
Torus active-
a : GnxX ->X

kom aff-var . X > CIX] ((X] @ ((T
,
+]

algebraic action
a

+f = [π(f)+
n =2

f = Enn(f)= 57 = 25π(7)

M
*
g

*

f= [3m
*

#u(f)
=

zyin(f)
= M

*

πu(f) = MTu(f)
So
([X] =0[X] n , compatible with

nE] product
so aly · Gn-action> -grading of the alg .

([X).

Similarly , = O acts aff-var-ty X

= XCT) - grading of the alg . ((X)
(comp . o

. prod . )
Horn (T, (rm) = X ,[x]x= 38:

*

f=

XIS
V rector space ,

T + GL(V) alg repr.

xv = Vx (i . e
. diagonalizable!X=X()

M

=> V =CV
,

toi = Xi Stin , X
, .

. . . &n> XT)
=1

xc..nEV
* deal to (0: ) , so &[V] =CK

, 0.,a)

t - x
,

a
... x

*
n

= (x,

-
!.. x

*

4)(t)x% - xda
so CTVTT= spanh,

"
... d) EC: X: = 03

M = G(d, .
..

) [n) + 154,X:
=03 submonad

m
. c

. . .

> Mogens of ME) (Mi) genes of KTVJT



Ex .
Gmw(

* 3 . (x , y, z) = (2

x
, Y =

3+z)

M = ((a , 24 2 , 6)/2a
,
= 23]

gen-s of M : 22 ,
2

,
+ zes

((V]
#

= ((y , xz2]
-

Otclosures. v = zvx - wcX(T)
*o

i

&k supp(t)
-

=> Too < span (0x) ,
To r < Span/)

=> enough to study For in the situation
V

v = Zi <
X

, 1 ..,Xy distinct

P := convex ball (Wi < X(T)OR
rat-l convex polytope

face = inters. of PrH set - 4 is on one side of H

can take # rut-1
(includes P&0)

Def. Admissible face : PRH
,

H70 ,
Ponone

site

Ex ..
w = Ge,,

Le ,,
3e
,

3e+ zee ,
enter , 223

admiss . Succe : #, 9e23 , 72 ,
39,3 ,

P

Ex.
AssumeP.

. Then Fadmissible peF.
-

& admiss. ( OfP

Set Fo = unique face cont- 0 in rel
.

interior

I ⑦ otherwise
if o P

for adm
. face F

,
et VF = I Ex

* Fr K

Thm .

7 bijection &F- orbits in Fo37e admissible faces

TvF - F

uniqueclosed orBit # Fo



of For E> Fo = q

Fo =Tr E) of rel .
inter

. (P)

Proof :need TWE
admis.

supp(y, ) = wnF,

for unique admissible F

(iii) Tr
,
= Tof

Note: 10 Yaly,
varity Define tim f(t) as f(0) if

(separ .) +-> 0 f extends to /A.
It in classical topology

EmcV = Un
,

v = Eric
to
limt . w = /1 Wi

Pf : (i) zrHom(EmaT) = X(T) : %30 %
=

=> limo(t) .v = VE
T->0

(ii) write = ZZxx ,to
,
IW

XI

E = = (x' =n)( + 2 y0(w))n2(7) +03
Exer-

Fecour (I) is an admissible face (considerisa
↓

caim: I = E
.

x'eI =EnyX = zdpt ,
-

YEI
-a4 "y,

30

=>T. TKIT where
S

E
rEVIV open (1:0

,
it I)

V
Fr = f(v) = f(0) + 0

= xy , (y) + 0

=> X'EI
(iii) V(:= Spun (ox(X Few)

, VIFEVIF)
open where xy0 EXEFW



Note :
, , evO(F)

All T-orbits on VOCF) have dim = him F

=> closed => sep. by invariants on VIF)
in VO(F)

vo(F)Frk
=> Trinves on VPCF) extend

to T-inves on VFew
But 2 , :2 For so f(w)= f(x)= f(w)

F Trier. on VErk
=> To = Tr=

Cor. (0Thit of (i)) .

X affine , TN X,ET

=> JU : Em'> T st
. limU(t) ·XeTC

t-0

If: X Fegui .

" Too = Top ,
use of of wil

EX . dimT= 1 ,
T= Gm >

Wal
,

P = Tminw, maxk]
"Supp(r)

1) OfP = 0 & P admissible
,

so For = Towson
-

2) Of into => only P admissible so Tw = Ter

3) O isan

endpoint of P => 0 & P admissible Fr = To do

EX .
Cor

·
for T= km : Erw Office aot

-

=> eitherlim >x = or
lim J . x = 4

3 -0 x-> a

(both limits exist only if Gu = x)
otherwise P - X

Suppose X (Sep) variety, GMAX , X = U En-Mr· open

PEToss , Uso Kin - open office = I
offices

= either him x.x = do or him J -x = x
.

3-p *->A



letmumfordcriterina
I

gunique) closed orbit

Then JV : kn + G iPS s .t . CimUH)xEGy.

t-0

Cor GAV (in
-,

Ergo =Y7u : limust)u = 0
.

-

red. +->0
conn.

r

Cor
·

Gx closed> Fr : Em- G IPS if tim rith exists
- T-30

then it is in GE
In part , iflimistix exists only for1 then Ge is closed.

Cartun decompen .

Recall : J KCG max . comp.
- subgr. S .

t.

E compact K
,
CG

, 79k, g" < K.

EX . U(n) < GLn(K) satisfies this property :

I suppose K ,
<GL(V) compact

fix a pos . Herm . form on V.

averages
,

my K
,
-invar

. H-form

so k,
< gU(n) gt

let T < G be max
. torce

S/

In
GER , ET max . comp -

in E
,

can conjugata
so 1

,
C K

The . Then C = KTK.

Ex. G = GLn(C) ,
K = U(h) , T = diag .

matr.

Eg = R
, +Bu ,

where Rake unitary

↓ t diag .
With >0 entries

sing ,

value decomposition



Eof HM- criterion.

Step 1
. Enough to prove : =xEGX : Fxn Gy + &

-

Indeed by Cor. about closures of toric orbits then Fr: QueT
IPS sit

,Cm Ultx'E Gy . If x=gx , thenlmgv(t))
g"limu(t)x' = Gyt -> 0

StepEnough torove the sametclassicala
-Zar -class.Indeed S contains S & 5Ear= -classif

&

(for <X a subset) S is zar· open in =5 Zur

Indeed , can assume s irred
, so y = 5 is irved.

#
Thm U Ear· open in irred. var-ty Y/x = 7
-

↑ R dense in X in class . topology
Mumford Easy case : Y =" Need : if f is to pol,as

then hypersurf . (f= o has no interior
.

But otherwise,
&

Taylor series of f at some point in EO
, impossible.

Hence ,
the assertion is true if Y is Ear . open in K"-

-fencase(Mumfordgiveamoreelementary oab
"(4) <i(Y) can assume y smooth.

~ fi
= Y = V Y: open covering & Y:

-> Y: fin·tale sit.

& open

In
F:(h) dense in Y: = Maxi dense in %:

(in class.top)
-

Step3, Use Cartande. G = KTK > so JEKTK
-

Claim : RTEs = K - Ex
·

Indeed, the action
(in class. top.

-
map

# XXEX is proper in class
. Topology (since P2 is (

( St Il

(km)kxX(X X Loc . compact ( =) ap(closed) is close

ale Proper
=> K . Ex is closed

so can assume yeTEx (since the statement depends
only on Gy)



Step 4
.

Consider it : X -> XX+ cont. in class. top.

=> π
+(y)(π+(Tkx) = π

+ (kx) = =R + k :

π(y) = π
+(kx)

=> Fyn Fix #O (both contain unique closed T-orbit

=> Ty n+ 0
ini+

+ (y))

"g
Ex . G = SL(k) a S"(K"(= f(X , 3) homong of dy n.

Clam: 6770 EX f has hin. factor of mult.&&

f+ 0

↳

If :
↑ v : Entdis conjugate in G to 8 : 3 +day(b , 5)

IPS
n -ii8(b)(xn

-

:yi) = yn
-zi

- X Y
lim volCflzp only X-iyi with is appear
3-o

Es mult
. (x) >

him grolbig" (f) = 0 =) mult . (x) in g"(f) >*
E) mult. (gx) in f >*

clas . Of closed, E) either each (in. factor has mult< "f+ 0
or n = cr

, f = e,
K

#:tim Volb)f exists only xnigi with i appera

E) mult . (x) E
so mult

.
#Lin . factor <* => Gf closed.

Assume n=2 ·

can assume

f = X
*f,

& Gf closed => limvo (sif = c x"y"=> f ~2. x*yk
#

lim ding (3,
3) (ax + by(x+dy= him(ax

1 -> 0

exists <6= 0 or d= 0

&

say 6= 0 => tim = (adxy) =(xy)" ,
so of closed.



EX . GGLy (C) ole = Mat
,
(C) adjoint action.

Suppose G not closed => changing g to
conj·

get y: lim diag (tE/ exists & yxx ,
man

m-n

x = (a) , (e)()(E)=)m+n

so c = 0
, y = (a)iyyx = a =d

,
6+ 0

so Gx closed #> semisimple.

Ex G = Gln(De Math (6)--

8/t) = ding (thmet....... ) n
, 34z ..

him exists mess block D-F
, y x x we nonsemisimple .

-

Empf-Nessthm. G red, group ,
GAV (nearly

# G max, compact as before ,

[] R-inv-t hermitian sc . prod .
on V.

=
↑K +

M : V + Lie(k)*: ((r) , x) : = <, 2) I

M decal/IR Note :< skew-hermition

mometa M is K-equivariant.
so [ar,) = -(,v)

-

cpX
-torus A V m> Xx ..

, XeX(T)Ex .
G = 1

=((*]n
take valuesLie(s . ) a Lie(e*) =-X = X

.

(T) , EdX(cie(R) in IRR iRak
can view i . dX& Lie (k)

* Sign

* 150 (x(k)) = 1 for DEK
.

so <0,
03 = /z: / is F-invariant
-
2z:

V
: x . v = [(X,x) . z:

v

"
27;Vi

= M(r)=zjLie(k)
*



#hm(Rempt-Ness) Grclosed g
attan in a

In this case GO-M"CO) is a single
R-orbit

Proof: Can assume F0.

1)=> 2) Assume Go is closed
.

06 = 790 : //xdon 60 =

1 attains minimum on Er (since CownlSt)
2) => 3) Let ~

,
60 be s.t

. 10ol is minimal .

* xeLie(k) < Lie (f)

* (explity)/= 0 at t= 0

=>Licen
so(x,2) =0: . e

. M(z) = 0

3) =>1)
Assume M(U = 0

,
but Go is not closed

HM-criterion : JU : Em + G
, compatible with K

i. e . r(S) < K s .
t. LimU(t)v exists

Then
7 -oGe

v = limU(t)v= 2
.&V

: comp-s W
. r.

to 0
, -to

i0

x= do(j) , ((r) ,
x)= 0 =(x2,

2) = 0

"[m/wi1
myy

=> v= Vo

NowSuppose MGRT0

Reduce to the case G =T
. T/TNFREIR"

exp
Consider

the function : R= T -> I talk
Tnk



V = EX; as T-repr., (2) Orthonormal
, v= Iziri ,to

/

f(x) = 2/zile filze
a Sj = di/,n

= IR" - IR

Yp"
Sto = ( + (tr= 03 = (t(Xi(t) =13 ->TH1 + image = 1 berled

f(x) EMCO) => 3) Crit. point of fo f descends to RY "
M-

# aff. Line LCRY Fly has positive Ind derir.M
=> for RY is strictly convex with unique crit. point

= minimum
=> V

,
= Vz

Cor . Va = M "(0)/ as top spaces
space

(this is Hausdorff)
Ex .

(
*AC"

, b(Y, 1 - >Xn)=(aX, - +3xn)y = z(xi)2
so p"(ol = 203.

Ex.
*-

,
t - (x, y) = (tx

,
++y)

si IM(x, y) = (x)2- lyp

*
If consider same action on XC*-0

,
all orbits

will be closed
, X = U

, VU
X+0 Y 7 0

/ ~ We/y
sX/j = Au non-Hausdorff

I'-o



Tur
,i

- 130
↓

Proj(A) = USpecA(f) , equipped with eleaves SPec(Ao)
degf>o O(n)

Ex . Weighted proj · space IP(d
, c

..cdn) = Proj C[X.c*n]

I
degX; = di= G(x: . - -

: xe)i
. ..

: xa) =(3x:.. =y
*

xe)Yo

U. IP(d . ...
da) g(d)d ... -cn)= 1

S

(x:+0) = Ar, m = 1cm(d ... -, da)
uts (d, . .. . .di

=> O(m) invert
.

Line badle

c[X,. . . .. Yn)([k, c -- 4p] =, ri
1 degni =

finite([X1 ..., Xn) -module

up
*

= Proj [, .., 4n) IP(d. < .., dn) finite
morphi*P(m) =P(m) imple

=> IP(d...., dn) projective ·

= Proj(A) + Spec(A) projective
A ↑
* Spec(Ar) x1P(d , c . --, da)if A = Ao[X>Xn]/5 > degxi =di

Rem .
In fact it is the quot : map w. r . to

Y

Ma
,

X
. . .

X /Ma action on IP"



GaX 18 : G +m
char-r

red . go . aff. var. Assume - of infinite
(off . Sch . fin· type) order

([X]Gno:= 9719 . 7 = (9) . 73

~ RX
, G=&ht graded alger

deg = 0 comp-t = <[x]G
Lem . RX

, 6,8
is fin.gen , as D-alg.-

If" Consider the action of G on XXK

g .(x, z) =(gx, 0(g)z) .

Then ((X, ]"= G(X]z
n > 0

fin ."gen - as proved before.

Lef · X : = ProjRx
, 60

Proj- over speceix]
11

X16 -

Def . xeX is F-semisable if 7130 &

fe]n
X=XF- S X G-inv · open subset f(x)+ 0

Thm11550 : yo->C G -inv
-

Xirreded
office

xo-s -XG

Z ↓ commutes.

X - X/6 X normal = X 2 normal

2) it isaquotient (see below) =>

categ · quotient



Recall criterion for being cat. quot.

Def .
AX, iT : X + X good quotient

↓-
-

1) G-inv ., 2) surject., 3) (TX0x)
*

= Ox >

4) it (G -Mr· closed) is closed
, /Zil = n (Zi) &

5) it affine enough for
tin

.
#

Have seen : X aff ,
Gred .

X + X1/6 is good quot.
-

good quot. > categ · quot.

Lef . GCometric quotient : good quot. . 5 .
% . E fiber =

single orbit

same proof as before :

X - Y good quot.) F fiber it/y) = NO s. + -

-> O
,

7 unique closedorit
t

Exercise:
1) XX good quot · for G2Y

=> open US Y
, "(H) -> U is a good quot.

2) Y = UHi ,
i(i) -+Hi good quot.

=> so is it : X --> Y .

somce for geom - quot.

1of Theorem
.

R = RX
, G,, Rn =[x]G,no

office
feRn

,
no m open Xy X where for

Y affine
open Spec (R(f) < Proj (RT

If

deg =0 part in RTf"]



R(f)[Xq]
*

clear if[X] is a domain

so spec(R(f)) = X7/
So we have Xe + XelG good quot-

F

Easy to check : glue into global it : X + Proj(R).
Namely , Xfifa **

f· R(fife) -> ([Xfifz]
↑ ↑ commute

R(f , )
+ k[Xf ,

]

Let ze XeX2 < ProjIR) ·
Claim : (1 %)"(2)c Xe

enough to check (10)
"

(2)nXf, < X874

xXe. Xf, /G
j

477
, 427z

*Afg = Principal office in R(f) Corr
· todeta

E"(Xff
,/2) =

corr· principal off in Xp, i
. e . Xff,

Thus
, Yf =(

*)" (X=xa)

By Locality ,
T : X + Proj(R) is a good

quotient-



Ex km" 3 . (x, < .., xn) = (bx , c - > &xn)

C(X, c .. > Yn] with dey (xi) =
8 = 1 or R = S-I C

= -1 mIm
= P

,
Semistable lowe = (A-0

Similarityweft d . c -a de LO me (dia->
du) .

Ex Consider GL(W) - Hom (W, v) =X
-

g . A = Aog
f = C [Hom(W, r1]

g · f(x) = f(g
"A) = f(Aog)

·
2 = (*)

*

=Link di Hom (w , XV),y
*

choose word - i f : A - @XK) - minor corr
.

to I</in]
I (1) =k

f= (Aog) = detg - f= (A)

Take O = det : GL(k) -> Kom



Claim : O-semisable love = A s. + A : WGV
-

injective
* injective () I : fI(A) + 0

H
-- semist -

Assume rA < R =MoA=dGesel

consider V: Gm -> SL (w)
r/3) = ding (b, ....

b
,
5

**

)
Then limv()A = 0 so #f : f(Aog) =(etfA

3->0 n >0

-3 : f(u(b)A) = f(x) = f(0) = 0

=> A is unstable
.

=S = SR , )
RX

, G((w) ,
det

X-> ProjR surjective => ProjR- > Projs regular
morphismThe action of GL/N) on XS is free

=> all orbits are closed

=> fibers of X-> ProjR = Orbits
N

- IP
but fibers of X

*
-> Projs are also orbits

since this cande identified with

X
*
-> G(k, n) IPN

Plicker embedding
=> ProjR-G(14) is bijective &

G(B, n) - smooth > isom-sm
,

so X/GL = G(en)



#oric GIT
. ConsiderTo

~ V m supplit < X(T)
.

Thm - VO-sE) @
30 [supp(v))--

=> IR
>pOr conv- hall(support

1

If : suppose no = [ ny X
,

1
,

30 ·
#

X= supp(y)
For each Xesuppo =:(x) : X = Xi(x) &(1 +0 on 0

nxTake f= T oi) then feC[VJTI no & f(r)O
*Esuppr

Conversely , if FFECTVITiNO s . +- f(0) +O

then can assumef monomial
, f = Me:

"i

=> Xi esupply) => n E [po <supplot)

for

. VO-70LEIRgot n conv.hull (X, ... Xv) + &

Recall : V- is projective over V/T

V
+

= 4097C[V]T= 0 E) Of couv(X1.>XN)
Note : there is a biggertor GA our
- Y

Traction is given by hom-sm T -> E

2 -x(T)
. y(z) < x(T) ,

20
+ -> T= C* 1(

e ; -> Xi x(TY)
=> reduce to the case y is subjective E) TCs



R acts on OCTITINO onXy
= X

n30

Tacts by rescaling => T:= Guy AX

with dense orbit .

Also
, X is normal

u X is a tor is variety.

Note 0X
.
(T) =*

-X
. (T, ) +> o

↓ X(T)
2= 8

-N duel to

8 = 4(z)mMu
=XT

l
ism)-

(m/ < M
,
r
:), -a : 3

0- M
,p

+ 1
* = X(T)p+ polyhedron

P == (= M : y(5) = 03 < N
O

"Pa + #Modesta
varity w

. T
,
-action from polyhedron :

PCMp out. polyhedr- u C(P) CMMYR comerua
~ Sp = C[((p)n(x2)], so Spin =KspMP n2)

semigroup ring
~ Proj(Sp) , m-goading on Sp m> T

,
-action on Poj)sp

-

In our casene > monomials in CIVJT,
no

-m+ n

S
Pa

=> Sp[TinProj(sp) = T



Ex .
GMEA.s 1

..., ) ZEgN
1 ze:

N = Zei ,
Mczn

< 4 :-
[x;

= 0

- =14 po = (x, 30
, 2x = 13

Egn=, A etc.
5 M

Po 248
~> Projk[Yo , Y, ]

v =3 P = D 42x = 0

FRmXGmw A" (, m) · (x ..
*

2 · Yic Y2) =

(3x, 3x2
, My< MYz)

E = (1 , 1)
ats : w+(xi) = (10) ,

wt(x2) = (0
, 1)

2 - Semistable Ex supp(u) = & (1. 0 , 10, 113
C=) one of X: 50 & one of 7: +0 ·

C[VJTinE = homog. of degn in x & in y
[

CT]n*[Y.Yz]n the get Segre
algebra

=> GIT-quotient = IP'XIP !.

M = 24 P = product of 2 intervals

x
,
+3= 0

, y,+y=0 - = square



EX · Guw#"ij J/(
ut (x, ) = v+(x(2) = 1

,
xt(x,2) = vt(x2) = - 1

f
,
= 1m 19 = (0/(1 132) =(0 . 0)3

-=1
ES

= (v/(2,3) + (0, 033

En-action on VG- is free,

va-, - p CEVJm spanned by
Gu

v = (x:xzz) u=3,
7

,2 , 392,

5,
n=xzx22 , 7242= Ez

clam : Vo, = tot(0(1) POG)
Gm Pi

itsmall resolution

V 7 "Conifold" [u, 42 = vv}CA"
Gu

it ison-away from o
,

in
"(0) = ID1 (*2=o

-
If: over 30 cord-s on the quotient :

4 = x
, 32 , = 3, &t= S

over Sto :
Us in & s=

transition : Un = 0 · t , = U..
t

between charts

same descr for Venes but with different Ip

vo,
Kom

-->
V,om isom . away from codim 2

This
is calledStiyah flop



Blow up of sing. point in (1,4 = v, 2)

X= tot P(y
,
+)

< Q = Pix IP IP
Q

dimV
,

= dim V2 = 2

X = 4 v,
= 2

, 22 V , f :, + 43
↓

X: =[A : V +Vy/rbA = 13
*

- -L

-Aliyah
34734) A: 2

,
+V23 &Ve , Az: V + ↳]

-
Xo= GA : V

,
->X /rA(1]

Important property :

wx
,

= 0x
,

cwx, * OX
Indeed

, WX
.

= Oxo since Xo is a

hypersurface in
Y

=> Pic(X , ) = Pic(X
,
- Pl) = Pic (Xo- 203)

wx
,

= wx60h
↓

trivial



Ex .

Art ,
us = (1-1) , z

in- 2

4 : 2- 2

x
,
-xz

G= 1 : x
,
-x = 1

,
330

↓
0 = - : --= -

1
semist:

Seinist

x+p y=0

ProjCky , x] =/' Proje[y < 77 = Al

degio deg =
zeg =0 day =

EX . T= T
, XmEV ,

T
,

AV by
-

Xin-YnEX(Ti)
Com by rescaling

=> X(T) = X(T, )x z, its : (Xi < )

For F = (0, 1), Viso-semist. E)

OE Pri= couv. Wall (T
,

- w (2)) ·

indeed
,

no = In
: (Xi< ) = ) n = 2n;

0 = 2n;
X
:

Recall: T
,
-orbit of o is closed ()

O rel- int- of Pr


