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Summary: These lecture notes provide an introduction to orthogonal polynomials of several
variables. It will cover the basic theory but deal mostly with examples, paying special attention
to those orthogonal polynomials associated with classical type weight functions supported on
the standard domains, for which fairly explicit formulae exist. There is little prerequisites for
these lecture notes, a working knowledge of classical orthogonal polynomials of one variable
satisfies.
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1. INTRODUCTION

1.1. Definition: one variable vs several variables. Let y be a positive Borel
measure on R with finite moments. For n € Ny, a nonnegative integer, the number
i = g t"dp is the n-th moment of du. The standard Gram-Schmidt process
applied to the sequence {u,} with respect to the inner product

(f. ) = / F(t)g(t)dut)

of L?(du) gives a sequence of orthogonal polynomials {p,}2,, which satisfies
(Pn, Pm) = 0, if n # m, and p,, is a polynomial of degree exactly n. The orthogonal
polynomials are unique up to a constant multiple. They are called orthonormal
if, in addition, (p,,p,) = 1, and we assume that the measure is normalized by
fR dp = 1 when dealing with orthonormality. If du = w(t)dt, we say that p,
are associated with the weight function w. The orthogonal polynomials enjoy
many properties, which make them a useful tool in various applications and a
rich source of research problems. A starting point of orthogonal polynomials of
several variables is to extend those properties from one to several variables.



ORTHOGONAL POLYNOMIALS OF SEVERAL VARIABLES 137

To deal with polynomials in several variables we use the standard multi-index

notation. A multi-index is denoted by o = (a,...,a4) € Nd. For a € Ng and
2 € R? a monomial in variables z1,...,zq of index « is defined by

% =t at
The number |a| = a; + -+ + a4 is called the total degree of z®. We denote

by P¢ .= span{z® : |a| = n,a € NZ} the space of homogeneous polynomials of
degree n, by 119 := span{z® : |a| < n,a € N&} the space of polynomials of (total)
degree at most n, and we write [1 = R[xy, ..., z4] for the space of all polynomials
of d variables. It is well known that

-1
rd = dimP? = (n—i—d ) and dimTI% = (n—i—d)‘
n n

Let i be a positive Borel measure on R? with finite moments. For o € N¢, denote
by fia = [ *dp(x) the moments of . We can apply the Gram-Schmidt process
to the monomials with respect to the inner product

b= [ adgte)into)

of L*(du) to produce a sequence of orthogonal polynomials of several variables.
One problem, however, appears immediately: orthogonal polynomials of several
variables are not unique. In order to apply the Gram-Schmidt process, we need
to give a linear order to the moments pu, which means an order amongst the
multi-indices of NZ. There are many choices of well-defined total order (for ex-
ample, the lexicographic order or the graded lexicographic order); but there is
no natural choice and different orders will give different sequences of orthogonal
polynomials. Instead of fixing a total order, we shall say that P € TI¢ is an
orthogonal polynomial of degree n with respect to dyu if

(P,Q) =0, VQ € TIY with deg@ < deg P.

This means that P is orthogonal to all polynomials of lower degrees, but it may
not be orthogonal to other orthogonal polynomials of the same degree. We denote
by V¢ the space of orthogonal polynomials of degree exactly n; that is,

Vi{pPcll!: (P,Q)=0, VQell’ 1. (1.1)

If 1 is supported on a set {2 that has nonempty interior, then the dimension of
V4 is the same as that of P¢. Hence, it is natural to use a multi-index to index
the elements of an orthogonal basis of V9. A sequence of orthogonal polynomials
P, € V¢ are called orthonormal, if (P,, Ps) = 0, 5. The space V¥ can have many
different bases and the bases do not have to be orthonormal. This non-uniqueness
is at the root of the difficulties that we encounter in several variables.

Since the orthogonality is defined with respect to polynomials of different degrees,
certain results can be stated in terms of V¢, V¢, ... V2 ... rather than in terms of
a particular basis in each V4. For such results, a degree of uniqueness is restored.
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For example, this allows us to derive a proper analogy of the three-term relation
for orthogonal polynomials in several variables and proves a Favard’s theorem.
We adopt this point of view and discuss results of this nature in Section 2.

1.2. Example: orthogonal polynomials on the unit disc. Before we go on
with the general theory, let us consider an example of orthogonal polynomials
with respect to the weight function

2n+1
Wﬂ(x7y> - 27T

on the unit disc B = {(z,y) : * + y*> < 1}. The weight function is normalized
so that its integral over B? is 1. Among all possible choices of orthogonal bases
for V¢, we are interested in those for which fairly explicit formulae exist. Several
families of such bases are given below.

(]‘ - ‘7“2 - y2)u_1/27 w > _1/27 ([E,y) € B27

For polynomials of two variables, the monomials of degree n can be ordered by
{z", a2y, ... xy" ! y"}. Instead of using the notation P,, |a| = |y + as| = n,

to denote a basis for V2, we sometimes use the notation P} with £ =0,1,...,n.

The orthonormal bases given below are in terms of the classical Jacobi and Gegen-
bauer polynomials. The Jacobi polynomials are denoted by P,Ea’b), which are or-
thogonal polynomials with respect to (1 — z)%(1 + x)® on [—1,1] and normalized

by Péa’b)(l) = ("), and the Gegenbauer polynomials are denoted by C;, which

are orthogonal with respect to (1 — 22)*~1/2 on [~1,1], and

Co(@) = ((2\)n/ (A +1/2),) BO2212 (),
where (¢), = c(c+1)...(c+n —1) is the Pochhammer symbol.

1.2.1. First orthonormal basis. Consider the family

n ktpt g 24 Yy
P (2, y) = hy O Q(x)<1—x)zcg(—), 0<k<n,
) n /1—1'2

where hy,,, are the normalization constants.

Since C})(z) is an even function if k is even and is an odd function if k is odd,
P} are indeed polynomials in TI2. The orthogonality of these polynomials can be
verified using the formula

1 V1—z2
f(a,y)dedy = / / f(x,y)dedy
—1J-V1-z2

_ /11 /11 VT = 2OV = Pdudt.

BQ
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1.2.2. Second orthonormal basis. Using polar coordinates x = rcosf, y = rsin,
we define

“Lggipd=2 , ‘ _
P PYTE T (002 1) cos(n - 2))0,  0<2j <n,
_Lggjyd=2 o . .
hZQPj(H 3n—25+%5 )(27,2 . 1)7,,71—2] SIH(TL . 2‘])07 0 S 2] S " — 17
where A, are the normalization constants.

For each n these give exactly n+1 polynomials. That they are indeed polynomials
in (z,y) of degree n can be verified using the relations r = ||z|

cosmb = Ty, (x/||z]]), and sinmf/sind = U,,_1(x/|z]]),

where 7T, and U,, are the Chebyshev polynomials of the first and the second
kind. The orthogonality of these polynomials can be verified using the formula

1 27
fz,y)dxdy = / / f(rcosf,rsin@)ddrdr.
B2 o Jo

1.2.3. An orthogonal basis. A third set is given by

k k
T W), 0<k<n.

pr :C,u+1/2< :
"z, y) s xcosn+1—i—ysmn+1

In particular, if ;4 = 1/2, then the polynomials

1 km km
Pn ) - n( I >7 <k< )
v (x,y) ﬁU a:cosn+1+ysmn+1 0<k<n

form an orthonormal basis with respect to the Lebesgue measure on B2. The
case u = 1/2 first appeared in [22] in connection with a problem in computer
tomography.

1.2.4. Appell’s monomial and biorthogonal bases. The polynomials in these bases
are denoted by V;* and U} for 0 < k < n (cf. [2]). The polynomials V;* are defined
by the generating function

[e.e]

(1= 2(byw + bay) + [IBIP) 72 =D 05 Vi (@, y), b= (b, ba),

n=0 k=0

and they are called the monomial orthogonal polynomials since
Vi, y) = 2" F + q(,y),
where ¢ € TI2_,. The polynomials U are defined by

L OF gnk 9

Uﬂ%y%=ﬂ—w”—fY“5&¢&FIU—f — Pyl
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Both V;™ and U} belong to V2, and they are biorthogonal in the sense that

/32 Vk”(%y)Uf(it,y)Wu(;p’y) =0, s

The orthogonality follows from a straightforward computation of integration by
parts.

1.3. Orthogonal polynomials for classical type weight functions. In the
ideal situation, one would like to have fairly explicit formulae for orthogonal poly-
nomials and their various structural constants (such as L?norm). The classical
orthogonal polynomials of one variable are good examples. These polynomials
include the Hermite polynomials H,, () associated with the weight function et
on R, the Laguerre polynomials L%(t) associated with t*¢~* on Ry = [0, 00), and
the Jacobi polynomials P{*" (t) associated with (1 —¢)*(1 +¢)” on [—1,1]. Up
to an affine linear transformation, they are the only families of orthogonal poly-
nomials (with respect to a positive measure) that are eigenfunctions of a second
order differential operator.

One obvious extension to several variables is using tensor product. For 1 < j <d
let w; be the weight function on the interval I; C R and denote by p,, ; orthogonal
polynomials of degree n with respect to w;. Then for the product weight function

W(z) = wi(xy) ... wa(zq), xelp x...x 1,

the product polynomials P,(z) = szl Pa,,j(z;) are orthogonal with respect to
W. Hence, as extensions of the classical orthogonal polynomials, we can have
product Hermite polynomials associated with

W (z) = e"'”HQ, r € RY,

product Laguerre polynomials associated with

WEh(z) = are 1o, zeRL, k> -1,
the product Jacobi polynomials associated with
d
Wap(z) = [J(1 =2+, ze[-1,1]% b > -1,
i=1

as well as the mixed product of these polynomials. Throughout this lecture, the
notation |z|| stands for the Euclidean norm and |z| stands for the ¢-norm of
2 € R The product basis in this case is also the monomial basis. There are
other interesting orthogonal bases; for example, for the product Hermite weight
function, another orthonormal basis can be given in polar coordinates.

More interesting, however, are extensions that are not of product type. The
geometry of R? is rich, i.e., there are other attractive regular domains; the unit
ball B¢ = {z : ||z|| < 1} and the simplex T¢ = {z € R : 21 > 0,...,14 >
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0,1 — |z| > 0} are two examples. There are orthogonal polynomials on B? and
on T for which explicit formulae exist, and their study goes back at least as far
as Hermite (cf. [2] and [11, Vol. 2, Chapt. 12]). The weight functions are

Wi(e) = (1 —[lz[*12,  zeB!  u>-1/2

and

ni71/2(1 _ ’x|)lid+1*1/2’ T € Td7 K; > —1/2

d
Wl (z) = [ |
i=1

In both cases, there are explicit orthonormal bases that can be given in terms
of Jacobi polynomials. In Section 4 and 5 we discuss these two cases and their
extensions.

There is no general agreement on what should be called classical orthogonal poly-
nomials of several variables. For d = 2 Krall and Sheffer [18] gave a classifica-
tion of orthogonal polynomials that are eigenfunctions of a second order partial
differential operator, which shows that only five such families are orthogonal
with respect to a positive measure: product Hermite, product Laguerre, product
Hermite-Laguerre, orthogonal polynomials with respect to Wf on the disc and
with respect to W on the triangle T?. Clearly these families should be called
classical, but perhaps equally entitled are product Jacobi polynomials and a score
of others.

1.4. Harmonic and h-harmonic polynomials. Another classical example of
orthogonal polynomials of several variables is the spherical harmonics. The
Laplace operator A on R? is defined by

A=t 1O,

where 0; = 0/0x;. Harmonic polynomials are polynomials that satisfy AP = 0,
and spherical harmonics are the restriction of homogeneous harmonic polynomials
on the sphere S?~!. Let H¢ be the set of homogeneous harmonic polynomials of
degree n; HS = P4 Nker A. Tt is known that

PecH?  ifand only if / PQdw =0, VYQ eIl degQ <n,
Sdfl

where dw is the surface measure of S%'. An orthonormal basis for spherical
harmonics can also be given in terms of Jacobi polynomials. The fact that the
Lebesgue measure dw is invariant under the orthogonal group O(d) plays an
important role in the theory of spherical harmonics.

An important extension of harmonic polynomials are the A-harmonics introduced
by Dunkl [7], in which the role of the rotation group is replaced by a reflection
group. The h-harmonics are homogeneous polynomials that satisfy A, P = 0,
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where Ay, is a second order differential-difference operator. This h-Laplacian can
be decomposed as

Ay, =D +...+D3,
where D; are the first order differential-difference operators (Dunkl’s operators)
which commute, that is, D;D; = D;D;. The h-harmonics are orthogonal with
respect to h%dw where h is a weight function invariant under the underlying
reflection group. Examples include h(z) = H?:1 |z;|% invariant under Z¢ and

h(z) = [1,;.; lzi — x;|* invariant under the symmetric group.

It turns out that there is a close relation between orthogonal polynomials on the
sphere and those on the simplex and the ball. The classical examples of orthog-
onal polynomials on these two domains can be derived from the corresponding
results for h-harmonics associated to the product weight function Hle |z;|". We
discuss h-harmonics in Section 3, giving special emphasis to the case of prod-
uct weight function since it can be developed without prerequisites of reflection
groups.

1.5. Fourier orthogonal expansion. Let u be a positive measure with finite
moments such that the space of polynomials is dense in L?(du). Let P, be a
sequence of orthonormal polynomials with respect to du. Then the standard
Hilbert space theory shows that every f € L?(du) can be expanded in terms of
P, as

f(@) =" aa(f)Palz)  with  aa(f) = Rdf(x)Pa(:c)du(x)- (1.2)

aENg

This is the Fourier orthogonal expansion. Just as the case of the classical Fourier
series, the expansion does not hold pointwisely in general if f is merely a contin-
uous function. We define the n-th partial sum of the expansion by

Su(f;2) = aa(f)Palx) = | WK, y)duy).

where the first equation is the definition and the second equation follows from
the formula for a,(f), where

Kn($,y) = ZPk<I7y) with Pk(x>y> = Z Pa($>Pa(y);

|al=k

the function K, (z,y) is the reproducing kernel of the space I1¢ in the sense that
[ K, (z,y)P(y)du(y) = P(z) for all P € II¢, and the function P,(z,y) is the
reproducing kernel of the space V2. In particular, the definition of the kernels
and thus S,(f) are independent of the choices of particular orthonormal bases.
As an application, we discuss the convergence of Fourier orthogonal expansions

for the classical type weight functions in Section 7.



ORTHOGONAL POLYNOMIALS OF SEVERAL VARIABLES 143

1.6. Literature. The main early references of orthogonal polynomials of several
variables are Appell and de Fériet [2], and Chapter 12 of Erdélyi et. al. [11],
as well as the influential survey of Koornwinder on orthogonal polynomials of
two variables [15]. There is also a more recent book of Suetin [30] on orthogonal
polynomials of two variables, which is in the spirit of the above references. We
follow the presentation in the recent book of Dunkl and Xu [10]. However, our
main development for orthogonal polynomials with respect to the classical type
weight functions follows a line that does not require background in reflection
groups, and we also include some more recent results. We will not give references
to every single result in the main body of the text; the main references and the
historical notes will appear at the end of the lecture notes.

2. GENERAL PROPERTIES

By general properties we mean those properties that hold for orthogonal polyno-
mials associated with weight functions that satisfy some mild conditions but are
not any more specific.

2.1. Three-term relations. For orthogonal polynomials of one variable, one
important property is the three-term relation, which states that every system
of orthogonal polynomials {p,}22, with respect to a positive measure satisfies a
three-term relation

2P () = aypras1 () + bppn() + cupn_1(z), n >0, (2.1)

where p_1(z) = 0 by definition, a,, b,, ¢, € R and a,c,,1 > 0; if p, are orthonor-
mal polynomials, then ¢, = a,_;. Furthermore, Favard’s theorem states that
every sequence of polynomials that satisfies such a relation must be orthogonal.

Let {P, : @ € NI} be a sequence of orthogonal polynomials in d variables and
assume that {P, : |a| = n} is a basis of V4. The orthogonality clearly implies
that z;P,(x) is orthogonal to all polynomials of degree at most n — 2 and at
least n + 2, so that it can be written as a linear combination of orthogonal
polynomials of degree n — 1,n,n 4 1, although there are many terms for each of
these three degrees. Clearly this can be viewed as a three-term relation in terms
of V4_, V3 vé . This suggests to introduce the following vector notation:

Pa(r) = (P20l = (Pai (@), . Py ()7 = Gux" 4 ...,

where al),... a™) is the arrangement of elements in {a € N : |a] = n}

according to the lexicographical order (or any other fixed order), and x" =
T‘d . . .

(xa(l), e ,xa< ”))T is the vector of the monomials of degree n; the matrix G,

of size 7% x ré is called the leading coefficient of P,,, and it is invertible. We note
that if S is a nonsingular matrix of size |a|, then the components of SP,, are also
a basis for V2. In terms of P,, we have the three-term relation:
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Theorem 2.1. Let P, be orthogonal polynomials For n > 0, there exist unique

matrices Ay ;i rd xrd B ird xord, and CT crd xord | such that

P, = An,i]Pn—i-l + Bn,iPn + Cn,i]P)n—h 1<:< da (22)
where we define P_; =0 and C_,; = 0. If P, are orthonormal polynomials, then
C AZ 12

Proof. Looking at the components, the three-term relation is evident. The co-
efficient matrices satisfy A, ;H,11 = [ 2P, Pn+1du, B,.H, = [P, PTdyu, and
A, H,1 =H, cr i1 Where Hy, = f[P’ PTdy is an invertible matrix. Hence the
coefficient matrices are unique. If P, are orthonormal, then H, is an identity
matrix and C,,; = AT [ |

n—1,2°

For orthonormal polynomials, A,; = f a:iIP’nIP’ZHd,u and B,; = f xi]Pn]P’Zd,u,
which can be used to compute the coefficient matrices.

Ezxample. For the first orthonormal basis on the unit disc in the previous section,

we have
aO,n Q O
Q1.n 0
Bn,l = Bn,2 = 07 An,l = . R )
O Ann O
and

€o,n dO,n O 0

Cin €1n dl,n

Cn—1n dn—l,n 0

O Cnyn €nn dn,n

where the coefficients can all be computed explicitly.

For d = 1 the relation reduces to the classical three-term relation. Moreover, let
A, = (AT,]...|AL )" denote the joint matrix of A1, ..., Ay 4, then the following
is an analog of the condition a,c,.1 > 0:

Theorem 2.2. Forn > 0 and 1 <i <d, rank A,,; = rank Cn+1 i = rfﬁ. Moreover,
for the joint matriz A, of A,; and the joint matriz CI of C m,

rank A, = Tn+1 and rank Cgﬂ f~f+1-

Proof. Comparing the leading coefficients of the both sides of (2.2) shows that
A, :Gni1 = Gy Ly i, where L, ; is the transformation matrix defined by me”“ =
x;x", which implies that rank L,,; = TZ. Hence, rank A, ; = rfll as (G, 1s in-

vertible. Furthermore, let L, be the joint matrix of L, 1,...,L,4. Then the
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components of L,x"™ contain every 2%, |a| = n + 1. Hence L,, has full rank,
rank L,, = 7‘2 +1- Furthermore, A,,G, 41 = diag{G,, ..., G, }L, from which follows
that rank A, = r¢, ;. The statement on C}, and C follows from the relation

_ T
AwiHui1 = HCL u

Just as in the one variable case, the three-term relation and the rank conditions of
the coefficients characterize the orthogonality. A linear functional £ is said to be
positive definite if £(p?) > 0 for all nonzero polynomials p € I1¢. The following is
the analog of Favard’s theorem, which we only state for the case of C,,; = AT, ;
and P, orthonormal.

Theorem 2.3. Let {P,}>°, = {P2 : |a] =n,n € No}, Py = 1, be an arbitrary
sequence in I1%. Then the following statements are equivalent.

(1). There ezists a linear function L which defines a positive definite linear
functional on 1% and which makes {P,}°°, an orthogonal basis in I1%.

(2). Forn >0, 1<1i<d, there exist matrices A, ; and B, ; such that

(a) the polynomials B,, satisfy the three-term relation (2.2) with C,; = AL

n—1,27

(b) the matrices in the relation satisfy the rank condition in Theorem 2.2.

The proof follows roughly the line that one uses to prove Favard’s theorem of
one variable. The orthogonality in the theorem is given with respect to a positive
definite linear functional. Further conditions are needed in order to show that the
linear functional is given by a nonnegative Borel measure with finite moments.
For example, if £Lf = [ fdu for a measure p with compact support in (1) of
Theorem 2.3, then the theorem holds with one more condition

sup [[Ag;ill2 < oo and  sup||Bgill2 < oo, 1<i<d
k>0 k>0

in (2). The known proof of such refined results uses the spectral theory of self-
adjoint operators.

Although Favard’s theorem shows that the three-term relation characterizes or-
thogonality, it should be pointed out that the relation is not as strong as in the
case of one variable. In one variable, the coefficients of the three-term relation
(2.1) can be any real numbers satisfying a,, > 0 (in the case of orthonormal
polynomials ¢, = a,_1). In several variables, however, the coefficients of the
three-term relations have to satisfy additional conditions.
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Theorem 2.4. The coefficients of the three-term relation of a sequence of or-
thonormal polynomials satisfy
ApiAri1; = Ak Ak,
Ak,iBry1; + BiiArkj = B jAri + Ap j By,
A;}F_L,Ak—lg + By By j + Ak,iA;}F,j = Ag_LjAk—Li + By ; By, + Ak,jA;}F,p
fori#3,1<4,57<d, and k>0, where A_;; =0.

Proof. The relations are obtained from computing the matrices ﬁ(xixj]P’kIP’fH),
L(x;x;P,PL), and £(xiijP’k]P’f+1) in two different ways, using the three-term re-
lation (2.2) to replace z;IP,, and [P, respectively. [ |

These equations are called the commuting conditions. Since they are necessary
for polynomials to be orthogonal, we cannot choose arbitrary matrices to gen-
erate a family of polynomials satisfying the three-term relation and hope to get
orthogonal polynomials.

As an application, let us mention that the three-term relation implies a Christoffel-
Darboux formula. Recall that reproducing kernel K,,(z,y) is defined in Section
1.5.

Theorem 2.5. (The Christoffel-Darboux formula) For n > 0,
T
[AniPrs1(2)] Pu(y) — P () AniPoia ()

Ko (z,y) = , 1<i<d,
Ti —Yi
for x # vy and
K, (z,7) = PL(2) A, :0Ppi1(z) — [AniPrii (7)) P, (2).

The proof follows just as in the case of one variable. Note, that the right hand
side depends on 7, but the left hand side is independent of i.

2.2. Common zeros of orthogonal polynomials. If {p,} is a sequence of
orthogonal polynomials of one variable, then all zeros of p,, are real and distinct,
and these zeros are the eigenvalues of the truncated Jacobi matrix J,,.

by ao O
ag by ay
Jn = ..
Ap—2 bn—l Ap—1
O Ap—1 bn

where a,, and b,, are coefficients of the three-term relation satisfied by the or-
This fact has important applications in a number of

thonormal polynomials.
problems.
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The zero set for a polynomial in several variables can be a point, a curve, and
an algebraic variety in general — a difficult object to study. However, using the
three-term relation, it is possible to study the common zeros of P, (z); that is, the
common zeros of all P,, |a| = n. Note, that this means the common zeros of all
polynomials in V¥, which are independent of the choice of the bases. Throughout
this subsection we assume that {P,} is a sequence of orthonormal polynomials
with respect to a positive measure pu.

Using the coefficient matrices of the three-term relation (2.2), we define the trun-
cated block Jacobi matrices .J,,; as follows:

Boi Ao O
Af; B Au
Ini = RS - ,  1<i<d
Azf&i anQ,i An72,i
| O Ag—z,z‘ Bn—l,i_
Then J,; is a square matrix of size N x N with N = dimII¢ ;. We say that

A= (\,..., )T € R is a joint eigenvalue of J,1, ..., Juq, if there is a € # 0,
£ € RY, such that J,;& = \& for i@ = 1,...,d; the vector £ is called a joint
eigenvector associated to A.

Theorem 2.6. A point A = (A\1,...,\g)T € R? is a common zero of P, if and
only if it is a joint eigenvalue of Jy, 1, ..., Jna; moreover, a joint eigenvector of A

is (PET(A),...,PT_(A)T.

Proof. 1f P,(A) = 0, then the three-term relation for Pr, 0 < k < n — 1, is
the same as J, ;£ = \& with & = (PY(A),...,PT_(A))”. On the other hand,

suppose A = (A1,...,\g) is an eigenvalue of J,, 1, ..., J, 4 with a joint eigenvector
E=(xF,...,xt )T x5 € R". Let us define x,, = 0. Then Jni& = M€ implies

that {x;}7_, satisfies the same (first n—1 equations of the) three-term relation as
{Pr(A)}}_, does. The rank condition on A, ; shows inductively that xo # 0 unless
¢ is zero. But £ # 0 as an eigenvector and we can assume that xo = 1 = Py. Then
{yr}io with yx = x5 — P satisfies the same three-term relation. But y, = 0,
it follows from the rank condition that y, = 0 for all 1 < k < n. In particular,

The main properties of the common zeros of P, are as follows:

Corollary 2.1. All common zeros of P, are real distinct points and they are
simple. The polynomials in P, have at most N = dimI1¢_, common zeros and
P,, has N zeros if and only if

T
Anfl,iAnfl,j

= Anfl,jAT

n—1,27

1<i,j<d (2.3)
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Proof. Since the matrices J,,; are symmetric, the joint eigenvalues are real. If x
is a common zero, then the Christoffel-Darboux formula shows that

Pl (2) A, 10Ppi1(z) = Kpy(z,2) > 0,

so that at least one of the partial derivatives of P, is not zero at x; that is, the
common zero is simple. Since J,, ; is an N x N square matrix, there are at most N
eigenvalues, and P,, has at most N common zeros. Moreover, PP, has N distinct
zeros if and only if J,, 1, ..., J, 4 can be simultaneously diagonalized, which holds
if and only if J,,1,. .., Jp 4 commute,

Jn,iJn,j = Jn,jJn,i7 1< Z»] < d.

From the definition of J,; and the commuting conditions in Theorem 2.4, the
above equation is equivalent to the condition

Af,g,iAnfz,j + By1iBn-1j = Agflean,i + By—1,jBn_1,-
The third equation of the commuting condition leads to the desired result. W

The zeros of orthogonal polynomials of one variable are nodes of the Gaussian
quadrature formula. A similar result can be stated in several variables for the
common zeros of P,,. However, it turns out that the condition (2.3) holds rarely;
for example, it does not hold for those weight functions that are centrally sym-
metric (the support set Q of W is symmetric with respect to the origin and
W(x) = W(—zx) for all z in Q). Consequently, P, does not have N common
zeros in general and the straightforward generalization of Gaussian quadrature
usually does not exist. The relation between common zeros of orthogonal poly-
nomials and quadrature formulae in several variables is quite complicated. One
needs to study common zeros of subsets of (quasi-)orthogonal polynomials, and
the main problem is to characterize or identify subsets that have a large number
of common zeros. In the language of polynomial ideals and varieties, the prob-
lem essentially comes down to characterize or identify those polynomial ideals
generated by (quasi)-orthogonal polynomials whose varieties are large subsets of
points, and the size of the variety should equal to the codimension of the ideal.
Although some progress has been made in this area, the problem remains open
for the most part.

3. h-HARMONICS AND ORTHOGONAL POLYNOMIALS ON THE SPHERE

After the first subsection on the relation between orthogonal polynomials on the
sphere and those on the ball, we discuss h-harmonics in two steps. The main
effort is in a long subsection devoted to the case of the product weight function,
which can be developed without any background in reflection groups, and it is
this case that offers most explicit formulae. The theory of h-harmonics associated
to general reflection groups is summarized in the third subsection.
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3.1. Orthogonal polynomials on the unit ball and on the unit sphere.
If a measure y is supported on the unit sphere S4-* {:t: € Re: HxH =1} of RY,
then the integrals of the positive polynomials (1 — ||z||*)?® over S¢~! are zero, so
that the general properties of orthogonal polynomials in the previous section no
longer hold. There is, however, a close relation between orthogonal structure on
the sphere and that on the ball, which can be used to study the general properties
for orthogonal polynomials on the sphere.

As a motivating example, recall that in polar coordinates y; = rcosf and yy =
rsin @, the spherical harmonics of degree n on S! are given by

YV (y) = r"cosnd =" T, (y1/r), Y2 (y) =r"sinnb = r"yUp 1 (y1 /1),

n

where T}, and U, are the Chebyshev polynomials, which are orthogonal with
respect to 1/v/1 — 22 and /1 — 22 on B! = [—1,1], respectively. This relation
can be extended to higher dimension. In the following we work with S¢ instead
of §4-1,

Let H be a weight function defined on R%! and assume that H is nonzero
almost everywhere when restricted to S9, even with respect to 14,1, and centrally
symmetric with respect to the variables y' = (y1,...,yq); for example, H is even
in each of its variables, H(y) = W(y3,...,y3,1). Associated with H define a
weight function W on B¢ by

WE(x) = H(z,\/1 — ||z|?), r € B (3.1)

We use the notation V¢(W) to denote the space of orthogonal polynomials of
degree n with respect to W. Let {P,} and {Q,} denote systems of orthonormal
polynomials with respect to the weight functions

WP (x) =2Wg(2)/v1—|z?  and Wy (z) = 2Wg(2)y/1 — [,

respectively. We adopt the following notation for polar coordinates: for y € R%*+!
write Y= (y17 -5 Yd, yd-i-l) = (ylv ?/d+1) and

y=r(z,za),  where r=[yll, (2,7441)€ 5"

For |a| = n and |3] = n — 1 we define the following polynomials
YO(y) =1"Po(z)  and Y2 (y) = w1 Qs(), (3.2)

and define Yé’zo) (y) = 0. These are in fact homogeneous orthogonal polynomials
with respect to Hdw on S%:

Theorem 3.1. Let H(x) = W (a2,...,42,,) be defined as above. Then Yi" and
Y. ? in (3.2) are homogeneous polynomials of degree || on R4 and they satisfy

/d YO ()Y (9 H(y)dwa(y) = Sapdij, 4§ =1,2.
S
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Proof. Since both weight functions W and W.? are even in each of its variables,
it follows that P, and @), are sums of monomials of even degree if || is even and

sums of monomials of odd degree if |a is odd. This is used to show that v (y)
are homogeneous polynomials of degree n in y. Since Ya(l), when restricted to S,
is independent of x4, and YOEQ) contains a single factor x4y, it follows that Ya(l)

and Yﬁ@) are orthogonal with respect to H dwg on S? for any o and 3. Since H
is even with respect to its last variable, the elementary formula

[ f@sia) =2 [ 1o T e/ T=Tal?

shows that the orthogonality of {Yogi)} follows from that of the polynomials P,
(for i = 1) or Q, (for i = 2), respectively. [

Let us denote by He!(H) the space of homogeneous orthogonal polynomials of
degree n with respect to Hdw on S%. Then the relation (3.2) defines a one-to-one
correspondence between an orthonormal basis of H4™!(H) and an orthonormal
basis of VY(WP) & x4 V2 (WPE). Therefore, we can derive certain properties
of orthogonal polynomials on the spheres from those on the balls. An immediate
consequence is

d d—2
dim O (H) = (”; ) _ <”+ ‘ ) — dim P — dim P,

Furthermore, we also have the following orthogonal decomposition:

Theorem 3.2. For each n € Ny and P € P41, there is a unique decomposition
[n/2]
Py) =Y [yl Pa-ax(y),  Paox € Ho'hy(H).
k=0

The classical example is the Lebesgue measure H(x) = 1 on the sphere, which
gives the ordinary spherical harmonics. We discuss a family of more general
weight functions in detail in the following section.

3.2. Orthogonal polynomials for the product weight functions. We con-
sider orthogonal polynomials in H4+1(h?) with h, being the product weight func-

tion
d+1

he(x) = H ;| ki > —1, xR
i=1

Because of the previous subsection, we consider S¢ instead of S9~!. The elements
of HI(h?) are called the h-harmonics, which is a special case of Dunkl’s h-
harmonics for reflection groups. The function h, is invariant under the group
Z3t, which simply means that it is invariant under the sign changes of each
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variable. We shall work with this case first without referring to general reflection
groups. An expository of the theory of h-harmonics is given in the next section.

3.2.1. An orthonormal basis. Since the weight function h, is of product type, an
orthonormal basis with respect to h2 can be given using the spherical coordinates

r1 = 1cosby,

Ty =rsinf, cosbfy_q,

Tq=1rsinfy...sinf, cosby,

Tgr1 = rsinf,. . .sinfysin by,

with 7 >0, 0 < 60; <27, 0 <60; < fori> 2 Inpolar coordinates the surface
measure on S% is

dw = (sin 0z) (sin Gy4_1)2 - - -sin by dgdfy_; . . . db;.

Whenever we speak of orthonormal basis, we mean that the measure is normalized
to have integral 1. The normalization constant for A, is

2 . F(dﬂ) [k + ) T (Kag1 + %)
o4 /Sd hi(x)dw(z) = s (] + %) ;

where o' = [, dw = 2r@*V/2/T((d + 1)/2). The orthonormal basis is given in
terms of the generalized Gegenbauer polynomials O™ defined by

C(A #)( ) = (A + I[f)n PT(L)\fl/Q,,ufl/2)(2x2 —1),
(h+3),
C()‘uu') (:L') — ()\ + 'u)n+1 xP(A71/27M+1/2) (2:C2 — 1),
2n+1 (,U+ l) n
2/ n+1

which are orthogonal with respect to the weight function |z|?(1 — x2)*~/2 on

[—1,1]. It follows that oM — C?, the usual Gegenbauer polynomial. Let

5,({\’“) denote the corresponding orthonormal polynomial. For d = 1 and h,(z) =
|z1|"1|x5|"* an orthonormal basis for H2(h?) is given by

/<61+/€2+1

Yiz) = r"Cr2 ™) (cosh), Y2(z)=r", | 22" "sinfC"") (cos ).
Ko + 5
For d > 1, we use the following notation: associated to k = (K, ..., Kkqs1), define
K = (Kj, ..o\ Kas), 1<j<d+1.
Since k%! consists of only the last element of x, write k! = k4y;. Similarly

define o for a € N¢.
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Theorem 3.3. Let d > 1. In spherical coordinates an orthonormal basis of
HEL(h2) is given by

d—1

Yo = [Aa [Q%Mj) (cos Oy—j41)(sin 9dj+1)|aj+l|] Y, (cosfy,sin ),

=1
where a € Ngt', |a| = n, a; = [0t + | + 5L, Vi with i = 1,2 are
two-dimensional h-harmonics with parameters (Kq_1,Kq) and

d

1 . d—74+2
AP - < Y 4| —> .
[A7] (‘RH%)TLE [+ R+ ——3 N

This can be verified by straightforward computation, using the integral

f(z)dwy(z) = / f(cos®,sinf x")dwy_ (2') sin®* 6dh
g4 0 Js.

inductively and the orthogonality of c.

3.2.2. h-harmonics. There is another way of describing the space H4+!(h?) using
a second order differential-difference operator that plays the role of the Laplace
operator for the ordinary harmonics. For x; > 0, define Dunkl’s operators D; by

D, f(x) = 0y f(a) + r, T IO T tan) gy
J

It is easy to see that these first order differential-difference operators map P2 into
P2 _,. A remarkable fact is that these operators commute, which can be verified
by an easy computation.

Theorem 3.4. The operators D; commute: D;D; = D;D;, 1 <1,j <d—+1.

Proof. Let xo; = (x1,...,—x;,...,%4q+1). A simple computation shows that

DD, f(x) =0,0,f (x) + ~ (0,1 (w) = 9, f(20,) + 2 (0:f (2) = D, f (o)

RiKj
+ =2 (f(x) = f(xoy) — f(xos) — flxa;o)),
Tyl
from which D;D; = D,D,; is evident. [ |

The operator D; plays the role of 9;. The h-Laplacian is defined by
Ap=Di++Di.



ORTHOGONAL POLYNOMIALS OF SEVERAL VARIABLES 153

It’s a second order differential-difference operator. If all k; = 0 then A, becomes
the classical Laplacian A. A quick computation shows that

d+1 d+1

K; flrey, ..., —xj,...,x
Apf(z)=A —1-22 ] Zli] ! — d).

Zj

Let us write A, = L, + Dy, where Lj is the differential part and D) is the
difference part of the above equation. The following theorem shows that h-
harmonics are homogeneous polynomials P satisfying A, P = 0.

Theorem 3.5. Suppose [ and g are homogeneous polynomials of different degrees
satisfying Apf =0 and Apg =0, then [, f(x)g(x)hZ(z)dw = 0.

Proof. Assume k; > 1 and use analytic continuation to extend the range of
validity to k > 0. The following formula can be proved using Green’s identity:

/ 07 o2 = / (gLnf + (Vf,Vg))h2dz,
Sd Bd+1

where 0f/0n denotes the normal derivative of f. If f is homogeneous, then
Euler’s equation shows that df/0n = (deg f)f. Hence,

(deg f = degg) [ fortao = [ (oS = fLighide

Bd+1
_ / (9Dnf — fDpg) 2 =0,
Bd+1

since the explicit formula of Dj, shows that it is a symmetric operator. [ |

There is a linear operator Vj, called the intertwining operator, which acts between
ordinary harmonics and h-harmonics. It is defined by the properties

D;V,. = VH&-, V1= 1, VP, C P,.

It follows that ALV, = VA so that if P is an ordinary harmonic polynomial,
then V. P is an h-harmonic. In the case Z41!, V. is given by an integral operator:

Theorem 3.6. For k; > 0,

d+1

V,gf(l') = / . f(l'ltl, e axd-i-ltd—i-l) H C,ﬂ-(]. + tl)(l _ t?)ni_ldt,
[—1,1]4+t

=1

where ¢y = T(A+ 1/2)/(y/7T (X)) and if any one of k; = 0, the formula holds

under the limit

lim ¢, / O — 2 du(t) = (1) + F(~1)]/2.

pu—0
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Proof. Denote the difference part of D; as 751 so that D; = 0; + 157, Clearly,
d+1

8jvnf<x> = / ajf(xltly . deJrlthrl)tj H C[ﬁ(l + tz)(l _ t?)/ﬁ*ldt
[—1,1]d+1

i=1
Taking into account the parity of the integrand, an integration by parts shows
d+1

D,V.f(x) :/ O @it watan ) (1 —t) [ [ e (1 +1:)(1 = £2)at.
[-L1)*t

i=1
Adding the last two equations gives D;V,. = V,.0;. [ |
As one important application, a compact formula of the reproducing kernel can be

given in terms of V.. The reproducing kernel P,(h2;x,y) of HiT1(h2) is defined
uniquely by the property

[ Pulhs 2 QI )d(s) = QLa). v € IR,

If Y, is an orthonormal basis of HE™ (h?2), then P, (h2;z,y) = . Yao(z)Ya(y).
Theorem 3.7. For k; >0, and |y|| < ||z|| =1,

Pty = Ty Tl LR

k| + 5

Proof. Let K,(z,y) = v (( y)")/n!. Using the defining property of Vi,
it is easy to see that K,(z,DW)f(y ) f(z) for f € P Fixing y let
p(r) = K,(z,y); then P,(h?;x,y) = 2"(|x| + d/2), proj, p(z), where proj, is
the projection operator from Pg“ onto HT1(h2). The projection operator can
be computed explicitly, which gives

(’7/4 + g )n2n_2j
Pu(hiswy) = ) Al Yl Knzj(, ).

0<j<n/2 (2 == — d/2);7!
When ||z]| = 1, we can write the right hand side as V. (L, ((-,y/|ly|])))(z), where
the polynomlal L, is a constant multiple of the Gegenbauer polynomial. [

For the classical harmonics (k = 0), these are the so-called zonal harmonics,

n+ 4t aa
B ((@y),  wyes
2
As one more application of the intertwining operator, we mention an analogue of
the Funk-Hecke formula for ordinary harmonics. Denote by w, the normalized

weight function

Py(x,y) =

Tt
) = 12

(1= e -1,1],
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whose corresponding orthogonal polynomials are the Gegenbauer polynomials.

Theorem 3.8. Let f be a continuous function on [—1,1]. Let Y" € HI(h?).
Then

[ Vel (e DY R ) ds) = MA@, 2 e s

where A\, (f) is a constant deﬁned by

A(f) = C"”H (d—1) /2 / f(t) ‘KH 2 () w)n) 4 (a—1)2(t)dt.

The case k = 0 is the classical Funk-Hecke formula.

3.2.3. Monomial basis. Another interesting orthogonal basis of H¢*!(h2) can be
given explicitly. Let V, be the intertwining operator.

Definition 3.1. Let P, be polynomials defined by
V.- 20, >+MH)W“*} = 3 ¥P.(x),  beRM.

aENCH'l

The polynomials P, are indeed homogeneous polynomials and they can be given
explicitly in terms of the Lauricella function of type B which is defined by

Fg(a, B;c;x) = Z %x”, a, e Ng“, ceR,
!

where the summation is taken over v € Nit'. For a € NIt let [a/2] denote
the multi-index whose elements are [«;/2] where [a] denotes the integer part of
a. The notation (o), abbreviates the product (aug)q, - -+ (Qat1)ya,s -

y

Theorem 3.9. For a € Ng“,

— 1
21 (16] + 4540 (e

Pa Tr) = 2 Ya x),
where Y, are given by
Yo(xz) = 2% x
xFp( —a+ [282], —[#8] — kb —lal = sl - 553 &, ),

Proof. Let A = |k| + ﬂ. The multinomial and binomial formulae show that

(1 — 2(b,x) + [|b]|*) E:W‘“Ej lwww QIVMQJMfk%'
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Applying the intertwining operator and using the formula
! _ a_ﬂ} _ 1)
(31 ( { 2 s 3 ey
1
b (1),

completes the proof. [ |

Ve =

Since (—a)r = 0 if a < k, Y, () is a homogeneous polynomial of degree |«|. Fur-
thermore, when restricted to S%, Y, (z) = 2%+ lower order terms. The following
theorem says that we can call Y, monomial orthogonal polynomials.

Theorem 3.10. For a € NIt Y, are elements of H‘dojl(hi).

Proof. We show that Y, are orthogonal to 2 for 8 € Ni™! and 8] < n — 1.
If one of the components of &« — 3 is odd, then the orthogonality follows from
changing sign of that component in the integral. Hence, we can assume that
all components of a — 3 are even and we only have to work with 27 for |3 =
|a| — 2, since every polynomial of degree n on the sphere is the restriction of a
homogeneous polynomial of degree n. Using the beta integral on the sphere, a
tedious computation shows that

1 o (63
(e + 5)%% Z (—a 4[24 ) (—[*] — 5+ 5),
(15 + ol
"

1
BTN s B i v e n SRS
CEES g e

PEAL

et}
Since at least one (3; < «;, this last term is zero using the Chu-Vandermonde
identity for o F7. [ |

/S Pu(n)aR(2) () =

=1

A standard Hilbert space argument shows that among all polynomials of the
form %+ polynomials of lower degrees, Y, has the smallest L?*(h?dw)-norm and
Y, is the orthogonal projection of x* onto H™(h2). Let us mention another
expression of Y,. For any o € N¢, define homogeneous polynomials H,, (cf. [44])

Ha(l’) — Hl,H2|f$|+d72+2\oz|zDa{Hx’|72|n|7d+2}’
where D* = D" ... Dy

Theorem 3.11. For o € NI and |a| = n,

Ho(z) = <_1)n2n(m + %)nya(x).

For k = 0, the polynomials H, are called Maxwell’s representation. That they are
constant multiples of monomial polynomials follows from the recursive relation

Hope (w) = =(2|6] + d — 2+ 2|a|)zi Ho(2) + [|2[|*D; Ho,
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where g; = (0,...,1,...,0) is the i-th standard unit vector in R4

3.3. h-harmonics for a general reflection group. The theory of h-harmonics
is established for a general reflection group ([6, 7, 8]). For a nonzero vector
v € R define the reflection o, by zo, := x — 2(z, v)v/|v||?, © € R where
(x,y) denotes the usual Euclidean inner product. A finite reflection group G is
described by its root system R, which is a finite set of nonzero vectors in R4*! such
that u,v € R implies uo, € R, and G is the subgroup of the orthogonal group
generated by the reflections {0, : u € R}. If R is not the union of two nonempty
orthogonal subsets, the corresponding reflection group is called irreducible. Note,
that Zg“ is reducible, a product of d 4+ 1 copies of the irreducible group Zs.
There is a complete classification of irreducible finite reflection groups. The
list consists of root systems of infinite families A;_; with G being the symmetric
group of d objects, By with G being the symmetry group of the hyper-octahedron
{deq,...,*eq4p1} of R Dy with G being a subgroup of the hyper-octahedral
group for d > 4, the dihedral systems I5(m) with G being the symmetric group of
regular m-gons in R? for m > 3, and several other individual systems Hs, Hy, Fy
and Fg, E7, Ex.

Fix ug € R¥?! such that (u,up) # 0. The set of positive roots R, with respect
to ug is defined by Ry = {u € R : (u,up) > 0} so that R = R, U (—Ry). A
multiplicity function v — k, of Ry +— R is a function defined on R, with the
property that k, = k, if o, is conjugate to o,; in other words, the function is
G-invariant. Fix a positive root system R,. Then the function h, defined by

ho(z) = 1] Keo)™, @ e R,

vERL

is a positive homogeneous function of degree v, 1= .z #, and hy(2) is invari-
ant under G. The h-harmonics are homogeneous orthogonal polynomials on S%

with respect to h2dw. Beside the product weight function h, = [[0] |z]™, the
most interesting to us are the case Ay for which R, = {¢; —¢; :4 > j} and

h,{(.ﬂ) = H "%Z — .Z'j‘n, K 2 O,
1<4,5<d+1

which is invariant under the symmetric group Sy, and the case Bgy; for which
R+:{€Z’—€j,€i+€j2i<j}U{€Il§i§d+1} and

d+1
he(@) =l [ |27 =231 ro,m >0,
i=1 1<4,5<d+1

which is invariant under the hyper-octahedral group.
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For a finite reflection group G with positive roots R, and a multiplicity function,
Dunkl’s operators are defined by

Dif(x):=0;f(x) + Z k(v)

vERL

f(x) = f(zo,)
(x,v)

where €1,...,e441 are the standard unit vectors of R4*!. The remarkable fact
that these are commuting operators, D;D; = D;D;, holds for every reflection
group. The h-Laplacian is defined again by A, = Dj + --- + D7, which plays
the role of the Laplacian in the theory of ordinary harmonics. The h-harmonics
are the homogeneous polynomials satisfying the equation A, P = 0 and Theorem
3.5 holds also for a general reflection group.

<U7€i>7 1§Z§d+17

There again exists an intertwining operator V,, between the algebra of differential
operators and the commuting algebra of Dunkl’s operators, and it is the unique
linear operator defined by

Vnpn C Pna V1= 1a DZVH = V/iaia 1 < v < d.

The representation of the reproducing kernel in Theorem 3.7 in terms of the
intertwining operator holds for a general reflection group. It was proved by
Rosler [27] that V is a nonnegative operator; that is, Vip > 0 if p > 0.

However, unlike the case of G = Z4!, there are few explicit formulae known
for h-harmonics with respect to a general reflection group. In fact, there is no
orthonormal basis of H¢*!(h2) known for d > 0. Recall, that the basis given in
Theorem 3.3 depends on the product nature of the weight function there. For the
orthogonal basis, one can still show that H, defined in the previous section are
h-harmonics and {H, : |a] = n,a € NI™ a4y = Oor 1} is an orthogonal basis,
but explicit formulae for H,, and its L?(h%dw)-norm are unknown. Another basis
for HET (h2) consists of V.Y, where Y, is a basis for the space H4*! of ordinary
harmonics. However, other than Z3™!, an explicit formula of V,, is known only
in the case of the symmetric group S3 on R?, and the formula is complicated
and likely not in its final form. In fact, even in the case of dihedral groups on
R? the formula of V, is unknown. The first non-trivial case should be the group
I,(4) = By for which h(x) = |v12,|" |22 — 23|72

4. ORTHOGONAL POLYNOMIALS ON THE UNIT BALL

As we have seen in the Section 3.1, the orthogonal polynomials on the unit ball are
closely related to orthogonal polynomials on the sphere. This allows us to derive,
working with G x Z, on R%!  various properties for orthogonal polynomials
with respect to the weight function h,(z)(1 — ||z||)*~/2, where h, is a reflection
invariant function defined on R¢. Again we will work with the case of h,. being a
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product weight function,

d+1
Wl @) =T leal (=)= k=0, p>-1/2
=1

for which various explicit formulae can be derived from the results in Section 3.2.
In the case kK = 0, Wf = W(f# is the classical weight function on B¢, which is
invariant under rotations.

4.1. Differential-difference equation. For y € R"! we use the polar coordi-

nates y = r(x,24.1), where r = ||y|| and (x,7451) € S% The relation in Sec-
tion 3.1 states that if P, are orthogonal polynomials with respect to wa then

Ki

Yo.(y) = r"P,(x) are h-harmonics with respect to hy ,(y) = H?Zl [y | | yae |
Since the polynomials Y,, defined above are even in y;,1, we only need to deal
with the upper half space {y € R¥*! : y5,; > 0}. In order to write the operator
for P" in terms of z € B?, we choose the following mapping:

yH(T,ZE)I Y1 =T121,..-,Yd = Tlq, yd+1:7"\/1—$%—“‘_$37
which is one-to-one from {y € R**! : y,.; > 0} to itself. We rewrite the h-
Laplacian in terms of the new coordinates (r,z). Let A7 denote the h-Laplacian
associated with the weight function A, ,, and preserve the notation h, for the h-
% for v € RY.

Laplacian associated with the weight function h,(x) = H?Zl |z;

Proposition 4.1. Acting on functions on R that are even in yy.1, the operator
AP* takes the form

0% d+2|k|+2u 0 1
RKop Ryt
Ah ?_f_f_r_’_ﬁ 10

in terms of the coordinates (r,x) in {y € R : y4y > 0}, where the spherical
part Ay, acting on functions in the variables x, is given by

Aph = An— (2, V) = 26+ 2+ d = 1)z, V),

in which the operators Ay, and V = (01, ...,0q) are all acting on x variables.

Proof. Since Ap" is just A;Ly) acting on functions defined on R¥*! for h,(y) =
Hf:ll |y (with kg4 = p), its formula is given in Section 3.2. Writing r and x;
in terms of y under the change of variables y — (r, x) and computing the partial
derivatives Ox;/0y;, the chain rule implies that

0 0o 1 ( 0
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where for ¢ = d + 1 we use the convention that 24,1 = /1 — ||z]|3 and define
0/0xq441 = 0. A tedious computation gives the second order derivatives
o 82+1—xf8+1[82
o2 g roOr  r?lox?

7

0
—(1—2? @)y _ . ()
(1 =2, V) — (e, V) 5|

0 9 " 10 1 0 9 - -
Using these formulae and the fact that f(y1,...,%as1) — f(y1,. ., —Yar1) = 0 for
f even in y4.1, the stated equation follows from a straightforward computation.
[ |

We use the notation V(W) to denote the space of orthogonal polynomials of
degree exactly n with respect to the weight function W.

Theorem 4.1. The orthogonal polynomials in fo(W,f#) satisfy the differential-
difference equation

[Ah — (2, V) — (2|k| + 2 + d — 1)(x, V}]P =-nn+d+2|s|+2u—1)P.

Proof. Let P € fo(W,fu). The formula in the Proposition 4.1 applied to the
homogeneous polynomial Y, (y) = r"P,(z) gives

0 =AY, (y) = r"?[n(n + d + 2|k| + 2 — 1) Po(z) + Ayt Pa(T)].
The stated result follows from the formula for A%‘ ) [ ]

For k = 0, A becomes the ordinary Laplacian and the equation becomes a
differential equation, which is the classical differential equation in [2]; note, that
in this case the weight function Wf is rotation invariant. A similar differential-

difference equation holds for the weight functions of the form A2 (z)(1— ||z||?)*~*/2
for h, associated with a general reflection group.

4.2. Orthogonal bases and reproducing kernels. From the correspondence
Yo(y) = rmP.(x), y = r(x,2411) € R and x € B? several orthogonal bases
for Vﬁf(qu) follow from the bases for the h-harmonics in Section 3.2. All or-
thonormal bases are with respect to the weight function normalized to have unit
integral. Associated with z = (z1,...,74) € R? define x; = (z1,...,2;) for
1 <j5<dandxy=0.

Theorem 4.2. An orthonormal basis of VI(W2,) is given by {P. : o € N§,|a| =
n} defined by

U

-1 —lxja|2) F Gl (#)
j—1 o )
jl_[l ’ V1= lxjal?
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where a; = p+ |/ + || + 52 and hE are given by

d

1 , : d—j+2
hB ( + |ad | + |&7 +—) :

Proof. In the spherical coordinates of (z, x441) € S%, cos04_; = x;11/1/1 — [|[x;]]2
and sinf;_; = \/1 — ||x;11]?/+/1 — ||x;|*>. Hence, this basis is obtained from the
h-harmonic basis in Theorem 3.3 using the correspondence. [

Another orthonormal basis can be given in the polar coordinates. Using
f(x dx—/ f(ra)dw(z")dr,
Bd Sd—1
the verification is a straightforward computation.

Theorem 4.3. For 0 < j < n/2 let {S}!_,; 5} denote an orthonormal basis of

He ,.(h?); then the polynomials

n—2j

n—2 K
Poj(x) = [cB ]I CE D (st ()

form an orthonormal basis of V,‘f(WK7u), in which the constants are given by

B2 = F(!H!+u+d%1)r(n—2j+lfil+%l).
Im D(|k] + H0(n — 25 + |w] + p + L)

Another interesting basis, the monomial basis, can be derived from the monomial
h-harmonics in Section 3.2.3. This is a basis for which P,(z) = c,a® + ...,
corresponding to a1 = 0 of the basis in Definition 3.1. We denote this basis by
PB . they are defined by the generating function

d
1
o (14 1) (1 — 3 tdt
/[1,1]d (1 —2(byzity + ... + baxgty) + ||b]|2)* HC L+ 7
- e
a€eNg

where A = |k| + p + %1, This corresponds to the case of by = 0 in Definition
3.1. The explicit formulae of these polynomials follow from Theorem 3.9,

20 (s + g+ o Bi=py
O[' (K/—I'_ )[a+1]

a+1 a+1 1 d—3 1 1
FB(—a+[ }—[ ]—/i+§;—|oz|—|/i|—,u—— —)

27 2
2 2 2 oy Ty

a

P (z) =
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Clearly the highest degree of PZ(z) is a multiple of 2%, and these are monomial
polynomials. In the case of the classical weight function Wf , k = 0, and using
the fact that

(—e+ D), (-5 1 +3), = (-9).(-3+3),

the formula of P2 can be rewritten as

Vo(z) = PB(z) = o % X
><F( a a+1 o d—3 1 1 )
—_ =, — o — U — 5, ...y T
B 27 2 9 % 2 71’%7 7x3+1 9

which are Appell’s monomial orthogonal polynomials. In this case, there is an-
other basis defined by

(=) 2p)j) oyt O 2ylal+p—1
Ua() = 2'“‘(u+%)\a|a!(1 [Edl) m(l ] :

which is biorthogonal to the monomial basis in the following sense:

Theorem 4.4. The polynomials {U,} and {V,} are biorthogonal,

e s D
ol +u+ Gl

wf /Bd Va(x)Uﬁ(x)Wf(x)dx

Proof. Since {V,} form an orthogonal basis, we only need to consider the case
|B| > |a|. Using the Rodrigues formula and integration by parts yields

wf /Bd Va(x)Uﬁ(x)Wf(x)dx

B (2“)|a\ / olPl 9 o+ L
- Va 1-— HF=3dx.
SRl + D jajal Jp bxf...f)xgd (@) (= =) o

However, since V,, is a constant multiple of a monomial orthogonal polynomial,

% w(x) = 0for |3| > ||, which proves the orthogonality. A simple computation
gives the constant for the case || = |a|. |

Among other explicit formulae that we get, the compact formula for the repro-
ducing kernel is of particular interest. Let us denote the reproducing kernel of
VW) by P,(W;x,y) as defined in Section 1.5.



ORTHOGONAL POLYNOMIALS OF SEVERAL VARIABLES 163

Theorem 4.5. Forz,y € B, the reproducing kernel can be written as an integral

n+ |k +p+ S
P, (W2E,zy) = 2

K|+ p+ SL
1 . a1
/ / B TR VAR I VAR I
—1 [71,1]
d
X Hcm(l + ) (1 — )" dt ¢, (1 — s*)" ds.
=1

Proof. Let hu(y) = TI2 |wi|® with r41 = p. Then the correspondence in
Section 3.1 can be used to show that

Po(W 2,0,y = 5 [P, (0, VT IP) + Pt (v, —/T— T9P))],

2
from which the stated formula follows from Theorem 3.6. |
In particular, taking the limit x; — 0 for ¢« = 1,...,d, we conclude that for the
classical weight function Wf,
n+p+ St
P,(WEB:z y)=c,———2 4.1
( © Y) 0 0t % (4.1)

1 d—1
< [ () + T TolP VI TP) (1 - 2

1

Even in this case the formula has been discovered only recently. For d = 1, this
reduces to the classical product formula of the Gegenbauer polynomials:

CH(z)CH !

Ca@)Caly) _ cu/ CH(xy + V1 — 22y/1 — y2)(1 — t3)*1dt.
Cr(1) -1

There is also an analogue of the Funk-Hecke formula for orthogonal polynomials

on B? The most interesting case is the formula for the classical weight function:

Theorem 4.6. Let f be a continuous function on [—1,1]. Let P € VI(W?).
Then

Bdf(<x,y>)P(y)Wf(y)dy = M(HP(x), ]| =1,

where A\, (f) is the same as in Theorem 3.8 with |k| replaced by p.

As a consequence, it follows that the polynomial C¥*H "/ ((z 1)) with n satis-

fying [|n]| = 1 is an element of VI(W ). Furthermore, if £ also satisfies [|£]] = 1,
then

/Bd CE T (2, €)M T () WP () = MO T (1, ),
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where A\, = (u+ (d—1)/2)/(n+ p+ (d —1)/2). The basis in Subsection 1.2.3 is
derived from this integral.

Several results given above hold for the weight functions h2(x)(1 — ||z|?)*~1/2,
where h, is one of the weight functions in Section 3.3 that are invariant under
reflection groups. Most notably is Theorem 4.2, which holds with |x| replaced by
Yo = D pe R, Fo- Analogous of Theorems 4.4 and 4.5, in which the intertwining
operator is used, also hold, but the formulae are not really explicit since neither
an explicit basis for HZ(h?) nor the formula for V, are known for h? associated
with the general reflection groups.

4.3. Rotation invariant weight function. If p(¢) is a nonnegative even func-
tion on R with finite moments, then the weight function W(z) = p(||z||) is a
rotation invariant weight function on R?. Such a function is call a radial func-
tion. The classical weight function W7 (z) corresponds to p(t) = (1 —t*)*~/2 for
|t| < 1 and p(t) = 0 for |t| > 1. The orthonormal basis in Theorem 4.3 can be
extended to such a weight function.

Theorem 4.7. For 0 < j < n/2 let {S,_q;3} denote an orthonormal basis for

HZ_QJ- of ordinary spherical harmonics. Let pgln_ﬁ‘ﬁd_l) denote the orthonormal

polynomials with respect to the weight function |t|*"~%+4=1p(t). Then the poly-
nomaials

2n—47+d—1
Psj(a) = ps 0 (||2]])Sp 02 (2)

form an orthonormal basis of VE(W) with W (x) = p(||z]|).

Since [t|*"~%+471 (1) is an even function, the polynomials pgn_M T (1) are even

with respect to W. Hence, P3 () are indeed polynomials of degree n in z. The
proof is an simple verification upon writing the integral in polar coordinates.

As one application, we consider the partial sums of the Fourier orthogonal expan-
sion S, (W; f) defined in Section 1.5. Let s,(w,g) denote the n-th partial sum
of the Fourier orthogonal expansion with respect to the weight function w(t) on
R. The following theorem states that the partial sum of a radial function with
respect to a radial weight function is also a radial function.

Theorem 4.8. Let W(x) = p(||x]]) be as above and w(t) = |t|¢ " p(t). If g: R —
R and f(x) = g([lx]]), then

Su(Ws frx) = su(w; f, |z]),  x€R%
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Proof. The orthonormal basis in the previous theorem gives a formula for the
reproducing kernel,

2n—4j+d—1 2n—45+d—1
P.(z,y)= Y p& () )pE P )
0<2j<n

X

n—i—ﬁ i 2 d—1
2"y CL2,, (2 y)),

d—

2
where we have used the fact that S, _s; 3 are homogeneous and ) _ 3 Sy 5(2) S, 5(y)
for z,y € S9! is a zonal polynomial. Using polar coordinates,

S.Wioo) = [ o) [ Pulersdoty et otryde

d—1
Since C,? ({z,y)) is a zonal harmonic, its integral over S~ is zero for n > 0
and is equal to the surface measure o4, of S ! if n = 0. Hence, we get

Su(Ws f, @) =041 /OOO g(r)p D (ryw(r)dr pi= (||])).

Since orthonormal bases are assumed to be with respect to the normalized weight
function, setting g = 1 shows that there is no constant in front of s,(w;g). M

5. ORTHOGONAL POLYNOMIALS ON THE SIMPLEX

Orthogonal polynomials on the simplex T? = {zx € R : 21 > 0,...,24 > 0,1 —
|z] > 0} are closely related to those on the unit ball. The relation depends on
the basic formula

dx

FOi, - ydy = | flan.. w0 ———.
Bd Td T1...2¢

Let WB(x) = W(x3,...,22) be a weight function defined on B%. Associated with
W28 define a weight function W7 on T? by

WT(y) :W(y17"'7yd)/\/yl--'yda Yy = (yla'-'7yd) GTd

Let V4 (WB; Z2) denote the subspace of orthogonal polynomials in V4 (W?) that
are even in each of its variables (that is, invariant under Z3). If P, € Vi (W5, Z3),
then there is a polynomial R, € II¢ such that P,(z) = R,(2%,...,22). The
polynomial R, is in fact an element of V4(WT).

Theorem 5.1. The relation P,(x) = Ry(x3,...,23) defines a one-to-one cor-

respondence between an orthonormal basis of Va,(WPB,Z3) and an orthonormal
basis of VE(WT).
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Proof. Assume that {R,}jaj=n is an orthonormal polynomial in V¢(WT). If
3 € Nd has one odd component, then the integral of P, (z)x? with respect to W5
over B? is zero. If all components of 3 are even and |3| < 2n, then it can be
written as 8 = 27 with 7 € N¢ and |7| < n — 1. The basic integral can be used
to convert the integral of P,(x)x?" over B? to the integral over T¢, so that the
orthogonality of R, implies that P, is orthogonal to 2. [ |

The classical weight function W7 on the simplex T is defined by

d
I(x) = H |x;
i=1

Sometimes we write W1 as Wg , With = K441, as the orthogonal polynomi-
als with respect to WT on T¢ are related to the orthogonal polynomials with

mi—1/2(1 _ |x|)"‘€d+1—1/27 x € Td7 K; > —1.

with respect to qu on Bd Below we give explicit formulas for these classical

orthogonal polynomials on the simplex.
Theorem 5.2. The orthogonal polynomials in VE(WT) satisfy the partial differ-
ential equation

d
izlxi(l — -2 Z T 6x ﬁx]

1<i<j<d
d
+;<<m+%>_<|ﬁl+d;1>mz) g:]; (n+|m|+%>p'

Proof. For functions that are even in each of its variables, the h-Laplacian A, for
the product weight function becomes a differential operator (see the formula in
Section 3.2.2). Consequently, for the orthogonal polynomials P, € V2n(W,§H, 73),
the differential-difference equation in Theorem 4.1 become a differential equation.

Changing variables z; — /z; gives

0 0 0? 0 0?
Wk a L9 22 ]
0x; \/Z_ﬁzi a x? 0z + Lz 022
from which the equation for P,(z) = R, (z%,...,23) translates into an equation
satisfied by R, € Vi(WL,). u

The theorem and its proof can be extended to the case of the weight function
d

L= TT e — (= a2,

i=1 1<i<j<d

and the differential equation becomes a differential-difference equation.

Next we give explicit formulae for orthogonal bases. Let { P,} be the orthonormal
basis with respect to WB given in Theorem 4.2; then it is easy to check that
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d
WP, Z3). Hence,

using the fact that C’;n’“ ) is given in terms of Jacobi polynomial, we get

{Py, : @ € N¢, |a|] = n} forms an orthonormal basis for Vg (

Theorem 5.3. With respect to W, the polynomials

d
) 1— |x;] \leo*] 21;
P, (z) = [hT]! (_J) (aj,b><_a_1)
(z) = [he] || e p T—— ,

where a; = 2|a? M| + | + =L and by = k; — L, are orthonormal and the

normalization constants hl are given by
d+1
(Il + 5521

[hz;]iz i : : a_
[T5- @la7 ]+ [7] +

)2043'

On the simplex T, it is often convenient to define r4,; = 1—|x| and work with the
homogeneous coordinates (1, ..., Zq4y1). One can also derive a basis of orthogonal
polynomials that are homogeneous in the homogeneous coordinates. In fact, the
relation between orthogonal polynomials on B¢ and S allows us to work with
h-harmonics. Let us denote by He ™ (h2,Z3™) the subspace of h-harmonics in
H3 " (h?) that are even in each of its variables. Let {S7(23,...,22,,) : |a| =
n, o € N2} be an orthonormal basis of HE, (h2,Z5t"). Then {S™(z1,...,T441) :
la] = n, a € N¢} forms an orthonormal homogeneous basis of V4(WT).

For v € T4 let X = (x1,...,74,24.1) denote the homogeneous coordinates. Let
Y, be the monomial basis of h-harmonics in Section 3.2.3. Then Y5, are even in
each of their variables, which gives monomial orthogonal polynomials in VI(WT)

in the homogeneous coordinates X := (z1,...,%441) With 241 =1 — ||,
1 d—3 1 1
Pa(x):XO‘FB<—a,—a—/<+—;—2|Oz| |k| — ——;—, ..., >
2 2 Tdy1

Furthermore, changing summation index shows that the above Lauricella function
of type B can be written as a constant multiple of the Lauricella function of type

A defined by

Fyule,a;8;2) = Z %x”, a,f € NI ceR,

where the summation is taken over v € Nd*!. This gives the following:

v

Theorem 5.4. For each o € NI with |a| = n, the polynomials
Ro(7) = Fa(la| + |k| + d, —a; k + 1; X), reT?

are orthogonal polynomials in VE(WT) and

(n+ |k| +d)y

o = (=1)" (k+1)q

a+pg7 paenn 1
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where 1 = (1,...,1) € R,

The polynomial R, is a polynomial whose leading coefficient is a constant multiple
of X for v € Nd*!. The set {R, : @ € Ni™ | |a| = n} clearly has more elements
than it is necessary for a basis of VI(WT); its subset with ag; = 0 forms a basis
of VIWT). Let us write V() = Rgo)(z). Then {VJ : § € N§,[5] = n} is
the monomial basis of VI(WI). The notation Vs goes back to [2], we write a
superscript T' to distinguish it from the notation for the intertwining operator.
Associated with VBT is its biorthogonal basis, usually denoted by Ug.

Theorem 5.5. For a € N%, |a| = n, the polynomials U, defined by

Ual(w) = a2 LM 2 (1 — o) a1/

ol artr1—1/2 ag+rg—1/2 1/2
1+K1 o Qs (1 . ‘x|>|a|+ﬂd+1* / )

X e —
Oxt ... 0xgt ! d

are polynomials in VAWT) and they are biorthogonal to polynomials V,,

(8 +1/2)alkan +1/2)ja)
(6l + @+ 1)/2)g "

[ Vel )i =

Proof. Tt follows from the definition that U, is a polynomial of degree n. Inte-
grating by parts leads to

wg/ Vs(2)Us(z)W,] (2)da
Td
T alal V d a~+n~7l 1 ‘ |+ 1d
- A a1 A o rrt2 _ al+Kir1—3
o /Td [am?l...axgd W)}gxz (1= fz) x.

Since V,, is an orthogonal polynomial with respect to W7, the left integral is zero
for | 8] > |a|. For |3] < |a| the fact that V3 is a monomial orthogonal polynomial
gives

olal

o ag
0z{" ... 0x

Vi(x) = al d4 5,

from which the stated formula follows. The fact that U, are biorthogonal to Vs
also shows that they are orthogonal polynomials with respect to W7 [

The correspondence between orthogonal polynomials in Theorem 5.1 also gives
an explicit formula for the reproducing kernel associated with W7
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Theorem 5.6. Let A = |k| + (d —1)/2. Then

2n + A
P”(Wgw z,y) = h\ /[ . Cs, (\/ Tyt + - F \/$d+1yd+1td+1>
~11

d+1

x [ ew (1 +t:)(1 =)= at,

=1

where x4y 1 = 1 — |z| and ygy1 =1 — |y|.

Proof. Recall that we write Wg , for WT with k4,1 = p. Using the correspondence
in Theorem 5.1, it can be verified that

1
Pn(Wg:uaxay) = ﬁ Z PQn(W;f/u (51\/3:_17 ce 7€d\/x_d )7 (\/Ea R \/%))

EGZg

Hence the stated formula follows from Theorem 4.5. [ |

6. CLASSICAL TYPE PRODUCT ORTHOGONAL POLYNOMIALS

As mentioned in the introduction, if W (x) is a product weight function
W(z) = wi(xy) ... wa(zq), r € R

then an orthonormal basis with respect to W is given by the product orthogonal
polynomials P, (z) = pa,1(21) . .. Pay.a(xa), where py,; is the orthogonal polyno-
mial of degree m with respect to the weight function w;. In this section we discuss
the product classical polynomials and some of their extensions.

6.1. Multiple Jacobi polynomials. Recall that the product Jacobi weight
functions is denoted by W,; in Section 1.3. One orthonormal basis is given
by
Pa(x) = pl ) () .. ploata) (zy),
(a,b

where pp, ) is the m-th orthonormal Jacobi polynomial. Although this basis of
multiple Jacobi polynomials are simple, there is no close formula for the repro-
ducing kernel P, (W,;z,y) in general. There is, however, a generating function
for P,,(W,p;2,1), where 1 = (1,1,...,1) € [-1,1]% Tt is based on the generating
function (Poisson formula) of the Jacobi polynomials,

[e.e]

a a,b a,b n
GeO(ria) =3t (Opt @)
k=0
1—7r <a+12)+2’ a+12)+3 27“(1 + .’ﬂ)) 0<r o1
= C—_— T
(L+r)eerz 2200 pp 1 (I4r)2 ) -
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which gives a generating function for the multiple Jacobi polynomials that can
be written in term of the reproducing kernel P, (W, ;) as

ZP Weps z, y)r" —HG“’ (r; x;) ::Ggl’b)(r;x).

Moreover, in some special cases, we can derive an explicit formula for P, (W; z, 1).

Let us consider the reproducing kernel for the case that a = b and a; are half-
integers. This corresponds to the multiple Gegenbauer polynomials with respect
to the weight function

d
Walz) =@ =z 2 AN>-1/2,  ze[-11)%,
i=1
Recall that the generating function of the Gegenbauer polynomials is given by

1—r? :Z)\—i—nc)\()

_ 2)A+1
(1 =2rz 2t £~

Since 22CN (z) = CM1)CMz), it follows that P, (W;x, 1) satisfies a generating
function relation

1— 2\d
(1=r7) _ZP (Wy;z,1)r

H (1= 2ra; 4+ r2)hitt

If A € Ny, then the reproducing kernel can be given in terms of the divided
difference, defined inductively by

Ti, . T f = [0y Ty
wolf = f(zo), [t am]f = Bl Emld ~ [To 3
Im — X
The divided difference [x1, ..., 2z4]f is a symmetric function of x4, ..., z4.
Theorem 6.1. Let \; € N&. Then
A1+1 Ag+1
P, (Wx;x,1) = [Z1,..., 20, ., Zay - - - , £3) G,
with

d+1 d—1 Tn d :
sy {U (_tl)(t) ;Z: d EZZ”

Proof. In the case of A\; = 0, the left hand side of the generating function for
P, (Wy; x,1) can be expanded as a power series using the formula

1 bdfl

a—>b() T (a—bx;)

[xl,...,a:d]
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which can be proved by induction on the number of variables; the result is

(1—r?) _ - T2)d[:c 24 1
15, (1= 2rm; +72)  (2r)d T 707 0T —2p () + 2
(1 _ 7,2)d 00 .
- W[xl, cey T4 _zd:l U, (-)r

using the generating function of the Chebyshev polynomials of the second kind.
Using the binomial theorem to expand (1 — r?)? and the fact that U, (t) =
sinm@/sin @ and sinmf = (e™? — e="%)/(24) with ¢ = cos 6, the last term can
be shown to be equal to Y 2 [z1,. .., 24|Gpr".

For \; > 1, we use the fact that (d*/da*)C)(z) = 28(\),C)tE(x) and A +n =
(A + k) + (n — k), which implies

dk
- —P,(Wx;z,1) = 2°(A + 1)p Py (Wi 7, 1),
so that the formula
d
o —x1, z2, ..., x4)g = X1, 21, X0, X3, . .., T4lg
x
and the fact that the divided difference is a symmetric function of its knots can
be used to finish the proof. [ |

For multiple Jacobi polynomials, there is a relation between P,(W,p;x,y) and
P, (Wep;x,1). This follows from the product formula of the Jacobi polynomials,

(c,8) (v, B)
Pn (ZUI)P 04[3)
P,Sa’m( ) / / 2A (xlax% 7¢) - 1>dmaﬁ(r (b)
where o > 3 > —1/2,
A(xlvl'%ra ¢)
1 1/2
= 5((1 +21) (1 + 29) + (1 — 21) (1 — 20)7* + 2\/1 — x%\/l — w%rcosgb)

and
dme 5(r, @) = ca (1 — r2) A= 1p28 (sin )22 drde,

in which ¢, g is a constant so that the integral of dm, g over [0,1] x [0, 7] is 1.
Sometimes the precise meaning of the formula is not essential, and the following
theorem of [12] is useful.

Theorem 6.2. Let a,b > —1. There is an integral representation of the form

PV (2)pleD () = pgab><1>/_1pn (BdpeD (1), n >0,
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with the real Borel measures dug@b) on [—1,1] satisfying
1
/ AP )ldt < M, —l<zy<l,
-1

for some constant M independent of x,y, if and only if a > b and a +b > —1.

Moreover, the measures are nonnegative, i.e., dué‘fg,b)(t) > 0, if and only if b >
—1/2 ora+b>0.

The formula can be extended to the multiple Jacobi polynomials in an obvious
way, which gives a relation between P, (W, ; z,y) and P, (W, ,; 2, 1). Hence the
previous theorem can be used to give a formula of P,,(W,,z,y). In the simplest
case of \; =0, 1 <4 < d, we have [5]

P, (Wo;z,y) = Y Pu(Wy;cos(® + 70),1),

TEZg

where = cos© = (cosby,...,cos86,) and y = cos® = (cos @1, ...,co8py). The
vector ¢ + 70 has components ¢; + 7;0;.

6.2. Multiple Laguerre polynomials. The multiple Laguerre polynomials are
orthogonal with respect to W(z) = ze~1*l with 2 € R?%. One orthonormal basis
is given by the multiple Laguerre polynomials P, (x) = Lj! ... L. Let us denote
this basis by P,(WZk;z) to emphasis the weight function. Recall the classical
relation

lim P (1 —2z/b) = Lb(x);

b—o0o
there is an extension of this relation to several variables. Let us denote the
orthogonal basis with respect to the weight function Wg , in Theorem 5.3 by
PYWT ) (set kgp1 = ).

Ryt

Theorem 6.3. The multiple Laguerre polynomials associated to WL are the limit
of the product type polynomials in Theorem 5.3,

JHEO PS(W3+1/2,M; xfp) = Lgi (x1) .. Lgi (za),
where Eg denotes the normalized Laguerre polynomials.

Proof. As p — 0o, 1 —|x;|/u — 1 so that the orthogonal polynomials in The-
orem 5.3 converge to the multiple Laguerre polynomials, and the normalization
constants also carry over under the limit. [

As a consequence of this limit relation, the differential equation for the classi-
cal polynomials on the simplex leads to a differential equation for the multiple
Laguerre polynomials.
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Theorem 6.4. The multiple Laguerre polynomials associated to WE satisfy the
partial differential equation

d

P oP

i=1

Proof. We make a change of variables z +— x/u in the equation satisfied by the
orthogonal polynomials with respect to WZ ., and then divide by p and take the
limit p — oo. |

The limit relation, however, does not give an explicit formula for the reproducing
kernel. Just as in the case of multiple Jacobi polynomials, there is no explicit for-
mula for the kernel P,,(WZ; x,y) in general. There is, however, a simple formula
if one of the arguments is 0.

Theorem 6.5. The reproducing kernel for V(WL

K

) satisfies
P, (WE z,0) = L 1(|z)),  zeR?.

Proof. The generating function of the Laguerre polynomials is

(1—7)""texp (1 — 7’) ZL“ r", Ir| < 1.

Since L2(0) = (a + 1),/n! = ||L2||%, where the norm is taken with respect to
the normalized weight function z%¢~*, multiplying the formula gives a generating
function for P,(WE; z,0),

f:P Wz, 0)r Z S EHO) L (@) = (1 — p) e/ 0=,
n=0

n=0 |a|=n

which gives the stated formula. [

There is also a product formula for the multiple Laguerre polynomials which gives
a relation between P, (WL z, y) and P, (WE; z,0). The relation follows from the
product formula

C(n+ X+ 1)2*

LW = 1

L (2 + y + 2y/zy cos §)e VY eos?
0

X ja-1 (\/Zy sin 0) sin®* 6 df),
where j, is the Bessel function of fractional order.

More interesting, however, is the fact that the limiting relation in Theorem 6.3
and the differential equations can be extended to hold for orthogonal polynomials
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with respect to the weight functions

d

Ko ] k1 ,— |zl d
H:ci H |z, — x| e, xr € RY.

i=1 1<i<j<d

6.3. Multiple generalized Hermite polynomials. By generalized Hermite
polynomials we mean orthogonal polynomials with respect to the weight function
|z[#e=*" on R. For i > 0 the generalized Hermite polynomial H*(zx) is defined
by

Hy,(z) = (=1)"2"nlLy 2 (2?),
Hyp i (2) = <_1)n22n+1”!x[/5+1/2(1‘2)‘
The normalization is chosen such that the leading coefficient of Hf is 2". For
several variables, we consider the multiple generalized Hermite polynomials with

respect to WH (z) = [[L, |z:|%e 1#I° ) k; > 0; evidently an orthogonal basis is
given by H/(z1) ... Hi¢(z4), and another basis can be given in polar coordinates

ki QOne can

in terms of h-spherical harmonics associated with h,(z) = Hle |z
also define analogous of Appell’s biorthogonal bases.

Much of the information about these polynomials can be derived from the or-
thogonal polynomials on the unit ball, since

1
lim \~"/2 A(i) — ~H,(2).
fm AT\ 7)) = @)

Indeed, denote the orthonormal polynomials with respect to W/fu on B? in The-

orem 4.2 by P2(W2;x), then it is easy to see the following;:

Theorem 6.6. Let ]:Q’j denote the orthonormal generalized Hermite polynomials.
Then

lim PROVE, e/ V/R) = HE (o) .. ).

Using this limit relation, it follows from the equation in Theorem 4.1 that the
polynomials in VI(WH) satisfy the differential equation

(A —2(x,V))P = —2nP.

There is, however, no explicit formula for the reproducing kernel P, (W z y),
not even when y takes a special value. In fact, there is no special point to be
taken for R? and no convolution structure. What can be proved is a generating
function for the reproducing kernel (Mehler type formula):
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Theorem 6.7. For 0 < z <1 and z,y € R?

0 1
H. no - -
E_O Pn(W,Lg s Ly y)Z - (1 . 22)7n+d/2 x

<exp{ - 2(ll=]* + HyIIQ)}VN[eXp{%(x, >H W)

1 — 22 1—22

where V,; is the formula given in Theorem 3.6 with d + 1 there replaced by d.

We should also mention the relation between the multiple generalized Hermite
and the multiple Laguerre polynomials, defined by P,(z) = R,(z%,...,2%), just
as the relation between the orthogonal polynomials on B¢ and those on 7. Much
of the properties for the multiple Laguerre polynomials can be derived from this
relation and properties of the multiple Hermite polynomials. For example, there
is a counterpart of Mehler’s formula for the multiple Laguerre polynomials.

The limiting relation similar to that in Theorem 6.6 holds for the orthogonal
basis in polar coordinates, which implies that the differential equations also hold
for orthogonal polynomials with respect to the weight functions hi(.ﬁt)e_”m”Z. For
example, it holds for the type A weight functions

a2
H |w; — a;] e el r € R?

1<i<j<d

and the type B weight functions

d
H |22 H |22 — :U?|2’Qe’”z”2, r € R%
i=1

1<i<j<d

These two cases are related to the Schrodinger equations of the Calogero-Suther-
land systems; these are exactly solvable models of quantum mechanics involving
identical particles in a one dimensional space. The eigenfunctions can be ex-
pressed in terms of a family of homogeneous polynomials, called the nonsymmet-
ric Jack polynomials, which are simultaneous eigenfunctions of a commuting set
of self-adjoint operators. Although there is no explicit orthogonal basis known for
these weight functions, there is a uniquely defined basis of orthogonal polynomials
for which the L?-norm of the polynomials can be computed explicitly. The ele-
ments of this remarkable family are labeled by partitions, and their normalizing
constants are proved using the recurrence relations and algebraic techniques.
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7. FOURIER ORTHOGONAL EXPANSION

The n-th partial sums of the Fourier orthogonal expansion do not converge for
continuous functions pointwisely or uniformly. It is necessary to consider summa-
bility methods of the orthogonal expansions, such as certain means of the partial
sums. One important method are the Cesaro (C,d) means.

Definition 7.1. Let {c,}°, be a given sequence. For § > 0, the Cesaro (C,0)

means are defined by
T e G
Sp = Z (_n — 5)k0k

k=0
The sequence {c,} is (C,8) summable by Cesaro’s method of order § to s if s
converges to s as n — oo.

If § = 0, then s’ is the n-th partial sum of {c,} and we write s¥ as s,,.

7.1. h-harmonic expansions. We start with the h-harmonics. Using the re-
producing kernel P, (h?;z,y), the n-th (C,§) means of the h-harmonic expansion
S2(h2; f) can be written as an integral

So(hi; fox) = cn Sdf( y) K2 (h2; z,y)h2 (y)dw(y),

where ¢, is the normalization constant of h? and K2(h2;x,y) are the Cesaro
(C,0) means of the sequence {P,(h?;z,y)}. If § = 0, then K, (h?) is the n-th
partial sum of Py(h?).

Proposition 7.1. Let f € C(S%). Then the (C,d) means S°(h%; f,z) converge
to f(x) if

L) = [ IKI0Ea)lim)d <
the convergence is uniform if I,,(x) is uniformly bounded.
Proof. First we show that if p is a polynomial then S°(h2; p) converge uniformly to

p. Indeed, let S, (h?%; f) denote the n-th partial sum of the h-harmonic expansion
of f (§ =0 of S°). It follows that

s - 78 s

Assume p € 114, By definition, S, (h?;p) = p if n > m. Hence,
-1

SUkEip) = o) = 7= > 5 Cne (5,02 p,2) - p(a)),

=0 5 — n)k
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which is of size O(n™!) and converges to zero uniformly as n — oco. Now the
definition of I,(x) shows that |S2(h2; f, )| < L.(7)||f|le, Where ||f]lo is the
uniform norm of f taken over S¢. The triangular inequality implies

[Sn(hs f,2) = f(@)] < L+ T@))]Lf = plloc + [Sp (B p, 7) = pla)].
Since f € C(S?), we can choose p such that ||f — p|le < €. |

Recall that the explicit formula of the reproducing kernel is given in terms of the
intertwining operator. Let p°(wy;z,y) be the (C, ) means of the reproducing
kernels of the Gegenbauer expansion with respect to wy(z) = (1 —22)*~"/2. Then
Pl (wy, x,1) are the (C,§) means of “F2C(z). Let A = || + (d — 1)/2, it follows
from Theorem 3.7 that

K3(h2 2,y) = Vi [P, (wy; (2, ), 1)] ().

Theorem 7.1. If 6 > 2|k|+d, then the (C,0) means of the h-harmonic expansion
with respect to h? define a positive linear operator.

Proof. The (C,9d) kernel of the Gegenbauer expansion with respect to wy is
positive if § > 2\ + 1 (cf [3, p. 71]), and V, is a positive operator. |

The positivity shows that I,(x) = 1 for all z, hence it implies that S°(h2; f)
converges uniformly to the continuous function f. For convergence, however,
positivity is not necessary. First we state an integration formula for the inter-
twining operator.

Theorem 7.2. Let V. be the intertwining operator. Then
/ Viof () iz () dw(z) IAH/ Fl@)(1 = [l|*) " da,
gd Bd+1

for f € L?(h2; S%) such that both integrals are finite. In particular, if g : R — R
s a function such that all integrals below are defined, then
1

/Vﬁg(<x,->)<y)hi<y)dw<y):Bﬂ/ g(tl|z]) (1 = )+522 g,
Sd

-1
where A, and B, are constants whose values can be determined by setting f(x) =
1 and g(t) = 1, respectively.

To prove this theorem, we can work with the Fourier orthogonal expansion of
V..f in terms of the orthogonal polynomials with respect to the classical weight
function W%, , on the unit ball B™'. It turns out that if P, € VI(WE_, ,),

then the normalized integral of V,, P, with respect to h2 over S is zero for n > 0,
and 1 for n = 0, so that the integral of V. f over S? is equal to the constant term
in the orthogonal expansion on B!, Of particular interest to us is the second
formula, which can also be derived from the Funk-Hecke formula in Theorem
3.8. It should be mentioned that this theorem holds for the intertwining operator
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with respect to every reflection group (with |x| replaced by 7, ), even though an
explicit formula for the intertwining operator is unknown in general. The formula
plays an essential role in the proof of the following theorem.

Theorem 7.3. Let f € C(S%). Then the Cesaro (C,8) means of the h-harmonic
expansion of f converge uniformly on S¢ provided § > |k| + (d —1)/2.

Proof. Using the fact that Vj is positive and Theorem 7.2, we conclude that
1

L) < e [ Villoblwn (o0 D R Wdats) = by [ b L Olus()dt,
S -1
where by is a constant (in fact, the normalization constant of w,). The fact that
the (C, ) means of the Gegenbauer expansion with respect to w) converge if and
only if 6 > X finishes the proof. [ |

The above theorem and its proof in fact hold for hA-harmonics with respect to
any reflection group. It reduces the convergence of the h-harmonics to that of
the Gegenbauer expansion. Furthermore, since sup, |I,(x)| is also the L' norm
of S°(h%; f), the Riesz interpolation theorem shows that S?(h2; f) converges in
Lr(h%;5%), 1 < p < oo, in norm if § > |k| + (d — 1)/2.

It is natural to ask if the condition on ¢ is sharp. With the help of Theorem 7.2,
the above proof is similar to the usual one for the ordinary harmonics in the sense
that the convergence is reduced to the convergence at just one point. For the
ordinary harmonics, the underlying group is the orthogonal group and S¢ is its
homogeneous space, so reduction to one point is to be expected. For the weight
function hy(x) = Hf;l |z;|%, however, the underlying group Z4*! is a subgroup
of the the orthogonal group, which no longer acts transitively on S¢. In fact, in
this case, the condition on ¢ is not sharp. The explicit formula of the reproducing

kernel for the product weight function allows us to derive a precise estimate for
the kernel K?(h?;z,y): for z,y € S and § > (d — 2)/2,

[H?j(myﬂ +n 7T =gl +n)
nd=d=2/2(|z — g| + n_1)5+%
d+1 _ DN
Hj;rl(|xjyj| +]z—gP +n?)r
n(|z =gl +n7t)H

(Ko (his )| < e

Y

where Z = (|z1|,. .., |Ta+1]) and § = (Jval, -, [ya+1]). This estimate allows us to
prove the sufficient part of the following theorem:

Theorem 7.4. The (C,6) means of the h-harmonic expansion of every continu-
ous function for h.(z) = Hf:ll |z;|" converge uniformly to f if and only if

—1)/2 — i ;.
d>(d—1)/2+ |K] Jnin s,



ORTHOGONAL POLYNOMIALS OF SEVERAL VARIABLES 179

The sufficient part of the proof follows from the estimate, the necessary part
follows from that of the orthogonal expansion with respect to qu in Theorem
7.7, see below. For x = 0, the order (d — 1)/2 is the so-called classical index
for the ordinary harmonics. The proof of the theorem shows that the maximum
of I,(x) appears on the great circles defined by the intersection of S¢ and the
coordinate planes. An estimate that takes the relative position of z € S? into
consideration proves the following result:

Theorem 7.5. Let f € C(SY). If§ > (d —1)/2, then S3(h2, f;x) converges to
f(x) for every x € S&, defined by

int

St ={reS: x;#0, 1<i<d+1}.

int

This shows that the great circles {x € S? : z; = 0} are like a boundary on the
sphere for summability with respect to h2; concerning convergence the situation
is the same as in the classical case where we have a critical index (d — 1)/2 at
those points away from the boundary.

The sequence of the partial sums S,,(h%; f) does not converge to f if f is merely
continuous, since the sequence is not bounded. The sequence may converge for
smooth functions, and the necessary smoothness of the functions depends on the
order of S, (h?; f) as n — oo.

Theorem 7.6. Let A = || + (d —1)/2. Then as n — oo,
1Sn(h2; )l = sup [1Sa(hZ; )l = O(n*).

I flleo<1

In particular, if f € CNTY(SY), then S, (h2; f) converge to f uniformly.

Proof. By the definition of S, (h%; f) and Theorem 7.2, we get

s k+A
BRI IEY M) Si e (OO

-1 k=0

The integral of the partial sum of the Gegenbauer polynomials is known to be
bounded by O(n*). The smoothness of f shows that there is a polynomial P
of degree n such that || f — Pllec < cn™™=1 from which the convergence follows

from the fact that S, (h.; P) = P. [

Again, this theorem holds for h, associated with every reflection group. For
the product weight function h,(z) = [[] |z:|*, the statement in Theorem 7.6

suggests the following conjecture:
d—1
2.0 — o ; - - _ ; .
|Sn(hZ; )| = O(n”) with o 5+ ||  Jdnin g
4 |Sa(h%; f,x)| is of order O(n%) If the estimate of
K?2(h2%;x,y) could be extended to § = 0, then the conjecture would be proved.

furthermore, for z € S¢
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However, in the proof given in [21], the restriction § > (d — 1)/2 seems to be
essential.

7.2. Orthogonal expansions on B? and on T%. For a weight function W on
B or T we denote the (C, ) means of the orthogonal expansion with respect
to W as S°(W; f). It follows that

SIW fox) = c / KS (W) £ (0)W () dy,

where Q0 = B or T, ¢ is the constant defined by ¢! = [, W (y)dy, and K2 (W)
is the (C,d) means of the sequence P, (). Using the correspondence in Theo-
rem 3.1, most of the results for h-harmonics can be extended to the orthogonal
expansions with respect to W/fu on the ball B%.

Theorem 7.7. The (C,d) means of the orthogonal expansion of every continuous
function with respect to W,f# converge uniformly to f if and only if

d>(d—1)/2+ |k|+ p— min{kKq, ..., kg, 1} (7.1)

Furthermore, for f continuous on B¢, S°( ,W,f x) converges to f(x) for every
xr € B¢

int >’

where
Bl ={rxeB: |z| <1 and z;#0, 1<i<d}
provided 6 > (d —1)/2.

Proof. The sufficient part of the first and the second statement follow from
Theorems 7.4 and 7.5, upon using the fact that

K20, 0) = 5 [ KA . (9o /T = o) + K025 2, (g, /T = [3f)

and the elementary integration formula in the proof of Theorem 3.1. The neces-
sary part of the first statement uses the fact that the expansion reduces to the gen-
eralized Gegenbauer expansion at certain points. Let wy ,(t) = [¢[**(1 —¢*)*~1/2.
Denote by K?(wy ,;t,s) the (C,§) means of the kernel for the generalized Gegen-
bauer expansion. Let v = || 4+ p + (d — 1)/2. From the explicit formula of the
reproducing kernel, it follows that

K, (W2, 2,0) = K (wpy—p; [l2]],0) - and K, (WD ;a,e €i) = Kn(Wy—p, i i, 1)

Kyl Koy t?
for v =1,2,...,d, so that the necessary condition can be derived from the con-
vergence of the (C, ) means of the generalized Gegenbauer expansion 2 (wy 3 f)
at 0 and 1. In fact, for continuous functions g on [—1,1], s%(w, ,;g) converge
uniformly to ¢ if and only if 6 > max{\, u}. [

We can also state that the order of growth of ||S,(W?2,; )|« is bounded by n*
with A = |k|+ pu+ (d—1)/2, just as in the Theorem 7.6, and conjecture that the



ORTHOGONAL POLYNOMIALS OF SEVERAL VARIABLES 181

sharp order is o = % + K| + p— miny<;<g41 £; With kg1 = p. For the classical
orthogonal polynomials with respect to W = (1 — |z]|2)#~1/2, we have

d—
1S (WE )| = sup [|Su(WE; flloo ~ 05, p>0.

I fllo<1

The operator f — Sn(Wf; f) is a projection operator from the space of contin-
uous functions onto I1¢. Tt is proved in [31] that every such projection operator

L,, satisfies
d—1

| Lnlloe >cn'z d>2,
where c is a constant depending only on d. It turns out that the minimal norm
is obtained for the weight function W with p < 0 ([48]):

Theorem 7.8. For —1 < u <0 and d > 3,

d—1
2

182 (W75 )| ~n

That is, Sn(Wf ;-) has the smallest possible rate of growth for © < 0. The proof
of this theorem is quite involved, and does not follow from h-harmonics. In fact,
the explicit formula for the reproducing kernel in (4.1) holds only for > 0. A
formula that works also for © < 0 can be derived from it using integration by
parts and analytic continuation. Then a careful estimate of the kernel is derived
to prove the above theorem.

Similar questions can be asked for the weight function qu or hy, k; < 0. It is

easy to conjecture, but likely hard to prove, that [.S,(W,2,;-)|| ~ nT if 4 <0
and k; <0, 1<:<d.

For orthogonal expansions with respect to W71, we can state similar results for the
convergence of the Cesaro means, but the results do not follow directly from those
for orthogonal expansions. In fact, from the relation between the reproducing
kernels of V,(W2,) and V(W[ ),

1
Pn(le;uxvy) = @ Z P2n(qu7 (51\/3?—1, st 76d\/aj—d )7 (\/EJ tt \/@))7

e€Zd

the (C,d) means of the left hand side does not relate directly to that of the
(C,0) means of the right hand side. Much of the difference can be seen already
in the case of d = 1, for which the weight function W2, (t) = [t[**(1 — ¢)»—1/2
for t € [=1,1] and W, (t) = ¢*"Y2(1 — t)»=1/2 for ¢ € [0,1], and the latter one
is the classical Jacobi weight function (1 + #)*~'/2(1 — t)*~1/2 when converting
to t € [—1,1]; thus, it is the difference between the generalized Gegenbauer
expansion and the Jacobi expansion on [—1,1].
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Theorem 7.9. Suppose the parameters of WT = satisfy the conditions

Kopt

d+1
2 — [i]) > 1 in K ith = 2
;(F«'z i) = 14 min mi o with p= Fa, (7.2)

where [x] stands for the largest integer part of x. Then the (C,d) means of the
orthogonal expansion of every continuous function with respect to WHT . converge
uniformly to f on T® if and only if (7.1) holds.

The necessary part of the theorem follows from the (C,§) means of the Jacobi
expansion without the additional condition (7.2). The proof of the sufficient
part uses an explicit estimate of the kernel KfL(Wg e y) just as in the proof
of Theorem 7.7. However, there is an additional difficulty for the estimate of
K (W} ;x,y), and condition (7.2) is used to simplify the matter. We note, that
the condition excludes only a small range of parameters. Indeed, if one of the
parameters, say k1 or p, is 1/2, or if one of the parameters is > 1, then the
condition holds. In particular, it holds for the unit weight function (k; = ... =
Kq+1 = 1/2). Naturally, we expect that the theorem holds for all x; > 0 without

the condition.

For pointwise convergence, a theorem similar to that of Theorem 7.7 can be stated
for the interior of the simplex, but the proof in [21] puts a stronger restriction on
the parameters. We only state the case for the unit weight function.

Theorem 7.10. If f € C(T?), then the (C,5) means of the orthogonal expansion
of f converge to f uniformly on each compact set contained in the interior of T?
if 6 > (d—1)/2.

For the unit weight function, the uniform convergence of the (C,§) means on T
holds if and only if 6 > d — 1/2.

7.3. Product type weight functions. The Fourier expansions for the product
type weight functions are quite different from those on the ball and on the simplex.
As we pointed out in Section 6, there is no explicit formula for the kernel function.
In the case of multiple Jacobi polynomials and multiple Laguerre polynomials, the
product formulae of the orthogonal polynomials lead to a convolution structure
that can be used to study the Fourier expansions.

Let us consider the multiple Jacobi polynomials. Denote the kernel function of
the Cesaro means by K (W,; 7, y).

Theorem 7.11. In order to prove the uniform convergence of the (C,6) means of
the multiple Jacobi expansions for a continuous function, it is sufficient to prove
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that, for a; > b; > =1, a; +b; > —1,
[ L) Wasldy < ¢
[_171]d

where ¢ 1s a constant independent of n.

Proof. We know that the convergence of the (C,¢d) means follows from
[ KW )Wy <. we LI 020
[—1,1)¢
The product formula in Theorem 6.2 shows that that

KAWasiz) = [ KWt Dule ),

[_lvl]d

where the measure ué?gf’) is the product measure given in Theorem 6.2. This leads

to a convolution structure which gives the stated result using the corresponding
result for one variable. [

This shows that uniform convergence is reduced to convergence at one point.
Multiplying the generating function of the multiple Jacobi polynomials by (1 —

r) 70t =30 (") gives

Z (n + 5) K2 (Wop;w, 1)r™ = (1 — T)_‘S_IGEla’b)(T; ).

n
n=0

This is the generating function of K2 (W, ;; x, 1), which does not give the explicit
formula. What can be used to study the orthogonal expansion is the following:

Theorem 7.12. Ford>1 and 0 <r <1,
N1 | o |
K2 (Wop;w,1) = (n + > —/ (1-— re’e)*‘S*lGl(i 7b)(7,.,€7,9;x)671n9d9'
n Tre

—T

Proof. Since both sides are analytic functions of r for |r| < 1, the generating
function for K (W, ,;x,y) holds for r being complex numbers. Replacing 7 by
re, we get

- 5 _ A o
2 : (Tl N )Kg(”a,b;x, 1)rme™ = (1 — re’e)_‘s_lGEl ’b)(rew;x)‘
n
n=0

Hence, we see that (”:5) K2 (W,p;x,1)r" is the n-th Fourier coefficient of the
function (of 6) in the right hand side. |

With r = 1 — n~!, this expression allows us to derive a sharp estimate for the
kernel Kg(Wa7b; x,1), which can be used to show that the integral in Theorem
7.13 is finite for 0 larger than the critical index. One result is as follows:
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Theorem 7.13. Let a;,b; > —1/2. The Cesaro (C,§) means of the multiple
Jacobi expansion with respect to W,y are uniformly convergent in the norm of

C([-1,1]%) provided § > Z;l:l max{a;,b;} + 4.

Similar results also hold for the case a; > —1, b; > =1 and a; +b; > -1, 1 <
J < d, with a properly modified condition on ¢§. In particular, if a; = b; = —1/2,
then the convergence holds for 6 > 0.

The difference between the Fourier expansion on [—1,1]¢ and the expansion on
B¢ or T is best explained from the behavior of the multiple Fourier series on T¢,

[~ Zaa(f)eia“, where a,(f) = f(x)e™*da,
a T4

On the one hand, we have seen that the orthogonal expansion with respect to
the weight function (1 — ||z||?)~/2? on B¢ is closely related to the spherical har-
monic expansion, which is known to behave like summability of spherical multiple
Fourier series; that is, sums are taken over the /-2 ball,

SO(fiz) =Y aa(f)e™™ = (DP = f)(x),

el <n

where f % g means the convolution of f and g and the Dirichlet kernel D (x) =
gn(||z||) is a radial function (g, is given in terms of the Bessel function). In this
case, it is known that the (C,d) means converge if § > (d — 1)/2, the so-called
critical index.

On the other hand, the usual change of variables x; = cosf; shows that the
summability in the case of [, (1—22)~"/2 on [~1, 1] corresponds to summability
of multiple Fourier series in the /-1 sense; that is,

SO(fiz) = D aa(f)e™” = (D « f)(x),

laf1 <n

the Dirichlet kernel DY is given by (recall Theorem 6.1)

DW(z) = [cos z1, . . ., cos 24| Ghp.

In this case, the (C,0) means converge if 6 > 0, independent of the dimension.

For the multiple Laguerre polynomials, there is also a convolution structure which
allows us to reduce the convergence of the (C,d) means to just one point, z = 0;
the proof is more involved since the measure is not positive. The result is as
follows:

Theorem 7.14. Let k; > 0, 1 < i < d, and 1 < p < oo. The Cesaro (C,0)
means of the multiple Laguerre expansion are uniformly convergent in the norm
of C(RY) if and only if § > |a| +d — 1/2.
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For both multiple Jacobi expansions and multiple Laguerre expansions, the uni-
form convergence is reduced to a single point, the corner point of the support
set of the weight function. In the case of the multiple Hermite expansions, the
support set is R? and there is no finite corner point. In fact, the convergence
in this case cannot be reduced to just a single point. Only the situation of the
classical Hermite expansions, that is, the case k; = 0, is studied, see [32].

8. NOTES AND LITERATURE

Earlier books on the subject are mentioned at the end of the Section 1. Many
historical notes on orthogonal polynomials of two variables can be found in Koorn-
winder [15] and in Suetin [30]. The references given below are for the results in the
text. We apologize for any possible omission and refer to [10] for more detailed
references.

Section 2: The study of the general properties of orthogonal polynomials in
several variables appeared in Jackson [14] of 1936. In the paper [18] of 1967, Krall
and Sheffer suggested that some of the properties can be restored if orthogonality
is taken in terms of orthogonal subspaces instead of a particular basis. The first
vector-matrix form of the three-term relation and Favard’s theorem appeared
in Kowalski [16, 17]; the present form and the theorem appeared in Xu [34,
35]. This form adopted the point of view of Krall and Sheffer. Further studies
have been conducted in a series of papers; see the survey in [37] and the book
[10]. The study of Gaussian cubature formulae started with the classical paper
of Radon [26]. Significant results on cubature formulae and common zeros of
orthogonal polynomials were obtained by Mysovskikh and his school [24] and
Méller [23]. Further study appeared in [36, 43]. The problem can be studied
using the language of polynomial ideals and varieties.

Section 3: Section 3.1 is based on [40]. Ordinary spherical harmonics appeared
in many books, for example, [1, 28, 33]. The h-harmonics are introduced and
studied by Dunkl in a number of papers; see [6, 7, 8] and the references in [10].
A good reference for reflection groups is [13]. The account of the theory of h-
harmonics given in [10] is self-contained. The case of the product weight function
in Section 3.2 is studied in [38], while the monomial basis contained in Subsection
3.2.3 is new [49].

Section 4, 5 and 6: The relation between orthogonal polynomials with respect
to (1—||z|?)™=Y/2 on B? and spherical harmonics on S%™ can be traced back to
the work of Hermite, Didon, Appell and Kampé de Fériet; see Chapt. XII, Vol. II,
of [11]. In the general setting, the relation is studied in [40] and further properties
are given in [45, 46]. In various special cases the explicit formulae for the classical
orthogonal polynomials on B? and on 7% have appeared in the literature. The
relation between orthogonal polynomials on the simplex and those on the ball
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or on the sphere has also appeared in special cases. It is studied in the general
setting in [41]. Except for the multiple Jacobi polynomials, all other classical type
orthogonal polynomials can be studied using h-harmonics; see [47]. Apart from
some two dimensional examples (cf. [15]), classical and product type orthogonal
polynomials are the only cases for which explicit formulae are available.

The Hermite type polynomials of type A and type B are studied by Baker and
Forrester [4], Lassalle [19], Dunkl [9], and several other people. The commuting
self-adjoint operators that are used to define the nonsymmetric Jack polynomials
are due to Cherednik. They are related to Dunkl operators. The nonsymmetric
Jack polynomials are defined by Opdam [25]. There are many other papers
studying these polynomials and Calogero-Sutherland models.

Section 7: Summability of orthogonal expansion is an old topic, but most of
the results in this section are obtained only recently. See [42] for the expansion
of classical orthogonal polynomials on the unit ball, [20] for the product Jacobi
polynomials, [46] and [21] for h-harmonics expansions and expansions on the unit
ball and on the simplex. The integration formula of the intertwining operator and
its application to summability appeared in [39]. The topic is still in its initial
stage, apart from the problems on the growth rate of the partial sums, many
questions such as those on L? and almost everywhere convergence have not been
studied.
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to give these lectures, and especially Wolfgang zu Castell for carefully reading through these
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