
Ex. Configurations of Linear subspaces

#... >
Wn < V

, parametrized by X=G(r , V)
where

r = dim Wi

SL(V) -X
,
P.< km) on X has SL(V)-equiare

O(1) on G(0, V) corresp,

to Plicker embedding

G(r, v) = P(1) so fiber of O(1) at w

-+ NXV is X
*
W*

Assume R:>0I .

Thm (W....,m) is Om)-seruist. (stable) (=)
-

↓ WCV : [Pi dimWink

O dink-dr* # -

(a)
p

Ex All Ri = 1
,

dimW; = r minkz-
--

dimW dri
In terms of

QiMinwim(Y):=-
-ApplyHM-criterion. 8, - - , en basis of V

~ (3) = diag(x, .., 3) , 9.3 ... 594 , E9:=0

Vi =(e
, -(i) look at jump inedimdin

↓ J

(i) (i)
4 10, ... <Ur H

, dimW = +,

dim Win= js dimr =j+

Pl .
coord -s PI(w) = det(w + V + VI)

-

II) = wi to (Pj .
. . . jri) = 9j +... +

9jri

W= Span I I Note : Pr (wi) oto
&
im: Piy .jr,

(wil = o if ja Vastor



zero
r xl- subm

Dist
col Smint e i

J23V =) 1st two col :
**

=> det = 0
00 zeru

ii (r-1) X2-subm

ou

j33 Uz = ) 1st three col.: *** Zero

* * *
⑫ -2x3 = det=0

O W G
-subm-

iii

ThePrWil is the to word- of min . U-weight

So -↑(W.....ali)r

him(Wins)-dim Niwas) = 0 unless s = viil for some ;

so
-M = zK: (9; (dim(j)-dm(Wire-)) =

= [Kige(5-9) dimin;)]
= 9 [ii +(9-1) dim;

)

U = pos . (in . comb. of US >
15th : 9 . ... 9s = n-S,

95+ 1
F

...
= qu = -S

for v = U
, get

-M = - s . [viri + n d (winVs) -

Zini
Cor . If gad ([viri , n) = 1 then

semisable = stable



-Table/semistiblebundles on curves.

C smooth proj-curve

Ecoh . Sheaf F
,

TCF) < F torsion subsheaf

#/T(F)
torsion free => Loc free ,

i . e . Vec . budle

The sequence OTEI-F - F/E) -o split

Riem
.

-Roch : X (v) = degly- rur - (g-1)
1)

Enth n9V) - h'(v) where deg (v) = deg (NTPV)
Line budle

Note : deg(QL) =degv+ rkV. degL-W
,

can
·

Line budle Line bundle
-

H'(V) = Horow) - serve duality

F V subsheaf of a vec . Guble =

turatio Floc free but not nec ,
subbandle

Sa
Y

↳
E = ver (v - (e)/

+(v(z)
(v

F subburtle
sat

. Elf torsion

Line
Lemma

.

#Fec . bundle V F subbandle LGV.

#F: Let L by ample 1 . 6.
.

Then H
°

(VQL") generate
=>J DEVOL" => Injection [V

VOL"

=> saturation of the image is

a line subbandle.

Thus
, any rec .

bundle is an iterated exten

of line budles.



Lem Suppose VVec.
bundle s. t . HV) generates V

-

generically. Then hoCVl =degV+ chV.

Pf: induction on oh.

LeteV = 1, 0 - 0 - V - T + 0
&

T torsion
,

=> hir) <I+degr
h(T)=2(5) = dyv

rW > 1 . Take - H) to , O+
rec

. Gun
HORO-V gener. surj· = HN)00- gener.

=> h(v) < hi) + hoM) = (degL + 1) + (d + rhV)
Stay

Of. V is stable (semist . ) If I subbandle

off
M(F) < M(r)( =)

#) - quot. Gundle v+ 0 : M(G)M(V)
(since deg & oh additive) (2)

e. 1) V
.. Ve Semisable

,(V, )>M(V2) => Hom (Vi
2) V

., V2 Stable
, M(V, ) =M(V2) =f : V

,
+V is

an isom-sa

If : Let f : v -> .

Consider im/f)= FaVe
X

g

V,, Ve serist . => ↑ (5) >p(V,
) >M(k)

M (E) <M(V2) contrad.

Nov V, Y Stable
, M(Y) = MI) .

consider

# O = M(F) < M(V) (casFree
also M(F) > M(V) contradiction.

Rem . (degVrv) =1 => (stability #) seristability



Cor . (over 1) V stuble => Hom(V, V) = D.

- : V + V
,

let 3 = eigenvalue of flulp
then f-Jld not ison . =) A- Jid = 0

CON .

Vsemist
-, degV > (g-2) rkV => HYv) = 0

I: By serveduality ,
need Hom (V , w) =

ButMe (V) > 2g -z = M (r) .

Cr . Usemist., degV > ([g-1) HeV ==> V gener. by
global sects.

If: consider long ex . sea , of coh
. all. with

o+ vc-p) + V + Vp + 0 XpeC
need H'(V(-p1) = 0

, degv(- p) = degV-rev*Eg-fabr
-

EX . rV = z semistability <=) # Line
- subbandle

<V

EX V stable/ss =) So is LOV,
L live bundle

.-- deal of stable bundle is stable deyl[def
E EX 0+ 0 + V + Ledey) = 1 => V stable.-

↑ -nontrivial ext-n
a destabilizing

degM 1 = Hom/M,0) = 0 => McL
ison-su

= splitting .

Ex . g = 1
, degV= 1 ,

rkV = 2
, V stable

=> h = 0
, h= 1

, OzV cannot factor
thre LV of degyo

=> 0 -0 + V + 1 + 0 h) = 1 = unique such
ext - n

similarly,
one can classify

all stable bundles on elliptic curve (Atiyah)
then all budes.



Ex . g = 2
,
r= 2

,
Consider extens 0-0 + V+ 1 -> 0

= PEXt'(L, 0) = PHYL") = PH
°

(L*)**3 degl = 3

noro) = 4
CHOO) :

ph*H
o = bes(H°(L2)

*
->H(L21-p(7)

S( S/so P(C)> extensions
Ext(,2) -Ext((-p)

O-V- 2 that split over L(p)
.. for sure

pL(p)
V instable EX - MGV degr2 El V-L splits

so all V corr · to 12-c are stable
over L(-p)

r=2

All remaining stable bundles w. RV= L are extrs 0lp)-> V-LEP)
-

Lemma
-

Erector budle
,

VCHOE) subspace
-

st . VRO-E gener - Surjective.
=> # SPEC/cobes (V-Elp) + 03 = degE

Proof : induction on ob E.

rhE = 1
, pick der-o ,

ouzette o

↓

torsion
our number #supp(T) = ((T) = degE.

rE > 1
. Pick SeV-0

, of -E - E/-o
↑ - 4
OVy

By induction accemption , s = < peC : coken (V+ Ex(p)+0
has card degE/

=> away from supp(4) :

· + 0 - V-0 = 10-> 0

t ↓ => middle arrow

Eo
+ 2 + E + -> 0 is subjective



-relationto seristability.

Given E rec . bundle generated by global
sections

, p.. .... PreC
E- (HYE) + Elp,

. .

...
H

°

(E) -Elpi)
point of Gr(ic HYEl *) "

Let r= rkE
,
d= deg E

Theorem. Assume d > + (eg-2)+ v(r-179

Then JNo-Nold , 59) s.
t for NI No

the point in GoN associated with E

is GIT-semistable #) E is semistable
- (stable Istable

W- R-togP(lay) on GrN
Lemma. Assume E is stable, das
-

O above

- subbandle
*FEE set . HYF]0 -> F is

generically surjective 7
one has

F
Pf : know : h'(E) = 0

,
so hi(E) = degE-rhE (g-1)

-

if n'(Fl = 0 then hTF = degF-rKF (g-1) =) get

required inequality from M(F) < MIE).

Assume H'(F) + 0 => = +0 map:F + W

=> saturation of ke(p) is a subbundle FCF of
rk = TF -/ & degree = degF -(2g-2)

stability => r. (degt-(eg-2) [CF-1) . d

(also true if reF =10 F=0



so degF [2g-2 + (RF -=

Also know : b (F) 1 degF trkF

=
While n=-

so need 1+ - (g-)

E-Rg-2)2 grbF [ * > 2g -2 + (i-1)g

-
Proof ofThm:)

only give proof for stable E.

Set V = HOE) ,
n := dimV (r= rE)

Given
= WV ,

let w.
= im (w+ E(p))S

N

entto prove : #
domW;-

j=/ dimk

Consider composed map WOOV*O -> E

Let FCE be saturation of the image so

Y
F subbundle & WOO -> F generically surjective

j

Assume first rhFX5.

Then By Lemma,
>
=>-



By another Lemma
, #(p1v * Flp3 = degF

Cuss the fact that WQO--F is generurj .)
=> for > N-degF indices j : Vj = Flp ,

so
-

dimW;
= rkF

=)zd
↓ [d(-)deF
F-degF(

+ un

Nn2

enough to have

N > degF . (1+ in)
By stability de F < HF - ** (1) E

So enough to have N (F-1) + (- 1) dn

-

Now assume IkF = 5
,

i
. e

. F = E

Then for >N-d indices j : Vi = Elp;
so dise Wj = 5

so/-+ ((-d) (-) - d. ) =

= so enough to take

N > rd



=>) Assume E is unstable.

Let FCE be a subdandle of min .
oh s.

t.

M(F)>M(E)
=> F is stable.

M(F) < M(E) 32g -1 => H(F)00 = F
-

h'(F)=0
&

=> For W : = HoF) < V= HYE) , dimWj = rF

# unstableanimdthe
paintna

-

rkE

def de
holds by assumption.



Harder - Narasimhan filtration.
--

- rec e dun. E 710FEFC ... [Fn = E sit

Fi
Fi -

ss . of sl . Mi,

Fi M,>M2 . .
- in

#: 5 max
,

subd, of max, slope ,
induction on dim.

=) can define Creplace E by E/F
,
)

:P+ (E),Mn =: P- (E)

Lem . P-(E) > P+ (F) => Hom(E, F)
-

Pf : me filtrations
-

Lem voo-e = 01q(E) = P+(E)-degE
-

Pf : Vapee FrEn Mn > O
-

wi = r (Fi/Fi) ,
YM,

+. ..
+ TMn = degE

-> T
, R, Edge = M,

= degE

Recovering VOO-E from (V-Elpi=..,
N

Consider 0 + k+ Vop - E - 0

=
f : k - 1 E vop -El

vanishes at
P . ...., PN => factors then

k -> Ec-p, =..-PN)
By Lemma applied to V*. 0 + RV,

P.(k) degk = -degE.
Similarly,

g(EC-P1
-

...

-Pr)) =q(E) -NE deyEl



so if -degE >dey(El) -N
, i . e .,

N > IdegE
then Hom(K,

E'C-P,
. . . .

-PN)) = 0

= vo0 E

1 i
VOO -E

=> same quotients.
-

pot. hatscheme:quotientof V of given Hieras

Quot(VQOI

More precisely ,
it represente the functor

S [00Sxc
- F -flat

A deaof constr : closed subsetof Grassmannian Fe has H
.p. h3

we are interested in the open subset

of VOO & s .
t

.
Q loc free ,

HQto
,
VEHIQ)

Why open ?

Lem . GivenF < flatFlex
Loc free at

=> F Loc free at 1s
,
x)

2) X
proper , Flexx 10 free => JUE3 : Fluxx 100 free

If: 1) A + B local homism
,

M f. g.
B-mod

, Flat/A,W of loc . Noethringe
I M/m M

free over B/mB => M free/

Consider fiB" ->M S.

t- F** is an ison . = + sur

0 ->k + B" +M + -=Tori(M , #) + R**m
+ 0

=> k= 0

2) 7 fin .
U

: CSXX s. t
. Flu, o free & xX UK:

U = complement to Mp, (sxX-ui)



0 + k +Vo + F + 0
,

k, fat/s

By semicontinuity,Hks) = 0
, HFs 7 open

> conditionsVEHFs)
Once H(Fs) = 0

, PixF is a rector bable

& its fiber at s = HoFs)
V- HCFs) surj => VOOg +> PixF surj - near

S

=> V + HFs) surj - Wear S
.

-

What is achieved using GIT ? rk = r , Reg = d

Contravariant)
Model : functore : Sit0 .

bunfgiven
x3/

S . t - Vs semist. virvopL
B-Bund (st. (

5- S can form-

(Bund) pullback

Fine mod. space : scheme representing modeli
-

functor &
course mod, space : scheme X + not

. transform
-

B (s) + Mor(s, X)
s. t. B(pH -> X is bijection

↓ (nd) x9proj-var-ty&m . I course mod . space(d) for Bound
ifgd(i, d) = 1 then it is a fine mod. space

6) USi, d) := GIT quot.

↓deaof proof
: 1 can acras Exo by VivaL

be family ofvec. budles,
SXC PV is a vector budle/s

first at s : Ho(Vs)
Let 5 -S be a Gly-forsor of bases in

Ho(Vs)



Let i 6 induced family. Then

5xc have trivialize of HEVs)
~ ph - get a morphism

5 - Quot(O") landing in over open
Locus

compose with map to GrVmget
1

s - (GrV) compatible with GLn-action
-

Consider 5 -(Grv) GLn -invariant

PELn
Gog--this

gives nat
. transform

~Moduli of curves.

7Hilbertscheme:fixn doa,
j

Los
. Noeth.

S flaths 3
Gothendies : representable by Hill pr

= WHilln
h = Hilbert polyn - of YCP" : h(i) = X(Y, 01ly)
Hildh

is a

projective scheme

2. Curves in multicanonical embedding.
C Smooth (conn. ) Proj .

more
, 922.

ma
, 3im:<N

More generally , in : c", 494 =i+

degLx o



his (i) = X((i) = idegh - y + 1

C > /P
+

u)

*

point of Hildpr> GrH (PM)

Opr =0
, H H([0m) => H °C

, 0(m/c
neth Hilbert point-

f. CPent
.

in f hyperplane

me reduced degree :=
C linearly stable Linear proj i of C

from a lin. subsp .
apr

red. day . (C) < red
. deg (5)

reat : if 2 -> p(L) has degree d ,
(in. Proj -

define i to be the cycle d . [p(4)]

~
nother words

, deyi = day (pull-back of OS1) to C)

Ihm .

Fix g.d ,
5

, 7 e-ly many 130 s.

t.

↓ C41HT2)*, < (im-stable =>

genus y with Hilbert point of C

is stable.

Rop . deg L > 2g , 930 =

C41PH%,)
*

Lin
.

Stable



#ofProp. Need to know possible pairs

(des, 2) for 4 : - " st.

9) c) & hyperplane .

-
2

Ho(p0(11) < H°, 2)
car 1

.
H l = 0 => n = h(L)-1 = degL-g

case 2 . H'(Ll 0 => by Clifford's the

n - hi(L) - 1 = de
nu

reduced slope de
degl-9#Fregion

of posa

pairs (degh , n)

start with a point (degL ,
n = dyL-g)

Lin - projection - (degh' ,
n'

wher degl'Idegh ,
n'n

in the allowed range

=) defy dt

Proof ofThm is based on the HM-criterion.

CPHOL)*, mth Hild. pt at

Mn : SM Ho() = 4% (2) for large m

given a bosis (i) of H) & wts rie Est. 25: =0

> rots of monomials in S&H %)
~ weight filtration For S&H°) (depends on (ii))



Def . Let 3 .... en be a basis of HOLM) ·
We say-

it is ofnegative wt. ifa [Mm(Fzw
,
SHY) with

Ew;0.

key Lemma mth Hill . of CEPHOL*

is
-

stable (assuming Musurjective) ES # basis (Xi)

of HOL) & F (5 . )
#P)

- a basis of negative it in
&

ri = 0 Hom)

1
Proof . (Xi) . (Ti) + 1 P

.
S

.
0 : d + SL(T2)

-

2ri =0

I dim
.

mth Hild
. ptt X*Mm : /SMHO) -X

*
HO)

Set V = SH %)
, w= Hom) ·

N = dimHYL)

Given M :V W
,

we say theast e
.... ser is a

dink = N basis of ↓ of negative vt. if
# Vn
nEZ 36M(Vari) with IW, <

Consider : x
"

v = N
&

where XTV has indeed
I din 2-grading

Then = basis of neg rot in W) (** V)
. o

= X
*
W

Indeed
,

wt(e
, 1 . . . 19x) = [ w+ (9 :)

Given= = On,
write 4 = [ 4n > Yet **

Then 3) Inco : Ye 0

#Stability (by HM-criterion



Rankeofpolynomials. 2 j .
w.

Razholon , Vary)
-

Let sol(f) = min 35 : fe(l, , . ., 973

= min Gooding - 1 1 < (f =0) 3.
now . pol.Thm I f dag=d

-- -perfect field
= sib (f) Edsrk(f)-

(kazhan-P.) kC

after Perksen

Ex . f = x*+y/ solp = 2
, srby =1.

Ideaproof (similar to Perlsen for tenson
Introduce another notion of oh

, Grank S
.

t.

* sobu(f) =G(f) = d - sit(f) I perfect l

· &(f) = +(f)

&nition ofGrconsiderGatesaI

Ex. g = ding)t, 1
.
... )

, f = X
=> val((g(t) -f) = d

↑ (9(t) · 5) : = d. Ex . M(g(t),X ,Y)= 1

+
"
(f) = inf M(g(t) , 5) E . + &(x,) = 1

g(t)

2) le inequality : 201.
+ ful -

> +). ) + + &(tc)]
Ex . r

& (x,x) =



Proof of G(f) <d - srk(f) :

f = l
, f ,

+... + 2 frvaldi
-

Interpretation in terms of GIT-stability :

hmmm
-

~(k, ↑ Ew=(f
*P

; e
.. ..., en) +W = (4)

*

Bator
is G-semistable n = dn)

-

Hilbert - Mumford-bempf criterion :

w unstable (= ) 51-par. subge . 3 : Gu+ 6/p "+

Cim 3(t) -w = 0 Elvaly/31t20
t- 0

#Len =) If we not it
. Sind - c .

+ - vale (3tt-w/+ 0

1

(f*p
,

e
,--cen)

In particular , vale(3(th · (e, . . . . 2) 0 => 3/7EG(k[t])

↑ val
+
(3(t) -f) - dqval det(3)> o

E) M(3 , 7) <
Conversely, assume =g(t)eG(b(Ct])) : val (g(t)-f) > 0 &

p(g(t), f)< +
= vol

+ (9(t) · (
*Px1) > 0 (athnatn y + f(k(+])

-

=Danustable

Cor . r(f) = re(f)
,

in def - of if enough to take

g(t) 1 pur-subyr. /6
Iding,insomea



Remains to prove : sub(f) -+
*(f)

Assume &(f) < => FIPS g(t) : N - V (g-f) > d - ve(detg)
can assuce g = dog (t

- +) for basis (e...., en)
, dix

Let S := <i : a.
The

vetg)[: Is.it
=

/Slot
Claim : fe Leilies) · Stv( => sik(f)c +)
Indeed

,
otherwiseI monomal M in f,

s .
t. M only involves ej , jeS

=> ve (g · f) = v(g . M) < d.)

contradiction
--

unstable IPS

AboutRempf's the : Let veV
,

V: Cm+ G

Notion of Length on IPS
, Roll sit.

Ilgog"ll =1011 & 101=or) for 0T

B(w) := sup mo Can view ae continuea

unitf -n on sphere)
key observation : of r

& r: = B(o) Ye T has lel-t
↑

↓ max . tors

nee : m(0) = mineices , ei ..., for Linear function


