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INTRODUCTION AND NOTATION

Let k be a field with char(k) # 2 and let V' be a four-dimensional k-vector space. Let
T(V) be the N-graded tensor algebra on V. For the purposes of this paper, a quantum P3
is a graded factor algebra A = T'(V*)/I which is Noetherian, quadratic, Auslander-regular of
global dimension four and satisfies the Cohen-Macaulay property. The Hilbert series of such
an algebra is H,(t) = 1/(1 — t)* and one may consider it as an algebra on four degree-one
generators with six quadratic relations.

For any finite-dimensional vector space W we write G,,(W) (respectively, G"(W)) for the
Grassmannian scheme of subspaces of W of dimension n (respectively, codimension n). We
write P(W) for G,(W). For a subspace Q C W, we write Q* for the orthogonal complement
of @ in W*. We also use L for the canonical isomorphisms L: G, (W) < G"(W™).

For the remainder of this introduction, let A denote a quantum P3. A point module over
A is a cyclic graded module M of Hilbert series Hy/(t) = 1/(1 —t). A line module is a cyclic
graded module L of Hilbert series Hy(t) = 1/(1 —t)®. From [2], the scheme T, of zeroes in
P(V)xP(V) C P(V®V) of the defining relations of A, represents the functor of point modules
of A, and will be called the point scheme of A. In [8] it was shown that there is similarly a
subscheme Ay of G3(V ® V) which represents the functor of line modules of A. Our goal is
to continue the study of this line-module scheme, the line scheme of A.

From [7], the scheme I is the graph of an automorphism o of a subscheme P C P(V'), where
P has the coordinate-free description: P = {p € P(V) : dim(p* ® V* + 1) = 15}. Likewise,
from [8], we have the following coordinate-free descriptions of Ay and several schemes naturally

isomorphic to A,.

A ={p€eG3(VaV):qp=q®V NI for some ¢ € Gy(V)},
L={qeGy(V):dim(qa V NIy) >3},
L ={Q € G*(V*) : dim(Q ® V* + I,) < 13},
Ay ={Q€G*(V*Q@V*) : Q2 = Q1 ® V* + I, for some Q1 € G*(V*)},
H={)eP(V*®V*) :rank(\) <2 and A C I»}.

Each of these schemes is a closed subscheme of the appropriate Grassmannian space. Since

A is a quantum P3, the inequalities which define £, £+ and H may be taken to be equalities,



c.f., [8]. We note that these schemes are all defined for an arbitrary quadratic algebra on four
generators with six quadratic relations, but they will not, in that generality, be isomorphic.

For p € P, we write M (p) for the right point module A/ptA. Similarly, for ¢ € £, we write
L(q) for the right line module A/q-A. We say that M(p) lies on L(q) if there is a nonzero
graded homomorphism L(q) — M (p) and we write £, for the subscheme of £ of lines ¢ such
that M(p) is on L(q).

We begin our computation of line schemes, in §1, by describing the schemes £ and £* in
Pliicker coordinates. The computations in §1 are for any graded algebra on four generators
with six quadratic relations.

In §2 we discuss quantum P3s which have partially symmetric relations. We prove that
for such algebras, the line scheme £ has dimension at least two, and that, for p € P, the
subscheme £, has dimension at least one. This is in contrast to the general theorem of [§]
that the line scheme has dimension at least one and the subscheme £, has dimension at least
zero (and multiplicity six when the dimension is zero). We also examine two examples, a
Clifford algebra with only one point module and a closely related non-Clifford algebra with
only one point module.

In §3 we compute the line schemes of some of the quantum quadrics from [7, 9, 10]. For
these quantum P3s the point scheme contains a quadric surface in P2. The coordinate ring of
quantum 2 X 2 matrices is such an algebra. In these cases, the line scheme L is the union of
three components in G5(V'), two of which have dimension one, whereas the other has dimension
three. The importance of these examples is the following. For some of these algebras, the
point scheme alone does not determine the defining relations. There is, in a sense, an “extra”
relation vanishing on the point scheme I'. We show, however, that the point scheme and the
line scheme together determine the relations of the algebra in a natural way.

The homogenization A of the universal enveloping algebra of the Lie algebra s[(2) is a
quantum P? and is discussed in §4. The line scheme £ of A is reducible with two components: a
nonreduced plane (counted with multiplicity four) and a reduced “cylinder”. The intersection
of the two components corresponds to an embedded conic in the point scheme ([4]) which

corresponds to the Casimir element.



1. COORDINATE COMPUTATIONS

We assume throughout this section that A is a quadratic graded k-algebra of the form
T(V*)/I where dim(V) = 4 and dim(/5) = 6. We describe the isomorphic schemes
L = {qeGy(V):dim(qgeV NI} >3},
Lt = {QeG3(V*) :dim(Q®V*NI) > 1},
by using global Pliicker coordinates on the appropriate Grassmannian spaces.

Fix a basis {e1,...,e4} for V and let {z1,..., 24} denote the dual basis for V*. For 1 <
i < j <4 we have Pliicker coordinates M;; on Go(V) and N;; on G*(V*) associated to these
bases. We write Sy = k[M;;] and Sy = k[N;;] and define the Pliicker relations: py =
Mis M3y — MqsMsy + Mi4Mss and py = NioN3y — Ni3Noy + N14Noz. With this notation,
Go(V) = Proj (Su/{pm)) and G*(V*) = Proj (Sx/(pn)). The orthogonality isomorphism
1: Gy(V) — G*(V*) is realized on the coordinates by mapping Nio — Mzy, Nz — — Moy,
Ny Moz, Noz +— My, Noy— —My3 and N3y +— M.

Let {f1,..., fs¢} be a basis for the space Is C V* @ V* and let {hy,...,hip} be a basis
for I c Vo V. We write f = (f1,...,fs)T and h = (hy,...,h19)". We may factor f
as f = M @ (z1,...,24)T, where M is a 6 x 4 matrix of 1-forms on V, and similarly h =
N ® (eq,...,eq)" where N is a 10 x 4 matrix of 1-forms on V*. We consider f and h also as
linear functions: f: V@V — kb and h: V* @ V* — k10,

To compute £+, fix Q € G?(V*), and observe that, by definition of h, we have Q € £t if
and only if rank(h|ggy+) < 7. However, if {a,b} C V* is a basis for @), then

MQ V™) = Z k col;(N(a)) + Z k col; (N (b)),

which is the span of the columns of a 10 x 8 matrix N(a,b) whose first four columns form
N(a) and whose last four columns form N (b). Hence
L+ ={Q € G*(V*) : rank(h|ggy+) < T}
={Q = ka® kb e G*(V*) : rank(N(a, b)) < 7}.
Writing a = Z?Zl a;r; and b = Z?Zl bix;, where a;,b; € k, it follows that the entries of the
matrix N(a,b) are homogeneous degree-one polynomials in a; and b;. Any 8 x 8 minor of
N(a,b) is obtained by omitting two rows of N(a,b) and computing the determinant of the

resulting submatrix, so such a minor is a bihomogeneous polynomial in a; and b; of bidegree



(4,4). In particular, 8 x 8 minors of N(a,b) may be expressed as homogeneous degree-four
polynomials in the Pliicker coordinates INV;; = a;b; — a;b; evaluated at ). Let Jy < Sy be

the ideal generated by these 45 maximal minors. We have then a global-coordinate description,

: Sy
£ =proj ()
I\ o) + Iy

In practice, the quartic polynomials which generate Jy are easily calculated by computer, but

usually they are not enlightening geometrically.
Attempting to conduct the same analysis on the scheme L, we first observe
L ={q € Gy(V) : rank(f|,ev) < 5}
If g =ka @ kb e Go(V), let M(a,b) denote the 6 x 8 matrix whose first four columns form
M (a) and whose last four columns form M (b). It follows that
L={q=ka®kbe Gy(V):rank(M(a,b)) < 5}.

Writing a = 2411 ae; and b = 2411 b;e;, the Pliicker coordinates are M;; = a;b; —a;b;. In general,
not all of the 6 x 6 minors of M (a,b) can be expressed as polynomials in the M,;. However,

certain combinations of the 6 x 6 minors are polynomials in the M;; as follows.

Lemma 1.1. If 1 <r < s <8, let g.s = q;s(a,b) denote the 6 x 6 minor of M(a,b) obtained

by omitting columns r and s. The ten polynomials:

q15, 926, 437, 448,

Q16 + Q25, Q7 G35, @18 + qas, Q27 +Q36, Qos + Qu6, G388 + Qur,

are homogeneous cubic polynomials in the Plicker coordinates M;;. |
Let Jy; C Sy be the ideal generated by the ten polynomials from Lemma 1.1.

Remark 1.2. The following example demonstrates that, in general, the ideal (pys)+Jy C Sy
does not define the scheme £. However, in all of the examples of quantum P3s we have
examined, these polynomials do define £. We verify this on a case-by-case basis. Let K be
the image of Jy under the orthogonality isomorphism Sy — Sj;. Case by case, it is not
difficult to check that (pp) + K and (par) + Jyr have the same saturation as graded ideals in

Syr. In the subsequent sections we will omit these details.



Example 1.3. For the algebra k[xy, ..., z4] with defining relations
1 @x + 11 Qa9 =0, T ®@ag =0, 1 Qx4 =0,
T1 @ Tg + 12 @ 2 = 0, To @ xg =0, To @ x4 =0,
the ideal J); is easily seen to be {0}. The scheme L is a proper subscheme of G*(V*), since

(N34)* belongs to Jy. Since £+ =2 L, the ideal Jj; does not define L.

The subsequent sections contain several examples of line schemes of quantum P3s. The
notation established in this section and the notation A = T'(V*)/I will be in force throughout
those sections. A closed subscheme of P(V') defined by a set R of homogeneous polynomials

in the variables z1, ..., z4 will be denoted V(R). Closed subschemes of G1(V') will be denoted

Ve(R), where R is a set of homogeneous polynomials in the coordinates M;;, that is, Vg (R) =

Proj (Su/(R, par))-

2. ALGEBRAS WITH SYMMETRIC RELATIONS

In this section, we show that a quantum P? with enough symmetry in its defining relations
has a line scheme of dimension at least 2, with infinitely many line modules incident to any
point module. This information extends [8, Corollary 2.6 and Proposition 3.1]. The result
applies, in particular, to regular Clifford algebras. We consider, in some detail, the Clifford
algebras studied extensively in [6]. In contrast, we also consider a non-Clifford algebra from

[6] which has a 1-dimensional line scheme.

2.1. Algebras with Symmetric Relations. Let Sym denote the subspace of symmetric
elements of V* ® V* and let A be the subscheme of P(V* ® V*) of elements of rank at most
two. Given o € Aut(P(V*)), we obtain an automorphism & := identity ® o of P(V* ®@ V*).
Let £ =T(V*)/(Sym) denote the exterior algebra on V*.

Theorem 2.1. Suppose that A = T(V*)/I is a quantum P3. If, for some T € Aut(P(V*)),
A has the twisted algebra E7 as a factor algebra, then every component of the line scheme L
has dimension at least two, and, for any p € P, the subscheme L, of L, consisting of the line

modules which map onto the point module M (p), has dimension at least one.

Proof. Let ¢ = 77! and put Sym? = 5(Sym). The twisted algebra E7 is T(V*)/(Sym?) and

so we may assume [y C Sym?°.



To prove the first claim it suffices to estimate the dimension of H = P(/3) N A. Given that
P(lo) N A = P(I3) N (P(Sym?) N A), and that A is g-invariant, we have (P(Sym?) N A) =
(P(Sym) N A) which has dimension six and degree ten. Since P(I,) = P° and since we are
intersecting schemes inside P(Sym?) = PY every component of our intersection, H, must have
dimension at least two.

Following the proof of [8, Proposition 3.1], and using I C Sym?, to prove the last statement
it suffices to compute the dimension of (A, N P(Sym?)) N P(Iy), where p € P, and A, =
{¢ € Al p¢ = 0}. Fix p € P, let W be the vector space of symmetric tensors in pt ® V*
and let W7 = g(W). We see that (A, NP(Sym?)) N P(ly) C P(W? + I,). By definition,
dim((pt®@V*)N1,) = 3. Since I, C Sym’, we have dim(W?N1I,) = 3. Hence, P(W°+1,) = P5.
Inside this P® we are intersecting P(I5) = P® with A, NP(Sym?) = (A, NP(Sym)), which has

dimension four. Hence the intersection has dimension at least one, as required. [ |

Remark 2.2. The theorem clearly covers any regular Clifford algebra or any twist thereof,

as well as many other examples.

It should be noted that the scheme H of a generic Clifford algebra is irreducible and nonsin-
gular and has dimension two, as evidenced in Theorem 2.3 below. However, not every Clifford

algebra is a quantum P?, c.f. [3].

2.2. A symmetric example. Following [6], let A(q) = T(V*)/I be the quadratic algebra
with I generated by the quadratic forms

T1 Ty — qro @ T1 — T4 @ Ty, To ® To — qT3 R T,
1 QX3 —qr3 ®r1 — To ® Xo, qro ® Ty — Ty & To,
T1 ® Ty —qry QX1 — T3 Q T3, T3 Q Ty — qTy ® T3,

where ¢ € k*. Let A = A(—1). The algebra A is a Clifford algebra and a quantum P3.

Let S be the k-subalgebra of A generated by xs, x3 and x4. In the language of [1], S is
a quantum P2, The algebra A is an Ore extension of S, where A = S[zy,0;6]. The point
scheme of S is the triangle V(zoz374) C P2. Since A is an Ore extension of S, the module
M := A/(S,)A, is both a left and a right point module over A, and is the only point module
of A. In particular, the point scheme, P, of A has only one closed point and this point has
multiplicity 20. In homogeneous coordinates on P(V'), we have M = M((1,0,0,0)).



Theorem 2.3. The line scheme, L, of the Clifford Algebra A is a 2-dimensional, irreducible,
nonsingular subscheme of Go(V'). In Pliicker coordinates on Go(V'), L is given by the polyno-

maals:
(M23)3 — 2MyoMas Moy — (M24)2M34,

(Mzy)? 4+ 2M13 Moz M3y + (Ma3)* My,
(M24)3 + 2M 4 Moy Mz, + M23(M34)2,
2Mys Mz My — (My3)* Mg — Mg (Mas)® — Mig(Mas)*+
+(M12)2M24 - (M14)2M34 - M13(M34)2-

Proof. The second statement is Lemma 1.1 and Remark 1.2.
Let U;; denote the affine neighborhood of Go(V) defined by M;; # 0, 1 < i < j < 4.

Focusing on £ N Usyz, a Grobner-basis calculation yields
LN Usz = V(mag + migmazg — mi3may,
Moy + 2mazmsy +mi,,  —1+ 2mismgy + mi,mas) C A°

where m;; = M,;/Mas, from which it follows that £ N Uss is a smooth, reduced surface. By
symmetry, a similar result holds for LNUsy and LNUsy. The complement of Vi (Mag, Moy, Masy)
is Usz U Uy U Usy, and its intersection with £ is irreducible. A calculation shows that
LNV (Mag, Moy, M3y) = Vo (Mo Mis My, Mas, My, M3y), which has three 1-dimensional com-
ponents. However, by Theorem 2.1, every component of £ has dimension at least two, so there
are no components of £ in the 2-dimensional complement of Usz U Usy U Usy. Hence, L is ir-
reducible and has dimension two. With this information, a simple global computation yields

that £ is nonsingular. [ |

It should be noted that the calculations which used £ to prove Theorem 2.3 are straight-
forward in comparison with calculations involving the isomorphic scheme H.

The incidence relations between the line modules of A and the unique point module of A
may be described as follows. If ¢ € £, then the unique point module, M((1,0,0,0)), of A is a
quotient of the line module L(q) if and only if (1,0, 0,0) lies on the line g; that is, if and only



if

q € L1000 = LN Ve(Mag, Moy, Mzy) = Vo (MigMizMiy, Mas, Moy, M3y),
as computed in Theorem 2.3. In other words, the point (1,0,0,0) is the common point of
intersection of the three coordinate planes V(z5), V(z3) and V(z4) in P(V), so L1,0,0,0) is the
triangle of P's in Gy(V) corresponding to all the lines through (1,0, 0, 0) lying in each of these

coordinate planes.

2.3. Fat Point Modules. In order to obtain a better understanding of Proj A for our Clifford
algebra A in §2.2, we examine the incidence relations between the line modules of A and the
fat-point modules of A. In the language of [1], a fat-point module of A is a critical, graded
A-module of Gelfand-Kirillov dimension one. Such a module represents a simple object in
Proj A, and this simple object is called a fat point (c.f. [1]). Since A is a Clifford algebra, we
may apply the work of Le Bruyn in [3] on fat points of Clifford algebras to the fat points of
A as follows.

The center of A is the polynomial ring Z(A) := k[z? 23,23, 23]. Let Y = Proj Z(A) denote
the corresponding weighted P2 and, for p € Y, let Iz(p) denote the corresponding maximal
graded prime ideal of Z(A). By [3, Propositions 8 & 9], there is a bijection between equivalence
classes of fat points in Proj A and points in Y. For each p € Y, let F(p) be the corresponding
fat-point module, which is determined by Annza)(F(p)) = Iz(p). For p # (1,0,0,0), F(p)
has multiplicity two and we may assume the Hilbert series of F(p) is 2/(1 —t). The fat-point
module F'((1,0,0,0)) is the unique point module.

Let p € Y with p # (1,0,0,0) and let ¢ € L. We say that the fat point F'(p) lies on the line
module L(q) if there is a nontrivial, graded homomorphism L(q) — F(p).

If wy € P(F(p)o) = P!, then dim(Anna, (wp)) > 2, since dim(F(p);) = 2. Tt follows, as in the
proof of [8, Lemma 3.3|, that dim(Ann 4, (wy)) = 2. This gives a map ¢, : P(F(p)o) — G2(V)
given by wy — (Anny, (wp))*. We denote the image of ¢, by ®,.

Theorem 2.4. Let p € Y with p # (1,0,0,0). The scheme consisting of the line modules
which are incident to the fat point F(p) is ®, N L. The dimension of this scheme is zero and,

counting multiplicity, there are siz lines in this scheme.



Proof. (Sketch) The first statement holds since, if ¢ € £, then nontrivial, graded homomor-
phisms from L(q) to F(p) correspond to nonzero vectors w € F(p)y such that ¢ C Anny, (w).
By the discussion above, such a containment is equality.

To prove the second statement, it suffices to show that ¢;'(®, N L) C P(F(p)e) = P' is
finite with multiplicity six. This can be done case-by-case as follows. Choose coordinates
for A and choose a specific coordinate representation of F(p) with the action of A; on F(p)o
given by 2 x 2 matrices z;o. Let (A, 1) be homogeneous coordinates for w € P(F(p)o) and let
H(A, 1) be the 4 x 2 matrix whose ith row is (A, ) - ;9. Then ) . a;z; € Anny,(w) if and
only if (a;) is in the left kernel of H(A, ). So the line in P(V') which represents the point
(p(w) € Go(V) is the span of the two columns of H (A, u). To see if this point belongs to L,
we evaluate the polynomials which define £, given in Theorem 2.3, at H(\, p). This yields
a system of homogeneous equations in (A, y1) describing exactly ¢ Y(®, N L). We omit the
details that this system of equations, case-by-case, reduces to a single equation of degree six

in A and . We note that the equation is often not reduced. [

2.4. A non-symmetric example. Assume k = k and let i = v/—1 and let B = A(i) as in
§2.2. Like A(—1), the algebra B is an Ore extension of a quantum P?, and hence is a quantum
P3. Tt has a single point module, represented by the point (1,0,0,0) (cf. [6]). As evidenced by
the following theorem, the line scheme of B is substantially different from that of A, although
both A and B have the same set of lines incident to the unique point module. The proof,

which we omit, is a local computation similar to the proof of Theorem 2.3.

Theorem 2.5. The line scheme, L, of the algebra B is one-dimensional with four com-
ponents. The subscheme L1000, of line modules incident to the unique point module, is

VG(M12M13M147M237M247M34)- |

We note that the three components of L(1,,,0) are reduced. These components correspond
to three of the four components of £, but, conceivably, as subschemes of £, they might not

be reduced.



3. QUADRIC-LINE ALGEBRAS AND (QUADRIC ALGEBRAS

In this section, we discuss two of the quantum P3s whose point scheme, P, contains a smooth
quadric hypersurface @ C P(V') ([9, 10]). There are several other types of such algebras as
well as algebras associated to non-smooth quadric hypersurfaces, but the analysis of those

examples is very similar to the two given here.

3.1. Quadric Line Algebras. Let o € k with a(a—1) # 0 and define the algebra A = A(«)
to be T'(V*)/I where I is the ideal generated by the quadratic forms

T Q Ty — Tg @ 21, T3 ® Ty — ay ® 3 — (1 — )z ® 24,
T Qx3 — 3R X7, Ty Q@ Ty — Ty Q T2,,
T1 Qx4 — Ty Qx1, T3 R Ty — Ty Q T3.

The point scheme of this algebra is isomorphic to the scheme P in P(V) which is the union
of the smooth quadric @ = V(z1z4 — z223) and the line L = V(z1,x4). The scheme T is the
graph of an automorphism of P whose action on () is the identity.

The line scheme, L, of A is Vg(Jys) as described in §1. Lemma 1.1 produces the following

ten cubic generators for Jy;:

(o — 1) MyoMy3 My, (1 — o) My (Mg + Mas) My,
(v — 1) Mg Moy My, (1 — ) Mgy (Mg + Mog) My,
(0 — 1) M3 M3y My, (1 — ) My3(Myy — Ma3) My,
(v = 1) Moy M3y My, (1 — a) Moy (Mg — Mas) My,
(1— a)(M124 — Mg M3y — MyzMay) My, (%)
(1 — ) (M3 M4 Moy — MyzsMos Moy + Mg Mg Msy + Mg Moz Msy). (1)

Adding (*) and (}) and using pys to substitute My Moz for MizMsey — Myo M3y yields
(1 — @) (Mg — Maz) (Mg + Mas) My,
with which () may be replaced. Let
K = (Mg, M3y, My — Moz, par) 0 (Myz, Mag, My + Moz, par) 0 (Mia, par) C S
It is easy to establish that () belongs to K, from which it follows that (pys) + Jy = K. Thus,

L = Vg (Mg, M3y, Myg — Mag) U Vg (Mg, Moy, Mg + Mas) U Vg (M),

10



so the line scheme L is reduced and has three components. Two of the components have
dimension one and correspond to the two rulings on (). The third component, Vg (M), has
dimension three and corresponds to the lines in P(V) which meet L. To this component is
associated a skew-symmetric bilinear form b = x1 A x4 : V x V — k such that the radical
of b is the affine cone in V over L. In fact, the 2-dimensional isotropic subspaces of b in V'

correspond to the isomorphism classes of line modules M (¢) such that the line ¢ ¢ Q.

3.2. Quadric Algebras. In this subsection, we discuss those quantum P3s whose point
scheme is isomorphic to a smooth quadric Q@ = V(z1z4 — xaz3) in P(V) ([9, 10]). By [9],
such an algebra depends on a € k with a(a® + 1) # 0 and on certain 7 € Aut(Q). Let
o =711 Then A= A(r,a) = T(V*)/I, where I is the ideal generated by the quadratic forms

a:=1x; QT] — T2 19, bi=23Q2] —24 Q2] — 11 @] + T2 ® 29,
ci=11®xf—x3Q 2], d=r1®z] -2, 2]+ (1/a)(r1 ® 2§ — 22 @ x]),
e:=1Ty®x] — x4 a3, =] —r3@a] 4+ (1/a)(x; @ 2§ — 2o ® x9).

The point scheme P of this algebra is the quadric @), and I" is the graph of 7. We note that
72 € Aut(A).

The computation of the line scheme of A is almost identical to that of the previous subsec-
tion; the polynomial aMs — My3 + M3y — My, plays the role here that My, played in the

previous subsection, that is,
L = Ve (Mg, Msg, Myy — Mag) U Vg (Mg, Moy, Miy + Mas) U Vg (aMyg — Mag + aMsy — Myy).

So the line scheme L is reduced and has three components. Two components have dimension
one and correspond to the two rulings on ). The third, Vg(aMis — Mas + aMsy — Myy), has
dimension three and is associated to a nondegenerate skew-symmetric bilinear form

B=axiANvg — a9 N3 +ar3Nxyg—21 A2V XV — K.

The 2-dimensional isotropic subspaces of B in V' correspond to the isomorphism classes of line
modules M (¢), such that ¢ Z Q.
It should be noted that, unlike the preceding example, the line scheme £ parametrizes only

the right line modules and not the left line modules. In fact, the scheme parametrizing the

11



left line modules is

Lrett = Vo (Mo, M3y, Myy — Mas) U Ve (Mg, Moy, Mg + Mas) U

U V([;(Mlg + CYM23 + M34 + OéMM).

Let J ={geV*®V*:g|r, =0} By [9], J =1 & kQ, where Q = 2] ® 21 — 2] ® x5.
The image, ©, of Q in A is normal in A. As in [8], we define ¥ to be the subscheme of
P(V ® V) formed by the union of the elements of Ay; that is, U = Iy(I1;*(Ay)), where
IT; and II; are the first and second projections, respectively, from the incidence relation

Y=A(w,U) e Ay xP(VRV):U C w}.

Lemma 3.1. For this algebra, we have
(a) L={geV*®@V*:g|r, =0 and g|y =0}, and
(b) I ={geVaV:gly=0}

Proof. (a) The line { = V(z3,24 — axy) = P(ke; & k(ea + aeyq)) in P(V) corresponds to
a right line module of A, that is, a point in £. The image of ¢ in A, is the 3-dimensional
subspace f@V NI of V®V, which contains the 1-dimensional space U = k(e; ® (e4 —aes)™ +
(e3 + aey) ® €3). So U is a closed point of ¥. Since Q does not vanish on U, (a) follows.

(b) Each of the quadratic forms a, ¢, d, e and f has rank two. The form b may be replaced
in the basis for I by the form

b+e—c=(ra+x3)® (21 +24)° — (1 + 24) ® (22 + 23)7,
which also has rank two. Thus, I, has a basis of rank-two elements and these rank-two

elements all represent closed points in H. Hence, (b) follows. [ |

The preceding lemma completes Example 4.5 of [§].

4. HOMOGENIZED sl((2)

Throughout this section, we assume char(k) = 0.
Let A denote the standard homogenization of the universal enveloping algebra of the Lie
algebra s[(2). The algebra A is a quantum P* and has been discussed in [4, 5]. The variety

of line modules over A was parametrized in [4] in terms of certain quadrics in P3. In this
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section, we describe the line scheme of A as a subscheme of Go(V'). It is neither irreducible
nor reduced. It has two components, namely, a plane counted with multiplicity four and a
reduced “cylinder”.

We present A as A =T(V*)/I, where I is the ideal generated by the quadratic forms

1 Qxy — Ty X T, T1Q® Ty — X2 QX1 — T3 & Xy,
x2®x4—x4®x2, x3®x1—x1®x3—2x1®x4,
T3 Q Ty — Ty O T3, T3 @ Ty — To @ T3 + 222 @ 4.

Viewed in P(V'), the point scheme P of A is the union of the isolated point ¢4, = (0,0,0, 1),
the plane V(z4) and the embedded conic C' := V(x4, 4z 25 + 73) counted with multiplicity
two ([4]).

The line scheme, £, of A may be computed from Lemma 1.1 and Remark 1.2 as Vg(Jy)
where (pyr) + Jyr is generated by

Mya(AMyy Moy + (Msy)?), My (2Myo Moy + MisMsy), 4M13(Mag)? — Mag(May)?,
Moy (4Myy Moy + (Msy)?), Moy (2M12 Moy — Moz Msy), 4 Moz(Mig)?* — Mig(Msy)?,
Ms4(4AM14 Moy + (M34)2), M4 (Mg Moz + My3May), Pm-

It should be noted that swapping subscripts 1 and 2 yields an automorphism of Sj; which
leaves invariant the ideal (pys) + Jpr. Moreover, (Mgy)3((My2)? — MyzMas) € {(par) + Jur, where
i =1,2, since, for {i,j} = {1,2}, we have
A(M;g)?((My2)? — MysMas) = Mg(2M13 My — Mz Msy)(2My My + MigMsy)+
— My M3 (4M3(M;4)* — Mis(Ms4)?),
and the right-hand side belongs to (pys) + Ju.
The following result is proved by using the above generators and analyzing the line scheme

L on the affine open sets of Go(V).

Lemma 4.1.
(a) The lines on the plane V(x4) correspond to line modules.
(b) Any line in P3 that corresponds to a line module intersects the conic C.

(c) Any line in P3 that corresponds to a line module and which passes through a point
p = (p1,p2,p3,0) € C either lies on the plane V(x4) or lies on the plane T, = V(2pax1+

2p172 + p3T3).
(d) For all p € C, the lines on T, which pass through p correspond to line modules.
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(e) For all p € C, the plane T, meets the rank-3 quadric V(x5 + 4x122) in a double line,
and is the plane spanned by the point e4 (corresponding to the unique isolated point

module) and the tangent line to C on V(z4) at p. |

Lemma 4.2. The reduced scheme of the line scheme of A is the union of the plane X =
V(Miy, Moy, Msy) and the “cylinder” Y determined by the polynomials
2MyoMyy + My3Msy, 2MyoMay — MasMzy,  MiyMas + Miz Moy,
P, AMyy Moy + (Msy)?, (Mi2)? — My3Ms.
Proof. The first component is given by Lemma 4.1. By analyzing the affine open sets of
Gy(V), it is straightforward to prove that Y parametrizes those lines ¢ in P? with the property
that /N C = {p} and ¢ C T,,. |

Theorem 4.3. The line scheme of A consists of two components:
o the plane X = V(Miy, Moy, Msy) counted with multiplicity four, and

o the “cylinder” Y given in Lemma 4.2 counted with multiplicity one.

Proof. By Lemma 4.2, X and Y determine associated prime ideals of (py;) + Jys. For each
i,j with i # j, let U;; denote the affine open set of Go(V') defined by M;; # 0 and let my
denote M,/ M;;.

To compute the multiplicity of X, we localize (pps) + Jp at (Mg, Moy, M3s) on Uja, Uss
and Usz in turn. On Ui, the local ring has a subring F' = C(my3,ma3), which is a field. As
a vector space over I, the local ring has a basis {1, m4, may, (m14)?}, where (mq4)® = 0 and
F(my)? = F(may)? = Fmyyma,. Hence, the ideal of longest length is the local ring itself,
with length four. A similar argument holds on U3 and on Usz, and is left to the reader. It
follows that X has multiplicity four.

Computing the multiplicity of ¥ on any U,; entails inverting all the M,;. It is clear that
the images of the above first five generators of the ideal giving the scheme Y are zero in the
local ring. The remaining generator, (Mis)? — M13Mo3, also has image which is zero, since (as
given above) (M;4)?((Mi2)? — Mi3Mas) € (pu) + Jur, where ¢ = 1,2, and, in the local ring,
myy is invertible. Hence, on each of the affine open sets, the local ring is a field, and so is an
ideal of length one. Thus, the multiplicity of Y is one.

By Lemma 4.2, it remains to prove that the line scheme of A has no embedded components.

This would follow if the line scheme were shown to be equidimensional. Since A is a quantum
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3, the line scheme of A is isomorphic to the subscheme H of P(V* ® V*) defined in §1, so it
suffices to prove that H is equidimensional.

Let A denote the irreducible subscheme of P(V* ® V*) of elements of rank at most two.
We have that H = P(I;) N A. Using {e;; : 1 < 7,57 < 4} as homogeneous coordinates on
P(V*® V*), define

O :=V(e12 + €91, €13 + €31, €32 + €23, €11, €22, €33).

The scheme P(I5) is a linear subscheme of @, as P(Iy) = ® NV (eyq, €14 + €41 + 2€31, €24 + €42 +
2€93, €34 + €43 + €12). The scheme @ is isomorphic to P?, and H = P(I,)NA = P(I,) N (AN ®),
as P(Iy) C ®. Since the dimension of the latter intersection may be computed in the linear
scheme @, the irreducible components of H have dimension at least 5 4+ dim(A N ®) — 9. By
Lemma 4.2, the irreducible components of H have dimension at most two, so the result would
follow if dim(A N ®) = 6.

Let D;; denote {p € ® : e;;(p) # 0}, which is an open subset of ®. The set A N Dy, is

contained in

V(€13€24 — €14€23 — €12€34, €13€42 — €41€23 — €12€43, €14€42 — €24€41 — 612644),

so there are exactly six free coordinates on the affine open set AN Dys. It follows that AN Dy,
is irreducible of dimension six. By the symmetry of the defining relations of ®, the same holds
for AN Dy3 and for AN Dy3. Moreover, A N ® contains V(eqa, €13, €23) NP (the complement in
AN® of AN(D12U Dy3U Dag)), which is irreducible of dimension six. Hence, every irreducible

component of A N ® has dimension six, which completes the proof. [ |

The proof of the preceding result highlights that coordinate computations are more easily
done with the scheme L, but dimension-counting arguments are more easily done with the
scheme H, so both descriptions, £ and H, of the line scheme of a quantum P? can be useful

in analyzing the line scheme.

Remark 4.4. For each p € C, the plane T, is determined by p and the Casimir element ¢ of
U(sl(2)) as follows. The Casimir element is the 2-tensor ¢ = 2zs @ z1 + 211 ® 2 + T3 ® 3,
and we may evaluate ¢ at any point p = (p;) € P(V) in either the left or right component to
obtain the 1-tensor ¢, = 2pax1 + 2p129 + psz3. Hence, if p € C, then T, = V(¢,). As discussed
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below, this description of 7}, can be used to relate line modules over A to Verma modules over
U(sl(2)). Note that the center of A is k[¢, x4, where ¢ denotes the image of ¢ in A (c.f., [4]).

Suppose that ¢ C P(V) is a line corresponding to a point of ¥ \ X in Go(V). Let p =
(p1, 2,3, 0) denote £ N C. If p3 # 0, then ¢ may be written as ¢ = T, N V(pax; — p1ra — Axy)
for some A € k, whereas if p3 = 0, then ¢ = T, N V(x3 — Axy) for some A € k. In either case,
¢ =V(c,, H—Azy), for some A € k, where ¢,, H € A; span a Borel subalgebra b of s5[(2), where
5[(2) is viewed as a subspace of A;. It follows that the line module over A corresponding to
( is the standard homogenization of the Verma module, V) = U(sl(2)) ®u ) ki, of highest
weight A, where £y denotes the 1-dimensional b-module such that H acts by A € k and ¢, acts
by zero.

Finally, we note that lines on V(x4) correspond to line modules which are lifts of the line

modules over A/Az,, which is isomorphic to the polynomial ring on three variables.

Remark 4.5. If 7 is a line in P3 corresponding to a point of Y, then ¢ corresponds to a
2-dimensional isotropic subspace of a symmetric degenerate bilinear form b = 2(e; ® e5 + e ®
e1) +e3 ®e3, whose image in P? meets C' at CN{. All the 2-dimensional isotropic subspaces of
b may be described by such lines ¢. The radical of b is key, the point in P? giving the unique

isolated point module.
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