
Quasi-split iquantum group definitions

1. Let Q be a loop-free quiver, vertex set I, #(i → j) arrows from vertex i to vertex j.

2. The corresponding Cartan matrix A = (ai,j)i,j∈I is

ai,j :=

{
2 if i = j

−#(i → j)−#(j → i) if i ̸= j.

3. Fix a realization: free Abelian groups X and Y , a perfect pairing Y × X → Z, linearly
independent simple coroots hi ∈ Y and simple roots αj ∈ X such that hi(αj) = ai,j.

4. Let τ : I → I be an involution such that #(i → j) = #(τj → τi). Let τ : X → X be an
involution such that τ(αi) = ατi and τ ∗(hi) = hτi. Let

ςi :=

{
−1 if i = τi

#(i → τi) if i ̸= τi.

5. Let X ı := X/ im(id+τ) be the iweight lattice. For λ ∈ X ı with pre-image λ̂ ∈ X let

λi := (hi − hτi)(λ̂) ∈ Z.

6. The (modified) iquantum group U̇ı is the locally unital Q(q)-algebra, mutually orthogonal
distinguished idempotents 1λ (λ ∈ X ı), generators bi1λ = 1λ−αi

b (i ∈ I, λ ∈ X ı), relations

1−ai,j∑
n=0

(−1)nb
(n)
i bjb

(1−ai,j−n)
i 1λ = δi,τj

−ai,j∏
r=1

(qr− q−r) · (−1)ai,jqλi−ςi−(ai,j2 ) − q(
ai,j
2 )+ςi−λi

q − q−1
b
(−ai,j)
i 1λ

for i ̸= j in I and λ ∈ X ı. Here, b(n)i 1λ is the divided power defined by the recurrence relation

bib
(n)
i 1λ =

{
[n+ 1]b

(n+1)
i 1λ + [n]b

(n−1)
i 1λ if i = τi and n ≡ hi(λ̂) (mod 2)

[n+ 1]b
(n+1)
i 1λ otherwise.

Divided powers generate a Z[q, q−1]-form U̇ı
Z for U̇ı.

7. Additional 2-iquantum group parameters: A ground field k of characteristic ̸= 2.
A normalization homomorphism ci : X → k× such that

• ci(αj) = (−1)#(j→i) for all i, j ∈ I;
• cτi(τ(λ)) = (−1)hi(λ)ci(λ) for all λ ∈ X and i ∈ I with i ̸= τi.

Let ζi := ±2ςi choosing the signs of ζi and ζτi so that exactly one is minus. Let

γi(λ) :=

{
ci
(
λ̂− τ(λ̂)

)
if i ̸= τi

(−1)hi(λ̂) if i = τi,

Most important, let

Qi,j(x, y) :=

{
(x− y)#(i→j)(y − x)#(j→i) if i ̸= j

0 if i = j,
Ri,j(x, y) :=

{
Qi,j(x, y) if i ̸= j

1/(x− y)2 if i = j,

Qι
i,j(x, y) := (−1)δi,τjQi,j(x, y),



8. The 2-iquantum group Uı is the graded k-linear 2-category with object set X ı, generating
1-morphisms Bi1λ = 1λ−αi

Bi : λ → λ− αi for λ ∈ X ı and i ∈ I, identity 2-endomorphisms
denoted by strings

i
λλ−αi , and generating 2-morphisms

Generator Degree

i

i

•λ : Bi1λ ⇒ Bi1λ 2

τi i

λ : BτiBi1λ ⇒ 1λ 1 + ςi − λi

τi i

λ : 1λ ⇒ BτiBi1λ 1 + ςi − λi

τi λn : 1λ ⇒ 1λ for 0 ≤ n ≤ ςi − λi 2n

i

i

j

j

λ : BiBj1λ ⇒ BjBi1λ −ai,j

Relations are expressed using dot and bubble generating functions (formal series in u−1):

uuu := 1
u−x• =

∑
n≥0

•n u−n−1,

τi λ(u) :=


− 1

2u
id1λ

+
∑
n≥0

τi λ• n u−n−1 if i = τi

ςi−λi∑
n=0

τi λn uςi−λi−n +
∑
n≥0

τi λ• n u−n−1 if i ̸= τi.

Also x, y, z denote dots on strings in order from left to right. Defining relations:[
τi λ(u)

]
u:≥ςi−λi

= ζiγi(λ)u
ςi−λi id1λ

,
[
τi (u) i (−u)

]
u:<−ai,τi

= 0,

τi (u)

j

Ri,j(u,x)• =

j

Rτi,j(−u,x) • τi (u) ,
i
• = −

i
• ,

i

• = −
i

• ,

i

=

i

=

i

,
i

=

[
i

uuu i (−u)

]
u:−1

,
i j

=
i j

,
ij

=
ij

,

i j
• −

i j

• = δi,j
i j

− δi,τj
i

j

=
i j

• −
i j

• ,

i j

=
i j

Qı
i,j(x,y) • • + δi,τj

[
i

i
uuu

uuu
(u)j

]
u:−1

,

i j k

−
i j k

= δi,k
i j k

Qı
i,j(x,y)−Qı

i,j(z,y)

x−z
••• + δi,τjδj,τk


i

i

k

uuu

uuu
uuu(u)j −

j

j

i

uuu
uuu

uuu
(−u)i


u:−1

−δi,τj
ki

j

Qı
j,k(x,y)−Qı

j,k(z,y)

x−z

••• −δj,τk
i j

k

Qı
j,i(x,y)−Qı

j,i(z,y)

x−z

••• .



3

https://pages.uoregon.edu/brundan/papers/iqg-definitions.pdf

	Quasi-split quantum group definitions

