Cohomology of the Brieskorn-Orlik-Solomon algebras

Sergey Yuzvinsky

Department of Mathematics, University of Oregon, Eugene, OR 97403 USA

August 13, 1996

1 Introduction

Let V be an affine space of dimension ℓ over a field F and let A = {H_1, H_2, . . . , H_n} be a non-empty arrangement of hyperplanes of V . For each H ∈ A fix an affine functional α_H such that ker α_H = H and put α_i = α_{Hi} . The main character of the paper is the graded F -algebra A = A(A) = ⊕^ℓ_{p=0}A_p generated by the differential forms ω_i = dα_i/α_i ∈ A_1. If F = C then, according to Brieskorn’s theorem [2], this algebra is isomorphic under the de Rham map to the cohomology algebra of M = V \ ⋃n i=1 H_i.

Explicit and pure combinatorial description of this algebra has been given by Orlik and Solomon [6] and is presented in detail in Section 3 of [7]. For every λ = (λ_1, . . . , λ_n) ∈ F^n the left multiplication d_λ by ω_λ = ∑n i=1 λ_iω_i defines a cochain complex (A, d_λ) 0 → A_0^{dλ}→ A_1^{dλ}→ · · ·^{dλ}→ A_ℓ → 0. The goal of this paper is to study the cohomology H^p = H^p(A, d_λ) of this complex.

The study of H^p is motivated by [4] and [5]. These papers are concerned with H^∗(M, L) for F = C where L is a local system on M. The cohomology is used in theory of hypergeometric functions and Knizhnik-Zamolodchikov equations. Kohno [5] proved that if L is the local system of flat sections of the trivial bundle with respect to the connection d + ω_λ, then under a certain genericity condition on λ, H^p(M, L) = 0 for p < ℓ. Also if A is real and transverse to the hyperplane at infinity, he found a basis of H^ℓ(M, L) that does not depend on λ. Then Esnault, Schechtman, and Viehweg [4] proved that under a weaker genericity condition on λ H^p(M, L) = H^p(A, d_λ) for every p.

In this paper we give an algebraic proof that for every field F under a general position condition on λ (weaker than in [5]) the cohomology H^p(A, d_λ) vanish for p < ℓ (Theorem 4.1). For F = C Theorem 4.1(i) can be deduced from Theorem 3.7 and Corollary 2.8 of [8]. For certain particular cases we give a necessary and sufficient conditions for the vanishing of low cohomology. For instance, for general position arrangements, the condition is just λ ≠ 0 (Proposition 5.1). We consider a class of arrangements in general position to infinity generalizing the condition of transversality to the hyperplane at infinity from [5]. For these arrangements we exhibit a subspace of A_ℓ that does not depend on λ and is isomorphic to H^ℓ(A) under the natural projection (Theorem 6.4). We also give a combinatorial interpretation of this subspace.

I am indebted to H.Terao for valuable suggestions.

2 Cohomology of A for an affine arrangement and its cone

In this section we study relations between cohomology of A for an affine arrangement and its cone.

For convenience of the reader we recall here some relevant facts about A from [7]. Let E_1 be a linear space with basis (e_1, . . . , e_n) and denote by E = E(A) the exterior algebra Λ(E_1) of E_1. For each p, 0 ≤ p ≤ n, put E_p = Λ^p(E_1). Then every ordered subset S = {H_{i1} , . . . , H_{ik} } of A defines the element e_S = e_{i1} · · · e_{ik} ∈ E_k. Call S dependent if the respective set of functionals α_i is linearly dependent. Also define the linear map ∂ = ∂_E : E → E via ∂1 = 0, ∂e_i = 1, and if k ≥ 2 then ∂e_S = k∑ j=1 (−1)^{j−1}e_{i1} · · · ^e_{ij} · · · e_{ik} . Now let I(A) be the ideal of E(A) generated by ∂e_S for all dependent S and by all e_S with ∩_{i∈S}H_i = ∅. Then A = A(A) ∼= E(A)/I(A). We will put a_S = e_S + I(A) identifying a_{{Hi}} with ω_i.

Let us consider now the case where A is central, that is ⋂n i=1 H_i ≠ ∅.

Then I(A) is invariant with respect to ∂ whence the latter induces the linear map ∂_A : A → A of degree -1. Besides this map has the following properties:

(1) ∂^2_A = 0, (2) ∂_A(ab) = (∂_Aa)b + (−1)^pa(∂_Ab) for a ∈ A_p and b ∈ A. This gives immediately the following result about the cohomology of A.

Proposition 2.1 If A is central and ∑n i=1 λ_i ≠ 0 then (A, d_λ) is exact.

Proof. The properties of ∂_A imply

(∂_Ad_λ + d_λ∂_A)(a) = ∂_A(ω_λ)a = ( n∑ i=1 λ_i)a for every a ∈ A. Thus the complex (A, d_λ) is homotopy equivalent to 0 that proves the result. 2

The above Proposition allows us to focus our attention on central arrangements with ∑ λ_i = 0. This case is tightly related to the case of affine arrangements.

Let A be an arbitrary (affine) arrangement given by a polynomial Q = ∏n i=1 α_i in the affine space V = {(x_1, . . . , x_ℓ)}. Put cV = {(x_0, x_1, . . . , x_ℓ)}.

It is useful to regard V as the affine hyperplane of cV defined by x_0 = 1. Let S = F [x_1, . . . , x_ℓ] and S^c = F [x_0, x_1, . . . , x_ℓ] be the coordinate rings of V and cV respectively. For each g ∈ S define the homogenization of g as

g^h = x^{deg g}_0 g(x_1/x_0, . . . , x_ℓ/x_0)

where deg g is the degree of g. Clearly, g^h ∈ S^c and it is homogeneous of degree deg g. Then the cone cA of A is the central arrangement in cV defined by the polynomial Q^c = x_0Q^h = x_0 ∏n i=1 α^h_i . Notice that the arrangement cA consists of the hyperplane H_0 = ker(x_0) and the hyperplanes cH for H ∈ A where cH is the cone over H. For each ordered subset S of A we denote by cS the set {cH|H ∈ S} taken in the same order.

The algebras A = A(A) and cA = A(cA) are connected by two linear maps:

t : A → cA via t(a_S) = (−1)^pω_0a_{cS}, where ω_0 = dx_0 x_0 and p = |S|, and s : cA → A via s(ω_0a_{cS}) = 0, s(a_{cS} ) = a_S.

These maps are well defined and for each p form the exact sequence

0 → A_{p−1}^t→ cA_p^s→ A_p → 0 (2.1)

(see Lemmas 3.49, 3.50, and Corollary 3.57 of [7]).

Remark 2.2 The sequence (2.1) is the restriction of the exact sequence (3.3) from [9] taking into consideration the homomorphisms ρ from Proposition 4.3 of [9].

Let us state several other properties of s and t where for each i, 1 ≤ i ≤ n, we put ω̄_i = dα^h_i /α^h_i (= a_{{cHi}}). s(ab) = s(a)s(b) for every a, b ∈ cA. (2.2) t(ω_ia) = ω̄_it(a) for every i = 1, . . . , n, a ∈ A. (2.3) s∂_{cA}t(a) = (−1)^pa for every a ∈ A_p. (2.4) It suffices to check these properties for e_S and e_{cS}. The check is straightforward and we leave it to the reader.

Now we want to introduce a coboundary map on cA closely related to d_λ. For that we put λ_0 = − ∑n i=1 λ_i and ω̄_λ = ∑n i=1 λ_iω̄_i + λ_0ω_0. Then the left multiplication by ω̄_λ is a coboundary map d̄_λ of cA converting it into the cochain complex (cA, d̄_λ).

Lemma 2.3 The maps s and t form the maps of complexes and thus define the exact sequence 0 → (A, d_λ)^t→ (cA, d̄_λ)^s→ (A, d_λ) → 0 (2.5) Proof. It suffices to check that d_λs = sd̄_λ and td_λ = d̄_λt on A(cA) and A(A). These equalities follow from definitions of t and s and properties (2.2) and (2.3). 2

The exact sequence (2.5) generates the exact sequence of the cohomology spaces

· · · H^{p−1}(A)^δ→ H^{p−1}(A)^{t�}→ H^p(cA)^{s�}→ H^p(A)^δ→ H^p(A) → · · · . (2.6) Proposition 2.4 For every p the connecting homomorphism δ in (2.6) is 0.

Proof. Let a ∈ A_p and ω_λa = 0. Due to (2.4), we can take (−1)^p∂_{cA}t(a) as a preimage of a under s. Then, using properties of ∂ = ∂_{cA} and (2.3), we have

d̄_λ(∂t(a)) = ∂(ω̄_λ)t(a) − ∂(ω̄_λt(a)) = ( ∑ H∈A λ_H + λ_0)t(a) − ∂t(ω_λa) = 0.

This implies that δ(a) = 0 and completes the proof. 2

Corollary 2.5 For every p there exists a short exact sequence 0 → H^{p−1}(A) → H^p(cA) → H^p(A) → 0. (2.7)

Remark 2.6 If one uses for the coboundary maps of cA and A the multiplication by an arbitrary ω ∈ cA_1 and s(ω) respectively then the sequence (2.6) is still exact. In this more general case δ is the multiplication by ∂_{cA}(ω). Thus if ∂_{cA}(ω) ≠ 0 we obtain another proof that cA is acyclic but do not get any information about H^p(A).

Now we consider briefly the inverse construction to the cone. In the rest of this section we suppose that A is a central arrangement in V . Without loss of generality we can assume that α_1 = x_1. Then putting x_1 = 1 in every α_i (i ≠ 1) we obtain affine functionals α_i that define an affine arrangement Ā in the affine subspace of V given by x_1 = 1. Clearly the cone cĀ can be identified with A. Notice that Ā and A(Ā) depend on the choice of H_1 in A.

In order to find an invariant of Ā that does not depend on that choice we need more notation. For the algebra A of any arrangement we put

Poin(A, t) = ∑ p≥0 dim A_pt^p and χ(A) = Poin(A, −1) = ∑ p≥0 (−1)^p dim A_p.

If the arrangement is central then 1 + t divides the polynomial Poin(A, t) (cf. Corollary 3.58 of [7]) whence χ(A) = 0. Then we have

Proposition 2.7 Poin(A(Ā), t) and thus χ(A(Ā)) depend only on A.

Proof. Due to Corollary 3.58 of [7] Poin(A(Ā), t) =^1_{1+t}Poin(A(A), t) that implies the statement. 2

We put χ̄(A) = χ̄(A(A)) = χ(A(Ā)) and will use it in Section 4. This number is equal (up to a sign) to Crapo’s beta invariant of the underlying matroid [3]. Notice that if n = |A| = 1 then χ̄(A) = 1. It is convenient to know a sufficient condition on A for the vanishing of χ̄.

Proposition 2.8 Suppose that A is a central arrangement with more than one element and there exists H ∈ A that is independent of the subarrangement A^′ = A \ {H}, i.e., α_H does not belong to the linear subspace of V^∗ generated by the functionals of all other hyperplanes from A. Then χ̄(A) = 0.

Proof. Suppose H = H_1 and α_1 = x_1. Putting x_1 = 1 in every form α_i (i = 2, . . . , n) we obtain the affine functionals ᾱ_i defining Ā. If

⋂_¯ H∈Ā H̄ = ∅ then some linear combination of ᾱ_i equals 1. But then the respective linear combination of α_i equals x_1 which contradicts the condition of the proposition. Thus Ā is central whence χ̄(A) = χ(A(Ā)) = 0. 2

Remark 2.9 According to the terminology of [4] for n > 1 the intersection of all the hyperplanes of an arrangement satisfying the condition of Proposition 2.8 (or the arrangement itself) should be called not Bad. For 3-arrangements this condition is even equivalent to χ̄(A) = 0. In higher dimensions there are Bad arrangements with χ̄(A) = 0. E.g., such is the arrangement x, y, x − y, z, w, z − w in the space {(x, y, z, w)} (cf. Erratum of [4]).

3 A complex of sheaves on the intersection poset

In this section we represent the complex (A, d_λ) as the complex of global sections of a complex of sheaves. The topological space on which these sheaves are defined is the poset L = L(A) of all the nonempty intersections of hyperplanes from A ordered by inclusion. This poset has the unique maximal element, V , but it has a unique minimal element if and only if A is central. Each X ∈ L defines the increasing set L_X = {Y ∈ L|Y > X} and the subarrangement A_X = {H ∈ A|X ⊂ H} of A. The standard (order) topology on L is given by all the increasing subsets of L.

Sheavs on L can be identified with covariant functors. If F is a covariant functor from L to an additive category then for every subset U ⊂ L we have Γ(U, F) = {(a_X) ∈ ⊕_{X∈U}F(X)|F(X ≤ Y )(a_X) = a_Y , X, Y ∈ U}. Fix p, 0 ≤ p ≤ ℓ, and for each X ∈ L put F^p(X) = A_p(A_X). If Z ∈ L and dim Z = ℓ − p then put A_Z = A_p(A_Z). The spaces A_Z serve as building blocks, namely A_p(A_X ) = ⊕A_Z where the summation is taking over all Z ∈ L of dimension ℓ − p such that Z ≥ X (see Corollary 3.73 of [7]). Thus if Y ≥ X then F^p(Y ) is a direct summand of F^p(X) and there is a projection F^p(X) → F^p(Y ). These projections define a sheaf F^p on L. Notice that F^p is supported on the subposet of L consisting of all elements of dimension less then or equal to ℓ − p.

Proposition 3.1 For every p we have

Γ(L, F^p) = A_p.

Proof. Fix p. Since A_p = ⊕_{dim Y =ℓ−p}A_Y and for every X ∈ L we have A_p(A_X) = ⊕_{dim Y =ℓ−p,Y ≥X} A_Y , there is the canonical projection ρ_X : A_p → F^p(X). Clearly ρ = (ρ_X )_X is an injective linear map A_p → Γ(L, F^p). It suffices to check that ρ is surjective. Let (a_X)_{X∈L} ∈ Γ(L, F^p). Here a_X ∈ A_p(A_X) whence a_X = (a_{X,Y} )_{dim Y =ℓ−p,Y ≥X} . For every Y from this set the restriction of a_X to Y is a_{X,Y} . Thus since (a_X) is a section, a_{X,Y} does not depend on X (for every X ≤ Y ) and can be denoted just by a(Y ). Now taking a = (a(Y ))_{dim Y =ℓ−p} ∈ A_p we see that ρ(a) = (a_X ) that completes the proof. 2

Proposition 3.2 For every X ∈ L and p < ℓ − dim X we have

Γ(L_X , F^p) = A_p(A_X).

The proof is similar to the proof of Proposition 3.1.

Proposition 3.3 For every p, the sheaf F^p is flasque.

Proof. Let U ⊂ L be an open (i.e., increasing) nonempty proper subset and a = (a_X )_{X∈U} ∈ Γ(U, F^p). Let Z be one of the maximal elements of L\U. It suffices to prove that a can be extended to Z. Consider the nonempty set U_Z = L_Z ∩ U. If dim Z ≥ ℓ − p then the restriction b of a to U_Z is 0 and we put a_Z = 0. If dim Z < ℓ − p then due to Proposition 3.2 there exists (and unique) an element c ∈ F^p(Z) that extends b to Z. Putting a_Z = c we complete the proof. 2

Now we want to organize the sheaves F^p in a complex of sheaves. Recall that for λ ∈ F^n we put ω_λ = ∑n i=1 λ_iω_i. Now for every X ∈ L put ω_λ(X) = ∑ λ_iω_i where summation is taking over all indexes i such that H_i ∈ A_X . Denote by d_λ(X) the left multiplication by ω_λ(X). Clearly for every p, the set (d_λ(X))_{X∈L} is a homomorphism d_λ(p) : F^p → F^{p+1} and these homomorphisms form the complex of sheaves

F^0 → F^1 → · · · → F^ℓ → 0. (3.2)

Moreover E = ker(d_λ) ⊂ F^0 is the skyscraper sheaf whose only nonzero stalk is at V and it equals F . Thus we can augment the complex (3.2) on the left and obtain the complex

0 → E → F^0 → F^1 → · · · F^ℓ → 0. (3.3)

The following lemma is almost tautological.

Lemma 3.4 The complex (3.3) is exact (and thus a flasque resolution of E) if and only if the complex (A(A_X), d_λ(X)) is acyclic for every X ∈ L \ {V }.

4 Main theorem

Theorem 4.1 (i) Let A = {H_1, . . . , H_n} be an arbitrary ℓ-arrangement with the intersection poset L. Let λ = {λ_1, . . . , λ_n} ∈ F^n and satisfy the following condition ∑ X⊂Hi λ_i ≠ 0 (4.1)

for all X ∈ L such that χ̄(A(A_X)) ≠ 0. Then H^p(A(A), d_λ) = 0 for every p < ℓ. (ii) Let A and L be as in (i) but A is central with U = ⋂n i=1 H_i ≠ ∅. Let λ satisfy (4.1) for X ∈ L \ {U} but ∑n i=1 λ_i = 0. Then H^p(A(A), d_λ) = 0 for every p < ℓ − 1 and dim H^{ℓ−1}(A(A), d_λ) = dim H^ℓ(A(A), d_λ) = χ̄(A).

Proof. First we prove (ii) assuming that (i) holds for smaller dimensions, the case of dimension 1 being trivial. As usual assume that α_1 = x_1 and get Ā substituting x_1 = 1 in α_2, . . . , α_n. Put ᾱ_i = α_i(x_1 = 1) (i = 2, . . . , n) and λ̄ = ∑^n_{i=2} λ_i. The left multiplication by ∑^n_{i=2} λ_idᾱ_i/ᾱ_i defines a coboundary map in A(Ā) whose cohomology we denote by H^∗. Since λ satisfies (4.1) for every X ∈ L \ {U} we have that λ̄ satisfies (4.1) for every X ∈ L(Ā). Thus by the induction hypothesis

H^p = 0, p ≠ ℓ − 1, (4.2)

whence dim H^{ℓ−1} = |χ̄(A)|. (4.3) Since λ_1 = − ∑n i=2 λ_i we obtain the exact sequence (2.7) which is in the present notation

0 → H^{p−1} → H^p(A(A), d_λ) → H^p → 0. (4.4)

The result follows from (4.2)-(4.4).

Now we prove (i) assuming that (ii) holds for the same and smaller ℓ. Consider the complex (3.2) of flasque sheaves on L and fix X ∈ L \ {V }. Since A_X is a central arrangement in dimension not greater than ℓ we can use (ii). If (4.1) holds for X then (A(A_X), d_λ(X)) is acyclic by Proposition 2.1. If (4.1) does not hold for X then χ̄(A(A_X)) = 0 and (ii) implies that (A(A_X), d_λ(X)) is again acyclic. In both cases Lemma 3.4 implies that (3.3) is a flasque resolution of E. Using also Proposition 3.1 we have

H^p(A(A), d_λ) = H^p(L, E) (4.5)

for every p.

Computation of H^p(L, E) is a routine problem. Since L is a geometric semilattice (see [10]), we have, using Lemma 3.1 from [1] and Corollary 7.3 from [10], that H^p(L, E) = 0 for p < ℓ − 1. This completes the proof. 2

Remark 4.2 Due to Proposition 2.8 and Remark 2.9, the condition (4.1) is applicable to X ∈ L with dim X < ℓ − 1 only if X is Bad. In particular suppose that A is in general position, that is each set of not more than ℓ hyperplanes from A is independent and each bigger set has the empty intersection. Then (4.1) reduces to λ_i ≠ 0 for every i = 1, . . . , n.

Corollary 4.3 Let F = C and L a local rank 1 system on M of flat sections of the trivial bundle with connection d + ∑n i=1 λ_iω_i. Suppose that for every X ∈ L such that A_X does not satisfy the condition of Proposition 2.8 the number ∑ X⊂Hi λi is not a nonnegative integer. Then H

p(M, L) = 0 for every p < ℓ.

Proof. It follows from Corollary of [4] and Theorem 4.1. 2

Remark 4.4 The results of [4] and [5] are proved for local systems of arbitrary finite rank. Theorem 4.1 can be generalized to this case also. More precisely, choose k ≥ 1 and P_i ∈ EndF^k (i = 1, . . . , n) such that P_iP_j = P_jP_i. Then ω_P = n∑ i=1 ω_i ⊗ P_i ∈ A_1 ⊗ EndF^k

acts on A ⊗ F^k and defines a cochain complex. All the results of the previous sections, including Theorem 4.1, hold with essentially the same proofs for the cohomology of this complex if one substitutes the condition ∑ P_i ∈ AutF^k for ∑ λ_i ≠ 0.

5 Special cases

The condition of Theorem 4.1 is clearly necessary for the complex (3.3) to be exact. But it is not at all necessary for the vanishing of H^p = H^p(A(A), d_λ) for p < ℓ. If the complex (3.3) is not exact then it defines not all 0 cohomology sheaves H^p and the spectral sequence with E^{p,q}_2 = H^p(L, H^q) that converges to H^{p+q}. Using this spectral sequence, one can find various sufficient conditions on A and λ that would imply the vanishing of H^p for p < ℓ. In this section we consider some particular cases to this effect.

First we study (by other means) the important case for applications where A is in general position. Recall that this means that each subset of A with not more than ℓ hyperplanes is independent and each larger subset has the empty intersection. As it was noticed in Remark 4.2, the condition of Theorem 4.1 gives λ_i ≠ 0 for all i. This condition can be significantly relaxed.

Proposition 5.1 Let A be a general position arrangement and λ ≠ 0. Then H^p(A(A), d_λ) = 0 for every p < ℓ.

Proof. Recall that the algebra A = A(A) is the factor of the exterior algebra E = ⊕^n_{p=1}E_p over a homogeneous ideal J = J(A). For a general position arrangement A we have J = ⊕_{p>ℓ}E_p. In particular J is invariant with respect to the natural action of the group GL(n, F ) on E. Thus this group acts on A and the action is transitive on the set A_1 \ {0}.

Now fix λ ∈ F^n \ {0}, put ω_λ = ∑n i=1 λ_iω_i, and also put ω = ∑n i=1 ω_i.

There exists an isomorphism ψ of A sending ω_λ to ω. Consequently ψ generates an isomorphism (A, d_λ) → (A, d) where d_λ and d are the left multiplications by ω_λ and ω respectively. According to Theorem 4.1 and Remark 4.2, H^p(A, d) = 0 for every p < ℓ. Hence the same is true for (A, d_λ) which completes the proof. 2

The other particular case we consider is the case of an arbitrary arrangement but ω_λ = ω_1. Denote by d the left multiplication in A = A(A) by ω_1.

Proposition 5.2 For any integer p, H^p(A, d) = 0 if and only if there is no X ∈ L of dimension ℓ − p such that X ∩ H_1 = ∅.

Proof. Put L_1 = {X ∈ L|X ⊂ H_1} and notice that ω_λ(X) = ω_1 if X ∈ L_1 and ω_λ(X) = 0 otherwise. This and Proposition 2.1 imply that for every q the cohomology sheaf H^q is 0 on L_1 and, on L \ L_1, coincides with the restriction of F^q to this set. This allows us to consider the short exact sequence 0 → K^q → F^q → H^q → 0 (5.1)

where the sheaf K^q is 0 on L \ L_1 and coincides with the restriction F^q_{L1} of F^q to L_1. Since F^p is flasque, F^p_{L1} is flasque also (e.g., see Proposition 1.6 of [11]). Since L_1 is closed H^p(L, K^q) = H^p(L_1, F^q_{L1} ) = 0 for all p > 0. Then the cohomology sequence of the sequence (5.1) implies that H^p(L, H^q) = 0 for every p > 0 whence E^{p,q}_2 = 0 for every q and p > 0. This implies that H^p(A, d) = E^{0,p}_2 = Γ(L, H^p).

Now suppose that there exists a non-zero s ∈ Γ(L, H^p). By definition of F^p, this means that there exists X ∈ L of dimension ℓ − p such that s(X) ≠ 0. Since besides s = 0 on L_1 we have X ∩ H_1 = ∅.

Conversely, suppose that there exists X ∈ L of dimension ℓ − p and X ∩ H_1 = ∅. Choose a ∈ A_X \ {0}. For every Y ∈ L, Y ≤ X, a ∈ A_p(A_Y ) =

⊕_{dim Z=ℓ−p,Z≥Y} A_Z since X is among those Z. Then for every Y ∈ L put s(Y ) = a(Y ) if Y ≤ X and s(Y ) = 0 otherwise. One easily checks that (s(Y ))_{Y ∈L} ∈ Γ(L, H^p). Since this element is non-zero the proof is complete. 2 In general it is hard to formulate a simple condition necessary and sufficient for the vanishing of H^p(A, d_λ) for p < ℓ. Let us consider some examples not covered by the above particular cases.

Example 5.3 Let A be given by the functionals α_1 = x, α_2 = y, α_3 = x − y, α_4 = x − 1 in the 2-dimensional affine space {(x, y)}. Then Theorem 4.1 gives the following condition on λ = (λ_1, . . . , λ_4) sufficient for the vanishing of H^p(A(A), d_λ) for p = 0, 1

λ_1λ_2λ_3λ_4(λ_1 + λ_2 + λ_3) ≠ 0.

On the other hand, direct linear algebra computation gives the more relaxed necessary and sufficient condition consisting of at least one of the following inequalities

λ_2λ_4 ≠ 0, λ_3λ_4 ≠ 0, λ_2(λ_1 + λ_2 + λ_3) ≠ 0, λ_3(λ_1 + λ_2 + λ_3) ≠ 0.

Example 5.4 Let A be given by the four functionals of Example 5.3 and by α_5 = y − 1. One computes that dim A_0 = 1, dim A_1 = 5, dim A_2 = 6. Take λ = (1, 1, −2, 1, 1) ∈ F^5. Then the rank of the linear map d_λ : A_1 → A_2 is 3 whence dim H^1(A, d_λ) = 1 and dim H^2(A, d_λ) = 3.

Example 5.4 shows that H^1(A, d_λ) (for ℓ > 1) may not vanish even if each λ_i and the sum of all of them are not zero (cf. Theorem 6.4). Another interesting feature of this example is that dim E^{0,1}_2 = dim H^0(L, H^1) = 2 > dim H^1(A, d_λ) whence there exist non-zero differentials in the spectral sequence.

6 Arrangements in general position to infin- ity In this section we consider a class of arrangements that includes all the central ones and all arrangements in general position. For this class we use a different method and give yet another sufficient condition on λ for the vanishing of H^p(A) for p < ℓ. More importantly, under this condition we exhibit a subspace of A_ℓ independent of λ that is isomorphic to H^ℓ(A) under the natural projection. For a real arrangement from this class, Kohno showed in Theorem 2 of [5] that the geometry of the arrangement defines a basis of H^ℓ independent of λ. Using [4], our results in this section can be viewed as a generalization of Kohno’s.

Let {H_0, H_1, . . . , H_n} be a central arrangement in dimension ℓ. Say that H_0 is generic with respect to {H_1, . . . , H_n} if any time when a set S = {H_0, H_{i1} , . . . , H_{ik} } with k ≤ ℓ is dependent the set S \ {H_0} is dependent also.

Proposition 6.1 Let A be an arrangement in the affine space {(x_1, . . . , x_ℓ)}. The following conditions are equivalent:

(i) For the cone cA of A in the space {(x_0, x_1, . . . , x_ℓ)} the hyperplane H_0 given by x_0 = 0 is generic with respect to cA \ {H_0}.

(ii) For any ordered subset S of A with |S| ≤ ℓ we have ⋂ Hi∈S Hi ≠ ∅. (iii) Every two elements of L of dimensions r and s respectively such that r + s ≥ ℓ have a non-empty intersection.

The proof is a routine exercise.

Definition 6.2 If an arrangement A satisfies the equivalent conditions of Proposition 6.1 then we say that it is in general position to infinity.

Clearly all central arrangements and all arrangements in general position are in general position to infinity. The arrangement x, y, x − y, x + y + 1 in {(x, y)} (charF ≠ 2) is another representative of this class.

For arrangements in general position to infinity we can define a boundary map in A generalizing ∂_A for central arrangements. We cannot use Definition 3.12 of [7] since if A is not central I(A) is not invariant with respect to ∂_E. However regarding A just as a graded linear space we have A = E/I = Ē/Ī where Ē = ⊕^ℓ_{i=0}E_i and Ī = I ∩ Ē.

Lemma 6.3 Suppose that A is in general position to infinity. Then Ī is invariant with respect to ∂_E.

Proof. Using (ii) of Proposition 6.1 and the definition of I(A), one sees that Ī is generated over F by elements e_T ∂e_S for ordered subsets T and S of A such that S is dependent and |T | + |S| ≤ ℓ + 1. We have

∂_E(e_T ∂_Ee_S) = ∂_Ee_T ∂_Ee_S ∈ Ī which completes the proof. 2

Lemma 6.3 allows us to define the map ∂_A : A → A as induced by the restriction of ∂_E to Ē. If A is central this map coincides with ∂_A from Definition 3.12 of [7]. The following properties of ∂_A follow immediately from properties of ∂_E:

(i) ∂^2_A = 0, (ii) if a ∈ A_p and b ∈ A_q with p + q ≤ ℓ then ∂_A(ab) = (∂_Aa)b + (−1)^pa(∂_Ab),

(iii) if ω_λ = ∑n i=1 λ_iω_i then ∂_A(ω_λ) = ∑n i=1 λ_i.

Now we can prove a generalization of Proposition 2.1.

Theorem 6.4 Let A be an arrangement in general position to infinity. Let λ = (λ_1, . . . , λ_n) ∈ F^n and ∑n i=1 λ_i ≠ 0. Then (i) H^p(A(A), d_λ) = 0 for every p < ℓ;

(ii) The space ker ∂_A is isomorphic to H^ℓ = H^ℓ(A(A), d_λ) under the natural projection A_ℓ(A) → H^ℓ.

Proof. Suppose that a ∈ A_p with p < ℓ. Then the properties (ii) and (iii) of ∂_A imply

∂_Ad_λ(a) = ( n∑ i=1 λ_i)a − d_λ∂_A(a). (6.1) The statement (i) follows from (6.1) immediately (using (1/ ∑ λ_i)∂_A as a homotopy).

Now let us study H^ℓ(A). First

d_λ(A_{ℓ−1}) ∩ ker ∂_A = 0. (6.2)

Indeed if ∂_Ad_λ(a) = 0 for some a ∈ A_{ℓ−1} then by (6.1) ( ∑ λ_i)a = d_λ∂_A(a) whence d_λ(a) = 0. Second for arbitrary b ∈ A_ℓ put

b_1 = b − 1 ∑ λ_i d_λ∂_A(b). Then b_1 defines the same cohomology class as b does and using property (i) of ∂_A and (6.1) we have

∂_Ab_1 = ∂_Ab − 1 ∑ λ_i ∂_Ad_λ∂_A(b) = 0. (6.3)

(6.2) and (6.3) imply the statement (ii). 2

Under the conditions of Theorem 6.4, the space H^ℓ(A) = ker ∂_A has a simple combinatorial interpretation as homology of a simplicial complex.

For any poset P denote by Δ(P ) the simplicial complex whose vertices are elements of P and simplexes are all the strictly increasing sequences from

P . Let C(P ) = ⊕_{p≥−1}C_p(P ) be the augmented chain complex of Δ(P ) with coefficients in F . Put H̃_∗(P ; F ) = H_∗(C(P )).

Now put L^0 = L \ {V }. There is a linear embedding θ : A(A)) → C(L^0) defined by θ(1) = 1 and for a_S ∈ A_p(A) \ {0} with S = (i_1, . . . , i_p), p > 0, θ(a_S) = ∑ π∈Sp signπ(H_{πi1} ∩ H_{πi2} ∩ · · · ∩ H_{πip} , H_{πi2} ∩ · · · ∩ H_{πip} , . . . , H_{πip} ) (cf. 3.4 in [7]). Notice that θ(A_p(A)) ⊂ C_{p−1}(L^0) for every p.

Let d be the standard boundary map in C(L^0) with respect to the orderings on simplexes induced from L^0.

Lemma 6.5 If A is in general position to infinity then θ∂_A = dθ. (6.4) Proof. It suffices to fix S as above such that a_S ≠ 0 and check (6.4) for a_S. The check is straightforward. 2 Proposition 6.6 Under the condition of Theorem 6.4 H^ℓ(A, d_λ) ∼= H̃_{ℓ−1}(L^0; F ).

Proof. Due to Theorem 6.4 it suffices to prove that ker ∂_A ∼= H̃_{ℓ−1}(L^0; F ). Applying (6.4) for A_ℓ, we see that θ embeds ker ∂_A into the space of reduced (ℓ − 1)-cycles of C(L^0) that coincides with H̃_{ℓ−1}(L^0; F ). Thus it suffices to compare the dimensions of the spaces in the statement.

Let μ be the Möbius function of L^{op} and put μ(X) = μ(V, X) for X ∈ L. Then Theorem 6.4 and Theorem 3.68 of [7] imply that dim H^ℓ(A, d_λ) = |χ(A)| = | ∑ X∈L μ(X)|. (6.5) On the other hand, due to [10] H̃_p(L^0; F ) = 0 for p < ℓ − 1 whence dim H̃_{ℓ−1}(L^0; F ) = |χ(Δ(L^0))| + 1. (6.6) It is well known that χ(Δ(L^0)) = ∑ X∈L0 μ(X) = ∑ X∈L μ(X) − 1 whence (6.5) and (6.6) imply that dim H^ℓ(A, d_λ) = dim H̃_{ℓ−1}(L^0; F ). This equality completes the proof. 2 Remark 6.7 Notice that the isomorphism H^ℓ(A, d_λ) ∼= H̃_{ℓ−1}(L^0; F ) exists under the conditions of Theorem 4.1 also (and was used in the proof of this theorem). The difference is that under the condition of Theorem 6.4 there is an explicit representation of H^ℓ(A, d_λ) by (ℓ − 1)-cycles of C(L^0).

References

[1] Baclawski, K.: Whitney numbers of geometric lattices, Advances in Math. 16 (1975), 125-138

[2] Brieskorn, E.: Sur les groupes de tresses, In: Séminaire Bourbaki 1971/1972, Lecture Notes in Math. 317 (1973), 21-44

[3] Crapo, H.: A higher invariants for matroids, J. of Combinatorial Theory 2 (1967), 406-417.

[4] Esnault, H., Schechtman, V., Viehweg, E.: Cohomology of local systems of the complement of hyperplanes, Invent. math. 109 (1992), 557-561; Erratum, ibid. 112 (1993) 447

[5] Kohno, T.: Homology of a local system on the complement of hyperplanes, Proc. Japan Acad. 62, Ser. A (1986), 144-147

[6] Orlik, P., Solomon, L.: Combinatorics and topology of complements of hyperplanes, Invent. math. 56 (1980), 167-189

[7] Orlik, P., Terao, H.: Arrangements of Hyperplanes. Grundlehren der Math. Wiss. 300, Springer Verlag, 1992

[8] Schechtman, V., Varchenko, A.: Arrangements of hyperplanes and Lie algebra homology, Invent. Math. 106 (1991), 139-194.

[9] Terao, H., Yuzvinsky, S.: Logarithmic forms on affine arrangements, preprint, 1994

[10] Wachs, M., Walker, W.: On geometric semilattices, Order 2 (1986), 367-385

[11] Yuzvinsky, S.: Cohen-Macaulay rings of sections, Advances in Math. 63 (1987), 172-195