SCHEMES OF LINE MODULES Il

Brad Shel ton
Departmert of Mathematics
University of Oregon
Eugene,OR 97403-1222
shelton@math.uegon.edu
math.uaegon.edu/~shelton

and

Michaela Vancliff
Departmert of Mathematics, Box 19408
University of Texasat Arlington
Arlington, TX 76019-0408
vancli @math.uta.edu

www.uta.edu/faculg/vancli .htm

Abstra ct. In this sequelto [8], we study the sdheme of line modules for seweral classes
of quantum P3s, including Cliord algebras, homogenizedsl(2) and algebrasassaiated to

smooth quadrics in P3. We also prove that a quantum P® with enough symmetry in its

de ning relations hasaline schemeof dimensionat leasttwo, with in nitely many line modules
incident to any point module.

1991 Mathematics Subject Classi cation. 16W50, 14A22.
Key words and phrases. Quadratic algebra, point module, line module, point scheme, line scheme.
The secondauthor was supported in part by NSF grants DMS-9622765& DMS-9996056.



Intr oduction and Not ation

Let k be a eld with char(k) 6 2 and let V be a four-dimensional k-vector space. Let
T(V) be the N-gradedtensor algebraon V. For the purposesof this paper, a quartum P3
is a gradedfactor algebraA = T(V )=l which is Noetherian, quadratic, Auslander-regularof
global dimensionfour and satis es the Cohen-Macaulg property. The Hilbert seriesof suth
an algebrais Ha(t) = 1=(1 t)* and one may considerit as an algebraon four degree-one
generatorswith six quadratic relations.

For any nite-dimensional vector spaceW we write G,(W) (respectively, G"(W)) for the
Grassmannianstheme of subspacef W of dimensionn (respectively, codimensionn). We
write P(W) for G;(W). For a subspaceQ W, we write Q? for the orthogonal complemen
of Qin W . We alsouse? for the canonicalisomorphisms?: G,(W) $ G"(W ).

For the remainder of this introduction, let A denotea quartum P3. A point module over
A is a cyclic gradedmodule M of Hilbert seriesHy (t) = 1=1 t). A line module is a cyclic
graded module L of Hilbert seriesH_ (t) = 1=(1 t)?. From [2], the scheme , of zercesin
P(V) P(V) P(V V) ofthe de ning relationsof A, represes the functor of point modules
of A, and will be called the point schemeof A. In [8] it was shavn that there is similarly a
substieme , of G3(V V) which represets the functor of line modulesof A. Our goalis
to cortinue the study of this line-module scheme,the line schemeof A.

From [7], the scheme s the graph of an automorphism of a substiemeP  P(V), where
P hasthe coordinate-freedescription: P = fp 2 P(V) : dim(p’ V + I,) = 15g. Likewise,
from [8], we have the following coordinate-freedescriptionsof , and seweral shhemesnaturally
isomorphicto .

,=fp2G3(V V):ge=aq V\ IJ forsomeq 2 G,(V)g,
L=1fqg2 Gy(V):dim(g V\I1}) 3g
L? =fQ2G3V ):dm(Q V +1,) 13,
7=1fQ:2G¥V V):Q:=Q; V +I,forsome Q; 2 G?*(V )g,
H=f 2P(V V):rank( ) 2and Yo}
Ead of thesesdemesis a closedsubstieme of the appropriate Grassmannianspace. Since

A is a quartum P23, the inequalitieswhich de ne L, L? and H may be taken to be equalities,



c.f., [8]. We note that thesesdhemesare all de ned for an arbitrary quadratic algebraon four
generatorswith six quadratic relations, but they will not, in that generality, be isomorphic.

For p2 P, we write M (p) for the right point module A=p’ A. Similarly, for g2 L, we write
L(q) for the right line module A=q° A. We sa that M (p) lies on L(g) if there is a nonzero
gradedhomomorphismL(g) ! M (p) and we write L, for the substiemeof L of lines g suc
that M (p) is on L(Q).

We begin our computation of line schemes,in x1, by describingthe schemesL and L? in
Plucker coordinates. The computationsin x1 are for any graded algebraon four generators
with six quadratic relations.

In x2 we discussquartum P3s which have partially symmetric relations. We prove that
for sudh algebras,the line shemelL has dimensionat least two, and that, for p 2 P, the
substiemel , has dimensionat least one. This is in cortrast to the generaltheorem of [§]
that the line shemehasdimensionat leastoneand the substiemelL , hasdimensionat least
zero (and multiplicit y six when the dimensionis zero). We also examinetwo examples,a
Cliord algebrawith only one point module and a closelyrelated non-Cli ord algebrawith
only one point module.

In x3 we compute the line schemesof someof the quarntum quadrics from [7, 9, 10]. For
thesequantum P3s the point schemecortains a quadric surfacein P2. The coordinate ring of
guantum 2 2 matricesis suth an algebra. In thesecasesthe line schemelL is the union of
three componerts in G,(V), two of which have dimensionone,whereaghe other hasdimension
three. The importance of these examplesis the following. For someof these algebras,the
point schemealonedoesnot determinethe de ning relations. There s, in a sensean \extra"
relation vanishingon the point scheme . We shav, howewer, that the point schemeand the
line shemetogether determinethe relations of the algebrain a natural way.

The homogenizationA of the universal erveloping algebra of the Lie algebrasl(2) is a
quartum P® andis discussedn x4. The line schemeL of A is reduciblewith two componerts: a
nonreducedplane (courted with multiplicit y four) and a reduced\cylinder”. The intersection
of the two componerts correspnds to an embedded conic in the point scheme ([4]) which

correspndsto the Casimir elemen.



1. Coordina te Comput ations

We assumethroughout this sectionthat A is a quadratic graded k-algebra of the form
T(V )=I wheredim(V) = 4 and dim(l,) = 6. We descrike the isomorphic schemes
L fq2 Go(V) :dim(g V\ I]) 3g
L? fQ2G3(V):dm(Q V \ I, I1g;
by using global Plucker coordinates on the appropriate Grassmannianspaces.

i <j 4 wehave Plucker coordinatesM; on G,(V) and N on G?(V ) asseiated to these
bases. We write Sy = k[M;] and Sy = K[N;] and de ne the Plucker relations: py =
MioM3zs  MisMos + MuMo3 and py = NioN3s  NisNos + NigNo3. With this notation,
G2(V) = Proj (Su=hpmi) and G?(V ) = Proj (Sy=hpni). The orthogonality isomorphism
?2:Gy(V) ! G?V ) is realizedon the coordinates by mapping N1» 7! Mas, N1z 7! Moy,
Nig 7! Moz, No3 7! My, Nog 7! Mz and N3y 7! M.

Let ffq;:::;fsg be a basisfor the spacel, \Y V and let fhy;:::;h00 be a basis
for1; V. V. Wewrite f = (fq;:::;fg)T and h = (hy;:::;h)T. We may factor f
asf = M (Xq;:::;X4)T, whereM isa 6 4 matrix of 1-formson V, and similarly h =
N (ey:::;e4)" whereN isa 10 4 matrix of 1-formsonV . We considerf and h alsoas
linear functions: f : V. V! kfandh:v Vv I k°

To computeL?, x Q 2 G?(V ), and obsene that, by de nition of h, we have Q 2 L? if
andonly if rank(hjo v ) 7. Howewer, if fa;bg V is abasisfor Q, then

X X
h(Q V)= k col (N (a)) + k col (N (b));

i=1 j=1
which is the span of the columnsof a 10 8 matrix N(a;b) whose rst four columnsform
N (a) and whoselast four columnsform N (b). Hence

L? =fQ2 G?\V ):rank(hjo v ) 79
=fQ=ka kb2 G?V ):rank(N(a;b) 7g:

Writing a = P * ax andb= P ¢ bx;, wherea;;h 2 k, it follows that the ertries of the
matrix N (a;b) are homogeneousiegree-onepolynomialsin & and . Any 8 8 minor of
N (a;b) is obtained by omitting two rows of N (a;b) and computing the determinart of the

resulting submatrix, sosud a minor is a bihomogeneougpolynomial in a and by of bidegree



(4,4). In particular, 8 8 minors of N (a;b) may be expressedas homogeneousiegree-four
polynomials in the Plucker coordinates N = alj ah evaluated at Q. Let Jy < Sy be
the ideal generatedby these45maximal minors. We have then a global-caordinate description,
Sy

honi + Jn
In practice, the quartic polynomialswhich generately are easily calculatedby computer, but

L? = Proj

usually they are not enlightening geometrically
Attempting to conduct the sameanalysison the schemelL, we rst obsene
L=1fq2 Gy(V) :rank(fjq v) 50
If g= ka kb2 Gy(V), let M (a;b) denotethe 6 8 matrix whose rst four columnsform
M (a) and whoselast four columnsform M (b). It follows that
L=fg=ka kb2 Gy(V):rank(M(a;b) 5g:

P P
Writing a = ‘Iaia andb= ‘l‘ba, the Plucker coordinatesareM;; = ajly  ah. In general,
not all of the 6 6 minors of M (a;b) can be expressedas polynomialsin the M . Howe\er,

certain combinations of the 6 6 minors are polynomialsin the M; as follows.

Lemma 1.1. If 1 r<s 8 letgs= gs(a;b) denotethe6 6 minor of M (a;b) obtained

by omitting columnsr and s. The ten polynomials:

Gis;,  Cpe;  B7; Chass
Che t Cbs;, Chrt Cks;, Chgt Qhs; b7+ Be;  Cbg + Chey, Chs t Chr,

are homayen@us cubic polynomialsin the Plucker coordinates M . [ |
Let Jy Su bethe ideal generatedby the ten polynomialsfrom Lemma 1.1.

Remark 1.2. The following exampledemonstrateshat, in generalthe idealhpyi+Jy  Su
does not de ne the schemeL. Howewer, in all of the examplesof quartum P3s we have
examined, these polynomials do de ne L. We verify this on a case-ly-casebasis. Let K be
the image of Jy under the orthogonality isomorphismSy ! Sy . Caseby case,it is not
dicult to chedk that hpyi + K and hpy i + Jy have the samesaturation as gradedidealsin

Swu . In the subsequeh sectionswe will omit thesedetails.



X1 X1+ X1 Xo=0; X1 X3=0; X1 Xa=0;
X1 Xot Xo Xo=0; Xo X3=0; Xo Xa=0;
the ideal Jy, is easilyseento be f0g. The schemelL? is a proper substhiemeof G?(V ), since

(N34)* belongsto Jy. SinceL? = L, the ideal Jy, doesnot de ne L.

The subsequen sectionscortain seweral examplesof line schemesof quantum P3s. The
notation establishedin this sectionand the notation A = T(V )=l will bein forcethroughout

those sections. A closedsubstiemeof P(V) de ned by a set R of homogeneougpolynomials

Vs (R), whereR is a setof homogeneougolynomialsin the coordinatesMj; , that is, Vg(R) =
Proj (Sy=hR;pui).

2. Algebras with Symmetric Rela tions

In this section,we show that a quartum P2 with enoughsymmetry in its de ning relations
has a line sthemeof dimensionat least 2, with in nitely many line modulesincident to any
point module. This information extends[8, Corollary 2.6 and Proposition 3.1]. The result
applies, in particular, to regular Cli ord algebras. We consider,in somedetail, the Cli ord
algebrasstudied extensiwely in [6]. In cortrast, we also considera non-Cli ord algebrafrom

[6] which hasa 1-dimensionalline scheme.

2.1. Algebras with Symmetric Relations. Let Sym denote the subspaceof symmetric
elemess of V.V andlet bethe substiemeof P(V V) of elemens of rank at most
two. Given 2 Aut(P(V )), we obtain an automorphism := idertity of P(V V).
Let E = T(V )=hSymi denotethe exterior algebraonV .

Theorem 2.1. Supmwsethat A = T(V )=l is a quantumP3. If, for some 2 Aut(P(V )),
A hasthe twisted algeba E as a factor algebn, then every component of the line schemelL
hasdimensionat least two, and, for any p 2 P, the subschemé. , of L, consisting of the line

moduleswhich map onto the point module M (p), has dimension at least one.

Proof. Let = landput Sym = (Sym). The twisted algebraE is T(V )=hSym i and

sowe may assumel, Sym .



To prove the rst claim it su ces to estimatethe dimensionof H = P(1,)\ . Giventhat
P(2)\ = P2\ (P(Sym)\ ), andthat is -invariant, we have (P(Sym )\ ) =
(P(Sym) \ ) which has dimensionsix and degreeten. SinceP(l,) = P® and sincewe are
intersectingscemesinside P(Sym ) = P, every componert of our intersection,H, must have
dimensionat least two.

Following the proof of [8, Proposition 3.1],and usingl,  Sym , to provethe last statemert
it suces to compute the dimensionof ( ,\ P(Sym ))\ P(l,), wherep 2 P, and , =
f 2 jp = 0g. Fix p2 P, let W be the vector spaceof symmetric tensorsin p° V
andlet W = (W). Weseethat ( ,\ P(Sym))\ P(lz) P(W + 1,). By de nition,
dim((p’ V )\ I,) = 3. Sincel, Sym ,wehavedim(W \ I,) = 3. Hence,P(W +1,) = P8.
Inside this P® we areintersectingP(l;) = P> with ,\ P(Sym )= ( ,\ P(Sym)), which has

dimensionfour. Hencethe intersectionhasdimensionat leastone, asrequired. [ |

Remark 2.2. The theorem clearly covers any regular Cli ord algebraor any twist thereof,

aswell as many other examples.

It shouldbe notedthat the schemeH of a genericCli ord algebrais irreducible and nonsin-
gular and hasdimensiontwo, asevidencedin Theorem2.3 belon. Howeer, not every Cli ord

algebrais a quartum P3, c.f. [3].

2.2. A symmetric example. Following [6], let A(q) = T(V )=l be the quadratic algebra

with | generatedby the quadratic forms

X1 Xz OX2 X1 Xz Xg; X2 X2 OX3 Xz
X1 Xz OXg X1 Xz Xz X2 Xa Xa  Xo;
X1 X4 OXg4 X1 X3 Xg; X3 X4 OXg4 Xs;

whereq2 k . Let A= A( 1). The algebraA is a Cliord algebraand a quartum P3.

Let S be the k-subalgebraof A generatedby x,, x3 and x4. In the languageof [1], S is
a quartum P?. The algebraA is an Ore extensionof S, where A = S[x;; ; ]. The point
schemeof S is the triangle V(Xx2X3X4)  P?. SinceA is an Ore extensionof S, the module
M = A=(S;)A, is both a left and a right point module over A, and is the only point module
of A. In particular, the point scheme, P, of A hasonly one closedpoint and this point has

multiplicit y 20. In homogeneougoordinateson P(V), we have M = M ((1; 0; 0; 0)).



Theorem 2.3. The line scheme,L, of the Cli or d Algeba A is a 2-dimensional,irr educible,
nonsingular subschemef G,(V). In Plucker coordinateson G,(V), L is given by the polyno-

mials:
(M23)®  2M15MpsMyos (M 2g)?Ma;

(M34)® + 2M 13M23M 34 + (M 23)°M 24,
(M24)% + 2M 14M 24M 34 + Mp3(M34)?;
MMMy (M13)°Mas M1p(M2s)®  Ma(Mog)?+
+(M12)°M2s  (M14)®M3zs  Mi3(Mag)*:

Pro of. The secondstatemert is Lemma 1.1 and Remark 1.2.
Let U; denotethe ane neighborhood of G,(V) dened by Mj 6 0,1 i <] 4,

Focusingon L \ U3, a Grobner-basiscalculation yields

L\ Uz = V(M + MMz MizMag;

3. 2 5.
Mo4 + 2M13M3s + M3y, 1+ 2mppmos + myumas) A

wherem; = M; =My3, from which it follows that L \ U,z is a smooth, reducedsurface. By
symmetry, a similar result holdsfor L\ U,; andL\ Uz4. The complemen of Vg (M 23; M 24; M 34)
is Uxs [ Uss [ Uszg, and its intersection with L is irreducible. A calculation shaws that
L\ V(Ma3z; Mosg; M3s) = V(M 1M 13M14; M 23; M o4, M 34), which hasthree 1-dimensionalcom-
poners. Howewer, by Theorem?2.1, every componert of L hasdimensionat leasttwo, sothere
are no componerts of L in the 2-dimensionalcomplemen of Uy [ U4 [ Uss. Hence,L is ir-
reducible and has dimensiontwo. With this information, a simple global computation yields

that L is nonsingular. [

It should be noted that the calculations which usedL to prove Theorem 2.3 are straight-
forward in comparisonwith calculationsinvolving the isomorphic schemeH.

The incidencerelations betweenthe line modules of A and the unique point module of A
may be described asfollows. If g2 L, then the unique point module, M ((1; 0; 0; 0)), of A isa
quotient of the line module L(q) if and only if (1;0;0;0) lies on the line q; that is, if and only



92 Lw000 = L\ Va(M23;M24;M3zs) = Vo(M12M13M 14; M 23; M o4, Mag);
as computed in Theorem 2.3. In other words, the point (1;0;0;0) is the common point of
intersection of the three coordinate planesV(xz), V(x3) and V(x4) in P(V), soL (.0.0,0) iS the
triangle of P*sin G,(V) corresmpndingto all the linesthrough (1; 0; 0; 0) lying in eadt of these

coordinate planes.

2.3. Fat Point Mo dules. In orderto obtain a better understandingof Proj A for our Cli ord
algebraA in x2.2, we examinethe incidencerelations betweenthe line modulesof A and the
fat-point modulesof A. In the languageof [1], a fat-point module of A is a critical, graded
A-module of Gelfand-Kirillov dimensionone. Sud a module represes a simple object in
Proj A, and this simple object is called a fat point (c.f. [1]). SinceA is a Cliord algebra,we
may apply the work of Le Bruyn in [3] on fat points of Cliord algebrasto the fat points of
A asfollows.

The certer of A is the polynomial ring Z (A) := k[x3;x3;x3;x2]. Let Y = ProjZ(A) denote
the correspnding weighted P? and, for p 2 Y, let 1;(p) denotethe correspnding maximal
gradedprime idealof Z(A). By [3, Propositions8 & 9], thereis a bijection betweenequivalence
classe%f fat points in ProjA and pointsin Y. Foreatchp2 Y, let F(p) be the correspnding
fat-point module, which is determined by Annz ) (F(p)) = 1z(p). For p 6 (1;0;0;0), F(p)
has multiplicit y two and we may assumethe Hilbert seriesof F(p) is 2=(1 t). The fat-point
module F ((1; 0; 0; 0)) is the unique point module.

Let p2 Y with p6 (1;0;0;0) andlet g2 L. We sg that the fat point F(p) lies on the line
module L(qg) if there is a nontrivial, gradedhomomorphismL(q) ! F(p).

If wo 2 P(F(p)o) = P, thendim(Anna,(Wo)) 2, sincedim(F (p);) = 2. It follows, asin the
proof of [8, Lemma 3.3], that dim(Anna,(Wo)) = 2. This givesamap ,: P(F(po)! Ga(V)

given by wp 7! (Anna,(Wo))”. We denotethe imageof , by .

Theorem 2.4. Letp 2 Y with p 6 (1;0;0;0). The schemeconsisting of the line modules
which are incident to the fat point F(p) is ,\ L. The dimension of this schemeis zeo and,

counting multiplicity, there are six lines in this scheme.



Pro of. (Sketch) The rst statemen holds since,if g2 L, then nontrivial, gradedhomomor-
phismsfrom L () to F (p) correspnd to nonzerovectorsw 2 F (p)o sud that g°  Anna, (W).
By the discussionabove, such a cortainment is equality.

To prove the secondstatemen, it suces to shav that pl( p\ L) P(F(p)o) = Pis
nite with multiplicit y six. This can be done case-ly-caseas follows. Choose coordinates
for A and choosea speci ¢ coordinate represemation of F (p) with the action of A; on F(p)o
givenby 2 2 matricesx;o. Let (; ) be homogeneousoordinatesfor w 2 P(F (p)o) and let
H(; ) bethe4 2 matrix whoseith rowis (; ) X;o. Then ;aX; 2 Anny,(w) if and
only if (&) is in the left kernelof H(; ). Sothe line in P(V) which represems the point
p(w) 2 G,(V) is the span of the two columnsof H(; ). To seeif this point belongsto L,
we ewaluate the polynomials which de ne L, givenin Theorem?2.3,at H(; ). This yields
a system of homogeneousquationsin (; ) describing exactly pl( p\ L). We omit the
details that this systemof equations,case-ly-case,reducesto a single equation of degreesix

in and . We note that the equationis often not reduced. [ |

2.4. A non-symmetric example. Assumek = k andleti = P ~1andlet B = A(i) asin
x2.2. Like A( 1), the algebraB is an Ore extensionof a quartum P?, and henceis a quartum
P3. It hasa singlepoint module, represeted by the point (1;0;0; 0) (cf. [6]). As evidencedby
the following theorem, the line schemeof B is substartially di erent from that of A, although
both A and B have the sameset of lines incidert to the unique point module. The proof,

which we omit, is a local computation similar to the proof of Theorem 2.3.

Theorem 2.5. The line scheme,L, of the algeba B is one-dimensionalwith four com-
ponents. The subschemeé. 1.0.0.0), Of line modulesincident to the unique point module, is
Ve(M12M13M 14; M 23; M 24; M 34). u

We note that the three componerts of L (;.0,0.0) are reduced. Thesecomponerts corresmpnd
to three of the four componerts of L, but, conceiably, as subsdéiemesof L, they might not

be reduced.



3. Quadric-Line Algebras and Quadric Algebras

In this section,we discusstwo of the quartum P3swhosepoint scheme,P, cortains a smooth
quadric hypersurfaceQ  P(V) ([9, 1Q)). There are se\eral other types of sud algebrasas
well as algebrasassaiated to non-smath quadric hypersurfaces,but the analysis of those

examplesis very similar to the two given here.

3.1. Quadric Line Algebras. Let 2 kwith ( 1) 6 Oandde ne the algebraA = A( )

to be T(V )=I wherel is the ideal generatedby the quadratic forms

X1 Xz X2 Xy Xz X2 X2 Xz (1 )X1 Xg
X1 X3 X3 Xg, X2 X4 X4 Xo,
X1 X4 Xz Xy, X3 X4 Xz Xz

The point schemeof this algebrais isomorphicto the schemeP in P(V) which is the union
of the smooth quadric Q = V(X1X4 XX3) andthe line L = V(Xy1;X4). The scheme is the
graph of an automorphismof P whoseaction on Q is the idertit y.

The line scheme,L, of A is Vg(Jy ) asdescribed in x1. Lemma 1.1 producesthe following

ten cubic generatorsfor Jy :

( DMMisMyy; (1 IMp(Myg+ Mog)Myy;
( DMpMuMyy; (1 IMz(Miyy+ Maz)Myy;
( DMisMaMyy; (1 IMz(M1g Mog)Myy;
( DM2M3zMyy; (1 IMau(Miz Maz)Myy;
(1 )(M124 M12M3s M13M24)M 14 ()
(1 Y(M13M14M24 M13M23Mog + M 1oM 14M3q + M 1M 23M 34): y)

Adding ( ) and (y) and using py to substitute M 14M»3 for M13sM,;  M1oM34 yields
(1 )(M1us Mz)(Mys+ Mog)Myy;
with which (y) may be replaced. Let
K = Mi2;MaM1s Mogipwi \ M1z Mog; Mg+ Mozipwi \ fMagpwi Su:
It is easyto establishthat ( ) belongsto K, from which it followsthat hpy i+ Jy = K. Thus,

L = Va(M12;M3a; M1s Ma3) [ Vo(Mi3g;Maa; Mia+ Mos) [ Va(Maa);

10



so the line sthemeL is reducedand has three componerts. Two of the componerts have
dimensionone and correspnd to the two rulings on Q. The third componen, Vg(M14), has
dimensionthree and correspndsto the linesin P(V) which meetL. To this componert is
asseiated a skew-symmetricbilinear form b= x; * x4 : V.~V ! Kk sud that the radical
of bis the ane conein V over L. In fact, the 2-dimensionalisotropic subspacesf b in V

correspnd to the isomorphismclasseof line modulesM (7) sud that the line " 6 Q.

3.2. Quadric Algebras. In this subsection, we discussthose quartum P3s whose point
sthemeis isomorphic to a smaooth quadric Q = V(X1Xs Xpx3) in P(V) ([9, 10). By [9],
sud an algebradependson 2 k with ( 2+ 1) 6 0 and on certain 2 Aut(Q). Let

= 1 ThenA = A(; )= T(V )=Il, wherel isthe ideal generatedby the quadratic forms

a=XxX; X, X2 Xg; bi=X3 X, Xa X3 X1 X,+ Xz Xg;
Ci= X1 Xz Xz Xg; di=x1 X4 Xa X+ (1=)X1 X, X2 Xq);
€= X2 X4 Xa Xy fi=X2 X3 Xz Xo+ (1= )(X12 X, X2 Xp):

The point schemeP of this algebrais the quadric Q, and is the graph of . We note that
22 Aut(A).
The computation of the line sthemeof A is almostidentical to that of the previoussubsec-
tion; the polynomial M, M3+ Mas My, plays the role herethat My, played in the

previous subsection,that is,
L = Ve(M12;M34;M1s M23) [ Ve(Mi13;Mag; Mg+ Ma3) [ Ve( M1z Mas+ Mas  Myg):

Sothe line shemel is reducedand hasthree componerts. Two componerts have dimension
oneand corresnd to the two rulings on Q. The third, Vg( M1, Myz+ Mzs Myy), has

dimensionthree and is asseiated to a nondegenerateskew-symmetricbilinear form
B= Xi"Xy Xo"Xz+ X3"Xs4 X1"Xsa:V V! k:

The 2-dimensionalisotropic subspace®f B in V correspnd to the isomorphismclasse®f line
modulesM (°), sudh that ~ 6 Q.
It shouldbe noted that, unlike the precedingexample,the line schemeL parametrizesonly

the right line modules and not the left line modules. In fact, the scheme parametrizing the

11



left line modulesis
Liet = Vo(M12;M3g;M1s M23) [ Vo(Mi3;Mas; Mg+ Mas) |
[ Ve(M12+ Moz+ Mg+ My):
LetJ =fg2V V :0g,=09 By[9],J =1, k7 where™=Xx, X1 X; X
The image, , of T in A is normal in A. As in [8], we dene to be the substieme of
P(V V) formed by the union of the elements of ,; that is, = ,( ;( 2)), where

1 and , are the rst and secondprojections, respectively, from the incidence relation
=f(';U)2 , PV V):U !lg

Lemma 3.1. For this algeba, we have
@ l,=fg2V V :g,=0andg = 0Og, and
(b) 1 =fg2V V :gy = 0g.

Proof. (a) The line " = V(X3;X4 Xp) = P(ke; Kk(ex+ €)) in P(V) correspnds to
a right line module of A, that is, a point in L. The imageof * in , is the 3-dimensional
subspace V\ I of V V, which cortains the 1-dimensionalspaceU = k(e; (e, &) +
(e2+ e€) e&;). SoU isaclosedpoint of . Since ™ doesnot vanishon U, (a) follows.

(b) Ead of the quadratic formsa, ¢, d, eand f hasrank two. The form bmay be replaced

in the basisfor |, by the form
b+e c=(Xx2+Xx3) (Xa+Xq) (Xa+Xqg) (X2t X3) ;
which also has rank two. Thus, |, has a basis of rank-two elemens and these rank-two

elemerts all represen closedpoints in H. Hence,(b) follows. [ |

The precedinglemma completesExample 4.5 of [8].

4. Homogenized sl(2)

Throughout this section,we assumechar(k) = 0.
Let A denotethe standard homogenizationof the universal enveloping algebraof the Lie
algebrasl(2). The algebraA is a quartum P?® and has beendiscussedn [4, 5]. The variety

of line modules over A was parametrizedin [4] in terms of certain quadricsin P3. In this

12



section, we descrile the line shemeof A as a subshiemeof G,(V). It is neither irreducible
nor reduced. It hastwo componerts, namely, a plane courted with multiplicit y four and a
reduced\cylinder".

We presert A asA = T(V )=I, wherel is the ideal generatedby the quadratic forms

X1 X4 X4 Xy, X1 X2 X2 X1 X3 Xg
X2 X4 Xa Xz X3 X1 X1 X3 2X1  Xa
X3 Xa Xa Xz, X3 X2 Xo Xzt 2X5  Xal

Viewed in P(V), the point shhemeP of A is the union of the isolated point e, = (0;0;0; 1),
the plane V(x4) and the embedded conic C := V(x4;4X1X, + x3) courted with multiplicit y
two ([4]).

The line scheme, L, of A may be computed from Lemma 1.1 and Remark 1.2 as Vg(Ju )

wherehpy i + Jy is generatedby

M 14(4M 14M 24 + (M 34)?); M14(2M 12M 14 + M 13M34); AM 13(M24)?  Moz(Mag)?;
M24(4M 14M 24 + (M 34)?); M24(2M12M 24 M23May); AMo3(M14)?>  Mi3(M3g)?;
M34(4M 14M 24 + (M34)?); M34(M14M 23 + M 13M24); Pu :

It should be noted that swapping subscripts 1 and 2 yields an automorphism of Sy, which
leavesinvariant the ideal hpy i + Jy . Moreover, (Mi4)3((M12)? M13Ma3) 2 hpy i + Jyv , where
i = 1,2, since,for fi; jg= f1;29, we have

4Mig)((M12)? M1zMzz) = Mis(@CM12Mis MisM3)(2M 1pMig + MisMag)+

MiaMi3(4Mj3(Mig)?  Mi3(M34)?);

and the right-hand side belongsto hpyi + Jy .

The following result is proved by using the above generatorsand analyzingthe line scheme
L onthe ane open setsof G,(V).

Lemma 4.1.
(&) The lines on the plane V(x4) corresnd to line modules.
(b) Any line in P2 that correspndsto a line madule intersects the conic C.
(c) Any line in P® that correspnds to a line madule and which passesthrough a point

P = (p1;P2; Ps; 0) 2 C either lies on the planeV(x4) or lieson the planeT, = V(2p,x;+

2p1X2 + P3X3).
(d) For all p2 C, the lines on T, which passthroughp corresmnd to line modules.
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(e) For all p2 C, the plane T, meets the rank-3 quadric V(x5 + 4x1x,) in a doubleline,
and is the plane spanneal by the point e, (correspnding to the unique isolated point
module) and the tangentline to C on V(x,4) at p. [

Lemma 4.2. The reducd schemeof the line schemeof A is the union of the plane X =
V(M 14; M24; M34) and the \cylinder" Y determined by the polynomials

2M 12M 14 + M 13M3y; 2M oMz M23Mas; M1aMog + M13Mog;

Pm ; AM 1M 24 + (M34)?; (M12)®> MMy

Pro of. The rst componert is given by Lemma 4.1. By analyzing the a ne open sets of
G,(V), it is straightforward to prove that Y parametrizesthoselines™ in P2 with the property
that "\ C=fpgand™ T,. [
Theorem 4.3. The line schemeof A consistsof two components:

the plane X = V(M 14; M4, M34) counted with multiplicity four, and
the \cylinder" Y givenin Lemmad4.2 counted with multiplicity one.

Pro of. By Lemma4.2, X and Y determine assaiated prime idealsof hpy i + Jy . For eah
I;] with i 6 j, let U; denotethe ane open setof G,(V) dened by M; 6 0 and let my,
denote M =M .

To compute the multiplicit y of X, we localize py i + Ji at M 14; Mog; Ma4i on Ugp, Ugs
and Uyz in turn. On Uy,, the local ring hasa subring F = C(m33; m,3), which isa eld. As
a vector spaceover F, the local ring has a basisf 1; m14; mo4; (M14)?g, Wwhere(my,)® = 0 and
F(m1)? = F(my)?2 = Fmymy,. Hence,the ideal of longestlength is the local ring itself,
with length four. A similar argumert holds on U;3 and on U3, and is left to the reader. It
follows that X hasmultiplicit y four.

Computing the multiplicit y of Y on any U; ertails inverting all the Mj; . It is clear that
the imagesof the above rst v e generatorsof the ideal giving the schemeY are zeroin the
local ring. The remaining generator,(M1,)> M 13M,3, alsohasimagewhich is zero, since(as
given above) (Mi4)3((M12)?> Mi13My3) 2 hpwi + Ju, wherei = 1;2, and, in the local ring,
mi4 is invertible. Hence,on ead of the a ne open sets,the local ring is a eld, and sois an
ideal of length one. Thus, the multiplicit y of Y is one.

By Lemma4.2,it remainsto prove that the line schemeof A hasno embeddedcomponerts.

This would follow if the line sdhemewere shavn to be equidimensional.SinceA is a quantum
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P3, the line schemeof A is isomorphicto the substiemeH of P(V V) de ned in x1, soit
su ces to prove that H is equidimensional.

Let denotethe irreducible substiemeof P(V V) of elemerts of rank at most two.
We have that H = P(I;)\ . Usingfe; : 1 ;] 4g as homogeneousoordinates on
P(V V), dene

= V(€12 + €21;€13+ €31; 632+ €23; €11; E2; €33):

The sthemeP(l ;) is a linear substiemeof , asP(l,) = \ V(e s+ €41+ 231,64+ €45+
2653, €34+ €43+ €15). The scheme isisomorphicto P°, andH = P(I,)\ = P(I,)\ ( \ ),
asP(l,) . Sincethe dimensionof the latter intersection may be computedin the linear
stheme , the irreducible componerts of H have dimensionat least5+ dim( \ ) 9. By
Lemma4.2, the irreducible componerts of H have dimensionat most two, sothe result would
follow if dim( \ ) = 6.

Let Dj denotefp2 : e;(p) 6 Og, which is an open subsetof . The set \ D, is

cortained in

V(€3 €14€3 ©€12€34; ©€13€12  €41€23  ©€12€43; €14€12  €24€11  €12€a4);

sothere are exactly six free coordinatesonthe ane openset \ Dji,. It followsthat \ D,
is irreducible of dimensionsix. By the symmetry of the de ning relationsof , the sameholds
for \ Djyzandfor \ D,s. Moreover, \ cortains V(ep,; e3;€3)\  (the complemen in

\  of \ (Di2[ Di3[ Da2g)), which isirreducible of dimensionsix. Hence,ewery irreducible

componert of \  hasdimensionsix, which completesthe proof. [

The proof of the precedingresult highlights that coordinate computations are more easily
done with the sdhemel, but dimension-couting argumeris are more easily done with the
schemeH, soboth descriptions,L and H, of the line schemeof a quartum P® can be useful

in analyzingthe line scheme.

Remark 4.4. For ead p2 C, the plane T, is determinedby p and the Casimir elemet c of
U(sl(2)) asfollows. The Casimir elemer is the 2-tensorc = 2x, X3+ 2X; Xz + X3 Xz,
and we may evaluate c at any point p= (p;) 2 P(V) in either the left or right componert to
obtain the 1-tensorc, = 2p,x1 + 2;X2 + psX3. Hence,if p2 C, then T, = V(c,). As discussed
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below, this descriptionof T, canbe usedto relate line modulesover A to Vermamodulesover
U(sl(2)). Note that the certer of A is k[c;x4], wherec denotesthe imageof cin A (c.f., [4]).

Supposethat = P(V) is a line correspnding to a point of Y n X in G,(V). Let p =
(P1; P2; P3; 0) denote™ \ C. If p; 6 0, then ™ may bewritten as™ = Tp\ V(pX1 piX2 X 4)
for some 2 k, whereasif p; = 0,then " = T,\ V(x3 X 4) for some 2 k. In either case,
"= V(c;H X 4), forsome 2 k, wherec,;H 2 A; spana Borel subalgebrab of sl(2), where
sl(2) is viewed as a subspaceof A;. It follows that the line module over A correspnding to
" is the standard homogenizationof the Verma module, V. = U(sl(2)) yw) k , of highest
weight , wherek denotesthe 1-dimensionalb-module sudh that H actsby 2 k and ¢, acts
by zero.

Finally, we note that lines on V(x4) correspnd to line moduleswhich are lifts of the line

modules over A=Ax 4, which is isomorphicto the polynomial ring on three variables.

Remark 4.5. If * is a line in P?® correspnding to a point of Y, then * correspnds to a
2-dimensionalisotropic subspaceof a symmetric degeneratebilinear form b= 2(e;, e+ e

e)+ e €3, whoseimagein P2 meetsC at C\ ". All the 2-dimensionalisotropic subspace®f
b may be descriked by sud lines". The radical of bis ke, the point in P® giving the unique

isolated point module.
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