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CATEGORIFICATION OF QUASI-SPLIT iQUANTUM GROUPS

JONATHAN BRUNDAN, WEIQIANG WANG, AND BEN WEBSTER

ABSTRACT. We introduce a new family of graded 2-categories generalizing the 2-quantum groups
introduced by Khovanov, Lauda and Rouquier. We use them to categorify quasi-split iquantum
groups in all symmetric types.
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1. INTRODUCTION

Drinfeld-Jimbo quantum groups were categorified by Khovanov and Lauda [KL10] and Rouquier
[Rou08]. They introduced a family of graded 2-categories whose Grothendieck rings are isomorphic
to Lusztig’s modified integral form for the underlying quantum groups. This was proved for sl,, and
conjectured for other types in [KL10|, and proved in general in [Web15, Web24|. The “2-quantum
groups” arising from this work play an important role in higher representation theory and the related
program to categorify Reshetikhin-Turaev invariants in low-dimensional topology.

In this paper, we introduce a more general family of graded 2-categories which are expected
to categorify iquantum groups arising from quasi-split quantum symmetric pairs. We prove this
whenever the underlying Cartan matrix is symmetric. For simplicity in the rest of the introduction,
we restrict our attention just to this symmetric case.

Let @ be a loop-free quiver with vertex set I and #(i — j) arrows from vertex i to vertex j.
The corresponding Cartan matrix A = (a;;); jer is defined by

p ifi =

SR ) - #G D) i
Also fix a realization of this Cartan matrix, that is, free Abelian groups X and Y with a perfect
pairing Y x X — Z, (h, X\) = h(X), and choices of simple coroots h; € Y and simple roots a; € X
such that h;(oj) = a;; for i,j € I. We assume the simple coroots are linearly independent. Let
7: X — X be an involution with dual 7* : Y — Y, such that 7(«;) = ar; and 7*(h;) = h; for an
induced involution 7 : I — I. It follows that a,;,; = a;; for all i,j € I. Let Y* := ker(id +7%).
Also define ¢ € Z! by setting

@ij o=

)1 ife=m1¢
T Y #6 — ri) ifi £ 7.
To this data, there is associated a quasi-split iquantum group U*. It is one of a general family of
Q(g)-algebras introduced by Kolb [Kol14], following Letzter’s ground-breaking work [Let99] in finite
type. Letzter and Kolb constructed U* as a certain coideal subalgebra of the quantized enveloping
algebra U = (¢",e;, fi | h € Y,i € I) of this Cartan type generated by ¢" (h € Y*) and

b == f; + q"erik; !

for i € I, where k; := ¢. The pair (U, U?) is called a quantum symmetric pair associated with the
Satake diagram (I, 7). Ordinary quantum groups U can be viewed as a special case: they are the
quasi-split iquantum groups arising from quantum symmetric pairs of diagonal type associated to the
Satake diagram (It LI, ), where I* are copies of I interchanged by 7 (see [BW18a, Rem. 4.10]).
We need here the modified form U* of the iquantum group U introduced in [BW18a, BW21].
This is a locally unital algebra with mutually orthogonal distinguished idempotents 1, indexed
by iweights A, that is, elements of the quotient Abelian group X' := X/im(id+7). Denoting a
pre-image of A € X* in X by )\ we use A £ a; to denote the image of A+ o in X" and set

A= (hz — hm)<)\) e 7.

Also let bgn)1>\ be the usual divided power b?l,\/[n]; if ¢ # 71, or the idivided power from [BW18b,
BW18c| if i = 7i (see (3.7) below). Then the algebra U can be defined by generators and relations
as the locally unital Q(q)-algebra with distinguished idempotents 1, (A € X*) and generators b;1) =
1x_q,;bi for all « € I and X\ € X", subject to the relation

1—a; —ij

> (0 T T =6 [T (@ — a7

n=0 r=1 =4

_yaiggrimsi— () () reen
(—1)%iq _1q é i)y,
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Generator Degree
p . Bil, = Bil, 2

[\ : BBy = 1, L4+ —XN

TU y Iy = BBl L4+ — N\
,—/@A:]I,\:]b\for()gngg—&- 2n

J i

></\ : BiBj]l)\ = BjBi]l)\ —a; j

L J

TABLE 1. Generating 2-morphisms of LI*

for all 4 # j in I and A € X*. The mysterious expression on the right hand side of this relation
in the case i = 7j was worked out originally in works of Letzer [Let03] and Balagovi¢ and Kolb
[BK15]. The case ¢ = 7i is also difficult as idivided powers are more complicated; the relation in
this situation first appeared in [CLW21].

Now we come to the new definition of the 2-iquantum group 4*. The full formulation of this given

in Definition 3.4 applies to symmetrizable (not merely symmetric) Cartan matrices but requires a
mild additional hypothesis: if i,j € I are T-fized points then a; ; = aj; (mod 2) (see Remark 3.3).
The definition is a bit tidier if we make the following stronger assumption: if i,5 € I are 7-fized
points then a;; is even. This makes it possible to choose the orientation of edges in () in such
a way that #(i — j) = #(7j — 7i); in other words, 7 defines an isomorphism from @ to the
opposite quiver. We assume this is the case for the remainder of the introduction. We also fix an
algebraically closed field k, which should not be of characteristic 2 if a;; # 0 for some . For each
i, let ¢; : X — k™ be a group homomorphism such that

o ci(aj) = (=1)#U=) for all 4,5 € I;

o ci(T(N) = (=1)MWNey(N) for all A € X and i € I with i # 7i.
Assuming that the simple roots are linearly independent, such a family of what we call normalization
homomorphisms always exists. For i,j € I and A € X* with pre-image \e X, let

) = {cl- A =7(N) if i 7i G {ﬂ% if § £ Ti

(—1)m® if i = 7, -4 if i = 7i,

choosing the signs of {; and (,; when i # 74 so that one is positive and the other is negative. Let
(2 = y)* Dy — 2)#0=Dif i o Qijlr,y) ifis]
Qi) =Y T Ry = G0 TF
0 iti=j, 1/(x—y)* ifi=j,
Qi (. y) = (1) Qi (2, y).

The 2-iquantum group $4* with these parameters is the graded k-linear 2-category with object
set X', generating 1-morphisms B;1) = 1y_o,B; : A = A — o; for A € X* and ¢ € I, with identity

2-endomorphisms denoted by unoriented strings ~— |
7

in Table 1. The generating 2-morphisms are subject to certain relations. We write these down
using a generating function formalism which has proven very useful in previous work, for example,
[BSW20, BSW23|; it will be explained fully later in the text. Briefly, our generating functions are
formal Laurent series in a variable « =1, and the variables z,y, z denote dots on strings in order from
left to right. We omit 1- and 2-cell labels which can be inferred from context, and we omit them

A, and the generating 2-morphisms listed
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altogether if we are writing something which is true for all possible labels. There are also a couple
of shorthands for important generating functions:

6= i X o

n>0
—%idﬂ)\‘FZ ,—jOn)\ u_n_l ifi=ri
() u n>0
T u) A )
Z ,/@)\ SN N+Z T’Q o wlf i £ T

n>0

Here are the defining relations:

[,-,-Q(u) /\} = G\ usi N idy [er(u) fQ(fuﬁ a0

UI>G—

#(O(w) }—[Ri,ﬂu,wj=[Rﬁ,j<—u,x>j—{ () , U = U : [\ ="y,

- p-ffom ] W menr
- ><_573H_”3r\ HK=X

e +o [%o«o] ,
; u:—1

7

z§< >§ =0k *H‘"MWW + 03 rj0j 7k %gjO(u)+— iO(_u)‘/{\%
koo j

The 2-quantum groups of Khovanov, Lauda and Rouquier are isomorphic to 2-iquantum groups
of diagonal type. There are two other special cases already in the literature: the categorification of
iquantum groups of quasi-split type AIIl with an even number of nodes from [BSWW 18|, and the nil-
Brauer category which categorifies the split iquantum group of rank one from [BWW24a, BWW24b]|.
The dictionaries to all of these special cases are explained in Subsections 3.4 to 3.6.

The main results proved about this new family of 2-categories are as follows.

e Theorem 5.10: We prove that 4’ is non-degenerate. By this, we mean that the spanning
sets for its 2-morphism spaces which are obtained by an obvious straightening rule are
actually bases. This result generalizes the non-degeneracy of 2-quantum groups conjectured
and proved for sl, by Khovanov and Lauda in [KL10|, and proved in general in [Web24].

e Theorem 5.17: Then we explain how the graded ranks of 2-morphism spaces in 4* can be
computed using the non-degenerate symmetric bilinear form (-,-)" on the iquantum group
U* defined in [BW18a, BW21]. This extends [KL10, Th. 2.7].

e Theorem 6.5: We classify indecomposables in the appropriate idempotent completions of
the morphism categories in 4*. This is done by equipping the path algebras of these cate-
gories with graded triangular bases in the sense of [Bru25|, with underlying Cartan algebras
that are certain quiver Hecke algebras (see Definition 6.2). These bases also lead to the
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definition of standard modules for the morphism categories of 4, which are standardizations
of the indecomposable projective modules for these Cartan algebras.

e Theorem 6.18: We prove that the split Grothendieck ring of 4" is isomorphic to the
Z[q, q~']-form UlZ of U” generated by the divided /idivided powers bgn) 1. This generalizes the
known result for 2-quantum groups which was proved assuming non-degeneracy by Khovanov
and Lauda in [KL10|. A consequence is that isomorphism classes of indecomposable objects
in the categorification give rise to a new basis for U’LZ which we call the torthodox basts.
Standard modules correspond to another basis, but over Z((q)) rather than over Z[q,q™!],
which we call the standardized orthodox basts.

In the main body of the text, we work in a more general setup than in this introduction, allowing
Cartan matrices that are merely symmetrizable, and more general choices of Q; j(x,y). We conjec-
ture that $* is non-degenerate in the general setup. However, at present, we are only able to prove
it for “geometric” parameters as in Example 2.3; this is more general than the situation described in
the introduction but still only applies to symmetric Cartan matrices. The other results referenced
above are proved in complete generality but depend on non-degeneracy.

The main technical tool at the heart of the paper is a 2-functor =* from LI* to a localization of
the 2-quantum group 4 associated to U; see Theorem 4.1. We view this as a categorification of the
standard embedding U* < U. The insights gained from the calculations establishing its existence
were essential when we were working out some of finer details in the defining relations of *. The
2-functor =* also plays a key role in the proof of non-degeneracy. We point out a special case of
independent interest, which is a variant of this functor for ordinary 2-quantum groups related to
the comultiplication A : U — U ® U; see Theorem 4.2. We use this in Subsection 5.2 to give
a self-contained proof of the non-degeneracy of 2-quantum groups for any symmetrizable Cartan
matrix and any choice of parameters, making this article independent of [Web24].

Another important ingredient in our approach is an isometry j between U1y and the algebra f
that is the negative (or positive) half of U; see Theorem 5.12 which extends [Wan25, Th. 2.8] and
[BWW24a, Th. 2.1]. The iSerre relation is equivalent to the relation obtained by applying 7~! to
the ordinary Serre relation in f. This point of view leads to a new proof of Balagovi¢-Kolb-Letzter’s
relation; see Subsection 5.5. In the categorification, the role of the isometry j is played by the
standardization functor arising from the theory of graded triangular bases. We use this to prove a
categorical analog of the BKL relation; see Theorem 6.16. Our proof is quite different and much
shorter than the one in [BSWW18| which treated the special case a;r; = —1. The other cases of
the iSerre relation are categorified by a more explicit split exact complex, which is the same as in
[KL11, Cor. 7] and [Rou08, Prop. 4.2] when i # 7i, but there are additional subtleties involving the
nil-Brauer category in the difficult case i = 74; see Theorem 6.13.

Moving forward, a basic open problem is to find situations in which the iorthodox basis coincides
with the icanonical basis for UZZ from [BW18a, BW21|. This is closely related to the positivity of
icanonical basis, which was proved already for finite and affine Satake types AIIT in [LW18, FLL*20],
and conjectured for all locally finite symmetric quasi-split types in [Wan23, §9]. In view of this,
it seems reasonable to conjecture that the iorthodox basis in characteristic 0 coincides with the
icanonical basis for these types. This is already known to be the case in finite ADE diagonal types
[Web15, Th. 8.7], for the iquantum group of split rank one [BWW24a|, and for the iquantum group
of quasi-split type AIIl with even number of nodes [BSWW18, Th. A].

The icanonical bases arising from iquantum groups of quasi-split AIII types are intimately con-
nected to Kazhdan-Lusztig theory in types B/C/D. In view of this, the 2-iquantum groups of these
types introduced in [BSWW18| and the present paper are widely expected to be related to the affine
Brauer category introduced in [RS19|, and the affine Brauer algebras appearing in many previous
works such as [Naz96, AMRO06, ES18|. It would be interesting to find a conceptual explanation
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(1)

o1 and A, are related to

of this which is similar to the way that 2-quantum groups of types A
Heisenberg categories in [BSW20).

Conventions. We work over an N-graded commutative ring k = Eano k,,; for Theorems 6.5 and 6.18
we need ko to be a field. We use k* to denote the homogeneous units in kg. Let [n], denote
the quantum integer q;:qq:ln’ [n]; be the quantum factorial, and [mq be the quantum binomial

coefficient. The bar involution on Q(q) is the field automorphism f(q) — f(q) := f(g~'). We also
use g to denote the upward grading shift functor on the monoidal category of graded k-modules,
ie, (¢V)n = Vi—1. A free graded k-module V' is locally finite-dimensional and bounded below if it
is isomorphic to k®/(@ := @), _,(¢’k)®™ for a formal Laurent series f(q) = 3 ;c;n:¢" € N(¢)). In
this situation, we denote f(q) by rank, V' (or dim, V if k is a field).

By a graded category, we mean a category enriched in graded k-modules. A graded 2-category is
a category enriched in graded categories. If C is a graded category, the dual graded category C°P
has the same objects as C. For objects X and Y in C, the morphism space Homgop (X,Y) is a
copy {f° | f € Homg(Y, X)} of Homg(Y, X) with deg(f°P) = deg(f) and f°P o g = (g o f)°P.
The opposite €°P of a graded 2-category € is the graded 2-category defined by reversing vertical
composition (its morphism categories are the duals of the morphism categories in €). The reverse
€™V is defined by reversing horizontal composition (its morphism categories are the same as in €).

Acknowledgements. The authors would like to thank Alistair Savage and Liron Speyer for helpful
discussions.

2. REMINDERS ABOUT THE CATEGORIFICATION OF QUANTUM GROUPS

In this section, we fix a symmetrizable Cartan datum, briefly recall the definition of the corre-
sponding quantized enveloping algebra and Lusztig’s modified integral form. Then we write down
the definition of the 2-quantum group introduced by Khovanov, Lauda and Rouquier [KL10, Rou08|,
and record some further relations working in terms of generating functions.

2.1. The quantum group U. Let A = (a;;)ijer be a symmetrizable generalized Cartan matrix.
This means that a;; =2 for alli € I, a;; € —Nfori # jin I, a;; = 0 & a;; = 0, and there are
given positive integers d; (i € I) such that d;a; ; = dja;; for all 4,5 € I. We do not insist that the
set [ is finite, but the number of non-zero entries in each row and column of the Cartan matrix
should be finite. Let X, the weight lattice, and Y, the coweight lattice, be free Abelian groups with
a given perfect pairing Y x X — Z, (h, A\) — h(X). We assume that X contains elements «; (i € I),
called simple roots, and Y contains elements h; (i € I), called simple coroots, such that h;(a;) = a;
for all 4,j € I. We will assume that the simple coroots are linearly independent (“Y-regular”) but
do not require linear independence of the simple roots. Let

Xt :={X € X |hi(\) >0 forall i € I with h;(\) =0 for all but finitely many 4} (2.1)

be the set of dominant weights.
The quantized enveloping algebra U attached to this root datum is a Q(g)-algebra generated by

elements (¢")pey and (e;, fi)ier satisfying the usual relations. In particular, ¢"¢" = ¢"*t", and
ke — k!
lei, fi] = diy—— %
qi — q;
where k; := ¢%" and ¢; := ¢%. Our notational choices for U follow [Lusl0] closely, the only

departure being the use of e;, f;, k; for its generators, which Lusztig denotes by E;, F;, K;. We do
this so that we can use the upper case letters to denote corresponding functors when we pass to the
categorification of U. We view U as a Hopf algebra with the comultiplication A from [Lus10]:

Ale) = e, @14k Qe A(f)=1® fi+ fi@ k!, Al =q"® " (2.2)
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Actually, more natural for categorification is Lusztig’s modified form U. This is the locally unital
Q(g)-algebra P, ¢ x 1AU1, with the (mutually orthogonal) distinguished idempotents {1,[A € X}
and generators

eily = Lxta,6i, filax = 1x_o, fi

for A € X and i € I. The relations in U are derived from the ones in U using the rule that

"1y = 1y¢" = ¢"M1, for A € X,h € Y. In particular, k1), = q; hi(A )1,\ For example, the
relation displayed in the previous paragraph becomes [e;, fj]1x = J; j[h ()\)]qll s mterpretlng the

commutator [e;, f;]1x as e;fj1x — fje;1x. There is also a natural completion UofU consisting of
matrices (uy,)xpex with uy, € 1\Ul, such that there are only finitely many non-zero entries in

each row and column. We identify U with a subalgebra of U so that 1 auly, is the matrix with this as
its (A, u)-entry and 0 in all other positions. A general element (uy ) uex € U may also be denoted
as the infinite sum 3, oy ux .

Finally, we pass to Z[q, ¢ ]-forms. Let Uz be the integral form for U generated by the divided
powers el(»n)b\ = e?l,\/[n]i]i and fi(n)b\ = fflk/[n]:h for all A € X,i € T and n > 0. There are
some useful symmetries:

(linear involution) w : Uz 5 Uy, el(.")l)\ > fi(n)l,A, fi(")b\ — egn)l,,\, (2.3)
(anti-linear involution) 1 : Uz 5 Uy, egn)l)\ — egn)l,\, fi(")l,\ > fi(n)l)\, (2.4)
(linear anti-involution) o : Uy S Uy, egn)l)\ > 1_,\62(-”), fi(n)lA > 1_,\fi(n). (2.5)

Let IAJZ be the completion of Uz defined like in the previous paragraph.

2.2. The 2-quantum group 4. In addition to the root datum just chosen, we need some additional
parameters. Assume that k is an N-graded commutative ring as in Conventions. For 4,5 in I, let
Qi j(z,y) € k[z,y] be a polynomial which is 0 if i = j, and which is homogeneous of degree —2d;a; ;
if z and y are assigned the degrees 2d; and 2d;, respectively. We assume that

Qij(@,y) = Qji(y, ©). (2.6)
When i # j, we have that
Qij(w,y) =tija ™™+ Y e’y + iy~ (2.7)
0§r<7ai7j
0§S<—ajy7;

for t; j,t;; € ko and t; j.r s = tjiisr € k,gdiai’j,gdﬁ,gdjs. We assume moreover that ¢; ; is invertible,
S0 it is an element of k*.

Definition 2.1 (2-quantum groups). The 2-quantum group {4 with these parameters is the graded
2-category with object set X, generating 1-morphisms

EinA:1A+aiEi: A= A+ a;, ]lAfaiFi:Fi]l)\: A=A — oy (28)

for A € X and ¢ € I, with identity 2-endomorphisms represented by oriented strings T/\ and l)‘

and the four families of generating 2-morphisms displayed in the top half of Table 2. The degrees of
the generating 2-morphisms are also recorded in this table. The 2-morphisms in the bottom part of
Table 2 are not needed for the initial definition; they will be introduced in the next subsection. The
generating 2-morphisms are subject to relations still to be explained. Before writing these down,
we explain some conventions.
e We will usually only label one of the 2-cells in a string diagram with a weight—the others can
then be worked out implicitly. When we omit all labels in 2-cells, it should be understood
that we are discussing something that holds for all possible labels.
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Generator Degree
Z%/\ By = By, 2d;
il
><)\ : EiEj]l)\ = EjEi]l)\ —diai’j
g
m/\ : EZ'Fi]l)\ = ]1)\ di(l — hz()\))
\ /o i = BBy di(1 + hi(A)
@ Byl = Fily, 2d;
iy
><A : FiFjﬂ)\ = FjFiﬂ)\ —diai’j
i
i
X0t EiFjly = FiELy 0
{7
i
></\ : FiEj]l)\ = EjFi]l)\ 0
]
[\ BBy =1, di(1 4 hi(N))
UA (1) = EiFily, di(1 — hi(X))

TABLE 2. Generating 2-morphisms of &l

e We will label strings just at one end. If we omit a label or orientation, it means that we are
discussing something that holds for all possibilities.

e When a dot is labelled by a multiplicity, we mean to take its power under vertical composi-
tion. For a polynomial f(z) =, ¢.a", we use the shorthand

@ = 4@ =Y |
r=0

to “pin” f(z) to a dot on a string. Similarly, for f(z,y) => " (> 0" ¢ sx"y®, we use

g = ) =3 e |

r=0 s=0

This notation extends to polynomials f(x,y, z) in three variables pinned to three dots, with
the convention that the variables in alphabetic order correspond to the dots ordered by the
lexicographic order on their Cartesian coordinates. Thus, = corresponds to the leftmost dot,
and the lowest one if there are several such dots in the same vertical line.

e We use the following shorthand to denote the composite 2-morphism obtained by “rotating”

the generating 2-morphism:
e ::m/\ . (2.9)
v g i g
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Now for the relations. There are three families. First, we have the quiver Hecke algebra relations:

>< - >< =i ] |= >< - (2.10)

v 1

Ei :%% , (2.11)
v ] L J

§< - >§§ = bix Qﬂw-w%-% . (2.12)

{5k A" i g

Next, the right adjunction relations:

-] e

1 (2 7 7

Finally, we have the inversion relations which assert that

><)\ : EZ'Fj]l)\ = FjEi]l)\ (2.14)
v

is an isomorphism for all A € X and ¢ # j, as are the following matrices for all A and i:
¢ U U e ) <o

T
(,><g AU AT ENENOEra R ) if hi(\) > 0.

Remark 2.2. The relations (2.10) are equivalent to the formula

§< D) >< = 0 %% (2.16)
i i ¢

v

M)\-i =

3

(2.15)

for any f(x,y) € k[z,y]. The fraction on the right hand side is the image of f(x,y) under the
Demazure operator.

2.3. More generators and generating functions. The presentation for i just explained is due
to Rouquier [Rou08]. In [KL10], Khovanov and Lauda found a different presentation with more
generators and relations. The two approaches were reconciled in [Brul6]. We will explain this here
in a form which also incorporates a renormalization of the extra generators. This depends on the
additional choice of homomorphisms of Abelian groups

ci: X = k¥ (2.17)
with ¢;(o;) = 1 for all ¢ € I, which we call normalization homomorphisms. Let
Cz'(Oéj) P .
——2 ifq
rig =g lig 7 (2.18)
1 ifi=j

for 4,7 € I. To match the conventions of |Brul6|, take ¢; = 1 for all . Another choice proposed
in [BHLW16] is to choose ¢; so that ¢;(a;) = t;; for all ¢ # j. It is very convenient when possible
to find such functions because it implies that 7;; = 1 for all 4,5 € I, hence, by further relations
recorded shortly, string diagrams are invariant under planar isotopy. Note we are requiring that c¢;
is a group homomorphism, whereas [BHLW16]| only assumes that c¢;(A + «) = ¢;(A)¢i(a) for any
A € X and « in the root lattice. It seems to us to be reasonable to impose this extra requirement,
and it will be helpful later in the article.
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Example 2.3 (Geometric parameters). Suppose that d; = 1 for all i« € I. The Cartan matrix is
symmetric. Let Q be a quiver with vertex set I, no loops, and #(i — j) directed edges from i to j
such that #(i — j) + #(j — i) = —a; j for all i # j. Then, for i # j, one can take

Qij(w,y) = (& — )79 (y — 2)#U0.
We call this a geometric choice of parameters for a symmetric Cartan matrix. It is particularly nice

if one can also find normalization functions with ¢;(a;) = (—1)#U=%) for then we have that r; j = 1
for all ¢, j € I; this is the case for the special situation discussed in the introduction.

Now we define the additional 2-morphisms:

-1
e Let ><>\ be (><)\ ) if ¢ #£ j, or the first entry of the matrix —M)\_Z1 ifi=4j.
i i

e Let [\ A be the last entry of ci()\)*lM)\_;i1 if h;(A) <0 or —c;(A)~! h”"'(’\)g A if Ay (X)) >0

Let U e the last entry of e;(\M.! if hi(X) > 0 or ci(W) 2 05, if Au(A) <0

°
e Let /\ Lﬂ)\ —f\Q\J

The equalities in the definitions of the downward dot and crossing just given are by no means
obvious; they follow from the next relations (2.19) to (2.22). By [Brul6, Th. 4.3|, the leftward cups
and caps satisfy the zig-zag relations:

U] ST

1 (2 () 1

We also have that

U \f U:U ﬂ:m f/\:ﬂ (2.20)

=& = e ey e
?ﬂ:ﬁ{’ ?/ﬂ:ﬁ’ ?Q:T;}Q{v }QZT”[?{ (2.22)

These follow from [Brul6, Lem. 2.1, Cor. 2.4, Lem. 5.1, Th. 5.3].

Remark 2.4. We emphasize that the 2-category U depends only on the Cartan datum and the
parameters @; j(z,y) chosen earlier. It is merely the normalization of the leftward cups and caps
and the downward crossings that depends on the choice of the normalization homomorphisms ¢;.

In most subsequent calculations, we will work systematically with generating functions, which
in general will be formal Laurent series in auxiliary variables u~*,v~!,.... For such a generating
function f(u), we use the notation [f(«)]y:n to denote its u™-coefficient, [f(u)]y;>0 for its polynomial

part, and so on. For any polynomial f(x), we have that

u—x u—x u—x
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We view the series

u_x—Za:ur_. (2.24)

as a generating function for multiple dots on a string, introducing the shorthand

é; - %— N (2.25)
The following is a consequence of (2.10):

3 D8 0 =5 K

The most interesting relations in 4 1nvolve bubbles. To formulate them, we first introduce the

fake bubbles*
@ A= (A) T Hdet [ ( r—s+hi(A) G/\ )} (2.27)

7 -1

for 0 < n < hi(A), and

@ 2= (M) det [ ( A Qr—s—h,‘m )] (2.28)

r,s=1,...,n

for 0 < n < —h;(\). When n = 0, these are 0x 0 matrices, whose determinants should be interpreted
as idg,. We put the fake bubbles together to form the fake bubble polynomials

hi(A) —hi(N)
@ A= Z@ »ouh N @A = Z @/\ u (2.29)
i n=0 1 i n=0 !

then define the bubble generating functions
O(U)A ::@@,\ —I—@A, Q(U)A ::@)\ —I—@A. (2.30)
The determinants in (2.27) and (2.28) arise from the solution of equations implied by the relations

[O(u) A } = ¢;(A) "t [O(u) A ] = c;(N)u MW, (2.31)

i w:>hi(A) i w:>—h;(\)
() 2 H(u) =idy, . (2.32)

Again, these are derived from the defining relations in [Brul6]. More generally, for any n > 0, we
define the bubbles of degree 2d;n

@ A= [O(u)x} . , @ A= [Q(u))\:| . (2.33)
i i uzhi(\)—n i i ui—hi(A\)—n

These are just the originally defined fake bubbles if n < h;(A) or n < —h;(\), respectively, and they
are genuine dotted bubbles for larger values of n. Note also that

)N = PERVCIC RN IS S R VLGRS PRI VLIC R N [Tt Endg (1), 2.34
A

n>0

p the literature, our fake bubbles are usually denoted by negatively dotted bubbles, a convention introduced by
Lauda [Laul0]. This would be too confusing in this context—later on we will invert dots on strings labelled by i = 74,
so that negatively dotted bubbles will have a natural meaning.
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O = ) w N7 e g (Nu MW idy, +u "N k[u™"] Endy(1,). (2.35)

n>0 "

To further illustrate the usefulness of the generating functions, we next record the remaining
relations from [KL10| written using them. They all follow from relations derived in [KL10, Brul6]
by equating coefficients, but this takes some effort. Most of these generating function forms were
originally worked out in [BSW20, Web24]. Let

i Qij(z,y) ifiF#j
Riyj(x,y) = 1 . . (236)

Then:

| Ow ~Ow i) O | = () %Q(u) | (237

}C@: - %D O(w) : @{: O(u) %D : (2.38)

J

i w<0 i U o du<0 ,
&) = (1] G+ %{Q(u) o (] Q(u%f%] ,
£ ‘3 A i T duco
- . (2.39)
§<]_>?; — 560 %@ @%%@ @}%M (2.40)

The following theorem is a version of the main result of [Brul6|. It gives another presentation
for £{ which is more symmetric but less efficient than Rouquier’s presentation formulated above. It
is essentially the presentation of Khovanov and Lauda from [KL10].

Theorem 2.5. The 2-category U can be defined equivalently as the graded 2-category with objects X,
generating 1-morphisms Eily = Lyio, Ei, Filyx = 1y_o, F; (A € X,i € 1), and all of the generating
2-morphism listed in Table 2 (both halves), subject to the relations (2.10) to (2.13), (2.19) to (2.22),
(2.81), (2.32), (2.38) and (2.39) (interpreted using the shorthands (2.27) to (2.30)).

Remark 2.6. Yet more relations can be obtained by partially or fully rotating (2.10) to (2.12)
and (2.37) to (2.40), i.e., attaching some cups to the bottom and some caps to the top of these
relations then simplifying using (2.19) to (2.22). For example, the full rotations of (2.10) to (2.12)

produce
K= X =] [= X - X (2.41)
veJr A
() =(@uen-+ . 42
i i
T G
gk i gk i g 1
where

'Qij(x,y) = ririQis(2,y). (2.44)
Thus, the downward dots and crossings also satisfy quiver Hecke algebra relations, but for a different
matrix of parameters and some different sign conventions.
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2.4. Symmetries. Next we explain how to lift the symmetries w,® and o from (2.3) to (2.5) to
the 2-quantum group.
There is an isomorphism of graded 2-categories

Q:UP Sy (2.45)

defined on objects by A — — A\, on generating 1-morphisms by F;1) — F;1_» and F;l — E;1_j,
and on generating 2-morphisms by

Roughly, this reflects string diagrams in a horizontal axis and negates all 2-cell labels (there are
some additional scalars arising from crossings). The proof of existence of ( is an easy relations
check, using the original “minimal” presentation for il; see [Brul6, Th. 2.3|. It is the 2-categorical
analog not of w but of the anti-linear involution W := v o w.

Corresponding to the bar involution v, there is an isomorphism of graded 2-categories

U yoP 5y (2.46)

defined on objects by A — A, on generating 1-morphisms by E;1) — F;1, and F;1, — F;1,, and
on generating 2-morphisms by
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The proof of existence of ¥ is again a relations check, but one needs to use the more symmetric
presentation from Theorem 2.5.
The composition

Q:=ToQP:yS Y (2.47)

is a categorical analog of the Chevalley involution w. It maps A — —A, E;j1\ — Fl_y, F51) —
E;1_,, and

0o

UA HU*A? (V=

? )

ANIAN UNETARS
{)(U)A HQ(U)*M O(U)/\ HQ(u)ﬂ\.

Roughly, this reverses orientations of strings and negates all 2-cell labels (with some additional
scalars arising from crossings). Beware that Q # Q! unless r;j =15 forall 7,5 € I.
There is also an isomorphism

Yooy Sy (2.48)

which is the 2-categorical analog of the symmetry o from (2.5). This is defined on objects by
A — —\, on generating 1-morphisms by E;1) — 1_)E; and F;1) — 1_,F;, and on generating
2-morphisms by

1 1 1 1

<o) X =(¢)

U/\ = —AU’ ,/\A = A0,
7.[\)\ = 7/\[\.7 wA = fAU’
Q(u)/\ — fx\Q(u), Q(U)A > fAQ(u).

Roughly, this reflects string diagrams in a vertical axis (with some additional scalars arising from
crossings).

Finally, let { be the 2-quantum group defined from the same Cartan datum as { but replacing
Qi j(z,y) with Q; j(z,y) := 1, jr; Qi j(—z,—y) and ¢; with ¢ : X — k™, \ — (—=1)"MNe; (). The
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-1 . . . .
e Then there is an isomorphism of graded 2-categories
J:USY (2.49)

which is the identity on objects and 1-morphisms, and is defined on 2-morphisms by

- () b= ()

scalars r; ; become 7; j :=r

Q(u)x = {O(=u) 1 O = O=u) » .

3. NEW 2-CATEGORIES FOR QUASI-SPLIT iQUANTUM GROUPS

We continue with the Cartan datum and parameters fixed in the previous section. We are now
going to propose an analogous framework for categorification of quasi-split iquantum groups arising
from quantum symmetric pairs.

3.1. The iquantum group U’(s). From a quasi-split Satake diagram of the same Cartan type
as U, we obtain an involution 7 of the set I with a;; = ar;,; and d; = d;. We allow 7 = id.
Occasionally, it will be useful to have chosen a decomposition

I=LUulyul_4 (3.1)
such that I; is a set of representatives for the T-orbits of size 2, I consists of the 7-fixed points,
and I_y = 7(I). We pick ¢ = (s;)ies € Z! so that

S+ G = —Qi 7y and G > 0if ¢ #£ 7i. (32)
If © = 7i then ¢; = —1, and if a; -; = 0 then ¢; = 0.
We also assume there are involutions 7: X — X and 7% : Y — Y such that 7*(h)(A) = h(7()N))

forall A € X and h € Y, and also 7(«;) = oy and 7%(h;) = hy; for each ¢ € I. The iweight lattice
and icoweight lattice are the Abelian groups

X" := X /im(id +7), Y* :=ker(id +77%).
When A, u, ... are iweights in the quotient X*, we will use the notation 5\,,&, ... to denote a pre-

image in X. For A € X* and 7 € X, we write A + 7 for the sum of A and the canonical image of 7
in X*. For A € X" with pre-image A € X and i € I, we define

~

This is well defined independent of the choice of the pre-image . Tt is also useful to note that
()\ + Clj)l' =\ + Qi — Qj.rj, (34)
Sri — )\7—,' = )\1 — G — ai,m\ (35)
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If 7¢ =4 then A\; = 0. In this case, the parity of h,(j\) is well defined independent of the choice of
the pre-image .
The iquantum group associated to the above data is the subalgebra U* = U’(s) of U generated
by the elements ¢ (h € Y*) and
bi = fi +qferik; ! (3.6)

for each i € I. It is a (right) coideal subalgebra of U, and the pair (U, U") is a quantum symmetric
pair of quasi-split type.

Remark 3.1. The formula (3.6) is essentially the “standard embedding” from [Kol14|, but it is not
the most general embedding U*(¢) < U: one can take

Mg _—Mi _
bi = fi+ afteriki ' + Atk
for some p = (p3)ier € Z! such that p; = 0 either if 4 # 74, or if there exists j € I with j = 75 and
a;; =1 (mod 2).

We will need the modified form U* = U*(s) for U’, which was introduced in [BW18a| (see also
[BW21, Sec. 3.5]). This can be viewed as a subalgebra of the completion U of the modified form of
U. Given A € X', we let 1) := 5 15 € U summing over all pre-images A € X of A. Then

U= P nU,cl.
A pEX?

Although rarely a unital subalgebra of U, itis a locally unital algebra in its own right with distin-
guished idempotents {1y | A € X*}. As such, it is generated by the elements b;1) = 1)_,,b; for all
i1 € I and A € X*; this depends on the observation that —«; and a,; have the same image in X*.

Following [BW18b, BW18c¢|, we define elements bgn)l A= Ia—na, bgn) S UZ, which we call divided
powers if i # Ti or idivided powers if i = Ti:

1
! bi'1x if i # 70
ai
1 n—1
) ] (bz2 - [m]gl) 1, ifi =77 and n is even
T = di m=0
bz 1 m=h;(A) (mod 2) (37)
1 n—1
— b; (b7 — [m]gl) 1y if i =77 and n is odd.
Ml 2
m=h;(A) (mod 2)

Let U, = U4(s) C Uy be the Z[g, ¢~1]-form for U* generated by b1, (A € X*,i € I,n > 0). Again,
this was introduced originally in [BW18al].

There is an explicit presentation for U?, which is implied by the presentation for U* derived
in [CLW21, Th. 3.1] (see also [BK15, Th. 3.6]): it is the locally unital algebra with (mutually
orthogonal) distinguished idempotents {1 | A\ € X"} and generators b;1y = 1x_4,b; (A € X*,i € I)
subject just to the iSerre relations

1—a; —aij  Ni—si—("%7) (47 ) o=

s —1)%.jq. 2/ _ g2 o
5 Comns 1, =y T gy E2 2l
n=0 r=1 7% — 4
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for all i # j in I and A € X", where bgn)l/\ is as defined by (3.7). If a; ; = 0 (when ¢; = 0) then this

relation implies that [bri, bi] 1y = [Ailg Ix If a5 = —1 then it gives that (brib\> —bibribi+b2byi) 1y =
(qj\i—cz'—l + q1+§i—>\')b 1y.
Next, we introduce some symmetries. Define ‘s = ('s;);er by ’s; := ¢r;. Then there are maps
(linear isomorphism) w* : U%(¢) = UL (%), bl(n)l — b(m)l As (3.9)
(anti-linear involution) ¥*: Uk (s) = UY(s), bffn)lk — b( )1)\, (3.10)
(linear anti-isomorphism) o* : Uy(s) = UL (%), bl(n)lA =1 Ab( m) (3.11)

The existence of these is a relations check using (3.8).

Lemma 3.2. Suppose we are given two families of parameters (s;)icr and (g )zel satisfying (3.2) and
an element m € X" such that m; = gj —; for each i € I. Then there is a Q(q)-algebra isomorphism

s:UYs) = U’(gT), bily — bilyir.
It restricts to an isomorphism Uk (s) =5 Uy (ct) between the integral forms.

Proof. Note that such an iweight 7 exists providing ¢; = gT for all but finitely many ¢ € I; for
example, we could take 7 to be the image in X" of >, (g f —¢;)w;. To construct the homomorphism

s, we use the description by generators and relations. There is only the one relation (3.8), and the
argument reduces easily to checking that

Xi—si=A+7)i—q, (3.12)
which is clear. The homomorphism is an isomorphism because it has a two-sided inverse mapping

b;1x — b;1y_,. It restricts to an isomorphism between integral forms because it takes bgn)l \
bgn)1A+ﬁ for all n > 1. O

Lemma 3.2 justifies omitting ¢ from the notation U”Z(g), although its embedding into Uy does
depend on this choice.

3.2. Definition of the 2-iquantum group 4'(¢,¢). As usual, k is an N-graded commutative
ring. If a;r; # 0 for some ¢ € I then we also require that 2 is invertible in k. The parameters
s = (si)ier € Z' of the iquantum group U are as in (3.2). Other notation is the same as in
Section 2: we have fixed the parameters Q; ;(z,y) = Q;i(y,z) € k[z,y] with Q;;(z,y) = 0 and
normalization homomorphisms ¢; : X — k*, leading to the definitions of r; ; € k™ in (2.18) and the
rational functions R; j(z,y) € k(z,y) in (2.36).
We need to impose some additional hypotheses giving compatibility of the parameters with 7.
We assume that
eri(TA) = (=) Mg () (3.13)

for all A € X and ¢ € I with i # 7i. A more irksome assumption is that
Qrirj (T, y) = 74,4757 riQi g (=2, —Y) (3.14)

for all 7,7 € I; the need for this is explained in Remark 3.5. We impose a stronger assumption on
Qi ri(x,y) when ¢ # 74, namely, that it is the product of linear factors

—a; ri/2

ci(Oéri) H ($ - gi,ry) («T - fl-}ly) if Qg 7 is even
r=1

Qiri(z,y) = (3.15)

—(as,ri+1)/2

ci(ari) (x —y) H (l‘ — fmy) (3: - 51-}13/) if a; ; is odd

r=1
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for &, = & € k™ (or a unit in some field extension of ko) such that 1 + &, is invertible. The
most important situation is when all &, are 1 so Q; ri(x,y) = ¢i(ar)(x — y)~*7¢; another valid
choice is Q; ri(z,y) = ci(ar;)(x™% i —y~%ri). In view of (2.18) and (2.36), the assumption (3.15)
implies for all ¢ € I that
Tizi = 1, (3.16)
Riri(x,—x) = R;7i(1,—1)2% " with R; -;(1,—1) € k*. (3.17)
If k is an algebraically closed field then (3.15) is equivalent to assuming that the equations (3.14),
(3.16) and (3.17) hold.

Remark 3.3. The assumption (3.14) imposes some restrictions on the root datum. Suppose that
there exist ¢ # j in I with ¢ = 70 and j = 7j. Taking z~%i-coefficients in (3.14) gives

(rigrja)® = (=1)%. (3.18)
Since the left hand side is symmetric in ¢ and j, this implies that (—1)%J = (—1)%-, hence, we
must have that a;; = a;; (mod 2).

There is one more choice to be made which is not as important as the ones above (see Lemma 3.6):
let ¢ = ((;)ier be a choice of scalars in k™ such that

CiCri = (=) MR (1,-1)  with (= —1/2ifi = Ti. (3.19)
Finally, let 7v; : X* — k* be the group homomorphism defined by
Ci (5\ - 7'(5\)) ifi # 7i

i A) = g 3.20

#N {(—1)hi(k) if i = ri (3:20)

for A € X* and any pre-image A € X. This is well defined? independent of the choice of \. The
assumption (3.13) implies that
%i(Mri(A) = (=1) (3.21)
fori el and A € X"~
Now comes the main definition. We emphasize that the 2-category (¢, ) that it introduces
depends not only on ¢ and ¢, but also on the Satake datum, the choices of @; j(x,y) and the nor-
malization homomorphisms ¢;. In the statement of the relations that follows, we use the additional
shorthand
Qi (z.y) = (1) Qij(x,y) (3.22)
in order to draw attention to an important but annoying sign.

Definition 3.4 (2-iquantum groups). The 2-iqguantum group ' = U'(s,() with the parameters
chosen above is the graded 2-category with object set X*, generating 1-morphisms

Bi]l)\ = ]lA—aiBi AN — o

for A € X* and i € I, with identity 2-endomorphisms denoted by unoriented strings A*“/I_)\ , and

?
generating 2-morphisms for all i,j € I and A € X* as Table 3. The degrees of the generating 2-
morphisms are also listed in this table. The generating 2-morphisms are subject to certain relations.
Before writing these down, we explain some further conventions.

e As in the previous section, we will usually label strings just at one end, but note for unori-
ented cups and caps that the string label switches from i to 7i at the critical point.

e As before, we will only label one of the 2-cells by the iweight A, and if we omit all labels we
are writing something that is true for all possible labels.

2This is the first place in which we are using the assumption that ¢; is a homomorphism—otherwise, to have the
properties required later on, 7;(\) would need to be defined as ¢;(\)/ci(7(\)), assuming that this is well defined.
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Generator Degree
*,\ :Bi]l)\:>Bl']l>\ Qdi
m‘)‘ : BTZ'BZ‘]I,\:>]1)\ di(l—i-gi—)\i)
\ ]A 1) = BBl di(1+¢ —N)
/—i@A:]l)\:>ll/\forO§n§§i—)\i de
I 3
></\ : BiBj]l)\ = BjBi]l)\ —diai,j
v J

TABLE 3. Generating 2-morphisms of LI*

e We will now be using black (closed) dots rather than the white (open) dots used in the
previous section. Pins are defined in just the same way as before. In place of (2.25), we now
need two shorthands:

¢:: * o), ¢:: *_. (3.23)

Recall also our convention when multi-variable polynomials are pinned to several dots—the
alphabetical ordering of the variables x,y, z corresponds to the lexicographical ordering of
the Cartesian coordinates of the dots.

e We use the following generating functions for dotted bubbles:

Si—Ai
Ay =Y w(m)n wtT M (which s 0 if § = 7i), (3.24)
n=0

Ti A+ ri(u)n i £ T
,—iO(u)/\ = @ @ (3.25)

1
m'@ A — %idh if ¢ = 74.
As we did in the previous section, we call these the fake bubble polynomial and the bubble
generating function, respectively. The relation (3.28) below implies that

(O ) » € Grr(Nus M idy, +us N k[u ] Endge (1) (3.26)
For any n > 0, we let
O [ F(O)(u) } : (3.27)
UG —ANj—1

This is one of the generating 2-morphisms when n < ¢; — A;, or a genuine dotted bubble for
larger values of n. By a fake bubble we mean /—i@/\ for 1 <n < ¢ — A;. We do not count

the bubble Ti@/\ of lowest degree as being a fake bubble because it equals ¢;v;(\)idy, .

The defining relations are as follows:
i h — Ciry: Si—Ai ;
[OW,,.., =6, 523
(O ) 2 i(O)(=u) = =Rjri(u, —u) idy, , (3.29)



20 JONATHAN BRUNDAN, WEIQIANG WANG, AND BEN WEBSTER

(Olw) }-[Ri,j (w2)) — (Rri(~u2) —{ (Ol (3.30)

tf]é‘ ZN (3.31)

= =0y (3.32)
W\ :riﬁjw, K\:r]m (3.33)

i X (330

b-lbe] .

iz: ++5m. %_,-@ , (3.36)

K o0 ot

1 7k k u:—1

Qz (@, ) Q% (zy) *1 Q% (x,y)=Q% ;(z,y)
= 0i7jTj, kR'T e 5j,rk7“k,i e (3.37)
i

The additional generating function in (3.23) is needed because we now have that
Q) =\9 $\=(% (3.39)
The following are consequences of (3.34):

;< — >g =0;; % %- 0irj Qkﬂ\é ) B< - >£ = 0;,j + %— iz % , (3.39)

4

E< —>§ = Oir &{* —%é % 3< - >€ = birj %—5@ %. (3.40)

(2

Using one of these, the following general form of the curl relation (3.35) can be deduced:

b — % iO(u) - 5;7;2 + ) (3.41)
v v u:<0 '

(4

In the case i = 7i, the calculation proving this is explained in the proof of [BWW24b, Th. 2.5]; this
depends on the connection to nil-Brauer explained in Subsection 3.4. Since it is instructive to see
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at this point, here is the proof in the easier case that ¢ # 7i:

>®<3£8>>@<320> %@ ?@ %cm $ = %fcm%f@ 629 %@(@

v:i—1 t v u:<0 t u:<0

Remark 3.5. Using (3.31) and (3.33), one can show that

-1,-1
=T4ili,7j >< ’ = TTi,jTTj,TZ' >< . (342>
toJ g
i i g

Now the relation (3.36) can be rotated through 180° by attaching a nested pair of cups and
caps, using (3.42) to simplify the result, to obtain the identity (3.14). This is the reason for this
assumption—it ensures that the quadratic relation is invariant under rotation. Rotating the curl
relation (3.41) in a similar way gives the new relation

@< _ | +Ow) % _ 527 % (3.43)

v t u:<0 v
We leave it to the reader to check that the other defining relations of {I* are invariant under rotation.
When checking the rotation invariance of (3.37), the following are helpful:

% = Tr ]7'7'1 k >§z bi\ = rTi’eriyk §< ) (344>
ik i kT 7 ko
_ 11
’ ki j Tkt

J

Lemma 3.6. Let ¢ and ¢ be as above, and suppose that ¢T = (gj)ig and (T = (Cg)iel is another
choice for these parameters satisfying (3.2) and (3.19). Let 4'(s,¢) and L(sT,¢T) be the correspond-
ing 2-iquantum groups defined using the same choices of Q; j(x,y) and c;. Let m be an tweight such

that m; = T —; for each i, and choose scalars k; € K™ such that {; = /QQCT%( ) and Kikr; = 1 for
each i € I Then there is an isomorphism of graded 2-categories

§:40(c,¢) = (<t ¢h)
taking the object A to A + m, the I-morphism B;1y to Bilxir, and defined on a string diagram
representing a 2-morphism by adding w to the labels of every 2-cell then multiplying by k; for each

occurrence of the generator [\ or the generator TU/\ i the diagram, and by /{? for each fake

bubble (7)1 -

Proof. 1t is well defined by a straightforward verification of the defining relations. One needs to use
(3.12) to see that everything makes sense. It is an isomorphism because it has a two-sided inverse
defined in a similar way, replacing each k; by H;l. O

Lemma 3.6 justifies omitting ¢ and ¢ from the notation (¢, (). Note though that the degrees
of cups, caps and bubbles depend on the choice of <.

Definition 3.7 (Weak 2-iquantum groups). We refer to the relation (3.37) in the case that the
string labels (i,7j,k) are (i,7i,i) for i # 7i as the ibraid relation. The weak 2-iquantum group
0 = QZ(C,C) is the graded 2-category defined in almost the same way as in Definition 3.4 but
omitting all instances of the ibraid relation.
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The following theorem shows that the ibraid relation holds automatically if a; »; = 0, and it holds
up to multiplication by a polynomial when a; -; < 0. Consequently, although it cannot be omitted
in the definition of 4*, the precise form of the ibraid relation is determined by the other relations.

Theorem 3.8. In the weak 2-iquantum group ﬁl(g, ¢), we have for i # Ti that

§<@Ml (Qurily)

[ barilo) szw Hm m +@°@
/ ?

—1
_ [Qmm,y)—cz:i,i(z,y)} gd( _[ i y) Q;”<z y) ’Z m (3.46)
r—=z

? (2

(This is the ibraid relation vertically composed on top with | +‘+‘ )

1T 1

Proof. See Appendix A. O

3.3. Symmetries. Suppose we are given parameters (); j(x,y) and normalization functions ¢; :
X — k* satisfying all of the required properties (3.2) and (3.13) to (3.15). Another admissible
choice of parameterb is obtained by replacing Q; j(x,y) with Qi,j (x,y) = r;i;75iQi;j(z,y), hence
”, keeping the normalization functions ¢; : X — k*, hence v : X* — k*,
unchanged. Let 'U'(¢, () be the 2-iquantum group defined using these primed parameters. Also
define ‘s = ('¢;)ier and '¢ = ('(;)er so that
'Si = Sris Si = 'Sris 'G= (1), G= (=1t (3.47)
These also satisfy (3.19), so there are two more 2-iquantum groups *(’s,’¢) and 't0'(s,’().
There is an isomorphism of graded 2-categories
Q8 (s,¢) = w('s, Q) (3.48)
defined on objects by A — —\, on generating 1-morphisms by B;1) — Br;1_», and on generating

2-morphisms by
+/\ = — ( *A) s ></\ = =777 ( ></\>
. . 7N Y

L T Ti Tj

Cowith T —
r;j with 'r; ;=

A [VIEAVEY
A(O)(u) » »—>—(i©(—u)4>.

Also there is an isomorphism of graded 2-categories
806,07 S 80, ) (3.49)

defined on objects by A — A, on generating 1-morphisms by B;1, — B;1,, and on generating
2-morphisms by

(4) = b () = (x)

(D) =0 (L) =
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( ,-,-Q(U)A)Op o ()

Finally, there is an isomorphism
(6, Q)Y = (6, ) (3.50)
taking A — —A, B;1 — 1_,B;, and

b Xt (X))
v J J ot

T(\/\ . 7/\;[\’ TUA s *AU’
,—iQ(u)A H—(—A/O(—u)).

All of these things follow by elementary calculations with the defining relations. We regard *, U*
and X' as categorical analogs of the maps w’, ¢* and ¢* from (3.9) to (3.11).

3.4. Example: split rank one. Suppose that ¢ € I is fixed by 7. Fix also A € X* and consider the

strict graded monoidal category Endy: (A). Recall from (3.20) that v;(\) = (—1)}“(:\). The relation
(3.28) is equivalent to

I e 10,
5
This together with the other relations in (3.31) to (3.37) (taking all strings to be labelled by 7) are

the defining relations of the nil-Brauer category NB; from [BWW24b, Def. 2.1]. Hence, there is a
strict graded monoidal functor Y : NB; — Endy:(\) such that

B — B;1,, (352)

*0—>+/\, ><'—>I><[/\, [\H(\A7 U’_)U*'

v

[O/\ =tidy, where t: (3.51)

3.5. Example: diagonal embedding. In this subsection, we go back to the setup of Section 2,
dropping the additional hypotheses on parameters introduced in Subsections 3.1 and 3.2. Let U
be the quantum group from Subsection 2.1. Let I := I LU I~ be the disjoint union of two copies
It :={it|iel}and I~ :={i" |i € I} of I. This is the index set for the following “doubled”
Cartan datum:

j- = a;— j+ =0, and it is

e The Cartan matrix is defined by a;+ j+ = a;- ;- = a;; and a;+
symmetrized by d;+ = d;- := d; for each 7,5 € I.
e The weight lattice X is X @& X, and the coweight lattice Y is Y @ Y paired with X in the
obvious way, i.e., (ht,h7) €Y maps (AT,A7) € X to AT (AT) +h™(A7).
e The simple roots are defined by o+ := (e;,0) and ;- := (0, ;) for i € I.
e The simple coroots are defined by h;+ := (h;,0) and h;— := (0, h;) for i € I.
We denote the resulting quantum group by U. It is identified with the tensor product U ®q4) U
so that q(th’h_)7 e;i+,€e;—, f;+ and f;— correspond to qth Q¢ e®21,1®e,fi®l and 1 ® f;
respectively. The diagonal embedding of U into U is the Q(g)-algebra homomorphism

(w®id)o A: U = U,
"= aq @, ei by i =f; 014k ®e, fir b =1® fi+e; @k
forheY,iel.

Let 7 : I — I be the involution which switches ™ and ¢~ for each i € I. There are also
involutions 7 : X — X and 7* : Y — Y switching the summands in the obvious way. Let U* be

(3.53)
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the corresponding iquantum group with iweight lattice X* and icoweight lattice Y*. By definition,
U’ is the subalgebra of U generated by ¢" ® ¢" (h € Y) and b;+, b;— for i € I. Comparing these
formulae with (3.53), we see that the diagonal embedding restricts to an algebra isomorphism

d:US U, = qg"ed, ei — b+, fi— bi- (3.54)

for h € Y,i € I. Thus, d identifies U with U*, which is a quasi-split iquantum group of diagonal
type. Note also that there is an isomorphism X — X°, A — X, where X is the canonical image of
(0,)\) € X in X". This satisfies A + a; = A — aj+ = A+ ;- fori € I.

Our next theorem is a categorification of the isomorphism (3.54). Let i be the 2-quantum
group from Subsection 2.2 corresponding to U. So 4 has object set X and generating 1-morphisms
Eily, Fi1) (A € X,i € I). Its definition involves parameters @Q; ;j(z,y). We also assume ¢; and 7; ;
have been chosen as in (2.17) and (2.18). Let &' be the 2-iquantum group corresponding to U* from
Subsection 3.2 defined from the parameters

Qi+ j+ (2,y) := Qiji(x,y), Qi j—(x,y) == 1ij15iQi;(—T, —y), (3.55)
Qi+ j—(w,y) =1, Qi j+(w,y) =1, (3.56)
cir (AT,A7)) = (W), ci- (W) == (=DM g (a7), (3.57)
Tit gt = Tigs Tim = = Tih (3.58)

ritg- =1, -+ =1, (3.59)

G+ =1, G- = —1, (3.60)

G+ =0, G- =10, (3.61)

for 4,5 € I and AT, A\~ € X. All of the hypotheses in Subsection 3.2 are satisfied. Also, recalling
(3.20), we have that v;+ (A) = ¢;(A) ! and ;- (A) = (—=1)"PNe;(N\) for i € I and A € X.

Theorem 3.9. There is an isomorphism of graded 2-categories D : 4l = " such that
A=A, Eil) — B+ 13, F1)— B;-1y,

. 7 i
Pope e X e v e s

t 7

forxe X,i,j € 1. It maps

boe(B) e X X X X X
i v i i it - v i~ gt

7

wA}_)iQ)\ : OA}—);(\X , Oy = O, Q(u)AH—(HQ(—u)A).

(4 2

Proof. One first checks from Tables 2 and 3 that the degrees of 2-morphisms on either side are
the same. Then the theorem follows by comparing the presentation of $* with the one for 4 from
Theorem 2.5, using also the additional relations mentioned in Remark 2.6. ([l

3.6. Example: quasi-split type AIIl with an even number of nodes. There is one more
special case which already appears in the existing literature: the categorification of the quasi-split
1-quantum group of type AIII that was introduced in [BSWW18|. The Satake diagram is

3
2
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forr > 1. SoI = {%, ..., -3 3 .. 22 and ri = —i. Let IT := {i € I|i > 0}. As
in [BSWW18]|, we realize the weight lattice X of the root system of type Ay, as the quotient of
the free abelian group @;__, Ze; by the relation Y . &; = 0, then define ; to be the image of
iol — &l for each i € I. Let Y be the dual lattice spanned by the coroots h; (i € I) such that
hi(aj) = 2055 — 6i41,5 — 6i—1,; (the usual type Ag, Cartan matrix). The involution 7 : X — X is
induced by the map ¢; — €_;; it takes a; — «_;. Similarly, 7* : Y — Y takes h; — h_;. Let X*
and Y* be as before. Assuming that 2 is invertible in k, $&5" is the graded 2-category with object
set X’ and generating l-morphisms E;1) = Lyio,E; and Fily = 1y, F; for i € IT and A € X"
The identity 2-endomorphisms of F;1, and F;1) are denoted by an upward and a downward string
labelled by ¢, respectively, just like we did for the ordinary 2-quantum group . Then there are
generating 2-morphisms denoted by dots, crossings, cups and caps subject to relations which can
be found in [BSWW18, Def. 3.1, Def. 3.3].

Also let ' be the 2-iquantum group from Subsection 3.2 associated to the Satake diagram (I, 7).

We choose the parameters by setting
0 ifi=j
x—y ifj=i4+landi>0,orj=i—1land <O

iz, y) = 3.62
Qi) = i — it landi<0 orj=i—1andj>0 (3.62)
1 otherwise
.o . .. . SO Sl >
for 4,7 € I. These are the geometric parameters arising from the quiver { . Let
S 55

¢i(A) :==11if i > 0 and ¢;(A) := (—1)"™ if § < 0. We have that 7;; = 1 unless j =i — 1 and i # 3,
in which case r; ; = —1. We also take S1i= 1 and ¢; := 0 for all other ¢ € I, and let ; :=1if i > 0,

C_ 1= —2,and ¢ :=—1if i < —1. All of the hypotheses (3.2) and (3.13) to (3.15) hold. We have
that ;(\) = 1 if i > 0 and v;(\) = (1) if i < 0.
Theorem 3.10. There is an isomorphism of graded 2-categories ® : UBS™ 5 §* such that

A= =, Eily — B;1_), F1,— B_;1_,,

%A N *’4, %/\ »—>—<*.>, Q(u),\ = —i(Ou)n Q( u) ) l—>—<'©(—u)fA>,

?

><Ar—>><A ><A0—>><A, ><.AH>><:]/\, ><\»—>><A,

-1 —J ? 7 ?

/\AHHA UA’*iUf,\a U/\’_)Uf/\> [\\HmA

forxe X i,jeIT.

Proof. This is another elementary comparison of relations—all of the defining relations for $(ESW
hold in 4* so that the 2-functor makes sense, and there is also a 2-functor {* — {B5"™ that is the
2-sided inverse of ® defined by checking that all of the defining relations for {{* hold in YB"™W_ [

Remark 3.11. Having developed this general framework, it now seems more elegant to take the geo-

Y an RREEE -
metric parameters arising from the orientation . Then we define ¢;(\) := (—1)t—1()
St m = = kS

where t; : X — 7Z is the unique homomorphism with ¢;(«;) = (2 + 1)d; ;. These normalization
functions satisfy (3.13). Moreover, we have that c;(o;) = (—1)#=9 for this new quiver, so that
r;j = 1forall 4,5 € I. We leave it to the reader to check that 4" defined with these new parameters
choices is isomorphic to the one in Theorem 3.10 via an isomorphism which rescales caps, cups and
crossings.
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Generator Degree

Z%/\ : qgﬂ_h”(/\)Ei]l)\ = qui_hTi()\)Ei]l)\ 2dl‘

j%)\ By, = Fi1), 2d;
></\ : q;ﬂihﬂ(AJraj)q;Tj7th(A)EiEj]l)\ = —diam-
v g

J
><A : FiFj]l)\ == FjFi]l)\ —diai,j
T
Yo g TN R, = ¢ Y R E, —dit r
J ot
SO g TV E B = o T B, diti ~j
J ot
(Vg B R, = 1, di(1+6—hi(A)+hri(X))
=g YRR, di(1+6rit+hi(\) —hri(N))
Mg YRR, = 1, di(1=ri+hi(A)+hri(N))
Z Ti_hTi A—a;
=g B R, di(1—G—hi(N) ~hri(N))
71T Ti_hTi A

@A L q; M NEL, = a VE1, 2d;(Sri — hri(N))

i

éA : qui_h”(/\)Eiﬂ,\ = q;”_h”(/\)Ez‘]l,\ —2d;(6ri — hri(N))
fiﬂ CFy = Fily 2d;(Gi + hri(N))

é}/\ By, = Fily, _2di(§i =+ hTZ()‘))

i

TABLE 4. Adapted degrees of 2-morphisms in (g, ()

4. CATEGORIFICATION OF THE STANDARD EMBEDDING

In this section, we construct a 2-functor from the 2-iquantum group * to a 2-category obtained
by localizing the 2-quantum group 4. One can view this as a categorification of the standard
embedding of UzZ into IAJZ, although this statement should be taken with a pinch of salt since we are
only able to do this after some localization—our formulae require certain polynomials in the dots
to be invertible. This 2-functor will be used in a critical way to prove the main results of the article
in the final section.

4.1. Teleporters and internal bubbles. We begin with a few reminders about g-envelopes; our
conventions are the same as in [BE17, Def. 6.10]. For a graded category C, its g-envelope (also known
as graded envelope) is the graded category C, with objects that are formal symbols ¢"X for n € Z
and all objects X of C, with Homc,(¢" X, ¢™Y") being the graded vector space ¢"~" Homg(X,Y).
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Thus, a morphism f : X = Y of degree d in C can also be viewed as a 2-morphism f : ¢"X = ¢™Y
in C, of degree d +m — n. Composition in C, is induced by composition in C in the obvious way.

The category C, admits an invertible grading shift functor q : C4 — C,4 sending ¢" X to X
and defined in the obvious way on morphisms. The original category C is naturally identified with
a full subcategory of C, so that object X of C is ¢°X in C,, and the inclusion C — C, is universal
amongst all graded functors from C to graded categories admitting a grading shift functor. We also
note that

(CP)g = (Cy1)™" (4.1)

that is, the grading shift functor on (C°P), is the inverse of the grading shift functor of C, viewed
as an endofunctor of (C,)°P.

If € is a graded 2-category, its g-envelope €, is the 2-category with the same objects as €
and morphism categories that are the g-envelopes of the morphism categories of C. Horizontal
composition of 1-morphisms in €, is defined by (¢"X)(¢™Y) := ¢""™(XY), and the definition of
horizontal composition of 2-morphisms is also obvious. The original graded 2-category € is naturally
identified with a wide (= all objects) and full (= all 2-morphisms) sub-2-category of &,.

Now we return to the setup of Section 3. In particular, 7 : I — I is an involution and we have
chosen ¢ = (;)ier € Z! satisfying (3.2) and ¢ = ((;)ier satisfying (3.19). We are going to work with
a slightly different version 4(s, C ) of the 2-quantum group 4 which is graded in a way that is adapted
to the standard embedding of U* into U. By definition, $i(s, ¢) is the wide and full sub-2-category
of 4, generated by the 1-morphisms F;1l) and q,f”_h”( )Ez-]l,\ for i € I and A € X. The grading

shift qgn "7 matches the second term in the standard embedding (3.6). The g-envelopes of U
and (s, ¢) are equal. Also if we forget the grading, i.e., we view 4 as a k-linear 2-category rather
than a graded 2-category, then (s, ¢) is simply equal to 4l

All string diagrams in the remainder of the section will represent 2-morphisms in (s, {) rather
than 4L that is, we will be using the upward string labelled ¢ to denote the identity 2-endomorphism
of qg” ”()‘)E 1, (whereas before it was the identity 2-endomorphism of E;1)). The effect of this
new convention is that the degrees of the 2-morphisms represented by cups and caps in this section
are different to the degrees of the 2-morphisms represented by the same cups and caps in Section 2.
We have listed the new degrees of all of the generating 2-morphisms of (s, ¢) in Table 4.

Next we pass to a localization (s, ¢) of (s, ¢) which is obtained by adjoining two-sided inverses
to the 2-morphisms®

bHeunG@w) 0 and QG (4.2)

for all A € X, ¢ € I with ¢ # 7i, and two-sided inverses to the 2-morphisms

—%—'—" }:A (4.3)

for all A € X and i € I, where the thick string in the middle denotes some number (possibly zero)
of other strings separating the outer strings. We denote the inverse of (4.3) by a solid line which

we refer to as a teleporter:
HH = (e ) (49

(2 T
We extend the teleporter notation further so that the endpoints do not need to be at the same
horizontal level, and the strings these points lie on do not need to be oriented in the same direction.
There is no ambiguity because of the relations (2.20). We refer to [BWW24b, §3| for further

3The invertibility of the morphisms in (4.2) is used in one place only—see the penultimate paragraph of the proof
of Theorem 4.1.
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explanations in the special case that ¢ = 74, in which case the dot is invertible in (s, () with

@A;::<%A> T (45

To work efficiently with teleporters, we need the following variation on (2.25):

é@:: TL 1). (4.6)

In fact, this can be obtained from (2.25) by replacing u by —u then multiplying by —1. With this
trick, the following is a consequence of (2.26):

>€,_%<,:5J<%é?:>€,_é<, (4.7)

Here are a couple of useful identities involving teleporters:

S [ XXt e

v ] T ] i Ti v J TJ v ] T v ] TJ

0]-14-84 RS R

The first equality in (4.9) follows because Tlx u%Ly = %, and the second equality is similar.

There are plenty of variations of (4.8) and (4.9) obtained by rotating or adding additional strings
passed over by the teleporter. We will apply these as needed later on.

Finally, we introduce one more shorthand for the following 2-morphisms in (s, {) which we refer
to as internal bubbles. The definition of these involves { = ({;);er for the first time. In the special
case that ¢ = 71, the internal bubbles were defined already in [BWW24b, (3.38)—(3.39)] by exactly
the same formula as below. In general, for ¢ € I and A\ € X, we let

#:PWM@[Wﬂ )G £, (1.10)
v ui—1

: T

%):: G !@ gl/] Ae; i (4.11)

?

u:—1 [ l

%:: “ ! A<z @] . @é% O (4.12)

i T

%: 9M<k>% mﬁ@gwé (4.13)

2

These definitions apply for all possible weights A labelling the rightmost 2-cells—the definitions are
independent of the weight so we have omitted it, following our usual practice. However, the degrees
of internal bubbles depend on the choice of the weight A; they are listed in the bottom part of
Table 4.

It is easy to see that internal bubbles slide over cups and caps in the obvious way. Also, they
commute with dots and with other internal bubbles on the same string. Moreover, the clockwise
and anti-clockwise internal bubbles are mutual inverses. This is proved in Appendix B, together
with various other technical identities involving internal bubbles which are needed in the proof of
the important Theorem 4.1 below.
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4.2. Construction of the 2-functor. Let {’(¢, () be as in Definition 3.4. Now we would like to
construct a 2-functor from U'(s, ¢) to (s, ¢). However, this does not quite make sense since the
object set of U(s,() is X, whereas the object set of L' is X*. So first we must modify U(s, (),
contracting its object set along the quotient map X — X*. We denote the result by gl(g, ¢). By
definition, this has object set X*, and a l-morphism G1, = 1,G : A — p in ﬁ(g,() is a word
G in the generators F; and F; whose total weight @ € X obtained by adding «; for each F; and
—ay; for each F; satisfies p = A + w. For two such words G1) and H1), the 2-morphism space
Homg(g’o(G]l,\, H1)) is the graded vector space @,,c, Homg(gc)(G]l)\, H1,),, where

Homu( 0) (G]l)\, H]l)\)n = H Homg(gg) (G]lj\, H]lj\)n
b

taking the product over all pre-images Ae X of A\ e Xt Any 2-morphism in this space can be
represented as a tuple f (f5) with components indexed by the pre-images X of . Horizontal and
vertical composition in L((g () are induced by the ones in U(s, {) in an obvious way.

Let Add(8(s,¢)) be the additive envelope of 1(c,¢). It has the same objects as $i(s, ¢), but
its 1-morphisms are finite direct sums of 1-morphisms in g(g (), and 2-morphisms are matrices of
2-morphisms in ﬁ(g (). Vertical composition of 2-morphisms is by matrix multiplication. In the

sequel, we will suppress the matrices, denoting 2-morphisms in Add( (c,¢)) simply as finite sums
of 2-morphisms. The string labels at the top and bottom of each string diagram in such a sum
determines the matrix entry that it belongs to in an unambiguous way.

Now we are ready to state and prove the main theorem. This generalizes [BWW24b, Th. 4.2]
which is essentially the same result for the special case of the nil-Brauer category. The monoidal
functor constructed in [BWW24b, Th. 4.2] composed with the monoidal automorphism of the nil-
Brauer category that negates crossings and dots is equal to the 2-functor here for the split iquantum
group of rank one. We will refer this often in the proof of the next theorem since we need all of the
calculations made in [BWW24b| for strings labelled by i = 4.

For i € I with i # 7i, we define sgn(i) € {£1} so that i € Iy, in the decomposition (3.1).
These signs are used in an essential way in the next theorem in order to break some symmetry.

Theorem 4.1. There is a strict graded 2-functor Z* : 4(s, ) — Add(U(s, ¢)) which is the identity
on objects, takes B;1, — F;1, @ q?_hi()‘)ETi]l,\, and is defined on 2-morphisms by

Ez( *A) = %\ - %E\ (4.14)

( ) :mxlﬂx, (4.15)
:(WU ) &JAJFUM (4.16)
E( O ) = Cu @ —u ,\Q(u) : (4.17)

= e -1 . o : . ~ -1,.-1 5
= ( ><A > =T >Q — Trj7iTri >< = Trij >< i T %A (4.18)

! J 0 7 T Tj T J 1 Tj

ifi#j and i # 17,

= ( XA )5\ = ]><] - T]><,ii sgn(z’)ﬂ><;\i +sgn(z’)%§\ - % %\ + % %A, (4.19)

? T TL 1@ 1 Ti
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(XA) =) D ) X = G -3¢ _www (1.20)

if i # 71, and

= SN NS N e L LT b e
(X)X R

7 () ? (]
if i = Ti.

Proof. First, one checks that the degrees are consistent. This follows by inspecting Tables 3 and 4
in Subsections 3.2 and 4.1. To construct the functor, we define it on objects and generating 1-
morphisms as in the statement of the theorem, and on generating 2-morphisms according to (4.14)
to (4.16) and (4.18) to (4.21) together with the following which specifies Z* on the fake bubble
generators:

—t . . .St \
= ( @) )x = lgu O AQ(M (4.22)
! u:>0

To show that it is well defined, we need to check that the images of the defining relations of (s, ()
are satisfied in g(q, ¢). This will take up most of the rest of the proof.

Before we verify any further relations, we check that (4.17) holds. If ¢ = 74 then it follows from
[BWW24b, (4.2)]; one needs to compose with the automorphism of the nil-Brauer category that
negates dots and crossings because the monoidal functor there is defined in a slightly different way

to the 2-functor =Z* here. Now suppose that i # 74, so that /—iQ(u) A= T’i@@ A+ 'ri@ A . Since
(4.22) is true by the definition of Z*, to establish (4.17) it suffices to show that

u:<0
Using Lemma B.1, the left hand side is

@; + @; =G |u® @/\(@—Ugg/\@—ug@@)\®+u§®)\©

1 T ! ? ! 7 T T
:<0

S Ne S ReN-ERe e
B ‘ ! [ T ' u:<0
— .05t R : 2 :
o (@5 -G ) (@5 +Cp
T i i i
T?

This is equal to the right hand side of the identity we are trying to prove thanks to (2.30).

To complete the proof, it remains to check the defining relations (3.28) to (3.37). This is done in
Appendix C. The calculation requires the other properties of internal bubbles derived in Appendix B,
and also uses Theorem 3.8 proved in Appendix A in order to check the difficult ibraid relation. [I

u:<0

4.3. Special case: categorification of comultiplication. Let i be any 2-quantum group with
parameters (Q; j(x,y))ijer and normalization homomorphisms ¢;, leading to 7; ; as in (2.18). We
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also need the 2-quantum group we denote by £ @ 4, which is defined from the doubled Cartan
datum from Subsection 3.5 using the parameters

Qit j+ (T, y) = Qi i~ (2,y) = Qij(z,y), Qi j-(7,y) = Qi j+(7,y) =1, (4.23)
ci+ (AT, A7) = ai(AF), ci- (AT, A7) = a(A ), (4.24)
Tit gt = Tim = = Tigs Tit j— =i j+ = L. (4.25)

We think of 4 ® U as a commuting pair of copies of i, with generating l-morphisms Ej+ 1+ y-),
Fir 1+ a-), Ei-L+ a-) and Fi-1 5+ y-). In fact, we prefer to work with a variant 4 @ &, which is
the wide and full sub-2-category of (4 ® L), generated by the 1-morphisms

hi(AT
(Bi @ D1 a+ a-y = B Lat p-y, (Ki @ E)L v+ a-y = g ( )Ei—]l(”,)\—), (4.26)

— —h; (A~
(B @ K7 Wpipy =4 " Felpiay, (1@ F)Lpwa) = F-Lpw oo, (4.27)

for alli € I and AT, A\~ € X, We will be drawing string diagrams to represent 2-morphisms in {®
rather than in Y® 4, so that upward strings labelled i* and i~ denote the identity 2-endomorphisms
of E;®1 and K;® E;, and downward strings labelled i™ and i~ denote the identity 2-endomorphisms
of @K, land 1® F}, respectively. This just means that we are using another grading convention
for string diagrams. In the ungrading setting, ${ ® &l and 4 ® &l are the same k-linear 2-category.

Next, we pass to a localization 4 ® 4 of U ® 4L by adjoining two-sided inverses to all 2-morphisms
given by a dot on an upward string labelled it minus a dot on an upward string labelled i~. We
denote these two-sided inverses by

Hrbo = (@ )T HHe = (@ )T

it 1 it

They are similar to the teleporters defined earlier in the section but with a different sign (which is
why we are using a new color). As we did before, we extend the notation so that we can also attach
teleporters to downward strings. Then we define internal bubbles in £ ® L[ by

%:: %@ *% . %: @ﬁg +O %L (129
ﬁ% %@ _1+ W% Q {>: @ %5 w_1+§3° % (430
i ko e oA
,é: 6% @1 % ' %: - C% 1 2 ﬁ BN

These have similar properties to the internal bubbles defined before. For example, the clockwise and
counterclockwise internal bubbles are two-sided inverses. Note also that the bubbles in the above
definitions can be drawn on the other side of the string, e.g., we have that

bol o-led] o

i
These statements follow from Lemmas B.3 and B.4 since the new internal bubbles are images of (a
special case of) the old ones under an automorphism Q ® I; see the last sentence of the proof of the
next theorem. We also point out that the formulae defining these internal bubbles are the same as
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the formulae defining analogous morphisms in the Heisenberg category from [BSW23, (5.27)—(5.28)]
and they appeared already for sly in [Web24, (6.3)—(6.4)].

Finally, we contract the object set of & & along the quotient map X — X, (AT, A7) — AT + A~
to obtain a graded 2-category M@ﬂ. Its object set is X. A l-morphism G1) = 1,G : A — p in
il@il for G that is a monomial in F; ® 1, K; @ E;, F; ® K;l, 1® F; (i € I) whose total weight
obtained by adding «; for each E; ® 1 or K; ® F; and —aq; for each F; ® K i_l or 1 ® F; is equal to
u— A. Then

Homﬂ(@ﬂ(G]l,\,H]lA)n = H Homu@u (G]l()\Jr’)\f),H]l()\Jr’/\f))n.
B A=)

Now we can state a reformulation of Theorem 4.1 in this special case. The 2-functor = that it
defines is a categorical version of the comultiplication A : U — U ®q(,) U. The devoted reader
could reprove this theorem from scratch by checking relations directly—it is easier than the proof
of Theorem 4.1 but not by much.

Theorem 4.2. There is a unique strict graded 2-functor Z : $f — Add( ® L) which is the identity
on objects, takes Bily +— (E; @ 1)1y @ (K; ® E;)1 and Fily — (1® F)1\ @ (F;® K; )1y, and is
defined on 2-morphisms by

E< %\) = %)q)\_; + %)\1)\2 ,
v ()\1,)\2) it )

(2

( ><,\ ) = X ux + X uk +(—1)52¥j><xlx2 +T;i1 %MM *%j% %Am +5m$ %M/\z ;
v ] ()\1)\2) i1 t

J g i g i gt it ) it

( UA)(A A . F\ﬁAW + iUA'“ ’ E( (\A> . ff\kl/\g + /mAM
1,A2) (A1,A2)

fori,j el and XT,\~ € X with AT + X~ = X\. We also have that

E( fx) = %/\])\3 + %/\1/\37
i (/\1,)\2) a -

(2

= ><\l/\g—‘|— /\l/\_’ —I—(—l)a”Tz] %/\1/\2+ /\l/\ +57,]

%Alm —0; %
’]
(A1,A2) i7" i g i~ gt itogT i~ it +

> = %)\1/\2 + A1A2 +7ﬂj_,i1 ><)\1)\2 +(—1)6 ><)\l)\7 +6’L] ?,\/)\])\) —61"‘7'%/\])\3 y
: . : s

(1]

[1]

<—o—
\ <

(MsA2) T g7 i g im gt it

(1]

X

(A1, 2) 7 g i im g it
_ Ao Ao =( i _ it i
= T‘[\ 1 =+ fﬂ 1 , H(UA)/\I>\2— U/\IA;)—F &j/\lAz’
— Ou) e Ow) = (+Ow) )(A W= O 2 O) -
1 1,12 a 1

(Ala)\Q) it

Proof. We will deduce this from Theorem 4.1 by composing with some isomorphisms, paralleling

the identity A = (w ® id) o d for the underlying quantum groups. First, we need the isomorphism
D:yuSu

from Theorem 3.9 from the 2-quantum group i to the quasi-split 2-iquantum 44" of diagonal type.

Let 4 be the 2-quantum group associated to the doubled Cartan datum with parameters as in (3.55)
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0 (3.59). Theorem 4.1 in this special case gives us a strict graded 2-functor
B (6, 0),

where (g, ¢) is the version of Y with adapted grading from Subsection 4.1, and ¢, { are as in (3.60)
and (3.61). Finally, we need the isomorphism of graded 2-categories

Q®J: U6 U (4.33)
defined on objects by (AT, A7) = (=AT, A7), and on 1-morphisms by
BT+ p-) = Fir L+ Ay, Fir 1+ a—) = Ei+ L+ Ay,
Ei-1p+ -y = Ei-1 2y, Fi-1+ -y = Fi-T 2y

On a string diagram representing a 2-morphism, the 2-functor Q ® J applies the map (AT, A7) —
(—=AT, A7) to 2-cell labels, reverses the orientation of all strings labelled by I, and multiplies by

e —1 for each %, %, f\or’ijforiel,

o —7;; for each crossmg of the form ><>\ ><>\ ></\ or ><>\ for i,5 € I, and

1 for each crossing of the form >< >< x or >< for i,jel
it gt gttt g i

appearing in the original string diagram. In fact, the 2-category # can be viewed as combining
copies of i and of 4 which commute with each other; from this perspective, the automorphism
Q0 ® J agrees with Q from (2.47) on the copy of U, and it is the isomorphism J from (2.49) on
the copy of 4. The 2-category U & 4l is the image of $(c, () under the canonical extension Q ®
J 4, — (U U, to the g-envelopes, with the 1-morphisms (4.26) and (4.27) being the images
+ _ . —
of Fir 1 (_x+x-), g ha(A )Eif]l(_/\ﬂ);), q; ha(A )EZ»+]1(_,\+7A7), and F;-1(_y+ -, respectively. This
functor also extends further to additive envelopes. Now everything is set up, and we can simply
define

Z:=(Q®@I)oE oD : iU — Add(U® ). (4.34)
It remains to calculate the images of the generating 2-morphisms to obtain the formulas in the
statement of the theorem, using the observation that the new internal bubbles (4.29) to (4.32) are
the images under 2 ® I of the internal bubbles O, ©, ©, O, —O, — O, —0O, —0O, respectively. [

L 3055 S S

Remark 4.3. The upward and downward crossings with internal bubbles in Theorem 4.2 can be
written more simply using the observation that

>< iti=j }{i ifi=j
. . i i

—1 % o (a 1 _
J,t 0. .
@ if i # j L Qw(f‘fvy)>{ if i # j.
it Qi,j(z,y) =0 ! ’ im g
N

it

(4.35)

This follows using Corollary B.7 (actually, its image under Q ® I).

Remark 4.4. In the sly case, a very similar 2-functor to Z was constructed in [Web24, Th. 3.1].

Denoting the one in [Web24] by = and using 4+ and — instead of the red and blue strings there, it
is defined by

E( %A) — %/\l\» + %/\1/\., ,
(A,A2) 1
§<><A >(/\1,A2 ><A1A, +>é\1>\) >< s + /\I/\)—% %wﬂﬁ %Aw,
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(m)‘) = m/\v\z + m/\l/\g )
(Ade) -

[1IR

= T N
2(U)y0= L+ U

However, unlike =, = does not preserve degrees of 2-morphisms. Although rightward cups and caps
are simpler, the leftward ones are more complicated:

E([\/\> :ﬁ)\y\z +ﬁ)\1/\27 E(y)\) :J&jkw\g +&//\I/\2'
(A1,A2) (A1, )2)

For general g, there is also another 2-functor of a similar nature constructed in [Web24, Lem. 3.5]
whose codomain is another 2-quantum group obtained by “unfurling” the Cartan datum.

5. NON-DEGENERACY AND RELATED COMBINATORICS

For any symmetrizable Cartan datum and any choice of parameters, the 2-quantum group 41 is
non-degenerate, that is, the 2-morphism spaces in il have explicit diagrammatic bases. This was
conjectured originally in [KL10|, where it was proved for sl,. The conjecture was subsequently
proved first for all finite types, and then in general in [Web24, Th. 3.6|]. By [KL10, Th. 2.7,
Prop. 3.12|, the validity of the Non-Degeneracy Conjecture implies that graded ranks of 2-morphism
spaces in 4 can be computed using Lusztig’s symmetric bilinear form

() : Uz x Uz = Zlg, ¢ '] (5.1)

from [Lusl0, Th. 26.1.2] (we recall its definition in Remark 5.14). In this section, we are going
to use the 2-functor =* from Theorem 4.1 to deduce analogous results for 2-iquantum groups with
geometric parameters.

5.1. Notation for words and monomials. Let (I) be the set of words ¢ =4y ---4; for [ > 0 and
i1,...,9 € I. We denote the length [ of the word by {(2) and let wt'(z) be the image of c, +- - -+ ¢y,
in X"*. Words of this form will be used to index various monomials:

bi = bi1 tee bil’ Bz = Bil A Bip (52)
0; = (9i1~"0il, 0, = @i1®"'®@il' (53)

The first of these is an element of U’. The second has no meaning by itself but, given an iweight
A € X*, the notation B;1) denotes the 1-morphism in the 2-iquantum group * that is the horizontal
composition of the generating 1-morphisms according to the sequence. The third is a monomial
in Lusztig’s algebra f, which will be introduced in Subsection 5.4. The fourth denotes an object
in a certan quiver Hecke category which is TBD (“to be defined”—see Definition 6.2) but it seems
convenient to include the notation ©; here already.
More generally, we will eventually need divided power words of the form 7z = igm) . “il("l) for
Il >0,i1,...,4 € I and ny,...,n; > 1. We denote the set of all such by ((I)). The set (I) is a
subset of ((I)) in the obvious way. For such a divided power word, we define wt’() to be the image
of njay, + -+ +may, in X*, and let
by = b, B; =B ... B (5.4)

0; =0 0", 0; =0/ g . e (5.5)

Given 7 € ((I)) and an iweight A, the notation b;1) denotes the corresponding product of di-
vided/idivided powers in {* from (3.7). The other monomial introduced in (5.4) involves B,L»(n)
which is TBD (see Subsection 6.1). The monomials (5.5) involve 91(”) =01/ [n}'ql and @En) which is
TBD (see Subsection 6.2).

There is also the set (I,17) of words in the alphabet I = I U I~ = {it,i" |i € I}. We
define the weight wt(é) € X of such a word to be the sum of the weights of its letters, with the
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understanding that wt(i*) = a; and wt(i~) = —a;. We let g;+ = e;,9;~ := fi,Gi+ := E; and
G;- = F;, then for ¢ =iy ---i; € (IT,I7) we define
gi; ‘= gil e gil? GZ = Gi1 e Gil' (56)

The monomial g; is an element of U, and G;1 is a 1-morphism in i for any A € X. One could
also introduce the set (I, I7)) of divided power words which index monomials in divided powers
of e;, f; or E;, F;, but actually we will not need these subsequently.

5.2. Non-degeneracy of 2-quantum groups. We begin by giving a self-contained proof of the
non-degeneracy of 2-quantum groups for all symmetrizable Kac-Moody types. Although similar in
spirit to the proof given in [Web24|, we will prove it using the comultiplication 2-functor = from
Theorem 4.2 instead of the unfurling 2-functor from [Web24, Lem. 3.5|. Let 4 be as in Subsection 2.2.
We will forget the grading on i, viewing it as a k-linear 2-category.

A 2-representation R of 4 is the data of a strict k-linear 2-functor from 4 to the 2-category of
k-linear categories. It means that we are given k-linear categories 1, R for each A € X and k-linear
functors F; : 1\R — 1y;,R and F; : 1\R — 1,_,,R for each A\ € X and ¢ € I. Moreover, every
2-morphism in 4l induces a natural transformation between the appropriate compositions of these
functors in a way that respects horizontal and vertical composition. We abuse notation by writing
R also for the k-linear category [[,.x 1AR or, if we are in a setting in which each 1R is additive,
for the additive k-linear category @@, x 1AR. Then we refer to 1\R as the A-weight subcategory.

There is a natural notion of morphism M : R — S between two 2-representations. It is the data
of a k-linear functor which restricts to k-linear functors M), : 1R — 1,S for each A € X, plus
natural isomorphisms EZS oMy = Myiq, oEiR and Fis oMy = My_,, oFiR which are compatible with
the natural transformations arising from 2-morphisms in 4l; see [BD17, Def. 4.6] for more details.
We use the term equivariant functor rather than “morphism of 2-representations”, and call it an
equivariant equivalence if each M) is an equivalence of categories.

One can also take some commutative k-algebra K and consider K-linear 2-representations and K-
linear equivariant functors between them. These are just 2-representations and equivariant functors
as defined above for the base change U ®; K. We say that R is a K-finite 2-representation to
indicate that the k-algebra K is an algebraically closed field, R is a K-linear 2-representation, and
all morphism spaces of R are finite-dimensional as vector spaces over K.

Assume from now on that R is a K-finite 2-representation. There is a canonically induced
structure of K-finite 2-representation on the additive Karoubi envelope (=the idempotent completion
of the additive envelope) of R. The Yoneda embedding induces a contravariant equivariant between
this and another K-finite 2-representation we denote by R-proj, whose A-weight subcategory is the
category 1,R-proj of finitely generated projective left 1)yR-modules. We will work here with the
latter construction, the advantage being that 1,R-proj is a full subcategory of the Abelian category
1,R-mod of locally finite-dimensional left 1,R-modules, that is, the category of K-linear functors
from 1\R to the category of finite-dimensional vector spaces over K. A disadvantage* is that the
Yoneda equivalence being used is contravariant, so that an application of the anti-involution ¥ from
(2.46) is needed in the construction the required natural transformations.

One can think about 1) R-mod in the more traditional language of modules by passing to the
path algebra of 1 R. This is spelled out in [BD17|, where Abelian categories of this sort are called
Schurian categories. In a Schurian category, the endomorphism algebra of any finitely generated ob-
ject is finite-dimensional, and the endomorphism algebra of an irreducible object is one-dimensional.
Also, it makes sense to talk about composition multiplicities of any object, which are finite. How-
ever, objects (even finitely generated ones) are not necessarily of finite length, and morphism spaces
between objects that are not finitely generated can be infinite-dimensional.

4As usual, one could avoid this by working with right modules, but that creates its own problems in a different
place—one has to reverse the tensor product of bimodules.
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Let V be a finitely generated 1 R-module for A € X. Since Endy,r (V) is finite-dimensional,
we can talk about the (monic) minimal polynomial m¢(z) € K[z]| of any morphism f : V — V.
By adjunction properties, both of E;V and F;V are finitely generated, so it makes sense to define
my,i(x) and ny;(x) be the minimal polynomials of

% |v BV — EV, ﬁf |v BV — FV, (5.7)
respectively. The spectrum of R is the set of roots of the minimal polynomials my;(z) for all
i € I, all finitely generated 1) R-modules V' and all A € X. Equivalently, by an argument with
adjunctions, it is the set of roots of the minimal polynomials ny;(x) for all ¢ and V.

Lemma 5.1. Let V be a finitely generated left 1\R-module and i,j € I. All roots of the minimal
polynomials mp,v,i(v), mpv,i, ng,v,i(r) and ngyv,:(x) are roots of my,;(x) or ny,(zx) or, when j # 1,
Qi j(z, ) for roots B of my(x) or ny;(z).

Proof. First, we look at mp,v,(z). From (2.39), we have that

_ v = (_1)62',3'_ é@j_
| ¢ A\ O
L] (] 0

Multiplying by my;(u) and taking the u™!-coefficient using (2.23) gives that

my,i(z)ny,i () —% J

]

1% +(5¢7j V.

ez
1% = (—1)%J z%

u:<0 v J

v =0.

It follows that mp,v,(z) divides my,(x)ny,(x). This shows that roots of mp,v,(z) are roots of
my,i(x) or ny,;(x). A similar argument shows that roots of ng;v,;(z) are roots of my;(x) or ny,;(x).
Next suppose that « is a root of mp;y,(x) for j # i. For some root 3 of my,;(z), we can find

a simultaneous eigenvector v € E;E;V for the commuting endomorphisms ¢ T |v and | § |v with
i J (]
eigenvalues o and 3, respectively. We have that

@) | ()
e |°7 X

L t g

v =0.

v = (-
vt g

Acting on v, we deduce that my;(a)Q; (e, 8) = 0. So a is a root of my ;(x)Q; j(z, 3). This shows
for j # i that roots of mp;y,(v) are roots of my,;(z) or Q; j(w, 3) for roots 8 of my,;(z). A similar
argument shows that roots of ng,v,;(z) are roots of ny,;(z) or Q; j(w, 3) for roots 8 of ny, (), again
assuming j # 1.

Finally, we show that any root of mpg,v;(z) is a root of my;(x). A similar argument shows
that any root of ng,y,(x) is a root of ny;(z) to finish the proof of the lemma. Let a be a root of
mpg,v,i(x). For some § € k, we can find a simultaneous eigenvector v € E?V for the commuting
endomorphisms z := ¢ ] |v and y := [$ |v with eigenvalues o and 3, respectively. Also let

71 71

s := X |v. We have that ysv = sxv —v = asv —v. If sv is a multiple of v then sv = 0 since
i

s? = 0,' hence, the identity in the previous sentence gives that v = 0. This is not the case. So v
and sv are linearly independent. On the subspace of EZ-QV spanned by v and sv, the matrix of y is

(g _al) This shows that « is an eigenvalue of y, that is, it is a root of my;(x). ]

Consider the k-linear 2-category 4 & 4 from Subsection 4.3 with weight lattice X & X. We are
ignoring the grading, so it is just the same as the 2-category A ® 4l generated by a commuting pair of
copies of 4. Also recall the 2-categories U ® $f and U ® 4. If R and S are K-finite 2-representations
of 4, there is a K-finite 2-representation R X S of {l @ &l defined by letting 1+ \-)(R X S) be
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the K-linearized Cartesian product (1,+R) X (1,-S). The functors E;+ and F;+ are E; X id and
F; Wid, while F;- and Fj- are idXFE; and id XF}, which commute strictly with E;+ and Fj+.
Crossings with one string labelled it (i € I) and the other labelled 5= (j € I) act as identity
natural transformations. The natural transformations defining the actions of the other generating
2-morphisms of 4 ® L are the obvious ones from the actions of 4 on R and S.

Suppose in addition that R and S have disjoint spectra. Then the action of 4 ® U on RX S
extends to an action of the localization 4 ® L[. Using the 2-functor = from Theorem 4.2, we obtain
from this a K-linear 2-representation R ® S of 4 itself with

L(ReS) = P [IH+R)R(1,-8).
A=)
It might not be K-finite.

For this construction to be useful, we need a supply of K-finite 2-representations. For each A € X,
there is a corresponding left reqular 2-representation U1y of 4. This is the 2-representation with
1,41y := Homgy(\, k). The functors F; and Fj;, and the natural transformations associated to 2-
morphisms, are defined by composing horizontally on the left. The generalized cyclotomic quotients
(GCQ for short) in the next definition first appeared in [Web15, Prop. 5.6]. The cyclotomic quotients,
which are a special case, have a much longer history.

Definition 5.2 (Generalized cyclotomic quotients). Suppose that we are given a pair u,v € Xt of
dominant weights, a commutative k-algebra K, and monic polynomials y;(z), vi(z) € K[z] for each
i € I with deg(ui(z)) = hi(p) and deg(v;(x)) = hi(v). The generalized cyclotomic quotient of $4
associated to this data is the K-linear 2-representation

H(plv) = (U1, —, @k K)/I(p|v)

where I(yu|v) is the K-linear sub-2-representation of U1, _, ®i K generated by

{ i () —% v—p Ci(I/ — M) @ V=i — [Vi(u)/,ui(u)]u:hi(u_y)_n idnu_u

7 7

iEI,0<n§hi(V)}.

Equivalently, by [BD17, Lem. 4.14], I(u|v) is generated by

2

{ vi(x) —%//—/1 , CZ‘(V — /J,)fl @ V= — [Mi(u)/l/i(u)]u:hi(y_“)_n idﬂy7# 1€l,0<n< hz(ﬂ)} ,

and we have that
ci(v — u) vop = viu) i ei(v—p)t u) v = i) i
=) Ol v = S, a0 Ow) ) e (68)

in H(u|v). We denote the object 1,_, of 1,_,H(u|v) by V(u|v). It is a generating object in the
sense that any other object can be obtained from V' (u|v) by applying a sequence of the functors
E;, F; (i € I). If either =0 or v = 0, we call H(u|v) simply a cyclotomic quotient.

We will soon need a theorem proved in the graded setting in [Web17, Cor. 3.20] giving a Morita
equivalent realization of cyclotomic quotients in terms of cyclotomic quiver Hecke algebras. Another
proof of the result valid also when the grading is forgotten is given in [Roul2, Th. 4.25|; this
depends on [Roul2, Th. 4.24|, for which Rouquier cites [KK12, Web17| noting that the arguments
from [KK12| are also valid in the ungraded setting. We state the theorem shortly, after some more
definitions.

Definition 5.3 (Quiver Hecke categories). The quiver Hecke category QH is the strict graded
monoidal category with generating objects E; (i € I) and generating morphisms
§E1—>Ez, ><EZ®E]—>EJ®E1

vt
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of degrees 2d; and —d,a; ;, respectively, subject to the relations (2.10) to (2.12). For p and p;(z) €
K[z] as in Definition 5.2, let I(u) be the left tensor ideal of QH®, K generated by {m § ‘2 € I}
Then we pass to the quotient category

QH(p) :== (QH & K)/I(n).

This K-linear category is a cyclotomic quiver Hecke category. If K is a graded k-algebra and each
wi(x) is a homogeneous polynomial then QH(u) is also a graded category.

For | > 0, the locally unital endomorphism algebra

QH,:= € Homqu(Ej, ®---® Ej, By ©--- @ Ej) (5.9)
01,0 €L
j17~--,jl€I

is the quiver Hecke algebra introduced in [Rou08, KL09|. If I is finite then QH; is a unital algebra, but
in general it is merely locally unital. It has a well-known basis as a free k-module with elements are
the composition of a monomial z7? - - - x?l (n1,...,n; > 0), a string diagram representing a reduced
expression for a permutation w € S;, and an idempotent indexed by a sequence (i1,...,4;) € I'.
Since there are no non-zero morphisms Ej ® -+ ® Ej, — Eyy ® -+ ® Ey, for | # I, we obtain from
this a basis for each morphism space in QH.

Switching attention to the quotient category QH(u), the locally unital endomorphism algebra

QH(n) == @B Homqmu)(E; ®Ej,Ei, ®- - ® E;) (5.10)
11,0501 €1
J1yeoqt€1

is a cyclotomic quiver Hecke algebra. By [Webl17, Cor. 3.26], it is free of finite rank as a K-module;
in particular, it is a unital algebra. It follows that each morphism space in QH(u) is free of finite
rank as a K-module. There is a K-linear functor

F: QH(p) — H(plv) (5.11)
defined by acting on the generating object V(u|v).

Theorem 5.4 (Kang-Kashiwara, Rouquier, Webster). Assuming that v = 0, the functor F is fully
faithful, and it induces an equivalence QH(u)-proj — H(u|0)-proj.

The next lemma is a partial extension of Theorem 5.4 to GCQs. This can also be deduced from
results in [Web15, Web24|, but the point is to give an independent proof of it using Theorem 4.2.
See also Corollary 5.7 for a stronger version.

Lemma 5.5. In the setup of Definition 5.2, suppose that the ground ring k is an integral domain
and that K is an algebraically closed field. Assume that the polynomials p;(x),v;(x) for i € I are
chosen so that all roots of the polynomials p;(x) (resp., vi(x)) are algebraic (resp., transcendental)

over the field of fractions of k. Then the functor F : QH(u) — H(ulv) from (5.11) is also fully
faithful when the dominant weight v is non-zero.

Proof. We claim that the spectrum of H(p|0) consists of elements of K that are algebraic over
Frac(k), and the spectrum of H(0|v) consists of elements of K that are transcendental over Frac(k).
To justify this, the minimal polynomials my(,g):(7) divide p;(x) and ny(,0):(z) = 1, so the roots
of these polynomials are algebraic over Frac(k) by assumption. The minimal polynomials ny (o l,)yi(x)
divide v;(x) and my (g|,),i() = 1, so the roots of these polynomials are transcendental over Frac(k)
by assumption. The other objects of H(p|0) and H(0|v) are of the form G;V (u|0) or G;V (0|v) for
some word ¢ € (I, I7). For a, B € K with Q; j (e, 8) = 0 for some i # j, « is algebraic over Frac(k)
if and only if 3 is algebraic over Frac(k). Using this, Lemma 5.1 and induction on the length of ¢, it
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follows that the roots of me, v (uj0),:(*) and ng,v(y)0),:(7) are algebraic over Frac(k), and the roots
of mg,v(o),i(z) and ng,v(op),i(z) are transcendental over Frac(k). The claim follows.

The claim implies that the spectra of H(1:|0) and H(0|v) are disjoint. So we obtain a K-linear
2-representation H(u|0) ® H(0|v) of 4 via the construction with Theorem 4.2 explained before
Definition 5.2. Denoting its object (V' (u]0), V(0|v)) simply by V', we have that

s |v = | o o | I =@ |- o
it i it i
1. .
ci(—p) O(u) |‘ = ilw) idy, ¢i(v) O(u) |V = vi(u)idy .
7

i i
The faithfulness of the functor in Theorem 5.4 implies that there is a faithful functor
F': QH(p) — H(p|0) ® H(0Jv)
defined by acting on V. There is a canonical equivariant functor C' : U1,_, — H(ul0) ® H(O|v)
taking 1,_, to V. The image of pi(x) b—% v—p 18 pi(x) % |\/ + [pi(2) % |\/ = 0, and the image of

ci(v—p) O(u) v is (v — p) O(u)@(u) |v = vi(u)/pi(u )1dv. So C factors through the
quotient to induce an equivariant functor C' : H(u|v) — H(u|0) ® H(0|v). Finally we observe that
the following diagram of functors commutes:

C
H(u|v) HI(4/0) @ H(0[v)
We deduce that F is faithful because F is faithful. It is obvious that F is full. O

Now the tools are in place, and we can state and prove Khovanov-Lauda’s Non-Degeneracy
Conjecture for 2-quantum groups. Using the conventions from Subsection 5.1, for 4,7 € (I, 1)
with wt(2) = wt(j), G;1 and G;1) are 1-morphisms belongmg the same morphlsm category of
. By an ¢ X j shape, we mean an oriented string diagram D with no dots or closed components
(“bubbles”) such that D represents a 2-morphism G;1, = G;1, in Y. Such a shape D is reduced if
no string has more than one critical point (i.e., no zig-zags), no pair of strings cross each other twice
(i.e., no bigons), and there are no self-intersections of a string with itself (i.e., no loops). Note in a
reduced shape that the boundary points of any cup are on the top edge and the boundary points of
any cap are on the bottom edge; there are also propagating strings which have one boundary point
on the top edge and one on the bottom edge. We say that two shapes are equivalent if they define
the same matching between the boundary points. Then we fix a set S_B(z x J) of representatives
for the equivalence classes of reduced ¢ x j shapes. Assuming this set is non-empty, we have that

[(7) = l(7) (mod 2), so it makes sense to consider [ := (|l(¢ )\ + |(g )])/2, this is the number of
connected components in any ¢ X j shape. Then, for each D e Sh(z X 7), we fix a choice of
points p1,...,p; away from crossings and critical points, one on each connected component of the

shape, ordering them according to the lexicographic ordering of their Cartesian coordinates. For
feklx,...,z), welet D(f) »: G;1\ = G;1, be the 2-morphism obtained from D by pinning f
to the points p1,...,p;.

Theorem 5.6. For A € X, the k-algebra Endy (1)) is freely generated by either of the sets

{@A z’eI,nzl} or {@\

1 ()

iean1} (5.12)
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Moreover, for words ©,5 € (IT, 1) with wt(¢) = wt(7),1(2) = () (mod 2) and l := (I(3)+1(3))/2,
the 2-morphism space Homy(G;1y,Gily) is free as a right Endy(1y)-module with basis given by
the morphisms

{ﬁ(x’l” o) )| Doesh(i x §),na, . > o}. (5.13)

Proof. We assume for the proof that the normalization functions ¢; are all 1. This just amounts
to rescaling diagrams by units (recall Remark 2.4), so it is permitted. Note also that Endy(1y) is
freely generated by the first set in (5.12) if and only if it is freely generated by the second set. This
follows from the infinite Grassmannian relation (2.32). We will prove the result for the first set.

Let R := k[,é’i(n) liel,n> 1] and fy : R — Endy(1)) be the homomorphism mapping
B s ()

We view Homy(G;1,,G;1y) as a right R-module with action of 3 € R defined by horizontally
composing with f\(8) on the right of a string diagram. We need to show that the set (5.13)
generates Homy(G;1y,G;1)) as a right R-module, and that this set is R-linearly independent.
The spanning part follows because there is a straightening algorithm to take any string diagram
representing a 2-morphism G;1, = G;1, to an R-linear combination of elements of (5.13). This
is explained in [KL10, Sec. 3.2.3] and [Laul0, Sec. 8|; the algorithm proceeds by induction on the
number of crossings in the diagram.

It remains to prove that the set (5.13) is R-linearly independent. For this, we make two more
reductions:

e We can assume that the ground ring k is the quotient of the polynomial algebra
Z[ti,j,ti,j;r,s ”L 75] inl,0<r< —ai,j,O <s< —ajﬂ;}

by relations asserting that each ¢; ; is invertible and ¢; ., s = t; .5, taking Q; j(x,y) to be
the generic polynomial defined by (2.7). The grading on k is defined so that ¢; ; is of degree
0 and t; j., s is of degree —2d;a; ; — 2d;r — 2d;s. The 2-category il over any other ground
ring for any choice of parameters can be obtained from this by base change. So if we can
prove the linear independence in this special case, it is true in general.

e As noted in [KL10, Rem. 3.16], the proof of linear independence reduces further to the case
that 7 = zfz;“ and j = jfz;r for I > 0 and (i1,...,%), (j1,...,71) € I' in the same
Sj-orbit. So now we have that G; = E;, --- E;, and G = Ej, --- Ej,.

Having made these reductions, consider a linear relation

Z E(x?lx?l) /\f/\(6<5;n17"'7nl)):0 (514)

Desh(ixj)

in Homgy(G;1,G;1)) for B(ﬁ;nl, ...,n;) € R. Now we pick sufficiently large dominant weights
i, v € X1 so that

(D) A=v—u

(2) every B(E;nl, ...,my) lies in the subalgebra k[/)’i(n) liel,1<n< hi(y)] of R;

(3) B(Dima, ) £0 = deog (Bl -+ 2}")) < min(dihiy (2) . dihi ).
Consider the GCQ H(u|v) of U defined over the algebraic closure K of the field extension of Frac(k)
obtained by adjoining indeterminates {z;, | i € I,1 < n < h;(v)}, taking the monic polynomials
pi(x) := 2P and v;(2) := (x — 2i1) - (@ — Zi hi(v))- Acting with (5.14) on the generating object,
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we deduce using (5.8) that

Y fBDina,. . m) D gty [V =0 (5.15)
Desh(ixj)
ni,...,n; >0

where f: R — K is the k-algebra homomorphism mapping Bi(n) to the 2" coefficient of vi(z)

if 1 <n < hi(v) and to 0 if n > h;(v). Up to some signs, f(ﬁi(l)), . .,f(ﬁi(hl(u))) are elementary

symmetric polynomials in z;1, ..., 2; ;). S0 the elements f(ﬂi(n)) fori e I and 1 <n < h;(v) are
algebraically independent over Frac(k).

The objects G;V (u|v) and GV (u|v) are in the image of the functor F' from Lemma 5.5. As F'
is fully faithful by that lemma, we can rewrite (5.15) equivalently as

S FB@Dina, . ) D2ty =0 (5.16)

Desh(ixj)

ni,...,n; >0
in the morphism space Homqgy(,)(Ej, ® - ® Ej, Eiy ® -+ ® E;;) of the cyclotomic quiver Hecke
category. This morphism space is naturally identified with a morphism space in the K-linear category
(QH/J) @K, where QH is the quiver Hecke category that is the full monoidal subcategory of QH
generated by the morphisms FE;,, ..., E;, (cf. [Rou08, Cor. 3.8]), and J is the left tensor ideal of QH
generated by the homogeneous morphisms §hfl(u) e %lu,z (#) . Note that QHO/J is a graded k-

i1 i

linear category. The hypothesis (3) means that all 5(1‘?1 .- x;"") such that 5(5, ni,...,n;) # 0 are
of degree strictly smaller than the degrees of any of the generating morphisms of I(,u) Morphism
spaces of QH’/J, hence, of (QH"/J) ®; K in such small degrees have the same bases as the
corresponding morphism spaces of QH. From this, we deduce that all of these ﬁ(m?l -xy't) are
linearly independent. Hence, f(ﬁ(ﬁ;nl, ...,my)) = 0 for all De sB(z x 7) and ny,...,n; > 0. The
restriction of f : R — K to k[ﬁi(n) liel,1<n< hi(u)] is injective since the images of its generators
are algebraically independent over k. Each 3 (Z_j, ni,...,ny) lies in this subalgebra by the hypothesis
(2). So we have that B(ﬁ;nl, ...,ny) =0 for all D and nq,...,n. O

We have already discussed some of the well-known consequences of Theorem 5.6. Here is one
more application, which strengthens Lemma 5.5.

Corollary 5.7. The functor F : QH(u) — H(ulv) from (5.11) is fully faithful for all p,v € X+
and all choices of the commutative k-algebra K and the polynomials p;(x), v;(x) € K[z].

Proof. This follows from Theorem 5.6 by the argument from the proof of [BSW20, Lem. 5.6]. O

5.3. Non-degeneracy of 2-iquantum groups with geometric parameters. Now we would
like to upgrade Theorem 5.6 from 2-quantum groups to 2-iquantum groups. Let notation be as in
Subsection 3.2. We remind that the existence of an admissible choice of parameters implicitly puts
a restriction on the Cartan matrix, as discussed in Remark 3.3.

Take words 4, j € (I) with wt'(¢) = wt*(3). For any A € X*, B;1, and B;1) are objects of the
same 1-morphism category of 4. An ¢ X j-shape now means an unoriented string diagram D with no
dots and no bubbles so that D x: Bj1) = B;1) is a 2-morphism in {* for any A € X*. As before,
such a shape is reduced if there are no zig-zags, bigons or loops, and two shapes are equivalent
if they define the same matching between the boundary points. Then we fix a set sh(z x j) of
representatives for the equivalence classes of reduced @ x j shapes and, for D € sh(¢ x j) with [
connected components, we fix a normally-ordered choice of points p1,...,p; away from crossings
and critical points, one on each connected component of the shape. For f € klzq,...,z], we let



42 JONATHAN BRUNDAN, WEIQIANG WANG, AND BEN WEBSTER

D(f) » : Bjly = B;1 be the 2-morphism in 4* obtained from D by pinning f to the points
p1,. .., Also recall the decomposition I = I; U Iy U I_; from (3.1).

Definition 5.8 (Non-degeneracy). Let R' := ]k[ﬁi(m),ﬂ](.n) ’ i€l,j€ly,mn>1m odd} viewed

as a graded algebra with 5l(m) and Bj(n) in degrees 2d;m and 2d;n, respectively. Given A € X", let
f5 : R* = Endg:. (1) be the graded algebra homomorphism such that

HB) =) @) REM) =G @y (Ba7)
for i € I, j € Iy and m,n > 1 with n odd. We use it to make Homg.(B;1,, B;1,) into a graded
right R’-module for any 2,5 € (I) with wt'(2) = wt*(j), so 8 € R" acts by horizontal composition
on the right with f§(3). We say that the 2-iquantum group I* is non-degenerate if the 2-morphism
space Homy. (Bj1y, B;1y) is free as a right R*-module with basis

{D(a}*---a]") 2| D € sh(i x §),n1,...,m >0} (5.18)

for each A € X* 4,5 € (I) with wt'(¢) = wt*(),1(¢) = I(§) (mod 2), and [ := (I(2) + I(]))/2.
Taking ¢+ = j = &, non-degeneracy implies that f} : R* — Endy (1) is an isomorphism.

The spanning part of non-degeneracy is relatively straightforward:

Lemma 5.9. The 2-morphism space Homy. (B;1y, B;1)) is generated as a right R*-module by the set
(5.18) for each X\ € X", 4,3 € (I) with wt'(2) = wt*(3),1(¢) = 1(j) (mod 2), and l := (I(¢)+1(7))/2.

Proof. Any dotted bubble representing a 2-endomorphism of 1) can be expressed as a polynomial
in the elements of the set

{,—;@/\ ,,7@)\ ‘ie[l,jelg,m,nZLmodd}.

This is clear from the relation (3.29) for bubbles i@ A for ¢ € I;. For bubbles with i € I,

it is not such an obvious consequence of (3.29), but using this relation any 1@ A with ¢ € I
and n even can be written as a quadratic expression involving these bubbles for smaller odd values
of n; e.g., see the paragraph before [BWW24b, Cor. 2.6] where this is deduced from an identity
involving Schur’s g-functions. In view of this, the 2-morphisms (5.18) generate Homy (B;1y, B;1))
as a right Endye (1) )-module because there is a straightening algorithm similar to the Khovanov-
Lauda straightening algorithm for 2-quantum groups mentioned in the proof of Theorem 5.6. This
proceeds by induction on the number of crossings, using all of the defining relations of (*. U

The difficult part of establishing non-degeneracy of 2-iquantum groups is the linear independence.
The following treats the case of geometric parameters as in Example 2.3.

Theorem 5.10. Assuming that the Cartan matrix is symmetric and that the parameters satisfy
Qij(x,y) = tijlx —y)~% for all i # j (with t;; € k™ as usual), the 2-iquantum group " is
non-degenerate.

Proof. In view of Lemma 5.9, we must show that the 2-morphisms (5.18) are R'-linearly indepen-
dent. Let (s, (), U(s,¢) and ﬁ(g,() be as in Subsections 4.1 and 4.2. We are going to work
with the k-linear 2-category 4. obtained by completing (s, ) with respect to the grading. It has
the same objects and 1-morphisms as 4(s,¢) and, for words k,£ € (I, I7) of the same weight, its
2-morphism space Homy, (Gl x, Gg 1) is the product [ ], 7 Homg o) (Gelx, Gx1)),. The horizon-
tal and vertical compositions of 2-morphisms in (s, e) extend to the grading completion because
Homy(¢ o) (Gely, Grln)n = {0} for n <« 0. The 2-morphism spaces in il. have topological bases
arising from Theorem 5.6: given A € X, Endy, (1)) is the grading completion of End (1) and
k, € as before with I(k) = 1(€) (mod 2) and [ := (I(k) + 1(£))/2, the space Homy (Gely, Gk1)) is
free as a topological Endy, (1))-module with basis

{ﬁ(x?l,...,x?l)}BESB(k x £),n1,...,n > 0}.
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This makes il better for the present purpose than the localization (g, ¢), where we do not know
any reasonable basis.
Fix i € k*. There is an automorphism (not graded)

s, e) = U(s,e),
%A »—>m+h—%,\, PO AT Y ALY U/\ »—>UA.
i i iy S T :

This follows by an easy relations check; the key point is that Q; j(x +h,y+h) = Qs j(x,y). We also
have that

7 (2 2 7

1 (O) ~Ctw-n. 1 (O6) ~Cu-n

The proof of this is explained in [BWW24b, Lem. 5.3]. The 2-morphisms obtained by applying
n to (4.2) and (4.3) have non-zero constant terms (for (4.2) this uses the assumption about the
parameters again). So they are invertible in .. Hence, 1 : (s, () — 4. induces a strict k-linear
2-functor n : 4(s,¢) — U Finally, we collapse the object set of . along the fibers of the quotient
map X — X" in the same way that il(g ¢) was constructed from U(c, (), to obtain a k-linear 2-
category il with object set X', and a strict k-linear 2-functor 7 : M(g () — .. We will use the
composition 7o Z* : ' — iJ.C for Z' from Theorem 4.1 to complete the proof of the theorem.
Suppose for a contradiction that there is a non-trivial linear relation

> D@ -apt) ) (8D, ) =0 (5.19)

Desh(ixj)

ni,...,n; >0
for 5(D;ny,...,n;) € R". Choose a lift A € X of X and a shape D € sh(¢ x 7) which has a maximal
number of crossings amongst all D’ such that 8(D’;nq,...,n;) # 0 for some nq,...,n;. Let D be

the string diagram obtained from D by orienting strings so that each cap and each cup is directed
from left to right and each propagating string is directed from bottom to top, labelling endpoints by
the same label i as in D if downward and by 7i if upward. This produces words k,£ € (I'*, 1) such
that D is an k x £ shape. Since D is reduced, D is reduced, and we may assume that De s_ﬁ(k x £),
taking the same choice of distinguished points for D as for D. We observe since it is reduced
that D only involves upward, downward and rightward crossings and rightward cups and caps. Let
J:R" — Endg,(15) be the homomorphism mapping

semrorncn] L e |ormon]

T ui—A;—m / / u:—n

for ¢ € I1, j € Ip and m,n > 1 with n odd. These are algebraically independent elements of
Endg, (15) (see [BWW24b, (5.9)] which explains this for i € Ip). So f is injective. Now we apply
the 2-functor 7o =" to (5.19) then project onto the G 15 x Gl 5-matrix entry of the result to obtain
the equality

ST oD@ a5 FBDin, ) + () =0 (5.20)

n1,...,n; >0

in Homy, (Gg]l 50 Gl 5\), where cp is a non-zero scalar depending only on D arising as a product of
the coefficients in (4.14) to (4.16) and (4.18) to (4.21), and (*) is an Endg, (15 )-linear combination
of diagrams of shapes that are not equivalent to D with the same number as or fewer crossings
than D. The terms in (x) may involve teleporters, and leftward cups, caps and crossings decorated
with internal bubbles. All terms in (*) can be “straightened” to rewrite them as Endg, (15)-linear
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combination of D' (z* - -- ;") for D' € sh(k x £) different from D. Using what we know about the
topological basis of Homy (Gely, Gxl5), we deduce that from (5.20) that f(B(D;n1,...,n)) =0
for all ny,...,m; > 0. As f is injective, this shows that all B(D;nq,...,n;) are zero, which is a
contradiction. O

We have some hope that the general approach in the proofs of Theorems 5.6 and 5.10 can also
be used to prove non-degeneracy for non-geometric values of parameters. However, it seems to
be hard to understand the spectrum when one makes some sufficiently generic deformation of the
polynomials Q; j(x,y), so we have been unsuccessful in our attempts to prove the following:

Conjecture 5.11. " is non-degenerate in all cases.

5.4. Graphical interpretation of bilinear forms. In this subsection, we go back to the general
quasi-split iquantum group setup of Subsection 3.1. We will not be using 2-iquantum groups so we
do not need any choice of parameters Q; j(z,y) or normalization functions ¢; to have been made.
This means that the results in this subsection (except for Theorem 5.17) are valid for all quasi-split
iquantum groups, even the ones excluded by Remark 3.3. When there is some underlying quasi-split
iquantum group 4’ which is non-degenerate in the sense of Definition 5.8, the bilinear form on U
described combinatorially here computes graded dimensions of 2-morphism spaces in ' (this is the
content of Theorem 5.17).

We need to make a few more reminders about quantum groups. Let f be Lusztig’s Q(q)-algebra
generated by 6; (i € I). It is isomorphic both to the subalgebra Ut of U generated by all e; (i € I)
and to the subalgebra U™ of U generated by all f; (i € I) via the Q(q)-algebra homomorphisms

f S5 UY, z—a", fS5U, z—a, (5.21)
defined by setting 91'+ :=¢; and 0, := f;. The algebra f is naturally graded by
A:=>"Na (5.22)
iel
with 6; being of degree a; (Lusztig denotes this monoid by N[I]). Let ;R and R; be the Q(g)-linear

endomorphisms of f denoted ;7/(1 — ¢; ?) and r;/(1 — ¢; ?) in [Lus10, §1.2.13]. They are uniquely
determined by the properties that ; R(1) = R;(1) = 0, ;R(0;) = Ri(6;) = 8;;/(1 — ¢; %), and

Blay) = iRy + Ve iR(y), Ri(ay) = ¢"7 Ri(w)y + xRi(y) (5.23)
for x € f, and y € f3. By |Lusl0, Prop. 3.1.6(b)|, for ¢ € I and « € f, we have that
lei,x” ] = q{l(kiiR(x)_ - Ri(x)_k;l). (5.24)

Lusztig’s non-degenerate symmetric bilinear form (-,-) : £ x f — Q(q) is characterized by the
properties (1,1) = 1 and

(0iz,y) = (z,:R(y)), (z6i,y) = (z, Ri(y)) (5.25)

for x,y € f and 7 € I; see [Lusl0, 1.2.13(a)].
Recall from [Lus10, §19.1.1] the linear anti-involution p of the algebra U such that

pei) = qikifi, p(fi) = q; ek, p(q") = q" (5.26)

for all i € I and h € Y. It induces an anti-automorphism of U which fixes each 1) (A € X) and
satisfies

pleily) =g, "My g, p(fily) = ¢ " Mye. (5.27)
By [BW18a, Prop. 4.6], p preserves the subalgebra U, and
p(bi) = g; T bpikriky " (5.28)
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This induces an anti-automorphism of U* which fixes each 1, (A € X*) and satisfies
p(bll)\) = qi1+§i_>\i 1)\b”’. (529)

The powers of ¢ in (5.27) and (5.29) are degrees of cups and caps in il and *; cf. Tables 2 and 3.
Denote by L()\) the irreducible U-module of highest weight A\ € X+, with 1, being a highest
weight vector. There is a unique symmetric bilinear form (-, -) on L(A) such that (ny,7x)x = 1 and

(uv,w)y = (v, p(u)w)y (5.30)

for all v,w € L(\) and u € U. Moreover, (v,w)y = 0 for v and w from different weight spaces of
L(\). By [Lusl0, Prop. 19.3.7], the form (-,-) on f is related to these forms by

(z,y) = lim (2795, 5 1) (5.31)
A—00

for z,y € f, where the limit is taken over A € X with h;(A) — oo for all i € I, and the convergence
is in Qg™ ") )

From now on, A\ denotes an iweight in X*, and A € X is a pre-image. According to [BW18a,
Def. 6.25], there is a symmetric bilinear form (-,-)* : U* x U* — Q(q) such that (z1,yly)" = 0 for
z,y € U and A # X in X* and

(xz1y,yly)* (205, ym5) 5 (5.32)

= lim

A—00
for 2,y € U, where the limit is taken over pre-images A € X of A with h;(A) — oo for all i € I, and
convergence is in Q((¢~1)). By [BW18a, Cor. 6.26], we have that

(uzly, y1a)" = (21y, p(u)yly)’ (5.33)

for u,z,y € U and A € X*. Also (-,-)" is non-degenerate by [BW18a, Th. 6.27| and [BW21, Th. 7.6].
The following theorem shows that U’ly equipped with this bilinear form is isometric to £ with its
bilinear form (-, -).

Theorem 5.12. Fiz A\ € X*. There is a unique Q(q)-linear isomorphism j: Ul = f such that
lim (205,97 13)5 = ((z12),9) (5.34)
A—00

forx € U and y € £, where the limit is taken over pre-images A of \ with hl(j\) — o0 foralli eI,
and convergence is in Q(u~1)). Moreover:
(1) 5(1x) = 1;
(2) 7(bixly) = 0; 7(x1y) +qi1+§i_”i7iR(j(3:1>\)) for any x € U which is homogeneous in the sense
that x1y = 1xz for k € XY
(3) (xly,y1n)" = (9(21r), s(y1y)) for all z,y € U".
Proof. Suppose that z is some element of U* with 1,2 = x1) for k € X*, and that we are given an

element j(x1y) € f such that (5.34) is true for all y € f. Take some i € I. We claim that there is a
unique element j(b;x1y) of f such that

Tim (b, y7n5)5 = (2(biz1n), ) (5.35)

A—00

for all y € f, namely, the element j(b;x1y) defined by the formula in (2). The uniqueness of j(b;z1y)
is clear from the non-degeneracy of the form (-,-). For existence, we have for y € f and j(b;x1))
defined by this formula that

(s(biz1yr),y) = (9¢J($1A) + qz-lﬁi*”inR(ﬂ(ﬂ?lA))?y)

(5£5) (](1‘1)), 1R(y) + qz~1+§i_”i9ﬂ‘y)
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(534 lim <$"7X’ (iR(y)” + qilJ““_"”J%?f)??x)x

A—00
= lim (;1377)\, ; —k; "Ri(y)” kz'_l + qilﬁi_ﬁifriy_)nﬁ\) 8
A—o0 A
(6:24) Tim (@, (gik; ey~ +q o H’fn'y_)ﬁ;)
A—o0 A

': lim +ql+§’ Mk eﬂ)an,y 77/\>

A—00
= lim ((fi + ¢ erik; Dang, yng) 5 = lim (bizng, vy n3)5
A—00 A—00

which checks (5.35).

Now we can prove existence of a linear map 7 satisfying (5.34). We set j(1,) := 1. Then (5.34)
holds for x = 1 and all y € f by the definition (5.31). For any monomial x in {b; |i € I}, we can
use the claim in the previous paragraph plus induction on the length of the monomial to construct
a vector j(x1y) € f such that (5.34) holds for all y € f. Then we pick a basis for U'l) consisting of
some such monomials applied to 1, and define j on these basis elements as just explained, extending
linearly to obtain the desired Q(g)-linear map 7 : U'ly — f such that (5.34) is true for all z € U".
The uniqueness of j follows from the non-degeneracy of the form (-,-)~.

Next, we establish the properties (1)—(3). The first is clear from (5.31). The second follows from
the first paragraph of the proof. For the third, in view of (5.34), it suffices to show that

lim (zn5, 5(y10) " n5) 5 = (@lay1n)' (5.36)

A—00

for z,y € U'. To see this, we may assume that y is a monomial in {b; | ¢ € I}, and proceed by
induction on its length, the case y = 1 being clear from (5.32). For the induction step, we assume
that (5.36) is true for a monomial y with y1) = 1,y and all x € U’ and prove it for b;y, using (2)
for the first equality:

Tim (205, g(biyla)"n5)5 = lim (fm?;, (fia(yln)™ + (JZ-H“_"”T@'R(J(ylx))_)77;)X

A—00 A—00

= lim (:z:n;, (Fiay1n) ™ + a7 "k (ke i R((y10)) ™ — Rn-(J(.ylx))_k#))77;)X

A—00

C2Y tim (s, (fulyla)~ +q; "k erig(y1a) T)my) 5 = Jim (zng, big(yla) Tng);5

A—00 A—00
5.30 _ 5.36 , (5.33 X
"2 dim o)y, 1) )y 2 (o)t i)' P2 (s, byt
—00

Now (3) is proved.

Finally, we must show that j is an isomorphism. Using (1)—(2) and induction on length, it follows
that any monomial in {6; | i € I'} lies in the image of 5. Hence, j is surjective. It is injective by (3)
and the non-degeneracy of the form (-,-)". O

For 4,5 € (I), we now need the set sh(i x j) of reduced @ x j shapes introduced before Defi-
nition 5.8; this set is empty unless [(¢) = I(j) (mod 2). We defined sh(¢ x j) in terms of string
diagrams representing morphisms in 4*, but the definition can also be formulated in purely dia-
grammatic terms—it is just a diagram representing a matching between the words ¢ and j which is
reduced in the sense that the number of crossings is as small as possible. Recall the definitions of
b; and 6; from (5.2) and (5.3).
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Theorem 5.13. Fori,j € (I) and A\ € X', we have that

0:,0;) = > q =P S (1—q ) (1-q), (5.37)
Desh(ixj)
cup-cap-free

i1y, 05) = > g =P S (1—g ) (1-gq.°), (5.38)
Desh(ixg)

cap-free

(bily,bi1))" = Z g des(P ) /(11— qk_f) (1= qk_f), (5.39)

Desh(ixj)

where deg (D ,\) is computed according to Table 3, and ky,...,k; € I are the labels at the distin-
guished points p1,...,p; of the strings in D.

Proof. The first formula (5.37) is well known, e.g., it was exploited already in [KLO09].

Next we prove (5.38). We proceed by induction on [(z). If [(2) = 0 then both sides are 0 unless
[(7) = 0, when they are both 1. So the induction base is true. Now we assume (5.38) is true for
some % and all j, take h € I, and prove the result for the slightly longer word h¢ and all 5. Let
k=X —wt'(2). By Theorem 5.12(2) and (5.25), we have that

(7(bnbily), 05) = (Bn3(bi12), 05) + qp "~ (3(b;12), 071,65 - (5.40)

Now consider a cup-free shape D € sh(hi x 7). Its vertices along the top edge are labelled according
to the letters of the word ht, and the vertices along the bottom edge are labelled according to j.
Let k1,...,k; be the labels of its strings at the distinguished points. We say D is of type I if the
string with one endpoint at the top left vertex labelled h is propagating, that is, its other endpoint
is at the bottom of the diagram. We say it is of type II otherwise, in which case this string is a
cup connecting the top left vertex to another vertex at the top of the diagram. The argument is
completed using (5.40) on adding the equations established in the following two claims:

Claim 1: (05(12),0;) = Yoo P - g ) (- g
Desh(hixj)
cap-free of type I

Proof. Suppose that j = j1-+-jn. For 1 <r < n,let jr] := j1-- Jr—1Jr+1- - Jn. By (5.23), we

have that i
ap j+otan g, _
nRO) = D g, "0 ) (1—q,7).

1<r<n
jr:h

Also using (5.25), we deduce that
an jy e+ an g, _
(Or3(bi1), 05) = (3(bln), nR(0;) = > g, I G0i10),05) [/ (L—gi ). (5.41)

1<r<n

Jr=h
Now let D € sh(hi x j) be a cup-free shape of type I. Consider the string in D which has one
endpoint at the top left vertex. Define r(D) to be the vertex number of its other endpoint, indexing
vertices at the bottom of the diagram by 1, ..., n from left to right. Let D € sh(é x §[r(D)]) be the
cap-free shape obtained by removing this string from D. The function

h —— ——
L= - - | | |
D = —~ D=
(D)
IR T T
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is a bijection from the set of cup-free shapes D € sh(hi x j) of type I to the disjoint union of the
sets of cup-free shapes in sh(¢ x j[r]) for 1 < r < n with j, = h; the inverse bijection inserts a
string of color A in the obvious way. In passing from D to D we have removed crossings of a string
labelled h with strings labelled ji, . .., j,(py—1, SO deg(f) \) = deg(D ») +dpapj, +- - +dpay
Putting these things together shows that

S g =P -2 (1- g

Desh(hixj)
cap-free of type I

Ahjy Ay 7 B B
_ Z a, J1 Ir(D) lq deg(D ») / (1 _ qk12) . (1 _ qkl2)

Desh(hixj)
cap-free of type I

an gyt tan,j, — deg(D - —
S Y g S s ) (i)

l<r<n Desh(ixj[r])
Jr=h cap-free

7.jr(D)—1 :

By the induction hypothesis, the final expression here is equal to

Z qZh7j1+m+ah,jT?1 (](bz]-)\)70.7[7’]) /(1_(]}:2)7

1<r<n
Jjr=h
which is the desired (6,(b;1)),0;) by (5.41).
Claim 2: g, "™ (3(bs12),0,005) = Y q P /(1 —q ) (1-q2).

Desh(hi,j)
cap-free of type II

Proof. Consider Ehe bijection from the set of cap-free shapes D € sh(hé x j) of type II to the set of
cap-free shapes D € sh(é x (7h)j) defined so that

3 i
hoo—— ——
I .« .. I I .. I
D= K — D= .
T 1 i T 1
J J
This removes a cup of degree dpn(1+ ¢ — (k+ ap)rn) = —dp(1 4+ s, — k). so we have that
g des(D ) — q}ll+§h_”hq_ deg(D 2) - Using the induction hypothesis for the first equality, we deduce:
G T ((10), 0n) = g > 9P (1 g ) (1 - g )
Desh(ix (th)j)
cap-free
Desh(hixj)

cap-free of type II

Now (5.38) is proved. We move on to (5.39), which we prove by induction on the length of
the word j. If j is of length O then y(bj1x) = 1 and (b;1x,b;1x)" = (3(bi1),1) for all ¢ € (I) by
Theorem 5.12. This is computed by the stated sum over shapes thanks to (5.38). This checks the
induction base. For the induction step, we assume that (5.39) is true for some word j € (I) and all
words %, and prove it for hj for some h € I. Let k be the iweight with b;1, = 1.b;. We have that

(5.33)

(bil)\, bhbj 1>\)Z (539) q}ll—’—gh_ﬁh (brhbi 1)\a bj 1>\)Z
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_ q}ll+§h_:"ih Z q deg(D>) / (1 o qk—12 . (1 B Qk;_l2)
Desh((Th)ixj)
= Z q_deg(D)‘) / (1 _ ql;Q) .. (1 o qkTZQ)
Desh(ixhg)
The second equality here follows by the induction hypothesis. The final one follows by a similar

argument to the proof of Claim 2, using the bijection sh((7h)i x j) = sh(i x hj), D — D defined
by

| | | |
| | | |
J J
This completes the proof of (5.39) and hence the theorem. O

Remark 5.14. As well as the symmetric bilinear forms (-,-) on f and (-, -)* on U?, there is Lusztig’s
non-degenerate symmetric form (-,-) on U, which was mentioned already in (5.1). This is uniquely
determined by the following properties:

o (1,21, 1.yly) =0 for any z,y € U and weights with x # &’ or A # \';

o (x71),yT1)) = (27 1),y 1)) = (z,y) for any A € X and z,y € f;

o (uxly,yly) = (zly, p(u)yly) for any A € X and u,z,y € U.
In [KL10, Th. 2.7], Khovanov and Lauda gave the following graphical interpretation of this bilinear
form: for 4,7 € (I7,I7) and A\ € X we have that

(9ilx, g510) = Z g 5P /(1 - g.0) (1 - Q;;lz) (5.42)
Desh(ixj)
where deg([j 2) is the degree of this 2-morphism G;1, — G;1 computed according to Table 2, and

ki,...,k; € I are the labels of the strings in D. In view of Theorem 3.9, this identity is a special
case of the identity (5.39) in Theorem 5.13.

For the purposes of categorification, we prefer to replace the bilinear forms (-,-) and (-, )" with
sesquilinear forms (anti-linear with respect to the bar involution in the first argument). To define
these, let ¥ : f — f be the usual bar involution, that is, the anti-linear algebra involution with
¥(0;) = 0; for all i € I. Also 9" : U* — U is the anti-linear bar involution on the iquantum group,
with ¢*(b;15) = b;1) for all i € I and A € X'. We define

()£ xf—Qlg), (,y) == (Y(x),y), (5.43)
() U x U = Q(g), (z1x, yly)" = (¥'(21n), y1x)". (5.44)
To write down the analog of Theorem 5.12 for these sesquilinear forms, we also need the linear maps
R:=1o;Rotp:f—T, ji=togot: Uly £, (5.45)

From (5.23) and (5.25), we get that

~ - Si i - ~ Chie) =

BN =0, B = Ry = Bey g i), (46)
(biz,y) = (2,iR(y)), (x,0iy) = (iR(x),y), (5.47)

for x € fo,y € f3. From Theorem 5.12, we get that
=1, (5.43)
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J(birly) = 0:3(x1)) + ¢~ LR (1)) (5.49)
(21, yln)" = (G(21r), 2(y10)) (5.50)

for x,y € U such that 21, = 1,2. For i € (I)), we define® §;1, and 9;1, to be the unique elements
of U'1) such that

j(&il,\) = 91', j(?il)\) = 9, (5.51)

Note that d;1) = 1"(9;1). Now we state some corollaries to Theorem 5.13. The first simply restates
the theorem using the new notation.

Corollary 5.15. For 4,3 € (I), we have that

(G:lx, 1) = > ¢ P S (1—g %) (1- g, (5.52)
Desh(ixj)
cup-cap-free
(bilx,9515)" = Z g 9P /1~ %;12) (1= QEZQ), (5.53)
Desh(ixj)
cap-free
(Gilx,bila) = Y g 1P S (1— g2 (1 - g, (5.54)
Desh(ixj)
cup-free
(bily, bily)" = Z g s @) /(11— g2) (1 - Q;;2)7 (5.55)
Desh(ixj)

ki,...,k; being the string labels of D as before.

Proof. This follows from (5.37) to (5.39) and the definitions (5.43) and (5.44) because 6; and b; 1 are
invariant under 1) and v, respectively. For (5.54), we also used (z1y,yly)" = (' (yly), ¥ (x1y))".
]

In the next corollary, the involution 7 : I — I enters into the combinatorics via the introduction
of a lower finite partial order < on the monoid A from (5.22) defined by

a<Be (B—a)e ) N+ o). (5.56)
el
Note that a < f = wt'(a) = wt'(3). We also define a function
|- ]:{I) — A, 2] == n1ay, + - - + Moy, (5.57)

for ¢ = ignl) . -il(nl).

Corollary 5.16. Let 4,5 € (1)) and X € X*. If (b;1),9;1)" # 0 then we have that || < |3|.

Proof. Since it just amounts to scaling by a non-zero scalar, we may as well assume that 4,5 € (I).
Suppose that (b;1y,9;1)" # 0. Then (5.53) implies that there exists a cap-free shape D € sh(z x 7).
It follows that the word j can be obtained from ¢ by removing pairs of letters of the form (h,7h)
(one such pair for each cup in D), then permuting the remaining letters. Each such removal makes
|2 smaller in the partial order <. O

Finally in this subsection, we assume that we are once again given the additional data needed
to define the 2-iquantum group 4°.

5The letters § and ¢ are the lower case forms of A and V. This notation will be justified in the next section when
we relate §;15 and 9;1, to certain standard and costandard modules A(%) and V(2).



CATEGORIFICATION OF iQUANTUM GROUPS 51

Theorem 5.17. Assume that ' is non-degenerate in the sense of Definition 5.8. For i,j € (I)
with wt' (i) = wt'(j), we have that

Homy, (Bj1y, B;1y) 2 (R)®Pilabila)t (5.58)
as graded right R'-modules (see Conventions ).

Proof. Both sides are 0 unless wt'(2) = wt'(j). When wt’(¢) = wt*(j), the assumed non-degeneracy
means that hom space on the left hand side is a free right R’-module with basis (5.18) obtained by
pinning dots to elements of sh(¢ x j). Hence, its graded rank is the image under the bar involution
of the expression (5.55). O

5.5. Application: the Balagovié-Kolb-Letzter relation. We end the section by using the
isometry 7 from Theorem 5.12 to give a conceptual explanation of the Balagovié-Kolb-Letzter case
of the iSerre relation.

Lemma 5.18. Suppose that i € I and A € X* with pre-image Ne X. Forn> 0, we have that

85 1 if i Ti
L] m(2m—1)

i O:(n—2my 1 ii:ﬂjandnzhij\ mod 2
bty — 2 T g gt () (med2)
15] qm(2m+1) A

J —0;n—2m)Ix  if i =71 and n # hy(\) (mod 2).
LT s W fmod 2

Proof. In the case i = 74, this follows from [BWW24a, Th. 2.7] (and we will not use this formula
subsequently). To prove it in the (much easier!) case that i # 74, it suffices to show that bin1y =
din 1y (we simply multiplied both sides by [n]lh) To prove this, we show that both sides pair in the
same way with the spanning set {9;1y | 5 € (I)} for Ul,. Since i # 74, the weight na; is minimal
in the poset A. From Corollary 5.16, it follows that the only j € (I) such that (bn1y,9;15)" # 0
is 7 = ™. This is clearly also the case for d;»1y by (5.52). Also by (5.52) and (5.53) we have that

(binly, Qin1y)" = (Oin 1y, O 1y)". O
Lemma 5.19. Suppose that i,j € I with i # 7i and i # j. Form > 1 and 0 < n < m, we have

that - .
) . 5,L'(n)ji(m—n)1A if i #£ T (5.59)
i(n) ji(m—n) LX = o . .
o 5@'(")]'1'(7"*”)1)\ + fﬁ\,m;z‘(Q) 61’(7"*1)1)\ ifi =1y
where
1+>\i_§i_(m_n_l)(l_ai,Ti)_m [mfl] 1+(m—n—1)(1—ai,ﬂ)+gi—)\i [mfl]
i = 5.60

Proof. The strategy is the same as the proof of Lemma 5.18 just explained. The weight ma; + «;
is minimal in the poset A if ¢ # 74, and if ¢ = 7j then the only 8 € A with 8 < m + o; + ¢ is
B = (m—1)a;. Also (5.52) and (5.53) imply that <binjim—n1)\79j1)\> = <5Z'nj7;m—n1)\,9j1)\> for any
J € (I) with |j| = ma; + ;. It follows that

b. L 1A _ 62’"]’2"’”7"1)\ le # Tj
v 5i"jim_" + f(q)(sim—l 1)\ le = Tj

for some f(q) € Q(q). This already proves the lemma in the case i # 7j. When i = 77, we still
need to compute f(q). Applying (-, 9;m-11))" to the equation gives that
. <bl'njim—n1)\,9im—11/\>l

-1
f(q ) <(5Z'7n71 1)\,97;77171 1)\>Z
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In view of (5.52) and (5.53), it follows that f(q) = >, ¢4°&(P *) summing over

n k. m—n—l-+k n—1— 1 m—n
v 1] 111 9 111 1J1 1

o< LI - 1L

We deduce that

nggm—n—l,Oglgn—l,TEO}. (5.61)

m—n—1 14+¢—(A—(m—n—1)a;);i—2k n—1 I14+¢—(A—(m—n)a;);—2l

=Y % — +y 4

— 2
k=0 4 =0 L =g
1+(m—n—1)(1-a;;j)+s—\; 1+Ai—g—(m—n-1)(1-a; j)—
) PR s i ) PO
- - + 5 - (5:62)
1—gq 1—gq
To deduce the formula for f;) m:i(@) in the statement, multiply by [m — l]ih /m — n]lh [n]:h O

Now we can give a new proof of the relation (3.8) in the difficult case i = 7j. Assume that
i # j = 1i and set m := 1 — a; ;. Applying the inverse of the isomorphism ) to the Serre relation in
by Lemmas 5.18 and 5.19, we deduce that

S0 1 = ST (1) 2 (@b V1
n=0 n=0

The iSerre relation (3.8) for ¢ = 77, which was proved originally in [BK15, Th. 3.6], follows from
this using the next lemma to simplify the right hand side.

Lemma 5.20. Let m :=1— a;; fori € I with i # Ti. We have that

m—1 Mi=si=(3) _ ()4

Z( fnmz H qZ _qz (_1) i _1_ i

n=0 4 — g;

Proof. We replace each fﬁ\mz@) by the sum of two fractions that is its definition (5.60) to rewrite
the left hand side of the identity to be proved as the sum of two summations. Then we reindex the
first summation to see that it is equal to

Xi—ai—(3) /m—1 (M+si—Xi /m—1
q; Y nm—(gl) m—1 _ q; \n (g’)—nm m—1
g — q;l <;}( 1) 4q; [ n ]qz> g — q;1 (7;)( 1) 4q; [ n ]ql> .

To see that this expression is equal to the desired right hand side, it remains to apply the elementary
identity

m—1 m—1
r —ry __ _n\n (W)-nmmm-17 _ m 1 n nm— m—1
r_[1<q—q >—ZO< 1yrg(E)=mm ] = Z G (5.63)
which follows from [Lus10, 1.3.1(c)] taking z = —v?. O

6. IDENTIFICATION OF THE GROTHENDIECK RING

Assuming the non-degeneracy of the 2-quantum group 4l which we (re-)proved in Theorem 5.6,
the arguments in [KL10, Sec. 3.8, Sec. 3.9] show that the Grothendieck ring of the appropriate
completion of {l is isomorphic to Uy, i.e., 4 categorifies Uz. The main goal in this section is to
prove the analogous statement for all quasi-split iquantum groups which are non-degenerate in the
sense of Definition 5.8. This includes all of the cases with symmetric Cartan matrix and geometric
parameters thanks to Theorem 5.10. We assume throughout the section that kg is a field, necessarily
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of characteristic # 2 if a; r; # 0 for any ¢ € I, and that the 2-iquantum group (' is non-degenerate.
We let

R :=k[B"™, 8" i€ L,j € Ip,m,n > 1,m odd] (6.1)

~

as in Definition 5.8. Due to the assumed non-degeneracy of ', we have the isomorphism f} : R* —
Endg. (1) for any A € X".

6.1. Idempotents and divided/idivided powers. We begin by constructing a Grothendieck
ring from 4" which, like UZZ, is a locally unital Z[q, ¢~ ']-algebra. Starting from ', we pass first to
the g-envelope 4 defined at the start of Subsection 4.1. Then we pass from there to the underlying
k-linear 2-category consisting of the same objects and 1-morphisms as 7 but taking only the 2-
morphisms that are homogeneous of degree 0. Finally we take the additive Karoubi envelope (=
idempotent completion of additive envelope) of each of the morphism categories of that to obtain a
k-linear 2-category denoted Kar(il). Then we define

Ko (Kar(1)) := @ Ko (1. Kar(&l;)1,) (6.2)
K,AEX?

with K (]l,g Kar(ilf])]lA) being the usual split Grothendieck group of HomKar(%)()\, k). We make
Ky (Kar(ﬂfl)) into a Z[q, ¢~ !]-algebra with multiplication induced by horizontal composition, and
the action of ¢ defined by ¢[B;1,] := [¢B;1,] for ¢ € (I). It is a locally unital with distinguished

idempotents given by the isomorphism classes 1) := [1,] for A € X"
Fixing ¢ € I and A € X" for a while, let b;1\ = 1y_4,b; € Ko (Kar(il;)) be the 2-isomorphism

class of the 1-morphism B;1). There are also divided powers Bi(n)b\ = lA_naiBi(n) if i # 7i or
tdivided powers Bi(n)l y=1 A,miBZ-(n) if ¢+ = 7i. The distinction according to whether i # 7¢ or
i = 7i is important—in the former case the defining relations imply that there is a homomorphism
from the usual nil-Hecke algebra NH,, (graded so that the polynomial generators are all of degree
2d;) to Endye (B'"1) whereas in the latter case one needs to work with the nil-Brauer category from
(3.52). In either case, we let 1,y € Endg(B]'1)) be the 2-endomorphism defined by following the

pattern:

lg:=idg,, 1= ‘ o Lo = >< o Lie = >§ v Liw = Xg )
} { i Tt 1

? 1111

We will use the “thick calculus” notation developed in [BWW24a, Sec. 4] to denote this in general:

1,L*(n) - f)* (63)

in

The thick string labelled ¢™ here is a shorthand for n parallel thin strings each of color ¢. If i # 74, it
is well known that 1, is the image of a primitive homogeneous idempotent in NH,,. When 7 = 7,
it is the image of a primitive homogeneous idempotent in the nil-Brauer category; see [BWW24a,
Cor. 4.24]. The essential property which implies that this is an idempotent is that

’)I _ + . (6.4)

Applying the symmetry ¥’ from (3.49), we obtain another idempotent

/]"i(") = \I}Z (17/('”)) — pf . (65)

in
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The idempotents 1, and "1, are conjugate: we have that 1,y = wm) 0v;m) and '1;m) = v;(n) 0Uy(n)
where u,(») consists of the dots at the top and v, consists of the crossings at the bottom of (6.3).
We need both since U* will be used in some subsequent constructions. Let

B, = <q;(2)3ynk,1i<n>) o~ <q§2)B?1A,’1i(n)> . (6.6)
With this definition, the notation (5.4) now makes sense. If 4 = ng) zl(nl) € ((I)) then
Bil, = (¢ *e@ B .. B, 1;) = (¢"D B - B, 1) (6.7)
where
. n ny
L; == 1i§"1) "'1il<nl)7 "= llignn -"llilm), deg(2) := d;, ( 2) +--t+d <2> (6.8)
Lemma 6.1. The elements [BZ-(n)]lA] of Ko (Kar(ﬂ;)) satisfy
(1 o .
L, [Bi 1] if i # Ti
1 = : 2 o .
] H (Bi — [m]qi) 1, if i =11 and n is even
(BM™M1,] = { M m= (6.9)

| m= h()\)( mod 2)

1! B; 1:[ (Bf - [m]i) T

L m=h; ()\) (mod 2)

if it = 71 and n is odd.

This is the same as the identity satisfied by the elements bgn)l,\ of UZZ from (3.7).

Proof. When i # 74, this follows in the same way as the analogous statement for 2-quantum groups;
e.g., see [Rou08, Lem. 4.1] (which ignores the grading) or [KL10, (3.54)-(3.55)|. Ultimately, it
depends on a well-known result about primitive idempotents in the nilHecke algebra NH,,. When

i = 71, the result follows from [BWW24a, Th. 4.21], which shows that BiBi(n)]l,\ is isomorphic to
a direct sum of graded shifts of B,L»(nH) 1, and Bi(n_l)]l A in a way that agrees with the recursive

formula for b; b(n)l » from [BW18c¢|. Although [BWW24a| works over an algebraically closed field,
the decomposmon of idppy, into mutually orthogonal idempotents and the conjugacy of these
idempotents established there is valid in our current setup. O

6.2. Classification of indecomposables and standard modules. We next explain how to clas-
sify indecomposable objects in Kar(4ly). For this, we are going to switch to using the language of
modules. For A € X", we let

I 1.ty

reEX"
Recall that '8 is the 2-iquantum group defined using the parameters
(L) 5 5 from (3.49)

€1y = (6.10)

with g-envelope 1.
'Qij(x,y) = ri;rjiQij(x,y). The existence of the isomorphism W¥* :
implies that '{* is non-degenerate. Let

P Homv (Bjlly, Bily),

i.ge(l)
which is the path algebra of the graded category ‘U'1y. We keep A fixed for the remainder of the
subsection, so will drop the superscript, denoting H* simply by H. This means that most of our

(6.11)
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subsequent notation related to H also depends implicitly on A (one can always add a superscript A
when necessary to avoid ambiguity).

Note that H is naturally a graded R'-algebra, with § € R* acting by horizontal composition on
the right with f5(8) € Endsg. (1) (recall (5.17)). For 4 = iy ---4; € (I), the idempotent 1; € H
is the identity endomorphism of B;1), and H is a locally unital with these as its distinguished
idempotents, that is, we have that

H=  1:H1;.

i.3e(l)
An important point is that each of the spaces 1;H1; is locally finite-dimensional and bounded below
as a vector space over kg, that is, its graded components are all finite-dimensional and they are zero
in sufficiently negative degrees. This follows from Lemma 5.9. Thus, H is a graded algebra which
is locally finite-dimensional and bounded below.

Let H-gmod be the category of graded left H-modules V = @ie(D 1;V. As a matter of
notation, we denote the morphism space between two graded left H-modules in the category
H-gmod by Homp (U, V')o, reserving Homy (U, V) for the graded hom €, ., Homyu(U, V), where
Hompy (U, V),, = Homy(U,q "V )y consists of the H-module homomorphisms which map U; into
Vien for all i € Z. There are also the categories H-gproj and H-ginj of finitely generated graded
projective left H-modules and finitely cogenerated graded injective left H-modules, respectively.

In the definition of H, we used the 2-iquantum group '{* rather than the usual {*. The reason for
this peculiarity is so that we can use the isomorphism of graded 2-categories W* : (ﬂ’)Op 58 from

(3.49). Recalling (4.1), it induces an isomorphism Kar(i(!1,) = Kar (,ufrl 1,)°. But also Yoneda
gives an equivalence Contra : Kar (’ﬂ;,lll )\)Op — H-gproj. Composing this with the isomorphism
induced by ¥*, we obtain an equivalence we denote simply by

Cov : Kar (8£;1,) — H-gproj (6.12)
such that Covoq = q o Cov. Using (6.7) and (6.8), for ¢ € (I)), we have that
P(i) := q@°e@H1; = ¢~ 9e@H1; = Cov(B;1y). (6.13)

There has been an application of ¥* here to switch 1; and ’1;.

For a graded right H-module, let V® be €, (y(V13)" (linear dual over the field ko), which is a
graded left H-module. If V' is locally finite-dimensional and bounded below (resp., finitely generated
and projective) then V® is locally finite-dimensional and bounded above (resp., finitely cogenerated
and injective). This duality functor is needed to define the Nakayama functor

Nak := Hompy(—, H)® : H-gproj — H-ginj, (6.14)

which is an equivalence of categories commuting with the grading shift functor. For i € (I)), it
takes P(2) to

1(3) == ¢2s®(1;H)?, (6.15)

this being a finitely cogenerated injective graded left H-module.

Now we are going to study H-gmod by appealing the general theory of algebras with graded
triangular bases from [Bru25|, taking the ground field to be ko. We need to equip H with a graded
triangular basis consisting of the products zhy for x € X(¢,75),h € H(j, k) and y € Y (k,£) and
t,7,k, £ € (I). The sets X(i,5), H(j, k) and Y (k,£) are defined next paragraph. Referring to
[Bru25, Def. 1.1] for the other language being used, all of the distinguished idempotents 1; (¢ € (I))
are special. The weight poset required in the definition of graded triangular basis is the poset A
from (5.22) ordered by the partial order < from (5.56). The required function (I) — A is the
function 4 + |4| defined by (5.57). The fibers (I)q := {i € (I) ‘ i = a} of this function are finite,
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so it makes sense to define

€q 1= Z 1; (6.16)
ie(l)

for « € A. We refer to these as weight idempotents. Any left H-module V' decomposes as V =
Bca eaV. We refer to the subspace e,V as the a-weight space of V.

Here, we define X (3,7), H(g,k) and Y (k,£). For i, € (I), we choose the set sh(i x j) of
representatives for isotopy classes of reduced 2 X j shapes so that all cups in such a shape are in the
top third of the diagram, all crossings of propagating strings are in the middle third of the diagram,
and all caps are in the bottom third. We also fix a choice of basis for the algebra R’ as a vector
space over kg. Then:

e The set X (2,7) consists of all D € sh(%, ) which only involve cups (no caps, no crossings of
propagating strings or bubbles) with some number of dots added at the distinguished points
on each cup.

e The set H(j,k) consists of all D € sh(j, k) which only involve propagating strings (no cups
or caps) with some number of dots added at the distinguished points on these strings and a
bubble labelled by one of the basis vectors for R* on the right hand boundary.

e The set Y (k,£) consists of all D € sh(k, £) which only involve caps (no cups, no crossings of
propagating strings or bubbles) with some number of dots added at the distinguished points
on each cap.

The assumption of non-degeneracy implies that the monomials xhy indexed by these sets do indeed
give a basis for H as a vector space over kg. The following picture illustrates a typical element of
the resulting graded triangular basis, for strings colored by ¢ at the top boundary and by £ at the
bottom boundary, some non-negative multicities labelling the dots, and a basis vector f of R

The next step in the development from [Bru25| is to introduce the Cartan algebras, which are
defined to be the subquotients
H, = éaHzaéa (6'17)
for o € A, where H>, is quotient of H by the 2-sided ideal generated by {es | € Awith 3 2 o}, and
Z denotes the canonical image of an element z € H in H>,. Note this is a unital graded algebra,
unlike H itself with is merely locally unital. We have that

H,= @ LH.I;
t.3€()a

with 1,H,1; having basis {B | h € H(z,_y)} In fact, as proved in the subsequent lemma, the Cartan
algebra H,, is a quiver Hecke algebra over the ground ring R*:

Definition 6.2 (iQuiver Hecke algebras). We define the iquiver Hecke category QH' to be the strict
R*-linear graded monoidal category with generating objects ©; (i € I) and generating morphisms

+ :0; — 0, >< Z@i®@j _>@j®@i (6.18)
() t ]
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of degrees 2d; and —d;a; j, respectively, subject to the relations

P XK= =2 K (6.9
iz - @“{’% » (6.20)

KO -emmms e

Then, for o € A of height [, we let

QH; = @ HomQHz(@j,@i), (622)
":7j€<1>04

notation as in (5.3).
Lemma 6.3. We have that H,, = QH}, as graded R*-algebras.

Proof. We remind that H was defined using ‘4" in (6.11) so that its parameters are 'Q; j(z,y) =
7i,475,i Qi (7, y), and 'Q} ;(w,y) = (—=1)%73'Q; j(x,y). With this in mind, it is obvious on comparing
the defining relations (6.19) to (6.21) with (3.34), (3.36) and (3.37) that there is a homomorphism
QH;, — H, taking diagrams to cosets of 2-morphisms represented by the same diagrams with \

labelling the rightmost 2-cell. It is an isomorphism because it maps a basis to a basis. U

We will identify QH!, and H, via the isomorphism from the proof of Lemma 6.3. The general
theory developed by Khovanov and Lauda in [KL09] shows that QH" categorifies the Z[q, ¢~ !]-form
fy for the algebra f generated by the divided powers Hgn) = 07/ [n]:h By this, we mean that
Ky (Kar(QH;)) >~ f; as Z[q, g~ ']-algebras. The canonical isomorphism

maps 6; — [©;] for each i € I. There are also divided powers

o (q;(2)@§§n71i(n>> (6.24)
where 1, € QHj,,,, is the idempotent defined by (6.3). Then we can define 0; and ©; for ¢ € ((I))
as in (5.5), and have that K(6;) = [©;].

There is one more essential piece of data: for each @ € A, we need to be given a set B, and
irreducible graded left H,-modules L, (w) for w € B, such that

{Loa(w) | @ € Ba} (6.25)

is a full set of irreducible graded left H,-modules up to grading shift. As at the end of [KL09,
Sec. 3.2|, we assume the grading shift on each L, (w) is chosen so that it is graded self-dual. We will
not concern ourselves with the much-studied problem of determining an explicit parameterization of
irreducibles here—all that is important for us is that the set of isomorphism classes of the modules
Ly(w) (w € By) does not depend on any choices. Then we let P,(w) be a projective cover and
I,(w) be an injective hull of L,(w) in Hy-gmod.

Similar to (6.12), there is an equivalence

Cov : Kar(QH!) — Hy-gproj 6.26
q
a€A
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defined using the contravariant Yoneda equivalence together with the anti-automorphism that re-
flects string diagrams in a horizontal axis. It maps 0; (i € ((I))s) to a finitely generated graded
projective module that is isomorphic to

P, (i) := ¢%#WH, 1;. (6.27)
For w € By, let ©4 be an indecomposable object of Kar(QHfI) such that
Cov(Oy) = P, (w). (6.28)

Similar to (6.14), there is an equivalence Nak : H,-gproj — Ha-ginj, hence, Kar(QHjy) is also
equivalent to @,y Ha-ginj. For i € (I))o, we let

I,(3) := q%2®(1; Hy)® = Nak(P,(i)). (6.29)

With these preliminaries about Cartan algebras out of the way, we can return to the study of
H-gmod. For a € A, the functor 3* : H>,-gmod — H,-gmod defined by truncation with respect to
the idempotent €, has a left adjoint ji* and a right adjoint 5§ defined by

= Hs0é0 ®H, — 52 = P Homp, (eaH>ae5, —). (6.30)
BeEA

Composing with inflation from H>, to H, we can view them as functors j* : Ho-gmod — H-gmod
and 3¢ : Hy-gmod — H-gmod, which we call standardization and costandardization, respectively.
An important point is that both of these functors are exact. This follows from the next lemma,
which shows that H>,é, is a projective right H,-module and e,Hs>,, is a projective left H,-module.

Lemma 6.4. Fori € (I), we have that

1iH> 08, = @ TH,  and  egHsal; = @ Hoy

J€)a jeD)a
2€X(3.5) yeY (5,9)

with tH, = qdeg(m)IjHa as a graded right Hyo-module, and Hyy = qdeg(y)Han as a graded left
H,-module, respectively.

Proof. This follows from [Bru25, (4.4)-(4.5)]. O
Now we introduce standard and costandard modules, denoted using A and V, respectively. Let
B:= | | B, (6.31)
acA
assuming also that this set is disjoint from ((I)). For « € A, w € B, and ¢ € (I)),, we let
A(w) := ji Po(w), V(@) := jila(@), (6.32)
A(2) = ) Pa(2), V(2) := )31, (2). (6.33)

Since P, (%) is a finite direct sum of grading shifts of the indecomposable projectives P, (w)(w € B,),
the standard module A(%) is a finite direct sum of grading shifts of the indecomposable standard
modules A(w) (w € By). Similarly, the costandard module V(%) is a finite direct sum of grading
shifts of the indecomposable costandard modules V(w) (o € B,). Also, for w € B, again, there
are the proper standard and proper costandard modules

A(w) := Lo (@), V(@) := 1%L (). (6.34)
All of these are graded left H-modules. Fundamental to the entire theory is that
k iftr=0andn=w

6.35
{0} otherwise. (6.35)

Extiy (A(n), V(w)) = Extyy(A(n), V(w)) = {
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See [Bru25, Cor. 4.6, Th. 7.5] for the proof of this. Also, A(n) has a A-flag in the sense of [Bru25,
Def. 6.3] and V(n) has a V-flag in the sense of [Bru25, Def. 6.4], with

(A() : A(w)), = {([)Pa(n) : Lo(w)]g ioftz,ezﬁeseBa for some a € A (6.36)
(V) : V() = {g]a(n) : Lo (w)]g ioftz,ezﬁese?a for some a € A (6.37)

This is obvious from the definitions and exactness of the standardization /costandardization functors;
see also [Bru25, (8.9), (8.15)].

Now everything is in place to be able to apply the general theory of graded triangular bases. It
shows that the set B from (6.31) indexes a full set

{L(w) | w € B} (6.38)

of irreducible graded left H-modules L(w) up to grading shift. By definition, L(w) is the irreducible
head of A(w) and the irreducible socle of V(). Assuming that @ € By, the projective cover P(w)
of A(w) in H-gmod has a A-flag in the sense of [Bru25, Def. 6.3] with top section A(z) and finitely
many other sections indexed by the weights 5 € A with § < a. By the version of BGG reciprocity
from [Bru25, Cor. 8.4], the 3-section of this A-flag is isomorphic to @, g, A(n)®P@)AM)a with

(P(@) : A(n))q = dimg— Homu (P (@), V(n)) = [V(n) : L(w)];-1 € N(q). (6.39)

Also [V(n) : L(w)], is the usual graded composition multiplicity and [V(n) : L(w)],-1 is its image
under the bar involution. There is a dual statement describing the injective hull I(w) of V(w),
which will not be needed subsequently; see [Bru25, Cor. 8.9]. The following theorem is just a
restatement of part of this discussion:

Theorem 6.5. For each w € B, let By 1) be the unique (up to isomorphism) indecomposable object
of Kar(y 1)) such that Cov(Bg1y) = P(w). Then the 1-morphisms By 1) (ww € B) give a full set
of indecomposable objects in Kar(Lh 1) up to grading shift.

There are two more useful categories of H-modules, H-gmod and H-gmody,, which are the full
subcategories of H-gmod consisting of modules with a A-flag in the sense of [Bru25, Def. 6.3] or a
V-flag in the sense of |[Bru25, Def. 6.4], respectively. These are exact categories (but not Abelian).
If V' is a module with a A-flag, it has a filtration with sections indexed by A, all but finitely many
of which are zero, with S-section isomorphic to ®WGB5 A(w)®V:A@)a where

(V : A(w))q = dim,—1 Homg(V, V(w)) € N((q)). (6.40)
The Grothendieck group Ko(H-gmody,) is the free Z((¢))-module with basis [A(w)] (o € B) and,
for V' as in (6.40), we have that [V] =" __g(V : A(w))q[A(w)]. By the BGG reciprocity discussed

before (6.39), finitely generated projectives have A-flags, and the inclusion functor H-gproj —
H-gmod , induces an embedding

Ko (H-gproj) < Ko(H-gmod, ) (6.41)

of Z[q,q 1]-modules. There are analogous dual statements about modules with V-flags. In par-
ticular, H-ginj embeds into H-gmody, and Ky(H-gmody) is the free Z((¢~!))-module with basis
[V(w)] (w € B). We refer to [Bru25| for further background.

Lemma 6.6. For o € A, there is a partial order <, on B, and an injective function i, : Bo —

{(I)o such that

Pa(ia(w)) = Pa(W) b @ Pa(n)eamwm(’ﬂ

nEB withn<qaw

for some my(q) € N[g,q7].
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Proof. This is a well-known general property of quiver Hecke algebras. Its proof is explained in
[KLO09, Sec. 3.2] (the strategy of the proof can be seen already in [Gro98, Sec. 11]). O

Lemma 6.7. For i € (I),, P(2) is isomorphic to the direct sum of the projective cover of A(%)
and grading shifts of finitely many other indecomposable projectives P(n) for n € Uﬁ<a Bgs.

Proof. Take any 3 € A and @ € Bg. Since P(i) = ¢33 H1;, we have that
Homy (P(3), L(w)) = ¢~ 481, L(w).

This is {0} unless the a-weight space of L(w) is non-zero. By the general theory of graded triangular
bases, [ is the lowest weight of L(w), so this implies that 5 < a. Consequently, P (%) is a direct
sum of finitely many indecomposable projectives that are grading shifts of P(w) for w € | s<a Bs-
It remains to observe for w € B, that

Hompy (A(4), L(w)) = Homp., (A(7), L(w)) = Homp,, (Pa(), eal(w)) = ¢~ deg() 1, I(w)).
Here, we used adjunction plus the definition P, (1) = ¢¢®H,1;. So
Hompy (A(2), L(w)) = Homy (P(2), L(w)).
We deduce for w € B, that the graded multiplicity of the summand P(w) of P(2) is the same as
the graded multiplicity of P(w) in the projective cover of A(z). The lemma follows. O
Theorem 6.8. There is a partial order < on B and an injective function i : B < ((I)) such that

the following hold:

(1) © maps By, into {(I))q for each o € A;
(2) if n € Ba, w € Bg and n < w then a < §;
(8) for any w € B,

Pli@)=P@)e @ Pem=
neB with n<w
for some mg,(q) € N[g,q71].
Proof. We define the required partial order < on B by declaring for n € Bg and w € B, that
n < w if either § < « in the partial order on A, or f = a and <, w in the partial order from
Lemma 6.6. Of course this has the property (1). We define the function ¢ : B < ((I)) so that
i|g,, is the function %, from Lemma 6.6. Of course this has the property (2). It remains to prove

the property (3). Suppose that @w € B,. Applying the exact standardization functor ji* to the
decomposition in Lemma 6.6, we get that

Ali@) =A@ e B A==
neB, with n<qw
By Lemma 6.7, P(é(w)) is the direct sum of the projective cover of this module, which is
P@e P,
neB, with n<,w

and grading shifts of finitely many other indecomposable projectives P(n) for n € Bg with 8 < a.
This proves the theorem. ]
Corollary 6.9. The classes [B;1,] for i € (I)) span K (Kar(ilz]l/\)) as a Z[q,q~1]-module.

Proof. Using the equivalence Cov : Kar(L;1,) — H-gproj, the uni-triangularity property from

Theorem 6.8(3) implies that each [By] (w € B) can be written as a Z[q, ¢~ !]-linear combination of
[B;] for ¢ € (I)). O
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For the final result in this subsection, which generalizes [ BWW24a, Th. 5.13|, we use a well-known
adjoint pair (Ia, o, Ra,,«) of functors

In,; o : Ho-gmod — Hy, 4o-gmod, R, .o : Hoyj4o-gmod — H,-gmod. (6.42)

To define them, let €, o be the idempotent in Hy, o that is the image of eq, o := 1; ® €. There
is an algebra homomorphism tq, o : Ho < Hq,+o defined in terms of string diagrams by tensoring
on the left with a vertical string of color 7. This maps e, to €q,. Using it, we view H, as a
unital subalgebra of én, oHa,+0€a;,a- Then Hy,10€q,,o is a graded (Hq,+q,Ha)-bimodule and we
can define

loj0 = Haitafoio O, = Rajo = €ajoHata; OHaro, — = Homp, , (Hoi1aa;0, —).  (6.43)

It is clear that (In, , Ra;,q) is an adjoint pair (with adjunction that is homogeneous of degree zero).
Both functors are additive graded functors which take finitely generated projectives to finitely
generated projectives, so they induce Z[q, ¢~!]-linear maps between the split Grothendieck groups
Ko(Hqa-gproj) and Ko(Ha-a,-gproj). The following lemma is well known; e.g., see [KK12|.

Lemma 6.10. Under the identification of split Grothendieck groups of H,-gproj and Hgq,-gproj
with the Z[q, q~1]-forms for £, and £+ q,, the map induced by I, .« corresponds to left multiplication

by 0;, and the map induced by Ry, o corresponds to the map ;R from (5.46).

Acting on the left with B; defines an endofunctor of {1 . It induces a graded functor we also
denote by
B; : H-gmod — H-gmod. (6.44)
This is defined explicitly by tensoring with the (H, H)-bimodule ;¢ ;) H1;; viewed as a left H-
module in the natural way and as a right H-module with action defined by pulling-back the natural
right action along the homomorphism H — H which maps a string diagram to the string diagram
obtained by adding a vertical string labelled ¢ on the left boundary.

Lemma 6.11. The functor B; : H-gmod — H-gmod is isomorphic to the functor defined by ten-
soring with the graded (H, H)-bimodule

DD a7l

BeNie(l)g

with the natural right action of H and the left action defined by pull-back along the homomorphism
which adds a vertical string labelled Ti on the left boundary.

Proof. This is similar to [BV22, Lem. 2.5]. The idea is to define mutually inverse bimodule homo-
morphisms by attaching a suitable cup or cap to the string diagrams. [l

The short exact sequence in the following theorem is important because it categorifies the equality
~— ~— A—a)i—G—1~— 53
bij "N (x) = T i) + ¢ T T (i R() (6.45)
for x € £, from (5.49), where 7! is the inverse of the isomorphism 7: f — U*1,. This follows using
also Lemma 6.10.

Theorem 6.12. Take o € A and i € I. There is a short exact sequence of functors

a+o;

(A—a)i—si—1 a—aq;
0—gq ) 9 °oRa,ia—a,; — Biogt — oln; 0 — 0

from Hy-gmod to H-gmod. The first term should be interpreted as the zero functor if a — ar; & A.

Proof. All three functors appearing in the short exact sequence are isomorphic to the functors
defined by tensoring with certain graded (H, H,)-bimodules, as follows:

JA— 0Ty

. . . (A—a)i—si—1 _ = .
* j © Ra.; a—a,; is tensoring with g, " Hx>(a—ar)€a—ar; ®Haow,, Carsa—arHas
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 B;ojf is tensoring with €D s ®ie(l>g qf)‘fﬁ)ifgflé

a+ta; . . . _ _
e jy ""oly, . is tensoring with H> (ata;)€ata; OHata, Hota,€0;,0-

(riyil>a€a (see Lemma 6.11);

We claim that there is a short exact sequence of graded bimodules and degree-preserving bimodule
homomorphisms:

A—a);i—¢—1 _ _ !
O — qZ( a) ) Hz(afa‘ri)eo‘_o‘Ti ®Ha7a7_i ea7i7a_aTiHa —
A=B)i—si—17 > 5 3
DD OB I(ri)iH>afa = Ha(atan)ata; ®Hara, HataCasa — 0.
Beie(l),

The graded bimodule homomorphism f is defined on basis vectors so that

for 6> a,i€ (I)g, 7€ )a—a,i, k€ (I)aand x € X(¢,5),h € H((1i)7,k). The graded bimodule
homomorphism g is defined on basis vectors so that the vectors in the image of f are in the kernel
of g and

for B> a+a;, i€ p,j=7ij"7 € Data;, k € (I)g and 7 > 0. The proof that these are
well-defined bimodule homomorphisms and that the sequence is exact is essentially the same as the
prooof of [BWW24a, Th. 5.13] so we omit any further details here. To deduce the theorem from
the claim, it remains to observe by Lemma 6.4 that the bimodule in the third position in the short
exact sequence is projective as a right Hyo-module. Hence, this is a split short exact sequence of
right Hy-modules, so it remains exact on applying —®p,, V for any graded left Hy-module V. Thus,
it defines an exact sequence of functors. O

6.3. Categorification of the iSerre relation. We continue to assume that $* is non-degenerate
and kg is a field. The two theorems in this subsection show that the analog of (3.8) holds in
K() (Kar(ilf])) .

First, we treat the that case ¢ # 7j. Explicit formulae for the differential d and the splitting s
in the following theorem can be found in the proof.

Theorem 6.13. Suppose that i # j and @ # 77, and let m := 1 — a; ;. For any A\ € X', there is a
split exact complex

s T U e o L ot
Sm Sm—1 81 SO s_1

in HomKar(wq)()\, A —ma; — o).
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Proof. When ¢ # 71, this is proved in exactly the same way as the analogous result for 2-quantum
groups in [Rou08, Prop. 4.2| (generalizing [KL11, Cor. 7]).

Now assume that ¢ = 7i. The relation looks like the usual Serre relation, but it is not the same
since the idivided power is more complicated. However, the same proof strategy also works in the
case i = 7¢. This is quite subtle since the nil-Brauer category is fussier than the nil-Hecke algebras,
so we go through the details. We define 2-morphisms in Kar(LlfI) by

in 1 i n+1 in 1 Ut 1

P P P P
X
dy = @ LA B™B B, = BB B,
p P j
i / g in / jmn
I-HH g 1 in 1 jm 1
re p /g& b7
sn 1= (~1)";) L s BMBBM T, = B g
p p

i g gmn 7 J qmn

interpreting Bfn) BjBl-(mfn)]l A (hence, 2-morphisms with this as their domain or range) as 0 if n < 0
orn >m.
The following calculation checks that d defines a differential making (6.46) into a complex:

i 1 i n+1 in 1 im n+1 in 1 im n+1 i 1 U 1

p p p p p p P p
X b 4 X b 4 X b 4 X b 4
‘ul ‘ul
(6.4) B (3.37) =
dpodpy = P‘( x/) A= A= 6/ A= </ A
g ] jm—n—l it / gm—n—1 it / gm—n—1 g ] jm—n—l
im 1 Ut 1 in 1 Ut 1
P p P p
X X X X
Qi (1) —Q4 (%)
T—2z
(3.37) %
= ~ A — 52‘77—1'7‘1‘7]' x =0.

,tllf] ji i:rz—yz—l infl i ].,,,,,171

The final equality needs some explanation. The first term is zero because it involves the square of

a crossing of strings of color 4, which is 0 by (3.36). Now assume that ¢ = 7i. Then the second
Qi (@,y)—Qi,5(2,y)
r—z
a+c<m—2,soeithera <n—1orc<m-—n—1. The term arising from the monomial 2%y®2¢ is

zero because

term is zero because is a linear combination of monomials of the form z%y’z¢ with

a =0ifa<n-—1, ¢ =0 ife<m—-n-—1.

; ]_”7| ].,,,,,,,] 17

These identities are [BWW24a, Lem. 4.2 and Cor. 4.3].



64 JONATHAN BRUNDAN, WEIQIANG WANG, AND BEN WEBSTER

Finally, we prove that s is a splitting. We need to show that

e STN—n e SN
7 7 ?

1
P P P P
P 3 X X 3
\\> <//
n—1,—1 .
(e} (e} = | — .. ) — = _
Sp—10dp + dpt1 08, = (—1) ti 3 | 3 | 1dB§n)Bszgm ",
ﬁ// \\f
in / et i / jmn

To see this, we rewrite the expression inside the parentheses: it equals

P p
-_ Qi,j(=,y)—Q4 j ()
r—=z )\

jmn mn i j men
—Qi,i(2,y)

xr—z

z%Pz¢ with a + ¢ < m — 2, and the monomials with a + ¢ = m — 2 come from the expansion

g™t — 2™ N (@ — 2) = 3 o4 emmo iy, Now we use the identities

gza = 5a7n_1(—1)"_1% ifa<n-—1, c§ = 0¢;m—n—1 % ife<m-n-—1

! 2 . .
') " 1 7 L 1 ) jmn

is a linear combination of monomials of the form

Like in the previous paragraph, Qi@

from [BWW24a, Lem. 4.2| (this treats the new case when ¢ = 7¢ but these identities are also well
known when ¢ # 7i). We deduce that the terms coming from all of the monomials except for
ti,jxnflsznfl evaluate to 0, and the remaining term contributes (—1)”*115@]- idB(n)B.B(m—n)]lA, as
7 I
required to finish the argument. O

Corollary 6.14. Ifi # j, 1 # 7j and m := 1 — a; j, we have that

P BB;B" M1, = @ B B;B" 1,

n=0 n=0
n even n odd

For the categorical iSerre relation in the case i # j = 74, we will work in terms of modules
over the path algebra H = H* from (6.11), adopting all of the module-theoretic notation from the
previous subsection.

Lemma 6.15. Let H=H* for A € X*. Suppose thati # j and i =71j. Form >1 and 0 <n <m,
there is a short exact sequence of gmded H-modules

where fam;i(q) € N((q)) is defined by (5.60).

Proof. There is just one smaller weight that ma; + a; in the poset A, namely, (m — 1)a;. Since
H(n—1)a, is a nil-Hecke algebra, the set B(,;,_1)o, contains just one element which we denote by @,
and A(w) = A>iD). Also let 4 := i(™ ji(™=") for short. By Lemma 6.7, P(4) is isomorphic to the
projective cover of A(¢) plus a finite direct sum of grading shifts of P(w). It follows that P(z) has a
two-step A-flag with top section isomorphic to A(z) and bottom section isomorphic to A (7™ ~1))®9(a)
for some g(q) € N((q)). Since A(i(™~1) = P(i(m=1) by Lemma 6.7 again, it just remains to prove
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that g(q) = f2 .(¢g~'). Using (6.40) for the first equality and P(i"jim ") = P(i)@[”]izi m—nly; for

n,m;i
the second, we have that

1 _
m dimq—l 1Z‘njl'rn—nV(W).
By Lemma 6.4, V(o) has an explicit basis consisting of the functions ¢, ,, for y € Y (™1, " jim=m)
and v running over a basis for L(,,_1)q, (w), this being the function that maps g — v and all other
basis vectors of €(,,_1)a, H>(m—1)a; to 0. We have that deg(gpyv) = deg(v) — deg(y), the graded
dimension of L(m — 1)«a;(w) is [m ]! , and the set Y (i™~1,4"§i™~") may be chosen so that its

g(q) = dim,-1 Homy (P(2), V(w)) =

elements are the mirror images of the diagrams in (5.61). It follows that g(¢q) = [m— 1]!%, xS p qlesP)
summing over these diagrams, that is, g(q) = [m — l]lhf(q)/[ ]qZ [m — n] g Where f(q) was computed
n (5.62). This equals ff;m;i(q). O

Now we establish the categorical iSerre relation in the case i = 7j. Unlike Theorem 6.13, we do
not know formulae for the differential or an explicit splitting.

Theorem 6.16. Suppose that 1 # j and i = 7j. Fix A € X* and let m :=1 —a; ;. Let fé‘mz(q) €
N((q)) be as in (5.60). There is a split exact complex
A A
0 —s Blgm—1)]l§9fm,m;i(q) . BZ-(m)Bj]l)\ @ Bl(m—1)]lffm_1,m;i(q) .
A
N Bf")BjBi(m*”)]l @ Bi(mq)]liafn_l,m;i(q)

EBf(im;i (Q)

(m—1) ]]_)\

—s B;B;B" V1, & B — B;B™1y, — 0
in HomKar(w)()\, A —moy — ).

Proof. Let o := ma; + a;j € A. Applying the standardization functor jf* to the split exact complex
in H,-gmod from [KL11, Cor. 7] and [Rou08, Prop. 4.2] (which is proved in the same way as the
i # 7i case of Theorem 6.13)) gives a split exact sequence which is the bottom row of the following
diagram:

~ ~ ~

0 —— P>i™)y) y P(ijitm 1)) ———— P(i(m) ———— 0
0 ——— A®™y) y A(ijim D) ———— 5 A(ji™) ———— 0
0 0 0

The columns are the short exact sequences arising from Lemma 6.15. The maps along the bottom
row lift to give horizontal maps (not necessarily differentials) along the middle and top rows making
the diagram commute. While this is not a double complex, we can still define a total complex for
it of the form

- PEM jimm)y @ pim B a0
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s P(>ii™ D) @ PEmDYB 0w @ p(5im)y 0

by adding maps P(i(ji(m=")) — P(i(mfl))@mflm;i(q) in the diagram above to make the total
differential square to 0; these maps can be obtained by noting that the composition of two horizontal
maps must lie in the image of the vertical map, since the bottom row is a complex and the columns
are exact. The obvious projection to the bottom row is an isomorphism, so the total complex is
exact. Since all of the modules involved are finitely generated and projective, the complex is again
split exact. The complex in the statement of the theorem is obtained from this using the equivalence
Cov. O

Corollary 6.17. Fori # j, i = 7j and m := 1 — a;;, we have that

m m N m m N
@ Bi(n)BjBi(m—n)]lA@ @ Bi(m_l)]lff"’m”@ o~ @ Bi(n)BjBi(m_n)]l)\@ @ Bi(m_l)]lff"*m;i(q).
n=0

n even n odd n odd n even

6.4. Main theorem. Now everything is in place in order to be able to state and prove the main
theorem. Recall the isomorphism K from (6.23) and the equivalences Cov from (6.12) and (6.26).
Setting O, = Kfl([@w]), we obtain a basis {HW ‘ w € B} for f7 as a free Z[q, ¢~ !]-module which

we call the orthod.ox basz‘:sﬁ. Let Uz ::'UlZ ®Z[q7q7'1] Z((q)) and U@((q)) = Uy ©2 Q. T'here 1Ns a
natural inclusion U7, — UZZ((q)), and both U’Z((q)) and U* embed into Ub((q))' Also let gy, 70 : Ul — f

be the Q(g)-linear isomorphisms from Theorem 5.12 and (5.45); we have added the subscript A € X*
to avoid any confusion as A varies.

Theorem 6.18. Assume that kg is a field and the 2-iquantum group ' is non-degenerate in the
sense of Definition 5.8.

(1) There is a unique isomorphism of locally unital Z[q,q~']-algebras
I:U% 5 Ko (Kar(U!))

mapping b;1x — [B;1y] for each i € I and A € X*. It maps b;1\ — B;1, for any i € (I)).
Setting b1y = Ifl([Bwll,\]), we obtain a basis {bwl)\ ‘ weB, e X’} for UZZ as a free
Z[q, ¢~ ]-module, which we call the iorthodox basis.

(2) For A\ € X* and H=H" as in (6.11), there is a unique isomorphism of Z((q))-modules

:\j . UZZ((q)) 1)\ :> KO (H-ngdA)

such that the following diagram commutes:

Uyl —— Ko (Kar(U;1y)) —co— Ko (H*-gproj)
bily  boly [Bilx]  [Bz1,] [P(@)]  [P(=)]
bl bely [P@)]  [P(=)]
Ul > = » Ko (H -gmod, ) (6.47)
Sily  Owly [A@]  [A(w)]
i I
0; 6w [©i] [0] [Pa(3)]  [Po(w)]

~

f  —5— Ko (Kar(QHp)) oo Daen Ko (QH-gproj)

6This terminology was introduced in [Web15].
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For ¢ € (I)), the element j_l([A(z)]) € UZZ((Q)) is equal to &; = Jy ' (0;) defined in (5.51).
Setting 0ly = j_l([Aw]lA]) = j;l(ew), we obtain a basis {5w1,\ ‘ w € B € X’} for
UZZ(((])) as a free Z((q))-module, which we call the standardized orthodox basis.

Proof. (1) This is essentially the same as the proof of the analogous result for 2-quantum groups in
[KL10]. First, we construct I. Morphism spaces in Hom%(/\, k) are finite-dimensional as vector
spaces over kg. This follows from Lemma 5.9. So this category has the Krull-Schmidt property.
It follows that Ky (Kar(wq)) is free as a Z[g, ¢~ !]-module with basis given by isomorphism classes
of indecomposable objects, up to grading shift. This means that we can identify Kj (Kar(ﬂ;))
with a Zlg, q_l‘}—subalgebra of Ko (Kar(sL,)) ®7)q,q-1] Q(q). Also, by its definition, UY is a Z[g, ¢ -
subalgebra of U’. Now we define a Q(g)-algebra homomorphism

Ip:U' = Ko (Kar(ﬂé)) ®2[q.4-1) Q2)

on generators by mapping 1, — 1) and b;1y — b;1) for ¢ € I and A € X*. Lemma 6.1 implies
that bgn)l \ = bgn)l a- Corollaries 6.14 and 6.17 show that the defining relations of U* from (3.8)
hold in Ko (Kar(U})) ®zj44-11 Q(g) (to see this in the i = 7j case also needs Lemma 5.20). Hence,
Ig is well defined. Then we define I : U, — Ky (Kar((:)) to be the restriction of Ig. This
produces the desired Z[q, ¢~ !]-algebra homomorphism. The homomorphism I is surjective thanks
to Corollary 6.9. Finally we show that it is injective: by Theorem 5.17, if y € ker I then (x,y)" =0
for all z € U?, hence, y = 0 since the form (+,+)" is non-degenerate.

(2) It is always the case that Ko(H-gmod,) = Ko(H-gproj) ®zj4 1) Z(q)) for any algebra H with a
graded triangular basis. The existence of a unique isomorphism J making the top square commute

follows immediately. The bottom square in the diagram commutes by Theorem 6.12, as noted
already in (6.45). O

Remark 6.19. The orthodox basis for fz is closely related (but not necessarily equal) to the
canonical basis of fz, which we denote by {cw ‘ w € B}. We are using the same labelling set B
both for the orthodox basis and for the canonical basis. This is justified since both bases are dual
perfect bases whose associated crystal is Kashiwara’s crystal B(oo), and via this theory all labelling
sets are canonically isomorphic. By [VV11, Roul2]|, for symmetric Cartan matrices with geometric
parameters as in Example 2.3, and assuming char(kg) = 0, the orthodox basis and the canonical
basis coincide: we have that [O4] = ¢ for all w € B. There is also another basis for UZZ((Q))’

Remark 6.20. The iorthodox basis {1, | @ € B,A € X'} defined by Theorem 6.18(1) should

be closely related (but not necessarily equal) to the icanonical basis for U, constructed in [BW18a].
Both bases are related to the standardized orthodox basis from Theorem 6.18(2) in a uni-triangular
way, so they are naturally indexed by the same set B. There is also the standardized canonical basis
{j; Yew) } weBANeX Z}, with similarly uni-triangular transition matrices to the iorthodox and
icanonical bases. Entries in the transition matrix from the iorthodox to the standardized orthodox
basis lie in N((¢)), and off-diagonal entries in the transition matrix from the icanonical basis to the
standardized canonical basis lie in ¢Z[q].

Remark 6.21. In this section, we have generally preferred to work with finitely generated pro-
jectives and standard modules. But it is just as natural to work in terms of finitely cogenerated
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injectives and costandard modules. These fit into a similar commutative diagram to (6.47):

Uy1,  —— Ko (Kar(U1y)) —>[Nakzcov] Ko (H*-ginj)
bily  bwly [Bilx]  [Bwl)] [1(®)] [I(=)]
bl bely [1(®)] [I(=)]
UZZ((q,l))l,\ ? Ky (H)‘—gmodv) (6.48)
01y 91y V@®)] [V(@)]
]J;l jJ\[]ff
0; O N [©i] (O] N [Ia(®)]  [la(w)]
fr  —5— Ko(Kar(QH)) o @aen Ko (QH-gin)

The proof is similar to the above and will be omitted. We call the basis 9 (w € B) for UZZ((q,l))

as a free Z((¢~!'))-module obtained by applying 7,' to 0 (w € B) the costandardized orthodox
basis; we have simply that ¢, = ¢*(0). Applying ])_\1 instead to the canonical basis ¢ (w € B)
for £ produces the costandardized canonical basis. We mention this in order to point out that the
fused canonical basis for modified forms of quantum groups defined in [Wan25| is the costandardized
canonical basis in the special case of iquantum groups of diagonal type.

Remark 6.22 (Homomorphism formulae). The sesquilinear form (-, -)* from (5.44) also has a nat-
ural interpretation in the categorification framework. For finitely generated graded projective left
H-modules V' and W corresponding to v,w € Uj under the isomorphism Cov oI, we have that

Homy (W, V) = (RY) &) (6.49)

as a graded R'-module. To prove this, we may assume by Theorem 6.8 that V' = P(i) and W = P(3)
for 4,5 € (I), and then it follows by Theorem 5.17. Also, for H-modules V' and W with a A-flag
and a V-flag, respectively, corresponding to v € Ulz((q)) and w € Ulz((q_l)) under the isomorphisms J
and J, we have that

Homg(V, W) = (RY)®®w (6.50)
as a graded R’-module. To prove this, one can reduce to the case that V = P(¢) and W = I(j),
and in this case the formula can be deduced from (6.49) using some duality.

APPENDIX A. PROOF OF THEOREM 3.8

For this appendix, we work in the weak 2-iquantum group 4 from Definition 3.7. We will need
the following for f(z,y) € k[, y:

[myquwé&ua]g;_l B [mf(;f@w)} - e fey),

This follows from (2.23) and partial fractions. We proceed with several lemmas, before proving
Theorem 3.8.

(A1)

Lemma A.1. For i # Ti, the following holds in [T

B T R
2 T 7 7 T ) ) f\Q 2 Tm w:—1

T TL 1
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+ % iri(Y,%) | + 6%@72-(3/@)] o /%i,n(yw)] . (A.Q)

-
=
X
=
e

o
%
3
=
e

g \

Then we expand the final expression thus obtained using (3.33), (3.35) an
equals

_%) ﬁﬂ'(@mw + %QT“ + Qp\b%p@” @) /%Tzz(x,y

%@@ f@g\ f@¢\§++/@ ++,@ +,@2’;{F§

0 ? T1 w:—1

(3.36) to see that it

It remains to observe that

BREREREEHESME IR

7 FI 7 T
Indeed, if one denotes a dot on the left hand string by x and dots on the bottom right or top right
strings by y and z, this can be rewritten as the elementary algebraic expression

1 1
(wt+a)v+y)(w+y)(u—2)v+2) (w+a)(v+y)(u—2)(v+z)(w+z)
1 1
Tt -ty u—2) (-2 (w+y) -2+ 2w+ 2)
1 1

Tt Yt n)u- D7) (@2t y)u— )t 2wt 2)
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1 1

-ty (wt+y)(wtz)  (wtz)(w+y)(u—2)(v+2)(w+2)

This may be checked by putting the fractions over a common denominator. (I

Corollary A.2. Ifi # 7i then

Q'LT'Lmy

[Qz ‘rz(z '!J) Ql 5% y) Ql T y x)

.

—1
7
+ [Q-ri,i(mvy)Qri,i(Zvy)}u _ LQTz‘,i(z,*Z)*QTi,i(Zv*Z)J U . (A.3)

? 1

T T

Proof. By (2.23), we have that

‘Q'LT'L y7
= Qz’rz u U

The corollary follows from this, (A.1) and (A.2). O

Lemma A.3. Assuming that i # 71, the following hold in T

T

\@ BN '
Fo| - olow @ﬁm 9‘?\&0 S
. w—1 - g z u—d du—1
_ ,—/o<u>‘=;:f _ w‘{ /—zo<u>"§é (A5
of ot 00| |en®? T Tenm] -
i idy:—1 ¢ ¢ vi—1 ‘ ! ! Sui—

Proof. We have that

éfw %é@“’“ 5% h\a
\ @
(326) T i@
@;"% mim 5@

i v vi—1

When evaluated at ©v = —1, the fake bubble polynomials can be replaced by bubble generating
functions, yielding (A.4). The identity (A.5) follows by rotating (A.4). O

Lemma A.4. Again assuming that i # 74, we have that
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o2 o LN
iO( )?\.}Q'O() é\qO riQO(u h\q

( v ur— v ui—1

" Tfo<u>‘-”‘%j . /»zo<v>b§£ N
5% O e O] -

Proof. After some easy manipulations, the right hand side of the identity to be proved is

v T1 jS T7 a\@\@\ A7
LO(- E\a‘i‘ E\QO O(— );‘\g\a O(— Olv : )

! o
Now we assume that the weight labelling the right hand 2-cell is A € X* and let n := ¢;; — Ay

Recall from (3.27) that
u)y = Zu”_t i .

>0
We use this, together with (3.41) for the first two, to expand the four terms on the right hand side
of (A.7) (we will take the u~!-coefficients shortly):

+iOQ(— %:m—ET\é‘J nl"Stlrl,;—\gg\J;
- )%@ O e 2 e

4 ?

T

7 n—s—1 K
%sz(U) = L 2 T [u_r_l 7iO(—u) ]u:<0 ;?:é\j.f@ )

/IO( U)/;\.\g\a\,IO(v)_ -_1_ r,s>0 ; ’ ”O( U),m’ T[[Unisitil/(v—i_w)ﬂ”:*l]’
FiQO( u%;l&/O(U)- ._1— 2 U FiQOQ( U)(\Q' i_[[v"’sfhl/(“""x)]v:—l}‘

The u~'-coeflicient of the first term on the right hand side of the first equation here is the left hand
side of (A.6). It remains to show that the u~!-coefficient of the sum of the four summations in the
above equations is 0. This follows because for r,s > 0 and 0 <t <n — s — 1 we have that

|:un—s—t—1 un—s—t—l

Tt o? (u”"’lﬂQ(—u) /\7(1,> T wrar [u’r’lf»zO(—u) /\“[]u:<0:| . =

[<uia:r$:i;;]w1+(u43w2{02jjzlkk1><“711”CX‘“)A“J]

To prove this identity, note that the left hand side simplifies to

un—s—t—l a1
{ (u+ x)? [u “O(-u) Aim} u:20:| w1

It is easy to see that this is equal to the right hand side when ¢t =n —s—1. Thecaset =n—s— 2
is only slightly harder; it follows because

u:—1

(uf@QZuix[w:@4w4+(uj@2LixLH{
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Finally suppose that 0 <t <n—s—3andset k:=n—s—t—1, so k > 2. The identity to be
proved is equivalent to

> e

m>0

[u_r_ll—/o(—u) /\fu,:| L=

:|u:—m—k—1

1 1 1 1 o
Z [u—i—x (v+z)? + (u+x)2v+x]u —m—1 [ #O(=w) Aﬂh]u:m'

m=>0 vi—k—1

This follows since by binomial expansions the coefficient of [u_r_l—* (—u) \7(\,:| on the left hand
side is (m+k)(—x)™*+*~1 and on the right hand side it is (—2)™ - k(—z)*~1 +m(— x)m L(—2)k. O
Lemma A.5. Ifi # 7i then

i i

0 ) Lo
éf\'@‘ /"'@:aé% ’@§ 990

(2 { (2 1 ui—1

T

T
+[Q”'”'(””’yif”*“z’”}%‘_’ Qi 2) +[Qﬂ,i<xﬁx2:§ﬂ,i<zﬁz> %U . (A8)
( ’ ( ‘ Qi,ri(y,x)
2

4 (2 2

Proof. We have that

Tt

T
[Qri,i(ﬂc,y)—Q‘ri,i(%y)} Qiri(y:) +EQri,i(ac,—x)—Q‘ri,i(z,—z)J \_/
i ( . i ( ] Qi,T'L(yzx)
1 [/

(A:.1) [in,i(u,x)QTi,i(u,u)]_\{j
ra\

tdui—1

oz _ —”\ww o) R@Q
(ANO(—u)

u:—1 u:—1

Then we expand the final expression just obtained as a sum of four terms using (A.6). Now the
lemma follows by taking the difference of the equations (A.4) and (A.5), using the identity just
established to rewrite the right hand side. O

Proof of Theorem 3.8. We start from the ordinary braid relation (3.37) with strings labelled (74, 7, %)
(its right hand side is zero). Adding crossings to the bottom left pair of strings and to the top right

pair of strings produces the relation

T T 1

Then we use (3.36) to expand the double crossings in this equation to deduce that

Qm Y,z
$C- EZ Fo- opl]
Qi,ri(z 7y

1 y—1
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The identity (3.46) follows by adding (A.3) to this equation then expanding the right hand side of
the result using (A.8). O

APPENDIX B. PROOF OF THEOREM 4.1: PROPERTIES OF INTERNAL BUBBLES
Notation in this appendix is as in Subsection 4.1.

Lemma B.1. Fori € I with i # i (equivalently, ¢; > 0), the following hold in (s, ():

D-roo0D)] . o

u:<0

@: —Gi |u @ﬂ) @ — s @ @ : (B.2)

T" u:<0
Proof. For the first identity, we expand the definition (4.11) of the internal bubble to see that

@'ZQ @*%l} —CZQS@

v:i—1
The second term is equal to the second term in (B.1) thanks to (2.23), and the first terms are equal
by a similar trick. Similarly, for the second identity, the internal bubble expands to give

(3= | (F O] -coa(FO.

T v:—1

which is equal to the right hand side of (B.2). O

Remark B.2. It is useful to be able to exploit the symmetries 2 and X from (2.45) and (2.48)
extended to the localization to prove relations involving internal bubbles. We forget the grading
for this since Q and ¥ do not respect the adapted grading. More problematic is that Q and ¥
do not interchange clockwise and counterclockwise internal bubbles in the obvious way. However,
the internal bubbles depend implicitly on ¢ and ¢, and we can view Q and ¥ instead as k-linear 2-
functors Q : 4(s, )P — U(’s,’¢) and ¥ : U(s, )™ — U(’s,’¢) where s, ¢ are the primed parameters
from (3.47). Then both © and ¥ take the clockwise and counterclockwise internal bubbles in (s, ¢)
to the counterclockwise and clockwise ones in $4(’s,’() defined using the primed parameters. To
illustrate, we can take (B.1) with 4 replaced by 7i:

O-clr0 0o

T[ T] T u:<0
Applying ¥ gives the identity

(F=ev 6> @ (T O| -

7 u:<0
in $(’s,’¢). Replacing u by —u, '; by ¢; and ’'(; by ¢; in this identity recovers (B.2).

Lemma B.3. Ifi # 7i then the following hold in (s, ():

DG, :[ @] - +O. (B3)
{ 2 u:—1 .

2
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Proof. We start from the right hand side and calculate:

be] - fom fpow] -

w—1 1 w—1

(2.37)

w0 |3 ?m] P

(4.8)

2 |© Lo+ @ ] - P

1

(2.21)

2 Qriyi(@y)
o |9 ,—+§§@ S )| - @

S R X RS )

u:—

4 [@? ——9 ]
i 1 u:—1
(2.23) [@ ] - Q) % Qi ri(z,~z)

-1

(BT Q; 14(1 [@@% ] — Qiri(1, )Q’ ?:

41 Q1 -1 &7 O (Cayni, é

1

Lemma B.4. Clockwise and counterclockwise internal bubbles are inverses of each other:

L b

7 7 2 7 7 1

Proof. This is proved in the case that i = 7i in [BWW24b, Lem. 3.5]. Now suppose that i # 7i.
We just prove the first equality. The others then follow since internal bubbles commute and we can
rotate through 180° (or apply €2). Using the definition (4.10) and Lemma B.3, we have that

b e be bl LB
97048 O

Now we use
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wlbd o, O, d
SiaAt R

T T T T
u:—1

Putting these two things together, we deduce that

i u:—1 i u:—1 u—1

% " Rrig(Cy)f oo
>< =G @ —Gi e /\ , (B.5)
2 J L "‘ i 7 duq ™ J

[ @ ' Q.
>< - Cl %Qi a Cl Cz‘ ’ (B6>
v J L 7 7 du—1 [ J

Proof. The following proves (B.5):

M @,_,j < Q/—i Si TCID( ) - T 86
D [ ] (S e % c}%

! J L1 J u:—1 ! J

(2.22) Qluss o Y21 1) m (Brig@w) f S
(4_8) Gi - Cz"”n,y | (2 37) = Gi

s, n% -\}g n}{ ]

(2.30) >

» n% g
7N |

(2.10) Gi
T ]

229) nﬁﬁ@ ] -&/—{ ;

(2.10) >

J
The proof of (B.6) is similar. O

Lemma B.6. Assuming i # j and i ;é 77, the following hold in (s, ():

- , ) (B0
v J v J

Also if i # Ti then

G

7 (4
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P G R L R e

U:—

XK KK

Proof. Suppose first that ¢ # j and ¢ # 7j. We use (2.10) and (4.8) to slide the dots and teleporter
downward past the crossing in (B.5) to obtain

>< —g . /?%4 " }f
' i j T j g j

? J

This proves the first equality from (B.7). The proof of the second one is similar, or it can be deduced
from the first equality by applying ¥ using the technique of Remark B.2 plus Lemma B.4.
The following calculation proves (B.9):

(B.6) Si @ Q A\/
><, (223) ¥ [(_u) Qi,ri,u) TI—% (=u)® —// Q@] .

2 (4 7 2 4

. , @ @
26 | @ <~ >4§<]
u:—1

L 2 (2

_ & Q 1
+Gi (_u Qi, ”(mu L u ;?
oo dy—1

as) . | | @ &
=G (u)“L%( u)® an(wu)ﬂ—%l
u:—1

L 2

o - g % —@ﬂ

1 (2

+Gi

(4.11) ‘.

@} o
i) @l N+ O m— @ |

? (4 7 (4

(2.37) '. 6
0 @K 6|0 OWP— - Q@KW

? i L i i U

. -
. ; ) s du—1

(2.39

1 1 L v 1 ? 1

The proof of (B.8) is similar, starting from (B.5) instead of (B.6).
It remains to prove (B.10). We start as in the first line of the proof of Lemma B.5:

@ Si Q/’i Si Q(u) Si QT" S
(@11 ¢ -G (2:30) ¢; - -G
: Ti T 1 - ; . : ' ;

u:— 0 i i i wi—1 Y T
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7

Q(g,: B Cigg“ (2.10) ¢; @ — ¢ g% .

Ti u:—1 7 Ti v Tid y:—1 i Ti

The second term is now more complicated to simplify since there is an extra term:

<1><239> -G % +G %f
(48
(2_1) _C’L S%_FC’L @ Si
- u—1
NS ”7‘{%@*’*@*’
Be oy re|o e R -0 %
g Th Tid yi—1
@
_ClQ Si + G @—@%
) T l 7 T Tid yi—1
@
411)<Z @ gl _><'

() Tidy:i—1 T

Ju—1

Substituting this into our previous equation yields the first equality in (B.10). The second follows

on applying ¥ and using Lemma B.4.
Corollary B.7. Ifi# j and i # 7j then

%: >§
J t J t

& esy - (cu &g

>4+<" () g™

If i # Ti then

Lemma B.8. For all 1,] € I, we have that

}{ = Tiwj?"@ﬂ“rjm‘?“n‘d}{ :

v J v J

v v u:—1

0

(B.11)

(B.12)

(B.13)

(B.14)

Proof. 1f i = j = 7i then this is proved in [BWW24b, Lem. 3.11]. For the other cases, suppose to

start with just that ¢ # 7j. Then

(2.36)
Reji(—z,y) ="17iQrji(—2,y) = r75iQiri(y, —)
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O Qs O e R (-, ),
When i = j # 74, this shows that Qr;i(—z,y) = Qrii(—y, x), so that it is symmetric in « and y.
Now suppose that i # j and ¢ # 7j. Then, using the identity proved in the previous paragraph
for the unlabelled equality, we have that

B T }@ (B.T) - polpml -l ?{
1,T] Z,j ’7'] TZ TZ,j Z’Tj Z,] T_] T ’TZ,] *

0 J
This proves (B.14) when i # j and i #
If i = 7j # 74, we instead use the two 1dent1tles in (B.10):

P

Finally suppose that i = j # 7j. By (B.8) and (B.9), we have that

X ebrtel]

ok orbs]
[ { v d -1

The right hand sides of these equations are equal because Qi i(—,y) = Qi i(—y, ). O

Corollary B.9. We have that

% = Ti,jTTj,TiTi,Tjr‘ri,j >< (B15)
J Z L

foralli,jel.
Lemma B.10. Ifi # 7i then

}®+ % o= ¢ |us %}O(—u) O(u) (B.16)

in U(s, Q).
Proof. We have that

(B3) 3‘ «® Ou
(O gt 6 O G- 20

u:—1
@39 _ mi@m O(u) (4 G % &0
- ) u:—1
Ez:i;; — (=)t Cpy it @+ ngﬁ/g Q(_U)CIE@—FQUQ % O_CE@O Q
L i v ? u:—1
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% - [wh@ -0 20® 1 O ]

(2 23)

(2

u:—1

T

wo) ¢ Hé O=0) Ow) — s % @ @Jru% % & @]

7 u:—1

The identity (B.16) follows from this and (4.10). O
Lemma B.11. Ifi # 7i then

_ Q — ¢ | Q(_u) Q(u) . (B.17)
T(\i T | @

Ti w:—1

Proof. We begin with

| A &
Oé @ 5 2V - ) — 6w O-w | Ow)
T(\i T/'[‘O(i T(\i [‘Qi m Ti u:—1
Applying ) to this identity with 4 replaced by 7i gives also that
UL U \J
~&Y = (o) — ) — (DG [ O(-u) | Ow)
SN |

T T T T wi—1
Now we replace u by —u in the final term of this last expression then add it to the previous equation
to obtain

i 7 "'

e U
( u) | O(uw) + G |u O(=u) | O(u)
A Q Ia} e

T u:—1 T u:—1

\9
LGl O-)_ Ow)
&

u:—1

Lemma B.12. Fori € I with i # 11, we have that

| N5
ij v\j;,,@g O O(-u) |~ i - (B.18)
? 1 M L [—@/I )

u:—1

Proof. We start by calculating

ij@ G {@él iy Qij @) [( us @ %j—(—u)@ é]

= u—1 u:—1
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(4.8) ) ) ) )
S ¢ | ~cwr @ o) —<—u>%@?h%—<—u>% @ij Cwr
(2.39) T;/-@/ | (T? | T ff\

4 L
(4.8) w)si Si Si Si !
o G %, —u) \%w) Q’?(u) @%—w CF<

L ! ! i ( ui—1

Let us call the four terms in this final expression A, B,C, D and E in order from left to right, so it
isA+ B+ C+ D+ E. We have that

B39 _¢ | Ofu)

T

T T

) Si
¥ oo [emmyef o) ol

( ? 1 ( wi—1

Si
(23 m\ % +}@i _JQ%

+

- C?, QTZ z(yx @

Si
(1) = — %ﬁ —(Quriev) i

C 39 G | (—u)” J?Jr(—w“ OK(@U)
G G Yo

u:—1
(.42 Y. e N
(@) Gi (_u) Qrii(y,z) Q + (—U) O(_u) - (_u) @ O(_u)

) 7 M
L [ u:—1

e Ci%} 6 | @x O ~ (-0 OCw — (@ OCw) |
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The first term in the expansion of B cancels with the first term in the expansion of C, D cancels

with the third term in the expansion of C, the final term in the expansion of C' can be combined

with A, and by (2.30) the first term of E cancels with some of the second term of C' leaving just
some fake bubble polynomial. We deduce that A + B 4+ C + D + FE equals

\® ] k]

G | (~u)* Q@O (-u) | - ‘H; 6 | CwrEX @ - (CutERO

T [@[ Z Z U i(\l T f\

? u:—1 z t u:—1

7

Now we replace u by —u (remembering the overall minus sign as we are taking the u~!-coefficient)
to deduce that our expression equals

L L
Gi |w O] O-w) | - {% o el @ IR

1 u:—1 L ( ( u:—1

It just remains to simplify the last term:

. & . E’\j (2.23) o
G @ @ -u"gFO| = Gl (-D" &3
T {\/ T1 f/—\ T ?/\/r

2 l u:—1 [ du:—1

A

?

b ot
_ (_1)% <i@ ]{) ( = _ ﬂ@) .
T f/—\

O
APPENDIX C. PROOF OF THEOREM 4.1: CHECKING OF RELATIONS

Relation (3.28): In view of (4.17), we need to check that

[Ciugi O(—u) /\O(u) ] = Ci%()\)ugif&' idnj\ .

m UG —N;

This follows using A; = hi(A) — hrs()), the definition (3.20), and the identities

[O(_u) 5 ] (224) (_l)hﬂ-(ﬁ)Cﬂ(}\)—luhn-(:\) idnﬁ, [ 5 O(u) ] (2§5) ci(jx)u_hi(j‘) id]L;\ )

i u:Zhﬂ'(i) ’U,IZ*hi(j\)

Relation (3.29): By (4.17), we need to show that

CiCTiUgi(_u)gﬂ O(—U) O(u) A O(u) Q(—u) = —Riﬂ-i(l, —1) id]li .
This follows from (2.32) and (3.19).
Relation (3.30): Using (4.17), this reduces to the checking the following two identities:

O=u) Olw) ]L{szﬂu:wU:[M(wﬁ—% Ow) O |

1 1 T 1

] J

O(—u) O(u) %—[Ri,j(u,—w)]:[Rn',j(—uv—z)j—% O(—U) O(“) .

T T (4

7 7j
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The first of these follows directly from (2.37). For the second one, (2.37) gives instead that

O 1) Ow) 3 Reirsu0) = (Remg@a)— O(=u) O(w)

T 7 T 7
TJj TJ
Now we use the definitions (2.36) and (3.14), which show that R rj(—u,z) = rR; j(u, —z) and
R;+j(u,x) = rRy; j(—u,—x). for the same non-zero scalar © = ry; 77 ri7j7i-

Relation (3.31): This follows from (2.13) and (2.19) using also Lemma B.4.

Relations (3.32): These follow from (2.20)—this is the reason for the sign in (4.14).

Relations (3.33): It suffices to prove the first relation involving the cup. The other one then follows
by rotation, i.e. we attach caps to the top left and top right strings and use the zig-zag identity.
If i = j = 7i the relation is checked in the proof of [BWW24b, Th. 4.2] (it is the relation referred
to there as “the second relation from (2.4)”).
Suppose next that ¢ # j and i # 75. We have that

i J ] 71 T
= A — T N o T s
= w = ] zw A TrirTryi ;& — Tryj, 'Lw ,] TZJ?&
A

We need to show that this equals

j

i i J
= [ -1 ) S B polp1
= | Tij \x - MA Tig Tjri T],TfL@é 7’7’]1& Ti TMM
A

That the first and third terms are equal follows directly from (2.21), and the fourth terms are
equal by (2.21) plus an application of Lemma B.4. To see that the second terms are equal, we use
Lemma B.8:

i TJ i TJ

-1.-1_-1 co(221) 4 1 Bl4) .
Tij Tj,TiT'rj,Ti@é/\ = Tig T TJTZTT“'J 3 7"7-1,7-]7’7],1 A

Next suppose that ¢ = j # 7i. We must show that

E’( ) Wx_;&x — sgn(i W&—i—sgn(i)%&—%@&-&%@&
(U0, Rag ol gk - [ (34 -

The last two terms are easily seen to be equal using the zig-zag identities and Lemma B.4. The
equality of the first four terms follows like in the previous paragraph, using also that sgn(7i) =

—sgn(i).
The final case i = 7j # 7i follows in a similar way to the case i = j # 74 just treated.

Relation (3.34): In the case i = j = 71, this is checked in the proof of [BWW24b, Th. 4.2] (it is the
relation referred to there as “the first relation from (2.5)”).
Suppose that ¢ = 75 # 7i. We prove the first equality in (3.34). We have that

(3 -3¢), - e 3R



CATEGORIFICATION OF iQUANTUM GROUPS

+ Sgn(i)><ij + Sgn(i)7>§ [><: + %& _

)
L 0 v m

83

A

_ L0
7 v T m
ey Uob) UL b o U,
9 N8 m /\ - (\ R
The second equality in (3.34) follows by similar considerations

The case ¢ = j # 71 follows by similar considerations.

The case that i # j and i # 7j is even a bit easier.

Relation (3.35): If ¢ = 74, this is dealt with in the proof of [BWW24b, Th. 4.2] (where it is “the

first relation from (2.4)”). Now assume that ¢ # 7i. Applying =" to (3.35) using (4.17) reduces the
proof to checking the following two identities:

) Q{ o }@ | e % OO |

T T T

}@E@: Cri w%()(—u)O(u) .

? (2 7

The first identity is (B.16) with i replaced by 7i. The second identity follows from the first one on
applying 2 as explained in Remark B.2.

Relation (3.36): If i = j = i, this is checked in the proof of [BWW24b, Th. 4.2| (it is “the first
relation from (2.2)”).

If i # j and @ # 74, the relation to be checked expands to the following four relations (we have
also used Lemma B.4 to redistribute some internal bubbles):

<
<

It = _ p@ute
7;7]. j,i Ql,]( 7y) , TTi,TjTTj,TiTTi,jTTj,i — Qz,]( ) y) ,

TL TJ Tt TJ

1¢) _ @ ié_ o
Jl ) (2¥) :

ioTj 1Ty

The first of these follows by (2.42), and the second by (2.11) and (3.14). The third and the fourth
relations follow using (B.7) and (2.39).

Next suppose that i = j # 7i. Using that Q; ;(x,y) = 0, the relation to be checked expands to
six relations:

—sgn(1) + sgn(i >< —sgn(i) + sgn(7) =0,

T 1 T 1
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The first four of these follow easily from (2.10), (2.11) and (2.42). The fifth one follows because

ié (B.10) ;é (2.39) 1)
(4.8)

Then the final one follows from the fifth one by applying ..
Finally suppose that i = 75 # 7i. Again, there are six relations to check (after redistributing

some internal bubbles):

() - -G,

_() @),

&

\]
3

U_ “O=u) O(u)
ATRTTRT)
Yo e ]
ngr?q—Cz_ ol %\Q(U)_w_l’

?

éuzj

- @) 4 ¢, |5 Ocu)” Ow |
(Y 6
@

Q-
3

T, T1 TV T1

& )
Quncaw) 4 ¢ [us Q(—u@)ﬂ O(u)

- T s u—1

The first follows from (2.42), the second from (2.11) and (3.14), the third from Lemma B.11, the
fourth follows from the third (with ¢ replaced by 7i) on applying ¥ as in Remark B.2, and the
fifth relation holds by Lemma B.12. The final relation follows from the fifth one on composing on

top With{? (}, cancelling internal bubbles with Lemmas B.4 and B.8, then replacing ¢ by 7¢ and

applying Q.
Relation (3.37): Let (i, 7, k) be the labels of the strings at the bottom of the braids. We noted in

Remark 3.5 that the relation (3.37) is invariant under partial rotations. In view of the relations
already proved, we can exploit this to reduce to proving the braid relation for just one triple (i, j, k)
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from each of the rotation classes

{(Z7j7 k)? (]7 k? TZ)? (k7 TZ? T.])? (7-17 Tj? Tk)? (Tj7 Tk? Z)) (Tk7 Z?])} *

Representatives for these classes are as follows:

o (i,5,k) fori,j,k € I with i # j,i # 7j,j # k,j # Tk,i # k and i # Tk.

o (i,5,7i) for i,j € I with ¢ # 7i, i # j and @ # 7j.

o (i,7,1) for i, € I with i # 7i, i # j and i # 75.
e (i,7,1) for i, € I with i = 7i and i # j.
e (i,i,1) for i € I with i = 7i.
e (i,i,1) for i € I with i # 7i.

o (i,7i,7) for i € I with ¢ # Ti.
We will check these one by one.
Case (i, j,k): This is the easiest case. Applying Z to the relation (3.37) for 4, j, k with i # j,i #
Tj,J #k,j # Tk,i # k,i # Tk (so that the right hand side is 0), also cancelling the constants which
are the same on both sides and some pairs of oppositely oriented internal bubbles, this reduces to
checking the following eight equalities:

v J  k T J  k Tt j ok A v g Tk T J Tk
The bottom four equalities follow from the top four on applying Q; for the last one, this also uses

Corollary B.9. Thus, we are reduced to checking the top four equalities. The first three follow
directly from (2.12) and its rotations. For the last one, by (2.10) and (B.11), the identity to be

checked is equivalent to
R N (_yvx)
§-§< )

which follows by (2.10) and (2.40).

Case (i,7,7i) for i # 7i: This is quite similar to Case (i,7j,k) taking & = 7i. We obtain the
same eight equalities appearing as before, plus there are four additional equalities arising from the
additional terms in (4.20) compared to (4.18). The first eight equalities follow by the same argument
as in the previous case. After cancelling some inverse pairs of internal bubbles, the remaining four
are as follows:

—1 —1
.] T4 lv] J .7 T ’
—1 —1
Trj,7il;, ZTT] i = TrijTi, ’Ter] i TrjriTrigTiriTrjri Vi Trjalrimi

The first two follow using (2.20) to (2.22) and (4.8). For the last two, one has to use Corollary B.9
first to replace the terms with three 1nternal bubbles with terms W1th just one, then they follow
using (2.20) to (2.22) and (4.8) once again.
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Case (i,7,4) fori # 7i: This expands to 12 relations. The six in which the j string is downward are

Qi (®:9)—Q4 (%)
= z—2z 5
g t 1 )
Qi (=2,y)—Q; j(=2y) % %

TL ) Ti

-1 — Qi (—zy)—Q; 5 (2y)
T ié [ — JJHT]L )

TC § 1 L ) TP oj 1
1 -1 _1 _[Qi,j(z,y)—qzi,ﬂ—z,y)}
Tij T ig i i éé = T :
¢ j i i j T DA

The first of these is (2.42). To prove the second, we use (B.15) to see that the left hand side equals

_ Qs (—y,z) (2é0) Qi j(—2,x) B
S e
L T J  Ti

T J T TC j  TE ;
(2é6) _ [Qi,j(yyz)Qi,j(sz)J‘é% - _ EQ{,]‘(—%U)—Qi,j(—Z,y)]{ } % .
y—z T—2
T J TU TL J T

The third and the fourth equalities follow from the rotation of (2.11). By (2.42) and (B.15), the
fifth identity to be proved is equivalent to

Qij(—zy)
—1,—1 _ [Qi,j(—wvy)—Qi,j(zvy)]
) Aig %Ti’j””’% iz_ 1
o Tiog o i j s

L ] 1

which follows using (2.39) and (2.42) to simplify the left hand side. The proof of the sixth equation
is similar to the proof of the fifth one.
The other six cases with upward middle string are

-1 -1 — [ Qi j(=—y)—Q; ;(z,—vy) % %
Jz;X+TJ’Z>§_[Z] = : %7

T Tj T o B )

e g NP — Qi (—=,—y)—Q; j(—2,—y) % %
—TririTririTri, 715, E§< + TririTririTri T4, >§i - = E Ll 2 L] ] % ;
TL Tj TU TL T) Ti TL T) T1



CATEGORIFICATION OF iQUANTUM GROUPS 87

_ [Qi,j(*%*y)*@i,j(%*y)}
—Triri il ri T 7 == otz )

TL TJ & TL TJ @ TL T %

-1 [Qi,j<z,—y>—Qi,j(—z,—y>
Ti — TririTrj,riTri 14,0 = z+z

T T) TT 1 T) Ti T T) T

These may be verified in a similar way to the first six equalities, using also Corollary B.9 to cancel
internal bubbles in the fourth one. Alternatively, they can be deduced from identities obtained from
the first six by applying €.

Case (i, j,1) fori = 7i: This expands to 12 equations, eight of which (the first four of the downward
six and the first four of the upward six) are the same as in the previous case, with the same proofs.
However, the remaining four identities are more complicated compared to the previous case since a
couple more terms arise from the extra two terms in (4.21) compared to (4.19). So we now need to
show that

7
Ql (—2,9)—Q; ‘(z,y)J
—1 —1 1 »J o]
0 43?% & J TQ” % ZEET

gt T g 1

7
é % Q (z,9)—Q; '(724/)} \ %
—-1_.—1 —1 —1 —1 i,J L]
i g i j Lo

t g T 7 1

7

7
Qi,j(—=,—y)—Qy ;(z,—v)
2 E % —1 ~1 2/ % 2 i ij %‘%
_Ti,TjriijTj,i % - TJ?Z%—’_ Tj,i % + TiJ’ri 7—]'7"7_]' z%: —E Ttz J % y

v T] 1 v TJ T 1 T] TLT] 1

7
_1 2 Qz (@ y)*Qi,j(*zﬁy)J
Tji + T4,jTi,7j Trji —Ti T]T’L»]TT] i Caln .

T TJ % TJ T TJ 1 T] 1

In fact, the extra terms with cups and caps on the left hand sides of these equations cancel, leaving
the same four identities that were already checked in the previous case. For example, in the third
equality here, we have that

i i i
-1 (B15) 2 222) 2
Tii = TijTrji = TijTi7iTrji .
1T TJ ) 1T TJ

The other three cases are similar.
Case (i,1,1) for i = 7i: This difficult case is checked in the proof of [ BWW24b, Th. 4.2| (where it
is “the second relation from (2.2)”).

Case (i,i,1) for i # 7i: There are 20 relations to be checked. We just list the first 10, with the rest
essentially being obtained by applying €.

7 ? ? ? 1 7 TL 1 s TL 1 7
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Zié;H M DR
SR AR

BB RCR R

TC 1 Tt T 1 0TI A )

The first three of these follow from (2.43) plus some rotation. To establish the fourth equation, we
apply (B.13) to remove the internal bubbles, also cancelling a couple of teleporters on both sides,
o +

to reduce to proving the identit y
} ” 1

T 7 T T 1 T T (2 T TL 1 T

This is true because

K KR |5 XZ—M
o e &

For the fifth relation, we expand the left hand s1de:

e Q- -d- 1 %

2 7 T (4 7 T 7 2 T (2 (A 2

This is what we want because

R E L

7 T T 7 (2 T (2 7 T

The proof of the sixth relation is similar. To prove the seventh equation, a couple of applications

of (4.8) shows that both sides equal

T 11

The eighth equation follows in a similar way. Finally, for the ninth equation, we first apply (B.13)

to see that it is equivalent to
1

and this last equation follows by applylng (4.8) to the top teleporter in the first term on the right
hand side. The tenth equation is proved smularly.




CATEGORIFICATION OF iQUANTUM GROUPS 89

Case (i,7i,1) for i # 7i: This is the ibraid relation. A more complicated expansion leads to 20
relations to be checked, which we split into two sets of 10. The second set is essentially the image
of the first set under €2 up to redistributing some internal bubbles. The first 10 relations are

B Q, RENEe, G y)] %
- r—=z 9

L Tid

&= %
E§< >§i _ %\% (Gt
K-

Q” (@) —Qri (=, y)}

r—z

K K -

TL TL T

T
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T T
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‘i% % - }L 52 4@{?:_{@”* e % G | um PG
T TL T T T1 T T 1 T T T du—1
AT RS o
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i Th 7 7§% Ti{Q ¢ g@ | 1
i i ékﬁ j i 7@] T
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We proceed to check these 10 relations, starting with the fourth one which we found was beyond
our computational ability to check directly. Instead, we will prove it indirectly using Theorem 3.8
and the invertibility of the morphisms (4.2) (this is why we included those).

At this point we have checked all of the defining relations except for ibraid, so we can appeal to
Theorem 3.8 to deduce that the image of the ibraid relation composed with | +f+‘[inTi(yvx) holds in
Q(g, ¢). In particular, the fourth equation follows because l _fl—i‘ is invertible in Q(g, ()
as we have inverted all of the 2-morphisms (4.2). It is not hard to verify the second, fifth, seventh,
eighth and tenth relations directly, but there is no need to do that since they follow using the same
trick as for the fourth one.

It remains to prove the first, third, sixth and ninth relations. The first one is (2.43). The third
follows from (2.43) transformed by a partial rotation. The sixth relation follows from the fifth one
by adding a clockwise internal bubble to the top right string and a counterclockwise internal bubble
to the bottom right string, cancelling internal bubbles with Lemma B.4, then applying ¥. The
ninth relation follows from the fifth one by attaching a rightward cap to the top right string and a
leftward cup to the bottom left string.
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