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ABSTRACT. Heisenberg categories act on many Abelian categories appearing in type A represen-
tation theory. There is also a general procedure to construct from a Heisenberg action another
action of a Kac-Moody 2-category for some associated Cartan matrix. One of the adjunctions on
the Kac-Moody side is matched up in an easy way with adjunctions on the Heisenberg side, but the
second adjunction is much harder to describe. In this paper, we derive explicit formulae for this
difficult adjunction, leading to some further simplifications to the existing theory.

1. INTRODUCTION

In 2004, Chuang and Rouquier introduced the notion of an sly-categorification; see [CRO8|. A
few years later, in [Rou08|, the definition was extended from sly to other symmetrizable Kac-Moody
algebras. The resulting axiomatic framework of Kac-Moody categorifications was motivated in part
by classical examples of Abelian categories arising in the representation theory of symmetric and
general linear groups (and related Hecke algebras and quantum groups). In these examples, the
combinatorics is controlled by an underlying Kac-Moody algebra, either sl,, when the (quantum)
characteristic of the ground field is 0, or ;[p in characteristic p > 0. This point of view was taken
already by Grojnowski [Gro99|, who made an important step in the development of the general
theory by explaining the coincidence between the crystal graph for the basic representation of sA[p
determined in [MM90| and the modular branching graph for representations of symmetric groups
from [Kl1e96]. Kac-Moody categorifications have been used to construct many interesting Morita and
derived equivalences, including the ones used in [CR08| to prove Broué’s Abelian Defect Conjecture
for symmetric groups.

In [LLT96|, Lascoux, Leclerc and Thibon formulated a precise categorification conjecture relating
the representation theory of cyclotomic Hecke algebras of type AAat a complex pth root of unity
to canonical bases of integrable highest weight representations of sl,. This was quickly proved by
Ariki [Ari96]. Subsequently, an analogous conjecture relating graded representation theory of the
quiver Hecke algebras from [Rou08, KL09] to canonical bases of quantum groups of other symmetric
Cartan types was formulated by Khovanov and Lauda, and proved by Varagnolo and Vasserot in
[VV11]; see also [Roul2|. In fact, the Lascoux-Leclerc-Thibon conjecture can be seen as a special
case of the Khovanov-Lauda conjecture due to the isomorphism between cyclotomic Hecke algebras
and cyclotomic quiver Hecke algebras in type A established in [BK09].

The general definition of a Kac-Moody categorification rests on the 2-categories introduced in
[Rou08, KL.10| known as Kac-Moody 2-categories or 2-quantum groups. Roughly speaking, these are
obtained from quiver Hecke algebras by adjoining certain right duals subject to some non-trivial
relations, the inversion relations, which are categorifications of the commutation relations between
e; and f; in the underlying Kac-Moody algebra. However, it is surprisingly difficult to fit the
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classical examples from type A representation theory into the general formalism. One approach was
developed by Rouquier in [Rou08, Th. 5.27], a result he called “control by K(”. This is often useful
but still requires a lot of preparation.

In [BSW20a], we developed another approach to the construction of Kac-Moody categorifications
based on the notion of a Heisenberg categorification. This rests on another family of strict monoidal
categories, the (degenerate or quantum) Heisenberg categories Heis,, which are obtained from
(degenerate or quantum) affine Hecke algebras of type A by adjoining a certain right dual subject
to another inversion relation depending on the value of k € Z, called the central charge. This is a
fruitful approach because it is much easier to check that the Abelian categories arising in many sorts
of type A representation theory are Heisenberg categorifications. Then the main construction in
[BSW20a] gives a systematic procedure to pass from a Heisenberg categorification to a Kac-Moody
categorification. After that, all of the powerful structural results about Kac-Moody categorifications
can be applied.

The bridge from Heisenberg to Kac-Moody has as its starting point the isomorphism between
cyclotomic quotients of affine Hecke algebras and quiver Hecke algebras mentioned already. This is
then upgraded to obtain from the given action of the Heisenberg category a much less obvious action
of a Kac-Moody 2-category. On both sides, there are two families of adjunctions, one defined by
rightward cups and caps, and the other defined by leftward cups and caps. The rightward cups and
caps are matched up in an obvious way, but then one needs to check that the Kac-Moody inversion
relations hold on the Heisenberg side. In [BSW20a/|, this was done via an indirect argument involving
the Chinese Remainder Theorem. The argument does not produce any explicit formula relating the
leftward cups and caps on the two sides.

In this article, we begin in Sections 2 to 4 with a survey of the definitions of degenerate Heisen-
berg and Kac-Moody categorifications and the main “Heisenberg to Kac-Moody” construction from
[BSW20a]. In Sections 5 and 6, we work through two classic examples illustrating the general
theory, discussing the representation theory of the symmetric groups, and representations of the
general linear group scheme and its Frobenius kernels in positive characteristic. With all of this
background in place, in Section 7, we formulate and prove the main new result of the article. This
gives explicit formulae relating the second adjunction on the Kac-Moody side—the one defined by
leftward cups and caps—to the second adjunction on the Heisenberg side. Finally, in Section 8, we
treat the quantum case.

The interesting works of Bao and Wang [BW18| and Ehrig and Stroppel [ES18| point to the
existence of an equally rich theory of categorifications arising from classical groups of types B/C/D.
The analogues of the degenerate and quantum Heisenberg categories are the affine Brauer category
introduced in [RS19] and its quantum analogue, the Kauffman category. The analogues of the Kac-
Moody 2-categories are the quasi-split 2-iquantum groups introduced in [BWW25]; we expect the
ones of diagonal Cartan type A and of quasi-split Satake type AIII (possibly affine) to play a role.
However, the expected bridge from Brauer categorifications to iquantum group categorifications is
still to be built. For 2-iquantum groups at this level of generality, there is no satisfactory analogue
of the inversion relation, so a different strategy will be needed compared to [BSW20a|. This was
one of the main motivations prompting us to think again in this article about the identification of
leftward cups and caps in Heisenberg and Kac-Moody categorification.

The two sorts of categorification discussed so far can be thought of as the GL and the OSp
branches of a wider story. There are two more classical families of supergroups over algebraically
closed fields: the periplectic supergroups P and the isomeric supergroups Q. In the isomeric case,
the first two authors are currently working on the development of a theory of isomeric Heisenberg
and Kac-Moody categorification, building in particular on [KKT16]. Significant progress in the
periplectic case has been made recently by Nehme and Stroppel in [NS25].
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2. KAC-MOODY CATEGORIFICATIONS

Suppose that we are given:

e A symmetrizable generalized Cartan matrix A = (a; )i jer. This means that a;; = 2 for all
iel, a;j € —Nfori#j, a;; =04 a;; =0, and there are given positive integers d; (i € I)
such that d;a; ; = dja;; for all 4,5 € I. We do not insist that the set I is finite, but the
number of non-zero entries in each row and column of A should be finite.

e A free Abelian group X, the weight lattice, containing elements «; (i € I), the simple roots,
and w; (i € I), the fundamental weights, and homomorphisms h; : X — 7Z (i € I) such that
hi(cj) = a;; and hi(w;) = 6; ; for all i,j € I. We note that the fundamental weights are
necessarily linearly independent, but the simple roots may be dependent.

To this data, we associate a locally unital C-algebra U, which is the modified form of the univer-
sal enveloping algebra of a Kac-Moody algebra of this Cartan type. It has mutually orthogonal
distinguished idempotents 1) (A € X), and it is generated by elements

eily = Ixta €, Infi = filxta (2.1)

for i € I, A € X subject to idempotented versions of the usual Serre relations. Let Uz be the Z-form
for U generated by the divided powers e(n)l,\ =e'ly/n! and 1>\fi(n) =1\ f"/nl.

(2
The main object of interest in this paper is a certain graded 2-category 4 which is a categorifi-
cation of the g-analogue of Ugz; see Remark 2.1. Tt was introduced originally by Rouquier [Rou08]
and, independently, Khovanov and Lauda [KL10|; our exposition follows [BWW25, Sec. 2|. Fix
an algebraically closed ground field k and parameters Q; j(z,y) € klz,y] for all 4, j € I such that
Qii(z,y) =0, Qi (x,y) = Qji(y,x), and the following hold for i # j:
e The polynomial Q; ;(x,y) is homogeneous of degree —2d;a; ; if x and y are assigned the
degrees 2d; and 2d;, respectively.
e The coefficient @; ;(1,0) is non-zero.

We also let

b= Qi;(1,0) ifi#j (2.2)
"1 ifi=3j. :

The Kac-Moody 2-category 3 with these parameters is the k-linear 2-category with object set X,
generating 1-morphisms

Ei]l)\:]l)\+aiEi3)\_>>\+ai, HAE:E]I)\+ai:)\+OZi_>)\ (2.3)
for A € X and ¢ € I, with identity 2-endomorphisms represented by the oriented strings A““TA

and A D‘“/ , and the four families of generating 2-morphisms displayed in Table 1. The generating

7
2-morphisms are subject to relations still to be explained. We write these down using the following
conventions:

o We will usually only label one of the 2-cells in a string diagram with a weight—the others can
then be worked out implicitly. When we omit all labels in 2-cells, it should be understood
that we are discussing something that holds for all possible choices of labels.

o We will label strings just at one end. If we omit a label or orientation, it means that we are
discussing something that holds for all possibilities.

e When a dot is labelled by a multiplicity, we mean to take its power under vertical composi-
tion. For a polynomial f(z) = ;¢.a", we use the shorthand

- = @) = Ye b



4 JONATHAN BRUNDAN, ALISTAIR SAVAGE, AND BEN WEBSTER

Generator Degree
%/\ : Bl = Eil)y 2d;
><A  BiEj1) = E;E;1, —d;a;;
v J
lf\x C EiFLy, = 1, di(1 = hi(N))
UA 1\ = FELy di(1+ hi(N))

TABLE 1. Generating 2-morphisms of the Kac-Moody 2-category

to “pin” f(z) to a dot on a string. Similarly, for f(z,y) = 1 (> 0", ¢ sx"y®, We use
n m
T = T =33 et |
r=0 s=0

This notation extends to polynomials f(x,y, z) in three variables pinned to three dots, with
the convention that the variables in alphabetic order correspond to the dots ordered by the
lexicographic order on their Cartesian coordinates. Thus, x corresponds to the leftmost dot,
and the lowest one if there are several such dots in the same vertical line.

e We use the following shorthand to denote the composite 2-morphism obtained by “rotating”

the upward crossing:
X =00 (2.4)

Now for the relations. There are three families. First, we have the quiver Hecke algebra relations:

Ao R =] [= X =% (2.5)

11

Q) =@uenr+ . 26)
] v

J
K = X = b [z L L 27)
ik 5k i j o

Next, the right adjunction relations implying that 1, F; is right dual to E;1y:

o S

Finally, we have the inversion relations which assert that

X BjFily = FEj1, (2.9)

J ot
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is an isomorphism for all A € X and i # j, as are the following matrices for all A and i:

(XA NUBRU S J\}hm)l) i hi(A) <0
Myii=1 T (2.10)

(_><_/\ AU QT m<A>1{\A> if hi() > 0.

There are also leftward cups and caps such that

U] el

2 (2 (2 ?

They define a second adjunction making 1, F; into a left dual of E;1. They are defined as follows:

Hif i = j.

Z

-1
e Let ><>\ be (><)\ ) if ¢ #£ j, or the first entry of the matrix —
L i

Let [\ A be the last entry of My} Fif hi(\) <0 or — < h”"’o‘)g A ) if hi(A) =0

7
)

Let w , be the last entry of MA_Z1 if hi(\) > 0 or A%ih o) if hi(\) <0.

ol =i

The equalities in the definitions of the downward dot and crossing just given are by no means
obvious; they are justified in [Brul6]. Equivalently, we have that

UhlUIIR ULUREACIA S A=y, en

R TS VR VO VR A S VR VI
?ﬂ: Q{ K/\:[;X mztm /7?{ ?ﬂj\:ti; [}X (2.14)

Like in the general theory of symmetric functions, when working with L[, it is often helpful to
work in terms of generating functions, which in general will be formal Laurent series in auxiliary
variables u~!,v7!,.... For such a generating function f(u), we use the notation [f(u)]..» to denote

its u"-coefficient, [f(u)]y;>0 for its polynomial part, and so on. For a polynomial f(z), we have that

[f(U)] e [ﬂu) L<o _ @) (2.15)

u—xu u—a u—2

A trivial but perhaps countertuitive consequence is that

o] =[] (216
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for fi(x),..., fu(z) € k[z]. We view the series
=) 2"yl 2.17
—=> (2.17)

as a generating function for multiple dots on a strlng, introducing the additional shorthand

d@ = %_ 1, (2.18)
The following is a consequence of (2.5):

XD -a8 4K

There are also the extremely useful bubble generating functions

O r € uVidy, +u"M " k[u '] Endy(1,), (2.20)

i

Oy € uWVidg, +u N k[u™] Endy(1,), (2.21)

i

which are the unique formal Laurent series with leading coefficients as in (2.20) and (2.21) such that

Q(U)A] =(®», [Q(u)x] =@, (2.22)
u:<0 u:<0 !

2 7

and the infinite Grassmannian relation
() » Q(u) =1 (2.23)

holds. If h;(A) > 0 then the clockwise bubble generating function is completely determined by
(2.21) and (2.22), and the counterclockwise bubble generating function is the two-sided inverse of
the clockwise one. On the other hand if h;(A) < 0 then the counterclockwise bubble generating
function is completely determined by (2.20) and (2.22), and the clockwise one is its inverse. It is a
non-trivial consequence of the defining relations of 4 that such series exist; see [Brul6|. Here are
some further relations involving the bubble generating functions, which explains their importance:

]Q(u) :O(u)% Ry Q(U)L Ry (0.0) _% Ow) (2.24)

i 7 7 ) v . . G
J J J J

—1 . . .

where R; j(z,y) := {ti,j Qij(z,y) ifi#j

(x—y)—? ifi=j
}@D = - %D Q(U) : @< = Q(U) ﬁg : (2.25)
; i <0 . + Ju<o ]_
Q - <—1>5w[ ij,j %{Qm) ,1 Q - <—1>5wl |+ Q(u)}% ;
' | ‘ A '/ - (220)

Again, these follow from relations derived in [Brul6| (also [KL10]), although it is some work to
translate into the generating function form (see [BSW20a]).
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Remark 2.1. There is a Z-grading on i defined by declaring that the degrees of the generating
2-morphisms are as listed in Table 1. Taking it into account, one can introduce a free Z[q, ¢ !]-
algebra Ko(4l,), the split Grothendieck ring of the graded Karoubi envelope of L. It is isomorphic
to Lusztig’s modified integral form Uz[%q—l] of the quantized enveloping algebra of the same type as

U. This result is due to Khovanov and Lauda [KL10], although it depends on the Non-degeneracy
Conjecture formulated therein which was proved later; see [Web24, Sec. 3| or [BWW25, Sec. 5.2].
The graded version of 4 will not play a role in the remainder of this article.

Definition 2.2. A Kac-Moody categorification with the type and parameters fixed above is a locally
finite! k-linear Abelian category R with a decomposition

R=PR, (2.27)

AeX

as the internal direct sum? of Serre subcategories Ry (A € X), the weight subcategories of R, plus
adjoint pairs (E;, F;) of k-linear endofunctors for each i € I, such that:

(KMO) The functor E; takes objects of Ry to Rytq,; equivalently, F; takes objects of R4, to R.
(KM1) The adjoint pair (E;, F;) has a prescribed adjunction with unit and counit of adjunction

denoted U idg = Fjo E; and (\: E; o F; = idg.
(KM2) There are given natural transformations § : E; = E; and X 1 Eiokj= EjoFE; satisfying
0 L J

the QHA relations (2.5) to (2.7).
(KM3) Defining >< as in (2.4), the natural transformations >< E;oF; = F;oEj are isomorphisms

(2
for all 4 ;é 7, as are the matrices

<>< U U U'M—M—l) L B o By, @idy "V = Fo Bilr, if hi()) <0, or
T
(>< (V) ﬂ) By o Filry, = Fo Bilry ®idg™ i hi(\) >0,

forallie [ and ) € X.

This data is equivalent to that of a strict k-linear 2-functor from 4 to the k-linear 2-category of
locally finite k-linear Abelian categories.

Definition 2.2 may seem quite complicated. However, there are many examples. Perhaps the most
celebrated one comes from finite-dimensional representations of the symmetric groups S, (n > 0)
with F; and F; being the so-called i-induction and i-restriction functors. This fits naturally into
the general framework of Heisenberg categorification introduced in the next section, and will be
discussed further in Section 5. Other examples arising from rational representations of the general
linear group are developed in Section 6.

The work of Chuang and Rouquier [CRO08|, and Rouquier’s subsequent work [Rou08] which for-
mulated the definition in the manner just stated, establishes some impressive and useful structural
results about Kac-Moody categorifications. Since it provides the essential motivation for the mate-
rial in the rest of the article, we conclude the section by listing some of these properties. A more

IThis means that objects have finite length and morphism spaces are finite-dimensional as vector spaces over k.

2If C is any additive category and C; (i € I) is a family of full subcategories, C is their internal direct sum,
denoted C = @, C;, if the subcategories C; are mutually orthogonal and, for each X € obC, there are objects
X; € obC; (i € I), all but finitely many of which are zero, such that X is a biproduct of X; (¢ € I). Denoting the
biproduct inclusions and projections by ¢; x : X; < X and m; x : X — Xj, there is an associated projection functor
Pr; : C — C; mapping object X to X; and morphism f: X — Y to m;,y o f o¢; x. It is convenient to assume that
Li,x; = Ti,x, = idx, so that Pr; oInc; = idg;, where Inc; : C; — C is the inclusion functor.
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detailed account can be found in the survey article [BD17|, to which we defer for the appropriate
citations to the literature. Let R be a Kac-Moody categorification as above.

(1)

For n > 1, the axiom (KM2) implies that there is a homomorphism NH,, — Endy(E}"),
where NH,, is the nil-Hecke algebra over k. Letting e, € NH,, be some preferred choice of a
homogeneous primitive idempotent, its image under this homomorphism defines a summand
EZ-(n) of the functor E}* such that E}' = (Ei(n))@”!. Similarly, there is a summand FZ-(") of
F such that F" = (Fi(n))@”!, which may be chosen so that the given adjunction (E;, F;)
induces an adjunction (Ei(n), Fi(n)).

As well as being right adjoint to Ei(n), the functor Fi(n) is also left adjoint to E,L»(n) with unit
and counit induced by the second adjunction described above. Hence, EZ-(") and Fi(n)
exact and they preserve injective and projective objects.

Let Go(R) be the_Grothendieck group of the Abelian category R. It is naturally a module
over the algebra Uz with weight decomposition Go(R) = @,cx Go(R»). The actions of

el(-n)l,\ and fi(n)l)\ are induced by the exact functors EZ-(n) |r, and Fi(n) |r,. In fact, Go(R) is

an integrable Uz-module: for each V € obR there is n € N such that E,L»(n)V = Fi(n)V =0.
Moreover, for each V' € ob R, we have that E;V = F;V = 0 for all but finitely many i € I.

are

For the remaining results in this summary, we assume for simplicity that R is a nilpotent categori-
fication®, that is, the endomorphism of E;V defined by ¢ is nilpotent for all V'€ obR and i € I;

equivalently, the endomorphism of F;V defined by § is nilpotent for all V' and 1.

(4)

Let B = | |ycx Bx be a set such that By indexes a full set L(b) (b € By) of pairwise inequiva-
lent irreducible objects of Ry. For b € B, let £;(b) and ¢;(b) be the nilpotency degrees of the
endomorphisms x : E;L(b) — E;L(b) and y : F;L(b) — F;L(b) defined by the natural trans-
formations ¢ and ¢, respectively. Then the endomorphism algebras Endg(£;L(b)) and

Endg (F;L(b)) are isomorphic to k[z]/ (z5/®)) and ky]/ (y#®), respectively. In particular,
E;L(b) is non-zero if and only if £;(b) # 0, and F;L(b) is non-zero if and only if ¢;(b) # 0.

For b € B), Schur’s Lemma implies that the bubble generating functions act on L(b) by
series in k((u™1)). In fact, { )(u) acts on L(b) by u®®=5®) and ()(u) acts by ui(®)=#:(®),

Hence:

hi(A) = ¢i(b) — &i(b). (2.28)
For b € B with ¢;(b) > 0, E;L(b) is an indecomposable object with irreducible socle and head
isomorphic to L (& (b)) for some é;(b) € B; moreover, €;(¢;(b)) = &;(b) — 1 and ¢;(& (b)) =
¢i(b) + 1. Similarly, if ¢;(b) > 0 then F;L(b) is indecomposable with irreducible socle
and head isomorphic to L(ﬁ(b)) for some f;(b) € B; moreover, ¢;(fi(b)) = ¢;(b) — 1 and
gi(fi(b)) = €;(b) + 1. This defines mutually inverse bijections

{beBla(b) >0} == {be B| () > 0}.

i

Also defining wt : B — X so that wt(b) = X\ < b € By, the datum (B, &, fi, €i, ¢i, wt) is a
normal crystal in the sense? of [Kas95, Sec. 7.6].

3There are similar results without this nilpotency assumption, but one needs to “unfurl” the Cartan matrix to
obtain a larger Kac-Moody algebra. See [Web24, Sec. 4] which discusses the general case.

4Note though that we prefer to set things up so that domains of €; and fz are subsets of B, leaving them undefined
on the elements b € B with £;(b) = 0 or ¢;(b) = 0, respectively.
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(7) For b € By and 0 < m < n := ¢;(b), the object Ei(m)L(b) is indecomposable with simple
socle and head isomorphic to L(€"(b)). The composition multiplicity [Ei(m)L(b) : L(er(b))]
equals (), and all other composition factors are of the form L(V') for ¥ € Bxyma, with

gi(t)) < n—m. Also the endomorphism algebra EndR(EZ.(m)L(b)) is explicitly determined;
it is isomorphic to the cohomology algebra H*(Gry, n,k) of the Grassmannian. There are

analogous statements about Fi(m)L(b) for 0 <m < n:= ¢;(b).

(8) The isomorphism classes [L(b)] (b € B) give a perfect basis for the integrable Uz-module
Go(R) in the sense of [BK07, Def. 5.49].

Let W be the Weyl group associated to the Cartan matrix A. It is generated by simple reflections
s; (i € I), and acts on X so that s;(A) = XA — h;(A)a;. Since Go(R) is an integrable Uz-module, the
set of weights A\ € X such that B) # @ is a union of W-orbits.
(9) Suppose that A € X and ¢ € I such that ¢;(b) = 0 for all b € By. By (2.28), we have that
n := hi(A\) = ¢;(b) for any b € By. Then the functor Fl-(n) : Ry — Ry, () is an equivalence
of categories with quasi-inverse defined by Ei(n).
(10) Take A € X and ¢ € I such that m := h;(A) > 0. There is a complex of functors
i — EORM™ L ppmt) g

)

which induces a triangulated functor D?(R,) — Db(RSi( »)) between bounded derived cate-
gories. In [CRO8|, Chuang and Rouquier proved that this is an equivalence of categories; in
fact, there is a perverse equivalence between R and R, () in the sense of [CR09]. Hence,
weight subcategories of R for weights lying in the same W-orbit are derived equivalent.

Remark 2.3. We have formulated the definition of Kac-Moody categorification in the context of
locally finite k-linear Abelian categories. There is a parallel theory in which R is merely a k-linear
Karoubian category with finite-dimensional morphism spaces. There are analogous results to the
above in this finite-dimensional Karoubian setting. One needs to replace Go(R) with the split
Grothendieck group Ky(R), which again has the induced structure of an integrable Uz-module.
The isomorphism classes of indecomposable objects of R define a dual perfect basis for Ko(R) in
the sense of [KKKS15]|. This is discussed further in [BD17].

3. HEISENBERG CATEGORIFICATIONS

Recall that k is an algebraically closed field. Fix a central charge k € Z. The degenerate
Heisenberg category Heis,, is a strict k-linear monoidal category defined by generators and relations.
It was introduced originally by Khovanov [Khol4] for x = £1, then the definition was extended to
all non-zero central charges in [MS18], while for k = 0 it is the affine oriented Brauer category from
[BCNR17]. We define it here following the approach of [Brul8, Theorem 1.2]|, which is similar in
spirit to the definition of Ll given in the previous section. It has two generating objects E and F,
whose identity endomorphisms are represented by the oriented strings | and |, and the following
four generating morphisms:

%Q:E—>E, X:EQE—EQE, M E®F—1, \J 1> FQE.

These are subject to certain relations. First, we have the degenerate affine Hecke algebra relations:
KX = 1=2X-4 (31)
G-
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Z§< - >§§ . (3.3)

Next, the right adjunction relations implying that F' is right dual to E:

| |

Finally, we have the inversion relation which asserts that the morphism

<>< U o \f“) EQF®1% Y 5 FQE ifn<0
T
<>< R Hﬂ> EQF 3 FQE®GL®™  ifr>0

in the additive envelope of Heis, is invertible, where the rightward crossing is defined by

e ::m. (3.6)

Remark 3.1. Recall that the Demazure operator Oy : k[z,y] — k[z,y] is the linear map with
f(x,y) — fy, x)
Oy f(2,y) = :

=Yy
The dot slide relation (3.1) implies that

X - K- |

Again like in the previous section, there is also a second adjunction making F' into a left dual of
E, that is, there are leftward cups and caps such that

Ly !

These, and some other useful shorthands, are defined as follows:
o Let >< be the first entry of the inverse matrix M !.

o Let ﬂ be the last entry of M_ ! if K < 0 or Hg if Kk > 0.

(3.7)

for any f(z,y) € k[z,y].

. LetU be the last entry of —M_ ! if x >0 or%iﬁ it kK <0.

w =)
Let X;: —

The equalities in the definitions of the downward dot and crossing are justified in [Brul§|. It follows
that string diagrams for morphisms in Heis, are invariant under planar isotopy. Hence, Heis, is
strictly pivotal.

We use the pin notation and generating functions as explained in the previous section. In
particular, we have the dot generating function

QJP:: + 1, (3.10)
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o R =0 6=2X @1

In the Heisenberg setting, the bubble generating functions® are the unique formal Laurent series
{O(u) € uidg +u 'k[u '] Endpess, (1), (3.12)
{O(u) € —u"idg +u™"'k[u"'] Endpeis, (1) (3.13)

which satisfies

such that

Ow], =G  [Ow], =&  OwOw=-1. (1)

Existence of these series is justified in [Brul8]. The Heisenberg analogues of (2.24) to (2.26) are

TO(U) =O(w) %— R(uz)) , O(u)[z % O)(u) (3.15)

where R(x,y) :==1—(z —vy —%7

>@ %”Q ] ’ @<= [O(U)HM’ 5.16)

QZI J+ [@’\O(u) ]ul gj:J P [O(U%Ll (3.17)

These identities are copied from [BSW20a, Sec. 3.1].

Remark 3.2. Let Ky(Heisy) be the Grothendieck ring of the additive Karoubi envelope of Heis,.
When the characteristic of the ground field is zero, Ky(Heis,) is isomorphic to the Heisenberg ring
H,, that is, the ring generated by elements {h;, e | n > 0} subject to the relations

min(m,n)
ha’r:eEZL htht = hiht e e =e e hte = Z <K> ht

n'*m» Cn—r re
r m—
r=0

This ring is a Z-form for the universal enveloping algebra of the infinite-dimensional Heisenberg
Lie algebra specialized at central charge k. The existence of an isomorphism Ky(Heis, ) = H, was
conjectured by Khovanov in [Khol4] (for k = :I:l) and proved in [BSW23|. Under the isomorphism,
the classes [E], [F] € Ko(Heis,) correspond to h{,e; € H,. More generally, k!, e, are the isomor-
phism classes of the summands of E™ and F" defined by idempotents arising from the trivial and

sign representations of the symmetric group S,.
Definition 3.3. A degenerate Heisenberg categorification of central charge x is a locally finite k-
linear Abelian category R plus an adjoint pair (E, F') of k-linear endofunctors such that:
(H1) The adjoint pair (E,F) has a prescribed adjunction with unit and counit of adjunction
denoted \ J :idg = FoFE and () : Eo F = idg.

(H2) There are given natural transformations ¢ : E = F and X' : E o E = F o E satisfying the
dAHA relations (3.1) to (3.3).

®Note that the clockwise bubble generating function here is —1 times the one in [BSW20a|—with hindsight we
think this is a more consistent convention.



12 JONATHAN BRUNDAN, ALISTAIR SAVAGE, AND BEN WEBSTER

(H3) Defining the rightward crossing > according to (3.6), the matrix
C< k]\an.kfw4> EoFaidy " = FoFE if £ <0, or
T
C{ M (\~-H1{\) .EoF = FoE®1%" if k>0,

is invertible.
Thus, R is a strict left Heis,;-module category.

There is an analogy between the properties (H1)-(H3) in Definition 3.3 and (KM1)—(KM3)
from Definition 2.2. However, the definition of Heisenberg categorification is simpler than that of
Kac-Moody categorification—there is no underlying root datum or weight decomposition, and the
inversion relation (H3) depends only on the fixed central charge k whereas (KM3) depends locally
on the weight. There is also no analogue of (KMO), although we will introduce a variant (HO) of
that later on when we discuss the examples in Sections 5 and 6.

4. HEISENBERG TO KAC-MooODY

Now that we have explained Definitions 2.2 and 3.3, we can recall the main construction from
[BSW20a, Sec. 4] giving the bridge from a degenerate Heisenberg categorification to a Kac-Moody
categorification; see also Section 8 where we discuss the quantum variant. Let R be a degenerate
Heisenberg categorification of central charge x € Z. Let L(b) (b € B) be a full set of pairwise
inequivalent irreducible objects of R. For b € B, we let m;(z) (resp., ny(x)) be the (monic) minimal
polynomial of the endomorphism of EL(b) (resp., F'L(b)) defined by & (resp., by ¢ ).

Let Z(R) be the center of the category R, that is, the endomorphism algebra of the identity

functor idg : R — R. The bubble generating function ¥ )(u) defines an element of Z(R)((u™1)).
By Schur’s Lemma, this evaluates to a formal Laurent series x,(u) € k((u™!)) on the irreducible

object L(b) (b € B). The coefficients of x3(u) encode useful information about the central character
of L(b). The first key result, which is [BSW20a, Lem. 4.4], is that

Xp(w) = ny(w)/my(u). (4.1)
In particular, x(u) is a rational function.

The spectrum of R is the subset I C k consisting of the roots of the minimal polynomials my,(x)
for all b € B; equivalently, by adjunction, it is the set of roots of the minimal polynomials ny(z) for
all b € B. According to [BSW20a, Lem. 4.6], the set I is closed under the operations i — i 1. We
define a symmetric Cartan matrix (a; ;)i jer by setting

2 ifi=j
—1 ifi=741 and chark # 2
am = o ] i 7& (4.2)
-2 ifi=j4+1=45-1
0 otherwise.
The connected components of this Cartan matrix are all of type Ay if chark = 0 or A;l_)l if
chark = p > 0. We also fix a root datum of this Cartan type with root lattice

X = @ Lo, (4.3)
el
spanned by the fundamental weights c; (i € I), and simple roots defined by «j := > . a; jw;. The
unique homorphisms h; : X — Z with h;(w;) = 6; ; have the required property that h;(c;) = a; ;
forall ¢,5 € I.
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Since k is algebraically closed, we can write

mp(z) = [ [ (@ —0)=®, np(x) = [ [ (@ — )% ® (4.4)

el el

for some functions ¢;, ¢; : B — N. We also define wt : B — X by setting

wt(b) := > (¢i(b) — ei(b))mi € X. (4.5)
el
By (4.1), the coefficient h;(wt(b)) of w; in wt(b) is the multiplicity of i as a zero or pole of the
rational function xp(u). Thus, wt(b) encodes the same central character information as the formal
series xp(u). In view of (3.12), xp(u) has leading term u”, so we have that

k=Y hi(wt(b)) (4.6)
1€l
for all b € B.
For A € X, let By := {b € B| wt(b) = A}, and definte the weight subcategory Ry be the
Serre subcategory of R generated by the irreducible objects L(b) for b € By. By central character
considerations, the category R decomposes as the internal direct sum

R =R, (4.7)
reX
By (4.6), the weight subcategory R is zero unless ) ;.; hi(\) = k.
The functors E and F' decompose as

E=E, F=F (4.8)
i€l el
where F; is the subfunctor of E such that E;V is the generalized i-eigenspace of the endomorphism
of EV defined by 3 for each V' € obR, and F; is the subfunctor of F' defined similarly by taking
the generalized i-eigenspace of ¢ . The definition of the spectrum I ensures that all of the functors
E; and F; appearing in (4.8) are non-zero.

To complete the picture, we are going to use the usual string calculus for the 2-category of
k-linear categories to introduce some further natural transformations between these functors. In
such diagrams, an unlabelled 2-cell should be interpreted as the category R, and a 2-cell labelled
by A indicates the category Ry. The identity endomorphisms of £ : R - R and F : R - R
will be represented by the strings | and |. The same strings with the rightmost 2-cell labelled A
denote the identity endomorphisms of the functors obtained by pre-composing with the inclusion
Incy : Ry — R, while if the the leftmost 2-cell is labelled p we mean the identity endomorphisms of
the functors obtained by post-composing with the projection Pr, : R — R,,. Similar conventions
apply to E; : R — R and F; : R — R, whose identity endomorphisms will be represented using the
labelled strings | and | , respectively. We use the string diagrams

y&iﬂ yﬂ:R ?E:E, yF:E (4.9)

1 (2

to denote the various inclusions and projections between FE and F and their summands F; and F;.
We then have that

1 = 51,1{ , i = 6i,jl : (4.10)

v
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Composing the rightward cup and cap with projectors gives natural transformations
L}’;idR:»FioEj, f Y :E 0 F; = idg. (4.11)
i

These are zero if i # j, as may be proved by a similar argument to the proof of [BSW20a, Lem. 4.1]
using that dots slide across rightward cups and caps in Heis,. It follows that

i

nd-zrd-rdeie] La-sla-nee] e
jeli : ; v jel : . v

1 i 0 1 i

This shows that the projected rightward cups and caps U and ﬂ are the unit and counit of an
7 7

adjunction making (E;, F;) into an adjoint pair for each i € I. In a similar way, there are projected
leftward cups and caps, which give the unit and counit of an adjunction (F;, E;).

The restrictions of the dots give endomorphisms § and ¢ such that
i i

7

S KISt T e RE b

? 4 (2 2

(4.13)

HO—.

We refer to these natural transformations as projected dots.
The analysis of projected crossings is more interesting. We will denote them by

i g i g A i 4 J g J g i i
K=K =X K= K=K aw

In [BSW20a, Lem. 4.1], it is shown that these natural transformations are zero unless {7, j} = {i’, j'}.
Also, by [BSW20a, Lem. 4.2|, we have that

i J i J

X = e, K == e (4.15)

v g i i i J

when i # j. The expression (z — y)~! used here makes sense because, for i # j, we have that
x—y=(0—J)+(x—1) —(y—j) € k[z — i,y — j]*. When pinned to strings of labelled i and
j, respectively, x — i and y — j define commuting locally nilpotent natural transformations, so any
power series in k[z — i,y — j] also makes sense in such a pin. Various other expressions appearing
in the remainder of the section should be interpreted in an analogous way.

In the following lemma, we record some further properties of the projected crossings. The proof
makes a good exercise to get better acquainted with the diagrammatics. (Perhaps this is a good time
to remind again of our labelling convention for multipins: alphabetical order of variables corresponds
to lexicographic order of Cartesian coordinates.)

Lemma 4.1. Recall that R(x,y) =1 — (x —y)~2. The following hold fori,j, k € I:

%}65 ) />85[ ) 51"]'. T: j 1'. - 1>€<1 ’ (4.16)
D B v oo

7

=< (4.17)

o[ ifi# ]
jéz /
| ifi=3j,
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HH e yimer

=y (4.18)

0 otherwise.

i j ok

Now we introduce the rightward Kac-Moody cups and caps, the Kac-Moody dots and the upward
Kac-Moody crossings

U= U M :{} (4.19)
% = % % = f (4.20)

0 (0 1 v

X _+ % L (ra—g) D) ifi=j

J
>< =9 X o ifi=j+1 (4.21)

X e HitditL

\ 7

By (4.16) and Remark 3.1, the definition of the Kac-Moody crossing can be written equivalently as
24 e ifi=j

>< =1 — ifi=j+1 (4.22)
) ( J

J .7'
>8<* (y—z)(1—y+z)~* i+t
i J

From the ¢ = j case of this and (2.12) to (2.14), we also have that

7

>g< - j>< . (4.23)

(2

Theorem 4.2 ([BSW20a, Th. 4.11]). Let R be a degenerate Heisenberg categorification of cen-
tral charge k. The definitions just explained make R into a Kac-Moody categorification with the
parameters defined from

y—x ifi=j+1#5-1

Qij(r,y) =z —y ifi=j—1#j+1
(y—z)(x—y) ifi=j+1=5-1
1 ifi#j,j+1.

Sketch proof. We have in our hands all of the required data, and it just remains to verify the con-
ditions of (KMO0)—(KM3) from Definition 2.2. The axiom (KMO) follows by [BSW20a, Lem. 4.7];
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the proof is an application of the bubble slide relation (3.15). We already constructed the adjunc-
tions required for (KM1). The axiom (KM2) follows from the isomorphism established in [BK09].
Alternatively, one can simply verify the QHA relations from scratch—with Lemma 4.1 in view, and
using string diagrams rather than following the algebraic approach of [BK09], it becomes a routine
calculation. More conceptual approaches to the calculation are available in the literature, but they
do not save any time compared to this most naive direct assault! This leaves the hardest axiom
(KM3), the inversion relation. Using (3.6) and (4.22), the rightward Kac-Moody crossing defined
via (2.4) is

X if j=1i

><: — ifi=j5+1 (4.24)
_ -

i J
>§<, (y—z)(1—y+az) ! i+t
J i

i J
If ¢ # j, it is easy to show that the rightward crossing >8< is invertible, with two-sided inverse given
J ot

I
by the leftward crossing 3 ; see [BSW20a, Lem. 4.8]. From this and (4.24), it follows easily that
N 7

T 7 .
is invertible when ¢ # j, checking the inversion relation in these cases. The inversion relation when

i = j follows instead from [BSW20a, Lem. 4.9, Lem. 4.10], which are more difficult to prove. O

Remark 4.3. We have explained Theorem 4.2 in its simplest vanilla flavor. If more is known
about the category R, the construction can be modified so as to incorporate extra information into
the choice of the weight lattice X. We will not attempt to formulate such modifications formally,
preferring to explain the idea in the context of the examples in characteristic p > 0 described
the next two sections. In these, we will use an additional degree decomposition R = @, ., Ry to

upgrade X from the weight lattice of the Kac-Moody algebra sA[; to that of E/:\[p.

Remark 4.4. Another point we would like to make is that we have formulated the definition of
Heisenberg categorification in the context of locally finite k-linear Abelian categories. There is a
parallel theory in which R is a k-linear Schurian category, that is, it is equivalent to the category
of locally finite-dimensional modules over a locally finite-dimensional locally unital k-algebra. The
analogue of Theorem 4.2 in the Schurian setting makes the full subcategory of R consisting of finitely
generated projective objects into a finite-dimensional Karoubian Kac-Moody categorification as in
Remark 2.3. This is discussed further in [BSW20a).

5. EXAMPLE: REPRESENTATIONS OF SYMMETRIC GROUPS

In this section, we explain the first example of a Heisenberg categorification, which was also the
original motivation for Khovanov’s definition of the Heisenberg category in [Khol4|. As usual, let k
be an algebraically closed field of characteristic p > 0. Let kS := €, -, kS, be the direct sum of the
group algebras of all symmetric groups. It is a locally unital algebra with distinguished idempotents
1, (n € N) that are the identity elements of the groups S,. We are interested in the locally finite k-
linear Abelian category kS-modygq of finite-dimensional left kS-modules V' = €, -, 1,V Identifying
kS,-mod¢y with the full subcategory of kS-modgq consisting of the modules V such that 1,V =V,
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we have the internal direct sum decomposition

kS—modfd = @kSn—modfd (5.1)
n>0
We make kS-modgg into a degenerate Heisenberg categorification of central charge xk := —1 in the

following way:
e Let F : kS-modsgy — kS-modg be the k-linear functor defined on kS,-mod¢ by the

induction functor indg Snt1 . = kSp+1 ®ks,, — (the embedding of S, into Sp4+1 is the usual
one fixing the last letter n —i— 1). This functor has the natural right adjoint F' defined on

kS, +1-modgg by the restriction functor resEZ“, and taking objects of kSy-modgq to {0}.
e The endomorphism § : E' = E is defined on objects of kS,,-mod¢q by the endomorphism of

indgz+1 arising from the endomorphism of the (kS,+1,kS,)-bimodule kS,,1; given by right
multiplication by the Jucys-Murphy element @41 := Y ., (i n+1).
e The endomorphism X : EoFE = FEokF is defined on objects of kS,-mod;q by the endomor-

n+2 Sn+1 ~ n+2

phism of indg"7 oindg” indg"™ arising from the endomorphism of the (kSy+2,kSn)-

bimodule k5n+2 given by right multiplication by the transposition (n+1 n+2).

We still need to check (H2) and (H3) from Definition 3.3. For (H2), the relations (3.1) to (3.3) are
straightforward to verify. For example, (3.1) holds because (n+1 n+2)z,1+2 — Tpi1(n+l n+2) = 1,19
in kSy+2. For the inversion relation (H3), we need to show that

<>< U) : Eo F ®idgsmody = FoE

is an isomorphism. On calculating the rightward crossing explicitly, this reduces to showing that
the (kSp,kSy)-bimodule homomorphism

0 : kSn ®KS,,_1 kSn D kSn — ]kSn_H, (91292) — gl(n n-+ 1)g2 + 93

is an isomorphism for each n > 0; in the case n = 0, the first summand should be interpreted as zero.
The vectors ((i i+l o ")®1”) for 1 <1 < n together with ( ) give a basis for kS, ®xg, , kS, ®kS,,

as a free right kS,-module. The homomorphism # maps them to (i i+1 --- n+1) € kS,4; for
1 <4 < n+1, which give a basis for kS, 11 as a free right kS,,-module. So 6 is indeed an isomorphism.
We have just proved that

3 S’n Sn 3 ~ S n+1
indg"  oresg”  @®idks,-mody = resS omd

which is a special case of the Mackey theorem.

Now we apply the general construction from Section 4 to equip kS-modgy with the structure
of a Kac-Moody categorication. Hence, we can freely apply the general results (1) to (10) about
Kac-Moody categorifications from the end of Section 2. Let L(b) (b € B,,) be a full set of pairwise
inequivalent irreducible left kS,-modules. Thus, the set B := By LI By U --- indexes a full set
L(b) (b € B) of irreducibles in kS-mods. Of course, there is a well-known parametrization by
certain partitions, but we do not want to assume knowledge of any such explicit construction yet.
However, we will use the notation & to denote the unique element of By, so L(2&) = kSp.

The next step is to determine the spectrum I. By a generator for a Heisenberg categorification
we mean an object P such that the set of objects obtained by applying all finite sequences of the
functors F and F to P is a generating family in the usual sense of Abelian categories.

Lemma 5.1. Let P be a generator for a Heisenberg categorification R. The spectrum I of R is the
closure of the set of roots of the minimal polynomials of the endomorphisms § : EP — EP and
¢ : FP — FP under the operation i — 1 £ 1.
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Proof. Let I be the spectrum of R and J be the closure of the set of roots of the minimal polynomials
in the statement of the lemma. We have already observed that the spectrum is closed under the
operation ¢ — ¢+ 1, hence, I O J. To complete the proof, we assume for a contradiction that I # J.
Because P is a generator, we can find some ¢ € [ — J and a finite composition G of the functors
E;, F; (j € J) such that either E;GP or F;GP is non-zero. We have that a; ; = 0 for all j € J so,
by the defining relations for 4, E; and F; both commute with G (up to isomorphism). We deduce
that either E;P or F;P is non-zero, hence, i is a root of one of the minimal polynomials used to
define J. This is a contradiction. O

To apply this to the example in hand, note that the irreducible module L(@) is a generator
because kS,, = E™(kSp) for n > 0. Also, the minimal polynomials mg(x) and ng(z) are easily
checked to be x and 1, respectively. Applying Lemma 5.1, we deduce that the spectrum I of R is
the closure of {0}, so it is Z if p = 0 or the prime subfield Z/pZ of k if p > 0. Taking X be the
weight lattice exactly as in (4.3), the locally unital C-algebra U from Section 2 is the modified form
of the universal enveloping algebra of the Lie algebra sl if p = 0, or of the Lie algebra f/:\[; ifp>0.

Everything is now set up the way we want in the p = 0 case, but when p > 0 it is helpful
to modify the general construction slightly so that U becomes the modified form of the universal
enveloping algebra of ;[p, which has the additional scaling element d compared to E;A[; This is done
by using some extra structure of R = kS-modgq: letting R, := kS,-modgq if n > 0, or the full
subcategory consisting of all of the zero objects if n < 0, we have the decomposition

R=PR, (5.2)
neN
as an internal direct sum of Serre subcategories. Moreover, the following additional axiom, which
is analogous to (KMO), is obviously satisfied:
(HO) E maps objects of R, to R,41; equivalently, F' maps objects of R,,+1 to R,,.

We incorporate this extra degree information into the Kac-Moody categorification by extending the
weight lattice to the free Abelian group

X = 375 & (P Zew; (5.3)
el
for some additional weight &, the null root. We redefine the simple coroots h; : X — Z so that
hi(6) = 0 and h;(w;) = d; j for all i, j € I, and we redefine the simple roots by setting

aj = 0500 + Z a; jT0;. (5.4)
el
Notice now that the simple roots are linearly independent, whereas before they summed to 0. The
scaling element d is a homomorphism d : X — iZ with d(6) = 1, d(w;) = 0 and d(oy) = ;0. Let
p—1
deg:=pd + Y ;. x 17, (5.5)
i=0

so deg(d) = p, deg(w;) = Z(p;z) and, most importantly, deg(c;) = 1. Then we modify the definition
of the function wt : B — X from (4.5) by redefining the weight wt(b) € X of b € B so that
deg(wt(b)) is the degree of L(b), that is, n if b € B, and h;(wt(b)) = ¢;(b) — ;(b) for each i € I as
before. Finally, we use this new definition of wt to obtain the weight decomposition (4.7) with weight
subcategories parametrized now by the J-extended weight lattice. Since E; takes kS,-modules to
kS, +1-module and deg(«;) = 1, the functors E; and F; still satisfy (KMO0). The remaining checks in
the proof of Theorem 4.2 go through as before, making R into a Kac-Moody categorification with
this extended weight lattice.
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We would next like to understand the U-module C @ Go(kS-modgq). The general theory gives
that it is an integrable U-module with a perfect basis given by the isomorphism classes [L(b)] (b € B).
Since mg(x) = x and ng(x) = 1, we have that

(D) = di0, ¢i(2) =0 (5.6)

for i € I. Applying (4.5), we deduce that wt(@) = —wy. Let V(—wy) be the irreducible U-module
(1485,0)
! i

and f;1_,, for all i € I. By (5.6), there is a injective U-module homomorphism V(—wg) —
C ®qg Go(kS-mod¢q) mapping the generator of V(—wy) to [L(@)]. In fact, this homomorphism is
an isomorphism, so that

of lowest weight —wyg, that is, the quotient of Ul_wo by the left ideal generated by e

1,

C &7z Go(kS-mOdfd) = V(—WO). (57)
There are several ways to prove this, depending on how much one is willing to assume about
integrable representations of U. The simplest approach is to compare the dimensions of the sum of
the weight spaces of these two modules for all weights A € X with deg(\) = n, that is, the weights
A of the form —wy + a4, + -+ + «,, for iy,...,i, € I. For the module C ®7 Go(kS-modysy), this is
the dimension of the subspace C ®z Go(kS,-modyq), which by some basic representation theory of
finite groups is equal to the number of conjugacy classes of 5, if p = 0, or the number of p-regular
conjugacy classes of S, if p > 0. This is the number of partitions of n if p = 0 or the number
of p-regular partitions of n if p > 0. It remains to observe that the same number computes the
dimension of the sum of the degree n weight spaces of V(—wy), hence, our homomorphism is an
isomorphism. This argument uses some knowledge of the basic representation V(—wy), which we
discuss a little further below.

We focus in this paragraph on the p = 0 case. Then V(—wj) is a minuscule representation of sl
with the following completely explicit construction: it is the C-vector space with basis vy indexed
by the set of partitions, the vector vy is of weight —wg, and the Chevalley generators e; (resp.,
fi) act by mapping vy to v, for u obtained adding (resp., removing) a node of content i to (resp.,
from) the Young diagram® of X if such a node exists, or to 0 otherwise. The same combinatorics
gives a realization of the crystal B(—wy) of V(—wy) as Young’s partition lattice. Since all perfect
bases for an integrable lowest or highest weight module have canonically isomorphic underlying
crystals by [BK07, Th. 5.37|, the crystal B(—wyp) is also the associated crystal of the Kac-Moody
categorification kS-modyy. It follows that the labelling set B is identified with the set of partitions,
and we have in our hands explicit branching rules for the i-induction and i-restriction functors E;
and F;. The fact that the labelling of irreducible kS,,-modules thus obtained coincides with the
standard labelling follows by comparing these branching rules with the classically known ones. The
Okounkov-Vershik approach from [OV96]| is particularly well suited for this comparison.

When p > 0, the crystal B(—wp) of the basic representation V(—wg) was described explic-
itly in [MM90]. Its vertex set is naturally identified with the set of p-regular partitions; using
this, the counting argument used to prove (5.7) is clear. Now, the result from [BKO07, Th. 5.37]
about uniqueness of crystals implies that the crystal associated to the Kac-Moody categorification
kS-modyy is identified with B(—wp). With these arguments, which used some basic facts about
integrable representations of ;[p but almost no knowledge of the modular representation theory of
symmetric groups, we have constructed an explicit parametrization of the isomorphism classes of
irreducible representations of the symmetric groups over the field k of characteristic p > 0 by the set
of p-regular partitions, and modular branching rules for the i-induction and i-restriction functors.

Comparing with the modular branching rules proved in [Kle96], it follows that the labelling of
irreducibles that we have constructed coincides with the usual labelling from [Jam78|. The results

6We use the English convention for Young diagrams, in which the content of a node is its column number minus
its row number.
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in [Kle96] are themselves not so easy to prove (see also Remark 6.6), but we have only used them
in this final step to identify the labelling arising from the general theory of categorification with the
classical labelling. Many other fundamental results about modular representations of symmetric
groups follow immediately from the general theory. The classical Nakayama Conjecture can be
interpreted as the assertion that the non-zero weight subcategories are exactly the blocks of R.
Then property (9) from Section 2 recovers the Morita equivalences between blocks of symmetric
groups constructed originally by Scopes [Sco91|, and (10) gives the derived equivalences between
blocks from [CROS|.

6. EXAMPLE: RATIONAL REPRESENTATIONS OF GL,, AND ITS FROBENIUS KERNELS

Let k be an algebraically closed field of characteristic p > 0. Let G be the general linear group
scheme GL,, over k, fixing also the standard choices of maximal torus 7' (diagonal matrices) and
Borel subgroup B (upper triangular matrices). We begin with some reminders about the symmetric
tensor category Rep(G) of finite-dimensional representations of G. Let V' be the natural G-module
with standard basis vy,...,v,. The character group X(7') has basis d1,...,J, defined by letting
0; : T — k>, diag(ty,. .. ,tn)) > t; be the weight of v;. We let

p = —52 — 253 — = (n - 1)571 (61)

For A € X(T) and 1 < i < n, we use the notation \; to denote (A + p,d;) € Z, where (-,-) is the

usual symmetric bilinear form on X (7) defined so that d1,...,d, are orthonormal. The irreducible
G-modules are parametrized by highest weight theory by the set

XTT)={NeX(T)| A1 > >N} (6.2)

of dominant weights. We denote the irreducible G-module of highest weight A € X+ (T') by L(\).
The algebra of distributions Dist(G) is identified with k ®y Uz, where Uz is the Kostant Z-
form for the universal enveloping algebra of the Lie algebra gl,,(C) generated by the divided power
(m)
1,3

binomials (67;;) form > 1 and 1 <i < n. It is useful because the canonical functor from Rep(G) to

Dist(G)-modygq is an isomorphism of categories. Note also that the Lie algebra g of G is identified
with the Lie subalgebra of Dist(G) with basis e; ; (1 <14,j < n). Let

monomials e = e;”j/m! for m > 1 in the matrix units and 1 < ¢,j < n with ¢ # j, plus the

n
Q= Z €j®e; cgg (6.3)
i,j=1
be the Casimir tensor. Acting by ) defines a G-equivariant endomorphism of any tensor product
My ® My of G-modules.
Now we can make Rep(G) into a degenerate Heisenberg categorification of central charge x = 0.
Here is the required data:

e The endofunctors F and F are V ® — and V* ® —, respectively. The adjunction (F, F') is
the canonical one.

e The natural transformation ¢ : E' = F is defined on M € ob Rep(G) by the endomorphism
VM —V ®M arising from the action of the Casimir tensor €.

e The natural transformation ' : E® £ = E ® E is defined on M € obRep(G) by the
endomorphism VRVOM -V VOMulduvdmm—uv®u®m.

The axioms of Heisenberg categorification are easy to check. The isomorphism V ® V* @ M =
V*®V ® M defined by the rightward crossing is simply the tensor flip v ® f@m — f Qv R m.
Now we apply the construction from Section 4, making Rep(G) into a Kac-Moody categori-
fication. As with any example, the next steps are to determine the spectrum I, the integrable
representation that is the Grothendieck group of Rep(G), and the associated crystal. This requires
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a bit more knowledge about Rep(G). For each A € X (T'), the Weyl module A()) is the universal
highest weight module of highest weight A in Rep(G). In fact, Rep(G) is a highest weight category,
and the Weyl modules are its standard modules.

Lemma 6.1. For Rep(G), the spectrum I is Z/pZ. Fori € I and X € X (T), E;A(\) (resp.,
F;A(N)) has a multiplicity-free filtration with sections that are isomorphic to the Weyl modules
AN+ 65) (resp., AN —4;)) for 1 < j < n such that A+ 6; € X (T) and \; =i (mod p) (resp.,
A=6; € XT(T) and \j —1=—n—1 (mod p)).

Proof. We prove this for F;. The first step is to observe that EA(A) = V ® A(\) has a multiplicity-
free filtration with sections that are isomorphic to the Weyl modules A(A + ;) forall 1 < j <n
such that A+ d; € X1 (T). To see this, we let My := {0}, then for j = 1,...,n we recursively define
M; to be the submodule of V' ® A(X) generated by M;_; and v; ® vy, where v, is a highest weight
vector. The image of v; ®vy in M;/M;_; is easily seen to be a (possibly zero) highest weight vector
of weight A 4+ §;. Hence, M;/M;_; is a quotient of A(X + d;) if A+ J; is a dominant weight, and
it is zero if A 4 6; is not a dominant weight. It remains to observe that the sections M;/M;_; are
actually isomorphic to A(A+4;) (rather than being proper quotients) for all j with A\+4; € X+ (T).
This follows by a calculation using Weyl’s dimension formula.

Now we take i € k and consider E;A()), i.e., the projection of V' ® A(X) onto the generalized
i-eigenspace of the endomorphism 2. Let z,. be the unique element of the Harish-Chandra center of
Dist(G) which acts on A(X) by eq(\), the rth elementary symmetric polynomial evaluated at the
scalars A1, ..., A\p. By [Bru08, Lem. 5.1], z2 acts on V@ A(\) in the same way as 1® 20 +1® 21 — Q.
Consequently, €2 leaves each of the submodules M; invariant and, on an {2-eigenvector of eigenvalue
iin Mj/M;_1 = A(X+ 0;), we have that

62()\ + (SJ) = 62()\) + 61(>\) — 1.

This identity implies that ¢ = A; mod p. We deduce that E;A()) is zero unless i € Z/pZ, hence,
I =7Z/pZ. Moreover, for i € Z/pZ, we have shown that E;A(\) has the filtration claimed.

The proof for F; is very similar, using instead that zo acts on V* ® A(A) in the same way as
1®z+10(1—n—2z)—Q. O

Henceforth, I := Z/pZ C k. Taking the vanilla flavor of Kac-Moody categorification with weight
lattice X = @, @i, the algebra U is the modified form of the universal enveloping algebra of sA[;

It is a tolerable nuisance that there are two weight lattices in play now, X (7) for G and X for Uz,
so that A could either mean an element of X (7') or an element of the weight lattice X depending
on the context. We use My to denote the level zero representation of UZ which is the restricted
dual of the natural representation of E:A[; It is a free Z-module with basis m; (j € Z), on which the
Chevalley generators act by

e — 4T if j=1¢ (mod p) fim; = mj—1 ifj=i+1 (mod p) (6.4)
v 0 otherwise, B 0 otherwise. )

The weight of m; is —€; where €; := @} mod p—@(j—1) mod p- AS Rep(G) is a highest weight category,

the isomorphism classes of the Weyl modules give a basis for Go(Rep(G)). From Lemma 6.1, it
follows that there is an isomorphism of Uz-modules

Go(Rep(G)) > /\ "Mz, [AN)] = ma, A Amy,. (6.5)

To complete this first part of the story, we describe the associated crystal (X1(T), &, fi, i, ¢i, wt).
Recall that Kashiwara introduced an associative (but not commutative) tensor product operation
on normal crystals; see [Kas95]. Given normal crystals By and Bs, their tensor product By ® B is



22 JONATHAN BRUNDAN, ALISTAIR SAVAGE, AND BEN WEBSTER

the normal crystal with underlying set {b1®ba|by € By,be € By} with wt(b; ®bg) := wt(by) +wt(ba).
The crystal operators €;, f; are defined by

o (e i) > 60)
ilb1 ® o) = {éi(bl) ® by if €i(b2) < ¢i(b1), (60
= B fib1) @by if ¢i(b1) > &i(ba)
filbr @ ba) = {b1®ﬁ(b2) if bi(by) < 1(ba). (6.7)

assuming this makes sense (the crystal operators are undefined otherwise). Associated to the based
module Mz, there is a normal crystal with vertex set Z, crystal operators defined by é;(j) = j+1 <
j =i (modp), fi(j)=j—14 j=i+1 (modp), and wt : Z — X defined by wt(j) := —e;.
Taking the nth tensor power of this gives a crystal whose underlying set is Z™. We transport this
to X (T) using the bijection X (T) = Z" A+ (A1,...,An).

Remark 6.2. Here is a more user-friendly description of the crystal operators €; and ﬁ on\ € X(T).
Let (o1,...,0n) € {0,4, —}" be the reduced i-signature of A. This is obtained by starting from the
sequence with o; := + if \; =4, 0; ;== — if \; =1 = ¢, and o, := 0 otherwise, then repeatedly
replacing subsequences of the form —,0,...,0,+ with 0,0,...,0,0 so that at the end there is no —
appearing to the left of a +. Then £;(A) is the number of entries equal to + and, if this is non-zero,
€i(A) = A+ 6; where j is the index of the rightmost +. Similarly, ¢;(A) is the number of entries
equal to — and, if this is non-zero, f;(A) = X — 0; where j is the index of the leftmost —.

Theorem 6.3. The crystal associated to the Heisenberg categorification Rep(G) is the connected
component of the ;[;,—crystal (X(T), &, fi,ei, bi, wt) just described with vertex set XT(T) c X(T).

Proof. This follows from [Kle96] using the explicit description in Remark 6.2. O

Everything so far is well known. To say something not quite so standard, we look instead at
Frobenius kernels. The basic reference is [Jan03, Ch. I1.3]. The Frobenius morphism F : G — G is
the morphism of group schemes defined by raising matrix entries to the pth power. Let

G, :=ker F"

be the rth Frobenius kernel, which is a closed normal subgroup scheme. Also set B, := BN G, and
T, := TN G,. The category Rep(G,) of finite-dimensional rational representations of G, can be
viewed equivalently as the category Dist(G,)-modgy, where Dist(G,) is the subalgebra of Dist(G)

generated by the divided powers el(»?) (i # j) and the binomials (°%) for all m with 1 <m < p" —1.

It is a finite-dimensional algebra of dimension p”"Q.

Let X(T}) := X(T)/p"X(T). This Abelian group naturally labels the one-dimensional represen-
tations of T,.. For A\ € X(T,) with pre-image A € X(T), we use \; to denote the unique element
of Z/p"Z such that (A + p,d;) = A\; (mod p"). Let ky be the B.-module that is the inflation of
the one-dimensional T}-module corresponding to A € X (7T}.). The baby Verma module Z.()\) is the
G,-module Dist(G,) @pisy(p,) ks It has simple head L,()), and the modules L,(A) (A € X(T;.))
give representatives for the isomorphism classes of irreducible G,-modules.

We make Rep(G,) into a degenerate Heisenberg categorification of central charge 0 in exactly
the same way as we did for Rep(G). Hence, it is a Kac-Moody categorification by the construction

from Section 4. The counterpart of Lemma 6.1 is as follows.

Lemma 6.4. For Rep(G,), the spectrum I is Z/pZ. Fori € I and X\ € X(T}), E;Z.(\) (resp.,
F;Z,()\)) has a multiplicity-free filtration with sections that are isomorphic to the baby Verma mod-
ules Zy (A + 6;) (resp., Zn(A—8;)) for 1 < j <n such that \; =i (mod p) (resp., \j —1=—n—i
(mod p)).
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Proof. This follows from the same argument as used to prove Lemma 6.1. It is even a bit easier
since there is no dominance constraint, and dim Z,(\) = p"(=1)/2 always so that the dimension

calculation is quite trivial. O

Lemma 6.4 allows us to describe the Grothendieck group as a Uz-module: letting M(ZT) be the
(r)

level zero representation of Uz which is free as a Z-module with basis m; (j €Z/p"7Z) and action

of Chevalley generators defined analogously to (6.4), there is an isomorphism

Ko(Rep(G,)) (M<Z”)®" , 2] = @ oml. (6.8)
1 n
Associated to the module Mg ), there is a normal g[;—crystal with vertex set Z/p"Z. The crystal
operators and weight function are defined analogously to the crystal of Mz described above. We
take the nth tensor power of this to obtain a crystal with underlying set (Z/p"Z)", then transport
this to X (7;.) using the bijection X (T,.) = (Z/p"Z)", X = (A1,...,A,). It is easy to see from this
definition that the quotient map X(T) —» X (T}), A + A is a morphism of g[;,—crystals.

Theorem 6.5. The crystal associated to the Heisenberg categorification Rep(G,) is the crystal with
~/
underlying set X (T)) just described, that is, it is the nth tensor power of the sl,-crystal of M(ZT).

Proof. We will deduce this from Theorem 6.3 using the following basic facts. A weight A € X (7))
is p"-restricted if \j — N\jy1 < p" fori =1,...,n — 1. By [Jan03, Prop. 11.3.15| and the Steinberg
tensor product theorem, for A € X (T), the restriction resgr L(A) is completely reducible, and it
is irreducible if and only if A is p"-restricted, in which case it is isomorphic to L(\) where X is the
canonical image of A\ in X (7).

Now take A € X(7}) and let A\ € XT(T) be a p’-restricted lift. We know that the G-module
E;L()) is non-zero if and only if €;(A) > 0, in which case it has irreducible head = L(é;(\)). Hence
E;L,(\) = E; (resgr L)) = resgr (E;L(\)) is non-zero if and only if ;(\) > 0. Assuming it is
non-zero, we also know that the G,-module F;L,()\) has irreducible head. This implies that &;(\)
must be p”-restricted (this can also be seen directly using the combinatorics from Remark 6.2) and

the irreducible head of E;L,(\) is isomorphic to L,(&(\)) = resgr L(é;(X\)). The lemma follows
since the map X (7T') - X (7)) is a crystal morphism. O

The category Rep(G) has a natural degree decomposition defined by the action of the one-
dimensional torus that is the center of G, e.g., the trivial module is in degree 0. We find it more
convenient to shift degrees so as to put the trivial module instead into degree _n(n-l) Applying
E adds 1 to the degree of a homogeneous object, i.e., the axiom (HO) formulated after (5.2) holds.
Consequently, we can modify the above construction to make Rep(G) into a Kac-Moody categori-
fication for the extended weight lattice from (5.3). This is done in the same way as explained in
the previous section, redefining simple roots and simple coroots as there, and modifying the weight
function wt : X (T) — X so that deg(wt())) is the degree of L()), and h;(wt()\)) = ¢;(N) — &;(N)
for each ¢ as usual. We redefine the weights €; by setting

€j = Wj mod p — W(j—1) mod p T (% — ’7%—‘) 0 e X. (6.9)

The term — Lﬂ d is needed here so that €; — €41 = @ mod p for every j € Z; cf. (5.4). The

additional term %5 in (6.9) is somewhat arbitrary; we included it so that the function deg from
(5.5) satisfies the memorable formula deg(ej) = —j for any j € Z. We then have for any A € X (T')
that

Wt(A) = —€ex, — - —€y,,- (6.10)

n
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Now, U is the modified form for the enveloping algebra of E'/y\[p (rather than E;A[;)) The action of Uy
on Mz from before extends by declaring that the weight of the basis vector m; is the new —e¢;. It
is again the case that

Ko(Rep(G)) = /\ Mz, [AN)] = my, A--- Amy, . (6.11)

The associated crystal has the same crystal operators as in Theorem 6.3, but using (6.10) as its
weight function so that it is now an .f:\[p—crystal.

For Frobenius kernels, there is no degree decomposition, but this can be fixed by working instead
with the thickened Frobenius kernels G, T as in [Jan03, Sec. I1.9]. Irreducible modules in Rep(G,T)
are parametrized by their highest weights: for A € X (T'), we write L,(\) for the irreducible G, T-
module of highest weight A\, which may be constructed explicitly as the unique irreducible quotient
of Z,(\) := Dist(G,T) ®pist(B,T) k. Then we make Rep(G,T) into a degenerate Heisenberg
categorification of central charge zero as above. It becomes a Kac-Moody categorification using the
extended weight lattice X from (5.3) and the weight function (6.10). Letting Uz and Mz be as in
the previous paragraph, there is an isomorphism of Uz-modules

Ko(Rep(G,T)) & M3, (Z,(N)] = my, @ @my,. (6.12)

This follows from the obvious extended analogue of Lemma 6.4. Also the associated crystal is the
crystal (X (T),é;, fi, i, i, wt) defined just before Theorem 6.3 but with wt as in (6.10), that is, it
is the nth tensor power of the ;[I,—crystal of Myz. This may be deduced from Theorem 6.5 using that
resG TL.(\) = L,(\) for A € X(T) with image A € X(T}.). We observe this crystal is the same for
all r > 1, although the categories Rep(G,T) themselves are quite different as r varies.

Remark 6.6. In [Los13| (see also [LW15, Sec. 7|), Losev has developed a more conceptual approach
for computing the associated crystal of a tensor product categorification in the sense of |[LW15,
Rem. 3.6] via Kashiwara’s tensor product rule. This can be applied to Rep(G,T"), which is an
n-fold tensor product categorification, thereby giving a more direct way to identify the associated
crystal in this case. The earlier descriptions of associated crystals in Theorems 6.3 and 6.5, and
also Kleshchev’s result for symmetric groups discussed in the previous section, can be deduced as
consequences. This is desirable since the ad hoc argument in [Kle96] is rather complicated.

7. EXPLICIT FORMULAE FOR THE SECOND ADJUNCTION

We go back now to the setup of Section 4. In (4.19) to (4.21), we defined the Kac-Moody natural
transformations U, M\, % , 5% and >< . There are also natural transformations depicted by
t ; i : g

?

the leftward Kac-Moody caps and cups () and U , and the rightward, leftward and downward

1

Kac-Moody crossings >< >< and >< which are defined by (2.4) and the properties itemized
7

after (2.11). Then we can 1ntroduce the bubble generating functions O A and O ), which
(A

are the formal power series in Z(Ry)((u™')) with leading terms u/* ) and o)

satisfying (2.22) and (2.23).

A shortcoming of Theorem 4.2 is that it gives no clue as to exactly how to express the leftward
Kac-Moody caps, cups and crossings in terms of the natural transformations arising from the initially
given Heisenberg action on R. We are going to fill this gap in this section. We find it easier to go in
the other direction, so we focus initially on the problem of expressing the natural transformations
defined by the leftward Heisenberg caps, cups and crossings in terms of the ones defined by the
leftward Kac-Moody ones. Some preparation is needed before we can write this down.

, respectively,
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The definition of the Kac-Moody bubble generating functions gives that
O /\—@/\ +®A Q(U)AZ@/\ +@ ), (7.1)

with @ A (resp., @ ) being a monic polynomial of degree h;(A) (resp., —h;(\)) if this is a non-

negatlve integer, or 0 otherwise. We refer to these as the fake bubble polynomials. Replacing u by
u — 1 gives the equivalent identities

Ou—i)y = @/\ + Oy, Ou—i)r = @D +(w-=o-) . (7.2)

These are decompositions of formal Laurent series in ™! as the sum of its polynomial and non-

polynomial parts. It is still the case that the shifted fake bubble polynomial (u=i)» (resp., (@=9) )

is monic of degree h;(A) (resp., —h;(A)) if this is a non-negative integer, or 0 otherwise.
Now comes the main new definition. For ¢ # j in I, we define the counterclockwise and clockwise
internal bubbles of color j to be the natural transformations

P = O + %@A 7 73

- u:—1

9 - A®++ @% - 7

u:—1

The first terms on the right hand sides of (7.3) and (7.4) make sense because i — j € k* and x and
y are locally nilpotent. If h;(A) = 0, as is the case for all but finitely many j € I, then the shifted
fake bubble polynomials appearing in the second terms on the right hand sides are identities, hence,
these terms are simply equal to TA or AT respectively. Moreover, still with h;(A) = 0, all of the

bubbles with a non-negative number of dots appearing in the expansions of the first terms on the
right hand sides of (7.3) and (7.4) are locally nilpotent. This follows because all such bubbles act as
zero on irreducible objects of Ry according to property (5) from Section 2. Consequently, for any
indecomposable object V' € obR) or obR)_,,, respectively, and all but finitely many ¢ # j € I,
the internal bubbles of color j from (7.3) and (7.4) define elements of Endg (E;V') of the form 1+ z
for z in the Jacobson radical of this finite-dimensional algebra. Thus, it makes sense to take the
(possibly infinite) product over all i # j € I of these commuting natural transformations, defining
the counterclockwise and clockwise internal bubbles to be the vertical compositions

£%A = Hi;ﬁjelé?’\ , AAEP:— —[Lizjer ,\é?. (7.5)

(2 (2 (2 (4

Opening some parentheses and using (2.16) gives the following more explicit formulae:

8%,\ - Z JeJm‘i’@ erK“ (u=F) , (7.6)

J,K with |J|<oo
JUK=I—{i} u:i—1

b x| e HJGJ@TW e

J,K with |J|<oco
JUK=I—{i} ui—1
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In these expressions, the product over J applies to the double pin at the top (the pin labelled
(u — o —4)~! is only taken once), and the product over K applies to the shifted fake bubble
polynomial. The (possibly infinite) product over K makes sense because all but finitely many of the
shifted fake bubble polynomials are 1. The (possibly infinite) sum at the front makes sense because,
on any given indecomposable V', the expression inside is 0 for all but finitely many J.

We also introduce counterclockwise and clockwise internal bubbles on downward strings

Aé} = Hz’;ﬁjel /\é ) 89/\ = _Hi;«éjel H?A ’ (7.8)

? v 7
whose definitions are obtained from the ones in the previous paragraph by rotating all diagrams

through 180°. This ensures that all sorts of internal bubbles slide across both rightward and leftward
caps and cups.

Theorem 7.1. The leftward Heisenberg caps and cups are related to the leftward Kac-Moody caps
and cups by

ﬁAZ&,j@A ; UAZ&,J'@A (7.9)

fori,j €I and X € X. Hence, the Heisenberg bubble generating functions are related to the Kac-
Moody bubble generating functions by

O)w) v =Tlies Q(u —i) Ow) » =~Tlies Q(u — Q). (7.10)

Proof. We prove this just in the case that x < 0; an analogous argument treats £ > 0. All of the
equations to be proved are trivial when R is zero, so we assume from now on that we are given
some fixed A € X such that R is non-zero. We will use the shorthand j; , to denote coefficients of
the shifted fake bubble polynomials on the Kac-Moody side:

hi(N)
@Dy =Y Biyu. (7.11)
! r=0
Assuming that h;(A) > 0 so that it is defined, we have that 3;,(\) = 1. We then have that

[rex @A = Z uzkrkaEKﬁk,rk~ (7.12)

(Tk)keK
0<r,<hi ()

We will use this several times below to rewrite the fake bubble polynomials appearing in (7.6).
Now we define two new natural transformations denoted [‘\ and w on the Heisenberg side so

that they satisfy (7.9), that is,

i 7 i
{‘\f N = 5i,j m A, A= (5,'73‘@ A (713)
F [ U
for 7,7 € I. Using this new leftward cap, we obtain a new counterclockwise bubble generating

function, denoted O(u)A . It is defined like in (3.14) so that it is a formal Laurent series in

Z(R)[u~'] with leading term u” and [O(u) A } :{t@ . Now we proceed to prove a series of
:<0
claims, which together prove the theorem. h
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Claim 1. ()(w)» = [Tie; Olu—1i) .

Proof. To prove this, we will use the following fancy notation. Suppose we are given a finite subset

J C I. Let A; be the polynomial algebra k[z; | j € J]. There is a linear map (usually not an

algebra homomorphism!) 6; : A; — Z(R)) mapping the polynomial f(x;|j € J) to the natural

transformation obtained by pinning f(x; +j|j € J) to the string diagram HjeJ@ A with the
7

variable x; corresponding to the dot on the jth bubble. Let A 7 be the completion of A; at the
maximal ideal (z; —j|j € J). Since the Kac-Moody dots are locally nilpotent, 6 naturally extends

to a linear map 05 : Ay — Z(R,). For example, we have that

~ 1
H{i,j} < > = ' Q A (7.14)

xi—xj

for i # j in I. To prove the claim, as k < 0, the left hand side of the equation to be proved is equal
t0 610 +@ Ao As Y,cr hi(A) = K by (4.6) and each{ )(u — i) 1 has leading term u(V), the right

hand side is also equal to &, plus a term in u=1Z(Ry)[u~!]. Thus, we are reduced to proving that

(o = [Hielo(u—i)/\] . (7.15)

u:<0

Using (7.2) and opening some parentheses, the right hand side of (7.15) is equal to

> |(0e 0w ) (e )]

J,K with |J|<oco
JUK=I

u:<0

Using the fancy notation and (7.12), this is equal to

> >ooob <|:qu rkHjGJu—lijKO) ek B (7.16)

J,K with |J|<oco  (Tk)kex
JUK=I 0<ri<hi(N)

By partial fractions, we have in A;[u~'] that

1 u” 1 (2.15) x! 1
T _— = _ L. _ = L
e B o I D ol
: u:<0

ieJ v = bitjes ! J

Using this identity, we can simplify (7.16), that is, the right hand side of (7.15), to obtain

_ s
S Y (S a7

Az —
JK with 0<|J|<co  (Tg)rex ieJ Z#JEJ( ¢
JUK=I 0<re<hy(\)

Now we turn our attention to the left hand side of (7.15). Using (4.19), (4.20) and (7.13), we get

that
o= L3 =R+

ijel iel
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Applying (7.6) (replacing u there with v), this equals

2. 2

i€l J,K with |J|<oco
JUK=I—{i}

L dui—1

Switching to the fancy notation using a variation on (7.14) and (7.11), this is

UZk Tk

Z Z Z GJU{i} ( [(u — xl)(v — $1) HjeJ(wi — xj)] vzl) HkEK/Bk:,rk.

i€l J,K with |J|<oo (Th)rer
JUK=I-{i} 0<ri<hp(\)

Applying (2.15), this is

T

2 2 2 b ((U — x;) ﬁjeJ(ﬂCi - 303‘)) UkercBon.

i€l J K with |J|<OO (rkz)keK
JUK=I—{i} 0<rp<hi(X)

Finally, to see that this is equal to (7.17), one just needs to reindex the second summation, replacing
J by J U {i}, then move the first summation over i € I to the inside.

unz (= [p O

Proof. We need to extend sligh_tly the fancy notation introduced in the proof of Claim 1. Suppose
we are given a finite subset J C I and ¢ € I. There is a linear map (usually not an algebra
homomorphism!) 6;; : Aj[z] — End(F;|r,) mapping the polynomial f(x,z;|j € J) to the natural
transformation obtained by pinning f(x +i,z;+j|j € J) to g% » e JQ with = corresponding

to the dot on the propagating string and z; corresponding to the dot on the jth bubble. Letting

Aj[z] be the completion of Aj[z] at the maximal ideal (x —i,2; —j|j € J), the map 6, extends
to é\Jﬂ' : Ajlz] — End(Fj|r, ). Claim 2 follows if we can show that

7

E@ A = % Owa| - (7.18)

1 u:—1

for all ¢ € I. By (4.20) and Claim 1, the right hand side is equal to

(u—z—i)~ ! —i% HjEIO(u — ]) A

i ui—1

Opening some parentheses, using also the fancy notation and (7.12), this expands as

qu Tk
2 2. ([w — 1) [jes(u— xj)]u:_) IsercBhr

JK with [J|<oco  (Tk)rek
JUK=I  0<ri<hi()\)
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Using partial fractions, this decomposes as the sum of the following two expressions:

22k Tk
Z Z 01, <H<$—%)) [Tex B, (7.19)

JK with |J|<oco  (rg)rex i€
JUK=I 0<ri<hg(N)

2k Tk

Z Z 0J,7,' Z (x - L xh) HkEKBkaT'k‘ (7~2O)

i—x) | [; T
JK with [J|<oo  (rp)rek jeg )HJ#hGJ( J
JUK=I  0<rp<hi()\)

Now consider the left hand side of (7.18). It is

%@ @m - S @0
Jjel i#jel

-?® 5> —{»{D 71

1#jEel

We look at the two terms on the right hand side of this separately. Expanding the definition of the
internal bubble like we did in the proof of Claim 1, the first term is

wii Moo
Z Z ) 7oA HkEKﬁkﬁ'k‘

J,K with |J|<co  (rk)rek
JUK=I—-{i} 0<rp<hg(\)

For j # i, the expression (i —j+x —y) ! here is a formal power series in z and y, which makes sense
because they are locally nilpotent. To ensure that that they are actually nilpotent, from now on,
we consider this natural transformation evaluated on some fixed choice of indecomposable object
V € obR,, (this is sufficient for the proof). Then, (i —j+ 2 —y)~! can be replaced by a polynomial
fi(z,y) € k[z,y] of some large degree in = and y (depending implicitly on the choice of V). After
this reduction we can “open” the curl using (2.15) and (3.16) as in [BSW20a, (3.21)| to obtain

> S ut i)z %5 Ow) HjeJ“(J} /\] ke xBrir-

JK with [J|<oo  (rx)rer B
JUK=I—{i} 0<rp<hj(\)

Replacing u by u — 4, this is

S % [ e Qe T 500 | Tt
u:—1

JK with |J|<co  (Tk)kex ‘
JUK=I—{i} 0<rp<hi(\)

Then we expand the bubble generating function using (7.2) to split this as the sum of the following
two terms, writing them using fancy notation:

kTR TT. 0y — G .
Z Z 5‘” <[“ Hjezfj_(z — ])] ) ke Br,rc (7.22)
u:—1

J,K with |J|<oco  (rk)kex
€K, JUK=I 0<ri<hg(\)
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Zk Tk Lo . _ 4 . a
Z Z /H\J,i ([U Hz#JeJ filu—1i,z; J)] ) erKﬁk,rka (7.23)
u:—1

. (u—x)(u— )
J,K with [J|<oco  (rg)rex
i€, JUK=I 0<rp<hg(A)

We simplify (7.22) by first using (2.15) to obtain
Z Z 9]}1‘ (mzk T HjEJ f](x —1,T; — j)) erK,Bkﬂ«w

J,K with |J|<OO (rk)kEK
ieK,JUK:I OSTkShk()‘)

then noting that each f;(z —i,z; — j) can be replaced by (z — xj)_l as they have the same image
under 6;, so that (7.22) equals

~ ka Tk
Z Z 0.1, (H )> ke xBrr- (7.24)

_(r—x;
J,K with |J|<co  (Th)kex JGJ( !
€K, JUK=I 0<ri<hi()\)

For (7.23), we use partial fractions to expand it as the sum of the following two terms:

o (aXk [ [siey fi(x — i,z — 5)
I A e e

: T — T
J,K with |J|<oo  (Tg)kek
e, JUK=I 0<rp<hi()\)

,

~ T Higges filzi — i 25 — 4)
> Y b 2 [T rcBrr-

. Ty — T
J,K with |J|<oco (rk)kek
iGJ,JuKZI OSTkShk()‘)

Then we move fj(x —4,z; — j) and fj(z; —i,2; — j) in the numerator to (z — z;) and (z; — z;) in
the denominator, respectively, to obtain finally the sum of the terms

> > b (H )) e i B (7.25)

. X — Xy
JK with |J|<oco  (re)rck jesl J
i€JJUK=I 0<ry<hj(\)

D A (FE8

J,K with |J|<oo  (Tk)rex
iEJ,JuK:I OSTkShk(A)

ka Tk

,

Iizjes(zi = f’fj)) Hrercen. (7.26)

Finally we look at the second term from (7.21), which expands as

- Z Z Z L 7N ek Brory-
i#jel J K with |J|<oco (rk)kek
JUK=I-{j} 0<ri<hi(X)

v

Reindexing the summation and using fancy notation, this is

~ AL
JK with |J|<oco  (rg)rex i#J€J (xj =) [Tjenes (x5 — xn)

JUK=I Ogrkghk(A)
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Now we have expanded the right hand side of (7.18) as the sum of (7.19) and (7.20), and the left
hand side as the sum of (7.24) to (7.27). The two sides are equal: the sum of the terms from (7.19)
with i € J is (7.25), the sum of the terms from (7.19) with i € K is (7.24), the term from (7.20) with
j =11s (7.26), and the sum of the remaining terms from (7.20) is (7.27). Thus, (7.18) is proved.

Claim 3. We have that m v = O\, proving the first equality in (7.9).

Proof. We first prove this assuming that x < 0. By the definition of £\ as the last entry of the
inverse of the matrix M, from (3.5), this reduces to checking the following identities:

Qx =0, C}n N =0p—p-1 for 0<n < —k—1. (7.28)

To check these, Claim 1 plus (2.20) and (4.6) implies that O(u) L Eut+utZ(Ry)[ut]. The

second of the equalities (7.28) follows immediately from this. For the first one, we attach /) to
the top of the identity from Claim 2, noting that the right hand side is zero when x < 0.

It remains to treat the case that x = 0. We have that gj :lT by a special case of (3.17). If

we attach /™ to the top of this identity, keeping the definition of /) in mind, the problem in
hand reduces to showing that

A=\

This is easily checked in a similar way to the proof of the first equality in (7.28).
Claim 4. Both of the equalities in (7.10) hold.

Proof. Claim 3 implies that @(u) » = {)(u)» . Consequently, the first of the identities in (7.10)

follows from Claim 1. The second of these identities then follows by taking inverses on both sides,
using (2.23) and (3.14).

bins [=-[6 O]

Proof. The follows by a similar argument to the proof of Claim 2, using the second of the equalities
(7.10) established in Claim 4 in place of the identity from Claim 1.

Claim 6. v r =1_J », proving the second equality in (7.9).
Proof. Using Claim 5 for the unlabelled equality, we have that

(3.17) oW, (3.14)
VA = g,\— O(u)\ = §A
@ u:—1

_ [é) Q(u)AL_l - [@u O(@O(W] R

u:—1
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Corollary 7.2. The leftward Hezsenberg crossing is related to the leftward Kac-Moody crossings by

. ifi=

i J i J i il -

-(1+$—y) ! .
><)\ =>8<)\ = & N fi=j+1 (7.29)
i i '

1—1 1

1

/ i—jtx—y) " L(i—j—1+z—
(—1)%- ;QH( PEIED) g

A

J t
foranyi,jel. Fori# j in I, we also have that

><A _ >< ’U— (730

We know already that all other projected leftward Heisenberg crossings are zero.

Proof. The identity (7.29) follows by attaching m to the top left and @ to the bottom right

of the identity (4.22), then simplifying using other relations including (2.14) and (7.9). The proof
of (7.30) is similar, starting from (4.15) instead of (4.22). O

-1
Corollary 7.3. é/\ = ¢ A

7 (4

Proof. The following checks that the counterclockwise and clockwise internal bubbles are inverses
on one side:

345N U)o

1
A similar calculation with the other leftward zig-zag identity shows that they are inverses on the
other side too. O

Remark 7.4. The formulae (7.9), (7.29) and (7.30) are new, but (7.10) was proved already in
[BSW20a, (5.37)] by a more indirect method. The proof just explained depends on Theorem 4.2,
hence, on [BSW20a, Lem. 4.9, Lem. 4.10], but is independent of all of the results of [BSW20a,
Sec. 5.

Theorem 7.1 and Corollary 7.2 explain how to write the leftward Heisenberg cap, cup and crossing
in terms of the Kac-Moody ones and internal bubbles. When applying Theorem 4.2, one really wants
to be able to go in the other direction. Since the internal bubbles are invertible by Corollary 7.3, it
is quite trivial to rearrange the formulae obtained so far to write the leftward Kac-Moody caps, cups
and crossings in terms of the Heisenberg ones and internal bubbles. However, one still needs to be
able to determine the internal bubbles, which were defined explicitly in terms of the Kac-Mooody
dotted bubbles. The final theorem in this section completes the picture by explaining how the
Kac-Moody bubble generating functions can be obtained from the Heisenberg bubble generating
functions. It is not very explicit, but this is to be expected in this place.

Given an indecomposable V' € obR, we denote its endomorphism algebra by Zy. This is a
finite-dimensional commutative local algebra. We denote its unique maximal ideal by Jy .
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Lemma 7.5. Let Z be any finite-dimensional commutative local algebra and J be its unique mazimal
ideal. Let Z := Z/J = k, denoting the canonical homomorphism Z[x] — Z[z] by f(z) — f(x).
Suppose that we are given k € Z and a rational function % in Z(u) N (¥ +uF 1 Z[u™1]). Let

h; € Z be the multiplicity of i € k as a zero or pole of M € Z(u). There are unique rational
functions L9 in Z(u) N (uhi +u” 1J[[u 1]]) such that L

(

gi(u) gi(u)
fz 'L)

H —

Proof. This follows from [BSW20a, Cor. 2.4], which is the analogous statement for polynomials
rather than rational functions. |

=1 for all but finitely many i and

Lemma 7.6. Let V € obR,) be an indecomposable object. The Heisenberg bubble generating func-
tions € )(u) and L )(u) act on'V as rational functions belonging to Zy (u) N (u® + u*~1 Zy [u=1])
and Zy (u) N (—u*’“ +u "1 7y [[ufl]]), respectively.

Proof. 1t suffices to prove this for the counterclockwise bubble generating function, since the other
one is its inverse (up to a sign) by (3.14). Let f(z) € k[z] be the (monic) minimal polynomial of
the endomorphism of EV defined by 3. By [BSW20a, Lem. 4.3(1)], there is a monic polynomial

g(u) € Zy[u] such that { )(u) acts on V in the same way as the rational function f% % The lemma

follows using also that we know the leading term from (3.12). O

Theorem 7.7. The following hold for all A € X :
(1) The bubble generating functions { )(u) A are the unique elements of Z(Ry)(u™") such

(2

that { )(u)» = [Lie; € (w—1i) » and {)(u) » acts on V as a rational function in

Zy (u) N (uhi®) + =1 [u=1]) for each indecomposable V€ ob Ry.
(2) The bubble generating functions O ) ) are the unique elements of Z(Ry)(u™"')) such

that O(u) A= —Ilier O u—1) » and O X acts on' V' as a rational function in

Zy(u) N (u_hi(’\) + u~ N1y [w=t]) for each indecomposable V € obR.

Proof. This follows from Lemmas 7.5 and 7.6 using the known formulae (7.10). O

8. THE QUANTUM CASE

There is also a quantum version of the Heisenberg category and of Theorem 4.2, which allows
further examples of Kac-Moody categorifications to be obtained from various categories of repre-
sentations of quantum linear groups and associated Hecke algebras (perhaps at roots of unity).
We briefly recall the general setup in this section, then write down the analogues of the results of
Section 7, omitting the detailed proofs since they are similar in spirit to the degenerate case.

Fix once again an algebraically closed field k. As well as the central charge x € Z, the definition
of the quantum Heisenberg category depends on an additional parameter ¢ € k — {0, +1}. It occurs
often so we use the shorthand

zi=q—q . (8.1)
Then we define g-Heis, to be the strict k[t,#~!]-linear monoidal category with generating objects
E and F, whose identity endomorphisms are represented by the oriented strings | and |, and the
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following four generating morphisms:
. N . .
b:E-E,  :E®E—E®E,  (\:E®F—=1, |\ J:1-5FQE.

The dot and the crossing, which from now on we will call the positive crossing, are required to be
invertible. The invertibility of the dot means that now it makes sense to label dots by an arbitrary
integer rather than just by n € N, and it makes sense to pin Laurent polynomials f(z) € k[z, 2]
rather than mere polynomials to them. We denote the inverse of the positive crossing by

4
/\ EQE—EQ®E,
and call this the negative crossing. We also introduce the negative rightward crossing:

M= b\q . (8.2)

The other relations are as follows. First, the affine Hecke algebra relations:

X=X K=, (8.3)
X=X =41, =0 (8.4)

Next, the right adjunction relations implying that F' is right dual to E:

Ly o

There is an inversion relation asserting that the morphism

<X U U '“\jw—l) L E@Fa1°" L FeE ifk<0
T
(X NN} EeraFepe1® itk

is invertible. Then there is one more bubble relation which had no counterpart in the degenerate
case:

o If K <0, we let X and tilzﬂ be the first and last entries of the inverse of the matrix
. _ J/ . 1 1.
(8.6), respectively, define ) =t 1b . » and require that O = —t"1z71idy.

-1
o If Kk = 0, we let X = (X) , [\ = tilfq, U = t*IAb/, and require that
O = (tz=! —t71271)idy.

o If kK > 0, we let X and t_le be the first and second entries of the inverse of the matrix

(8.6)

(8.6), respectively, define 0 =t “9\, and require that HG = —t1z71idy.

The leftward cup and cap just introduced automatically satisfy

L -

so they define a second adjunction making F' into a left dual of E. There is also a downward
dot, a positive rightward crossing, another leftward crossing, and positive and negative downward
crossings, all defined so that the resulting string diagrams are invariant under planar isotopy. Hence,
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g-Heis, is strictly pivotal. Proofs of these results, plus some other equivalent (and more symmetric)
formulations of the definition, can be found in [BSW20b].
Now that dots are invertible, we find it better to use a different generating function for positive

powers of dots, setting
@= ({&) =X (35)

r>0

The bubble generating functions in this setting are the unique formal Laurent series
() €tz""u idg +u"'k[u~'] Endgpess, (1), (8.9)
O(u) € —t 2zl idy +u " ke ] End, Heis, (1) (8.10)
such that

[O(u) ]MO:@, [Q(u) L:<0: @ )W) L )(w) =—z"?idy . (8.11)

Using the same notation (2.18) for the generating function for non-negative powers of dots, the
counterparts of the relations (3.15) to (3.17) are

[ Ow =©<u>% (Falw) O [= Etwo)}-4 Ow) (8.12)

where R,(z, 1—zmym—y)*2:%,

lrow] e

g H t‘lU gom)]m, ><_H+tz><+22 -

Definition 8.1. A quantum Heisenberg categorification of central charge x and ¢ € k — {0, £1} is
a locally finite k-linear Abelian category R plus an invertible element ¢ € Z(R)* (usually, a scalar
in k*) and an adjoint pair (F, F') of k-linear endofunctors such that:

Ou) % ] : (8.13)
u:<0
\_®

] . (8.14)
u:0

(¢-H1) The adjoint pair (F,F) has a prescribed adjunction with unit and counit of adjunction
denoted \ J :idg = FoFE and () : Eo F = idg.
(¢-H2) There are given invertible natural transformations § : E = E and % : EoE = EoE

satisfying the AHA relations (8.3) and (8.4), where ' := ( ) )
(¢-H3) Defining the negative rightward crossing >{ according to (8.2), the matrix

(X U U "‘UH) EoF@ida ™ = FoE if k<0, or
T
(X M N V) per s Fopaig it 5> 0,

is invertible.
(¢-H4) Defining ) :idg = Eo F and [ \: F o E = idr as explained after (8.6), we have that

O =—t"127lifk <O, O =tz ' —t71271if k =0, and n@ =tz7tif Kk > 0.

This data makes R is a strict left ¢-Heis,-module category.
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Next we summarize the quantum Heisenberg to Kac-Moody construction from [BSW20a, Sec. 4].
Let R be a quantum Heisenberg categorification of central charge x. We fix representatives
L(b) (b € B) for the isomorphism classes of irreducible objects in R, and define the (monic) minimal
polynomials my(z), ny(x) € k[z] and the central character generating function x,(u) € k((u™1t))
for b € B exactly as we did in the degenerate case in Section 4 (using the new bubble generating
function (8.9) for xp(u)). We also have the scalar t; € k which is how the central endomorphism ¢,
acts on L. The analogue of (4.1) proved in [BSW20a, Lem. 4.4] is that

Xb(u) =tz mp(w) /mp (u). (8.15)

Moreover, t7 = my(0)/n5(0) (this makes sense because m;,(0) and n,(0) are non-zero in the quantum
case as the dot is invertible).

The spectrum I is the set of roots of all my(z). It is a subset of k* closed under the operations
i~ ¢2%i. The Cartan matrix (a; ;)i jer is

2 ifi=j
—1 ifi=¢*2%jand ¢* #1
@ij = e o .‘7 o # (8.16)
-2 ifi=q¢°j=q*j
0 otherwise.
The connected components of this are all of type Ay if ¢ is not a root of unity or AS_)I if ¢2 is

a primitive pth root of 1 (note now that p is not necessarily prime). We also fix a root datum
of this Cartan type in the same way as in Section 4. Then we define ¢;(b) and ¢;(b) as in (4.4),
and wt : B — X as in (4.5). We obtain the weight decomposition (4.7), letting R be the Serre
subcategory of R generated by the irreducible objects L(b) for b € By := {b € B| wt(b) = A} as
before. The eigenfunctors E;, F; (i € I) are defined as in (4.8). Again, [BSW20a, Lem. 4.7], which
depends on (8.12), implies that the restrictions of E; and F; are functors

Ei’RA : R)\ — R)\+ai7 Fi‘R/\+@z‘ : R)\+ai — R)\. (8.17)

We introduce the projectors as in (4.9), and use these to define projected rightward cups and caps,
dots and crossings. The only difference is that there are now two projected crossings, positive and
negative, for each orientation. For example, the positive and negative upward projected crossings
are

T g (| v v o]

These have the same vanishing properties as before. Then we define the rightward Kac-Moody cups
and caps, the upward Kac-Moody dots (which are nilpotent), and the upward Kac-Moody crossings
by

U = L3 M =11, (8.19)

7 1 (4

% = % ), ]l/ = HED, (8.20)
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Hi(z—q2y)~1] if1 =7

J i
e 2.
>< — .¢, -q(x 7 ifi =q°j (8.21)

>®4<—[(x v)(a z—qy)~ ) i3, q

when ¢ #£ j. We refer to [BSWQOa, Sec. 4] for a more detailed development of the properties of these
natural transformations.

Theorem 8.2 ([BSW20a, Th. 4.11]). Let R be a quantum Heisenberg categorification. The defi-
nitions summarized in the previous two paragraphs make R into a Kac-Moody categorification with
the parameters defined from

ifi=j
y ifi=q* #q %
Qij(z,y) =S z—y ifi=q% #q¢%j
(y—z)(x—y) ifi=¢*j=q?)
1 if i # j, %,

We close by writing down the definition of internal bubbles in the quantum case and formulating
the counterpart of Theorem 7.1. It is quite similar to the degenerate case from the previous section,
so we will be brief. For i # j in I, we define the “quantum” counterclockwise and clockwise internal
bubbles of color j

= i O+ [ %@x (22

i u:—1

@:=J’1-hﬂ'<w>++ fhf%@%— B
J J

i i 7 u:—1
The conventions here are similar to (7.3) and (7.4). For similar reasons to (7.6) and (7.7) in the
previous section, the infinite vertical compositions in the next definitions make sense:

A=tz Hizjer S O =~ Hizjer : (8.24)
| (i) ) | o (GO

(4

Opening some parentheses and using (2.16) gives the following more explicit formulae:

Sicert 3 [T ™ i 4O s €| (oo
’ A

LK with |J]<oo (i)~ (u—iz—i) ~

A{% =tz ) [Tex k™ hk(/\). Hyerl hs ) @i’m

J,K with |J|<oo [(H—wc Yu—iz—i)~ 1]
JUK=I—{3i} u:—1

(8.26)

v

1
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Theorem 8.3. In the quantum case, the leftward Heisenberg caps and cups are related to the leftward
Kac-Moody caps and cups by

{“}H =65 [ O U/\ :51-,]-@ A (8.27)

(2

fori,j el and A € X. Hence, the Heisenberg bubble generating functions are related to the Kac-
Moody bubble generating functions by

O =tz gV OE =D, L)y = =t g i "N OF =D (8.28)

i

Sketch proof. The argument is similar to the proof of Theorem 7.1. We define A and ‘\J so that

i 7 i
{‘\rx = 0 A A =0i A
(Y =0 @ AR e)
for i,j € I. Thus, to prove (8.27), we must show that (% = /) and 1/ = U . To treat the

case £ < 0, we introduce the new counterclockwise bubble generating function O(u) A, which is

the formal Laurent series in Z(R)[u~!] with leading term ¢z~'u" such that [{t)(u) A } :C@ .
:<0
The shorthand 3;, now denotes the coefficients in the expansion !
hi(N)

N @Dy = B (8.29)
1 r=0

so that 3 p,(») = 1 when h;(A) > 0. Now the proof proceeds with analogues of the Claims 1-6 from

the proof of Theorem 7.1. The homomomorphism 0 7 A 7 — Z(R,) referred to as “fancy notation”
in the proof of Claim 1 is now defined so that f(z; | j € J) goes to the natural transformation

obtained by pinning f(jz; +j | j € J) to [];c ;> » with the variable 2 corresponding to the dot
7

on the jth bubble. O
Remark 8.4. The formulae (8.28) already appeared in [BSW20a, (5.38)] (with a less direct proof).
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