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Abstract

Asymmetric Fano resonances are predicted to occur in the linear electronic conductance
across a shallow quantum well in a high magnetic field. The Fano lineshape results from the
interference between direct transmission and transmission via a quasi-bound state in the well
which is weakly mixed with the continuum by tilting the field. The resonance width increases
with tilt angle but general S-matrix theory predicts that the lineshapes remain approximately
unchanged upon rescaling of the field. This reflects a general property of Fano resonances which
may be tested for the first time experimentally.

Resonances in electronic transport are of great interest in microstructures both as a basis for new
device concepts and for characterization of heterostructures. Resonant tunneling devices operating
at room temperature have become possible since three-dimensional heterostructures can be grown
with atomic precision [1]. However recently a number of theoretical studies [2, 3, 4, 5, 6, 7, 8, 9, 10]
have addressed resonances in quantum wire structures without large tunnel barriers. Typically
these systems are calculated to exhibit asymmetric Fano resonances as opposed to the familiar
symmetric Breit-Wigner (BW) lineshape. However no experiment has unambiguously observed
asymmetric resonances in quantum wire devices (although there is some evidence for asymmetric
resonances mediated by impurities [11] in the measurements of McEuen et al. [12]). It is likely
that the quantum wire devices fail to demonstrate clear Fano resonances because of the lack of
imperfections arising from the lack of a true epitaxial fabrication procedure for these devices[13].
Since the Fano lineshape represents the most general form for an isolated resonance it would
be interesting to find such resonances experimentally in electronic transport and test aspects of
scattering theory inaccessible in standard scattering experiments on atoms and nuclei. To this
end we will show below that a certain type of 3D heterostructure in a tilted magnetic field should
exhibit Fano resonances just as in the ideal quantum wire systems. However given the precision
of heteroepitaxy it is much more likely that the experiments on such heterostructures will yield
results consistent with the theory for the ideal structure.
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Before describing our model for the proposed experiment in more detail we review the relevant
results from S-matrix theory. A single pole of the S-matrix with small imaginary part generates
an isolated resonance; if the background phase shift θ̄ in the resonant scattering channel is roughly
constant as the energy is varied through resonance then the most general resonant lineshape is
described by the Fano function

fq(ε) =
(ε+ q)2

ε2 + 1
. (1)

Here, ε = 2(E−ER)/Γ is the (dimensionless) energy from resonance and Γ is the resonance width.
In three-dimensional scattering from atoms or nuclei this lineshape is observed in scattering cross
sections. Microstructures are expected to display the Fano lineshape in the conductance (trans-
mission) [17]; in particular for a quantum wire with one propagating subband and an inversion- or
reflection-symmetric scatterer one finds T = sin2 θ̄ fq(ε).

Fano resonances were originally studied in the case of inelastic (autoionizing) resonances of noble
gases; although not obvious in Fano’s original treatment, later work using a general S-matrix
approach showed that the asymmetry parameter q = − cot θ̄ in Eq. (1) is independent of the the
coupling strength [14] Γ so that each resonance will have a fixed q even if Γ is varied. Of course
typically Γ is not an experimentally controllable parameter in atomic scattering; however in the
experiment described below Γ should be tunable by varying the tilt angle and this prediction may
be tested.

The physical origin of the asymmetric resonance lineshapes is the interference between direct scat-
tering (described by the phase shift θ̄), and resonant scattering from a quasi-bound level of lifetime
Γ degenerate with the continuum. If the direct transmission is small then this interference is negli-
gible and one recovers the symmetric Breit-Wigner lineshape (this corresponds to the limit q →∞
in Eq. (2)). This explains why the BW lineshape is always observed in purely 1d resonant tunneling
because the only means for making the lifetime long is to have opaque barriers which suppress the
non-resonant transmission. To have a strongly asymmetric Fano lineshape it is necessary to have at
least two scattering channels so that resonant and nonresonant transmission occur in parallel as two
distinct processes. Then an electron entering the region where the quasi-bound state is localized
does not necessarily enter that state itself. The background transmission can still be large even
if the coupling to the quasi-bound level (which determines Γ) is small, (e.g. due to approximate
symmetry).

We now illustrate these considerations for the case of our model. The heterostructure consists of
an undoped quantum well of finite depth sandwiched between degenerately doped bulk emitter and
collector regions with a magnetic field B tilted away from the normal to the layers (see Fig. 1). Far
away from the well, transport in the direction of B reduces to a purely one-dimensional problem
because the energy of the transverse motion is quantized into Landau levels (LL), leaving only the
magnetic field direction for free motion. At the well interfaces, however, inter-LL scattering can
take place. We will see below that in the mapping to the quantum wire problem the LL index
n = 1, 2, . . . plays the role of the subband index and labels the different scattering channels that are
needed to produce the Fano lineshape. When the magnetic field is exactly normal to the interfaces
the Landau index will remain a good quantum number even across the interfaces and the problem
is effectively 1d with a transmission probability T determined by the well potential. The well gives
rise to a finite sequence of bound states which repeats below each LL threshhold En. The well width
and depth may be chosen such that some bound states with LL index n > 1 lie degenerate with the
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Figure 1: A finite quantum well (shaded region) in a magnetic field B that is tilted with respect to
the vertical direction x. We measure the current across the well as a function of B. The undoped
well is separated from the doped contacts by undoped spacer layers of the same composition as the
contacts.

continuum of propagating states associated with the lowest LL (n = 1) but do not mix with this
propagating state due to the conservation of the LL index. If we assume that only this lowest LL
is populated outside the well then for precisely normal field no resonance occurs, but introducing a
small tilt angle with respect to the normal to the interfaces will induce inter-LL scattering at the
interfaces. The bound states will then be coupled to the continuum and lead to Fano resonances
whose width will increase with the tilt angle α.

The experiment must be done at low temperature (so that thermal broadening does not distort the
intrinsic lineshape) and in the linear response regime. The latter is possible here because unlike
the well-known resonant tunneling devices, this structure contains no large barriers so that one
can drive a current without a substantial voltage drop. As has been done in Refs. [2, 3, 4, 5, 6,
7, 8, 9, 10, 11, 15, 16], we perform the model calculation at zero temperature. Since the contacts
are degenerately doped, we separate them from the well region by undoped spacer layers that can
be traversed ballistically. In order to trace out resonance lineshapes, we need a means of varying
the energy of the electrons incident on the well, i.e. the Fermi energy EF in the contacts. This
can be done [17] by varying the magnitude of the magnetic field, B, as shown in Fig. 2. As we
increase B with a fixed carrier concentration ρ in the bulk, Landau levels are depopulated due to
the growing degeneracy. Once B exceeds some threshhold field Bth, EF will enter the lowest LL.
As B is increased further, EF moves from slightly below E2 towards the bottom of the lowest LL,
E1. This causes the initial decrease in EF , which is eventually outweighed by the simultaneous
increase in E1 itself. The results depend somewhat on the degree of spin polarization which is
taken into account in Fig. 2. The ratio between spin and LL splitting is measured by the parameter
η = |g∗|m∗/(2me). Here, g∗ is the electronic g-factor, me and m∗ denote the bare and effective
electron mass, respectively. If η < 1, the Zeeman splitting is smaller than the LL separation so that
it is possible to have EF in the lowest LL but with both spin species present. We assume this to
be true to simplify what follows (the treatment for η > 1 is similar). The field at which the system
is fully spin-polarized is given by

B3
0 =

πρ2

4η

(
hc

e

)3

. (2)

For lower magnetic fields, both spins are present. But we still have EF < E2 as long as B is above
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Figure 2: Dependence of the Fermi energy on magnetic field B when B is large enough to bring
EF into the lowest LL, i.e. B > Bth. The straight dashed lines show the first (n = 1±) and second
(n = 2−) spin-split Landau levels, and the dotted line represents the position of a resonance. The
field needed to spin-polarize the system is denoted by B0, and the Fermi energy at that magnetic
field is E0. As shown, EF crosses the resonance as B is varied. We assume η = 1/3 in this graph.

the threshold field
B3

th = 2B3
0

1
η

(
1− 1

2
η −

√
1− η

)
. (3)

In units of B0, we find that EF as a function of B has the form

EF =
1
2
h̄ω


1 + 1

2η

[(
B0
B

)3
+

(
B
B0

)3
]

(Bth ≤ B ≤ B0)

1 + η

[
2

(
B0
B

)3
− 1

]
(B ≥ B0),

(4)

with the cyclotron frequency ωc ≡ eB/m∗c.The quasibound levels also shift as a function of B
but EF will cross all resonances between E2 and E1 at some B. Thus we obtain resonances as a
function of magnetic field. The dependence of EF on B becomes more complicated for B < Bth,
but the resonances occur at these lower fields, too. Since our calculation implies that Γ/h̄ωc is only
a function of the tilt angle α, the resonances for a given α will be easiest to resolve if B is large.

To solve the scattering problem for a given EF , we first solve the Schrödinger equation of a het-
erostructure with x as the growth direction and V (x) as the effective potential due to the conduction
band modulation. In addition, a tilted magnetic field is applied, B = Bx x̂ + Bz ẑ. Choosing the
gauge A = −Bz y x̂ +Bx y ẑ, the Hamiltonian is

H =
1

2m∗

[
(px −m∗ ωz y)2 + p2

y + (pz +m∗ ωx y)2
]

(5)

+U(x) +
1
2
g∗µBB (6)

where ωz ≡ eBz/m
∗c and ωx ≡ eBx/m

∗c. In the Zeeman term, we introduced the Bohr magneton,
µB = eh̄/2mec, which involves the bare electron mass instead of the effective mass. The value of
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E at which to solve the scattering problem is determined by B through Eq. (4), cf. Fig. 2. Since
[H, pz] = 0, we use the ansatz

Ψ(x, y, z) = ψ(x, y) eikzz (7)

to obtain a two-dimensional Schrödinger equation for ψ:[
1

2m∗

{
(px −m∗ωzy)2 + p2

y

}
(8)

+
1
2
m∗ω2

x

(
y +

h̄kz

m∗ωx

)2

+ U(x)

]
ψ = Ẽ ψ. (9)

Here, Ẽ ≡ E∓ 1
2g

∗µBB. But this is the Schrödinger equation of a parabolic quantum wire, shifted
by h̄kz/(m∗ωx), with a transverse magnetic field

B′ = ∇× (−Bzyx̂) = Bz ẑ. (10)

The existence of this mapping to a quantum wire problem went unnoticed in a previous treatment
of the quantum well in a tilted magnetic field [19] because a different choice of gauge and coordinate
system in Eq. (5) leads to a qualitatively different reduced two-dimensional equation. The current
flowing through a y− z plane of the heterostructure is obtained by integrating the x component of
the current density over y and z. Let the sample dimension along z be Lz, then

I =
∫
dz

∫
dy

[
h̄

2m∗i

(
Ψ∗(x, y, z)

∂

∂x
Ψ(x, y, z) (11)

−Ψ(x, y, z)
∂

∂x
Ψ∗(x, y, z)

)
(12)

−ωzy|Ψ(x, y, z)|2
]

= Lz I
′ (13)

where

I ′ ≡
∫
dy

[
h̄

2m∗i

(
ψ∗(x, y)

∂

∂x
ψ(x, y) (14)

−ψ(x, y)
∂

∂x
ψ∗(x, y)

)
− ωzy|ψ(x, y)|2

]
(15)

is the current carried by the equivalent quantum wire eigenstate ψ(x, y). We can set kz = 0 in
Eq. (8) Since I ′ is independent of kz. This equation has been solved numerically in Refs. [8, 18]
for rectangular potentials U(x) (corresponding to a perfectly sharp band profile) and those results
need only be reinterpreted in terms of the parameters of our model to yield the results of Fig. 3a.
This calculation neglects the band bending at the well interfaces, but we expect this to only affect
the absolute position of the resonance and not the lineshape.

The resulting transmission curves as a function ofB are shown in Fig. 3 (a) for a particular resonance
at various small tilt angles α. At an experimental temperature of 30 mK, the resolution is limited
by kT ≈ 2.6µeV. For the narrowest curve in Fig. 3 (a), we find from Eq. (4) an energy difference
of ∆EF ≈ 5.3µeV between valley and peak. The resonances should therefore be experimentally
observable even at the small tilt angles we chose here to come close to the ideal lineshape. Across
the narrow resonance width we can furthermore approximate Eq. (4) by a linear relation between B
and EF . If we then rescale the B axis to the variable ε defined below Eq. (1), all resonances should
collapse onto a single curve if the Fano asymmetry parameter q is independent of the resonance
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Figure 3: (a) Transmission of a finite well as a function of magnetic field B in units of B0. The
tilt angles are sinα = 0.12 (dashed-dotted), 0.1 (dashed) and 0.08 (solid). We chose a GaInSb-
InSb-GaInSb structure with well width L = 25.9 nm and depth V = 168meV. The large electronic
g-factor and small effective mass of this compound combine to give η ≈ 1/3, cf. [20]. (b) The
same resonances plotted in reduced units, ε being defined as below Eq. ( 1); the Fano asymmetry
parameter is q = 0.577. Over the width of these narrow resonances, EF is proportional to B while
|tb|2 and Γ are independent of B. Inset: effective potential in the growth direction.

lifetime. As shown in Fig. 3 (b), this is indeed the case. We also subtracted out a constant baseline
arising from the fact that both spin channels contribute to the transmission but one of them is
not on resonance (and thus simply adds a nonresonant background contribution). Note that the
resonant variation of the transmission is exactly unity as predicted in Ref. [17].

Thus the experiment, if successful, would not only observe the Fano lineshape in electronic transport
for the first time, but could also provide a novel test of basic predictions of scattering theory for
isolated resonances.

We acknowledge R. Wheeler for the important suggestion of tuning through resonance with a
magnetic field. We also thank M. Büttiker and M. Reed for helpful discussions. This work was
supported by ARO grant no. DAAH04-93-G0009.
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