ANALYSIS ON THE UNIT BALL AND ON THE SIMPLEX *
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Abstract. Many results on the unit ball and those on the simplex can be deduced from each other
or from the corresponding results on the unit sphere. The areas in which such a connection appears
include orthogonal polynomials, approximation, cubature formulas and polynomial interpolation.
We explain this phenomenon in some detail.
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1. Introduction. Recent studies show that, for several problems in analysis,
results on the unit ball B = {x : ||z|| < 1} in R? and those on the standard simplex

Td:{x:acl20,...,1‘(120,1—3:1—...—deO}

in R% can often be deduced from each other or deduced from results on the unit
sphere S¢ = {z : ||lz|| = 1} in R%"! making use of elementary maps between the
three domains and symmetry of the polynomial spaces on these domains. Here and in
the following, ||z|| denote the Euclidean norm. Problems for which that has occured
all involve polynomials in one form or other. They appear in the areas of orthogonal
polynomials, approximation theory, cubature formulas, and polynomial interpolation.
The purpose of this paper is to explain this phenomenon in some detail. We will mainly
take orthogonal polynomials and best approximation by polynomials as examples, but
will mention what else is known in this regard.

The unit sphere is a manifold without a boundary, it is homogeneous in the sense
that any point can be translated to any other point by a simple rotation. In contrast,
the unit ball and the simplex are manifolds with a boundary, points near the boundary
are different from points inside. Analysis on these two domains will have to catch the
boundary behavior. This consideration seems to indicate that the results on B¢ and
T% should not be deducible from those on S¢. The key, however, lies in the notion
of weighted spaces. More specifically, we will work with weighted LP spaces on these
domains. For the domain S¢ we will consider mainly the weight function h2, where

d+1
(1.1) he(a) =[] lzil®, w5 >0,
i=1
which becomes zero on the coordinate plane z; = 0 if k; > 0. Consequently, a

function f € LP(S% h2) can have singularities on the intersections of the sphere and
the coordinates planes. When we work with the weighted spaces, these intersections
play the role of the boundary on the sphere S?. Corresponding to h2, we have the
weight function

d
(1.2) WE (@) = [T |zl (1 = l|2H*~Y2, 5 >0, u>0,
=1

*September 15, 2005. The author was supported in part by the NSF Grant DMS-0201669.
fDepartment of Mathematics, University of Oregon, Eugene, Oregon 97403-1222. (yuan@math.
uoregon.edu)



defined on B?, where y = kg1, and the weight function

d
(1.3) WT, (@) =]« 202~ 2" ™V2 k>0, 020,

]
i=1

defined on 7. These are the weight functions that will be used in this paper. Many
results that we will discuss hold for more general weight functions, mainly for those
weight functions that are invariant under a finite reflection group. The weight function
h, in (1.1) is a special case, which is invariant under the group Zg“, and eru in
(1.2) is invariant under the group Zg. We will not discuss the most general case in
order to keep our exposition simple and keep the main idea clear.

These three weight functions are closely related and the relation extends to or-
thogonal polynomials and cubature formulas with respect to these weight functions,
as explored in [26, 27]. More recently, it has been realized that we can get a complete
characterization for the best approximation on B¢ and on T this way ([34, 35, 36]).
It is this latter development that we choose as examples for the main idea. Our goal
is to explain how results on the ball B¢ and on the simplex T can be derived. We
will not give a complete survey of the results known on these domains, neither will
we state the results in their most general form.

The paper is organized as follows. The background and the basic relation between
the three domains are given in the next section. The results on orthogonal polynomials
and approximation on the unit sphere are discussed in Section 3. The way to obtain
results on the unit ball and on the simplex is explained in Section 4 and in Section
5, respectively. Finally, in Section 6, we give a brief account on other problems for
which results on B¢ and on T can be obtained from each other or from those on S¢.

2. Basic relations. Let 11 = R[xy,...,24] be the space of polynomials of d
real variables and let I1¢ be the subspace of polynomials of degree at most n. We also
denote by P¢ the space of homogeneous polynomials of degree n. It is known that

o md [ n+d—1 . oqa [ n+d
dlmPn< d—1 ) and dlmHn< d .

2.1. Polynomial spaces on S? and on B?. Denote by P,(S%) and II,,(S%)
the restriction of P41 and I1¢+! on S9, respectively. The polynomials in P, (S%) may
not be homogeneous. In fact, we have

Pl= > |lzlI"Pu2;(S?

0<25<n

so that [|z|"~2P,_2;(S%) C P2 Let S{ denote the upper hemisphere of S%. A
simpleminded relation between Sf‘f_ and BY is as follows:

(2.1) z € B <= (v,2441) € ST, xay1 =1 |22

Clearly, a similar relation holds for the lower hemisphere. The domain Sf‘ﬁ induces a
symmetry in the polynomial space. Let P;(S%) denote the subspace of elements in
P, (S%) that are even in its (d + 1)-th coordinates. The mapping (2.1) leads immedi-
ately to the following basic result:

LEMMA 2.1. For each n > 0 the equation

(22) Pn(Sd) = Hz U xd+1]:[271
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holds in the sense that for each P € P,(S?) there exist unique elements p € 1% and
q € TI¢_, such that

P(z,z4+1) = p(z) + 2at419(2), (z,7411) € S%.

In particular, there is a one-to-one correspondence between 11¢ and P (S’d).

Proof. Let P € Pn(5%). We can write P(x,zq41) = Y pj(x)x),, for some
pj € IIZ_;. Using the fact that 23, | = 1—||z[|?, we have P(z,z441) = p(z)+zat19(2),
where p € TI¢ and ¢ € TI2_,. Clearly p and g are unique. O

Using (2.1) as a change of variables leads immediatly to the relation

(2.3) g fy)dw(y) = %/Bd [f (:17, \/W) +f (I,*W)] Vlfxw’

where dw is the surface measure on the sphere S¢.
These simple observations have important applications for orthogonal polynomials
and approximation by polynomials, as will be discussed in Section 4.

2.2. Polynomial spaces on B? and on T%. We start with a simple mapping
between B? and T¢. Let Bi ={x € BY: 2, >0,...,74 > 0} be the positive
quadrant of B?. A simpleminded relation between B¢ and T¢ is as follows:

(2.4) (1,...,24) € Bl <= (a3,...,23) € T

A polynomial P of the form P(z) = p(3,...,22) is invariant under sign changes of
its coordinates; that is, it is invariant under the group G' = Z4. Let 1 denote the map

(2.5) i (x1,...,1q) € Bl (22,...,2%) e T

The domain Bi can be looked upon as the fundamental domain for the polynomials
invariant under Zg. Let us define

G, = {p € ¢, : p invariant under Z¢}.

The relation (2.4) leads to a correspondence between polynomial spaces:

LEMMA 2.2. The map 1) introduces a one-to-one correspondence between 11 and
G, ; more precisely, p € I corresponds to p o € GIIE,.

Proof. If P € G114, then P is even in each of its variables. Hence, it is easy to see
that P(z) = p(z3,...,22) = (pot)(z) for some p € IIZ. The correspondence between
P and p is evidently ono-to-one. 0

Using (2.4) as a change of variables leads immediatly to the relation

dr

(2.6) f(z?, ... %) de = flzy, .. 2q) ——.
Bd Td Ty Tq
These observations will play important roles in the study of orthogonal polyno-
mials and approximation by polynomials, which will be discussed in Section 5.

3. Analysis on the unit sphere. In this section we review results for orthog-
onal polynomials and approximation with respect to the weight function h% on the
unit sphere S%. The weight function h, is given in (1.1), which has singularity at the
intersections of the sphere and coordinate planes.
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3.1. Orthogonal polynomials on the sphere. Let h, be defined as in (1.1).
We consider orthogonal polynomials with respect to the inner product

(f,9)r = ax » F(@)g(@)hi (x)dw(z),

where ay, is a constant such that a;! [¢, hZ(2z)dw = 1. Let H,(hZ) denote the sub-
space of orthogonal homogeneous polynomials of degree n with respect to this inner
product. It is known that dimH,(h2) = dimP? — dimP%_,. The elements of this
space are called h-harmonics. If h,(z) = 1, H,(h?) is the space of ordinary spherical
harmonics of degree n. The weight function h, in (1.1) is an example of a family
of weight functions invariant under reflection groups, for which the corresponding
h-harmonics enjoy properties similar to those of ordinary spherical harmonics (see
[9, 10] and the references therein).

We state the basic properties of h-harmonics below. The essential ingredient is
the Dunkl operator D; which, for h, in (1.1), is defined by ([9])

F@) = f@1,e =25 ar1)
Zj ’

These are first order differential-difference operators that maps PZ to P¢_; and they
commute with each other; that is, D;D; = D;D; for 1 <4,5 < d+1. The h-Laplacian
is defined by A, = D? +... + DfH_l, which plays the role of the usual Laplacian: If
P € H,(h%), then A, P = 0. Furthermore, in shperical-polar coordinates z = ra’,
r >0, 2’ € S¢, the h-Laplacian takes the form [30]

o2 20+19 1 d—1

(31) Ah = W —+ ” 8’[4 —+ ﬁAh’O’ Where )\ = ‘K:| =+ T,

a formula similar to the spherical-polar form of the usual Laplacian. The operator
Apo is called the spherical h-Laplacian. When restricted to S¢  h-harmonics are
eigenfunctions of Ay g, that is,

(3.2) ApoY(2) = —n(n+2\)Y(x), xe€8% Y eH,(h?).

The basic Hilbert space theory shows that L?(h2;S%) can be decomposed as

L*(h%; Sd) = @Hn(hi) : f= Zprojﬁnf»
n=0 n=0

where proj;, is the projection operator from L?(h2) onto H, (h2). It is known that

(33) proip, £ = ax [ )P (s )W)y,

where P, (h?2) is the reproducing kernel of H,,(h2) (zonal h-harmonic). The reproduc-
ing kernel turns out to satisfy a compact formula ([25])

(3.4) PaZs9) = 20, [0 )] ),

where C) is the Gegenbauer polynomial of degree n and V is the intertwining oper-
ator, which is a linear operator uniquely determined by Vi1 = 1 and D;V,, = V,.0;,
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1<j<d+1. For h, in (1.1), it is known that V; satisfies [24]

d+1

35)  Vif(x) = cn/ f@itr, . waatan) [+ )1 — )5 at.

[~ 1.2]e+1 pale

The formula (3.4), just like the classical zonal harmonics, plays an important role in
the study of h-harmonic expansions, which points out a connection to Gegenbauer
expansions and indicates a possible connection to functions of one variable.

2. Weighted approximation. We work with the space LP(h2;S?) that is
equipped with the norm

1£llwp = (an /S . If(x)phi(x)dw)l/p

for 1 <p < oo and || flleo = sup,ega | f(x)| for p = oo.
The equation (3.3) and the explicit formula (4.6) suggests the definition of the
following weighted convolution: For f € L*(h%;S%) and g € L'(wy, [-1,1]),

(3.6) (f #x 9) (@) = ax » F@)Vilg( a))()hi (y)dw.

For the surface measure (h,(x) = 1), this is the spherical convolution in [8]. It satisfies
the usual properties of convolution. In particular, it satisfies Young’s inequality:
PROPOSITION 3.1. For f € Li(h2) and g € L" (wy; [-1,1]),

1S *5 9llwp < 1 fllx.qllgllws,r-

where p,q,r > 1 and p~ ' =r~1 4 ¢71 - 1.

This shows that (f . g)(x) is finite for f € L'(h2) and g € L' (wy,[-1,1]). We
note that the projection operator projs, in (3.3) can be written as a convolution of f
with the Gegenbauer polynomial C7, which indicates a possible reduction in the study
of h-harmonic expansions to that of Gegenbauer expansions. We shall not pursue this
line of study here (see, for example, [29]). Instead, we use the convolution to define a
weighted spherical means, Ty, which is defined implicitly as follows:

ox [ T3 F@)gleos0) sin )t 5= (f 50 6)(0)
0

where ¢ is any L*°([—1,1]) function and 0 < § < 7. Young’s inequality can be used
to show that Ty is well-defined. In the case of x = 0, the weighted spherical means
coincides with the classical spherical means

1
—_— dw,
0d—1 (Sln e)d_l /{:r,y)-cos 0 f(y)

which was studied in [5, 18]. The weighted spherical means shares essentially all
properties of the classical spherical means ([34]), including those listed below:
PROPOSITION 3.2. The means 1§ f satisfy the following properties:
1. Let fo(x) =1; then Ty fo(xz) =1
2. If f ~ > 0" o projy, f, then

C\( c050 .
T f ~ Z PTOJan-

n=0

(3.7) Ty f(x) =
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3. For f € LP(h2), 1 < p < oo, or f € C(59),
175 fllwp < IIS]

rp and gii% 175 f = fllwp = 0.

The last property suggests immediately the following definition of a weighted
modulus of smoothness: For r > 0 and 1 < p < oo,

(3-8) wr(fit)p = sup (L= TF)"2 fllnp.
0<0<t

For x = 0, this coincides with the classical modulus of smoothness on the sphere that
has been used by many authors (see, for example, [5, 17, 18, 20] and the references
therein). It satisfies the usual properties of modulus of smoothness.

There is also a weighted K-functional, defined using the spherical h-Laplacian
Apoin (3.1): Forr >0and 1 < p < oo,

(3.9) KelF 0 = 08 {1 = gl + 1= B00) gl }

where the infimum is taken over the space of all g € LP(h2) for which ||Ap og], is
finite.

Just as in the classical approximation theory, the weighted modulus of smoothness
and the weighted K-functional are equivalent ([34]).

THEOREM 3.3. Forr >0,1<p<oo, and f € LP(h2;59),

c1wr(fi)np < Ke(fit)np < c2wr(fit)mp, 0<t<m/2

where ¢1 and co are constants independent of f.
These two equivalent gadgets can be used to characterize the best approximation
by polynomials ([34]). For f € L?(h2;59), 1 < p < oo, we denote by

(3.10) En(f)n,p = inf{”f - P”fs,p 1P e Hn(sd)}

the error of best approximation by polynomials in the weighted LP space.
THEOREM 3.4. For f € LP(h?;5%), 1 < p < oo,

(3.11) En(f)n,p < er(f§n71)&p

and, on the other hand,

n

wyr(f nil)n,p <en™" Z(k + 1)T71Ek(f)m;0'

k=0

In other words, both direct and inverse theorems for the best approximation hold.

These results provide a complete characterization of the best approximation by
polynomials. For the surface measure on S% (x = 0), they were proved in [20], which
brings a long investigation with various early results obtained by many other authors
to a completion. See the results in [5, 15, 17, 18, 20] and the references therein. The
proof of these two theorems are rather involved.

Let us mention one result that will be used to explain how to obtain results on
the ball and on the simplex. Let 7 € C*[0, +-00) be a function defined by n(z) = 1 for
0 <2 <1andn(x)=0Iif x > 2. Define a sequence of operators n,, for n > 0 by

(3.12) M f = Zn(%)projnkf-
k=0
6



Since n(k/n) = 0 if k > 2n, the series is finite and 7, f is a spherical polynomial of
degree at most 2n — 1. Furthermore, the operator 7, preserves polynomials of degree
n. The main properties of n,, are given in the following proposition:

PROPOSITION 3.5. Let f € LP(h2), 1 <p < oo. Ifk > |\ +1 then

1. o f € Uap_1(SY) and n, P = P for P € 11,,(S%);
2. forn >0, [[nafllep < cllfllsp;
3. forn >0, [[f = nnfllep < cBEu(f)rp-

This proposition was proved in [34], where we assume that 7 is in C*°. The proof is
based on the boundedness of the Cesaro (C, §)-means for the h-harmonic expansions,
which holds if § > A as shown in [24]. This gives the condition k > |A] 4+ 1. For the
Lebesgue measure (k = 0), the definition of the operator 7, f appeared first in [14]
and it played an important role in [20].

4. Analysis on the unit ball. Our goal in this section is to show how the
results on B? can be deduced from those on S%. We consider analysis in the weighted
space LP(WE ) on B4, where W2 is given in (1.2), which has the norm

K,

1/p
flwe,mi= (a2 [ @PWE, @)

for 1 <p < oo, and || f[|co = sup,epa | f(2)| for p = oo, where af ,

constant of the weight function WB
Frequently we will refer to the results in the previous section. For this purpose it
is more convenient for us to refer to those results in terms of the weight function

is the normalization

d

(@) =]

i=1

= }VLF»(:EM cee axd)|xd+1|ﬂa

which is the weight function h, defined in (1.1) with Kda+1 = [, where we use the
notation hy(z) = HZ L |zi® for € R Note that Iy is hy in (1.1) with d + 1
replace by d. Thus, when we refer to the results in the previous section, we will
replace h, by h, ,. Furthermore, whenever we refer to a notion that appeared in the
previous section and denoted by a notation that contains a subindex k, we will then
replace k by &, p. For example, we will use V,; , to denote the intertwining operator in
(3.5) associated with h, , and use #, , to denote the convolution in (3.6) associated
with hy .

4.1. Orthogonal polynomials on B?. Under the mapping (2.1), the weight
functions WkB’“ at (1.2) is related to the weight function h,, ,, by the following relation:

(4.1) h (@, 2a1), (x,2441) €SY = WP, (x), ze€B”

We consider the inner product on the unit ball
) =y [ F@@WE, (@)ds,

where ay,, is the normalization constant of W, ,. Let Vn(W,f#) denote the space
of orthogonal polynomials of degree n with respect to (f, g)p. Several explicit bases
of V,(WP,) are known explicitly; see, for example, [10]. In the case of the classical
weight function

WH(:C) = (1 - ”xHQ)H_l/Qﬂ MS Bd7
7



which is the same as W2, (x), some of these bases can be traced back to Hermite (see
[3, 11]). What we need, however, is the relation between orthogonal polynomials on
B¢ and those on S?. This relation follows as a consequence of Lemma, 2.1.
PROPOSITION 4.1. Write y = r(z,7q11), 7 = ||ly|| and z € BY. Then
Ho(h3 i 8%) = Va(WE,) @ Car1 Vot (WE,10)-

Kol

More precisely, if {P}} is a basis of V(WP ) and {Q2'} is a basis of Va1 (WP, 1),
then the functions ™™ P2 (y1,...,ya) and r"ys1Q" 1 (y1,...,y4) are homogeneous
polynomials and their restriction on S* form a basis for Hn(hi’w S9).

The proposition establishes the relation between orthogonal polynomials on the

sphere and those on the unit ball. It shows, in particular, that
Vn(W,fM) = span{P(x, V31— Hx||2) . Pe Hn(hi!M;Sd),P is even in xd+1}.

In other words, orthogonal polynomials with respect to W2, on B? correspond one-
to-one to spherical h-harmonics associated with hi, ., that are even in x441. Note that
the ordinary spherical harmonics on S¢ corresponds to the orthogonal polynomials
with respect to Wy(z) = (1—||z]|?)~ /2 on B¢, while the orthogonal polynomials with
respect to the Lebesgue measure dx on B¢ correspond to the h-spherical harmonics
associated to |2441|dw on S%.

The mapping (2.1) goes deeper than just inducing a correspondence. It turns out

that, under this mapping, the spherical h-Laplacian Ay, o in (3.1) becomes [30]

d—1
(4.2) DP =0y — (@, V)? =20, (2, V), A, =K a5
where V = (01, ...,0y) is the gradient and A}, is the h-Laplacian associated to Eﬁ.

The orthogonal polynomials in Vn(W,f ,,) become eigenfunctions of Dﬁ 0 See (3.2),

(4.3) DP P =-n(n+2X\,)P, PeV,(W2).

For the classical weight function W,,, x = 0, this is the second order partial differential
equation satisfied by the classical orthogonal polynomials on B?.
Because of the equation (2.3) and the mapping (2.1), we define an operator

1
(@4 VA Sz =6 [ Vilflreat] @0 - £l o e R,
-1

where ‘7& is the intertwining operator for E,i and it is given explicitly in (3.5) with
d + 1 replaced by d. Recall that V,; , denote the intertwining operator for A, ,. The
new operator is simply [Vi (2, a41) + Vieu (2, —2441)]/2.

Using (2.3) and (3.4), the reproducing kernel P,,(W 2 ;z,y) of Vn(W,fM) becomes

%

(4.5) PV E i) = "SEVE, € ()] (0

where X = (z,/1—[|z]]2) and Y = (y,/1 — [ly||?) with =,y € B9, which is an

integral formula according to the explicit formula (3.5). In particular, for the classical
weight function W, the explicit integral formula becomes ([28])

n+\, [* _
PaWyiwag) = e, 52 [ G (la) + VI=TePVT=TolP ) (1=
A
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where A, = i+ 951, The projection operator L2(W2,) — V,(WE)) is defined by

(4.6) Projy, ) F(2) = / @) Pa(WE 2, )WE, (y)dy.

The explicit formula (4.5) of the reproducing kernel plays an important role in the
study of the converngence of orthogonal expansions on B¢.

4.2. Weighted approximation on the ball. The operator VB can be used to

define, setting r4,1 = /1 — ||z]|?, a convolution structure 2 between fe LY (W)
and g € L' (wy,,;[—1,1]), just as in (3.6),

(@) (Felua)@ = | F@VEL( X 0OWE, W)y, X = (2T T4I?).

The equation (4.5) and (4.6) show that projy, (B) can be written as a convolution of f

with the Gagenbauer polynomial C’;} under 2 . Tt turns out that this convolution
structure is related to the convolution structure *,17 . on the unit sphere:

(4.8) (f #2, 9)(@) = (F 0 9) (2, /T [12])

where F' is defined by F(x,z4+1) := f(z). Clearly we can also take this equation
as the definition of *l?,p.’ It follows immediatly from (2.3) that f *5“ g also satisfies

Young’s inequality. We can define an analogue of the weighed spherical means, TQB,
as follows: For f € Ll(W,fM)7 the operator Tf f is defined implicitly by

(4.9) by /O7T Tff(x)g(cos 0)(sin 9)2)‘+2“d9 =(f *5# 9)(z)

for every g € L*(wy, [~1,1]). Since the convolutions on B? and on S? are related by
(4.8), it follows readily that the following relation holds:

(4.10) Tf f@) = T3 F (2. /1= [0l?),  we B,

where F(z,2411) = f(z), which can also be taken as the definition of T,°. As a
consequence of this relation, the properties of this operator follows immediately from
those of T," in Proposition 3.2:
PROPOSITION 4.2. The means T f satisfy the following properties:
1. Let fo(z) = 1; then TP fo(x) = 1.
2. If f ~ 30 projy, () f, then

C’)‘ cos@ .
TGBf Z prOJvn(B)f

3. For f € LP(WE ), 1 <p<oo, or f€C(BY,
W77 fllwp,o < Iflwp,p  and  lim [ T7f = fllws, , =0,

The operator T is called the generalized translation operator in [36], since the
property (2) in the Proposition 4.2 implies that

_ Cp(cos®) .
projy, )Ty | = WPTOJW(B)JC
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which becomes, when d = 1 and x = 0, the property satisfied by the translation
operator Ty for the Gegenbauer weight function wy(t) = (1 —t2)*~1/2 on [~1,1]. The
translation operator T is usually defined by

A =t [ (T V) 0

which plays an important role in the study of orthogonal expansions in Gegenbauer
polynomials (see, for example, [4, 5, 7, 18, 22]). For d = 1 and k = 0, we have
TP = Teosp. Furthermore, in [36] an analogue of (4.11) is found for the classical
weight function W,:

PROPOSITION 4.3. Let U(x) be the unitary matriz whose first column is x/||x||
and D(z) = diag{+/1 — ||z||?,1,...,1}. Then the generalized translation operator for
W, is an integral transform

T8 f(e) = a, [ F costa-+ sinouD@)U(w) (1~ Iyl "y

where y is considered as a row vector and yD(x) is the matriz multiplication.

The mapping (2.1) and (4.10) can be used to give an integral equation for the
weighted spherical means Tj for the weight function hy(z) = |z441]" on the sphere
S We do not know if such an integral formula holds for 77 with respect to the
weight function W2, or equivalently for Ty for h2 defined in (1.1).

As a consequence of the property (3) of the Proposition 4.2 we can define a
modulus of smoothness on B? as follows: For r >0, 1 < p < oo, and f € LP(W,EH),
(4.12) welfwe = sup (= TEY s

: 0<6<t :
By (4.10), this modulus of smoothness is related to the modulus w,(f;t)s, . p associ-
ated with h, , as defined in (3.8). In fact, we have

(4'13) w(f; t)W,pr = wT(F;t)N,}L,pa F(wvxd+1) = f(l‘)

Hence, properties of w,(f; t)wap follow from those satisfied by w,(f;t)x,u.p-

Using the differential-difference operator D2 , in (4.2), we can also define a K-
functional as follows: For f € LP (W,fu)7 >0,

(4.14) Ko(fi 0w, o = inf {If = gllw, o+ 1(=DE,) gl ,}

K

where the infimum is taken over all g € LP(W}2,) for which ||(7D§H)"/29HW£WP is

finite. Since the operator Dﬁ . 1s deduced from that of Ay, o, there is also a connection
between the K-functionals KT(f;t)qu and K, (f;t).,,p associated with h, , as
definded in (3.9). If fact, we also have

P

(4.15) K(fithws = Ko(Fithupps  Fla,zas) = f(2).

Consequently, the following equivalence follows from Theorem 3.3 right away:
THEOREM 4.4. For f € LP(WE)), 1 < p < o0,

K,

aw(fihwe, p < Kp(fi)we, p < cowr(fi)we, p,
10



where ¢1 and co are constants independent of f.
Again these two gadgets can be used to characterize the best approximation by
polynomials. For f € L”(W,fu), 1<p<oo,let

Eu(Dwp,p = {Ilf = Plwp, ,: P €T}

denote the error of the best approximation by polynomials of degree at most n. Using
the basic relations (2.1) and (2.2), we can prove that

En(f)qu,p = En(F)H,/t,pv F(I7xd+1) = f(:l?)

Consequently, the following theorem follows immediately from Theorem 3.4.
THEOREM 4.5. For f e LP(W2,), 1 <p < oo,

En(Hwp,p < cor(fsn Dws, pe
On the other hand,

wr(f;n_l)nywp < en™" Z(k + 1)r_1Ek(f)W£“,p'

k=0
To further illustrate how the results on the unit ball can be derived from those

on the sphere, we state and prove a theorem analogous to Proposition 3.5. Let n €
C*[0,00) as in (3.12). We define a sequence of operators 72 by

(4.16) Uff = Z H(S)Pfojvk(la)ﬁ
k=0
PROPOSITION 4.6. Let f € LP(WP,), 1 < p < oo, and f € C(B?) if p = oo. If
k> |A] +1 then
1. nBf elly,_1 and nBP = P for P € 11,,;
2. forn >0, n? flwe, , < clfllwz, p:
3. fOT n> 07 ”f - nff”WEM,p < CEn(f)qu,p'
Proof. Using the definition of the operator V.2, it follows easily from (3.4) and
(4.5) that

(17)  Pu(WPiay) = o [Pa(h2 i (/T [0l (/T T]P)

2
AP (R s (V1 = 2][2), (y, —v/1 = ||y||2))],
from which we derive from (3.3) and (4.6) that the following relation holds:
projy, (5)f (@) = projy, F (2. /1= 2l?),  F(a,aa41) == f(2).

Consequently, nZ f(z) = n,F(z,+/1 - ||z||?), from which the stated results follow
from the equation (2.3) and Proposition 4.6. O

5. Analysis on the simplex. In this section we show how results on the simplex
can be deduced from those on the ball. Since the basic relation (2.4) amounts to a
non-linear change of variables, the deduction is more complicated than the deduction
from the sphere to the ball.

11



Recall the weight function W, given in (1.3). We will consider L? (W, ,) space
with norm || - ||W§ p defined similarly as || - ”W»?wp' Recall the map @ in (2.5).

Using (2.6), it is easy to see that f € LP(W,I,) is equivalent to f o1 € LP(W,EH);
furthermore, we have

1fllwr,p=1f 0 %lwe

5.1. Orthogonal polynomials on the simplex. Under the mapping v, WnT,u(:C)’
x € T? becomes qu(x), r € BY, since the Jacobian of changing variables from
zp(x)is 274wy - 2g) "2 Let Vn(W,sz) denote the space of orthogonal polyno-

mials of degree n with respect to the inner product

(F9)r =y [ F@g@WE, (@)do
T
on T9. Under the mapping (2.5), the inner product (-,-)7 is related to (-,-)p by

<fvg>T = <f0¢7907/)>37

from which the relation between V(W) and V,(W2,) follows immediately. Let
us deﬁne GVQn(WB ) = Vgn(W ) N GHgn on B, Wthh contains polynomials in
Van (WE,) that are invariant under 74 (invariant under sign changes).

PROPOSITION 5.1. The mapping (2.5) induces an one-to-one correspondence
between R € V,,(WT) and R o € GVa,,(W,,).

Since f o1 is invariant under Z¢, the mapping 1 also translates the operator DE) u
defined in (4.2) to the differential operator DY, ([30]) defined by

d
(5.1) D, = ai(l—2)0f -2 Y x2;0:0; + Z (( ) - /\,m) i,
i=1 1<i<j<d
and the orthogonal polynomials in Vn(WE ) are the eigenfunctions of DT "
DIP = —n(n+M\,)P, PeV,(Wr).

This is the classical partial differential equations satisfied by orthogonal polynomials
on T%. Since the elements in GVa, (WL ,) are of the form R o4 with R € V,(WT,),
the reproducing kernel of Vn(WKT ,,) satisfies

(5'2) (W}'?;U 7 = 2_d Z P2n K /’“ / 7€y1/2)
e€zd
where x1/2 := (/71,...,1/Zq) and eu = (g1u1, ..., equq). This equation suggests the
deﬁmtlon of the following operator defined on functions on R4+,
(5.3) VNT’MF(x,de) =27 Z Vqu(Ex,de),
EEZg

where VB, is defined in (4.4). Using the fact that C)M(t) = epi /27 (262 — 1),

Kyt
where c is a constant and p% *#) denotes the orthonormal Jacobi polynomial of degree
n, it follows from (5.2) and (5.3) that

(5.4) P, (WL .z

N TAl

vy = E RV, [
12
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where XV/2 = (\/Z1,...,\/ZTd, VI — 21 — ... — 74) and Y'/2 is defined similarly. By
the definition of Vf# and the equation (3.5), this gives an explicit compact formula
for the kernel. Again, the projection operator Lz(W,z:#) — Vn(W,Z#) is defined by

proiy, ) f(@) = ane | SPOV e )WL ().

The formula (5.4) of the reproducing kernel plays an essential role in the study of
orthogonal expansions on T¢. It shows, in particular, that the expansions on T are
connected to Jacobi expansions, rather than Gegenbauer expansions.

5.2. Weighted approximation on the simplex. Using the operator VHTW we
can define a convolution f ! g for f € L'(W,) and g(2{-}* — 1) € L'(wx,[-1,1])

on T? as in (4.7). The basic mapping (2.5) shows that
(5.5) ((F L9 00) (@) = ((Fou)+E, g(212 1)) (@),

which can also be taken as a definition of *E’M. The equations (5.4) shows that
projy, (r) can be written as a convolution of f and the Jacobi polynomial. Using the

convolution, we can define an analogue of a gneralized translation operator TQT by

(5.6) by /07T T f(x)g(cos 20) (sin 0)**+df = (f *Z,u 9)(x)

for every g € L'(wj,[—1,1]). Note that we have g(cos26) in contrast to g(cosf) in
(4.9), which comes from 2cos? § — 1 = cos 2. From the relation (5.5) it follows that

(5.7) (TF o) (@) =T (fov)(a), zeT?,

from which the properties of 7 follows from those in Proposition 4.2.
PROPOSITION 5.2. The means Tj f satisfy the following properties:
1. Let fo(z) = 1; then T} fo(z) = 1.
2. If f ~ 30 projy, () f, then

o (A-3,—3)

TngNan o

n=0 Pn

(cos20)
7

Pijvn(T)ﬁ
3. For fe LP(WT ), 1 <p< oo, or f € C(T?,

K K,

1T Flwz, o < Wflwe,o  and B 757~ flws, = 0.

Just like the case of B?, the last property of this proposition suggests the following
definition of a modulus of smoothness on 7% For r > 0 and 1 < p < o0,

(5.8) wr(f,)wr, p= sup ||(1 — TQT)T/QJCHWTWZJ-
' 0<6<t

Under the mapping (2.5) the relation (5.7) and (4.12) immediately show that

(59) wr(f7 t)W,iT,“,p = wr(f © 1#7 t)W,ffu,p‘
13



As in the case of BY, we can use the operator D}, in (5.1) to define a K-functional
as follows: For f € LP(WT ), r >0,

(6100 Kofitwr, = inf {17~ gllwr,p+ 1 -DL,) gl o}
where the infimum is taken over all g € LP(W,!,) for which ||(7DZ,#)T/29HWE;UP

finite. Since D] . 1s obtained from D} u by a change of variable (2.5), it follows that

(511) KT(f;t)ngM,p = Kr(f o 7/}; Qt)qu,pa

Consequently, the following equivalence follows from Theorem 3.3 right away:
THEOREM 5.3. For f € LP(WT ), 1< p < o0,

Kyl
awy(fithwr, p < Ke(fihwr, p < cowrn(fi)wer, p,

where ¢1 and co are constants independent of f.
As before, the two gadgets can be used to characterize the best approximation
by polynomials. For f € LP(W,ZM), 1<p<oo,let

is

Eu(Hwi,p = inf {If = Pllwz, ,: P €14}

denote the error of the best approximation by polynomials of degree at most n. Using
(2.5) and taking into consideration of the symmetry of P o1, we can show that

En(f)WTWP = En(f °© w)nyu’p.

Ky

Hence, the following characterization follows immediately from Theorem 4.5 and (5.9):
THEOREM 5.4. For f e LP(W[I ), 1 <p < oo,

En(f)WﬁTMW < er(f; nil)WﬁTru,Ir

On the other hand,

n
wr(fsn Dwr,p <en™ Y (k+ 1) Eu(fwr, p-
k=0
5.3. Additional difficulty for analysis on the simplex. In the above dis-
cussion we put our emphasis on the similarity between results on the ball and on the
simplex. In fact, most of the results on these two domains appear to be equivalent in
the sense that they can be deduced from each other, and both can be deduced from
the results on the sphere. However, for certain problems, the simplex is more difficult

to work with. The difficulty appears in the connection between Pn(WKT W -) and
P (W2 ,;-,+) shown in (5.2), which forces us to switch from C,(t) to p£{\_1/2’1/2)(t)

as in (5.4). As a consequence, the results for certain problems on 7% will not follow as
an exact consequence of those on B?. This is so especially for the study of orthogonal
expansions.

To illustrate this point, let n € C*¥[0,00) as in (3.12) and define operators nL by

(512) a7 o= n( 5 Yroy, iy 7

k=0

The main properties of 71 f is the following theorem analogous to Proposition 4.6:
PROPOSITION 5.5. Let f € LP(W!,), 1 < p < oo, and f € C(T?) if p = co. If
k> |A] +1 then

14



1. nT'f € Ugp—y and nI P = P for P € I,;;
2. Jorn >0, InZ flwr < cll fllwr i
3. Jorn>0, 1f % Flhwr_p < cEalPwr

This theorem, however, does not follow as a consequence of Proposition 4.6. In
fact, the relation (5.4) shows that projy, (r is related to projy,, ), which shows that
there is no direct relation between nl and nZ, as each is a sum over k from 0 to n.
The proof of this theorem can be modeled after the proof of Proposition 3.5 in [34],
which goes back to [14].

The same phenomenon also appears when we try to find the critical index of
the Cesaro (C,d)-means of the orthogonal expansions. In fact, for W,f# on B, the
sharp critical index was established in [16], whiles for W, on T the result was
not established for all parameter ranges. The study of (C,d)-means of orthogonal
expansions on 7' does not follow from the one on B?. See [16] for details.

For d =1, W' (z) = 2" ~1/2(1 — x)"~1/2 is the Jacobi weight function on [0, 1].
However, TOT is not the usual translation operator associated with the product formula
of the Jacobi series. In fact, it corresponds to the “wrong” product formula

PO (@) PP (y) = ¢n / / CoFPF (2t 5,,9)) (1 — 82 H2(1 = £2)°~2dsdt

where z(t, s, cos 6, cos ¢) = cos 0 cos ¢s+sin 0 sin ¢t. Finally, we mention that it would
be interesting to find if 7] can be written as an integral transform, like the formula
of TP for W, in Proposition 4.3.

6. Other problems on the unit ball and on the simplex. Besides orthogo-
nal polynomials and approximation discussed in the previous sections, the connection
between S¢, B¢ and T¢ can be useful in several other problems in analysis. In this
section we briefly discuss three other problems.

6.1. Polynomial of least deviation from zero. For z = (x1,...,14) € R?
and @ = (a1,...,aq) € N¢, we define the monomial % = z{*---z5%. The degree
of the monomial z® is |a| = a; + ... + ag. Let Q be a region in RY. If p*(z) is a
polynomial of best approximation to the monomial % in the uniform norm on €,
then ¢ — p*(x) is called the polynomial of least deviation from zero. We shall also
call p*(z) a least polynomial.

Using the basic relations (2.1) and (2.5) between the three domains and the
relations between polynomial spaces as given in Lemma 2.1 and Lemma 2.2, one can
often reduce the problem of finding least polynomials on B? to that of S and to that
of T, As an illustration we state one such result ([32]).

THEOREM 6.1. Let a € Nd and write 2a = (2ay,...,20q) and |a| = n. If
p*(z) is a least polynomial for z® on T?, then p*(x%,...,22) is a least polynomial
for 2% on B?; conversely, if ¢* is a least polynomial for x>* on B® in the form
q*(z) = p*(22,...,22), then p*(z) is a least polynomial for z® on T?.

For d = 2, the least polynomials to z"y™ from H%-s-m—l on the domain B? and
T? were known. Their relation as stated in the theorem was used in [6]. For d > 2,
only a few examples of least polynomials were known, see [1, 2, 19, 21, 32]. The
above theorem can be used to find least polynomials for monomials of lower degrees.
It shows, in particular, that in order to find a least polynomial for z2® on B?, it
is enough to work with z®, which has lower degree, on T¢. For example, one least
polynomial for x93 on T2 is given by ([32])

R3(x) = 72x12023 — 4(21 4 20 + 23) + 4(21 + T2 + 3)% — 8(2120 + 2023 + 2123) + 1,
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which gives immediately a least polynomial for x2z32z% on B3 using the theorem.

6.2. Cubature formula. The formulas (2.3) and (2.6) relate the integral in
three regions. Together with the connection of the polynomials on these domains,
they lead to relations between cubature formulas on S¢, B¢ and T?. These relations
were discussed in [26, 27] and they were used in [12, 13] to generate new cubature
formulas. We state only one theorem that captures the spirit of such a result.

THEOREM 6.2. If there is a cubature formula of degree M on T? giving by

N
(6.1) T @OWE (w)du = Xif(w),

with all u; € T, then there is a cubature formula of degree 2M + 1 on B given by

N
(6.2) /Bd g(a:)W,fH(a:)da: = Z A2 () Z fle1/Uit, .. €ay/Uid)
i=1

e€Zg

where k(u) denote the number of non-zero components in u. Moreover, a cubature
formula of degree 2M + 1 in the form of (6.1) on B? implies a cubature formula of
degree M in the form of (6.2) on T.

A similar result holds for cubature formulas on S and on B?, which also extends
to a relation between cubature formulas on S and on 7¢. We note that a cubatue
for the surface measure on S? corresponds to a cubature for “Chebyshev” weight
function Wo(z) on B9, which in turn corresponds to a cubature for “Chebyshev”
weight function W (z) on T4

6.3. Polynomial Interpolation. The relation (2.1) between polynomial spaces
on B?% and those on S can also be used in the problem of polynomial interpolation.
Let M¢ = dimI1¢. We consider the following interpolation problem on B¢:

PROBLEM 1. Let E be a set of MZ points on BY. Find conditions on E such that,
for any given data {fi}, there is a unique polynomial Q € ¢ satisfying Q(z;) = fi,
forx;, e B andlgiSMg,

Let N¢ = dim I, (S?%). The interpolation problem on S¢ that we consider is:

PROBLEM 2. Let X be a set of N? distinct points on S%. Find conditions on X such
that, for any given data {f;}, there is a unique polynomial S € 11,(S%) satisfying
S(y;) = fi, fory; € X and 1 <1i < N2

We call the point set X on S% symmetric if * = (2/,2411) € X implies that
(2, —x411) € X, where 2’ = (z1,...,24). From the relation (2.1) between polynomi-
als spaces, solutions of these two problems are related as follows [33]:

THEOREM 6.3. Let E be a set of MZ points on B¢ that solves Problem 1. Assume
that E contains ezactly M3 — M2 _| points on the boundary S of B? and that

n

E° :=E\ (ENS%1) solves Problem 1 for 11 _,. Define

Xp={(,0):2' e ENS" '} {(m’,:l:de) zay = VI |72, o€ E}

Then Xg solves Problem 2. On the other hand, if X solves Problem 2, X is symmetric,
and there are exactly M3 — M2 _| points on the hyperplane {x € R : 24,1 = 0},
then Ex = {2 : (2/,2441) € X N STt} solves Problem 1.

16



The relation (2.5) and the relation between the polynomial spaces on B? and
T? as described in Lemma 2.2 can also be used for interpolation problem. However,
because the mapping x — ¥ (z) is nonlinear, a polynomial of degree n that interpolates
on N¢ points on T corresponds to an interpolation polynomial on B? that belongs
to a subspace of 11, ; see [33] for a discussion in the case of d = 2.
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