SoME QuaNTUM P3s wiTH ONE POINT

BRAD SHELTON AND MICHAELA VANCLIFF *

Department of Mathematics
University of Oregon
Eugene, Oregon 97403-1222
shelton@math.uoregon.edu  vancliff@math.uoregon.edu

ABSTRACT. We study a certain 1-parameter family of non-commutative graded regular alge-
bras of global dimension four which were introduced by Vancliff, Van Rompay and Willaert in
[12]. Most members of the family have a singleton point scheme of multiplicity twenty. Our
objective is to analyse the point scheme of these algebras and the coordinate ring of the point
scheme. In particular, we prove that the point scheme determines the defining relations and

that its coordinate ring is a Frobenius algebra.

INTRODUCTION

The concept of a regular, graded algebra was defined in [2] and the connected, regular,
graded algebras of global dimension three were classified in [2, 3, 4, 9, 10]. The regular al-
gebras of global dimension four have not yet been classified; indeed it is still uncertain what
characteristics are exhibited by a generic, regular algebra of global dimension four.

The classification of the regular algebras of global dimension three employed geometric
techniques first introduced in [3]. Certain graded modules (point modules, line modules, etc.)
were associated to geometric objects (points, lines, etc.) in some projective space. This inspired
a definition of ProjA in [1] for any graded algebra A generated by degree one elements, and
the term “quantum P?” was adopted in [1] for ProjA where A is a graded regular algebra of
global dimension three generated by degree one elements. Understanding the different types
of quantum P? that exist led to the classification in [3, 4] of the regular algebras of global
dimension three which are generated by degree one elements.
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Henceforth, unless otherwise stated, all algebras herein are assumed to be connected, N-
graded algebras generated by degree one elements.

The above geometric methods and ideas suggest that in order to classify the regular algebras
of global dimension four, one perhaps should first define a notion of “quantum P3” and classify
all such entities. However, it is uncertain what should be the definition of a quantum P?3. Ideally
it should be a generalisation of a quantum P?; namely, ProjA where A is a regular algebra
of global dimension four, but should A satisfy additional hypotheses? It is conceivable that
regular algebras of global dimension three have certain characteristics important to the concept
of a quantum P? which are not automatically shared by regular algebras of global dimension
four. To date, no definition of a quantum P? has been given, although numerous examples of
regular algebras of global dimension four have been studied.

In [3, §3] it is shown that a certain scheme parametrises the point modules. In [11] this
scheme is called the “point scheme,” and it gives easily accessible points of Proj of the algebra.
The scheme structure of the point scheme was a major tool in the classification of the subclass
of algebras of global dimension four which were considered in [11]. Moreover, it is shown in [11,
Theorem 1.10] that, under certain hypotheses, a quadratic, regular algebra of global dimension
four has point scheme which is the graph of an automorphism of some scheme. As such, a first
potential approach to classifying such algebras is to classify those quadratic, regular algebras
of global dimension four whose point scheme is the graph of an automorphism. To date, the
different kinds of point scheme which arise in this situation are unknown.

On the other hand, if A is a quadratic algebra, then the zero locus I' 4 of the defining relations
of A contains the point scheme of A (see [3]). M. Van den Bergh has shown that if A is a
generic, quadratic algebra on four generators with six defining relations, then I'4 consists of
precisely twenty distinct points; he has also shown that the variety of line modules over such an
algebra is 1-dimensional (see [12]). However, although examples of quadratic, regular algebras
of global dimension four are known whose point scheme consists of twenty distinct points (see
[12, 13]), no such examples are known whose variety of line modules is 1-dimensional. If such
an example could be found, it would be a candidate for a generic, regular algebra of global
dimension four.

One potential method to construct such an example is to understand similar examples with
as “small” a point scheme as possible, and then try to use that understanding to build one
with twenty points. In [12], a family of quadratic, algebras A(g, \) on four generators with six
defining relations was constructed where ¢, A € k*. If ¢* = 1, then A(q, \) is regular of global
dimension four for all X. If ¢* = 1, but ¢ # 1, then the point scheme of A(q, \) consists of one
point of multiplicity twenty, and if ¢ = —1, then the variety of line modules is 1-dimensional.

Our objective in this paper is to analyse the point scheme of A(g, A\) and its coordinate ring.
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In §1, the point scheme is explicitly computed in Proposition 1.9. In §2, we prove in Theorem
2.2 that the point scheme of A(g, \) determines the defining relations of A(g, \) if ¢* = 1 and
q # 1. This is somewhat surprising given that the point scheme has only one closed point,
but the multiplicity of the point being twenty is encoded in the coordinate ring which has
dimension twenty as a vector space. The analysis of a degree two form which vanishes on the
point scheme is carried out in the 20-dimensional coordinate ring.

Since the point scheme of A(g,\) consists of one point of multiplicity twenty, it seems
reasonable to expect some symmetry to reside in its coordinate ring. In §2, we verify this by
proving in Theorem 2.4 that the coordinate ring of a finite point scheme of a quadratic algebra
on four generators with six defining relations is a Frobenius algebra; that is, the coordinate
ring and its vector space dual are isomorphic as modules over the coordinate ring.

On the other hand, it was demonstrated in [11] that in general the point scheme encodes
an insufficient amount of data for classifying the regular algebras of global dimension four,
although it was sufficient for regular algebras of global dimension three. Moreover, most
of the algebras A(q, A\) (even those which are not regular) have defining relations which are
determined by their point scheme. This supports the fact that in general the point scheme
does not distinguish between quadratic algebras on four generators. Since the point scheme
parametrises the point modules, it is conceivable that, for regular algebras of global dimension

four, the relevant geometric data is a scheme that parametrises the line modules (see [8]).

1. THE POINT SCHEME

In this section we consider a certain family of quadratic algebras A(q, \) where ¢, A € k*. If
q® # 1, then A(g, \) has a singleton point scheme of multiplicity twenty, whereas if ¢* = 1 the
algebra A(q, A) is regular.

1.1. Definitions.
Throughout the paper, k denotes an algebraically closed field of characteristic different from
two. Unless otherwise stated, all algebras herein are assumed to be connected, N-graded k-

algebras generated by degree one elements. Let S(P?) denote the homogeneous coordinate ring

of P3.

Definition 1.1. [12, §3] Let A(q, A) denote the k-algebra on four generators x, z3, x3 and x4

with defining relations

o\ 42 _

T1T2 — qT2X1 = )\$4, T3 = qI3x2,
_ .2 _

T1X3 — qI3T1 = Ty, T3ly = qT4T3,
_ .2 _

T1Tg — qT42T1 = T3, TyZlo = qTaTy,

where ¢, A € k*.
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The specialisation A(—1,1) is a graded Clifford algebra ([12]). It is shown in [12] that if
q* =1, then A(q, \) is an iterated Ore extension, so that it has Hilbert series the same as that

of S(P?), and it is a regular algebra of global dimension four in the following sense.

Definition 1.2. [2, Page 171] A connected N-graded k-algebra B is called regular if
(a) the global (homological) dimension of B (gldim(B)) is finite,
(b) the Gelfand-Kirillov dimension of B (GKdim(B)) is finite, and
(c) B is Gorenstein; that is, Ext%(k, B) = 4k where n = gldim(B).

Furthermore, if ¢* = 1, then A(g, \) is noetherian, Auslander-regular and satisfies the Cohen-

Macaulay property (see [12]).

Remarks 1.3.
(a) For every g, \ € k>, we have A(qg', \) = A(q, \)°P.
(b) If ¢* # 1, then A(q, \) is not regular, which can be seen by computing the Hilbert series
of its Koszul dual. This is because a quadratic, regular algebra of global dimension four

on four generators is Koszul and has Hilbert series H(t) = (1 —¢)~* (see [7]).

Let A denote a quadratic algebra on four generators which has six defining relations, and
let T'4 denote the zero locus in P? x P3 of its defining relations. M. Van den Bergh has shown
that if A is generic, then I'4 consists of exactly twenty points. It follows from his argument

that if I"4 is finite, then it consists of twenty points counted with multiplicity.

Notation 1.4. Let I'(g,\) denote the scheme-theoretic zero locus in P3 x P3 of the defining
relations of A(g, \).

Lemma 1.5. If ¢ # 1, then T'(q, \) consists of one point in P> x P? of multiplicity 20; in the
coordinates determined by the x;, the point is ((1,0,0,0),(1,0,0,0)). If ¢ =1, then T'(q, \) is

infinite.

Proof. The result follows from the proof of [12, Lemma 3.3], and the multiplicity follows from
the preceding paragraph. [ |

Definition 1.6. [3, §3] A point module over A(g, \) is a cyclic, graded module M which has
Hilbert series Hy,(t) = (1 —¢)7L.

Lemma 1.7. If ¢* = 1, then ['(g,\) is the graph of an automorphism o, of a subscheme
P(q,\) of P2. In this case, T'(q, \) parametrises the point modules of A(q, \).

Proof. If ¢* = 1, but ¢ # 1, then A(q, \) satisfies the relevant hypotheses of [5, Theorem 4.1.3],
and, by Lemma 1.5, I'(q, \) satisfies the relevant hypotheses of the same theorem; whence, in
this case, the result follows from [5, Theorem 4.1.3]. If ¢ = 1, then [11, Theorem 1.10] applies
to A(1, ), so the result holds. The last statement is a consequence of [3, §3]. [
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Definition 1.8. [11] In the case that T'(q,\) is the graph of an automorphism, we refer to
P(q,\), or (P(q,A),0,4) or I'(q, A) as the point scheme of A(g, A). In keeping with [5], we use

the term point variety to refer to the reduced scheme determined by the point scheme.

In the next subsection, the point scheme (P(g, \), 0,,) is computed explicitly.

1.2. Computation of the Point Scheme.
To analyse the point scheme we use the methods of [3, §3] as follows.
Fix ¢, A € k*. Let {f;}¢_, denote the defining relations of A(q,)\) and let M be a 6 x 4

matrix which satisfies the equation
M(z)" = (fi)"

the matrix M depends on ¢ and A\, and M is unique up to row operations. By definition,
a point (a,b) € P? x P? belongs to I'(q,\) if and only if M|,b" = 0; that is, if and only if
rank(M]|,) < 4. Let I(g, \) denote the ideal in S(P?) generated by the fifteen 4 x 4 minors of
M. Tt follows from Lemma 1.7 that if ¢* = 1, then P(q,\) = V(I(¢q,\)). On the other hand,
by Lemma 1.5, if ¢ # 1, then I'(q, \) is an affine scheme. This means that if ¢* = 1 but ¢ # 1,
then the stalk of the structure sheaf Op, ) of P(q, A) over the unique point (1,0,0,0) is given
by the degree zero component of
S(P?)[z1 ]
Li(g,\)
where I1(g, ) is the image of I(g, ) in S(P3)[z7!]. This stalk is a local ring of dimension
twenty as a k-vector space, since the unique point of the point scheme has multiplicity twenty;
since the point scheme is affine, the stalk is its coordinate ring.
Our interest is in the structure of this finite dimensional local ring and its automorphism

o4 As such, we assume that
¢*=1 and ¢#1

throughout the rest of the paper,

Under this assumption, the automorphism o, » is an automorphism of the coordinate ring
of the point scheme. To compute the action of o, , observe that since I'(g, \) = P(q,\)
(by Lemma 1.7), the stalk Op(gr),1,0,00) is isomorphic to the stalk of O,y over the point
((1,0,0,0),(1,0,0,0)). To identify the latter, set Z] = x;®1 and Y/ = 1®@x; foralli =1,... ,4
in the defining relations of A(g, A), and then set Z; = Z!/Z{ and Y; = Y/ /Y] for all i = 2,3, 4.
This yields that the stalk of Op(g x) over ((1,0,0,0),(1,0,0,0)) is isomorphic to the commutative

algebra
k[ZQ7 Z37 Z47 }/27 }/37 }/4]
J(q,\) ’
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where J(g, A) is the ideal generated by the six elements

Yo —qZy — \Y, Zy, ZoY3 — qZ3Y5,
Y3 — qZs — Yo 2o, Z3Yy — qZ4Ys3,
Yy —qZy — Y323, 24Ys — qZoYy.

By definition of I'(g, A) and oy, it follows that o, is given by o,,(Y;) = Z; for all i. Hence,

computing o, entails rewriting the Z; in terms of the ;.

Proposition 1.9. If ¢* = 1 but q # 1, then A(q,\) has a singleton point scheme T'(q, \)
of multiplicity 20 which is the graph of an automorphism o, of the subscheme P(q,\) =
V(I(q,\)) where agx € Aut(Op(gn),(1,0,00)) 5 given by

oo (Y2) = Y2 — A*Yi + Aqy3ya,

Toa(Ys) = Yz — ¢°y3 + Aayays,

oo (Ys) = @Ya — ¢*Y3 + qy3ys,
where y; = x; /11 € Op(gn),1,000) fori=2,3,4.

Remark 1.10. By Remarks 1.3(a), if ¢*> = —1, then the formulae for o, and (0,,)"" are

the same on the generators y; of the respective stalks.

Proof. By Lemma 1.7, I'(¢, A) = P(q, A), so that
k[ZQ;Z3aZ47Y2v}/37}/4] ~ (S(Pi’))[wl—l])
J(Qu )\) ]1 (q7 A) 0 7
where Y; — x; /21 = y; for all i = 2,3, 4. Solving for Z5 we find that
Zy = q71<Y2 — \YyZy)

=Y, - Mg 2V (Yi - Vi)

= ¢ 'Yo — MgV + AgPYsYy(Ys — Y5 Zy)

= q 'Yy = Mg+ AgTPYRY, — AL Y5Y 2.

However,
VaYaYiZy = q Y2YaZy = q 22V, Zs = ¢ SVaYaYals,
and since, by assumption, ¢* # 1, it follows that
Zs = ¢*Ys = A\PYZ + \qYYs,
(since ¢* = 1); similarly for Z3 and Z;. This gives a formula for Z; for each 4, and since
Z; = o4\(Y;) and Y; — y; for all ¢, the result follows. [ |

Remark 1.11. By Remarks 1.3(a), 0_1, = (0_1.,) "', so that the order of o_; ) is two for all
A € k*. Tt may be verified by computation that if ¢> = —1, then the order of o, is four for
all A € k.

Let R denote a quadratic, regular algebra of global dimension four which has a finite point
scheme. The examples known of such algebras R ([12, 13]) are finite modules over their centres,

and the automorphism of the point scheme has finite order. It is not known whether or not in
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general R need be a finite module over its centre, nor if the automorphism of the point scheme

need have finite order.

2. THE DEFINING RELATIONS

The notation used in this section is defined in §1 unless otherwise specified, and the param-
eter ¢ in Definition 1.1 is assumed to satisfy ¢* = 1 and ¢ # 1. It is proved in Theorem 2.2
that, for every A € k*, the defining relations of A(gq, \) are determined by its point scheme.
Moreover, we prove in Theorem 2.4 that the coordinate ring of the point scheme is a Frobenius
algebra.

Let f € A(q,\)1 ® A(q,\); and suppose that f vanishes on I'(¢,\). Our intention is to
show that f belongs to the span of the defining relations of A(gq,A). To do this we consider
the image of f in the stalk of Op(, ) over (1,0,0,0); its image in this stalk is zero due to the

assumption that f vanishes on I'(g, A). Hence, we first compute a basis for this stalk.

Let A denote any quadratic, regular algebra of global dimension four on four generators
21, 29, 23, 24, with six defining relations ¢1,... ,gs. Let M be a 6 x 4 matrix determined by
the equation (g;)T = M(z;)T. Suppose that the zero locus I' of the defining relations of A in
P3 x P3 is finite. For i = 1,2, let m; : P2 x P3 — P3 denote the projection map onto the ith
coordinate. By [7], these assumptions imply that the Hilbert series of A is Ha(t) = (1 —t)74,
and, by [3, Proposition 3.6], the finiteness of I" implies that the reduced scheme determined by
m1(I") is isomorphic to the reduced scheme determined by mo(I"). Hence by [5, Theorem 4.1.3],
" is the graph of an automorphism of a subscheme P of P3. It follows that P is an affine
scheme, so that we may assume (by rechoosing the z; if necessary) that P is contained in the
affine open set P3 \ V(z;); thus, P = Spec(Op(P)). Moreover,
klz1,. .., 2[00 ] )

-

images of 4 x 4 minors of M)

In this situation, we have the following result.

Lemma 2.1. Let M and P be defined as in the preceding paragraph. If the fifteen 4 x 4 minors
of M are linearly independent, then Op(P) has a vector space basis consisting of all monomials

in k(Za, Zs, Z4] <3, where z; = z;/z1 for all i =2,3,4.

Proof. Let py,... ,p15 denote the 4 x 4 minors of M. We may write each minor in the form
Pi = Pio — Z1Pi1, wWhere pi € k2o, 23, 24]. Suppose that {pig}il is a linearly independent set,
so that it is a basis for the 15-dimensional space k[z9, 23, 24]4. Let g be a degree four monomial
in k[zq, 23, z4); that is, g € 3 kp;2. However, the image of each p;3 in Op(P) is either zero or is

a polynomial of degree three or less in the variables z,, Z3, Z4, where z; = z;/2 for i = 2,3, 4.
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It follows that the image of g in Op(P) is a linear combination of polynomials of degree three

or less in the variables Zs, Z3, Z4. Since
dlmk(/{}[ig, Z3, 24]33) =20= dlmk(OP(P)),

the result follows.
15

=

[t remains to prove that {p;»},2; is a linearly independent set. If this were false, then there
would exist scalars «aq,...,aj5 not all zero such that Y- a;pis = 0; whence, > a;p; (which
is nonzero by hypothesis) would be divisible by z;. In other words, there would exist h €
k[z1,...,24)3 such that h # 0 and z;h belongs to the ideal I generated by the fifteen 4 x 4
minors of M; in particular, deg(h) = 3 and h ¢ I. We may write I = /., Q;, for some
m € N, where the (); are homogeneous primary ideals. Since h ¢ I, we would have h ¢ @,
for some n, but z21h € Q,, o0 21 € \/Q, (since @, is primary). It would then follow that z;

vanishes on a point of P, which would contradict our choice of zq, ... , 24. [ |

In order to apply Lemma 2.1 in the proof of Theorem 2.2, one should check that the fifteen

4 x 4 minors defining 7(q, A), namely
—qr175 — q(1 — q)riwews + A3y — M\qrsw] + N o w377,
—qu3as — quiah + ey — q(1 — Q)atesey + A\gPwox],
qCrsrs + ¢rrraas — q(1 — q)atwyry — Aqaial — Aga g,
qrirs + q(1 — )23 — NP3,

qrirs — ¢*x3x] + q(1 — q)miasay,

—¢* w375 + q(1 — @)mi 2534 + Aqransy,

—¢*ry — (1 — @)z 12523 + \qrowsrs,
¢*x5 — qriwsrs + ¢° (1 — @)1 x5,
Q352$§934 — ¢*(1 — q)xrx00] — Mgy,

qsl'g% - CI(l - 92)I19€2I3$4 - >\q2$3$i;

—¢*wor + Padws + q(1 — @) 2107324,
Praxy + q(1 — ¢*)r1292374 — N 377,
—Q(l - q3)$§$3$47
—q(1 — ¢*)zoxiy,

—q(1 — ¢*) w32},

are linearly independent. This fact is easily verified by computation.
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Theorem 2.2. If ¢* =1 but ¢ # 1, then

k<x17 s ,I’4>
Ag,\) = .
(@A) (f € (Dkx;) @k (©k;) 1 flrgn = 0)
Proof. Let f € (®kx;) @k (Bkx;) and suppose that f|pgy = 0. We will prove that f belongs

to the span of the defining relations of A(g, \).

We may write f = Y a;;7; ® xj, where the o;; € k. By comparing f with the defining
relations of A(g, \), we may assume that a;; = 0 for all 4 > j, so that we need to show that
f = 0 to prove the result. Firstly, since f vanishes on the point ((1,0,0,0), (1,0,0,0)), we have
that oy = 0.

Moreover, f vanishes on the point scheme I'(g, \), so the image f of f in the stalk of Or(g\
over the point ((1,0,0,0),(1,0,0,0)) is zero. That is,

4
0=f= ZOéuYi + Z i 2 Y5,
=2

2<i<j
where the Z; and Y; are as in §1.2. Moreover, the image f of f in the stalk of Op(g,») over the
point (1,0,0,0) is also zero. In particular, we have that

4

0=F=>auyi+ > o)y,

i=2 2<i<;
by Proposition 1.9 and its proof. However, I'(g, \) is finite, so, since the reduced scheme of
P(q, ) has only one point, by Lemma 2.1, the stalk of Op, ) over the point (1,0,0,0) has a
basis consisting of the monomials in ys, y3, y4 of degree three or less. Rewriting f in terms of

this basis (via a computer program, such as Mathematica, or otherwise), one obtains

= awys + ai3ys + anys + ¢*(agys + asy; + auyi)+
+(1+ ¢*)(aasy2ys + azayzys) — (1 + q)asyoyat
—q*(r33y3ys + Qual3ya + o Nyoyi)+
+5,(23y3 — aayays + r3ay3)+
+ 848 (Q3ay3ys + Qa3 \ysyd — ¢>aoay),
where

1
= itr=-1
6 ={2
r 147
2

Since f = 0, we may set the coefficients of the basis elements equal to zero in the expression

if r2 = —1

for f. This yields that the remaining unknown a;; are all equal to zero. Hence f = 0 which

completes the proof. [ ]

Theorem 2.2 is perhaps somewhat surprising given that the point variety is so small, being

only one point. This result highlights the importance of the point scheme over the point variety,
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since the multiplicity of the point being twenty plays a key role in the proof. It is conceivable
that a similar result holds for all quadratic, connected, regular k-algebras of global dimension

four which have a finite point scheme.

Given the symmetry of the point scheme, one might expect that its coordinate ring would
exhibit some symmetry too. Indeed, the following results prove that the coordinate ring is a
Frobenius algebra.

Let R denote any finite dimensional commutative algebra. By standard theory, R* is an
R-module via the action defined by (r - n)(r’) = n(r'r) for all r,7’" € R, for all n € R*. In this
context, R is called a Frobenius algebra if R* and R are isomorphic as R-modules.

We thank M. Van den Bergh for drawing our attention to the following argument. The proof

of the next result is included due to lack of a suitable reference.

Proposition 2.3. Let S denote the polynomial ring on n variables and let I denote an ideal
of S generated by n elements. If dimy(S/I) < oo, then S/I is a Frobenius algebra.

Proof. Suppose that S/I is finite dimensional. By the Chinese Remainder theorem, S/I
is a finite direct sum of local rings of the form Sg/Iz where m denotes the preimage in S
of a maximal ideal m of S/I and I denotes the image of I in the localisation Sg. Since
Kdim(Ss/Iz) = 0 for every m, we have that Sg/Ig is a complete intersection (by [6, Theorem
31(iii)]). It follows that Sz/Iz is an injective module over itself for all m. By dualizing, one
obtains that (Sz/Is)* is a finite dimensional projective module for all m and thus is free; since
it is indecomposable, it is isomorphic to Sz/l7. Hence, Sg/Is is Frobenius for every m, and
the result follows. [ |

Theorem 2.4. Let A denote any quadratic k-algebra on four generators with siz defining
relations. If the zero locus T' in P3 x P3 of the defining relations of A is finite, then the

coordinate ring of I' is a Frobenius algebra.

Proof. If I' is finite, then it is an affine scheme and its coordinate ring is finite dimensional.
In this case, coordinates may be chosen so that the coordinate ring of I' is a quotient of the

polynomial ring on six variables by six relations. The result follows from Proposition 2.3. B

In particular, Theorem 2.4 applies to A(q, \) for all g, A € k* such that the zero locus of the

defining relations is finite (for example, if ¢ is a fourth root of unity but not equal to one).
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