MATH 251 EXTRA DIFFERENTIATION WORKSHEET SOLUTIONS

This the solution sheet for the collection of extra practice differentiation problems. The solutions
show steps, although the amount of detail varies.

1. Find % for y = 2¢(z* + 7)(32% — 2), where c is a constant.

Solution: We use the product rule:

(f9)'(z) = f(x)g(z) + f(z)g'(z),
as well as the rule for scalar multiples. So

d
% = 2c¢ (42°(32% — 2) + (2" + 7)(3 - 62°)) = 8ca®(32° — 2) + 36¢c2°(z* + 7).

2. Find f'(z), where f(x) and where p is a constant.

T 221 p?
Solution: Use the quotient rule,

<f>/ (z) = f'(@)g(z) - f(2)g'(z)

9

This gives
() 1- (22 +p?) —z-(22) 2%+ p? — 222 p? — 22
xTr) = == = .
(22 + p2)? (22 + p2)? (22 + p2)?

(The simplification is required.)

1
3. Differentiate f(z) = 3arcsin (cz'/3) + n;x) + /7, where c is a constant.

Solution: Use the chain rule on the first term and the rule for constant multiples on the second
term:

1 1 —2/3 1
3 2
1— (cx1/3)2 x 1 — 222/3 22

Note that /7 is a constant, so that its derivative is zero. Also, don’t waste time using the quotient

In(x)
2

rule to differentiate . Rewrite it as %111(33) and use the rule for constant multiples instead—it is

much faster.

x

4. Differentiate h(z) = 2tan(cz +d) + + 2, where ¢ and d are constants.

sin(z)

Solution: Use the chain rule on the first term and the quotient rule on the second term:

sin(z) — x cos(x)

f'(z) = 2sec®(cx +d) - c + sin? ()

= 2csec?(cx + d) + sin(x) — z cos(z)

sin?(x)
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Note that % is a constant, so that its derivative is zero. Don’t waste time using the quotient rule to
differentiate it!

You can also differentiate the second term using the product and chain rules, by rewriting it as
x[sin(z)] 7L

5. Differentiate g(a) = carctan(2a/3), where ¢ is a constant.

Solution: Use the chain rule:

! — - - @@
9@ = e T e 230 T g e

6. Differentiate f(t) = \/a + arcsin(t) + 73, where a is a constant.

Solution: Rewrite
a + arcsin(t) = (a + arcsin(t))'/2

before differentiating. Then use the chain rule. Note that the derivative of 73 is zero because 73 is a
constant. This gives:
1 1
/ 1 : -1/2 _
t) = 5(a + arcsin(¢ = .
£ = ®) V1—1  2y/a+arcsin(t)V1 — 12
7. Differentiate f(t) = {/ct + arctan(t) + €3, where c is a constant.
Solution: Rewrite
ct + arctan(t) = (ct + arctan(t))'/?
before differentiating. Then use the chain rule. Note that the derivative of €3 is zero because €3 is a

constant. This gives:

F(t) = L(ct + arctan(t)) /2 (C+ 1 it2> T 9

c 1

+ .
ct + arctan(t)  2(1 + t2)y/ct + arctan(t)

8. Differentiate y = x tan(2z) + 3y/z — 3.

Solution:
Y (z) = tan(2z) + zsec?(2x) - 2+ 3 - %xil/Q = tan(2x) + 2z sec?(2x) + %xil/Q.

Don’t forget to use the chain rule when differentiating tan(2x). To differentiate the second term,

rewrite it as 3z!/2. The derivative of —% is immediately seen to be zero because —% is a constant.
(Don’t waste time differentiating —3 via the quotient rule!)

9. Differentiate the function g(z) = cos(cze® + 7n?), where ¢ is a constant.

Solution: Use the chain rule. The product rule is needed to differentiate xe®.
¢ (z) = —sin(cxe” + T1?) - c(e® + ze”) = —c(1 + z)e” sin(cxe® + Tr2).

(The rearrangement is not really necessary.) The derivative of 772 is zero because 772 is a constant.

x T
+ i, where k is a constant.

10. Differentiate y = ———
Herentiate ¥ arctan(kz) 2



d
Solution: Use the quotient rule. For d—(arctan(kx)), it is necessary to use the chain rule, noting
x
that, since k is a constant, we have d—(k:x) = k. Thus
x

dy %(x) -arctan(kx) — x%(arctan(kx))
dr [arctan(kx)]?
arctan(kx) — x - m%(kﬁ)
[arctan(kx)]?
kx
arctan(kx) — T (k2)?
[arctan(kx)]?

T ™
The derivative of \g is zero because \g is a constant. (Don’t waste time using the quotient rule to

v

differentiate =3 )

3 100
11. Differentiate f(z) = (((wQ + 7T2)7 + %) - 1>
Solution: This one requires repeated use of the chain rule.
/ 2 N7, 9)° % 2 N7, 9)? 2 2\6
Fay=100( (@ +7) +3) =1) -3(@+) +2) 7@ +72)" 2

= 4200z ((@72 —|—7r2)7 + %)3 - 1>99 <(l‘2 + 7r2)7 + %)2 (2 —|—7r2)6.

The derivatives of 72 and % are zero because 72 and % are constants. (Don’t waste time using the
quotient rule to differentiate 2!)

12. Differentiate w(t) = arctan (v/3t + 1) — In(2m).

Solution: Use the chain rule twice on the first term. The derivative of the second term is zero
because In(27) is a constant. This gives the answer

1 d

W) = ————— 5 (V3 1) = 7 (bB+17728) =3 Lo @+ 1)

1+(/73t+1)2'dt (3t+1 3t + 2
13. Let f be a function such that f'(z) = 6e* —7f(z). Find the derivative of the function h(z) = f;j)

(Your answer might involve the function f.)

Solution: Use the quotient rule:

oy f(z)  fl(2)-32—f(2)-3  [6e® —Tf(2)]-32—3f(2) 18ze* —21zf(z) — 3f(2)
Wy) = 3z (32)2 B 922 B 922

14. Let g be a function such that ¢'(z) = %" —e®. Find the derivative of the function h(t) = t+m2—g(t).
(Your answer might involve the function g.)

Solution: ,
Rt)y=1—-g({t)=1—¢e" +¢.
(Note that 2 is a constant, so its derivative is zero.)



15. Let f be a function such that f/(z) = 6z f(z). Find the derivative of the function w(z) = f (V7).
(Your answer might involve the function f.)

Solution: w'(z) = 0 because f (V/7) is a constant.

16. Differentiate f(x) = x2g(x) + /7, where g is a function such that ¢'(x) = V322 — 6 — 13. (Your
answer might involve the function g.)

Solution: Use the product rule:
f(z) = 2xg(z) + 2°¢' (z) = 22g(z) + 2* (V322 — 6 — 13) = 22g(x) + 2* V/322 — 6 — 1327
(Note that /7 is a constant, so its derivative is zero.)

sin(3t)

17. Let h be a function such that h'(z) = 0

sin(3x)
x

d
. Find the derivative o ( > . (Your answer

might involve the function h.)

Solution: Use the quotient rule:
d (sin(3t)\ _ 3cos(3t)h(t) —sin(3)h'(t) _ 3cos(3t)h(t) — sin(3t) 23
ﬁ(ﬂ@)‘ 0k B h(OP
_ 3tcos(3t)h(t) — sin?(3t)
B t[h(t)]? '

18. Let g be a function such that ¢/(z) = €?*—g(z). Find the derivative of the function h(t) = 6g(2t+1).
(Your answer might involve the function g.)

Solution: Use the chain rule:

h/(t) = 69/(2t + 1) . %(Qt + 1) =6 [62(2t+1) _ g(Qt + 1):| .2 =12 [e4t+2 o g(2t + 1)] ]

19. Let f be a function such that f'(z) = (222 + \/§)117. Find the derivative of the function g(t) =
f(t+cos(t)). (Your answer might involve the function f.)

Solution: Use the chain rule:

(1) = J'(t+ cos(t)) - (¢ +cos()) = (20t +cos(t)” +vB) 1 —sin(r)]

20. Let g be a function such that ¢’'(z) = 3z + +1n(2). Find the derivative of the function
c

1
os(z) +9
h(z) = g(2 — x). (Your answer might involve the function g.)

Solution: Use the chain rule:

) = otz 2 1) = (304

m@+9+m®>“D:_M_

cos(z) +9 In(2).

21. Let ¢ be a function such that ¢'(z) = xzq(z). Find the derivative of the function f(x) = ¢(2x +
sin(3)). (Your answer might involve the function q.)



Solution: Use the chain rule:
f'(z) = ¢'(2x + sin(3)) - %(21‘ +sin(3)) = [2z + sin(3)]¢(2z + sin(3)) - 2
= 2[2z + sin(3)]q(2x + sin(3)).

(Note that sin(3) is a constant, so its derivative is zero.)

22. Let f be a function such that f/(z) = v/22 + 9 — 11. Find the derivative of the function h(z) =
f(1 —z) + 7. (Your answer might involve the function f.)

Solution: Use the chain rule:

Wa)=f1-2)-L(1-2)= (Y01 -2)2+9-11)( —Y(1—z)2+9+11.
The last expression can be rewritten as
11— /22 — 22 + 10,
but this is not necessary. (Note that 72 is a constant, so its derivative is zero.)

23. Let f be a function such that f'(z) = V&34 7+ 6. Find the derivative of the function g(t) =
f(3t) + /2. (Your answer might involve the function f.)

Solution: Use the chain rule:
g ) =f(3t)- L(3t) = (/(3)3+T7+6) -3=327t3 + 7+ 18.

(Note that /2 is a constant, so its derivative is zero.)

24. Differentiate g(z) = -5 — 3f(sin(z)), given that f'(z) = V1 + 22. (Your answer might involve the
function f.)

Solution: The derivative of - 11 18 zero because % is a constant. (Don’t waste time using the quotient

rule to differentiate it!) For the other term, we use the chain rule, and then substitute the formula for
1"

¢ (z) = =3f'(sin(x)) - cos(z) = —34/1 + sin?(z) - cos(z).
(This looks nicer if rearranged as —3 cos(x)+/1 + sin?(z), but that is not necessary.)

1
25. Let h be a function such that h'(s) = 2s + W + ¢, Find the derivative of the function
sin(s

g(t) =In(h(t)). (Your answer might involve the function h.)

Solution: Use the chain rule:

g'(t) = L

. 1 1
o) B (t) = 0] (2t+sin(t)+7 —|—e4>.

26. Let f be a function such that f/'(z) = f(z) — sin(2z). Find the derivative of the function h(y) =
[f(y)]?. (Your answer might involve the function f.)

Solution: Use the chain rule:

W (y) =2f(y)f (y) = 2f(y) [f(y) —sin(2y)] .

27. Let f be a function such that f/(z) = e~ . Find the derivative of the function g(t) = tf(2t).
(Your answer might involve the function f.)



Solution: Use the product and chain rules:

g ) = F(2t) + t% (F(20) = f(2t) +t£/(2t) -2 = f(2t) + te~ P .2 = F(2t) + 2te ",

28. Let ¢ be a function such that ¢/(z) = (222 + \/11)98. Find the derivative of the function g(t) =
q(cos(2t)). (Your answer might involve the function g.)

Solution: Use the chain rule twice:
g (t) = ¢ (cos(2t)) - %(cos(%)) = (2[cos(2t)]? + \/11)98 (—2sin(2t))
98
— _2sin(2t) (2 cos?(2t) + \/ﬁ) .
29. Let h be a function such that h’(t) = —11h(t). Find the derivative of the function f(t) = h(sin?(t)).
(Your answer might involve the function h.)

Solution: Use the chain rule (twice):
F/(t) = K (sin?()) - & (sin®(t)) = —11h(sin®(t)) - 2sin(t) cos(t)
= —22sin(t) cos(t)h(sin?(t)).

30. Differentiate y = cos(2g(z))—2, where ¢(t) = V/t2 + 1. (Your answer might involve the function g.)

Solution: Use the chain rule, noting that the second term is a constant so that its derivative is zero:

% = —sin(2g()) - 29/ (x) = —2sin(2g(z)) V22 + 1.

31. Differentiate Let g be a function such that ¢/(t) = v/2 + 1. Find the derivative of the function
f(z) = e®@+1 (Your answer might involve the function g.)

Solution: Use the product and chain rules:

f(z)= ezg(w)H% (zg(x) + 1) = 9@+ (9(z) + z¢'(2)) = e?9(@)+1 (g(x) +zv/x? + 1) .

32. Let h be a function such that h'(z) =
3z2h(z +1In(7)). (Your answer might involve the function h.)

in(2
sin x) Find the derivative of the function f(z) =
x

Solution: Use the product and chain rules, noting that In(7) is a constant so that its derivative is
Z€ro:
d
f'(x) = 6xh(x 4+ In(7)) + 32°h (x + ln(?))@ (x 4+ In(7))
3$281n(2(aﬁ +In(7)))
x + In(7)
3z%sin(2(z + In(7)))
x + In(7)

= 6zh(z + In(7)) + 1

= 6zh(x + In(7)) +




