€T = 7 + ...
at p;, for ¢ # j (this is equivalent to the definition of a;; as a coefficient of y; in the
expansion of x;z; in the canonical basis; see (4.1.5)).

In the case n > g, we have in addition the functions zg;(p; ), for j,j' € S, j # j', as
well as the coefficients of y; in the expansion of y;xg; for ¢ € S, j & S (which can be
normalized to be zero for a fixed iy € S).

We conjecture that a generic smooth curve can be recovered from these coordinates
for sufficiently large g and n. Here is a more precise statement. Let M, , denote the
Gy -torsor over M, ,, corresponding to choices of nonzero tangent vectors at the marked
points.

Conjecture. Let us work over an algebraically closed field of characteristic 0. The

projection from /K/lvgm to M3(E) is birational onto its image whenever it is possible by
dimension consideration.

In the case n = g the dimension of M3(F) = HH*(E)_; is g* — g, where M, , has
dimension 5g — 3, so the dimension of Mj3(FE) is bigger when g > 6. It was proved
in [10, Thm. 3.2.1] that indeed the conjecture holds in this case (using some computer
calculations to establish the case g = 6). We will discuss the idea of this proof in Sec. 4.8.

Another case when the conjecture is known is g = 1 and n > 1. In fact, in this case
the dimension of Mj3(&) is bigger than that of M, starting with n > 5. We will discuss
this case in Sec. 4.9 below.

It is instructive to calculate explicitly some of the functions of weight 1 on our moduli
spaces in terms of the products ms on the algebras Ey,. We consider two examples: the

functions «;;, where ¢,j € S, and the functions xg;(py) — zs;(p1), where j,k, 1 & S (zg,;
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is defined uniquely up to adding a constant, so these differences do not depend on any
choices).
Recall that A;, B; denote generators of Ey. Let us also set ¢; = A;B; € Extl((’)pi, Oy, )-

Proposition 4.7.1. (i) The functions «;; on Z;{v;ffL(S), where i, € S, i # j, are deter-
mined by the condition

(4.7.1) my(By, i, Ai) = — Y i Bj A
jES
(here a;; maybe nonzero but it does not have an invariant interpretation).

(11) The functions xs;(pr) on HQZ(S’), for 3,k &S, 5 #k, satisfy

s,;(pe)—55(p1) = ma(A, By, Aj)—mas(AL, By, Aj) =Y asij(ms(Ax, Bi, Ai)—mas(Al, By, Ay)),
ics

where ag;; are defined by (4.1.6).

Proof. (i) Set Dg =, _¢pi- We can realize a;; as the composition

O "> O(Ds +p;) —> O,,.

Now one can check that O(Dg + p;) can be represented by the twisted object

[O(Ds + pi)] == (Op, ®tOp, GO, 1)+ > By).

ieS
Morphisms of degree 0 in Hom(O, [O(Ds + p;)]) have form z4; + 3 gy;(tA;) + 2(tid)
and the differential has form
S(@Ai + > yi(tAy) + 2(tid)) = x - ms(By, i, At + Y y; BiAjt.
j€S j€S

Thus, we can represent x; by the closed morphism A; — ZjeS a;;(tA;), where a;; are
determined from

M% ZCV'L]B A

jES

On the other hand, the morphism O(Ds +p;) — O,, is induced by the natural projection
ej : tOpg — Op,. Hence, the composition with z; is given by —a;;A;, which gives our
assertion.
ii) As in part (i), we realize O(Dg + p;) by the twisted object

p pj) by J

[O(DS —i—pj)] = (Op]. S¥ ODS s> O, Bj + ZBZ)
ics
Up to an additive constant, the element zg; can be represented by some closed element
of the form A; + ). x;A;. Calculating the differential we get
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Thus, in order for our element to be closed, we should take z; = —ag;; (due to the
relation (4.2.2)). The morphism [O(Dg + p;)] = O,,, for k &€ S, k # j, corresponds to
the projection Ay : O = O,,. Thus, the composition

O =5 O(Ds +p;) —> O,
is given by
ms(Ay, Bj, Aj) — Z as,ijms(Ax, Bi, Ai),
ics
which immediately leads to our formula. O

Remark 4.7.2. Another way to see the relation (4.7.1) between the functions «;; and
mg is to study the triple Massey products

0-0, 0, -0

(3

(see [10, Sec. 2.4]).

4.8. Relation to canonical embedding. Here we work over an algebraically closed
field k of characteristic zero.

Let C be a smooth projective (connected) curve with distinct marked points py, ..., p,
such that H*(C,O(D)) = 0, where D = p; + ... + p,. By Serre duality, the latter
condition is equivalent to H%(wc(—D)) = 0. This implies that for every i = 1,...,n, the
space H(we(—D + p;)) is 1-dimensional, and its generator w; satsifies w;|,, # 0. Thus,
a choice of nonzero tangent vectors (v1,...,v,) at the marked points is equivalent to a
choice of nonzero 1-forms wy, ..., w, such that w;(p;) = 0 for ¢ # j (the connection with
the choice of v; is given by (w;(p;),v;) = 1).

Furthermore, by considering the restriction to the points p;, we immediately see that
(w1, ...,w,) are linearly independent, so they form a basis of H°(C,w¢). Since we are
in characteristic zero, we can define a formal parameter t; at each point p; uniquely by
requiring that w; = dt; on the formal disk around p;. It turns out that the same formal
parameters can be characterized in a different way.

Proposition 4.8.1. (i) The formal parameters t; are characterized by the property that
for each m > 2 there exists a function f;{m] € H*(C,O(D + (m — 1)p;)), such that the
polar part of f;lm] at p; is tim

(it) For i # j, let p;;[n] denote the coefficient of% in the Laurent series of fi[n] at p;.
Then the expansion of w; near p; (where i # j) has form

n>2

Proof. (i) First, we can check the existence of formal parameters t; for which the required
functions f;[m] exist. We start with arbitrary formal parameters ¢; and then gradually
improve them. First, we look at the polar parts of f;[2]: to kill the coefficient of tl we use

an appropriate change of the form ¢; — t; + ct?. Then we similarly use f;[3] to correct ¢;

by the cubic term, etc. (see [38, Lem. 2.1.1] for details).
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The rational differential f;[nJw; can have a pole only at p;, so by the residue theorem,
we get Res,, (fi[n]w;) = 0 for every n > 2. Thus, if we write w; = ¢;(t;)dt; at the formal
neighborhood of p; then we deduce that ¢; = 1.

(ii) This follows immediately from the residue theorem applied to the rational differentials
fi[n]ws for i # j, since Resy, (f;[n]w;) = pji[n] while Res,, (f;[n]w;) is equal to the coefficient
of t?’ldtj in the expansion of w; at p;. O

Now we can combine the classical fact due to Petri that for g > 4, a generic curve can
be defined by explicit quadratic and cubic equations in its canonical embedding (whereas
for g > 5 one only needs quadratic equations) with the expansions (4.8.1), to see that a
generic curve (C| ps,ve) of genus g > 4 (resp., g > 5) is determined by the values of the
functions (p;;[m]) with m <4 (resp., m < 3) on it.

Lemma 4.8.2. Assume that g > 4 and H°(C,wS*(—=3D)) = 0. If g = 4 then assume
in addition that H°(C,wS?(—4D). Then the quadratic (resp., quadratic and cubic, if
g = 4) relations in the canonical algebra @, ., H*(C,wg™) are determined by the values
of (pijm]) with m <3 (resp., m < 4). -

Proof. By assumption, the map H°(C,w&?) — @Y, w&?s,, is injective. Thus, the
quadratic relations coincide with the kernel of the composed map

®2
20, we)®? — @Wc |3p: -

Thus, it is enough to know expansions of each w; at each point p; modulo (t;’-)d ;, and
the assertion follows from Proposition 4.8.1(ii). For cubic relations in the case g = 4, the
argument is similar using the map

®3
20, we)® — @Wc |4p; -

O
Lemma 4.8.3. One has fori # j,
pi[4] = 2007 — > ey,
ki,

with o;; = pi;[2] and Vi = Vig — Viis where 7;; are determined from the expansions

Qi 1

xz:fz[2]:_3+71]+7 Xy = 2+’7u+'--

t 2

Proof. Apply the residue theorem to the rational differential z7w;. O

Proposition 4.8.4. For g > 4, the generic curve (C,ps,vs) in ./T/l/g,g is determined by
the corresponding values of i = py[2], Bij = pyl3] and 7,;. Hence, the corresponding

Ao-structure is determined by msz and my.
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Proof. By the classical theorem of Petri, the image of the canonical embedding of a
generic curve C' of genus g > 5 can be recovered from the quadratic relations between the
differentials (w;). In the case g = 4 the same is true if we consider quadratic and cubic
relations. Furthermore, knowing (w;) we can also recover the points p; (as common zeros
of (w;);2i) and the tangent vectors v;. It remains to apply Lemmas 4.8.2 and 4.8.3. To
translate this into a statement about A..-structures we just have to observe that mg and
my correspond to functions of weight < 2 with respect to G,,, and both ;; and 7,; have
weight 2 (recall that a;; has weight 1). O

To deduce that a generic curve of genus g > 6 is determined by the values of («;;) alone
(see [10, Thm. 3.2.1]), one has to use in addition the following equations:

ik (Ve = Vji) + ip(Ta = Tig) — i — B = Y qucjou

14,5,k
for every distinct 4, j, k (obtained by applying the residue theorem to the rational differ-
entials z;z;wy). We view these elements as linear equations on (f3;;) and 7;;. The claim
is that the solution is unique. Thus, we have to prove that for a generic curve the corre-
sponding matrix is nondegenerate. We prove this in [10] by reducing the problem to the
case g = 6, in which case we present an explicit nodal curve (rational with 6 nodes) for
which the matrix is nondegenerate.

4.9. Case of genus 1. In the case of genus 1 the moduli space L{ » has a G]!-map to the
projective space P"~1. Let us consider the preimage V,, of the open subset x1 ...z, # 0
in P*~!. Since the latter open subset is an open orbit of G}, isomorphic to G} / Gy, we
can expect that V,, is obtained from a smaller moduli space V,, with just G,,-action, as

Vi =V, xg,, G".

This is indeed the case, with V,, parametrizing (C,p, ..., pn,w), where C is a reduced
projective connected curve of arithmetic genus 1 with n smooth marked points, w is
a nonzero section of the dualizing sheaf w¢, such that O(p; + ... + p,) is ample and
HY(C,O(p;)) = 0 for every i = 1,...,n. The latter condition is equivalent to nonvanishing
of w(p;) for every i (see [22, Lem. 1.1.1]).

Note that V,, has a unique G,,-invariant point, which is an elliptic n-fold curve C,
(with one smooth marked point). This curve is defined as follows: C} is a cuspidal cubic
in P?; C, is a union of two P!, tangent at the point of intersection (forming a tacnode);
C,, is the union of m generic lines through a point in P™1,

For n > 3, the affine part of the curve C,, can be described by the following equations
in the A"! Wlth coordinates (za, ..., T,):

(491) :L’ixj2 :_xiéxj/ for 7é Js1 7é 7'
Loy = T3
(to get the projective curve C,, one adds n points at infinity, which become the marked
points).
It turns out (see [22, Sec. 1.1]) that for n > 3, for each curve (C,py,...,pn,w) in V,,
one can describe an embedding of the affine curve C'\ D, where D = p; + ... + p,, into

A"! with the defining equations deforming (4.9.1). Namely, for ¢ = 2,...,n, we can find
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z; € Oc(p1 + p;) such that Res,, (z;w) = 1. These functions are unique up to additive
constants, and we can normalize them by requiring that

x3(p2) =0, x;(ps) =0 for i # 3.
Then the functions
(4.9.2) L, a5 xs, xy', ... x), form>1
form a basis of O(C'\ D), and we have the following defining equations for C'\ D:
Tol; = XToX3 + C;T; + Cixo — ¢, 4 < 4

x3x; = xox3 + (a+¢; +¢)(x; — ) +b,4 <

(493> T;T; = Tal3 + Cij T + CjiZi — C, 4<i1< j’

2 2
ToT3 = ToT3 + axexs + brg + cxs + d,

for some constants (a,b,c,d,c;, ¢;,c;j), where ¢ # j, i,j > 4. For example, for n = 3,
we only have one equation (the last one), and a, b, ¢, d are independent variables on the
moduli space V5 ~ A%,

Using the fact that (4.9.2) is a basis of O(C\ D), we get some equations on (a, b, ¢, d, ¢;, G, ¢;5),
which can be found explicitly (see [22, Prop. 1.1.5]). In particular, we get that for n > 5,
all of them can be expressed universally in terms of (a, ¢;,¢;, ¢;;), where 4 < i < j. Now
we observe that the latter functions on V,, have weight 1 with respect to the natural
G,n-action. Thus, for n > 5, we get an affine embeding of V,, into some affine space with
the weight 1 action of G,,. N

Recalling the isomorphism of U, with the moduli space of Au.-structures and the
fact that m,, has weight n — 2 with respect to G,, we derive that over the open subset
corresponding to V,, C UY';,, every A-structure is determined by ms. In particular, we
get a stronger version of the Conjecture from Sec. 4.7 in this case: for g > 5, the projection
M, = M3(E) is a locally closed embedding.

One can also say precisely which curves of arithmetic genus 1 can appear in the moduli
space V.

Proposition 4.9.1. (see [22, Thm. 1.5.7]) For every (C,py,...,pn,w) in V,, the curve
C is Gorenstein with we ~ Og. More precisely, C' is either smooth, or a standard nodal
m-gon, where 1 < m <n (for m =1 this means that it is an irreducible nodal curve), or
an elliptic m-fold curve C,,, for 1 <m <n.

Proof(sketch). The first key observation is that each curve C,, is Gorenstein. This is a
simple local computation done in [54, Prop. 2.5] (one has to check that dimwe/mwe =1
near the singular point, where w¢ is the dualizing sheaf, and for this one can use an
explicit description of we in terms of the normalization). Next, we use the G,,-action
on V,, (corresponding to rescaling of w). It is easy to see that the affine coordinates on
V., have positive G,,-weights, so the closure of every G,,-orbit contains the point where
all these coordinates are zero. This gives a flat family degenerating every curve in V,,
into C,,. Since the Gorenstien property is open, we deduce that every curve in V,, is

Gorenstein.
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If C' is irreducible then it is either smooth, or standard 1-gon, or isomorphic to C, so
assume C' is reducible.

Let C' = Cy U C’, where Cy is irreducible, C' is connected, and £ = Cy N C’ is a finite
subscheme of C. The exact sequence

O—)OC—>OCOEBOC/—>O§—>O

shows that
1=1!(Oc) = 1 (Oc,) ® W' (Ocr) + £(€) — 1.

Thus, either both both Cy and C” are of arithmetic genus 0 and ¢(§) = 2, or one of
the subcurves has genus 1 and the other 0 and ¢(£) = 1. We claim that the latter case
is impossible. Indeed, then we could find an irreducible subcurve C; C C, which is
isomorphic to P! and is joined to the union of the remaining components at one point
transversally. But then for a marked point p; € C; (which exists by the definition of V)
we would have h°(C, O(p;)) > 2, hence h'(C, O(p;)) # 0, which is a contradiction.

It follows that all irreducible components of C' are isomorphic to P'. Furthermore, if
there exists an irreducible component C; C C', such that C;NC'\ C; is one point ¢ (with the
scheme structure of length 2), then C" = C'\ C; is a connected curve of arithmetic genus
0. Now the above observation implies that every irreducible component of C’ contains g,
and it is easy to deduce that C' is isomorphic to C},.

In the case when for every component C; the intersection C; N C'\ C; consists of two
points, one easily checks that C' contains a standard nodal m-gon as a subcurve C’. Using
the above observation again, one can see that in fact C = C’. O

Remark 4.9.2. One can give a different proof of Proposition 4.9.1 using classification of
Gorenstein singularities of genus 1 (see [54, Lem. 3.3]).

The associative algebras FEy, corresponding to the points of V,, are all isomorphic.
Namely, they are isomorphic to the algebra E;([1,n]) of the quiver with relations Q([1,n])
given in Fig. 1 below, where the relations are B1A; = ... = B, A,,, A;B; = 0 for ¢ # j. We
denote the quiver in this way because we want to consider the subquivers Q[S] (isomorphic
to Q([1,]S5]])) corresponding to subsets S C [1,n].

FIGURE 1. The quiver Q([1,n])
64



By Theorem 4.5.1, a curve (C,p1, ..., pp,w) in V,,(k), where n > 2 and char(k) # 2 (or
n = 1 and char(k) # 2,3), is determined by the corresponding A..-structure m on the
algebra Ey([1,n]).

In this setup we can give a characterization of nodal curves in terms of the correspond-
ing A.-structures. The key idea is that given a subset S C [1,n] and an A,-structure on
E,([1,n]), we can consider the induced A.-structure on the subquiver Qg (i.e., on the alge-
bra E1(S)). Geometrically this operation corresponds to passing to a curve (C, (p;)ics, w).
However, it may happen that the divisor Dg := ), ¢ p; is not ample on C, so in fact, one

has to replace the curve C by a certain contraction C. More precisely, C is obtained as
the Proj of the Rees algebra of the filtered algebra H(C'\ Dg, O). Looking at the basis of

the latter algebra one can deduce that (C, (p;)ics, w) is a well defined point of the moduli
space V,,, where m = |S].

In fact, it will be enough to consider the restrictions to one-element subsets S = {i},
in which case we look at subquivers @(¢) with just two vertices.

For an A..-algebra structure on F;([1,n]) we denote by Py, P, ..., P, the natural per-

fect As-modules associated with the vertices O, 0y, ,...,0,,.

Proposition 4.9.3. (i) A curve (C,py,...,pn,w) in V,(k) has only nodal singularities

if and only if for every i =1,...,n, the restriction of the corresponding A -structure on
Ei([1,n]) to Q(i) is homotopically nontrivial.
(i1) A curve (C,p1,...,pn,w) is nodal with n irreducible components (i.e., isomorphic to

the standard n-gon G, with one marked point on each component) if and only if for every
i the condition in (i) is satisfied, and in addition, the subcategories (FPy, P;) (in the derived
category of perfect As-modules) are distinct for different indices i.

Proof. (i) Assume first that C is either smooth or nodal. Then the restriction of the
corresponding A, -structure to Q(i) corresponds to replacing C' with the contraction of
all components not containing p;, which will give an irreducible nodal curve with one
point. Since the homotopically trivial A.-structure on Q(i) corresponds to the cuspidal
curve, we deduce the required nontriviality.

On the other hand, if C' has a non-nodal singularity, then by Proposition 4.9.1, it is
isomorphic to the elliptic m-fold curve C,, for some m. Let us choose one marked point
on each component of C'. Without loss of generality we can assume that these points
are pi,...,pm. Then replacing (C,py,...,p,) with (C,p1,...,pm) we get a G,-invariant
point of the moduli space that corresponds to the trivial A,-structure on Q([1,m]). Now
restricting further to Q(1) gives the trivial A,.-structure.

(ii) By Proposition 4.9.1, the condition in (i) is equivalent to C' being the standard m-
gon for some m. Suppose m < n. Then we can find ¢ < j such that p; and p; belong
to the same irreducible component C’ of C'. It is easy to see that this implies that the
subcategories (Oc¢, O,,) and (O¢,0,,) are the same. Namely, we have a contraction

7 : C' = C that contracts every irreducible component of C' other than C” to a point, and

both these subcategories are 7* Perf(C'). Under the equivalence ??? these subcategories

correspond to (P, P;) and (Fp, Pj). Conversely, if C' is the standard n-gon, so that all

marked points lie on different components then we claim that (O¢, O,,) # (Oc¢, O,,) for

i # 7. Indeed, let ¢; : C; — C be the embedding of the irreducible component containing
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pi- Then the functor L] sends O, to zero, Oy, to O, and O¢ to O¢. Thus, the images
of our subcategories under this functor are distinct. O

Remark 4.9.4. The characterization of Proposition 4.9.3(ii) can be used to prove the
equivalence of the perfect derived category of the standard n-gon with the (compact)
exact Fukaya category of the n-punctured torus, see [23, Thm. B(i)]. Namely, we consider
in loc. cit. a natural set of exact Lagrangians (Lo, ..., L,) such that morphisms between
them have the same dimensions as for the objects (O¢, Op,,...,O,,) on the standard
n-gon (where p; lies on the ith irreducible component), and the composition maps

Hom'(L;, Lo)®Hom®(Lg, L;) — Hom®(Ly, Ly), Hom®(Ly, L;)®Hom'(L;, Ly) — Hom*(L;, L;),

for ¢+ > 1, are nondegenerate. This implies that the corresponding associative algebra is
isomorphic to F([1,n]). The more nontrivial part of the proof is to check that the objects
(Lo, ..., L,) generate the Fukaya category. The argument is based on the fact that the
Dehn twists around the curves L; generate the pure mapping class group (see [23, Lem.
3.1.1]).

5. PAIRS OF 1-SPHERICAL OBJECTS, A,,-STRUCTURES, AND YANG-BAXTER
EQUATIONS

Now we will transition to studying another moduli space of A,-structures which is re-
lated to solutions of the associative Yang-Baxter equation (AYBE) (see (2.1.2)). Namely,
our motivation is to find a generalization of the triple Massey product calculation over an
elliptic curve considered in Sec. 2.1, which gives rise to all solutions AYBE in a reasonable
class. First, we will address this problem formally, i.e., we will show that this Massey
product can be defined for any pair of 1-spherical objects in a cyclic Ay -category. Then
we will consider the question of realizing all such pairs of 1-spherical objects geometrically.

5.1. 1-spherical objects. One of the key properties used in the Massey product calcula-
tion in Sec. 2.1 was the form of the Serre duality for the elliptic curve. The more general
setup involves 1-spherical objects, as defined in [51].

Definition 5.1.1. An object X of an A..-category C over a field k is called n-spherical
if Hom'(X, X) = 0 for i # 0,n, Hom’(X, X) = Hom"(X, X) = k, and for any object Y’
of C the pairing between the morphism spaces in the cohomology category H*C,

Hom™ (Y, X) ® Hom'(X,Y) — Hom"(X, X),
induced by ms, is perfect. In particular, these morphism spaces are finite-dimensional.

For example, a vector bundle V over an elliptic curve C'is 1-spherical in D*(C') provided
it is endosimple, i.e., Hom(V, V) = k.

In the case when C is a triangulated A..-category, one can associate with an n-spherical
object E a twist As-endofunctor of C, Tr defined by

(5.1.1) Tp(X) = Cone(hom(E, X) ® F —> X)

which is an autoequivalence (see [51], [48, 1.5]).
We are interested in pairs of 1-spherical objects (F, F) such that Hom(E, F') is concen-

trated in degree 0. We refer to such (F, F') as a 1-spherical pair.
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Note that in this case we have two perfect pairings,

Hom'(F, E) ® Hom"(E, F) — Hom'(E, E) ~ k and
Hom’(E, F) ® Hom'(F, E) — Hom'(F, F) ~ k.

We set V = Hom(E, F') and use the second pairing to identify Hom'(F, E)) with the dual
space VV. Then the first pairing gets identified with the map

VYoV = k:v*®@v— (v*, gv)

for an element ¢ € GL(V). Note that the definition of this element depends on the
choice of trivializations of 1-dimensional spaces Hom'(E, F) and Hom'(F, F'), however,
the corresponding element in PGL(V) is an invariant of an isomorphism class of the pair
(E,F). We say that (E, F) is a symmetric 1-spherical pair if g is a scalar multiple of
identity.

In the case when C is the derived category of coherent sheaves on an elliptic curve,
as well as in some other geometric examples, we have an additional structure: the A..-
structure on C is cyclic with respect to the symmetric pairings between Homi(a, b) and
Hom'*(b,a) provided by the Serre duality. Thus, every l-spherical pair of objects in a
cyclic As-category is symmetric. However, we will also consider not necessarily symmetric
pairs.

Assume that (E, F') is a 1-spherical pair in a minimal A.-category, with fixed trivial-
izations Hom'(FE, E) ~ Hom'(F, F) ~ k. Then we get a minimal A,.-algebra End(E®F).
The underlying associative graded algebra S(V,g) depends only on the space V' and the
element g € GL(V'). Namely, S(V,g) is the algebra of the following graded quiver with
relations. It has two vertices £ and F'. The space of arrows from F to F' (resp., from F'
to £) is V in degree 0 (resp., V), with defining relations

(5.1.2)

viov = (" g)r, vov'= (v v)¢E,
where &g (resp., &) is an arrow of degree 1 from F (resp., F') to itself.

Conversely, given a minimal A-algebra on S(V,g) we get a l-spherical pair in the
corresponding A..-category with two objects. By a standard argument, it will still be
a l-spherical pair in the triangulated A..-envelope of this category. Thus, we have a
correspondence between 1-spherical pairs and A.-structures on S(V,g). We can now
study the moduli spaces of such A.-structures using the tools we developed.

5.2. Solutions of the Associative Yang-Baxter Equation (AYBE) and 1-spherical
pairs. Now we want to generalize the construction of an associative r-matrix (i.e., a so-
lution of the AYBE) from the triple Massey products on elliptic curves associated with
a family of stable vector bundles over an elliptic curve (see Sec. 2.1) to a certain Massey
product associated with any 1-spherical pair (F, F') in a cyclic Ay-category C. The point
is that the construction only used some formal categorical properties. However, in the
general setup we do not have an analog of a pair of nonisomorphic stable vector bundles
f (resp., pair of distinct points). Instead, we consider families of formal deformations of
E and F' and invert some formal expressions to make the Massey product well defined.
Let C be an A..-category over a field k, such the spaces hom'(?, ?) are finite-dimensional.
Suppose we have a k-algebra R, complete with respect to I-adic topology, for some ideal

I € R. Then we can consider twisted objects over the R-linear A..-category C ® R of
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the following kind: (X, dx), where X is an object of C and dx € I ® hom'(X, X) is an
element satisfying the Maurer-Cartan equation

Z(_l)(;>mi(5x, ..., 0x) =0.

1>2

Note that the sum converges in R ® hom?(X, X), since the term with m; belongs to
I'@hom?*(X, X). Asin Sec. 1.5.2, such twisted objects form a (non-minimal) A..-category.
We denote by m! the A.-products for morphisms between twisted objects.

Now, given a 1-spherical object E in a minimal A.-category C over k, an [-adically
complete k-algebra R, and an element x € I, we can consider a twisted object (E,z - &g)
over C ® R, where &g is a generator of the 1-dimensional space Ext'(E, E). Note that
the Maurer-Cartan equation is satisfied trivially since Extz(E ,E) = 0. For example, we
can take R = k[[z]] and the twisted object (E,x-&{g) over C ® k[[x]]. We can think of the
latter object as an incarnation of the universal formal deformation of F.

The formal analog of considering pairs of non-isomorphic objects in this context is
the following. We can take R = k[[z1,x5]][(x1 — x2)7!] and a pair of twisted objects
Ey, = (E,x1-&g) and Ey = (E, x9-&g). Note that the morphism space hom(FE, E») is the
complex

Hom’(E, E) ® R —= Hom'(E,E) ® R,

where m! (idg) = (x2 — x1)&g. Since (z; — x2) is invertible in R, the differential m/ is an
isomorphism, so the complex is exact.

Now we can construct the analog of the triple Massey product from Sec. 2.1, associated
with a l-spherical pair (E,F) in a minimal A.-category C over k. For this we take
R = K[[x1, 20,91, 1]][A5 Y], where Ay = (21 — 22)(y1 — ¥2), and consider the twisted
objects

By = (Eaxl '§E)7 Ey = (E7$2'§E)a Fy = (Fayl 'fF)a Fy = (Fay2'§F)
Note that we have canonical identifications
Hom’(E;, F}) = hom(E;, F;) = Hom®(E, F)®R, Hom'(F}, E;) = hom(F}, E;) = Hom' (F, E)®R.

Thus, given an element § € V := Hom(F, F'), we can view it as a closed morphism
0lij] € Hom®(E;, F;) for i,j € {1,2}. Similarly, an element n € VV ~ Hom'(F, E)
gives rise to n[ij] € Hom'(F;, E;). Now we want to consider the triple Massey product
corresponding to the composable arrows

B o[11]. P n[12]. E, 0[22) P

Note that the compositions mb(n[12], 6[11]) and my(0[22], 7[12]) are not zero on the nose,
however, they are coboundaries:

(121, 011]) = (1, g0)€ = m (2L ),
t o —ml <77>6> i
m4(6[22).n[12]) = (n.6)¢r = mi (- id).
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Assuming that our A,-category C is strictly unital, the products m) containing identity
elements can be replaced by the original products ms. Thus, the Massey product is given
by
0 0
MP(8[22], n[12], 611]) = mt (6[22], n[12], 0011]) = ~290 graoy & B0 iy,
Ty — I Y2 — U

We can think of this Massey product as an element of

(Hom"(E;, F>)@rHom"(Es, F3)" )@ (Hom' (Fy, E»)" ®@gHom’ (Ey, F1)") ~ End(V)®End(V)®R.

Choosing a basis (6,) in V, and letting (7,) to be the dual basis in V'V, we can write this
element as

(5.2.1) P =y " (g, MP(0/[22),7s[12], 0 [11])) - eprar ® €0
a,a 8,5
where we use the identification of Hom(E,, Fy) with V' ® R.

Similarly, we can consider the triple Massey product corresponding to the composable

arrows
P n[21] B o[11]. ) n[12]. B,

We have

mb(n[21],0[11]) = mﬁ(M), m(0[11], [12]) = m! (W—ldE)

Y1 — Y2 T2 — X1

Y

so we get
0 0
MP(21],0111) 12)) = mi(n[21),0(11] n{12]) = 20 oy 290
Tog — X1 Y1 — Y2
Let us record this Massey product by the element of End(V) ® End(V) ® R,
(5.2.2) P =S (MP(s[12],6u[11], 7 21)), 6u) - €0 © €
a,a’ 3,6

Next, we can consider twisted objects FE; = (E,x; - &g), F; = (F,y; - &), for i = 1,2,3,

over a bigger ring Rs := k[[x1, 22, 3,51, Y2, y3]][A5 '], where Az = [T, (i — ;) (i — y;)-
As in Sec. 2.1, we want to apply the A.-identity to the composable arrows

n[12].

E1—>F1—>E2—>F2—>E3—>F3

to deduce some identity fo rj!"2 and rj1"2. As a first step we can replace the A-structure
on the subcategory of our twisted objects with the minimal one using homological per-
turbation (see Remark 1.2.2). By the functoriality of the Massey products (see Propo-
sition 1.4.1), we see that the obtained products of the form ms(0[jj], nlij], 0ii]) and
ms([n[ji], 0ii], nlij]), for i # j, coincide with the corresponding Massey products in the

original category. Thus, we get the identity of the form
MP(8[33], n[23], M P(9[22], y[12], 0[11])) % MP(9[33], M P(3[23], 0[22], n[12]), 6[11])%

MP(MP(8]33],1[23],0[22]), n[12], 6[11]) = 0.
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Now assume that our A.-category is cyclic. Then the element g can be taken to be
id, and 71" = +ri1i"2. Thus, the above identity for the Massey products leads to the
following equation in End(V) ® End(V') ® Rs:

(6:23) RO — O RO+ () P =0,

which we call the formal set-theoretic AYBE. In addition, because of the cyclicity of the
Ao-structure, this tensor satisfies the following skew-symmetry condition:

(5.2.4) (T$1$2)21 — _pt2a

Y1y2 Y2y1 °

Note that the polar part of 7172 is ;dz@;cll + ﬁ, where P =) e;; ®e;; is the permutation
matrix.

One can check that cyclic A.-equivalence between 1-spherical pairs (F, F) lead to
the following equivalence relation between solutions of the set-theoretic AYBE. For every
¢y € 1d +(7,y) € Mat, (k) ® k[[z,y]], we have a transformation

(5.2.5) rone? = (02 ® ppt)rete (o © ¢i2) T

Theorem 5.2.1. (|24, Thm. A]) The above construction gives a bijection between cyclic
Aso-structures on S(k™,id), up to a cyclic Ax-equivalence, and equivalence classes of
solutions of the formal set-theoretic AYBE in k[[z,y]][A;"], with the polar part X ld®ld +

—T1

ylﬁyz; satisfying the skew-symmetry condition.

The main point is that the pair of formal series (with coefficients in End(V)®?),
(my(0[22], n[12], 0[11]), 1), (m5(n[21], 0[11], n[12]),0) € End(V)*?[[x1, 22, y1, 3],

can be viewed as generating functions for all possibly nonzero higher products on the
A-category with the objects E and F'. Indeed, by considering the degrees we see that
all nontrivial higher products have one of the two forms,

Masbierars((E0)% 0, (Ep)"n, (Er), 0, (E)T) and Mmaipicrars((E6)® 0, (€0)%, 0, (E6)° . (€0)7),

which are directly related to the coefficients of the above two formal series (recall that
we considered the first of these products in Theorem 2.2.1 in the case when E and F' are
line bundles over an elliptic curve). Note that due to cyclic symmetry, the second type of
products is determined by the first.

5.3. Classification of nondegenerate trigonometric solutions of the AYBE. Let
us assume that in an associative r-matrix the variables x;,y; are complex numbers and
that ry!> depends only on their differences:

T1T2 __
Tyrys = (T — 22,91 — Ya2),

where 7(u,v) is a meromorphic function in a neighborhood of (0,0) in C? with values
in Mat,,(C)®?, where n > 2. For example, this assumption is satisfied for the solutions
associated with bundles over an elliptic curve. Then the equation (5.2.3) and the skew-
symmetry condition take form

(5.3.1) (=, v)rP(u+u v +0) —r?P(u -+, v (u, ) P (u v o) rB (W, v') = 0,

(5.3.2) r?(—u, —v) = —r(u,v).
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It is easy to check that if r(u,v) satisfies these equations then so does
Plu,v) :==r(v,u)’ - P,

where (a ® b)" = o' ® b', and a denotes the transpose of a.

Let us say that r(u,v) is strongly nondegenerate if the tensors r(u,v) and 7(u,v) have
the maximal rank n? for generic (u,v). One can check (see [24, Prop. 1.4.4]) that if r(u, v)
is strongly nondegenerate then after rescaling the variables we will get that the polar part
of r(u,v) at u = 0 (resp., v = 0) has form 12! (resp., £). Now we can look at the Laurent
series of r(u,v) in u near u = 0:

(5.3.3) r(u, v) = % Fro(0) 4.

Let us denote by pr : Mat, (C) — sl,(C) the projection along C - 1. Then one can check

that 7(v) := (pr®pr)(ro(v)) is a nondegenerate solution of the classical Yang-Baxter
equation (CYBE) with values in sl,(C) ® sl,,(C),

[72(0), 7 (0 + )] + [F2(0), 72 (0)] + [P (v + '), 7)) = 0.

Here “nondegenerate” simply means that the tensor r(v) is nondegenerate for generic v

Recall that Belavin and Drinfeld in the seminal paper [3] classified nondegenerate so-
lutions of the classical Yang-Baxter equation for all simple complex Lie algebras, up to
some natural equivalence. They showed that they can be either elliptic or trigonometric
or rational, and further classified trigonometric solutions in terms of some combinatorial
data, involving so called Belavin-Drinfeld triples.

Similarly, one can pose the problem of classifying nondegenerate solutions r(u,v) of
the AYBE (and of its formal set-theoretic version). It was shown in [37] that if 7(v) is
either elliptic or trigonometric then r(u,v) is determined by 7(v), up to some natural
transformations. Furthermore, all elliptic solutions of the CYBE extend to those of the
AYBE and are obtained using our Massey product construction with bundles over elliptic
curves.

As for trigonometric solutions, it was proved in [37] that nondegenerate solutions of
the AYBE, with the Laurent expansion at u = 0 of the form (5.3.3) and such that 7(v)
is a trigonometric solution of the CYBE, admit a classification in terms of the following
combinatorial data.

Definition 5.3.1. An associative Belavin-Drinfeld structure (BD-structure) (S, Cy, Cy, A)
consists of a finite set S, a pair of transitive cyclic permutations C1,C5 : S — S and a
proper subset A C S such that for all a € A, one has :

C1(Cy(a)) = C2(Ci(a)).
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The trigonometric solution of the AYBE corresponding to an associative BD-structure
(S,C1,Cy, A) is given by
(5.3.4)

1 1
r(u,v) = W;%®6ii+m;6u®em

1

ku
" oxplu) 1 D exp(—o)eckicrm @ e+

0<k<n,i

— Z eXp(mU)ez o) @ ecpiy,i
exp(v) -1, o= .
ku + mu ku + mu
+ Z { eXP(—T)GC;"(a),a ® eck(a),choy (a) — eXP(T)ec{v(a),Cfc;n(a) ® ecg”(a),a}u
0<k,0<m;acA(k,m)

where we denote by A(k,m) C A the set of all @ € A such that CiC}(a) € A for all
0<i<k 07 <m.

In [37] we also computed all the solutions of the AYBE coming from vector bundles
over the nodal degenerations of elliptic curves, i.e., cycles of projective lines (aka standard
m-gons). These solutions are trigonometric and correspond to some of the combinatorial
data above. However, it turned out that not all trigonometric solutions of the AYBE
appear in this way. Namely, it was also shown in [37] that the trigonometric solution of
the AYBE, corresponding to the data (S, C4,Cy, A), arises from a simple vector bundle
on a cycle of projective lines if and only if the corresponding cyclic permutations C; and
Cy commute (equivalently, Cy = CF for some k).

In [24] we observed that all trigonometric solutions of the AYBE corresponding to
the associative BD-structures can be constructed by looking at the Massey products
between appropriate objects in compact Fukaya categories of open Riemann surfaces.
Namely, starting from an associative BD-structure (.5, Cy, Cy, A), we construct a square-
tiled surface > with a local symplectomorphism

T:2—T

to the square torus T. In the case A = (), ¥ is just the n—fold covering space of the
punctured torus T, associated to the permutations C7,Cs. In the case of general A we
fill in the holes in this n-fold covering, corresponding to elements of A. Lifts of standard
Lagrangian curves in T to X give a pair of exact Lagrangians L; and L, in ¥. Now,
we consider triple products between (L', Ly, L{?, Ly?), where (L) and (L) are certain
1-parameter deformations of L; and Lo, and show that the corresponding solution of the
AYBE is exactly the trigonometric solution associated with (.S, Cy, Cy, A).

In search of a purely algebro-geometric construction of trigonometric solutions, we will
undertake a more systematic study of the corresponding moduli space of A,-structures.

5.4. Moduli space of A, -structures. We can consider the family of algebras S(k", g)
as a sheaf of algebras over the scheme GL,. Thus, we have the corresponding functor
Mo (sph,n) of minimal A.-structures as in Definition 3.1.4. Applying Theorem 3.3.1
one can prove the following representability result.

Theorem 5.4.1. Assume that n > 3. Then the functor M, (sph,n) is representable by
an affine scheme of finite type over GL,. Furthermore, the morphism M, — My is a

closed embedding. In the case n = 2 the similar assertions hold if we work over Z[1/2].
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This theorem is an immediate consequence of Theorem 3.3.1 and the following vanishing
result for the Hochschild cohomology of the algebras S(k", g).

Proposition 5.4.2. Assume that either n > 3, or n = 2 and char(k) # 2. Then
HH=Y(S(k",g))<0 = HH*(S(k", g))<—2 = 0.

Sketch of Proof. The computation is based on the fact that the algebra & = S(k", g) is
Koszul (with a different grading), so we can use the Koszul resolution to compute the
relevant Hochschild cohomology.

Let a; € Hom(E, F), 8; € Hom'(F,E), i = 1,...,n, be the dual bases of arrows in our
quiver, so that the multiplication rule for these elements in § is given by

;B = 0i8r, Bi,aj = aiiép,
where g = (a;;) € GL,(k), and &g (resp., &p) is a basis element in Hom'(E, E) (resp.,
Hom'(F, F)).
Let us view S as a K-algebra, where K = kidg @&k idp, and equip it with a new grading
degy such that degy (o) = degy(B;) = 1. Then S is defined by homogeneous quadratic

relations with respect to the generators (o, 3;) and the quadratic dual algebra S' has

relations
n

> ayaisr =0, Y Bia; =0.
1<i,j<n i=1
between the dual generators.

Here we use the following conventions about quadratic duality over K = k-idg ®k -idp.
For a quadratic K-algebra A with generators Vgp and Vg of degree 1, and quadratic
relations Rgp C Vrp®Ver, Rpr C Verp ® Vig, the dual quadratic algebra has generators
Vip = Vig and Vig = Vi and quadratic relations

Rpp = A;/,EE C (Ve ® Vprp)' = Vig ® Vi, Rpp= AQV,FF C Vir ® Vig.

The fact that S' is Koszul is a variation of a well-known fact that a graded algebra A
over Ay = k with one quadratic relation is Koszul (S' has two defining relations but in
some sense they can be thought as one relation spread over two vertices F and F).

The Hochschild cohomology of a Koszul K-algebra A (where K is commutative semisim-
ple) can be computed using the Koszul resolution as follows (see e.g.,[58, Sec. 3]). We
have a natural embedding

(A,)" = AP™
(here and below all tensor products are over K), so that the image consists of the inter-
section of kernels of the partial multiplication maps

A Q.. 00,01 ®...00a004+1 & ...Q Q.
The corresponding subcomplex
AR(A) @ ACART (A)® A

in the standard bar-resolution of A by free A — A-bimodules is still exact. Thus, we get
a resolution of the form

[ ARAL) AT A0 A, ) RA—> .. 5 AR(A) ®A— AR Al A
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Let (v;) be generators in Ay, (v}) the dual generators of A}. Then the differential is given
by
dpn(r®@ ¢ ®s) = eri®v;‘¢®s+ (—1)m2r®¢vf ® v;8,

where we use the A'-bimodule structure on (A')* given by the operators dual to the left
and right multiplication.

Now assume that the algebra A has an additional Z-grading deg induced by a Z-
grading on A;. Then using the above resolution we get the following complex computing

the Hochschild cohomology of A with respect to the grading deg;:

A A A A A5 A @A
with the differential
O (1) ® ) = (—1)desl)TdesleN deelel N "y @ s + (= 1)) "0l @ s,

i
Here we assume that the basis (v;) is homogeneous with respect to deg.
Now we want to apply these considerations to the algebra §. To distinguish the grading

deg from deg, we will denote the graded components with respect to deg, as S{j}. Since
S = S§{0} & S{1}, we have

(S'®@S){j} =S{ites{0}as{j -1} ®s{1}.
Note that the induced grading deg on S' has deg(a?) = 0 and deg(B;) = —1. Also, since
a; and 7 have to alternate in any nonzero monomial in S!  we have S’ {j} = 0 unless
m € {—2j —1,—2j,—2j + 1}. This immediately implies the vanishing

HH™S){< —m—1} =0

for any m.
For m > 0 the space HH™(S){—m — 1} is identified with the kernel of the map

0t Syppr{—m =1} @ S{0} = Sy, {—m — 1} ® S{0}.
But S}, {—m — 1} ® S{0} = S},,,1€r ® ep, and for z € S}, , e we have

r®eg) = Zxaf ® .

Thus, we need to know that if zo = 0 for every ¢ then x = 0. This is not hard to check
(in fact, there are no zero divisors in S*).

In order to prove the vanishing of HH'(S){—1} one needs to check few more facts
about the algebra S'. We skip this calculation. U

5.5. Noncommutative algebras associated with pairs of 1-spherical objects. As
was discussed in Sec. 5.1, for any minimal A.-structure on the algebra S(V,g), where
V' is a finite-dimensional vector space over k, we have a 1-spherical pair (F, F) in the
corresponding derived category of A.-modules, with Hom(F, F) = V. Now we are go-
ing to use the twist functor Tr (see (5.1.1)) to associate with the pair (F, F') a certain

noncommutative algebra.
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Namely, for every i > 0 we consider an object E; := Th(F) in the category of twisted
complexes over the category with objects £ and F. Note that Ey = E. Then there is a
natural graded associative multiplication on

R =Rp. g = @Hom(Eo, E;),
i>0
given by ab = T}(a) o b, where a € Hom(Ejy, F;) and b € Hom(Ey, E;). Note that by
definition of the spherical twist, we have an exact triangle

Hom'(F,E) ® F[-1] = Ey —> E; — ...

We will prove below that the element ¢t € Hom(Ey, F1) = R, is a central non-zero-divisor
in R, so that R can be identified with the Rees algebra of an algebra A with an increasing
algebra filtration F,: R = R(A) := P,~, FiA.

Let us associate with g € PGL(V) the subspace End, (V) C End(V) consisting of
transformations a such that tr(ga) = 0. Next, we consider the associative algebra

(5.5.1) EWV.g) ={ao+amz+...€ End(V)[z] | ap € k-id,a; € End,(V)},
which we view as a graded algebra with deg(z) = 1, deg(a) = 0 for a € End(V).

Theorem 5.5.1. ([43, Thm. 2.4.1]) Let (E, F) be a 1-spherical pair with Hom(E, F) =V,
and let g € PGL(V') be the corresponding element defined in Sec. 5.1. Then the algebra
R = Ry k is isomorphic to the Rees algebra of a filtered algebra (A, FoA) equipped with
an isomorphism grf (A) ~ E(V,g)? ~ E(VV,g*). In addition, Hom™°(Ey, E;) = 0 for
1> 0.
Sketch of proof. It will be notationally convenient for a while not to use the trivialization
of Hom'(F, F), so let us set L := Ext'(F,F). Recall that the second of the pairings
(5.1.2) gives an identification Hom'(F, E) ~ V¥ ® L.

It is not hard to find explicit twisted complexes representing F;. Namely, E;, for i > 1,
is represented by the twisted complex

(5.5.2)
Hom!'(F, E)L' ' ® F %> Hom!(F,E)L' 2@ F 2% ... —%5 Hom'(F,E)® F 2> E.
Here the differentials 6; with ¢ > 1 are induced by the evaluation maps L ® F — F[1],

while the differential 6; : Hom'(F, E) ® F — F[1] is also the evaluation map.
The complex hom(Ey, E;) = hom(E, E;) has form

i—1
(@ Hom!(F, E)L/ ® Hom"(E, F)) @® Hom’(E, E) — Hom!(E, E),

=0
with the differential given by d(idg) = 0,
d(e ® €®j ® l’) = mj+2(€7§7 NS .23)

Recall that the map my : Hom'(F, E) ® Hom(E, F) — Hom'(E,E) = Ly can be
identified with the map End(V) — S : a — tr(ga). Thus, we immediately see that for
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i > 1 one has Hom?°(Ey, E;) = 0, while Hom®(E,, E;) fits into an exact sequence
0 — End, (V)L @ Hom"(E, E) — Hom®(E,, E (@ End(V J’) -0,

where we use the identification Hom'(F, E) ~ VVL.
In particular, the element t € Hom’(Ey, F,) is represented by idy € Hom®(E,E) C
hom(E, Ey), so that we have a decomposition

HOII](E(), El) ~ Endg(V) o, k? -t.
One checks directly that the map of left multiplcation by ¢,

hom(Ey, F % hom(FEy, Fiy1)

is given by the obvious embedding of complexes.
This implies that ¢ is a nonzero divisor and that for each ¢+ > 1 we have an exact
sequence

0 — Hom(Ey, Ei_1) —> Hom(Ey, E;) —=> End(V) ® L,
where 7; is induced by the natural projection
7 : hom®(Ey, E;) — VY L' ® Hom(E, F) ~ End(V) ® L.

Using our explicit description of Hom(Ey, E;), we see that for ¢ > 2, the map m; is
surjective, while for ¢ = 1 its image is End, (V) ® L.

One can check easily that the maps (m;) define an algebra homomorphism R —
E(V,g)?. As we have seen above, it is surjective, with the kernel ¢R. Since the al-
gebra E(V, g)° is generated by degree 1 elements, we deduce that the same is true for
R.

Finally, we check directly that for every x € R, one has tx = zt, hence, the element ¢
is central in R. It follows that R is the Rees algebra of a filtered algebra A with

grf(A) @ R/AR ~ E(V, g)
U

It turns out that the above correspondence gives an equivalence between the moduli
space of A-structures, M, (sph,n) (see Theorem 5.4.1) and an appropriate moduli space
of filtered algebras. Namely, we have the following construction in the opposite direction
to that given by Theorem 5.5.1. Starting with a filtered algebra (A, F,) equipped with
an isomorphism gr’” A ~ &(V, g)°P, we consider the corresponding Rees algebra R(A) and
the corresponding abelian category qgr R(A), defined as the quotient of the category of
finitely generated graded right R(A)-modules by the subcategory of torsion modules. The
latter category should be viewed as the category of coherent sheaves on a noncommutative
Proj scheme associated with R(A) (see [2]). Now we define a pair (E4, Fl) of 1-spherical
objects in the derived category of qgr R(A) as follows: E4 is simply the object O corre-
sponding to R(A) viewed as a right module over itself. Next we can view R"[z] as a graded
module over End(R™)|z], and hence, as a graded right module over E(R", g)? ~ R(A)/(t).
We take F'4 to be the object corresponding to R"[z] viewed as a right R(A)-module. One

can check that these objects are 1-spherical, with Hom(E 4, Fix) ~ V.
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Theorem 5.5.2. For n > 2, let us consider the functor My(n) associating with a
commutative ring R the following data: an element g € GL,(R) and an isomorphism
class of filtered R-algebras (A, F,) equipped with an isomorphism

gr’ A~ E(R™, g)*.
Then for n > 3, there is an isomorphism of functors
Mo (sph,n) >~ Mpu(n).
In the case n = 2 we have an isomorphism of modified functors
Moo (sph, 2)[tr 1] = M i (n)[tr ]

where we impose the condition that tr(g) is invertible.
Furthermore, under this correspondence the 1-spherical pair corresponding to an A.-
structure on S(V, g) is equivalent to the 1-spherical pair (Ea, Fa) in qgr R(A).

We will not give a complete proof of this theorem here. Checking that the two maps
between the moduli functors are mutually inverse is quite nontrivial (see [43]).

5.6. Filtered algebras and spherical orders. Let A be an algebra over k with an
increasing algebra filtration Fy C F} C ... equipped with an isomorphism

(5.6.1) g’ (A) = E(V.g)”

for some g € GL(V), and let Z C A be its center. We equip Z with the induced filtration.

Recall that if R is a commutative Noetherian domain with the quotient field K then
an R-order in a central simple K-algebra D is an R-subalgebra B C D, finitely generated
as an R-module, such that K ® g B = D.

Lemma 5.6.1. The algebra A is Noetherian and finite over its center Z, which is a
1-dimensional domain, finitely generated as k-algebra. Also, A is an order in a central
simple algebra over the quotient field of Z.

Proof. Since the algebra £(V,g) is generated by degree 1 elements, we deduce that A
is generated by F1A. Given a nonzero ideal I C A, let Iy C End(V') be the set of all
elements x such that zt"™ appears as an initial form of an element of I for some n. Then
Iy is a nonzero ideal, hence, Iy = End(V'). Hence, for a pair of nonzero ideals I,J C A
we have IyJy # 0, so I.J # 0, which shows that A is prime. We have dim F;A/F;_; A = n?
for i > 1, so the GK-dimension of A is one. Now the results of [53] and [47] imply that A
and Z are Noetherian, A is finite over Z, and Z has dimension 1.

Note that the center of gr’(A4) ~ &(V, g)? is either k[2%, 23] C k[z], in the case when
tr(g) # 0, or k[z], when tr(g) = 0. Thus, grf (Z) is a graded k-subalgebra in k[z], i.e., a
group algebra of a subsemigroup in natural numbers. This easily implies that the algebra
R(Z) is a domain, finitely generated as a k-algebra. Next, the fact that gr’(A4) ~ £(V, g)°P
is torsion free as a module over gr’”(Z) C k[z] implies that A is torsion free as a Z-module.
Let K be the quotient field of Z. Then A®y K is a finite-dimensional prime algebra over
K with the center K, so it is a central simple algebra over K. U

Next, we would like to extend A to a sheaf of algebras over a projective curve com-

pactifying Spec(Z). The first obvious choice is to consider the Rees algebras R(A) =
T



D,,~0 FnAand R(Z) = D, FmZ and to consider the corresponding Proj-construction.
However, the resulting structures are not always easy to analyze. Namely, the problem
arises when gr’(Z) is contained in k[t?] for some d > 2. It turns out that a better behaved
construction is provided by the stacky version of Proj, which we denote by Proj®.

Namely, for any commutative non-negatively graded k-algebra B = €, ., B, where
By = k, one can define a stack -

Proj*(B) = Spec(B) \ {B+}/Gn,

where B, is the augmentation ideal. Assuming in addition that B is finitely generated,
we have an equivalence of the category Coh(Proj*(B)) with the category qgr(B). Note
that we have a natural line bundle O(1) on Proj*(B) such that elements of B, can be
viewed as global sections of O(n).

Now starting with an algebra A as above we define a stacky curve C' by

C :=Proj* R(2).

Let us denote by t the element 1 € R,(Z) = F1ANZ. Note that ¢ is a non-zero-divisor,
and R(A)/tR(A) ~ grf'(A), R(Z)/tR(Z) ~ gr¥(Z). Since grf'(A) ~ E(V, g)°P if finitely
generated as a grf’(Z)-module (see the proof of Lemma 5.6.1), we deduce that R(A) is
finitely generated as an R(Z)-module. Thus, localizing R(A) we get a sheaf of coherent
Oc-algebras A on C.

We can view the element ¢ as a section of the line bundle O¢(1). Note that the open
subset t # 0 in C' is isomorphic to Spec(Z) (so it is a usual affine curve), while the divisor
t = 0 is isomorphic to Proj* (grf(Z)). Let d > 1 be the maximal such that grf(Z) C k[z4].
Then Proj*(grf'(Z)) is the stacky point Spec(k)/pq. In particular, d = 1 if and only if C
is the usual curve.

More precisely, recall that we define Proj*(Z) as the quotient of the surface S =
Spec(R(Z))\ {0} by the natural G,,-action. We can view ¢ as a map S — A! and the fiber
over 0, D C S is a closed G,,-orbit with the stabilizer y4. Since D = Spec(gr®(Z)) \ {0}
is smooth, the surface S is smooth near D. By the argument of Luna’s étale slice theorem
(see [26]), there exists a smooth pg-invariant locally closed curve X C S through the point
z =1 of D such that the induced map of stacks ¥/uq — S/G,, is étale.

It turns out that the above construction is a bijection between the isomorphism classes of
filtered algebras (A, F,) with an isomorphism (5.6.1) and isomorphism classes of noncom-
mutative orders over stacky curves of a special kind. Let us give the relevant definitions.

Definition 5.6.2. A neat pointed stacky curve over k is an integral 1-dimensional proper
stack C' over k with a stacky point of the form p = Spec(k)/uq, such that C' is smooth
near p, and C'\ {p} is an affine scheme. In addition we assume that the coarse moduli
space O is a projective curve satisfying H°(C', ©O) = k, and there exists an étale morphism
of the form f : U/ug — C, where U is a smooth affine curve with a pg4-action and k-point
q, such that pg acts faithfully on the tangent space to g and f(q) = p.

Definition 5.6.3. Let A be an order over a neat pointed stacky curve C, i.e., a coherent
Oc-algebra, torsion free as an Oc-module, whose stalk at the generic point of C' is a
central simple algebra over k(C'). We say that A is spherical if A is a 1-spherical object

in the perfect derived category of right A-modules, Perf(A),
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Every neat pointed stacky curve has a dualizing sheaf we, which is locally free near
the stacky point, and we have the following criterion for checking whether an order is
spherical.

Proposition 5.6.4. Let A be an order over a neat stacky curve C'. Then A is spherical
if and only if h°(C, A) = 1 and there is an isomorphism of left A-modules
(5.6.2) A ~ Hom(A, we),

where we s the dualizing sheaf on C (equivalently, one can ask for an existence of an
isomorphism of right A-modules above). In particular, A is spherical if and only if A
1 spherical.

Furthermore, if A is spherical then h°(C, A) = h*(C, A) = 1 and for a nonzero mor-
phism 7 : A — we (which is unique up to rescaling) the pairing
(5.6.3) ARA = we : (z,y) = 7(zy)
is perfect in the derived category (on both sides).
Sketch of proof. Assume that A is 1-spherical in Perf(A). Then H'(A) ~ Ext}(A,.A)
is 1-dimensional. Hence, by Serre duality, the space Hom(A, w¢) is 1-dimensional. Let

7: A — we be a nonzero generator. It is easy to see that for a vector bundle V over C,
the canonical pairing

Homy(A® V, A) ® Exty (A, A® V) — Extl(A, A)
get identified with the natural composed map
(5.6.4) Hom(V, A) @ H'(A®V) - H'(A® A) - H'(A),

where the second arrow is induced by the multiplication on A. By assumption, this pairing
is perfect. Now it it easy to check that (5.6.4) fits into a commutative diagram

Hom(V, A) @ HY(A® V) ——— H'(A)

(5.6.5) i Hlmi

Hom(V, Hom(A, we)) @ H(A® V) — H'(we)
where the bottom arrow is the Serre duality pairing combined with the isomorphism
Hom(V, Hom(A, we)) ~ Hom(A ® V,we),
and the left vertical arrow comes from the morphism of left A-modules
v=v,:A— Hom(A we):a— (x— 7(xa)).

Since both horizontal arrows give perfect pairing and H'(7) is an isomorphism, we deduce
that the map
Hom(V, A) — Hom(V, Hom(A, w¢)),
induced by v, is an isomorphism for all vector bundles V. It follows that v is an isomor-
phism.
To deduce that the morphism

V' A— Hom(A, we) : a— (x+— 7(ax))
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is also an isomorphism, we use the fact that the biduality morphism
A — Hom(Hom(A, we),we)
is an isomorphism (which can be proved using the fact that H°(C, A) = k). U

We say that a spherical order A is symmetric if the pairing (5.6.3) (which is uniquely
defined up to a scalar) is symmetric. The importance of spherical orders is due to the
fact that they give to cyclic Ay-structures (see Proposition 5.6.8 below).

Proposition 5.6.5. Fix a field k and a vector space V' over k of dimension n > 2. Let
us consider the following two groupoids:
(1) filtered algebras (A, F,) with a fived isomorphism grf A ~ E(V,q)°P for some g €
PGL(V') (here morphisms exist only when the corresponding elements g € PGL(V') are
equal);
(2) data (C,p,v, A, T,¢), where C is a neat pointed stacky curve with the unique (smooth)
stacky point p = Spec(k)/pa, such that A is a spherical order over C with the center
Oc¢, v is a nonzero tangent vector at p; and ¢ : Al, ~ p. End(V')? is an isomorphism of
algebras (where p : Spec(k) — p is the natural map).

Then the map associating to (C,p,v, A, ) the algebra A = H°(C \ p, A) with its nat-
ural filtration extends to an equivalence of groupoids (1) and (2). Furthermore, under
this correspondence the 1-spherical pair associated with (A, Fy) is equivalent to the pair

(A, (p:V)p)-

Sketch of proof. We already explained the construction of an order A associated with
a filtered algebra (A, F,). Conversely, the algebra A is recovered from the order A as
A= H°C\ {p}, A), and the filtration F, is given by the order of pole at p.

To check that an order A associated with a filtered algebra (A, Fy) is spherical we use
an equivalence of categories

Coh(A?) ~ qgrR(A),

which is obtained by applying the general formalism of noncommutative geometry (see
[2]) to the abelian category Coh(A%) with the autoequivalence M — M (1) and the object
A. Tt is easy to check that under this equivalence, the pair (A, (p.V'),) corresponds to the
1-spherical pair (F4, F4) in the derived category of qgr R(A). In particular, we deduce
that A is a spherical object in Perf(A). O

Example 5.6.6. Let C°**P be a cuspidal curve of arithmetic genus 1 over a field &, ¢ a
singular point, p a smooth point. Note that the normalization map is a homeomorphism,
so we can identify C°"P with P! as a topological space. We assume that p corresponds
to oo € P!, while ¢ corresponds to 0 € P'. For an n-dimensional vector space V' and
g € GL(V), let us define an order A" over C°**P as the subsheaf of algebras A" C
End(V) ® Op:, consisting of the elements that have an expansion a(z) =c- I+ a1z + ...
near 0 € P!, with ¢ € k and tr(ga;) = 0. Note that AP is a sheaf of Opi-algebras
precisely when tr(g) = 0.

It is easy to check AZ™P is precisely the order corresponding to the algebra £ (V,9)°P,
with the filtration is induced by the grading. Under the correspondence of Theorem 5.5.2,

this filtered algebra corresponds to the trivial Ay-structure on S(V,g).
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Combining Proposition 5.6.5 with the correspondence of Sec. 5.5 we obtain the following
result.

Corollary 5.6.7. Let k be a field, g € GL,(k), where n > 2. Assume that either n > 3
ortr(g) # 0. Then every minimal A -structure on the algebra S(k™, g) can be realized by
Ao-endomorphisms of the generator A @ p,V of Perf(A), for a spherical order A over a
neat pointed stacky curve (C,p) such that Al|, ~ p,End(V). The order is symmetric if
and only if g is a scalar multiple of identity.

Using this realization by spherical orders we can prove the following result about cyclic
A o-structures.

Proposition 5.6.8. Let k be a field of characteristic zero. Then every minimal A-
structure on the algebra S(k™,id) is gauge equivalent to a cyclic A -structure.

Proof. We use the fact that for a symmetric spherical order A over C', a nonzero morphism
7 : A — we induces a symmetric pairing A — A — we which is perfect in derived
category (see Proposition 5.6.4(ii)). Recall that we want to construct a cyclic minimal
Ao-structure on Ext*(G, @), where G = A® p,V. Let L be a sufficiently positive power
of an ample line bundle on C. Then twisting G through the spherical object L™ ® A
gives an A-module P fitting into an exact sequence

0 =P — Homy(L'®AG QL '®A—G—0

Since local projective dimension of G is 1, this immediately implies that P is locally pro-
jective. Furthermore, since the spherical twist can be defined on a dg-level, we can replace
G by P when studying the minimal A.-structure on Ext’ (G, G) ~ Ext’(P,P) obtained
by the homological perturbation. In this way the problem is reduced to showing that the
minimal A.-structure on H*(C, End 4(P,P)) obtained by the homological perturbation
can be chosen to be cyclic. This can be done similarly to Corollary 1.6.9. U
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