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Abstract. The authors study anisotropic product Hardy spaces HP (A) associated
with a pair A = (A4, As) of expansive dilations and a class of product Muckenhoupt

weights Ao (/Y) on R™ x R™. This paper is a continuation of their earlier work in
[Math. Nachr. 283 (2010), 392-442]. The authors establish the Littlewood-Paley g-

function characterization and ¢-transform characterization of Hfj,(ff), 0<p<1. The
authors also introduce the weighted anisotropic product Campanato space prw(/_l')
and establish its ¢-transform characterization. As an application, the authors identify
the dual space of HE (A) with £, ,,(A). The results of this paper improve the existing
results for weighted product Hardy spaces on R x R and are new even in weighted

isotropic setting.

1 Introduction

Due to the request in applications of analysis such as PDEs, harmonic analysis and ap-
proximation theory, there were several efforts of extending classical function spaces arising
in harmonic analysis from Euclidean spaces to other domains and anisotropic settings; see,
for example, [1, 2, 3, 10, 15, 11, 16, 20, 31, 35, 36, 37, 24, 38, 39]. Calderén and Torchin-
sky initiated the study of Hardy spaces associated with anisotropic dilations in [10, 11, 9].
Recently, a theory of anisotropic Hardy spaces and their weighted theory were developed
by Bownik et al in [1, 7].

Another direction is the development of the theory of Hardy spaces on product do-
mains initiated by Gundy and Stein [23]. In particular, Chang and Fefferman [12, 13]
characterized the classical product Hardy spaces via atoms. Fefferman [19], Krug [26] and
Zhu [43] established the weighted theory of the classical product Hardy spaces, and Sato
[29, 30] established parabolic Hardy spaces on product domains. It was also proved that
the classical product Hardy spaces are good substitutes of product Lebesgue spaces when
p € (0, 1]; see, for example, [17, 18, 19, 30, 32].
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Let A = (A1, A2) be a pair of expansive dilations and As, (E) the corresponding class
of product Muckenhoupt weights on R™ x R™ (see Definition 2.4 below). Recently, a
theory of the weighted anisotropic product Hardy spaces Hff,(ﬁ') associated with expansive
dilations and product Muckenhoupt weights was established in [8]. In particular, the
Hardy spaces HY, ([f) were characterized in terms of the Lusin-area function and the atomic
decompositions. Moreover, the boundedness on HE(A) was obtained in [28] for a class of
anisotropic singular integrals on R™ x R™, whose kernels are adapted to A in the sense of
Bownik (see [1]) and have vanishing moments defined via bump functions in the sense of
Stein (see [33]).

In this paper we continue our study by establishing Littlewood-Paley characterization
and duality of weighted anisotropic product Hardy spaces. Our first result (see Proposition
2.1 below) shows the equivalence of the Lusin-area function definition of the space HE (A)
for tempered distributions in S, (R" x R™) with tempered distributions in S, ,,(R™ xR")
vanishing weakly at infinity. Here, S, (R™ x R™) is the dual space of the set of all Schwartz
functions with all vanishing moments (see Section 2 below). This seemingly inconsequen-
tial result enables us to establish the ¢-transform characterization (see Theorem 2.1 be-
low) and the Littlewood-Paley g-function characterization (see Theorem 2.2 below) of the
Hardy space Hff,(ff) We also introduce the weighted anisotropic product Campanato
space Ep’w(/f) (see Definition 2.8 below) and establish its ¢-transform characterization
(see also Theorem 2.1 below). In the final part of the paper, we identify the dual space
of HE(A) with Enw(ff) in Theorem 2.3 below. This improves the result of Krug and
Torchinsky [27] which describes the duals of the classical weighted product Hardy spaces
HI(R% x R%) when the weights w satisfy Muckenhoupt’s A, (R x R) condition on rectan-
gles and 2/r < p < 1. Moreover, the dual spaces in [27] have quite different description
from £p7w(ff), and the method employed by Krug and Torchinsky [27] is based on the
atomic decomposition characterization of Hf (R2 x R2).

To achieve our targets, one key tool is the discrete Calderén reproducing formulae (see
Lemma 2.1 below), which is a discrete variant, via dilated cubes introduced by Bownik-
Ho [5], of the Calderén reproducing formulae in [8, Proposition 2.16]. Motivated by
Frazier-Jawerth [21], Bownik [2] and Bownik-Ho [5], to obtain the Littlewood-Paley g-
function characterization of HE, (A'), we invoke a weighted anisotropic product variant of
the Plancherel-Pélya inequality (see Lemmas 3.9(i) and 3.11(i) below) and the bounded-
ness of the almost diagonal operators on the discrete weighted anisotropic product Hardy
space (see Lemma 3.13 below).

Notice that the p-transform characterization of Ep,w(/_f) closely connects with dilated
cubes of Bownik-Ho associated to A; and As. Although dilated cubes nicely reflect the
properties of expansive dilations, they have a critical defect, that is, dilated cubes with
different levels have no nested property, which makes it impossible to establish Journé’s
covering lemma for these dilated cubes. To overcome this difficulty, we invoke the dyadic
cubes of Christ [14] for general spaces of homogeneous type in the sense of Coifman and
Weiss [15]. To be precise, we establish some subtle relations in Lemma 3.7 below between
dilated cubes and dyadic cubes, which further induce some important relations between
the sequence spaces €p7w(ff) defined via dilated cubes and €p7w(g) defined via dyadic
cubes (see Lemma 3.8 below). Applying the nested property of dyadic cubes of Christ
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(see also Lemma 3.5 below) and Journé’s covering lemma in [8, Lemma 4.9], we establish
a weighted anisotropic product variant of the Plancherel-Pélya inequality on Ep,w(f_f) (see
Lemmas 3.9(ii) and 3.11(ii) below), which together with some standard argument (see, for
example, the proof of Bownik [2, Theorem 3.12]) yields the ¢-transform characterization
of €p,w(ff). Applying the o-transform characterizations of HE(A) and Ep,w(/_l‘) together
with some ideas from Wang [40] and Frazier-Jawerth [21], we then prove that the dual
space of HE(A) is just Ep,w(ff). We particularly point out that Lemma 3.9 below plays
a key role, whose proof is quite geometrical in the sense that we prove this lemma via
subtly classifying the dyadic cubes of Christ in [14] (see also Lemma 3.5 below) and its
associated Journé’s covering lemma in [8, Lemma 4.9].

The main results of this paper are stated in Section 2 and their proofs are given in
Section 3 below.

Finally, we make some conventions on symbols. Throughout the paper, we denote by
C a positive constant which is independent of the main parameters, but it may vary from
line to line. Constants with subscripts, such as Cy, do not change in different occurrences.
The symbol A < B means that A < C'B and the symbol A ~ B means that A < B and
B < A. Denote by $F the cardinality of the set E. For any p € [1, oc], we denote by p’ its
conjugate indez, namely, 1/p +1/p" = 1. We also set N={1, 2, ---}, Z; = {0} UN and
7% = (Z4)". For any a, b € R, we denote min{a, b} and max{a, b}, respectively, by a A b
and aVb. If F is a subset of R™, we denote by x g the characteristic function of E. For any
multi-index v = (1, , ) € Z}, let |[y| =y + -+, and 97 = (8%1)71 ---(%)%.

n times

o~ .
We also denote (0, --- , 0) by the symbol 0,,.

2 Main Results

We begin with some notions. Let m, n € Z. In what follows, for convenience, we often
let n1 = n and ny = m.

Definition 2.1. Let i = 1, 2. A real n; X n; matrix A; is called an expansive dilation,
shortly a dilation, if maxy,cs(a,)|A\i| > 1, where o(A;) is the set of all eigenvalues of
A;. A quasi-norm associated with expansive matrix A; is a Borel measurable mapping
pa, : R" — [0, 00), for simplicity, denoted as p;, such that

(1) pi(x;) > 0 for x; # 0;

(i) pi(Aix;) = bipi(x;) for x; € R™, where b; = | det A;;

(iil) pi(x; + yi) < H; [pi(x;) + pi(y:)] for all z;, y; € R™, where H; > 1 is a constant.

Throughout the whole paper, we always let A; and As be expansive dilations, respec-
tively, on R™ and R"2, and p; and ps the corresponding quasi-norms. Such p; and ps
indeed exist; see [1, p.8]. Let i = 1, 2. The set Q; of dilated cubes of R™ is defined by
Qi ={Qi = A0, )" + k;) : j; € Z, k; € Z"}. For any Q; = AT ([0, 1)™ + k;), let
xQ, = Ai’ k; be the “lower-left corner” of Q;. It is easy to see that for any fixed j; € Z,
{Qi = Agi([O, )™ +k;) : k; € Z™} is a partition of R™. Denoted by R = Q1 x Qg the
set of all dilated rectangles.
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For any function ¢ on R™, ¢ on R® x R™, j; € Z, k; € Z™, Q; = Ai_ji([O, )™ 4 k)
and Q = Q1 x Qa, let gog-:) (2:) = bl (Alx;) for all z; € R™,
Qi o (1) = I ORo(Al xy, APag) for all 2= (21,22) € R" x R™,

and, correspondingly,

1
(21) o) = 1Qi2e) (v — 70,), Pol@) = Q12 s, 5 (w1 — g, 72— 70,).
where | - | means the Lebesgue measure on R™ or R™ x R™, respectively.

Denote by S(R™ x R™) the set of all Schwartz functions on R™ x R™ and S’'(R™ x R™)
its topological dual space. As in [22], we set

SOO(R”XR’")E{quS(R"XRm): o(x1,29)2]" do; =0, oy € 21,0 =1, 2}

Rn
We consider S (R™ x R™) as a subspace of S(R™ x R™), including the topology. Thus,

Soo(R™ x R™) is a complete metric space (see, for example, [34, p. 21, (3.7)]). Equivalently,
Soo(R™ x R™) can be defined as a set of ¢ € S(R” x R™) such that the semi-norms

2

6l = sup  sup (97 [[(l&l™ + &™) < oo

7|<M EER™ xR™ pale

for all M € Z, (see [5, p.1479]). The semi-norms {|| - |[3,}mez, generate a topology of a
locally convex space on Sy (R™ x R™) which coincides with the topology of S (R™ x R™)
as a subspace of a locally convex space S(R™ x R™). Let S, (R"™ x R™) be the topological
dual space of Soo(R™ x R™) with the weak-* topology.

For any N € Z, let Sy (R"™) be the set of all € S(]R") satisfying [pn p(x)x* de =0 for
any o € Z' with |a| < N. Given two functions ¢ on R i =1,2, define ¢ = ¢(V) ® ¢

n; times

by é(z1,x2) = ¢ (21)¢P (x9) for all (z1,z2) € R™ x R™. Recall 0, = (ﬁ)
Definition 2.2. Let ./ (R™ x R™) be the set of all functions of the form ¢ = oM @)
with o e S(R™), 1 =1, 2, such that

(i) supp ) C [~ )"\ {G,,}, and

(ii) supjez ];B((A;‘)ng)\ > 0 for all & € R™ \ {0,,}, where A¥ is the transpose of A;.

Suppose that ¢, 9 € S (R™ x R™). The pair (¢, ) is called an admissible pair of dual
frame wavelets if, in addition to (i) and (ii),

(i) Yoz 0 (47600 (47)76) = 1 for all & € B\ {T,, .

We should point out that such ¢ and 1 indeed exist. Indeed, by [5, Lemma 3.6], for any
Y € So(R™ x R™), there exists some 1) € /(R x R™) such that (p, ) is an admissible
pair of dual frame wavelets.

The following Calderén reproducing formulae are product variants of [5, Lemmas 2.6
and 2.8], which play an important role in the whole paper.
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Lemma 2.1. (i) Let ¢ = ¢V @ ¢, where, for i = 1,2, ¢() € S(R™) satisfies that
supp ¢(@) is compact and bounded away from the origin and for all & € R™ \ {0,,},

(2.2) S o0 ((A5)E) = 1.

Ji€Z
Then for any f € Soo(R™ X R™) (resp. f € SL(R™ x R™)),
(2:3) f= 2 Fxois
jl)erZ

holds in Seo(R™ X R™) (resp. SL (R™ x R™)).
(ii) Let (v, ¥) be an admissible pair of dual frame wavelets as in Definition 2.2. For
any f € Soo(R™ X R™) (resp. f € SL(R™ x R™)),

(24) =Y {f,or)r

ReR
holds in Seo(R™ X R™) (resp. SL (R™ x R™)), where or and g are as in (2.1).

The proof of Lemma 2.1 is given in Section 3. Based on the Calderén reproducing
formulae, we can establish some new equivalent characterizations of weighted anisotropic
product Hardy spaces in [8].

We first recall the weight class of Muckenhoupt associated with A introduced in [5].

Definition 2.3. Let p € [1, 00), A be a dilation and w a non-negative measurable function
on R™. Let b = |det A|. The function w is said to belong to the weight class A,(R™; A)
of Muckenhoupt, if there exists a positive constant C' such that when p € (1, 00),

p—1
up sup{b—k / w(y)dy}{b-’f / [w(y)]-l/@-”dy} <c
TER™ kEZ Bp(z,b%) By (z,b*)

and when p =1,

Sup sup b_k/ w(y) dy esssup [w(y)]™!y < C;
z€R™ keZ By(z,b%) yEB,(x, b%)

and the minimal constant C' as above is denoted by C, 4 ,(w). Here, B,(z, b*) = {y €
R™: p(x —y) < b*} for all z € R" and k € Z.
Define Axo(R"; A) = Uj<peoo Ap(R™; A).

Definition 2.4. Fori = 1, 2, let A4; be a dilation on R and A = (A;, As). Let p € (1, 00)
and w be a non-negative measurable function on R"™ x R™. The function w is said to be
in the weight class Ap([f) of Muckenhoupt , if w(z1, ) € A,(Az) for almost every x; € R"
and esssup ,, cgnCp, A5, m(w(21, -)) < 00, and w(-, x2) € Ap(Ay) for almost every zo € R™
and esssup ,,crm Cp, A;,n(W(-, 22)) < 0o. In what follows, let

Cq,/Y,n,m(w) = max { esssup Cp, 4, m(w(zx1, +)), esssup Cp a,,n(w(:, xz))} .
r1 ER™ o ER™

—,

Define Ao (A) = Ul cpeocAy(A).
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The above product anisotropic weights also satisfy similar basic properties of the clas-
sical weights; see [8, Proposition 2.10] for more details.

Recall that a distribution f € S'(R™ x R™) is said to vanish weakly at infinity if for
any o) € S(R™) and p® € S(R™), f * pr, p, — 0 in S'(R* x R™) as ki, ky — —o0,
where ¢ = 1) @ ©(?); see [8]. Denote by Sto,w(R™ x R™) the set of all f € S'(R" x R™)
vanishing weakly at infinity. -

Let & = &) @ &) with &) € S(R™) satisfying @(i)(ﬁni) = 0,4 =1, 2. For any
f € S'(R" x R™) and all x € R™ x R™, the anisotropic product Lusin-area function of f
is defined by

’f * (I)kl,k2 (y)’2 dy

S =4 > ekl [

—k
k1, ko€Z BPI(Ihbl 1)><Bf72(x27b2 )

The weighted anisotropic product Hardy space HE, (E) was defined via the anisotropic
product Lusin-area function in [8] as follows. The class of allowable test functions in [8]
was somewhat restricted; see the following Definition 2.5. Later, we shall deduce from
Theorem 2.2 that this restriction can be relaxed to ® € .7, (R™ x R™).

Definition 2.5. Let ¥ = UM @ ¥ and & = &) @ ) be such that ¥@ 0 ¢ S(R™),
1 =1, 2, satisfying that

(i) supp¥® C B,,(0p;, 1) = {z € R™ : pi(x;) < 1}, ¥ € Sy, (R™), where N; is
some fixed nonnegative integer, and U@ (§) > C > 0 for & in some fixed annulus;

—

(i) supp @ is compact and bounded away from the origin;

—

(i) Yojez PO((A7)76)0 ((A7)V€;) = 1 for all & € R™\ {T,,}.

We should point out that such pairs (¥, ®) indeed exist by the virtue of [8, Proposition
2.14].

—,

Definition 2.6. Let p € (0, 1], w € Ax(A) and ® be as in Definition 2.5.
(i) ([8]) The weighted anisotropic product Hardy space HY,(A) is defined by

HE(A) = {f € Sl o ® < B™) < | fllp oz = 1500515 nxam) < 00}

(ii) The weighted anisotropic product Hardy space H?, (A') is defined by replacing
Sl o (R™ x R™) with Sl (R" x R™) in (i).

The following theorem shows that H%(A) and HE(A) are equivalent in some sense.

Proposition 2.1. Let w € Ay (ff) and p € (0, 1]. Then HY(A) = HE(A) in the following
sense: if f € Hiy(A), then f € HI)(A) and there exists a positive constant C, independent
of f, such that HfHﬁp(g) < C||f||Hp(g). Conversely, if f € HL(A), then there exists a
unique extension f € St w(R™ X R™) such that for all ¢ € Soo(R™ x R™), (f, o) ={f, ©)

and there exists a positive constant C, independent of f, such that ||fHH5(§) < C”f”ﬁg(g)-
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The proof of Proposition 2.1 is given in Section 3.
Now let us introduce two kinds of weighted anisotropic product Hardy spaces defined,
respectively, via the Littlewood-Paley g-function.

—,

Definition 2.7. Let p € (0, 00), w € Ax(A) and ¢ € So(R™ x R™).
The weighted anisotropic product Hardy space HL(A) is defined, via the Littlewood-
Paley g-function, to be the set of all f € S/ (R™ x R™) such that

2

1l e 1y = loj, g0 * fIP < o0,
w(A)

J1,J2€Z
LE, (Rn xR™)

—,

and the corresponding discrete weighted anisotropic product Hardy space hfu( ) is defined
to be the set of all complex-valued sequences s = {sr}rer such that

1
2
HSHB{L(Z) = {Z |5R|2|R|_1XR} < 0.

ReR L2, (Rn xR™)

For any Q € R with Q = Q1 xQy = A ([0, 1)"+k; ) x AP([0, 1) +ky), where ji, jo € Z
and k1 € Z", ko € Z', let the symbol scale (Q) = (scale (Q1), scale (Q2)) = (j1, j2)-

The weighted anisotropic product Campanato spaces are defined as follows, which are
weighted variants of anisotropic Campanato spaces on R™ in [1], and is proved to be the
dual spaces of weighted anisotropic Hardy spaces in Section 3.

-,

Definition 2.8. Let p € (0, 1], w € Ax(A4) and ¢ € S (R™ x R™).
(i) The space Ly, ,(A) is defined to be the set of all f € S. (R™ x R™) such that

£, .0 ={ _su [wmlﬂ [S  banrser

w(Q)<oco N RER, RCQ
TOI2EE cate (Y=, —i2)

N |=

|RJ?
X
[w(R)]
where €2 runs over all open sets in R" x R™ with w(£2) < occ.

(ii) The corresponding sequence space Ep,w(/_l‘) is defined to be the set of all complex-
valued sequences s = {sg}rer such that

1
_ 1 2 R 7
||5||gp’w(g) = {wSUP 1 E |sR| w(R)} < 00,

2
(@)<eo [w(Q)]? " Rer, RcO

sxryu(e)de}” <,

where € runs over all open sets in R™ x R™ with w(Q2) < oc.
Definition 2.9. Let ¢ Eg/p(\l) ® o? and/% = M) @ @ with @, () e S(R™), for
i = 1,2, such that supp () and suppy() are compact and bounded away from the
origin. The @-transform S, is the map taking each f € S, (R™ x R™) to the sequence
Sof = {(Spf)r}rer defined by (Sy(f))r = (f,¢r). The inverse -transform T is the
map taking the sequence s = {sp}rer to Tys = > pcr SRUR.
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—

Theorem 2.1. Let p € (0, 00) and w € Ax(A). The p-transform Ty, : hE, (A) — HE(A)
and the inverse transforms S, . HE(A) — Wb, (A) are bounded. Moreover, if (1, @) is an
admissible pair of dual fmme w(welets as in Definition 2.2, then the map Ty o S, is an
identity on HE(A; o) = HY(A; §).

The above results also hold if ng(ff) and hE,( q) are replaced, respectively, by Ly w( _))
and £y, ,(A) for p € (0, 1].

The proof of Theorem 2.1 is given in Section 3.

Then by Theorem 2.1, with proofs similar to those of [2, Corollaries 3.13 and 3.14], w
can obtain that the space Ep,w(A) equipped with ||- || £y Ay 18 well defined and complete
as follows. We omit the details.

Corollary 2.1. Let p € (0, 00) and w € Ax(A). The space HE(A) is well-defined in the
following sense that, for any ®, © € So(R™ x R™), their associated quasi-norms, respec-

tively, in HE (A ©) and H? (A $) are equivalent, namely, there exist positive constants
C1 and Cy such that for all f € HE(A),

Cillfllgp 2. < 1l gp a0 < Collfll a5

When p € (0, 1], the space Ly, w(A) is also well-defined in the above sense. Moreover, the

spaces HY(A) and L, ., (A), equipped respectively with || - HHp (A) and |- H[; (A)> are also
complete.

—,

We have the following equivalences on the product Hardy spaces H%(A) and HE (A).

Theorem 2.2. Let w € Aso(A) and p € (0, 1]. Then f € HY(A) if and only if f € HE(A).
Moreover, their corresponding norms are equivalent.

The proof of Theorem 2.2 is given in Section 3.
To show that £, ,(A) is the dual space of Hf,(A), we first establish the duality between
their corresponding sequence spaces.

Proposition 2.2. Let w € Ax(A) and p € (0,1]. Then (hh(A))* = Epyw(/_f) in the
following sense: for any t € Ep,w(ff), the map Li(h) = (t, h) = Y peptrhr for any
h € hb(A) defines a continuous linear functional on hiy(A) with norm HLtH(ii{’U(ﬁ))* <
C’Htng’w(g), where C is some positive constant, independent of t. Conversely, every L €
(hB,(A))* is of this form for some t € Epyw(ff) with norm Ht”fp,w(/f) < C'||L||(}~l5(g))*, where
C' is some positive constant, independent of L.

The proof of Proposition 2.2 is also given in Section 3. Applying Proposition 2.2 and
Theorem 2.1, we can prove that £, ,(A) is the dual space of Hi,(A) as follows.

Theorem 2.3. Let w € Ax(A) and p € (0, 1. Then (HE(A))* = Ep,w(/_f) in the follow-
ing sense: there exists a positive constant C such that for any g € £p7w(/f), there exists
a linear functional Ly initially deﬁned on Soo(R™ x R™), which has a uniquely continuous
extension to HY(A) and HLgH . < CHgHa xy- Conversely, there exists a positive

constant C' such that every contmuous linear functzonal L on Hﬁ,(/f) can be written as
L = Ly with some g € Ly ,(A) and Hch,,yMA’) < CHL”(H&(K))
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The proof of Theorem 2.3 is given in Section 3.
We shall finish the paper by giving another equivalent description of duals of anisotropic
weighted Hardy spaces, which itself is quite interesting.

-,

Definition 2.10. Let p € (0, 1], w € Ax(A) and ¢ € S5 (R™ x R™). The space Ep,w( )
is defined to be the set of all f € S, (R™ x R™) such that

wwwﬁz{wpm&ﬁAAEZ S ennt @)

w()<oo i1,
L, j2€Z RER, RCQ
I3 scale (R)=(—j1, —Jj2)

(SIS

R
X w(R) Xr(z) dx} < 00,

where €2 runs over all open sets in R" x R™ with w(£2) < oc.

Comparing with the definition of Ep,w(g), an interesting phenomena appears in the
definition of Epﬂu(ff) is that the integral in Definition 2.10 is not weighted. However, both
spaces are equivalent as follows.

—,

Corollary 2.2. Let w € Ax(A) and p € (0, 1]. Then L, (A) = Ep,w( ) with equivalent
norms.

Finally, we shall comment about the proof of Corollary 2.2. By adapting the proof of
Theorem 2.1, we show that Theorem 2.1 also holds with £, .,(A) replaced by L, .,(A),

p € (0, 1], albeit with the same sequence space ), ,,(A). Once this is shown, Corollary 2.2
follows immediately. We omit the details.

3 Proofs of Main Results

We first introduce some notation associated to expansive dilations.

Definition 3.1. Let A be an expansive dilation on R™ and o(A) the set of all eigenvalues
of A. If A is diagonalizable over C, then take A = miny¢,(4) [A| and Ay = maxyeq(a) Al
Otherwise, let A_ and A; be some positive real numbers such that 1 < A_ < minycq(a) I\l

and Ay > maxyeqs(a) [Al- Set (1 = lil\; and (_ = IIIIT/\I;'

The following inequalities concerning A, p and the Euclidean norm | - | established in
[1, Section 2] are used in the whole paper:

(3.1) ()] < lal S [p(x)] for all p(z) > 1,
(3.2) @ S lal S ) for all p(z) < 1,
(3.3) Vo |z < |Alz| S S |x|  for all j >0, and
(3.4) Vot |z| < |AVx| < 0 |xf for all j <0.

Let ¢ = 1, 2. For dilation A; on R™, set A\; —, A\i 1, (;,— and (; + to be associated to
A; as above.
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Proof of Lemma 2.1. To prove this lemma, we borrow some ideas from the proofs of [5,
Lemma 2.8], [41, Lemma 2.1] and [42, Lemma 2.1].

(i) For any f € Soo(R" xR™), M € Z4 and j1, jo € Z, let us first show that I =
> iviscz If % @41, 4|3 < 0o by considering the following four cases.

We first assume that j1 > 0 and j2 < 0. Let 5 = (81, B2) with §; € Z} and By € Z.

Since supp ¢(?) is compact and bounded away from the origin, then there exists a positive
constant C such that supp ¢ C {& € R% : 1/C < |&| < C}, i = 1, 2. Moreover, notice

that ¢§:) (&) = @((A;‘)*ngz), by [1, (3.13)] for j; > 0 and a similar proof for jo < 0, we
have that for any M € Z,

—_

(3.5) msrpMuaﬁw;P\mRn) <1 and

—

sup \Iﬁﬁ%ﬁ)llm(m) S (o) M sup 0720@) | oo my.
|B2|l=M |B2|=M

Therefore, by (3.5), we obtain that

71,72 7\/[
I1f * by, ol

— sup  sup |0°(f ¥ by )G + €M) ([ M + (€M)
EERM XR™ |BI<M

2 —
< sup sup [9°F()] sup [T10%6V €)l(1&I1M + €] ~)

 €ERmXR™ |B|<M B <M ;5
< (Moy) 2 sup sup [9°F(E)|(|&™ + &M (&M + || M)

1/c<|(ap) g <c |BISM
1/0<|(A5)"I2¢5|<C

=h+ L+ 13+ 14,

where ‘ R
L~ (A, ) M sup sup |97 F(&)]1& M &7,
1/c<|(Ap) ~Ig|<c |BISM
1/C<|(A%)"I2¢9|<C

and, similarly, I, I3 and I; are defined by replacing |£1|™[&|™ in the definition of Iy,
respectively, by |€1[*]€[M, €| &M and [&] = |&| .

We shall only estimate I; since the other estimates are similar. Let d be the minimal
positive integer such that (Ag,_)%/A2+ > 1. Thus, by (3.3) and (3.4), we have

L~ (Agq) 7Y sup sup &M & MHOP F(©)[(16a |/ |&a]) DM
1/c<|(ap) g <c |BISM
1/C<|(A3)"I2¢9|<C

S Qo)™ sup (AT TH(AD 2 ™M FIl a1y v

1/C<l€]<C
1/C<|ga]<C

s Qe
< )@ (G2 G 1
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S ()\17_>7j1(dM+1)()\2

G Vi [myvase

Hence, > ;50 j,<ol1 Hf||>("d+1)M+1. Similarly, we have > . g ;,o(l2 + I3 +1s) <
HfHE‘dH)MH. Thus, > 50 <0 llf * 51 5llr < |’f"?d+1)M+1’ which is the desired es-
timate for this case.

In the remaining cases when j; > 0 and j2 > 0, or j1 < 0 and jo > 0, or j; < 0 and
j2 < 0, we get similar estimates with d replaced by d = min{f € N: (\; _)//\iy > 1,0 =
1, 2}. Thus, combining these estimates yields that

(3.6) S° 0 ballis S 10y aren

J1,J2€ZL
This implies that the series > 1.j2E7 f*¢j,, j, converges unconditionally in the semi-norms
of Soo(R™ x R™).
Let fo = 2]1,32€Z¢317J2 * [ € Soo(R" xR™). For all £ € (R" xR™)\ {(&1, &) €
R" xR™ : & = 0, or & = 0,,}, by (2.2), we have Eﬁ el ¢((A*)31§1, (A3)72¢&) =
1. Thus, we obtain fy = > i sl qﬁjl/,jQ\*f > i ol qﬁ]h]zf f in S(R™ x R™).

Notice that the Fourier transform is a homeomorphism of S(R™ x R™) onto itself (see,
for example, [34]), we obtain that fy = f. Thus, (2.3) holds for any f € Soo(R™ x R™).
A standard duality argument shows that (2.3) also holds for any f € S, (R™ x R™).
Indeed, let f € S, (R™ x R™). Since S, (R™ x R™) is a dual, endowed with the weak-x
topology, of the locally convex space Soo (R™ x R™), f € S._(R™ x R™) if and only if there
exist a constant Cy > 0 and M € Z4 such that for all ¢ € So(R" xR™), |(f, ¢)| <
Ctllo|[3;- This observation and (3.6) further imply that for all § € So (R™ x R™),

'<f’ Z %gjl’]é * 0>’ < Cf Z H¢JIJ2 * GHM Hng d+1)M+1’

J1,J2€Z J1,J2€Z

where ¢(-) = ¢(—-). From this and the completeness of Sao(R™ x R™), it follows that
S ez Ginga ¥ f € SL(R x R™). Thus, for all § € Sx(R” x R™),

< > ¢j1,j2*f:9>:<fa > §Z~5j1,j2*9>:<f7‘9>'

J1,J2€Z J1,J2€Z
This finishes the proof of part (i) of Lemma 2.1.

(ii) Let (¢, ©) be an admissible triplet of dual frame wavelets in Soo(R™ x R™) as in
Definition 2.2. For f € Soo(R™ x R™) (resp. f € S (R™ x R™)), by (2.3) with ¢ = ¢ * @,
we obtain that
(37) f= 2" Wit i * ]

J1,J2€Z
in Seo(R™ x R™) (resp. S (R™ x R™)).
For A= (A1, A2), j1, j2 € Z and k = (ky, ko) € Z" X Z™, set

=AY O ) = (AN Opsm —
Ajl:jZ = (0min A22 >> Aj17j2 = < Oumscn (Az)Jz and k= ky )
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where 0y, %, denotes the (n x m)-matrix with all entries 0, and 0y, xy, is similarly defined.
Let g = @j,,4, * f. We first claim that for all ji, jo € Z and f € Soo(R" x R™) (resp.
f € SLR™ x R™)),

(3.8) gx i ()= Y bihg(A k) g (- — Ay k)
k1€Z™, ko€Z™

in Soo(R™ x R™) (resp. S, (R™ x R™)). Assuming this claim for the moment, combining
this with (3.7) yields that (2.4) holds in Seo(R™ x R™) (resp. SL (R™ x R™)).

Now let us first prove the claim (3.8) for f € Soo(R™ x R™). By cp;j)() = ;B((A:‘)*ﬁ)
and supp o C ([—m, 7)™ \ {0p,}) with i = 1, 2, we obtain that g € Seo(R™ x R™) with

—

supp g C (A, ([=m, 7|"*™)). Then by using the Fourier orthonormal basis
—J1/2p—j2/2 - -
we*ib‘hn, —iok:€)
(2m)nrm/2 kezrxzm
of L2(A% . ([—m, 7]"*™)), we have that for all £ € A%  ([—m, x]"™™),

R b—jlb—j2 R A WA T
i©= > @ﬁmu mm“mﬁwqe“wmm

EEZ"XZ"L Aj17j2([_7r77r}n+m)

in L2(A + ; S A* + 1 +
in L2(45, j,([=m, 7]"™™)). Since suppg C A3 , ([-m, 7|"*™), A7 , ([=m, 7]""™) can be
replaced by R™ x R™ in the above integral. Thus, by the Fourier inversion formula, we

1 +
have that for any § € A7, ([—m, 7]"™™)

)

g(f) = Z bl_jlb;]ég(ff_jh_jQE)e_i<g—j1v—j2E’§>
keznxzm

Ji,J2 J
by its periodic extension without altering the product gi;, j,. Using g*v;, j, = (G¥j,, )"
with fY(-) = f(—-), we obtain

in L2(A* . (|—=, 7]"t™)). Notice that suppt;, j, C fﬁhh([—w, 7] T™), we can replace §

—hq . —7 - = —ilA_. Lo\ v
(39) (gt p)@) = Y. blbg(A, k) (6 <A‘“"“k’5>¢jl,jz(§)) (2)
keznxzm
= Z b;jl bghg(ﬁ*jl, —Jj2 E),(?Z}jl,]é (:E - A’*jl, ,]’2/;:)
keznxzm

holds in L?(R™ x R™) and hence pointwise. B
To prove that (3.9) holds in Soo(R™ x R™), we claim that for any M € Z; and k €

7 x 7™,

(3.10) > bl P [ = AP

keznxzm

< 00.
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Assuming the claim (3.10) for the moment, combining this with the completeness of
Soo(R™ x R™) yields that

Z b;jlb;hg(fi;jh7]-2];:)11)]-17&(. - A‘*jl,*jzg) € SOO(Rn X Rm)‘
keznxzm

By this and (3.9), we obtain that (3.8) holds in Soo (R™ x R™). This shows that (2.4) holds
in Soo(R™ x R™).

The proof of (3.10) is similar to the estimate of I in (i). For simplicity, we only prove
the claim (3.10) when j; > 0 and j < 0. In this case, for any M € Z, and kezrxzm,
by the chain rule and [1, (3.13)] for j; > 0 and a similar proof for jo < 0, we have

*

ijl,jz(' - A’*jl,*jzlg‘:) M

= sup sup ‘87 [ WAy -5k, §>¢31, )} ‘ ﬁ (|fz"M + |5i|_M)
i=1

EERMXR™ |y|<M

< sup  sup ‘87 ( I )) %51, 3o 1z
EERMXR™ |y|<M

S s llir sup (A, =) 77 K] sup [[(Ag, )72 |ko]]?!
[v1|<M [y2| <M

S g0 g e M [N, ) 772 ko]

From this and |g(A_j, _;y)| < T, [1+ pi(A; 7iy;)]~3+MG+) with ¢ 4 as in Definition
3.1, it follows that

*

HbijijQQ(ijl, ik g — Ay k)

N M
keZn x 7™
Sl 3 9CA Bk, 1) ko)
keznxzm
M
< ool ) JQMH / e,
(15 pr( A o) PP

which is a desired estimate and hence shows the above claim (3.10).

It remains to prove that (3.8) also holds for any f € S, (R™ x R™). Let g = @, j, * f.
It is well known that g is a slowly increasing C*° function on R™ x R™ (see, for example,
34)). o

For 0 > 0, let gs() = v(0-)g(+), where v € S(R™ x R™) satisfies (0, 0,,) = 1 and
supp’y is compact. Then g5 € S(R™ x R™). If 6 > 0 is sufficiently small, we further have
supp gs C (Ajwz([ 7, )" ™). By the already shown part of (3.8), we have

(3.11) Uirin * 95() =010 N gs(A gy ks g (- — Ay oK)
kezn xzm
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=70, > gs(-— Ay k) (A, k)
keznxzm

holds in S (R™ x R™).
Assume that g is at most polynomially increasing with order M € Z,. Since v;, j, €
Soo(R™ x R™), then for any fixed x € R™ x R™, we have

g5 (2 — A_j, k)5 ip(Ajy k)|
< Cy ol = A*JI 7]2k'|M(1 + |A,]1 7]2/.€|) (M+ntm+1)

and

S bRl — AL, kM1 |A, k) (M EmD
kezn xzm

<y /R & — M (L Jy) D gy < oo
"X

By applying the Lebesgue dominated convergence theorem and taking the limit as § — 0
n (3.11), we obtain that (3.8) converges pointwise.
Notice that for any 6 € Soo(R" x R™), since 1/) € So(R™ x R™), by [8, Lemma 5.5],
we }iave ‘<¢i1 g — A—]l —J2 ) >| < Cij Hz 1[1+ piky)] 7>~ MS . From this and
195(A—jy, - k)| < Cy(1 + ‘A_]lv_JZk) < Cy il + pi<ki)]MCi’+a it follows that

Yo by lgs (A B (0 (- = Ay, —50), 0)]
keznxzm

2
<Conn L[ 1+ plo) o < oc.
=1 ¢

This observation together with (3.11) and the Lebesgue dominated convergence theorem
implies that for any 6 € Soo(R™ x R™),
(V1,52 * 9, 0) = im(wjy, 5o * g5, 0)

= lim Z b_jgts(‘zl;jh —J2 E) <71Z)]'1,j2 ( - ffﬁjl, —J2 E)’ 0)

6—0
keZnxzm
= X BT IR (A ), 0)
kezr xzm
Thus, (3.8) holds in 8. (R™ x R™), which completes the proof of Lemma 2.1. O

Proof of Proposition 2.1. Noticing that S, ,(R™ x R™) C S, (R™ x R™), we obviously
have HE(A) c HE(A).

Conversely, let (U, ®) be as in Definition 2.5. For any f € HE(A), by Lemma 2.1(i)
with ¢ = W% ®, we obtain f =3, . W i, * ®jy g, % f in S, (R™ x R™). This result
serves as a replacement of [8, Proposition 2.16] which is applicable only to elements in
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Stow(R™ x R™). By repeating the proof of [8, Lemma 4.6] with this modification, we
obtain the atomic decomposition f = } . yAja; in S (R™ x R™), where {a;}jen are
(p, q, §)w-atoms as in [8, Definition 4.2], {A;};en C C and (ZjeN\)\j]p)l/p < Hf”ﬁg,(g’)
Now, for any ¢ € S(R™ x R™), by the proof of [8, Lemma 4.10] (see [8, p.424]), we have
that | fan g @;(2) () de| = Jaj * 2(0)] S 1, where §(-) = (=)

Thus, if we define <f, ) = deN)‘ fRanm aj(z)p(x)dx, then [(f, ¢)| S ZjeN BYIBS
/1l 72 )~ Therefore, feSR"xR™), f=finS (R"xR™) and f = > jenAia;
in S'(R" x }Rm), which together with [8, Theorem 4.5] implies that f € H&(A) and
1 Ve a1y S 1N 7z )

NOW let us prove that the extension is unique. Assume that there are two extension
fi, fo € HY, (A) with fi = o= fin & T (R™ x R™). We need to check that g = fi— fo=
0 e S'(R™ x R™).

Set & = {(x1, o) € R* x R™ : x; = 0, or zy = 0,,}. Let us first prove suppg C &.
Take any x € (R™ x R"™) \ & and sufficiently small positive numbers ¢; and dy such that
(Bp, (z1, 01) X By, (x2, 02)) N & = 0. Then, for any ¢ € S(R" x R™) with supp¢ C
(Bpy (21, 61) X By, (w2, 02)), we have (g, ) = 0. Indeed, for any (], 25) € R™ x R™ and
ap € 2, ag € Z!, we have 9 ( ny Th) = 0*2p(2], 6m) = 0, which implies that ¢ €
Soo(R™ x R™). From this and g = 0 in S,_(R™ x R™), it follows that (g, ¢) = (g9, @) = 0.
Thus, suppg C &.

Finally, let us prove g = 0 in S'(R™ x R™). Since f1, fo € HH(A), we have g € HE(A).
By this and Lemma 4.10 in [8], we obtain that g € S, ,,(R" x R™). Let ¢ = o @ ¢
be as in Lemma 2.1(i). Then, there exist two integers k; and ¢; such that k; > ¢; and
supp&' C B, (0, bfl) \ Bpi(ﬁni, bfi), i =1, 2. By the Calderén reproducing formula [8,
Lemma 2.15], we have g = >, . 7 g*®;,, j, With convergence in (R x R™). Therefore,
for any ¢ € S(R™ x R™), we obtain

(3.12) (9, 0) = Y (9% i 2) = D GOO((AD) T, (A5)772), @(—)).

J1,J2€Z J1,J2€Z
Observe that for any ji, jo € Z,

supp ¢((A7) 7, (43)77%)
C [Bpr (@ B0\ By (B, 07| X [ By Oy 057772) \ By (O, 0577

From this and suppg C &, it follows that for any ji, j» € Z,
(suppg) N (supp $((A}) 7+, (43)772)) = 0.
Combining this with (3.12) yields (g, ¢) = 0. This finishes the proof of Proposition 2.1. [
The proof of Theorem 2.1 needs a series of lemmas. First, we need to show that the

p-transform T}, as in Definition 2.9 is well defined, respectively, on b, (A) and Enw(/f).
Let us begin with the following technical lemma.
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Lemma 3.1. Let ® € Soo(R™ x R™) and ¥ = M @92 where p() € Soo(R™), i =1, 2.
For any positive constants Ly and Lo, there exist positive integers N1 and Ny and positive
constant C, depending only on L1 and Lo, such that for all P, Q € R

2 p-(:vQ —J,’P) —Ls |Q| |P| b
\Ilj(bp SC\I’N7N (EN,N |:1+ZZZ:| < Z/\ 2> )
(Tq, ®p)| < CI¥|Iny, nol®@ln 3 ] Qi| V [ 1P| Qi

=1

where

1O|ly, vy = sup sup (1 + |a )M (1 + |a2)) V2|01 002 W (21, 22)].-
(z1,22) ER? XR™ |y1|< N1, |y2|<N2

Proof. To prove this lemma, we need the estimate [2, (3.18)]. Precisely, for any ¢, ¢ €
Soo(R™) and positive constant L, there exist a positive constant C' and a positive integer
N, depending only on L, such that for all P, () € O,

(v, 92)] < Clilloly (1+ f’“@‘”) (& ’P’> |

3.13
(3.13) QP Q

where |||l N = supgegrn, |y < [1 + [2[]V]87p(2)].

Forany P, Q € R, ® € Soo(R" x R™) and ¥ = (M @) with 1) € Sy (R™), i =1, 2,
let Vg = wgl) ® ¢82) and ®p be as in (2.1). Moreover, for any z = (z1, x2) € R" x R™
and P= Py x P, € R with P, = Ai_ji([O, D" +k;), ki € Z]" i =1, 2, we set Pp,(x1, x2) =
|Py| 7128 (21, Aj;xg — k). Then, it is easy to check that

WS, ®p / Yo (22)@p(21, 12) dra = (1), Bp,)py € Sxo(R™).

Consequently, using the fact that ®p,(x1, ) € Soo(R™) for all z; € R™ and (3.13) twice
(respectively with dilated cubes of R™ and R™), for any positive constants Ly and Lo,
there exist positive integers N7 and No, depending only on L and Ls, such that

(g, @p)| = (1)), (W5, Pp,)p,)]

p (l“ —zp)\ (1@ P

S ¢Wln, sup  sup (1+|$1\)N1H¢ v (|01 @ (21, )|,
1 ER™ |1 <Ny

) H{[ "] (R rﬁ’w)Li}
|

9 L. L;
¥l TT {1 200 (100, 21"
19|, 5 1@ v, QH{ Qi VB RN

i=1

which completes the proof of Lemma 3.1. O
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The following technical lemma is just [8, Proposition 2.10(i)].

Lemma 3.2 ([8]). Let ¢ € (1, 00) and w € A (A). Then there exists a positive constant
C such that for allx € R™® x R™ and k; € Zy, U; € Z withi =1, 2,

w(Bpl (1, blir&) X BPQ(-'BQ; bk2+£2)) ‘Bm (21, b]flJrel) X B,, (2, b72€2+£2)|q
w(Byy (1, V1) X By, V7))~ [Bplan, ') x Bpy(aa, b7l

~ e

For any w € Aso( A), the critical index of w is defined by
(3.14) qw =inf{g e (1, 0) : we Ay (A)}.

Obviously, ¢, € [1, o0) and if ¢, € (1, 00), then w ¢ A, (A 1). Moreover, Johnson and
Neugebauer [25, p. 254] gave an example of w & A1 (21, xy) such that ¢, = 1; see also [8].

Lemma 3.3. Let w € A ( A) with qu as in (3.14), q € (qu, 00) and § € R. Then, there
exist positive constants Ly, Ly and C, depending on &, such that for all j1, jo € Z,

6 2 A
3 ; [w(R)] _ < b0,
RER, scale (R)=(j1, j2) Hi:l[l + pz(sz)/(l \% ’RZD] i e

Proof. The proof follows along the lines of its one parameter variant [2, Lemma 2.11].
The key observation is that the measure w(x)dx is doubling with respect to the action
of 2-parameter group of dilations fl’jm. Indeed, by Lemma 3.2, there exists a positive
constant C' > 0 such that for all z € R" x R™, r1,r9 > 0, and ky, ko € Z,

2
(H B, (i, ( n)) < Cblflqbgzqw (H B,, (2, r,)) )
i=1

This practically means that w is a product g-doubling measure albeit with a positive
constant C. In particular, for any dilated rectangles P = Py x P, R = Ry X Ry € R of
the form P; = AJ*([0,1)™ + k;) and R; = AJ*([0,1)™ +1;), we have the following analogue
of [2, (2.6)], namely,

2
(3.15) H 1+ pi(ki — 1)) 9w (P).

Mimicking the proof of [2, Lemma 2.11] by considering four cases that j1, j2 > 0, j1, j2 <0,
j1 >0, jo <0 and j; <0, jo > 0, yields the desired estimate in Lemma 3.3. ]

Lemma 3.4. Suppose that w € As ( ) p € (0, 00) and ¢ = vV @ ) where v €
S(R™), i = 1, 2, satisfies that suppnz/J _'zs compact and bounded away from the origin.
Then, the inverse @-transform Ty, : hiy(A) — SL(R™ X R™) is well-defined and continu-
ous. The same result holds if h%,(A) is replaced by £, ,(A), p € (0, 1].
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-, . —,

Proof. For any s € hi,(A), by the definition of h,(A), we have that for all Q € R,

sl < Ilsllip 4 |@17 [w(@)) 7.

Applying Lemma 3.1 for any ¢ € Soo(R™ x R™) and P = [0, 1)" x [0, 1)™ yields that for
all @ € R,

2 ' —L;
e O S ol v [T [1 + f’éﬁg?,} (1l AlQ:l )"
i=1 v

Combining the above estimates with Lemma 3.3 yields that for sufficiently large L; and
L27

> Isoll(we, ¢)

QER
oL (w(@)]7MP
Sholvwalslinegy > > Hb” e
j1,j2€L scale(cz)—(jl,mz 1 1+ Tprls
i/247: 2 +1 | L
S el walisllin iz D Hb” e Y I A B[P
Jh]zeZl 1

where ¢ € (qw, 00). Thus, by the definition of Ts, we have that for all ¢ € Soo(R™ x R™),

(Tys, ) = Y so(tq: 0).

QER

Moreover, for all ¢ € Soo(R™ x R™),
[(Tys, ) S Nllan, sl

which implies that Ty, : A, (A) — S (R™ x R™) is continuous.
Moreover, for any s € Kp,w(ff), by the definition of Ep,w(g), we obtain that |sg| <
Hngp () [w(Q)]/?|Q|~1/2 for all Q € R. Then, repeating the above proof for h%(A)

yields the desired results for T3, on Ep,w(ff). This finishes the proof of Lemma 3.4. O]
Motivated by [2, Definition 3.9], we introduce the notion of majorant sequences.

Definition 3.2. Given a complex-valued sequence s = {sr}rer and r, A > 0, define its
majorant sequence sy y = {(s} \)r}rer by

1/r

sp|”
(8:,)\)3 = Z 2

=1, _ A
PeR, scale (P)=scale (R) Hi:l{l + ‘Rl| pl(zRi SL’pZ)]
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The spaces L, w(A), €, .,(A), and the sequences {(sX \)@}ger can also be defined
“equivalently” via generalized dyadic rectangles associated to A in some sense. Precisely,

let us begin with recalling the dyadic cubes associated to A introduced in [8, Lemma 2.3],
which is a slight variant of [14, Theorem 11].

Lemma 3.5. Let A be a dilation. Then there exists a set Q1 = {Q¥ CR™: k€ Z, a € I}
of open subsets, where I is some index set, such that

(i) |R™\ (UaQ§)| =0 for each fized k and QZ N Qg =0 if a # B;

(ii) for any o, B, k, € with ¢ > k, either Q’; N Qg =0 or Qf; - QZ,

(1) for each (¢, B) and each k < {, there exists a unique o such that Q% C Qk;

(iv) there exist certain negative mteger v and positive integer u such that for all Qa with
k € Z and a € Iy, there exists ciyi € Q" satisfying that for all x € QF, B,(c Cok s bk ¢

QF C By(z, bUk+w),

In what follows, for convenience, we call {Qa}kez acl, in Lemma 3.5 dyadic cubes. Also
for any dyadic cube Qk with k € Z and « € Iy, we always define K(Qk) = k be its level.

Let A; be a dilation on R™, and QZ, (Ql) vi, u; the same as in Lemma 3.5 corre-
spondmg to A; fori=1, 2. Let R = Q1 X QQ For R € 7?, we always write R = R1 X RQ
with R; € Q; and call R a dyadic rectangle. Moreover, we set ((R) = (U(Ry), £(Ry)), and
((R) < {(P) always means that ¢(R;) < ((P;),i=1, 2.

Definition 3.3. For two sets Fq1 C R™ and Fy C R™, set H?Zl E; = Ey X Ey. For any
locally integrable function f on R™ x R™, the strong mazimal function Mg(f) of f is
defined by setting, for all z € R™ x R™,

M (f)(z) = sup sup

YyERM XR™ r1,72>0 xEH

/ £(2)] dz.
|Hz 1sz Yis i) Bp; (yi, i)

i=1Bo; i, ry)
The following lemma comes from [2, Lemma 2.9(a)].

Lemma 3.6. There exists a positive integer 7; = 7;(A;, n;) for all Q; = AJ((0, 1]™ + k;)
with j; € Z and k; € Z", i = 1, 2, such that B,,(cq,, b/'" ™) C Qi C By, (cq,, bgﬁn).

)

In what follows, for any o € R, we denote by |«| the mazimal integer not more than
a. Recall that §F denotes the cardinality of the set F.

Lemma 3.7. (i) For any R € R, set Up =Up, x Up, with
Up, ={Ri € Qi: RiNRi#0, ((R)=(scale(Ri)—u;)/vi|},i=1,2
For any R € R, set Ugr = Ug, X Ug, with
Ur, ={Ri € Qi: RiNR; #0, ((R;)=|(scale(R;)—us)/vi]},i=1,2.

Then, there exists a positive integer N such that forallRe R and R € R, fUR+UR < N.
Moreover, for all w € As(A), R € Uy, and R e Ug, w(R) ~ w(R).



20 Baode Li, Marcin Bownik and Dachun Yang

(ii) There exists a positive constant ng = no(A, n, m) € (0, 1) such that for any open
set Q C R™ x R™,

U U Rc OO ={zeR"xR™: M(xa)(x)>mn}.
RER, RCQ Rely,

Proof. (i) For any R € Uy, let T; € R; N R;, i = 1, 2. Then, for any z; € R;, by Lemma
3.6, Lemma 3.5(iv) and scale (R;) < vi(R;) + u;, we obtain

F ~ l(Ri)+ui+7;
pi(i *CR) H [pi(xi — cr,;) + pi(cr, *Cﬂi)+pi($i*CRi)] §3Hi2b;} (Ri)tuit ,
which implies that

(3.16) U Ri € Bylep, 3H2MFHum) g g
RiEURi

From this, v;[£(R;) 4 1] + u; < scale (R;) < vif(R;) + u; and Lemma 3.6, it follows that

2 vil(R)+ui+Ti
40 < oy, izt Boc(ey SHEA T
R = 7172 Hz bvz[é( i)+ 1] +ui—7; ~

1=1"%

Moreover, by (3.16), Lemma 3.2 and Lemma 3.5(iv), we have
() +ui+; l(Ri)—u; .
w(R) < w(ITi Bpueg, 3HI ™) S wi[Ty Bys(ep,, o 7) S wi()

The converse inequality also holds via an argument similar to the above and hence w(R) ~
w(R).
Similarly, for any R € R, we also have that tUg < 1, and for all R € Ug, w(R) ~ w(R).
(ii) For any R € R and R C Q with scale (R) = (j1, j2), R € Ug and = € R, by an
estimate similar to that of (3.16), we have R; C B,,(cg,, 3H2b!""*7). From this and
Lemma 3.6, it follows that

T2, By, (cr,, 3H2) ") n Q)

M;s(xo)(z) > —
halle) = [ TTi2) Bpi(cr,, 3HZ0) ™)
1 T4 2
‘ H’L:l sz (CR'H bz T )| > i H(HQ)—lb’Ul 27’1 _ ,'70
= — e 2 - )
|H?:1 By, (cr,, 3Hz‘2bgl o )10 i=1
which completes the proof of Lemma 3.7. 0

Definition 3.4. For any R € R and Ug as in Lemma 3.7(i), let xy,(R) equals one if
R € Ug or else zero. For any R € R and Up as in Lemma 3.7(i), let xu, (R) be similarly
defined.
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Lemma 3.8. (i) For any complex-valued sequence s = {Sr}rer, its induced sequence $
is defined by setting § = {5} pepn, where 55 = ZREUR |sg| with Uy, as in Lemma 3.7(i).
Then, for any w € .AOO( ) and p € (0, 1], there exists a positive constant C such that
| 'Hl;p W) S Cls ”Z Ay, where the definition of the norm Il - HZ (i) is the same as
|| - ||e W () but R and R are, respectively, replaced by R and R.

(w) “For any A € (0, 00), the majorant sequence {(35 \) i} perp Of $ is defined to be the
same as in Definition 3.2 but R, R, zr,, xp,, scale(P) and scale (R) are, respectively,
replaced by R, R, cp_, cp., L(P) and ¢{(R), i =1, 2. Then, there exists a positive constant

C such that for all R € R and R € U, (s} y)r < C(35 ) p-

Proof. (i) Let w € Ao (A). For any R € R, let U, be as in Lemma 3.7(i). Then, for any
R € U, by Lemma 3.7(i), we have

(3.17) w(R) ~ w(R) and |R| ~ |R).

Moreover, for any open set € of R™ x R, similarly to the proof of Lemma 3.7(ii), there
exists a positive constant 179 = 1j9(n, m, A) € (0, 1) such that

(3.18) U U ca®
ReR,RcQ REUR

where Q) = {z € R" x R™ : M xq(x) > 7io}. Furthermore, for any ¢ € (qu, o0), by the
LL(R™ x R™)-boundedness of M (see [8, Proposition 2.10(ii)]), we also have w(€(© )) <
w(§2). Therefore, for any open set O C R™ x R™ with w(f2) < oo, by (3.17), (3.18),
w(Q©) <w(Q), p € (0, 1] and Lemma 3.7, we have

1 |R|
o Y Bl
P ReR,RcQ

1
5—AZZ\F Ua(R)

2
[w(Q)]p ReR,RcQ RER

| IR .
L — § 2 E <s|I®> -

RER, RCQO) ReR, RCQ

From this and the arbitrariness of the open set Q, it further follows that [[3[|; & <
p,w

(4) ~
HSngﬂw(g)-

(ii) For any A € (0, 00), R € R with scale (R) = (j1, j2) and any R € Ug, let us prove
that (s5 \)r < (85, )) - To this end, we choose any other P € R with scale (P) = scale (R)
and P € Up with ¢(P) = ((R). Let zg, = Ajik‘ and zp, = AjiE~ with k;, k; € Z™
and k; # ki, i = 1,2. Then, by (3.1) and (3.2), there exists a constant ¢; such that
pi(ki — ki) > by and hence p;(zgr, — zp,) = b{l (ki — k) > 177 e Let T € RN R; and
T; € P;N P;. Therefore, for i =1, 2, by this estimate, Lemma 3.6, vzé(PZ) +u; < Ji — v,
and Lemma 3.5(iv), we have

pilcy, —cp) < Hlpi(cp, — &) + pi(d: — cr,) + pilcr, — xr,) + pi(Tr, — p,)
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+pi(ep, — cp) + pilep, — Ti) + pi(Ti — cp,)]
< HP(3b; " 4+ 367 + 1)pi(xr, — xp,).

Thus, for all R € R and R € Uy, using the above estimate, Lemma 3.7(i) and (3.17), we
obtain

|sp|®
(35,,\)%2: Z 2

scale (P)=scale (R) ITiza [L + Bl pi(zm; — xPi)])\

$pl2xup(F
D DTN s L0/

scale (P)=scale (R) ¢(P)=((R) pi(cRi o Cpi)])\

AN

which completes the proof of Lemma 3.8. O

The following lemma is a generalization of [2, Lemma 3.10] and [40, Theorem 1.2 and
Lemma 3.1].

Lemma 3.9. Let w € A (A) with g, as in (3.14).

(i) If p € (0, 00), r € (0, 00) and X\ > q, max(1, r/2, r/p), then there exists a positive
constant C' such that for all s = {sr}rer, Islljz 3y < sy Alle () < Clls th

(i1) If p € (0, 1] and A > 2qy/p, then there exists a positive constant C such that for
all s = {sr}rer € bl A), sl oz < Is3alle o < Cllsll,

Proof. (i) can be proved by an argument similar to that used in the proof of [2, Lemma
3.10]; see also the proof of [21, Lemma 2.3]. We omit the details.

To show (ii), let w € A (A), p € (0, 1] and X € R satisfying A > 2q,,/p. Observe that
the definition of £, w(A) is defined via the mean value on open sets, while the corresponding
one parameter space fgo’2(A; w) is defined via the mean value on dilated cubes. This makes
the proof of (ii) quite different from the proof of [2, Lemma 3.10]. We need to use Journé’s
covering lemma under the setting of expansive dilations (see [8, Lemma 4.9]).

Obviously, for all R € R, |sgr| < (s3 ,)r, which implies that ”SHZP,w(A') < HSS,/\Hép,w(A')'
To prove (ii), we still need to show Hs;/\Hep’w(g) < HsHZp’w(A'). Let Q@ C R” x R™ be

any fixed open set satisfying w(Q) < oo and Q) as in Lemma 3.7. For i = 0, 1, we
define inductively the sets QU+D = {z € R® x R™ : M(xqw)(z) > m}, where 1, =
m(A, n, m) € (0, 1) is a constant to be fixed later.

For any {sr}rer, define {rr}rer and {tg}rer by letting rp = sp if R C 0@ or else
rr = 0 and tgp = sgp — rg for any R € R. Moreover, picking any ¢ € (qy, 00), by the
LL(R™ x R™)-boundedness of My, we have w () ~ w(Q). Thus, we obtain that

| IR
m Rzg;z (53, \)rI” w(R) ST+,

RCSQ

_ !Rl
I= 2 12’ ‘2 )

[ p RER
RCQ

where
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and

_ |R!
J= 212’ ’2 )

[w( RER
RCQ

Estimate 1. For any l;, [ € Z; and R € R, let
Mgy, 1, = {P € R: scale(P) = scale (R), b < |Ri| ™\ pi(xp, —xg,) <™, i=1,2}.

In the case that [; for i € {1, 2} is 0, the above condition is replaced by |R;|~!p;(zp, —
zR,) < b;. Then we have

(<L Z Z Z Z [rp|?|P|[w(R)] ™!

—_— 2 _ .

w(@)@)> " 5k VR ia€Zs MR, [Loi L+ R piar, — xp)*
scale J1,32

Since A > 2q,,/p with p € (0, 1], we choose ¢ € (g, o0) sufficiently close to g, such that
A >1+4¢q. For any P € Mgy, 1,, by (3.15), we have

w(R) < 01642 w(P).

Moreover, by an elementary lattice counting lemma (see [6, Lemma 2.8]), we obtain that
§Mp, 1, < 7Y Thus,

< Z 3 ir |2 IP\ $ pr1A=a—D)la(A=a-1)

w <Q<2>

Jl’JQEZ Scale(ﬁ)ER(n J2) ll l2€2+
1 | P|
S——5— Y P SsI? s
~ 2_ ~ Uy w(A)’
[w(Q®@)]» 1 P w(P) p,w(A)

which is a desired estimate for L.
Estimate J. We need to show J < ||s]| 0, . Notice that for any R € Ug, by Lemma
3.7(i), |R| ~ |R| and w(R) ~ w(R). Moreover, by the LI, (R™ x R™)-boundedness of M
with ¢ € (qu, o0) (see [8, Proposition 2.10(ii)]), we have w(Q(O)) < w(2). Also, observe
that for any R € R and R € R, R € Uy if and only if R € Ug, which together with
Lemma 3.7(i) further implies that ZREUR xvn(R) = ZREUR xu, (R) ~ 1. Using these
facts together with the trivial fact that for any R € R, ZREUR Xup(R) > 1, Lemmas
3.8(ii) and 3.7(ii), we obtain that

1 2 IR
(3.19) J<[ = %SREU:RXUR (5, 3) Rl o ()

e D DD DRI INC AT

W@ A e, (R)

s Y Y w® \(fz,ogr?u}'%

RcQO) Rer | REUR
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I vy 2 Bl
S P

2_
[w(QO)P ™ 1 oo ek

Denote by m;(Q©) the family of all dyadic rectangles R c QO which is mazimal in
the R™ “direction”, where i = 1, 2. Let m(Q©) = m(Q©) Nnmy(Q®). Notice that for
any RC QO there exists at least one dyadic rectangle Pe m(Q(O)) such that R C P.
Then, by (3.19), we have

1 IiQI2\Q|[ w(R)]™!
(320) JS—ug— Y. > S .
[w(Q(O))]p ! Pem(Q(O)) RG’R RCP Z(QQ)EZR) 1+ |Ql‘ pz( - CRi)])\

We now need to obtain some subtle decompositions on fQ. For any P = P1 X PQ €
m(Q), let Py . D P; be the maximal dyadic cube such that

(321) |(P17* X P2) N Q(O)‘ > 5Hilnlb%u1bgu2uj17* X PQ’,

where we choose 71 € (0, 1) small enough such that SHfmbfulb%"Q < 1. For Bp |
By (cp, ., 3H2p0 Py g Up, . = {51 € Q1 : U(S1) = U(P1.), S0 By # 0},

using Lemma 3.5(iv), we see that

. 4,014 P, x)Fu .
Bu, = By, (cp, . SH{p T 50 () 8y,
SleUPl *

Then, for any S; € Up ,and z € S1 x Py, by Lemma 3.5(iv) and (3.21), we have

[(Bu, X Bpy(ep,, b2 T+2)) 0 O)| (P x Pyn Qo)

M(xqo)(z) > > - -
|Bu, % By, (cp,, b2ty BHIDT 155" | Py . x Py

> m,

which implies that (Ug ¢, 51) x Py € Q.
1, %

On.the other hand, for any Pl « X PQ, there exists a dyadic rectangle P1 D) P1 « such
that P; . x P» € ml(Q( )) Then, we further choose the maximal dyadic cube P2 LD P
such that

(3.22) (Py,. x Py) 0 QW] > 35 HS HIp? 02420, | Py, x Py,
where we choose 71 € (0, 1) small enough such that 35H Hb7"1b3"2n;, < 1.
For By, | = Bp,(cp, ., 3H2b P2 %0y g
UP2 . = {SQ c QQ : E(SQ) = E(PZ*), S’Q N BP?Y* 75 @},
using Lemma 3.5(iv), we obtain that

— 4 'UKP,* +u -
Bu, = By, (cp, . 5Hip ™M 50 (] 8,
SZGUPQ*
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Then, for any @ = (1, x2) with 1 € By, (cp, 7H6bvlap1 )+u1) and x5 € Sy € Up, .» by
Lemma 3.5(iv) and (3.22), we have

’(Bm(CPL_v 7H{3b1111€(P1,.)+u1) x By,) N Q(1)|

Ms(xom) (@) =
By (e, . THEB ) s By |

’(PL- X P27*> ﬂQ( )’
T 35HOHIDM b2 | Py, % Py

>,

which together with Ug o/ S; C By, C Bpl(cP 7H6b71)1€( )+u1) implies that
1, *

U scoe.

SEUPL* XUP2’*

Therefore, for any QeRand P=P, x P, e m(Q0) with Q = Q1 x Q2 ¢ O and
0(Q;) > €(P;), i =1, 2, by Lemma 3.5(ii), we have either

(3.23) Ql N S’l =0 for all Sl S U}';.1 K
or Q1 C 5’1 for some 5’1 eU P Likewise, we either have
(3.24) Q2NSy=0  forall Sy €Up |

or Qg C Sy for some Sy € Up, .- Observe that either (3.23) or (3.24) must hold. Otherwise,
there would exist S = Sl X 52 € UPL* X Upz,* such that Q c S c QP Thisis a
contradiction with Q ¢ Q®. Define two sequences {?Q}Qek and {fQ}Qefz’ respectively,
by setting ¢, = 8 if Qlﬂ(USleUPL*Sl) = () with ¢(Q) > ¢(P) or else t =0, and tQ =3¢
if Q2N (US2€UP2!*52) = () with £(Q) > ¢(P) or else t = 0. Notice that by (3.20),if Q € R

appears in the sum of J, then Q@ ¢ Q® and £(Q) > £(P) for some P € m(Q®)). This
observation together with (3.20) again yields that

JS%Z >, >

[w(QO)] Pem(Q©)) ReER, RCP QeR [Tl
©(Q)=t(R)

+;zzz

21
[w(QO)] Q) ReR,RCP QeR
(Q)=t(R)

[t 21 QUw(R)
1+ Qi 1pilcy, — e

[i6?1QI[w(R)] !
[T+ ‘Qz| 'pilc €, — CRZ-)}/\

=J1+ Jo.

Estimate J;. Let us first classify those cubes “Q” in J; by the definition of %VQ.
In what follows, let (7151 , denote the wunion of all the dyadic cubes in Up, .- For any
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P=P xPe m(Q(O)), we claim that
(3.25) {Q =QixQeR: QunUp  =0,6Q) > e(P)}
C U {QeR:Qc P}
{P'=P{x PyeR: ((P')=L(P), P[nU =0}
Indeed, for a fixed P € m(Q®) and any Q1NU, = 0 with £(Q1) > £(F1), by (i) and (ii)
of Lemma 3.5, there exists a unique P{* € Q; such that K(Pl’*) = (P1y), Q1 C Pl’* and

P{*ﬂfj L= (). Furthermore, by Lemma 3.5(iii) again, there exists a unique Pl' € 0, such
that ¢(P]) = £(P;) and Q1 C P{. Then, we have Q1 C P{ ,NP{. From this, /(P] ,) < {(P])

and Lemma 3.5(iii), it follows that P] C P{ , and hence P ﬂﬁ~ = (). By Lemma 3.5(iii),
there also exists a unique Py € Qy such that Q2 C Py and ﬁ(PZ) = {(P,). Then we have
Q C P' = Pl x P} satisfying ((P') = ¢(P) and P, N U = (), which shows the above
claim.

For any P, € Qs, let Bp, = By, (cp,, 3H22b32£(P2)+u2) and
Up, ={S2 € Qz: £(S2) = U(Py), SoN By, # 0}.

Denote by U p, the union of all cubes in Up,. Define two sets of dyadic cubes
Wiy = {P'= Pl x Pye R: o(P) = u(P), P Ty :Q,Pz’ﬂﬁ-,z(b},
WRQE{P/ P x By e R: o) = ((P), P{(\Tp, | PQCU/}.

Then, for any P € m(Q®), by (i) and (ii) of Lemma 3.5, we rewrite (3.25) as

(326)  {Q=Qix@eR: Q\Up, =0, UQ) > UP)}

c ( U ©er: Qcﬁ})U( U ©er: QcP’}).
PreWp Prewy,
Notice that for any P € m(Q©) and PN (7]-31’* = () with £(P]) = £(P}), by P, C P1. C
Bp, . = By (cp, , 3Hj bvle(P1 *)+u1) C (7151’* and P} N (71517* = (), we obtain that
pi(cp —cp, )

H,y
2P )+
_ smpy e

2 I,

pi(cp —cp) = —pilep,  —cp)

o b’lflg(Pl’*)UI 2 2H]_b11]1£(1'31’*)+1”-

Similarly, for any P € m(Q®) and Py N (7}52 = () with £(P}) = ¢(P,), we also have

paep —cp,) > 2 H,pu P2+,
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Thus, we have
. . . . . . vl P <)
(3:27) Wpy C{P'= P x Py e R: U(P) = UP), prlcg — cp,) > 2H b T,
p2(cpy —cp,) 2 2Hyby (T ey
and
(3.28) Wp, C{P =P x PyeR: ((P") = ((P),

pl(CPll — CP1> > 2H1511]1Z(P1’*)+u1, Pé C [71'32}.
Let 'yl(P) = E(Pl’*) — €(P1). For any ki, ko € Z, set

Up s = (7 € Rex 0B = 0B, g, —cpy) B VPRI,
vol(P2)+k
/02(0]'32 N CPQ/) -~ b22 (P2)+ 2}’
and

UP,kl = {Pl € R : E(P/) = K(P), Pl(Cpl — Cpl/) ~ bqul[e(Pl)—i_%(P)]Jrkl, Pé C [71'32},

) ~ bi{l[e(Pl)-l—%(P)Hh ) ~ bg2f(P2)+k1

where p1(c P Cpy mean, respectively,

that

and pa(cp, — Cpy

2Hlb11)1[5(P1)+’71(P)}+U1+k1 < pu( ) < 2H1b11)1[5(P1)+71(P)]+u1+k1+1

and , ,
vol(Pa)+uz+ks vol(P)4ua+ka+1
2H2b2 < p2(0p2 — Cpé) < 2H2b2 .

Thus, by this, (3.27) and (3.28), we have

Wp, C U Ub k1, ko Wpo C U Up 1, -
k1,ko€Z k1€Z+

Hence, for any ji, jo € Zy and P € m(Q©), using above two decompositions and
(3.26), we obtain that

(3829)  {QeR: UQ) =UP)+ (1, j2), O1(\Tp,. =0}

<l U U {QeR:«Q)=uP)+ (i ), QcC P}

k1, ko€Z4 PreU, oy, ko

Ul U U {@er:uQ)=ur)+i.Qcr}

k€24 PreUp o



28 Baode Li, Marcin Bownik and Dachun Yang

= Vijlva UVPle'

From this and

2= > =2 >

ReR,RcP  71,j2€Ly  ReR,RCP J1€Z4  ReR,RCP
L(R)=¢(P)+(41,32) 2(R1)=3j1+£L(P1)

it follows that

3 <IW 43P =

1 |t QI[w(R)] ™
[w(Q(O))]%il PET?%?(O))J'1J22€Z+ RQ;CP ) Z Hf:l[l + ’Qi’_lpi(ch - CRZ')]A

. : Qe o
UR)=E(P)+(i1, 52) P.d1,92

=D DN DRD DR D |tQ|2‘QH R

5 .
[w(Q(O))]p ! Pem(QO)1€Z+  RER,RCP QeV Vi, 1+ |Q” lpz( €Q: _cRi)])\
£(R1)=3j1+£(P1) a

1

Then, let us now estimate J gl) and J 52), respectively.

Estimate ng). Since A > 2qw/p_+ 1, we Choosp qe€ (qu, 00) to be close enough to gy
such that A > 2¢/p + 1. For any P € m(Q)), R C P with £(R) = £(P) + (ji1, j2) and
Q € Vp ; 4, there exists a unique P e Up. 1y k, for some ki, ko € Z, such that P'>Q
and £(Q) = {(P') + (j1, j2). Then, by Lemma 3.5(iv) and the definition of Up, . we
obtain that P, P’ C By, (cp,, SH2B PV Pltushiely g (o g pgppetPo)tuathatly

) 1 R 2 9 .

From this, R C P, Q C P, £(Q) = (R) = £(P)+ (j1, jo) = L(P")+(j1, jo), Lemma 3.5(iv)
and Lemma 3.2 with w € A,(A), it follows that

> w <H sz P? z)l[e P+]z} uz))
Z b?vljlbgUQJQ <H Bl)z CP ’ z ‘)_u’b)>

z b‘{”ljl bgv”?’w(P)

(3.30) > bfll{—vl[’n(P)—jl]—kl}b;q(kz—@p)
w0 (Bl B NPISA) p (P i)
> bfll{—vl[’u(P)—jl]—kl}b;q(kz—quQ)w(P,)
> b‘{{*vl[71(P)*J'l]*kl}b;q(kz—vzjz)w(Q)

and, similarly,

(3.31) w(P') < piln(P)talyghay, oy,
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Moreover, for any ji, ja, k1, k2 € Z, by Lemma 3.5, we obtain that

(3.32) #H{ReR: RC P, {(R)=4(P)+ (j1, j2)} S bl—v1j1b2—v2j2 and
v P)+ki, k
UP by, ks S blm( : "by”.

Furthermore, for any P e m(Q(O)),R C P, P e Upvkth with any ki, ko € Z4 and
QC P, by P C Bp, , and PIN Bp, . = (), and (ii) and (iv) of Lemma 3.5, we obtain
P ﬂﬁpl’* =0, Q C P and
pilcp —cp) < Hilpi(ep —co,) + piley, — cp) + pileg, —cp,)]
< H12[2b§“£(1ﬁ)1’"H“1 + p1(cg, — cp,)l;

which together with

pl(c' —Cp *) whn
pl(ch - CRl) Z % _ pl(C[—.’L* _ ch) 2 2H1b7111 (P1, «)+u1
implies that
(3:33) pilepy —cp) S paleg, —cg,):

Similarly, for any P € m(Q®), R c P, P' € Up. .1, a0d Q C P, we also have
(3.34) pa(cpy = cp,) S pa(cg, — cp,)-

Then, by (3.29), (3.30), (3.31), (3.32), (3.33), (3.34), p € (0,1], ¢ € (qu, c0) and
A > 2q/p+ 1, we obtain that

335) Ws——— Y iy Y Y
w

Pem(Q0) j1, j2€2Z4 ki, k2€2+ Prevp o

—~
2
—
=)
=
=
S

il Pk (3-1) aka(2-1) [w(P) ] sl
! 2 w(P)
|’th |2\Q|b‘{{“ [71(P)—j1]+k1}bg(k2—v2j2) [w(Q)]*l

<D

[b11)1 [y1(P)—j1]+k1 b12€2*v2j2]>\

Qcp
A T
1 oy o (P) 2GR | P
S 0 2_ [ Z w(P>b1 o ] ”SHZ) M(A')

[w(QO)] Pem(Q0) 7

2 2

o (A—g— —ki(A—22-1

S IDIL D DL LS

i=17;€74 ki€Zy e

. v P)2a—pAtp
where in the last inequality, we used that 3 pc,, ) w(P)blwl( )75 < w(Q©), which

holds by Journé’s covering lemma (see [8, Lemma 4.9]).
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Estimate ng). For any Qy and ks € Zy, let

Gty = (B2 € Qo+ U(R2) = €(Q2), pale ~ bR,

where pa(cy, —cp,) ~ b;QZ(QQHkQ always means that pa(cg, —

v20(Q2)+uz+ka

02~ Ci)
) < b®2£(Q2)+U2+k2 when

ks = 0 and by2(@2)Fuethel

< pg(cQ-2 — cR2) < by when ko > 1. Moreover, for

any P € m(Q©)), by Lemmas 3.5 and 3.2, we have
(3.36) H{Ry: U(Ry) = 0P + g1, B € Py SO0 4G, 4 S 05

v1y1 (P )+k1
kS b

and jjUP

For any P € m(Q©), P’ ¢ Up iy Q C P with £(Q;) = L(P)) + j1, R € R with R C P,
E}(IR) = () +j1and By € Gy, ., by PN By, | =
that

(), and Lemmas 3.5 and 3.2, we obtain

(3.37) w(R) > b({vljl'LU(Pl % R2) > b;Q{vl[%(P)—thl}w(Pl > RQ)
> b;‘]{vl[’Yl(P)—jl}ﬂ-kl}bQ—quw(Q’) and w(P/) < btf[vlw(P)-‘rk’l]w(P).

Therefore, by (3.29), (3.33), (3.36), (3.37), p € (0, 1], ¢ € (qw, o©) and A > 2q/p + 1,

we have

2 1 —v1]
(3.38) J S ——— SN

[w(QO)]P™" s Qo) ez

NP e e\
w(P')

ki€Z+ preuy k

e
dor (P —jr )k} ake 1T017 @I [w(Q)]
g Z Z Z b b2 [b”ifl[')’l(]j)_jl]-'rklbgg])\

QCP k2€Z+ Ryeq -

Q2. ko
2
1 .oy (P) 252D ’ )

S————| X w®Ph 7 1817 4

(@)~ | p)

Pem(Q0)
; Co— —k )\7 _
> Z b‘ilvl(A q 1) Z bl 1( Z b k‘g(/\ q— 1 < H HZ (A)’
J1E€ELy k1€Zy ko€Zy P

. v P)2a—pAtp
where in the last inequality, we used that ZPem(mO)) w(P)bllvl( )75 < w(Q©), which

holds again by Journé’s covering lemma (see [8, Lemma 4.9]).

Combining (3.35) and (3.38) yields that J; < J\Y + % < 18012 4

Symmetrically, we also have Jo < [|5]|? Combining the estimates of J; and J2 and

by, w(A)’
Lemma 3.8(i) yields that J < ||s||? ()’ which completes the proof of Lemma 3.9. O
P, w
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We also need to generalize Peetre’s mean value inequality to our setting, which is an
extension of [2, Lemma 8.3] and [21, Lemma A.4] from one parameter setting to two
parameter setting. Since the proof of Lemma 3.10 is similar to the proof of [2, Lemma
8.3], we omit the details.

Lemma 3.10. Let K be a compact subset of R™ x R™ and A\ € (0, 00). Suppose that
g € 8'(R" x R™) with suppg C K. For any v € N, define two sequences {aq}oer and
{bg}ger, respectively, by setting, for all Q@ € R,

(3.39) ag =suplg(y)] and
yeq

bo = sup {yig;, 19| = seale (P) = scale (Q) — (1, 7), PNQ # w} |

Then, for any sufficiently large positive integer v and QQ € R with scale(Q) = (0, 0),
(a3 \)g ~ (b3 \)q with equivalent constants independent of g and Q.

Lemma 3.11. Let w € Aw(j) with qu as in (3.14). Suppose ¢ = o) @ ) with
go(i) € S(R™) satisfying that supp go(i) is compact and bounded away from the origin,
where i = 1, 2. For any f € S, (R" X R™) and v € Z, define the sequences sup(f) =
{supq(f)}tger and inf(f) = {infq(f)}ger by setting, for all Q € R with scale(Q) =
(=Jj1, —J2),

1 ~
supg (f) = Q|2 sup @150 * f(y)|  and
ye

into(f) = 11t sup { inf 2 /)] scale (P) = (s =~ =) PRQ 20}

where o(+) = p(—).
(i) If p € (0, 00), then for any sufficiently large v € Z,

(3.40) 10 ) ~ I sup ()l 5y ~ 1inE Pl

with equivalent constants independent of f. o )
(ii) If p € (0, 1], then (3.40) also holds with HY,(A) and hi,(A) replaced, respectively,
by Ly w(A) and £y ,(A).

—, —,

Proof. We shall only prove Lemma 3.11 for £,, ,,(A) and ¢, ,(A); the proofs for the spaces
HE (A) and h%,(A) are similar to the proof of [2, Lemma 3.11] and we omit the details.

Let us first prove that for all f € Enw(ff) with p € (0, 1], || inf(f)”zp,w(g) < Hf”[lp,w(ﬁ)'
For any fixed v € Z;, define the sequence s = {sp}per by setting
sp = P2 inf |Ge,e;  f(y)]
for any P € R with scale (P) = (—¢;, —{3). Clearly, we have

QI % info(f) = sup{|P|"%|sp| : PNQ # 0, scale(P) = scale(Q) — (7, 7)}.
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Fix j1, j2 € Z and Q € R with scale (Q) = (—j1, —j2). Suppose that P, R € R satisfy
(3.41)  scale(P) = scale(R) = (—j1—7, —j2—7), ye PNQR #0, z€ RNQ # 0.
Then, we have

pilep, —ar,) < H [piep, — yi) + pilyi — 20) + pi(zi — 2r,)] S |Qil,

where i = 1, 2. Thus, for any A > 1, we obtain

2

(3.42) sp < (s 0r [[1L+ 1Bl oi(ep — xr) M2 < 072032 (55 )R-
=1

Moreover, for any @@ € R with scale (Q) = (—j1, —j2), there exists a positive constant
C1 > 1 such that

Ug ={R e R: scale(R) < scale(Q), RNQ # 0} C By, (cq,, C’lb;jl) X B, (cqs, C’lb;h)

and By, (cq, Cflbfjl) X B, (cq,, Cflb;h) C Q. Then, for any fixed open set 2 C
R x R™, Q € R with Q C Q, Q= {z € R" x R™: M (xq)(z) > C{*} and = € R € Uy,

we have

‘(Bm(lea Clb{I) X Bﬂz(wa Clbgz)) ﬂQ‘ > C74

Ms(xo)(z) > ; ; 1
|BP1 (lev Clbil) X sz(wa Clb%2)|
which implies that

(3.43) U rca
Relg

Then, by (3.41), (3.42) and (3.43), we obtain

> [ian(f)\Qr%rXQ

QCQ
scale (Q)=(—j1, —j2)
_112
S Y 3 [(55,0)p1P172] xpxee (P)xa
Scale(Q)Q:f?hﬁh) scale (P)=(—j1—, —j2—7)
_112
< (bibo)™ 3 [(s3,)P1PI 72| xp.

PCQ
scale (P)=(—j1—, —j2—7)

Thus, for any open set & C R" x R™ and p € (0, 1], choosing A > 2q,/p + 1, by the

above estimate, w(2) ~ w(Q) (by [8, Proposition 2.10(ii)]), w(Q) ~ w(P) (by Lemma
3.2), |P| ~ |@Q| and Lemma 3.9, we obtain that

I S 0 R LI 2]
[wm)]?l/ﬁﬁge 2 [mtaNIQI i xe@)] i) d

YA
scale (Q)=(—71, —j2)
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/\ 1 2
O 5 b s

S H82 AHZ 5 S HSH2 X

(A w(A)
< (sgp ,_1 / > >
Q
TREL e (@, —i2)
_ b QP ]
X > [ Pir+v, jo+vy * [ (@) "xp(z) [w(Q)]QXQ(x)w(ﬂf) z
QNP#D
scale (P)=(—j1—7, —j2—"7)
1
S sup 2/ Z Z
w(Q)<oo [w(Q)]5_1 le’j2€Z Pc)
scale (P)=(—j1—~, —Jj2—"7)
~ 2 |P|2 < 2
X‘Q0j1+»y,j2+'y*f(l‘)| XP(x) ['UJ(P)]2 Z XQ(CC)U)([L‘) dxw Hf”ﬁp,w(xi‘)’
QCQ

scale (Q)=(—J1, —Jj2)

where U{PGR: QCQ, PNQ#D, scale (P)=scale (Q)f(’y,'y)}P C Q= {JZ € R" x R™: MS(XQ)(J;) >
Co} which is obtained by a proof similar to that of (3.43). Here Cy € (0, 1) is some
positive constant independent of 2. From the above estimate and the arbitrariness of €2,
we deduce that || inf(f)”zp,w(ﬁ) SIIfll,

Obviously, for any f € L, ,(R™ x R™; 3), HfHEP w(d) S || sup(f )HZ (i)~ To finish the
proof of Lemma 3.11, it still needs to prove || sup(f)HZp W) S < 1nf( )Hep WAy Fix any

Q € R with scale (@) = (~j1, ~ja), 1, j2 € Z._Let g(a) = (B jo + ) (A" 0, A7)

Then we have suppg C K = (supp (1) x supp ¢?). Let {ag}ger and {bg}ger be as in
(3.39). A direct calculation shows that for any fixed @ € R with scale (Q) = (=71, —7j2),

_1 AL
aAilleA%éQQ = ‘Q| QSupQ(f)7 bA§1Q1><Aé2Q2 = |Q’ 21an(f)7 QGR
Hence, applying Lemma 3.10 to the dilated rectangle Q= A{lQl X A]f Q2, we have

(3.44) (sup(£)3 2o = Q12 (a3 )5 S 1QI2 (83, )g ~ (nf(£)3 -

Since ) € R is arbitrary, let p € (0, 1] and A € (2¢w/p + 1, 00) be as in Lemma 3.9, by
Lemma 3.9(ii) and (3.44), we obtain

Isup(P)l, .o < NinfDI,, o
which completes the proof of Lemma 3.11. O

Proof of Theorem 2.1. Let w € Aso(A). By Lemmas 3.9 and 3.11 together with an ar-
gument similar to the proofs of [5, Theorem 3.5] and [40, Theorem 1.4], we obtain the
desired results for Theorem 2.1 on the spaces k%, (A) and H%(A). We omit the details by
similarity.



34 Baode Li, Marcin Bownik and Dachun Yang

In what follows, let us prove Theorem 2.1 on the spaces vaw(ff) and L’nw(/f) with
p € (0,1]. We first prove that Ty, is bounded from €p7w(ff) to [,p7w(/f), Let f =
Tys = ZQGR 50%qg. Then by Lemma 3.4, we obtain that f is a well-defined element
of 8. (R™ x R™), which implies that for all z € R™ x R™,

frenp@) =Y > SQUQ * P, 5 ().

l1,02€7Z scale (Q)=(—£1,—{2)

Since supp (@ and supp () are compact and bounded away from the origin, i = 1, 2,
then for any Q; € Q; with scale(Q;) = —¥;, i = 1, 2, there exists a sufficiently large
integer M such that when [j; —¢;| > M and scale (Q;) = —¢;, i = 1, 2, we have supp wgzﬂ

—_—

supp @5? = (), and hence for any £ € R" x R™, |¢1 — j1| > M or |[l3 — jo| > M, we further

have (1g*pj,, j») (£) = 0. From this, it follows that for any € R™ x R™, ¥g*p;, j,(x) =0
when |01 — j1| > M or |la — jo| > M. Therefore, we obtain that for all z € R" x R™,

Frepp@) =Y > 5Q%i1, 42 * Yo ().
\ZifjilgM scale (Q)=(—t1,—02)

For any p € (0, 1], we take A € (2¢q,/p + 1, 00). Since ¢j, j, * ¥ € S(R™ x R™), for all
x € R™ x R™, we have

Pii g2 ¥ YQ(E) = (Pji—t1. 5ot * P)Q(2)
= Q172 (Piu-tr, ot * V)AL (21 — 20,), AP (22— 7,))
- Q|
ST+ pilAf s — xg )V
Moreover, for any x € R™ x R™ and {1, {5 € Z, there exists a unique Q* € R such that

x € Q% and scale (Q%) = (—¥1, —¥f2). Then for any @ € R with scale (Q) = (—¥1, —¥2),
it is easy to show 1+ p;(A% (@ —2q,)) S 1+ pi(A% (z; — 2q,)), i = 1, 2. From this, the

1

above estimate, p € (0, 1], A € (2, /p + 1, 00) and Holder’s inequality, it follows that for
all € R" x R™,

_1 5@
|f*@j1,j2($>’ S Z XQZ(:E”QI‘ 2 Z 2 4
1€ —g;|1<M scale (Q)=(—{1, —{2) Hi:l[l + pi(AiZ (:L'le o in))])\/Q
i=1,2
1,
S D xer@IQT T3 (s3, g0
63— 1<M
i=1,2

< Y 3 (55 )oxa(2)|Q| 2.

[£;—3;I<M gcale (Q)=(—£1,—{2)
i=1,2

Moreover, for any open set 2 C R™ x R™, using an argument similar to the estimate for
(3.43), there exists a positive constant 72 € (0, 1) such that

U U QCO={zcR"xR™: M,(xa)(x) > n}.

[€;—3;1<M scale (Q)=(—2£1, —£3)
i=1,2 QCQ



Weighted Anisotropic Product Hardy Spaces 35

Consequently, for any p € (0, 1], A € (2qw/p + 1, 20), ¢ € (qu, o©) and open set Q C

R™ x R™ with w(§2) < oo, by the last two estimates, (3.43), w(£2) < w(Q2) (see [8, Propo-
sition 2.10(ii)]) and Lemma 3.11, we have

! / 2 R
—— |/ 51,52 (@) xR (2) w(z) dz
(@) o, 5 ch;z (2 [w(R)]? (

’ scale (R)=(—j1, —j2)
S— / > >
[w(Q)]p le,jgez RCQ, RER
scale (R)=(—j1, —Jj2)
2
* _1 ‘R|2
X Z Z (SZ,A)QXQ($)|Q| 2 XR(x) [w(R)]Qw(x) dx
14 i—:jzil,gM scale (Q)=(—41, —{2)
1 / Q|
S5 | 2 > (s5)bxel)
~ “ 12 “ 2,\)QXQ 2
[w(Q)]p ' 95175262 Qca [’IU(Q)]

scale (Q)=(—£1, —€2)

X Z Z Xr(x)w(zr) dr

\fifjliEM scale (R)=(—j1, —j2)
i=1,

* p 2
S ||827)\||£p’w(A*) 5 HSH@p,w(g)’

which implies that HTdi(S)H[:p,w(/Y) S HSHZP,M(A')'

Suppose that f € Enw(/_f) and Q = Al_jl([(), D™+ k1) x A;jQ([O, D™ + ka), j1, j2 €
Z, ky € Z", ky € Z™. Then,

(Se el = [(F, 00| = 1QI2 (@)1, 5 * F)(z)| < supg(f).

e ~

Therefore, by Lemma 3.11, we obtain the boundedness of S,, from £, ,,(A) to L, (4; 7).
Finally, if (¢, ¢) is an admissible pair of frame wavelets as in Definition 2.2, then by

Lemma 2.1(ii), we have that Ep,w(fl’; ©) = Ly w(A; ) is a bounded inclusion. Hence, by
reversing the roles of ¢ and ¢, we have

Ep,w(fn p) = ‘Cp,w(fi} ®),
which completes the proof of Theorem 2.1. O
To prove Theorem 2.2, we need two technical lemmas first. By [8, Lemma 5.5] and a
basic fact that v; * o = (Yj—k * @)k, j, k € Z, we obtain the following lemma.

Lemma 3.12. Fori = 1,2, let M; € (0, 00), N; € Zy, @, ) € Sy (R™), ¢ =
go(l) & cp(Z) and P = w(l) ® ¢(2). Then there exists a positive constant C, depending on M;
and N; with © € {1, 2}, such that for all j;, ki € 7 with j; > k; for i € {1, 2} and for all
r e R™ x R™,

2

ki+(ki—Ji ) (Ni+1)¢, — i —M;

(01,0 * Uy, by ()] < O T 0TIV (Ao )0,
=1
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We skip the proof of the following Lemma 3.13 since it is similar to the proofs of [5,
Theorem 4.1] and [40, Theorem 2.1].

-,

Lemma 3.13. Letp € (0, 1] and w € Ax(A) with q, as in (3.14). An operator A is called
almost diagonal, if its associated matriz {ar,}r ger, where ap g = (Ae®@) R, satisfies
that there exists some positive constant € such that

sup |ar,ql/kR,q(€) < 00,
R,QeER

where

2 quw —€

. pilTr — Q)] "
(3.45) R,Q()—}_[l[1+ |Ri| V Qi }

(1) i <|@1-|>"é”“21
|Qil | Ri
Then, the almost diagonal operator A is bounded on h%,(A).

Proof of Theorem 2.2. Let p € (0, 1] and w € Axo(A). We first show that for all f €
SL(R™ x R™), ”f”ﬁrg(g) < ”fHHEJ(X)' For any ki, ke € Z, x € R* xR™, and ® €
Foo(R™ x R™), we have

—_

(3.46) b’flb’§2/2 R ()P dy
i:lBPi(mi7bi *)
—whog [ a0 (o)
[T, By, (ei,b; %) Rze;a v
scale (R)=(—k1, —kg)

Let (¢,1) be the admissible pair of frame wavelets as in Definition 2.2. For any f € H{f}(ﬁ),
by Lemma 2.1(ii), we obtain that f =3 5. (f, ¥Q)¥q in S (R™ x R™), which together
with ® € Soo(R™ x R™) implies that

(3.47) F*®ui = ) (f, p@)q * ®ry ik

QER
holds pointwise. Moreover, since 1) = ) @ 2 and & = &M @ @ with @, () ¢
So(R™), i = 1,2, then for any y € R with scale(R) = (—ki, —k2), Q@ € R with
scale (Q) = (—j1, —j2), M; € (0, ) and N; € Z, to be fixed later, by Lemma 3.12,
we obtain that

2

—Ji/2=1Ji— kil (Ni+1)G, —+5iNki ji Ak —-M;

(3.48) [t * By, 1y ()] S [ 0 /27 VIV TRy ik (s — )] M
=1

2 i— s . . 1 .
SR Lo TS e, — g )
i=1
Since p € (0, 1] and ¢y, is as in (3.14), if we let

2
—|di—kil [(Ni+1)CG, —+3 i Ak, — M,
aR:QEHbi ’ [ 2][14—()?/\ pi(TR; _in)] Mla
=1
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N; > (qu/p — 1)C¢Ti — 1, M; > quw/p, N; € Z4 and € € Ry such that

then it is easy to show that for any R, Q € R, ar,q S kr,¢(€) uniformly, where kg ¢(€)
satisfies (3.45), which implies that {ar @}r,ger induces an almost diagonal operator.
Therefore, for any f € H%(A) and s = {so}toer with sg = (f, vg), by (3.46), (3.47),
(3.48), Lemma 3.13 and Theorem 2.1 with the inverse ¢-transform S, (f), we have

1l 0 = 150 (D)l @) S || S ar oo
QER

<1 (DMl < 16l zm o

ReRIRE, (A)

which is desired.

Finally, we show that for all f € S, (R™ x R™), Hf”Hﬁ(E) < ||f||ﬁ5(g). To this end,
letting v € N be as in Lemma 3.11, for any ) € R with scale (Q) = (—k1, —k2), k1, k2 € Z,
and any z € @, by [2, Lemma 2.9(b)], there exists some constant ky € N, independent of
the choice of @, such that

U P C By, (1, by FrRoy By, (x2, b, F2 ko),
{PER: PNQ#D, scale (P;)=(—k1—v, —k2—7)}

Thus, for any x € Q and ® € ./ (R" x R™), we have

(3.49) > inf |+ @k, ko, koo () P (%)
PNQ#D
scale (P)=(—k1—v, —k2—7)
< bklkokakO/ |f % Py ko koo () |* Ay
1 2 Bp1($1,b1_k1+k0)XBp2($27bg_k2+k0) 1—Fo, k2 —FK0
Let
infg(f)
1 . e
=101 sup it 1 5 B3] ¢ scale (P) = (k1 =3, ~k2 =), PNQ A0

Then, for any f € HE(A) with p € (0, 1] and w € A (A), by Corollary 2.1, Lemma 3.11
and (3.49), we obtain that

2
I llgncny ~ 18 D 1 * Pry—ko, kool
k1,ko€Z
L, (R? xR™)
1
2
. 2 _
SIS > [info (/)] 1Q1 " xq
k1,ko€Z QER
scale (Q)=(—k1, —kg) Lﬂ(R"XRm)
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S} HS‘:D(f)HLfU(R”XRm) ~ Hf”ﬁgj(RnXRm)?
which completes the proof of Theorem 2.2. O

Proof of Proposition 2.2. Let p € (0, 1] and w € Aog(A) with gy as in (3.14). We first
prove that for any ¢ = {tp}rer € €pw(A), its induced map L;, defined by Li(s) =
> per SRIR for any s € h%,(A), belongs to (A (A))*. We show this by using some ideas
from the proof of [40, Theorem 3.5]. For any x € R" xR™  k € Z and R € R, set

G(z) = {X per IsrIPIBI 'xr(2)}2, Q = {z € R* x R™ : G(z) > 2+},
Rie={ReR: [RNQ|>|R|/2, [RN Q11| < |R|/2}

and Eg , = RN (QkH)E. Then, for any k € Z and R € Ry, by Lemma 3.2 with w € Aq(ff)
and ¢ € (g, 00), we obtain

|Erkl? _ w(ERk)

(3.50) % < RS wi

We choose a positive integer ¢y > 2 such that by b, %2 < b, 2*1b,%"2/2 and set
Q= {z e R" xR : My(xq,)(x) > by " by;"?} for all k € Z. Then, for all R € Ry,
and all z € R, by Lemma 3.5(iv), we obtain

1
M.(xa)(@) > —— o | Yo (y) dy
L(R1)+ L(R2)+ (1) (2)
bll)l( 1 UIb;a( 2)+u2 TR +Bv 16(Ry)4uy szZ(R2)R+u2
> gy e O IQ L

R
which implies that
(3.51) U Rc

ReER

Moreover, for any w € Agy( 1) with ¢ € (qu, 00), by the LL(R"™ x R™)-boundedness of M,
(see [8, Proposition 2.10(ii)]), we obtain w(£l;) < w(f) for all k € Z.

-,

] _
Therefore, for all s € h%,(A), by (3.50), (3.51), Holder’s inequality and w(Q) < w(Q),

we have

(3.52) L)< Y [trllsgl

k€Z RERy,

s[O3 il

k€EZ 2k RER

i Z{/ D I ’2 QXR( T)w (:L')dx}

O RERy

(2)[sRl[RI "2 XEy, , (2)w(2) do

1
2
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A LX) <>dx}§
kRER

2

Sl Slw@ 4 [ o G@)Pu) s

kEZ
1
Sty o S0 2w (@u)]7 S el oo llsllin ooy

kEZ
which implies that the induced fractional L; € (h%,(A))* and |Ly| < Ht”ep WA

Now let us prove the converse by borrowing some ideas from the proof of [ 1, Theorem
5.9]. For any N € N, w € Ax(A) and R € R, let By = B,, (0, b{¥) x B,, (0, bgv)

In={ReR: RC By, |scale(R;)| <N, i=1, 2},

and ¢2(By) be the set of all sN) = stV Rel Satisfying that
R N
1/2

HS(N)HW(BN) = Z ‘SEQN)‘Q < oo.
Rely

For any t € hf(A) and N € N, let t™) = ({9 pesy with ) =tz if R € Iy. We
denote by h%,(A; By) the set of all such t( ). Obviously, h%,(A; By) endowed with the
norm || - ”'fzf’u(ﬁ) is a subspace of hi,(A).

Notice that for any sV) e EQ(BN) p € (0,1] and w € Ax(A), by Holder’s inequal-
ity, we have that |s N)||hp i < < s ng(BN)[w( )12, which implies that (2(By) C
hb(A; By) and hence (h%, (,I By))* C ((*(By))* = (3(By). Then, for any L € (hf,(4))*,
by the above estlmate and (kb (A))* C (hb(A; By))*, there exists some t) € (2(By)
such that for all s(N) € h%,(A; By),

(3.53) L) = 3 s,

Relyn

For N + 1, repeating the above process, there exists some t(IN+1) ¢ (?(By) such that for
all sN+1) e b2 (A; By,1),

L(S(N+1)): Z S%V+1)t%N+1)7
Re[NJrl

and t(N+1)| W (A By) = t(N) | By this extension, we obtain a sequence t* = {t}} Rer, where

t, =t if R e Iy for all N € N.
We now show that t* € Kp,w(ff). To this end, let Q be any open set with w(Q2) < oo
and 9 the measure on R such that for any R € R, 9(R) = [w(Q)]'~?/?|R|[w(R)]~" if



40 Baode Li, Marcin Bownik and Dachun Yang

R C Q, or else 9(R) = 0. Define £2(Q; 9) to be the set of all compler-valued sequences
s = {Sr}Rrer, Rca such that

1

||3||€2(Q;19)E{Z|3R|2[w( ' Rl [w(R)) 1} < oo,

RCQ

Then, by (3.53) and (£2(Q; 9))* = £2(£2; ¥), we have

{[ e — 2 X (RGP RI[w(R)] 1}

1
2

RCQ
_2 _
= Ixiyt"llez(@,9y = sup S R sRlw@)] R [w(R)] !
Islle2(0: 9y <1 | Reln, RCO
<Nlgpeay swp Hsrlw@)] 7RI reallig g < 120G )
||5||42(Q;19)§1

where in the last step we used the following inequality

[{srw(®)'# |RIw(R) "} reallip 4

p/2 1/p
/[Z‘SR )R [w(R)] ZXR(HC)] w(zx) dx
© Lrco
_1{ |3 a1 <>w<x>d:c}2[w<sz>1i—5=Hsum,mg1.

RCQ

From this and the Fatou lemma, it follows that

1
2
{[ QIZ\RP }_|1Luhp,4>
p RcCQ

which together with the arbitrariness of 2 implies that t* € £, ,,(A4) and ||t*|| tw(A) <

120 i, -
By (3.52), for all s € h%,(A), we have
Z LTETIRS ||t*||gp7w(g)”5”}'lg(g) S HL||(}'15(A))*H5H};{L(§)
ReR

which together with the Lebesgue dominated convergence theorem on series and (3.53)
yields that for all s € hl,(A),

L(s) :]\;gnooL( ) —A}gnoo Z sR t}k%—];zth*R.

This finishes the proof of Proposition 2.2. O
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From Theorem 2.1 and Proposition 2.2, the proof of Theorem 2.3 follows by a straight-
forward adaption of methods by Frazier and Jawerth [21, Theorem 5.13].

Proof of Theorem 2.3. Let p € (0, 1] and w € Ay (A). Let (,v) be an admissible pair of
frame wavelets as in Definition 2.2 such that ¢ = ¢. In other words, ¢ is an admissible
Parseval wavelet. Using Theorem 2.1, we obtain that T}, 0.5, is also an identity on H,(A).

For s = {sr}rer and t = {tr}ger, let (s,t) = > pcr Srtr. Then for any f €
Soo(R™ x R™), the o-transform S, and the inverse -transform T,,, we have

(3.54) (So(f):t) =D _{f, er)tr = (f, Ty(t)).

ReR

—,

For any g € L, (A), define a linear functional Eg by Zg(f) = (g, f) for any f €
S (R™ x R™),
Then, for any f € Soo(R™ x R™), by Theorem 2.1, (3.54) and Proposition 2.2, we have

Lo(N1= g, )] = (T (Sp(9)) 1] = [(56(0), Sp(1)]
<18 @)ly, L alSelines < lallz ol flan

le, .,

which implies that HL I (B (A S < llgll £, () @nd hence f/g defines a continuous linear

functional on Sso (R™ x R™). Moreover, since Ss(R™ x R™) is a dense subspace of HE (A),
using Theorem 2.1, we obtain that Zg is uniquely extended to a continuous linear functional
L, on HE(A).

Conversely, for any L € (HE(A))* and the inverse o-transform T, s by Theorem 2.1, we
have ¢ = Lo T, € (h%,(A))*. Then, by Proposition 2.2 and Theorem 2.1, there exists
t = {tr}rer € Ep,w(/Y) such that £1(s) = > pcg Srtg for any s = {sp}rer € hﬁ,(/f)
and ”tuép,w(ﬁ) ~ Hﬁlﬂ(%(&)* < HLH(H&(,LY))*' Hence, for any f € SOO(R:L x R™) and
g=Ty(t) =Y per tRYR; by 108, = LoT,0S, = L, T,085, = Id on Hj(A) and (3.54),
we have

L(f) = b0 (Se(f) = (Sp(f): 1) = ([, 9) = Ly (),

which 1mphes that L = L,. Moreover, by Theorem 2.1, we obtain that ||g|| L w(A) <
lIt]| o < | Lg H ., which completes the proof of Theorem 2.3. O
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