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Abstract

Generalized translation operators for orthogonal expansions with respect to families
of weight functions on the unit ball and on the standard simplex are studied. They
are used to define convolution structures and modulus of smoothness for these re-
gions, which are in turn used to characterize the best approximation by polynomials
in the weighted LP spaces. In one variable, this becomes the generalized translation
operator for the Gegenbauer polynomial expansions.

1 Introduction

Let wy denote the weight function wy(t) = (1 —t*)*~1/2 on [—1,1]. Let by be
the normalization constant of wy, by' = [, wy(s)ds. The orthogonal polyno-
mials with respect to wy are the Gegenbauer polynomials C?. The generalized
translation operator with respect to wy is defined by

1

Tf(t) = bayo |

-1

f (st +uvV1 — s2V1 — t2) (1 —u®)*du. (1.1)

It plays the role of translation for the trigonometric series and can be used to
define a convolution structure f g for f,g € L'(wy,[—1,1]),

1

(% 9)(®) = b [ F(s)Tig(s)wr(s)ds, (1:2)
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as introduced by Gelfand [17] and Bochner [9]. The convolution and the gen-
eralized translation operator have been used to study Fourier orthogonal ex-
pansions in Gegenbauer polynomials (see, for example, [3,5,6,11,22,23,28]).
Using the product formula of the Gegenbauer polynomials, the generalized
translation operator can also be defined by the equation

ncﬁw:gégcym n > 0. (1.3)

n

The purpose of this paper is to study the generalized translation operator for
weight functions defined on the unit ball B = {z : ||z|| < 1} € R? and on
the standard simplex

T'={reR:2,>0,...,04>0,1—|z| >0}, 2| =21+ ...+ 24,

in R? and use them to study weighted approximation and orthogonal expan-
sions in several variables. To define the weight functions, we start from the
reflection invariant weight function considered by Dunkl [13].

For a nonzero vector v € RY, let o, denote the reflection with respect to the
hyperplane perpendicular to v; that is, zo, = x — 2((z,v)/||v]|*)v, z € R,
where (z,y) denote the usual Euclidean inner product and ||z|| denote the
usual Euclidean norm ||z]|> = (x, z). The weight function h, is defined by

he(z) = I Iz, 0)

vERL

wo z € RY, (1.4)

in which R, is a fixed positive root system of R¢, normalized so that (v, v) = 2
for all v € R,, and k is a nonnegative multiplicity function v +— &, defined
on R, with the property that s, = k, whenever o, is conjugate to o, in the
reflection group G generated by the reflections {o, : v € R,}. Then h, is
invariant under the reflection group G, a subgroup of the orthogonal group.
The simplest example is given by the case G = Z¢ for which h, is just the
product weight function

d
hio(z) = [ |z:]™, ki > 0. (1.5)
i=1

Other examples include weight functions invariant under the symmetric group
and the hyperoctahedral group,

d
IT lzi—z;/®  and Izl I |af =235,
=1

1<i<j<d 1<i<j<d

respectively.



The weight functions on the unit ball B that we shall consider are of the form
B 2 2\u—1/2 d
Wii(x) = k(@) (1 = [l z e B, (1.6)

where p > 0 and h,, is a reflection invariant weight function as in (1.4), and
the weight functions on the simplex that we shall consider are of the form

Wi (@) = h(Var, . VEa) (1= a2 ) ar (1.7)

where p > 0 and h, is a reflection invariant weight function as in (1.4), and we
assume that h, is even in each of its variables (for example, weight functions
invariant under Z¢ and the hyperoctahedral group on R?). These include the
classical weight functions on these domains, which are

Wi(z) = (1—|lz|?)*Y2  ze B (1.8)

I

on the unit ball (taking h,(z) = 1) and
W () = a2 -de‘1/2(1 —fal)yree T we ! (1Y)

on the simplex (taking h,(z) = [T, |z:|f and Kkgy1 = p). For d = 1, WT(z) is
the Jacobi weight function on the interval [0, 1].

The orthogonal structures for W2, on the ball and for W[, on the simplex are
Closely related to the orthogonal structure of h- harmomcs on the unit sphere

= {z : ||z|| = 1} of R¥. Our study of the generalized translation operators
relies on that of the weighted spherical means, studied in [36,37], which are
the generalizations of the ordinary spherical means

Tof(@) = o [ F)e(), (1.10)

o4(sin @) Jq
where 04 = [qadw = 27@D/2/T((d + 1)/2) is the surface area of S¢. The
ordinary spherical means have been used as main tool for approximation on
the sphere; see, for example, [6,21,19,22,26]. The weighted spherical means
are defined implicitly via an integral relation. In [37] the weighted means were
used to define a modulus of smoothness, which was shown to be equivalent to
a K-functional and used to characterize the weighted LP best approximation
by polynomials. The similar K-functional was also defined and used to char-
acterize the weighted best approximation on B¢ and on 7%, but the modulus
of smoothness was not defined since the analog of the spherical means for B¢
and T seemed to be artificial. It has been realized only recently in [38] that
the analog of the spherical means for B and T?, as generalized translation
operators on these regions, are of interest. Since the main purpose of [38] is to
define weighted maximal functions and use them to prove results on almost
everywhere convergence, the generalized translation operators themselves were
not studied there. We complete this circle of ideas in the present paper.



One of our results gives an explicit integral formula for the generalized trans-
lation operator with respect to the classical weight function W in (1.8) on
the unit ball (see (3.9), which extends the formula (1.1) to several variables.
No integral formula is known for any other weight functions.

The paper is organized as follows. In the next section we recall the background
and results for h-harmonics and the weighted spherical means. The results on
the unit ball are presented in Section 3 and the results on the simplex appear
in Section 4.

2 Weighted spherical means and weighted approximation on S¢!

Let h, be the reflection invariant weight function defined in (1.4). We denote
by a, the normalization constant of h,, a;' = [ga-1 h2(y)dw, and denote by

LP(h2), 1 < p < oo, the space of functions defined on S9! with the finite
norm

1/
1Flewi= (o [, VF@PRE@@) T 1<p<o0,

and for p = oo we assume that L™ is replaced by C'(S%), the space of continu-
ous functions on S%! with the usual uniform norm || f| ., since we are mainly
interested in problems in approximation theory. The case kK = 0 corresponds
to the usual (unweighted) LP space on S471.

2.1 Background. The essential ingredient of the theory of h-harmonics is a
family of first-order differential-difference operators, D;, called Dunkl opera-
tors, which generates a commutative algebra; these operators are defined by

([13])

Dif(z) =0 f(x) + > k’uﬂx) — /(zo) (v, i), 1<1q<d,
vERL <33', U>
where €1, .. ., 4 are the standard unit vectors of R?. The h-Laplacian is defined

by A, = D? + ...+ D2 and it plays the role similar to that of the ordinary
Laplacian. Let P? denote the subspace of homogeneous polynomials of degree
n in d variables. An h-harmonic polynomial P of degree n is a homogeneous
polynomial P € P? such that A, P = 0. Furthermore, let H%(h?) denote the
space of h-harmonic polynomials of degree n in d variables and define

(f,9)r = ax f(@)g(@)hy(x)dw(z).

gd—1

Then (P,Q), = 0 for P € H%(h?) and Q € TI¢_,, where II¢ denote the

n—1»
space of polynomials of degree at most n in d variables. The spherical h-



harmonics are the restriction of h-harmonics to the unit sphere. It is known
that dimH,,(h2) = dim P¢ — dim PZ_, with dim P? = ("4 ).

In terms of the polar coordinates y = ry/, r = ||y||, the h-Laplacian operator
Ay, takes the form ([35])

COr? r or g2

Ap

where Ay is the Laplace-Beltrami operator on the sphere, and throughout
this paper, we fix the value of A, as

d—1
A=A =Y+ —— with Vo= Y Ko (2.1)

2 vERL

Applying Ay, to h-harmonics Y € H,(h?) with Y (y) = r"Y (y') shows that
spherical h-harmonics are eigenfunctions of Ay, o; that is,

ApoY (z) = —n(n+ 2),)Y (2), re ST Y e HA(h2). (2.2)
For further background materials, see [13,14] and the references in [14].

The standard Hilbert space theory shows that
1(02) = DHL0)
n=0
That is, with each f € L*(h?) we can associate its h-harmonic expansion
fla)= S Valbkifor),  ze s
n=0

in L?(h?) norm. For the surface measure (k = 0), such a series is called
the Laplace series (cf. [15, Chapt. 12]). The orthogonal projection Y, (h?) :
L?(h?) — H2(h?) takes the form

Valhis L) = [ PP e, y)h2 () doy), (23)

—1

where the kernel P,(h?;x,y) is the reproducing kernel of the space of h-
harmonics H4(h?) in L?(h2). The kernel P, (h%; z,y) enjoys a compact formula
in terms of the intertwining operator between the commutative algebra gen-
erated by the partial derivatives and the one generated by Dunkl operators.
This operator, V,, is linear and it is determined uniquely by

V,PlcPd V=1, DV,=V.0, 1<i<d.



The formula for the reproducing kernel for H%(h2) is given in terms of the
Gegenbauer polynomials

Pui2sa,y) = "V (0 () (@), (2.4)

An explicit formula of V is known only in the case of symmetric group S3 for
three variables and in the case of the abelian group Z$. In the latter case, V;
is an integral operator,

[_lvl]d

d
fzity, ... zatq) H(l +t) (1 — ) e, (2.5)

where ¢, is the normalization constant determined by V.1 =1, ¢, = c,, ... ¢4,
and ¢t = [1,(1 — t?)""'dt. If some x; = 0, then the formula holds under the
limit relation

1
timex [ f(0)1 =0t = [£(1) + F(-1)/2
One important property of the intertwining operator is that it is positive ([25])
for any reflection group,, that is, Vi,p > 0 if p > 0. One can also study the
dual of this operator, as in [30].

2.2 Weighted spherical means, convolution and approximation. We
recall the results developed in [36,37], some of which will be needed later and
others are cited to show what can be expected in the cases B? and T¢. For
f e LP(h?) and g € L'(wy;[—1,1]), we define a sort of convolution

(f e 9)w) = an [ F)Vilg((x,- D) y)hs(y)de. (2.6)
For the surface measure (h,(z) = 1 and V,, = id), this is called the spherical
convolution in [12], and it has been used by many authors, see, for example,
[7-9,19,21,22,26]. It satisfies many properties of the usual convolution in RY.
The weighted spherical means, T}, with respect to h? is defined implicitly by
the formula

by /0 T F()g(cos ) (sin )0 = (f xe g)(x), 0<O<m (27

where ¢ is any L'(wy) function. That Ty f is well defined is shown in [36,37].
For k = 0, V,, = ud, the weighted spherical means coincide with the weighted
means Ty f in (1.10). Many properties of Ty f, given in [6,22], can be extended
to the weighted means 7y f. In particular, we have

1T f ey < If ey and T | T5F = fllep =0



Consequently, the following definition of a modulus of smoothness, w,(f;t), .,
makes sense. Let r > 0, for f € LP(h?), 1 < p < oo, or f € C(S4"), define

rlF g 1= SUp (T = T5) )y (23

For the unweighted case (k = 0), such a definition was given in [26] and the
case r being an even integer had appeared in several early references (see
the discussion in [26]). One of the important properties of this modulus of
smoothness is that it is equivalent to a K-functional.

Let 7 > 0. Recall the equation (2.2). We define (—A,0)"/2g by

oo

(—Ano)2g ~ > (n(n+ 2X:))*Yo (b g)

n=1

for g € L?(h?). Furthermore, define the function space WP(h2) by
WE(2) = [ € IP(R2) - (k(k + 20)) Pu(R: f) = Pu(h2:g) some g € L2(i2)}
The K-functional between LP(h%) and WP(h?) is defined by

Ko (f50np =i {[Lf = gllup + "1 (=2n0) " gllups g € WERD)}. (29)

It is equivalent to the modulus of smoothness in the following sense:

Theorem 2.1. For 1 < p < oo, there exist two positive constants c; and ¢
such that for f € LP(h?),

Clwr<f; t)n,p S Kr(f;t)mp S Co wr(f; t)l'{,p‘

The modulus of smoothness or the K-functional can be used to characterize
the best approximation by polynomials. Let

En(f)l’i,p = inf {Hf - PHH,p Pe HZ},

We state the direct and the inverse theorems in terms of the modulus of
smoothness.

Theorem 2.2. For f € LP(h?), 1 < p < oo,

En(frp < cwr(fin .

On the other hand,

n

wr(fon Dep Sen™ Y (k+ 1) B ()

k=0



These theorems are proved in [36,37], following closely the method developed
in [26] where these theorems were essentially established in the case k = 0.
For results in the unweighted cases, see also [19]. The problem of best approx-
imation has been studied by many authors. We refer to [6,18,21,22,24,26,31]
and the references therein.

One can study summability of h-harmonic expansions (see [32,34,20]) and the
convolution structure x,, is useful in this direction (see [36,38]). For summa-
bility of the ordinary harmonic expansions (unweighted case), we refer to
6,7,10,18,19,21,22,26] and the references therein.

In the case of usual surface measure on S%!, there are various other moduli of
smoothness that have been used to characterize the best approximation; see,
for example, [27,31]. It would be nice to define one that can be given explicitly
for the weighted case.

3 Generalized translation operator and Approximation on B¢

Recall the weight function W7 () defined in (1.6), in which h, is an reflection
invariant weight function defined on R?. Let a,, denote the normalization
constant for eru‘ Denote by LP(WE#), 1 < p < o0, the space of measurable
functions defined on B¢ with the finite norm

1/p
7wz, = (ans [ 1S @FWE@)d2) ", 1<p< o0,

and for p = oo we assume that L* is replaced by C(B%), the space of contin-
uous function on BY.

3.1 Background. Let fo(W,fu) denote the space of orthogonal polynomials
of degree n with respect to W, on B Elements of V{(W?/)) are closely
related to the h-harmonics associated with the weight function

hm,u(yb cee 7yd+l) = hn(Qla cee 7yd)’yd+1yu

on R¥™ | where h,, is associated with the reflection group G. The function h, ,
is invariant under the group G X Zs. Let Y,, be such an h-harmonic polynomial
of degree n and assume that Y,, is even in the (d + 1)-th variable; that is,
Yoz, xq01) = Yo(z, —x441). We can write

Yn(y> :Tnpn(x>7 yIT($,xd+1) ERdJrla r= HyH7 (xwderl) < Sda
(3.1)
in polar coordinates. Then P, is an element of VI(W,7,) and this relation is an
one-to-one correspondence ([34]). Under the changing variables y — r(z, z4.1),



B
hy . becomes W2,

Aﬁ@ﬂw=LJH%MLWﬂ%+P@rML%MPﬂ:ﬁﬁMQB%

and the elementary formula

shows the relation between their normalization constants.

Let Ap* denote the h-Laplacian associated with h,, and Apf denote the
corresponding spherical h-Laplacian. When Ap* is applied to functions on
R+ that are even in the (d+ 1)-th variable, the spherical h-Laplacian can be
written in polar coordinates y = r(x, zq411) as ([35]):

At = Ay — (2, V)? = 2(\ 4 p)(z, V),

in which the operators A, and V = (d4,...,9,) are all acting on x variables
and A, is the h-Laplacian associated with h, on R?. Define

Df’:u = A — {2, V) = 2\ + p){z, V),

as an operator acting on functions defined on BY. It follows that the elements
of V{(W, ) are eigenfunctions of Dﬁ i

DJ P =—n(n+2\.+2u0)P,  PeVi(W2). (3.3)

For the classical weight function W2 (z) = (1 — [|z[|*)*~'/?, the operator DZ,
becomes a pure differential operator which is a classical result going back to
Hermite (see [4] and [15, Chapt. 12]).

For f € L*(W},), its orthogonal expansion is given by
LWE)=@viwr): f=>"proje# f,
n=0 n=0

where proji# : L*(W2,) — Vi(W2,) is the projection operator, which can be
written as an integral

projf f(x) = au [ SR Wiz y)Wh )y, (34)

where P,(W2,;2,y) is the reproducing kernel of VJ(W2,). The intertwining
operator associated with h, ,, denoted by V ,, is given in terms of the in-
tertwining operator V,, associated to h, and the operator VuZ2 associated to
h(z) = |zae1]*, * € R¥L which is given explicitly by (2.5) (setting d = 1

and k1 = p there); that is,

Ve (e tair) = e [ VlFCand]@) (14 01 - ),



where z € R?. Since polynomials in V,(W2,) correspond to h-harmonics that
are even in the last coordinates, we introduce a modified operator

VO (@, xa1) = Viuf (@, 2a11) + Vi f (2, —2ay1)] (3.5)
1
- CML Volf (-, aent))(x)(1 — 22t

acting on functions defined on R*!,

3.2 Generalized translation operator. For the weight function W,fu on

)

B, we define a convolution, denoted by *ﬁ > as follows: For f € Ll(W,fu) and
g€ Ll(wAnJr,u’ [_17 1])7

(f 420 9)@) = @ [ FOVEIX DT IWE, )y,

where X = (x,1/1—||z]|?) and Y = (y,1/1 — ||y||?). The properties of this

convolution can be derived from the corresponding convolution on the sphere.
Let f %, g denote the convolution defined in (2.6) with respect to A, ,. In
fact, (3.2) immediately implies the following proposition.

Proposition 3.1. For f € L'(W}F)) and g € L' (wx, 1, [-1,1]),

(f ¥ 9)(@) = (Frpu g) (@, /1= |2lf?),  where  F(z,2441) = f(2).

We now define the generalized translation operator on B¢ implicitly via the
convolution operator.

Definition 3.2. For f € LY(WP)), the generalized translation operator
To(WB : £) is defined implicitly by

Kyu?
b [ ToWE,: . )g(cos 0)(sin )20 = ( 2, )@). (3.

where X = A, for every g € L' (w4, [—1,1]).

The generalized translation operator Tg(W,fu) is related to the weighted spher-
ical means associated with the weight function h, , on S% For F € Ll(hé )
denote the weighted spherical means by T,""F' as defined in (2.7). From the
definitions of Ty(W”,) and T;", Proposition 3.1 shows that the following re-
lation holds:

Proposition 3.3. For each v € B?, Tg(qu; f,x) is a uniquely determined
L function in 0. Furthermore, define F(x,xq4.1) = f(x); then

Ty(Wr: fox) =Ty " F(x, zat1), v € BY wg =122 (3.7

10



We could of course define the generalized translation operator by the formula
(3.7). The convolution 7 ,, however, will be used in the following section.
These relations allow us to derive the following properties of the generalized
translation operator.

Proposition 3.4. The generalized translation operator Tg(W,f“; f) satisfies
the following properties:

(1) Let fo(x) =1, then Ty(W2,; fo,x) = 1;
(2) For f € Ll(W,fu),

_ Cpti(cos0)

projfL’“ TG(W5“7 f) - C)\n-f'ﬂ(l) proj;?“ f)

(3) Ty(W)P,) : TIL — TI¢ and

n

> O FH(cos 6)
Te(Wf‘fM; f) ~ Z Awt+i

— g projy* f;
n=0 n (1)

(4) For 0 <6 <m,

0 s
Ty(WE: f)— f = / (sin s) "2 / Ty (WP s DB ) (sin )20 dt;
| ; ; :

NTR)
(5) For f € LP(Wf#), 1<p<oo, or f € C(BY),

1T (W Dllwa,o < fllwe,p  and 1 [To(W3: ) = fllwe,, = 0.
Proof. All these properties follow from the integral relation (3.2), the relation

PaWE ) = 5 [Valh2 i (o T= TP T =Tl 39)
Yl (@1 ol (s = 1= TylP)

the connection between Ty(W.7 ; f) and T;”* F in Proposition 3.4, and the cor-
responding relations for T, F in [37]. Recall the projection operator Yy, (2 ,; F)
of h-harmonics defined in (2.3). The relations (3.2) and (3.8) show that

projp f(z) = Yu(hy i F,X), X = (2,/1— [|=[?).

Hence, it follows from Proposition 3.4 and property (2) of Proposition 2.4 in
[37] that

projit Ty(W,2,: f,x) = projp Ty F(X) = Yy (hy i Ty F, X)
Oyt (cos 0) C)H(cos 0)

Yo(h2,; F,X) = “n
gy e RS S g

o proj,* f ().



This proves (2). The property (3) follows from (2). Since F(x, x441) = f(x) is

evidently even in x4y, the definition shows that A" F(x,z441) = DF, f(x).

Consequently, by the definition of T, and (3.7), we conclude that
T;’“Ag’#F([L’, l‘d-l—l) = T9<WB DB f7 ZL'),

Ky

from which the property (4) follows from the corresponding property of T,
(Proposition 2.4 in [37]). Finally, to prove the property (5), we note that it
follows from the definition of Vj, , at (3.5) that

Vi l9({(@, =2as), D] (¥ Yar1) = Vi [9(((2; a11), )] (4 —ar1)

Hence, the definition of T, shows that T)"" F(z,x41) = Ty F(z, —x441).
Consequently, by (3.2),

Ja

p
W,f#(x)dx

L2, foo)| W (@)de = [ T3P, 1= [al?)

P K, 2
= [T W) B2 () dy.

Let || - |lxup denote the LP(hZ ) norm on S% For f(z) = F(X), we have
1fllwe, » = ||F || pp- Hence, the property (5) follows from the corresponding
property of T,"" (Proposition 2.4 in [37]). O

Recall the definition of the generalized translation operator for the Gegen-
bauer expansions at (1.1). The reason that Tp(W2,) is called the generalized
translation operator lies in the property (2), since for d = 1 and xk = 0 the
property (2) agrees with (1.3).

Once the generalized translation operator is defined, we see that (3.6) expresses
the convolution of f*ﬁﬂg as an integral of one variable. For g € L(wjy, [-1, 1]),
its Gegenbauer expansion can be written as

C(s)
Ca(1)

A
o(t) ~ 12

n=0

1
O, where  gr=by [ g(s)ZTun(s)ds
since the L%(wy, [—1,1]) norm of C is equal to C}1)\/(n + A). Hence, it
follows from the property (2) of Proposition 3.4 that

A

projat(f x5, g) = G, projut f,

which is the analog of the familiar property m = f g of the ordinary
convolution. The convolution +2 ., also satisfies several other properties of the
ordinary convolution. For example it satisfies Young’s inequality:

12



Proposition 3.5. For f € LY(W7,) and g € L"(wxy; [—1,1]),

1f % 9llwz, o < 1Flwz, gl

wherep,q,r > 1, p~" =r'+q ' =1 and |||, » denotes the L" (wxy,, [—1,1])
norm.

This follows from Proposition 3.1 and Young’s inequality for %, , in [37].

3.3 Generalized translation operator for the classical weight Wf.
Recall the integral formula (1.1) of the generalized translation operator for
the weight function wy. In the case of the classical weight function Wf in
(1.8), it is possible to give an integral formula for the generalized translation
operator in the same spirit.

To see how such a formula may look like, we turn to a further relation between
functions on B? and those on S4™™, where m is a positive integer. For f(x)
on B, define F(z,2') = f(z) on R*™™. Then

Joaen F@)0) = [ F)(1 = fa])

As shown in [34], this relation preserves orthogonal structure. This suggests a
relation between Ty(W,7; f) on B¢ and the ordinary spherical means Ty f on
Sdtm similar to the one in Proposition 3.3 (which is the case m = 0). On the
other hand, the spherical means is given by the formula (1.10). Hence, it is
possible to derive a formula for Tg(WHB; f) from that of spherical means. It is
this heuristic argument that suggests the following formula.

Let I denote the d x d identity matrix and define the symmetric matrix

Alx) = (1 - H:IZ‘HQ)[ + 2Tz, r=(x1,...,2q),

T T

where x* is the transpose of x (z' is a column vector). In the following, we
take u € R? as a row vector. For u € R?, the inequality 1 — uA(z)u?l > 0
defines an ellipsoid in R? (see below).

Theorem 3.6. For Wf in (1.8) on B?, the generalized translation operator
15 given by

d—1
TWE: f.2) = A, (T 2]P) 39
9 i 0 ]_ — 2 > 1 — A T 'u_ld ’
8 /uA(x)uT<1 f <COS T+ sin ||._'L'|| u ( u (l’)u ) U

where A, =1/ [pa(1 — ||2||*)*~"dx is the normalization constant for W7, 5.

13



Proof. Although the explicit formula of V,” is known for W7, it does not seem
to be easy to verify the defining formula (3.6) directly. Instead, we will verify
the property (2) of Proposition 3.4. In other words, let T; f denote the right
hand side of (3.9); we show that T f = f for all f € VI(W7). It is known
that one basis of V(W) consists of functions of the form CrA=D72((3 y)),
y € S ([33]). Hence, it is sufficient to show that

Cﬁ+(d—1)/2(cos 0) C“+(d_1)/2(<x y)) y e s,

T*Cﬁ+(d_1)/2 x,y)) = [y
0 (( >) C}LLH_(d_I)/Q(l)

The matrix A(x) has eigenvalues 1 and /1 — ||z||? (repeated d — 1 times) and
it is symmetric. Hence, there is a unitary matrix U(x) such that

Alz) = U AU @), A dlag{ NCETETER \/1_|yxy\2}.

The columns of U(z) are the eigenvectors of A(x). In particular, the first col-
umn of U(z) is x/||z|| and the other columns of U(z) form an orthonormal
basis of the null space of z”z; that is, the other columns are mutually or-
thonormal and are also orthogonal to x. Changing variables u — uU(x) := v,
the quadratic form becomes

uA(z)u’ = vA(z)v" = v + /1 — ||z]|2(v3 + ... +0v2),

which suggests one more change of variables v — /1 — ||z|[2vD () :=

with
D(x) = diag{,h el 1, . 1} ,

so that the quadratic form becomes uA(x)u’ = ss”. Hence, the integral do-

main uA(z)u’ <1 becomes B? in s variables. Since U(z) is unitary, we have
du = dv = ds/(1 — ||z||?)Y/2. Consequently, we have

Ty O 02 ((w, y))
—a, [ CPUD2 (cosf(x,y) +sinB(s, yU(z)D(x))) (1 — ||s]|?)* ds,

Bd

where we have used the fact that (sD(x)U”(z),y) = (s,yU(z)D(x)). Since
the first column of U(x) is z/||z|| and U is unitary, the vector yU (z)D(x) has
norm

lyU(2)D(x)||* = yU(x) D*(z)U" (x)y
=yy" —yU(I — D(x))U"y" =1— (z,y)?,

as |ly|| = 1 and I — D? = diag{||=||,0,...,0}. Hence, using the formula

A /Bd Fl ) = [l|*)" de = bu+(d—3)/2/ Ftlyl (@ = 2=,
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which can be easily verified as the left hand side is invariant under the rotation,
we conclude that

Ty CEHEDR (g, y)) = bur(a—s)

1
Cﬂ”dl)/?( 0 inf/1— 2t> 1 — 2)rHA=3)/2q4.
< [ c cos Oz, y) +sin0y/1 — (z,9)%t) (1 - )

Using the product formula for the Gegenbauer polynomials finishes the proof.
O

For o = 0, the integral formula of Ty(W,; f) holds under the limit © — 0
and the integral domain becomes uA(x)u? = 1. This case has been studied
n [16]. See also [1] in which a generalized translation operator is defined for
the weight function 24, ;dw on S¢ = {z € S%: z441 > 0}, which is related to
Tp(W,; f), but no integral formula as above is given there.

If d =1, then A(z) =1 and 1 — u” A(x)u = 1 — u?. Hence, the formula for
Ty(W7; f,z) when d = 1 becomes

Te(Wf; f,x)=A4, u f (cos Ox 4+ sin0v'1 — x2 u) (1- UQ)“*ldu,
u|<1
which agrees with the formula of Tios9f(x) in (1.1).

Changing variables /1 — ||z|[?u = sD(z)U*(x), the proof of the theorem, gives
an alternative expression for Ty(W7; f).

Corollary 3.7. Let U(x) be a unitary matriz whose first column is x/||z|| and
D(z) = diag{\/1 — [|=||?,1,...,1}. For WF in (1.8),

ToWi ) = Aw [ (cost +5in0sD(@UT () (1= sy~ ds,

In the above formula we take  and s as row vectors in R?. Recall that the
first column of U(z) is z/||z|| and the other columns of U(x) are orthonormal
vectors that are orthogonal to x (that is, (z,£) = 0). Hence, we can write the
formula for Tg(Wf : f) as an explicit integral over B?. For example, in the case
of d =2,

1 (x1 —x V1I—=1|z|]2 0
Ulr) = — b and D(z) = Il
Ty T 0 1

In this case it is more convenient to use the polar coordinates x = r(cos ¢, sin ¢),
where r > 0 and 0 < ¢ < 2.

15



COI‘Ollary 3.8. Ford= 27 r = TLU/ with 13/ - (xllvxé) = (COS (b; sin (b);
Au/2 f (7" cos Oz + V1 — 12 sinfs;2' + sin952(—x’2,x’l)> (1— HSHZ)Mflds'
B

For d > 2 the formula of U(z) can be messy. For example, in the case d is
odd, we do not have a simple formula. On the other hand, there are simple
expressions of U(x) for d = 4,8, .... As examples, we give the formula of U(z)
for d = 3 and d = 4 below.

T1 T2 T3 T1 Ty T3 T4

Izl /z24ez ol

1+T2 1 Ty —T1 —T4 T3
T2 —x1 __ Z2%3 and T
x 2 2 Tl||T
I g el 12l | 2y 24 —a1 —ao
z3 LR
llz 1 ||| Ty —T3 T2 —I1

Using these one can write down the formula of Ty(W,,; f) as an explicit integral
over B,

An interesting problem is to find an integral expression for Tg(qu; f) with

respect to other weight functions. One should perhaps start with the case that
h, is given by the product weight function (1.5).

3.4 Modulus of smoothness, K-functional and best approximation.
Property (5) of Proposition 3.4 shows that the following definition of the
modulus of smoothness makes sense:

Definition 3.9. Let r > 0. Define
(1 T3 f ~ 3 (1= O (cos ) /O (1)) projit f.
n=0
For fe LP(WP,)), 1 <p<oo, or f € C(B?), define

w(f;t =su
(f )W,iB’H,p HSE)

(1-Tw )"

W .p

Because of Proposition 3.4, this modulus of smoothness is related to the mod-
ulus wy(f;t)s,up, defined in (2.8) but associated with h, ,. In fact, we have

w(f;t)W,fu,p = wT(F;t)H,M,p’ F($,$d+1) = f([E) (310)

Consequently, properties of w,(f;t)ws , can be easily obtained from those of
Wy (f5t)sup (see Proposition 3.6 of [37T).
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Proposition 3.10. The modulus of smoothness w,(f;t)wgp, , satisfies:

(1) wrgf;t)wpr —0ift—0;

(2) w(f;t)wp,, is monotone nondecreasing on (0,7);
(3) wr(f +9, t)qu,p < Wr(f; t)WEH,p + wr(gv t)W,EH,p;
(4) For0<s<r,
wr’(f’ t)WNB:Wp S 2[(r—s+1)/2}ws(f; t)WHB,H,p;
(5) If (=DE )" f e LP(WE,), k € N, then for r > 2k

Wr(f§ t)W,QM,p < Ct%wr—%((_DE,y)kf; t)W,?

“muP’

To justify the definition of this modulus of smoothness, we show that it is
equivalent to a K-functional, defined using the differential-difference operator
associated with W2, (see (3.3)). Let

WEWE) = {f e’ (Wp,): (=DE,y"*f e L"(WE,)},

where the fractional power of Dﬁi ., on fis defined by
(—Dfu)’”ﬂf ~ Z(n(n + 2\, + 2/1))7"/2 projrt f, f e LP(W,EM).
n=0
The K-functional between LP(W2,) and WP(W 2 ) is defined by
K. (fit)ws, p = inf {Hf —9lwz,p+ tTH(_DEﬂ)TﬂgHW,EWp} ,
where the infimum is taken over all g € W2(W2 ).
Theorem 3.11. For f € LP(W})), 1 <p < oo,
Clw?"(f; t)W,EH,p < Kr(f; t)W,!fu,p < ngr(f; t)W,QH,P‘
Proof. Again let F'(z,24+1) = f(x). Denote by K,(F';t),,., the K-functional
defined in (2.9) but with respect to the weight function h? ,. Because of (3.10)

and the equivalence between K, (F;t), ., and w,(F;t). ., (see Theorem 2.1),
we only need to show that K, (f;)wz, , = Kr(F51)kpup

It follows from (3.2) that [|AyGF|lxup = HDguf”Wfpr' Hence,

K (f; t)W,g#,p = inf {HF — Gellwup + tT”AZ:gge”H,u,p} = K7 (F5 0w pps

where the infimum is taken over all g(z,zq1) € WP(hZ ) that are even in
Tg11. BEvidently, K} (F;t)uup > K (F;t)up. To complete the proof we show
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that K = K,. For any ¢ > 0, fix a g € WZ(WP ) such that
Ko (Ft) ey 2 |1 F = gllwpp +171| — Az:()gumu,p — &

Since h,, corresponds to G X Z,, the spherical Laplacian AZ:‘O‘ commutes
with the sign change in x4,1. Consequently, setting g.(z, z411) = [g(2, T4:1) +
9(w, —x441)]/2, so that g, is even in x4y, it follows that [[AGgellxuy <
A9 lkup- This and the fact that [|[F' — gellepp < |F — gllapp, as F is
even in zq41, show that K¥(F;t). ,up < K (F;t),up+¢. As e > 0 is arbitrary,
the proof follows. O

One immediate consequence of the above equivalence is the following prop-
erty of the modulus of smoothness, which does not follow trivially from the
definition of w,(f; t)W,f’wp but it is clear for the K-functional.

Corollary 3.12. For f € LP(W})), 1 <p < oo,

wr(f,0t)wp, , < ¢ max{l,6"tw.(f, Dwe, ,

The direct and the inverse theorems for the best approximation by polynomials
in LP (W,fu) is characterized in [37] by the K-functional. The equivalence in
Theorem 3.11 allows us to state the characterization in terms of the modulus
of smoothness.

Theorem 3.13. For f € LP(W})), 1 <p < o0,

En(f)Wgu,p S er(f; n_l)WBiwp‘

K

On the other hand,

wo(fin wep < en™ Y (k+ 1) Eu(fws, -
k=0

Finally, let us mention that, by (3.4), (3.8) and (2.4),

n+)‘+:U’C/\+,u
Ap "

proj, , f = f*gu Dn,s where pa(t) = (t).

Hence, all summation methods of orthogonal expansions with respect to qu
can be written in the form of f *E} . gr, where g, is the same summation method
applies to the Gegenbauer series evaluated at point ¢ = 1. Since Tg(qu; ),
thus w,(f; t)WHEpr, is defined in terms of f *ﬁ .. 9> the modulus of smoothness
is a convenient tool for studying the summability of orthogonal expansions
on BY. For various results on the summability of orthogonal expansions with

respect to wa see [14,20,34,37,38] and the references therein.
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4 Generalized translation operator and Approximation on 7

Recall the weight function W, defined in (1.7), in which h, is a weight
function invariant under a reflection group Gy and even in each of its variables.
That is, h, is invariant under the semi-product of a reflection group Gy and
the abilian group Z4.

The definition of LP(W[,), 1 < p < oo, is similar to the case of W7,. The
notions such as the space of orthogonal polynomials Vd(WT ) and the repro-

ducing kernel P, (W, ;x,y) are also defined similarly as in the case of W0,

4.1 Background. Elements of V¢ (WHT ,.) are closely related to the orthogonal
polynomials in V§ (W2 ). Let us denote by 1 the mapping

Ky
Vi (xy,...,1q) € BY s (22,...,22) € T¢
and define (f o ¥)(zy,...,2q) = f(2%,...,27%). The elementary integral

/f(xf,...,xi)dx:/ f(xl,...,xd)dix. (4.1)
Bd Td

xl..-xd

shows that || fllwz,, = |f o ¢llwg,,. The mapping R — P given by
Pon(z) = (R,09)(z) € B! (4.2)

is a one-to-one mapping between R,, € VH(W,! ) and Py, € V3, (W2 ;Z3), the
subspace of polynomials in Vgn(W,f#) that are even in each of its variables
(invariant under Z4). In particular, applying DWNBH on P, leads to a second
order differential-difference operator acting on R,. We denote this operator
by Df’u. Then ([35])

DI R=—-n(n+A+pR,  ReVIW]), (4.3)

For the weight function (1.9), the operator is a second order differential oper-
ator, which takes the form

32 0*P d 1 oP
le W—z > wig et ((mhg) ) g

1<i<j<d i=1

(recall ;1 = Kkqq1 in this case). This is classical, already known in [4] at least
for d = 2 (see also [15, Chapt. 12]).

In the following, we also denote by proji* : L*(W[ ) — V(W) the orthog-
onal projection operator. For f € L2(W7: ), it can be written as an integral

projp’ f(z) = ax,, /Tdf( VP (Wi, )WL (y)dy,
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where P,(W[ ;z,y) is the reproducing kernel of V(W ). The relation (4.1)

implies, in particular, that ([35])

P(Wgy7 T,y d ZPQH( ropr L / 5y1/2) (44)

e€Zd

where /2 = (\/Z1,...,/Zq) and eu = (gqu1,...c4uq). We define a useful

operator, VKTM, acting on functions of d + 1 variables,

VHT F(z,2441) 20 Z F(ex,z441). (4.5)

e€Zd

The definition of VT is justified by the following fact: Let p(®#(¢) denote the
orthonormal Jacobi polynomlal of degree n associated to the weight function
wap(t) = (1 —1)*(1 +t)% on t € [—1,1]. Using the relation

Con(t) = pi 27D (Mp 27V (27 - 1), (4.6)

we can write the reproducing kernel P,(W? :x

i T Y y) as

1

PW sz,y) = pi P ()7

Ky

where X1/2 = (\/T,...,\/x_d,\/1—|w|).

4.2 Generalized translation operator. The operator VHT,M is used to define
a convolution operator on T%:

Definition 4.1. For f € L'(W[,) and g € L' (wx, 1,; [—1,1]), we define

(F 7, )(@) = ax, /} PV [o (20072 57— 1)] (VT ().

Recall that |z] = z1 4 ...+ x4. Using (4.1), it is not hard to show that fx. , g
is related to the convolution structure f«7, g on B? ([38]):

Proposition 4.2. For f € L'(W/,) and g € L' (wxy,;[—1,1]),

((fxfag)ov) (@) = ((fow)«2, g2{} = 1)) (2).

The generalized translation operator associated with Wg . 18 again defined
implicitly in terms of the convolution structure.
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Definition 4.3. For f € Ll(W,z:u), the generalized translation operator

To(W,L,; f) is defined implicitly by
b [ To(WEi £ )g(cos 20)(sin 00 = (f +F, ) (@), (47)

where X = A, for every g € L*(wy1,).

The definition of VKT,# ensures that the generalized translation operator on T
is related to the one on B?. This also shows that the operator To(W,. ; f) is
well-defined.

Proposition 4.4. For each x € T, Ty(W] ;
L> function in 0. Furthermore,

(To (Wi f)ow) (@) =TyWhifov,x), xeT’  (48)

fyx) is a uniquely determined

The proof follows from the definition and the elementary formula cos26 =
2 cos? f — 1; see [38]. This relation allows us to derive properties of Ty(W I W)

Proposition 4.5. The generalized translation T@(Wgﬂ;f) satisfies the fol-
lowing properties:

(1) Let fo(z) =1, then Ty(W,}; fo, ) =
(2) For f € Ll(W,SM),

. PAt1=1/2,21/2) (cos 20)
pI'OJn’”T9< n/uf) P)\F"—HL 1/2, 1/2)<1) pr Jn f

(3) Ty(W[,) : 1% = TI¢ and

0 pOetn=1/2,-1/2) (cos 20)
T .
(Wn NT3 f) Z npr(L)\N+'u71/2’71/2)(1) pr .]n f

n=0

(4) For0<0<m,
0 S
oW f) = f =2 [ (sins) ™ %as [ T(W,: DL, f)(sint)> 2t

(5) For f € LP(WEM), 1<p<oo,orfeC(T,

1T (Wi Dllwz,p < fllwz,p  and I [Ty (W ) = fllwz,, = 0.

Proof. The property (1) is an easy consequence of (4.8) and the property (1)
of Proposition 3.4. Let f € V,(W[,). Then f ot € Vo, (W?P,). Hence, by
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Proposition 3.4,

Cor(cos 0)

To( Kﬂ,fatl,..., 73) = Ty( Hu;fodjx) C/\”—W()

(f o) ().

This proves the properties (2) and (3) upon using the relation (4.2). Let f =
> xRy, Ry € V(W) By (42), P=Ro1 € V,(W2,). Then

(DE,f) ot =—=>" cuk(k + A+ p) Ry 0 1) (4.9)
= 2713 " 4 2k(2k + 2\, + 2p) Pax
27> D P =27'DP (f o),

from which (4) follows from the property (4) of Proposition 3.4. Finally, a
change of variables z — 1(x) shows that

ITo (Wi Dllw, o = 1To(Wiyi ) o Wllws, , = ITo(W,i f o )llwe, .

which is less than or equal to ||f o ¢[lwz, , = [|fllwz, , by the property (5) of
Proposition 3.4. 0

Using the relation to Tp(W,; #, ; f), we can derive from Theorem 3.6 an integral
formula for Tp(WT; f), where WT(z) = (21---xq) /*(1 — |z])*~'/2. One in-
teresting question is to find such a formula for the classical weight function

W in (1.9).

In the case of d = 1 and G = Z4, the weight function W, , becomes the Jacobi
weight function w,, ,(t) = 2°7#¢%(1—t)" on [0, 1] (see (1.9)), whose correspond-
ing orthogonal polynomials are P{"*)(2t — 1). The orthogonal expansion of f
in Jacobi polynomials is defined by

F0 ~ X DA, where an(f) = cas [ FD (s

and ¢ )y = J' wa 5(s)ds. The usual generalized translation operator, Syf(t),
for the Jacobi expansion is an operator defined by ([3])

o0

So.f(t) Z D (cos O)plP)(t).

We should emphasis, however, that the operator Sy f is different from the case
d = 1 of the generalized translation operator Ty(W, u’ ; f). Even in the case
of a = A+ pu—1/2 and f = —1/2, they are different as can be seen from
Proposition 4.5. The convolution structure of the Jacobi expansions defined
via Sy has a natural extension to the product Jacobi weight functions on the
unit cube [—1,1]%. The convolution structure defined above works for W, on
the simplex.
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4.3 Modulus of smoothness, K-functional and best approximation.
We can also define a modulus of smoothness on 7% using the generalized
translation operator; that is, for r > 0, define

rldiOwz,p 1= SR NI Vey) = ISl o

Evidently it is related to the modulus of smoothness on the unit ball B¢. The
following relation follows immediately from Proposition 4.4 and (4.1).

Proposition 4.6. For f € L'(W[ ),

wr(fithwr, p=we(fotit)ws, p

K

Properties of w,(f; t)WE,u,p can be derived from the corresponding ones of w,.(fo
Y, t)WnEfwP in Proposition 3.10. We will not write these properties down. The
modulus of smoothness w,(f ;t)qu,p is also equivalent to the K-functional
K.(fit)wr, , defined in [37]. The definition is exactly the same as the one for

B
W
K, (fihwr,p =t {[If = gllwr,» + "1 (DL *glwr, 0}

where the infimum is taken over all g € WP(W ). The space W2(W ) is
defined as its counterpart on B¢.

Theorem 4.7. For f € LP(W/! ), 1 <p < oo,

aw (fiOwr, p < Ko([iwr, p < cwr ([ wr, p-

Proof. Because of Proposition 4.6 and Proposition 3.11, it suffices to show
that

Ko (fihwr,p = Ko (f 005 20)wp, .
By (4.9) and (4.1)
Ko(fithwz,p =t {|[f 0¥ — g o vllws, , + 24 (=DE,) (g0 v)]
r\JH>UWT .p 11; w g WEB,.p Koyl g w WE,.p
= inf {[If 0¥ — gollwz,» + 20 1(=D2,) g0l }
= K:(fow;t)w,fu,p7

where the infimum is taken over all g such that go = g o € WP (qu)' The
definition clearly shows that

Kr(f; t)W,zjwp = K:(fa t)WNB,u,p > KT(f © @D; 2t)l/lf,fu,za'
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We prove that the reverse inequality holds. For any § > 0, fix a g € WP(WP))
such that

K (fi20wz,p = |f = gllwe,o + 2 1(=D7) gllwe,» — 6.

R,

Let go(z) =274 Yeezd R(e)g(x), where R(e)g(z) := g(ex) for € € Z4. Then gq
is even in each of its variables. We claim that R(¢)DF, = DP ,R(e). Indeed,

since h, is even for each of its variables, it is invariant under Z¢, so that
R(e)A, = A R(e) and, furthermore,

(r,V)R(e)g(x) = Y wmieidig(ex) = R(e)(x, V)g(x),
the claimed equality follows from the definition of Dg .- It follows that
I(=DZ) gollwz,» < 273 (=D2 ) *R(E)gllwe, » < (D7) 2gllws, -
Clearly, we also have
1fov—gollwe,, 27D If ot = R(e)gllwz,p = lf 0¥ — gllwz, »-

Consequently, since go is even in each of its variables and go € WF(WP)), it
follows that

KX (fihwr,p < If = gollws, » + 270 1(=D2) 2 g0llws,
<\f = gllwp,»+ 27t 1(=DZ)?gllwp, »
S Kr(f7 Qt)ngwp + 6

Since 0 is arbitrary, this completes the proof. m

Again, the above equivalence allows us to state the following important prop-
erty of the modulus of smoothness.

Corollary 4.8. For f € LP(W]! ), 1 <p < oo,

wy ([, 6t)wr, p < ¢ max{l, " tw.(f, Dwr, p-

Furthermore, we can state the direct and the inverse theorems for the best
approximation by polynomials in L? (WHT ), given in terms of the K-functional
in [37], in terms of the modulus of smoothness.

Theorem 4.9. For f € LP(W]! ), 1 <p < oo,



On the other hand,

wo(fsn e < en™ Y (k+ 10 Bu(Hwr, -
k=0

Let us point out that in the case of d = 1, wT(f;t)Wg:u,p is a modulus of
smoothness for the Jacobi weight function w, , on [—1, 1]. However, it is dif-
ferent from the modulus of smoothness defined in the literature using the
generalized translation operator Sy (see, for example, [3,5] for r = 1). Using
the convolution structure, we can write

PrOjuy [ = f Xy s an(t) = pHHATYD (1)pet2m R )

Hence, all summation methods of orthogonal expansions with respect to W/fu
can be written in the form of f *E’ . gr, Where g, is the same summation method
applies to the Jacobi series with («, 5) = (A+p—1/2,—1/2). Consequently, the
modulus of smoothness can be used to study the summability of orthogonal
expansions on the simplex.
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